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Abstract—Channel estimation and data transmission constitute
the most fundamental functional modules of multiple-input
multiple-output (MIMO) communication systems. The under-
lying key tasks corresponding to these modules are training
sequence optimization and transceiver optimization. Hence, we
jointly optimize the linear transmit precoder and the training
sequence of MIMO systems using the metrics of their effective
mutual information (MI), effective mean squared error (MSE),
effective weighted MI, effective weighted MSE, as well as their
effective generic Schur-convex and Schur-concave functions. Both
statistical channel state information (CSI) and estimated CSI
are considered at the transmitter in the joint optimization. A
unified framework termed as joint matrix-monotonic optimiza-
tion is proposed. Based on this, the optimal precoder matrix
and training matrix structures can be derived for both CSI
scenarios. Then, based on the optimal matrix structures, our
linear transceivers and their training sequences can be jointly
optimized. Compared to state-of-the-art benchmark algorithms,
the proposed algorithms visualize the bold explicit relation-
ships between the attainable system performance of our linear
transceivers conceived and their training sequences, leading to
implementation ready recipes. Finally, several numerical results
are provided, which corroborate our theoretical results and
demonstrate the compelling benefits of our proposed pilot-aided
MIMO solutions.

Index Terms—Channel estimation, data transmission, resource
allocation, matrix-monotonic optimization.

I. INTRODUCTION

In the evolution of commercial cellular networks from 4G
to next generation solutions, multiple-input multiple-output
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(MIMO) technology constitutes a salient milestone [1]–[9],
leading to significant spectral and power efficiency improve-
ments. However, they require accurate channel state informa-
tion (CSI) [10]–[15]. Therefore, pilot-aided channel estimation
plays an important role in multi-antenna system design [16]–
[21]. Based on the noise-contaminated pilot observations, the
MIMO channel matrix can be estimated by relying on perfor-
mance metrics such as the least square error [22], minimum
mean squared error (MSE) [23], [24], mutual information (MI)
[26], [27], etc. Then, by leveraging the estimated CSI, MIMO
transceivers can be designed for optimizing the overall system
performance [23]–[25].

The specific choice of the training sequence has a pivotal
impact on the performance of channel estimation for MIMO
systems [21], [28], and the key task of channel estimation
is to recover the MIMO channel matrix instead of a scalar
parameter. Hence, MIMO channel estimation constitutes a
multiple-parameter estimation problem, where the training se-
quence optimization relies either on signal processing oriented
[29], [30] or on information theoretic metrics [31]. It has
been shown based on matrix-monotonic optimization [10] that
in fact a diverse variety of training sequence optimization
techniques relying on heterogeneous performance metrics in-
trinsically aim for maximizing a matrix-valued signal-to-noise
ratio (SNR) during the channel estimation procedure.

It is widely exploited that MIMO transceivers are capable
of striking a tradeoff between the spatial diversity gain and
the spatial multiplexing gain attained by the MIMO channels.
When multiple data streams are transmitted simultaneously
from the source to destination, the transceiver optimization
constitutes a multi-objective optimization problem [32]–[34].
Given the CSI, diverse performance metrics, such as the
capacity, or the sum MSE of the estimation may be optimized
[11]. In order to accommodate as many optimization objective
functions (OFs) as possible, majorization theory is used in
[11], [35] to formulate unified OFs 1. Recently, the framework
of matrix-monotonic optimization was proposed for MIMO
transceiver optimization relying on diverse OFs [10], [32],
[33]. Again, as pointed out in [10], the MIMO precoder
optimization task is reminiscent of maximizing a matrix-
valued SNR in the data transmission procedure.

1Explicitly, we will use the adjective “unified” upon referring to unifying
diverse OFs, and the adjective “joint” upon referring to the optimization of
both the training sequence and precoder.
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When channel estimation is more accurate, at first right the
illusion might appear that the successive data transmission will
have improved performance. However, when either the pilot
overload or the pilot power is increased, either the effective
throughput or the power - or potentially both - have to be
reduced for data transmission for the sake of fair comparison.
This tradeoff reveals that the joint optimization of the transmit
precoder (TPC) and of the training sequence is of critical
importance for MIMO systems. Hence, there is a rich body of
literature on joint training and transceiver optimization [23],
[25], but in most of the related literature, the joint optimization
tends to rely on a single performance metric. For example,
joint TPC and training sequence optimization relying on MI
maximization was extensively studied in [23]–[25]. However,
using a joint training sequence and transceiver weight opti-
mization framework relying on multiple performance metrics
- rather than a single one, like the MI in [23]–[25] - has
important theoretical and practical benefits. Having said that,
there is a distinct paucity of literature on this topic - probably
because their joint optimization is much more challenging than
that of its separate counterparts. This becomes particularly
challenging, when both the time domain as well as the
inter-element correlation of the channel’s transmit side are
taken into account [25]. The main challenge arises from the
complex performance analysis of the associated random matrix
variables [19], [23], [24]. The distinct contributions of this
paper are shown in Table I.

TABLE I
KEY CONTRIBUTIONS OF THIS PAPER CONTRASTED TO THE EXISTING
JOINT DESIGN OF TRAINING SEQUENCES AND MIMO TRANSCEIVERS

WITH THE POWER CONSTRAINED

[23] [25] Our
Transmit-side
correlation
channel model

√ √ √

Statistical
CSI known at
transmitter

√ √ √

Estimated
CSI known at
transmitter

√

OFs effective
MI

different
OFs

applicable to OFs in [25]
and Schur-concave/convex
functions

Maximum
number of
antennas in
simulations

3 2 16

In general MIMO communication systems, multi-
dimensional signals have to be processed both in channel
estimation and data transmission, where diverse tradeoffs must
be struck. The matrix-version SNR is capable of accurately
characterizing these tradeoffs. Matrix-monotonic optimization
handles matrix variables, where a positive semi-definite
matrix is used as the performance metric. This optimization
procedure exploits the monotonicity in the positive semi-
definite matrix cone for deriving the optimal structures of the
Pareto optimal matrix variables [10]. Generally speaking, as
for MIMO systems based on matrix-monotonic optimization,
both the precoder optimization and training optimization aim
for maximizing a matrix-version SNR instead of a scalar SNR.

This general multi-objective optimization procedure offers
substantial flexibility for mathematical derivations. Based on
the optimal structures derived, the optimization problems of
MIMO-aided communications can be significantly simplified,
resulting into traditional vector-valued optimization problems.

Moreover, a close scrutiny reveals that the nature of training
optimization and of transceiver optimization is quite similar
to each other [10]. Hence, we are inspired to investigate the
joint optimization of the training sequence design and the TPC
design based on the matrix-monotonic optimization framework
of [10]. A novel matrix-monotonic optimization technique
termed as joint matrix-monotonic optimization is proposed for
the joint optimization of the training sequence and of a linear
TPC, which involves a pair of matrix variables, namely the
training sequence matrix and linear TPC matrix. Our main
contributions are as follows:

• A whole suite of performance metrics is considered in
the joint optimization of linear transceivers and train-
ing sequences, including the effective MI, effective sum
MSE, effective weighted MI, effective weighted MSE,
as well as the effective general Schur-convex and Schur-
concave functions. Furthermore, a range of practical set-
tings is considered. Specifically, for channel estimation,
the power of the amplifier is limited, hence the estimation
accuracy could be improved by increasing the length of
the training sequence instead of increasing the power of
the amplifiers.

• For the joint optimization of linear TPCs and training
sequences, the spatial correlation of antennas experienced
at the transmitter is taken into account. Moreover, both
statistical CSI and estimated CSI are discussed. More
explicitly for the former scenario, the transmitter only
has statistical CSI information, while the receiver relies
on the estimated CSI. By contrast, for the latter case,
the transmitter and the receiver have the same estimated
CSI, i.e. the feedback channel between the transmitter
and receiver is assumed to be perfect.

• Our matrix-monotonic optimization framework of [10]
derived for separate transceiver optimization or training
optimization is extended here to the new joint matrix-
monotonic optimization concept, which jointly optimizes
our linear TPC as well as the training sequence, and
judiciously allocates the system resources to optimize the
effective performances of integrated pilot-aided MIMO
communication systems. Based on our new joint matrix-
monotonic optimization framework, the optimal struc-
tures of the linear TPC matrix and of the training se-
quence matrix are derived. Therefore, the resultant joint
optimization problems can be significantly simplified.
Although the original joint optimization problems are
complex, the proposed solution is of appealingly low
complexity, which provides valuable guidelines for prac-
tical system designs.

The rest of the paper is organized as follows. In Section II,
the signal models of channel estimation and information
transmission are provided, respectively. The general joint
training sequence and linear transceiver optimization problem
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Step 0. Channel model

Step 1. Characteristic of separate optimization

Step 2. Characteristic of joint optimization

Step 3. Solution with statistical CSI

Analyze in the same way as Step 3 with estimated CSI 

known at transmitter in Section III-D and E.

Build transmit-side correlated channel model.

Explore the duality between the optimization of training 

sequences and transceivers from P. 1 to P.12.

Formulate  the unified joint optimization of tra ining 

sequences and transceivers in P.13.

Derive optimal structure and power allocation based on 

matrix-monotonic optimization  with statistical CSI known 

at transmitter and discuss the specific examples in Section 

III-B and C.

Step 4. Solution with estimated CSI

Fig. 1. Flow of the mathematical analysis.

is formulated and solved in Section III. Specifically, the joint
optimization of the training sequence and transceiver is investi-
gated in Section III-B when the transmitter has only statistical
CSI. By contrast, the transmitter relying on estimated CSI
is investigated in Section III-D. Our simulation results are
discussed in Section IV, while our conclusions are offered in
Section V. Fig. 1 illustrates the flow of mathematical analysis.
Notation: In order to clarify the following mathematical
derivations, we introduce the notations, symbols and defini-
tions used throughout this paper. Referring to the fundamen-
tal matrix operations, the symbols ZH and ZT denote the
Hermitian transpose and the transpose of a general matrix Z,
respectively. The trace and determinant of a square matrix Z
are denoted as Tr(Z) and |Z|, respectively. For a positive
semidefinite matrix Z, the matrix Z

1
2 or Z1/2 is the Hermitian

square root of Z, which is also positive semidefinite. The
mathematical notation z+ represents max{0, z}. For matrix
decompositions in this paper, the notations Λ ↘ and Λ ↗
represent rectangular or square diagonal matrices with their
diagonal elements sorted in decreasing and increasing order,
respectively.

II. SIGNAL MODELS FOR CHANNEL ESTIMATION AND
DATA TRANSMISSION

A typical point-to-point MIMO system is considered.
Specifically, an NR ×NT MIMO channel H associated with
transmit-side spatial antenna correlation is investigated, where
the channel H can be formulated as in [23], [25], [32]:

H = HWΨ1/2, (1)

where the entries of HW are independent and identically
distributed (i.i.d.) Gaussian random variables having zero
mean and unit variance. In the signal model (1), the positive
definite matrix Ψ represents the transmit correlation matrix.
Both channel estimation and data transmission are considered
assuming the channel model (1), which are performed consec-
utively. In the first phase, training sequences are transmitted.
Based on the noise-contaminated training signal observations,
the channel matrix is estimated at the receiver. In the second
phase, based on the estimated channel matrix, the transmit
precoded signals are constructed and transmitted, which are

then recovered at the receiver. In the following, we discuss
the signal models of these two phases respectively. The
connections and equivalences among different optimization
metrics and OFs are illustrated in Fig. 2. Firstly, we discuss
different OFs and their unified matrix-monotonic optimizations
of separate designs in channel estimation and data transmission
respectively, in order to explore the common traits within them
[10]. More details on the differences and physical meanings
among these OFs may be found in Appendix A. Then, we
take the resource allocation into consideration and formulate
a joint optimization problem relying on a unified framework
in Section III, which is applicable to various OFs. Specifically,
two scenarios are taken into consideration, which rely on either
statistical or estimated CSI at the transmitter. The unified
problem is derived, and the optimal structure is obtained.
Then, some specific OFs are discussed and the corresponding
solutions are provided.

A. Channel Estimation and Training Optimization

For the training based channel estimation, the training se-
quence X is transmitted to the receivers, yielding the received
signal sequence of

Y = HX + N , (2)

where N is the additive noise matrix at the destination. Based
on the signal model in (2), the key task is to recover the
channel matrix H from the noise-contaminated observation
Y as accurately as possible. For a linear channel estimator,
the estimated channel equals [25]

Ĥ = Y GE, (3)

where the estimated channel matrix Ĥ and the true channel
matrix H satisfy

H =Ĥ + ∆H, (4)

where ∆H is the estimation error. Then the MSE matrix of
the corresponding channel estimation can be expressed as

EMSE = E{∆HH∆H}
= (I −XGE)HRH(I −XGE) + GH

ERNGE, (5)

where the channel’s correlation matrix RH and the noise
covariance matrix RN are defined as

RH = E{HHH} = NRΨ, RN = E{NHN}, (6)

where the scalar NR denotes the number of receive antennas.
In order to minimize EMSE, the optimal GE can be chosen
as the linear minimum mean squared error (LMMSE) channel
estimator as in [36], [37]:

GE,Opt =(XHRHX + RN)−1XHRH. (7)

Therefore, the channel estimation MSE matrix EMSE in (5)
can be reformulated as

EMSE =E{∆HH∆H}
=(R−1

H + XR−1
N XH)−1

=NR

(
Ψ−1 +NRXR−1

N XH
)−1

. (8)
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Optimization problem

Separate design

Joint design

Channel estimation:

    P.1: MI maximization

    P.2: MSE minimization

    P.3: Matrix-monotonic optimization

Data transmission:

    P.4/6: MI maximization/ its weighted form

    P.5/7: MSE minimization/ its weighted form

    P.8/9: Additively Schur-convex/concave minimization

    P.10: Unified problem

    P.11/12: Matrix-monotonic optimization

Statistical CSI

Estimated CSI

P.14(15-19): Unified problem (and its derived equivalence form)

P.20: Effective MI maximization

P.21: Effective MSE minimization

P.13: Unified optimization

P.22(23-27): Unified problem (and its derived equivalence form)

P.28-30: Effective MI maximization

P.31-33: Effective MSE minimization

Fig. 2. Overview of the OFs in the paper.

Meanwhile, based on the LMMSE estimator in (7), the re-
sultant channel estimation error ∆H can be written in the
following form [37]

∆H = ∆HWΦ1/2, (9)

where ∆HW is a random matrix whose elements are i.i.d.
Gaussian distributed with zero mean and unit variance, while
Φ is given in (8) as

Φ =
(
Ψ−1 +NRXR−1

N XH
)−1

. (10)

Moreover, upon applying the LMMSE channel estimator of
(7), the correlation matrix of the estimated channel E{ĤHĤ}
equals

E{ĤHĤ} =RH−(R−1
H +XR−1

N XH)−1

=NRΨ−NR

(
Ψ−1+NRXR−1

N XH
)−1

, Π.
(11)

When the LMMSE channel estimator is adopted, the chan-
nel estimation MSE matrix EMSE is a function of the training
sequence X . Therefore, the performance of channel estimation
may indeed be improved by optimizing the choice of the
training sequence X [10]. The most widely used performance
metrics are the MI [31] and MSE [10]. In the following, these
two classic training optimization techniques are reviewed in
order to reveal the general optimal structure of the training
sequence X . As for MI maximization, the corresponding
training optimization problem is formulated as in [26], [27],
[31]:

P. 1: max
X

log det
(
R−1

H + XR−1
N XH

)
,

s.t. Tr(XXH) ≤ PTTT, (12)

where PT and TT are the power and the time interval of
channel estimation, respectively, and PTTT is the energy
allocated to the channel estimation. This energy constraint
can be viewed as the Frobenius norm of the training sequence
matrix. It is worth noting that for matrix-valued training
sequences there are multiple solutions that have the same

Frobenius. As a result, the optimization aims for finding the
optimal training sequence matrix in the whole feasible solution
set. On the other hand, the training optimization aiming for
minimizing the sum MSE can be formulated in the following
form [30]

P. 2: min
X

Tr[(R−1
H + XR−1

N XH)−1],

s.t. Tr(XXH) ≤ PTTT. (13)

Based on P. 1 and P. 2, it may be inferred that using different
performance metrics for MIMO channel estimation results
in different optimal sequences, because multiple parameters
have to be estimated in MIMO channel estimation. Different
performance metrics result in different tradeoffs. Therefore,
a general MIMO training optimization results in a multi-
objective optimization problem. From a multi-objective op-
timization perspective, all the optimal solutions of the training
optimization associated with different performance metrics
are the Pareto optimal2 solutions of the following matrix-
monotonic optimization problem [10]

P. 3: max
X

XR−1
N XH, s.t. Tr(XXH) ≤ PTTT. (14)

We would like to highlight that in the above optimization
problem, the OF is a positive semi-definite matrix, which may
be viewed as a matrix-valued SNR in the channel estimation
procedure [10]. Bearing in mind that the constraint in P. 3
is unitary invariant, the matrix-monotonic optimization P. 3
is of a vector optimization nature, which is a function of
the vector consisting of the eigenvalues of XR−1

N XH. The
different Pareto optimal solutions of P. 3 achieve different lev-
els of fairness among the different accuracies of the multiple
estimated parameters. The channel estimation performance
may be improved by optimizing the structure of the training
sequence matrix depending on the availability of the chan-
nel’s statistical information. From a practical implementation

2Pareto optimality refers to the fact that, in a multi-objective optimization
problem, it is impossible to improve any of the objectives without degrading
at least one of the other objectives.
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perspective, another design option is to gather more energy at
the receiver instead of increasing the transmit power, because a
practical power amplifier has a limited linear operating region.
In other words, the channel estimation accuracy may also be
improved by increasing the number of columns in X , instead
of increasing the amplitudes of the elements of X . Based
on the matrix-monotonic optimization framework of [10], we
have the following conclusions for training optimization.
Conclusion 1: In MIMO channel estimation relying on an
LMMSE estimator, the optimal training sequences satisfy the
following structure

Xopt = UXΛXUH
RN
, (15)

where the unitary matrix URN
is defined based on the eigen-

value decomposition (EVD) as

R−1
N = URN

Λ−1
RN

UH
RN

with Λ−1
RN
↘ . (16)

The unitary matrix UX is determined by the specific perfor-
mance metrics. Finally, ΛX is a rectangular diagonal matrix,
which is also determined by the specific performance metric.
Conclusion 2: Referring to UX for both MI maximization
and MSE minimization, the optimal UX obeys [10]

UX = UΨ, (17)

where the unitary matrix UΨ is defined based on the following
EVD:

Ψ = UΨΛΨUH
Ψ with ΛΨ ↘ . (18)

Based on Conclusion 2, the structure UX = UΨ is
applied in the general joint optimization of the training and the
transceiver in Section III. Moreover, it is also worth noting that
at high SNRs3 the MI maximization P. 1 has the optimal so-
lution of ΛX = I , i.e., uniformly allocating the powers along
spatial directions [10]. By contrast, for MSE minimization, the
optimal ΛX is the water-filling solution [10]. Undoubtedly,
uniform power allocation is the simplest scheme for training
optimization, which can be adopted as a suboptimal power
allocation scheme along the spatial directions.

B. Transceiver Optimization
Upon assuming that the estimated CSI is available at the

transmitter with the aid of a perfect feedback channel, the
transmitted signal is preprocessed by a channel-dependent
TPC and the signal y received at the destination is of the
following form [11]:

y = HFs + n, (19)

where F is the TPC matrix, s is the signal vector and n is
the additive receiver noise having the covariance matrix Rn =
σ2

NI . The covariance matrix of s is assumed to be an identity
matrix, i.e., E{ssH} = I . In data transmission, based on the
channel estimation error model of (4), the signal model of (19)
used for data transmission is rewritten as

y = ĤFs + ∆HFs + n = ĤFs + ∆HWΦ
1
2Fs + n︸ ︷︷ ︸

,v

,

(20)

3Channel estimation is performed invariably at high SNR.

where v is the equivalent noise that consists of the additive
noise and the channel estimation error. The covariance matrix
Rv of the equivalent noise v can be expressed as [25], [36]

Rv = [σ2
N + Tr(FFHΦ)]I. (21)

As for the transceiver optimization, the receiver has the
information including the estimated channel matrix Ĥ and the
covariance matrix Rv . Again, at the transmitter, we assume
that either the estimated CSI Ĥ or only the statistical CSI
given in (1) is available. In the following, both of these
two cases are discussed. Note that similarly to training op-
timization, for the MIMO TPC designs there are also diverse
performance metrics that correspond to distinctly different OFs
[10], [11]. In Appendix A, the OFs considered in the following
are derived in detail.

First, the TPC is designed by maximizing the capacity or
MI. The corresponding optimization problem is given by [11]

P. 4:max
F

E
{
log det

(
I+FHĤHR−1

v ĤF
)}

s.t.Rv =[σ2
N+Tr(FFHΦ)]I,Tr(FFH)≤PD, (22)

where PD is the maximum power during the data transmission.
In P. 4, when the transmitter has the same CSI at the receiver,
the expectation E{·} can be removed. Otherwise, when only
statistical CSI is available at the transmitter, E{·} is performed
over Ĥ for the optimization of F . On the other hand, the
TPC optimization aiming for minimizing the sum MSE may
be written as [11]

P. 5:min
F

E
{

Tr[(I+FHĤHR−1
v ĤF)−1]

}
s.t.Rv =[σ2

N+Tr(FFHΦ)]I,Tr(FFH)≤PD. (23)

In order to extend the optimization P. 4 to a general case, a
weighted MI is formulated as [32]

P. 6:max
F

E
{
log det

(
I+AHFHĤHR−1

v ĤFA
)}

s.t.Rv=[σ2
N+Tr(FFHΦ)]I,Tr(FFH)≤PD, (24)

where A is a complex matrix of appropriate dimensions. In P.
6, it can be observed that the weighting matrix A is applied
to the matrix-valued SNR. Similarly, the optimization problem
of weighted MSE minimization can be written as [10]

P. 7:min
F

E
{
Tr[W (I+FHĤHR−1

v ĤF )−1]
}

s.t.Rv =[σ2
N+Tr(FFHΦ)]I,Tr(FFH)≤PD, (25)

where the positive semidefinite matrix W is the weighting
matrix.

Generally speaking, for linear transceiver optimization hav-
ing additively Schur-convex objectives, the problem can be
represented as [10], [11], [32]

P. 8:min
F

E
{
fA−Schur

Convex

(
d[(FHĤHR−1

v ĤF+I)−1]
)}

s.t.Rv=[σ2
N+Tr(FFHΦ)]I,Tr(FFH)≤PD, (26)

where fA−Schur
Convex (·) is an additively Schur-convex func-

tion of the vector consisting of the diagonal elements of
(FHĤHR−1

v ĤF + I)−1. The symbol d(Z) represents the
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vector consisting of the diagonal elements of Z. On the other
hand, the linear transceiver optimization having additively
Schur-concave objective is given by [10], [11], [32]

P. 9:min
F

E
{
fA−Schur

Concave

(
d[(FHĤHR−1

v ĤF+I)−1]
)}

s.t.Rv =[σ2
N+Tr(FFHΦ)]I,Tr(FFH)≤PD, (27)

where fA−Schur
Concave (·) is an additively Schur-concave func-

tion of the vector consisting of the diagonal elements of
(FHĤHR−1

v ĤF + I)−1.
In order to accommodate the OFs in P. 4 to P. 9, the unified

general optimization problem is formulated as follows

P. 10: max
F
funified

(
FHĤHR−1

v ĤF
)

s.t.Rv =[σ2
N+Tr(FFHΦ)]I,Tr(FFH)≤PD. (28)

It is worth noting that P. 10 aims for maximizing a perfor-
mance metric, while some optimization problems from the
set of P. 4 to P. 9 aim for minimizing some performance
metrics. In order to make the mathematical formulas con-
sistent, when the optimization problem considered aims for
minimizing a nonnegative function, its OF is replaced by its
inverse function. When the optimization problem considered
aims for minimizing a negative function, its OF is replaced
by its negative counterpart. It should be highlighted that the
expectation operation is contained in P. 10, and has either
different mathematical meanings when the transmitter has
either estimated CSI or statistical CSI. Specifically, when the
transmitter relies on estimated CSI, the TPC F is optimized
based on a specific realization of Ĥ and then the expectation
operation is applied over the resultant OF. On the other hand,
when the transmitter has only statistical information, the TPC
F is optimized over the whole distribution of Ĥ , instead of
a realization of Ĥ .

As for the TPC optimizations from the set P. 4 to P. 9, when
the estimated CSI is available at the transmitter, the optimal
solutions are the Pareto optimal solutions of the following
matrix-monotonic optimization [10]

P. 11: max
F

FHĤHR−1
v ĤF

s.t.Rv =[σ2
N+Tr(FFHΦ)]I,Tr(FFH)≤PD. (29)

On the other hand, when the transmitter only has statistical
information, the optimal solutions of P. 4 to P. 9 aim for
maximizing the distribution of FHĤHR−1

v ĤF . When Ĥ
has only column correlations, maximizing the distribution of
a random positive semidefinite matrix is equivalent to max-
imizing its expectation, i.e., FHE{ĤHR−1

v Ĥ}F [38]. This
is because when the distribution is maximized, for any given
realization in the original distribution, it is always possible
to find a realization from the optimized distribution, which is
larger than the original realization and has the same probability
density function (pdf). The detailed proof can be found in [38].
As a result, when Ĥ has only column correlations and the
transmitter has only statistical CSI, the optimal solutions of

P. 4 to P. 9 are the Pareto optimal solutions of the following
matrix-monotonic optimization [32]

P. 12: max
F

FHE{ĤHR−1
v Ĥ}F

s.t.Rv =[σ2
N+Tr(FFHΦ)]I,Tr(FFH)≤PD. (30)

P. 12 can be viewed as the optimization of the distribution of
FHĤHR−1

v ĤF . When multiple data streams are transmitted,
the MIMO TPC optimization is a multi-objective optimization
problem. Generally speaking, there is no solution that is
optimal for all OFs. It is plausible that the channel estimation
procedure has a grave impact on the TPC optimization. Note
that in P. 10 and P. 11, the positive definite matrix Φ
is a function of the training sequence X . Moreover, it is
also worth highlighting that the communication resources are
limited, i.e., (T − TT)PD + PTTT ≤ Etotal, where T is the
channel’s coherence time. The more resources are allocated
to channel estimation, the more accurately the channel matrix
can be estimated, but leaving less resources for information
transmissions. As a result, there exist tradeoffs between the
optimizations of P. 3 and P. 10. The focus of our work is hence
to jointly optimize these two matrix-monotonic optimization
problems.

III. UNIFIED OPTIMIZATION OF THE TRAINING SEQUENCE
AND THE TPC

Based on the discussions in Section II, when having perfect
CSI at the transmitter, the matrix-monotonic optimization
problem P. 10 can be simplified to the following matrix-
monotonic optimization [10]

max
F

FHHHR−1
n HF , s.t. Tr(FFH) ≤ PD, (31)

which is of the same form as P. 3. They try to recover the
received signals from the noise-contaminated observations of
the known training sequence for channel estimation and for
data transmission by relying on the known channel matrix,
respectively. This fact reveals that there exists a conceptual
duality between the TPC optimization and training sequence
optimization [10], albeit the constraints in P. 3 and P. 10
have slightly different physical meanings from a physical
perspective. Specifically, the constraint in P. 3 guarantees
having limited total energy for channel estimation. On the
other hand, the constraint in P. 10 assures that the maximum
power is lower than a specific threshold.

A. Unified Optimization Problems

For the joint optimization of the training sequence X and
the TPC F , a joint performance metric is a function of both
X and F . Again, here the training optimization is carried
out by only using the statistical CSI. By contrast, the TPC
optimization is carried out by using either the statistical CSI
or the estimated CSI. As a result, for the joint optimization
considered, the performance metric should be an average
performance that is independent of the instantaneous CSI.
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The corresponding unified joint optimization of the training
sequence and the TPC is written in the following form

P. 13: max
F ,X,TT

T − TT

T
funified

(
FHĤHĤF

σ2
N + Tr(ΦFFH)

)
s.t. Φ =

(
Ψ−1 +NRXR−1

N XH
)−1

Tr(FFH) ≤ PD, Tr(XXH) ≤ PTTT,

(T − TT)PD + PTTT ≤ Etotal. (32)

In contrast to P. 10, there are three optimization variables in
P. 13, namely F , X , and TT. The discrete time interval TT

is the training length, which must satisfy 1 ≤ TT ≤ T −1.
The scalar TT determines the amount of resources allocated
to channel estimation and hence also the resources left for
data transmission. After introducing TT in the OF, P. 13
aims for striking a compelling tradeoff between the channel
estimation accuracy and data transmission efficiency, which is
distinctly different from P. 10. In order to boldly differentiate
the traditional designs given by P. 10, the performance metrics
in P. 13 given by P. 4 to P. 9 are termed as the effective
metrics. For example, when considering the MI maximization
problem P. 4, P. 13 aims for maximizing the effective MI
(termed as achievable rate in [25]) instead of the original MI.
The corresponding OF is

T − TT

T
funified

(
FHĤHĤF

σ2
N + Tr(ΦFFH)

)

=
T − TT

T
E

{
log det

(
I +

FHĤHĤF

σ2
N + Tr(ΦFFH)

)}
. (33)

The OF in (33) simultaneously maximizes the MI and data
transmission time interval T − TT.

As discussed above, for the optimization problems P. 4 to
P. 9, there are several ones aiming for minimizing a specific
performance metric. When these kinds of optimizations are
unified in P. 13, the OFs are replaced by their corresponding
inverse functions. For example, for the weighted MSE mini-
mization of P. 7, the corresponding OF of P. 13 is formulated
as the reciprocal of the weighted MSE, i.e.,

T − TT

T
funified

(
FHĤHĤF

σ2
N + Tr(ΦFFH)

)
=
T − TT

T

1

E
{

Tr

[
W
(
I + FHĤHĤF

σ2
N+Tr(ΦFFH)

)−1
]} . (34)

Here, similar to the concept of effective MI, the term

T

T − TT
E

Tr

W (
I +

FHĤHĤF

σ2
N + Tr(ΦFFH)

)−1
 (35)

may be viewed as the effective weighted MSE. Minimizing
the effective MSE aims for simultaneously minimizing the
traditional MSE and maximizing the data transmission time
interval.

B. Joint Optimization for Statistical CSI at the Transmitter
In this section, we investigate the case in which the trans-

mitter only has statistical CSI but the destination has more
accurate estimated CSI. Here we would like to highlight that
in contrast to most of the existing studies on transceiver
optimization [32], in the joint optimization of a linear TPC and
training sequence, only the average performances are consid-
ered instead of their counterparts relying on the instantaneous
CSI. Strictly speaking, only the upper bounds of the system
performance are investigated. Following the rationale in [25],
the expectation operations are moved into the OFs of P. 4 to
P. 9. The resultant joint optimization problem becomes

P. 14: max
F ,X,TT

T − TT

T
funified

(
FHE{ĤHĤ}F
σ2

N + Tr(ΦFFH)

)
s.t. Φ =

(
Ψ−1 +NRXR−1

N XH
)−1

Tr(FFH) ≤ PD, Tr(XXH) ≤ PTTT,

(T − TT)PD + PTTT ≤ Etotal. (36)

In the OF of P. 14, the average matrix-valued SNR becomes:

FHE{ĤHĤ}F
σ2

N + Tr(ΦFFH)
=

FHΠF

σ2
N + Tr(ΦFFH)

, (37)

with Π = NRΨ−NRΦ.
It can be concluded that P. 14 maximizes this matrix-valued

SNR. As a result, our joint matrix-monotonic optimization is
formulated as

P. 15: max
F ,X

FHΠF

σ2
N + Tr(ΦFFH)

s.t.Π=NRΨ−NRΦ,Φ=
(
Ψ−1+NRXR−1

N XH
)−1
,

Tr(FFH) ≤ PD, Tr(XXH) ≤ PTTT,

(T − TT)PD + PTTT ≤ Etotal. (38)

Explicitly this joint matrix-monotonic optimization is in-
trinsically different from traditional single matrix-monotonic
optimization applied separately for transceiver design and
training design, since a pair of optimization variables, namely
the linear TPC F and the training sequence X , are jointly
optimized. The optimal solutions of P. 14 belong to the
Pareto-optimal solution set of P. 15. We would like to point
out that P. 13 optimizes the distribution of FHĤHR−1

v ĤF
by relying on the statistical CSI available at transmitter.
Provided that Ĥ has only column correlations, there exists an
equivalence between optimizing the distribution of a random
positive semidefinite matrix and maximizing its expectation,
i.e., FHE{ĤHR−1

v Ĥ}F [38]. As a result, in P. 14, there is an
approximation, since the expectation operation is moved into
the OF. However, based on our discussion concerning P. 12,
this approximation does not change the fact that the optimal
solutions of P. 13 belong to the Pareto-optimal solution set of
P. 15. We can conjecture that the approximation in P. 14 might
change the correspondence between the optimal solutions of
P. 13 and the Pareto-optimal solutions of P. 15.

It is worth noting that the constraint Tr(FFH) ≤ PD is
equivalent to the following constraint

σ2
NTr(FFH) ≤ σ2

NPD, (39)
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which is also equivalent to the following one

σ2
NTr(FFH)+PDTr(ΦFFH)≤σ2

NPD+PDTr(ΦFFH).
(40)

The power constraint (40) is equivalent furthermore to the
following constraint

Tr[(σ2
NI + PDΦ)FFH]

σ2
N + Tr(ΦFFH)

≤ PD. (41)

Here, it is worth noting that the equivalence implies that, (41)
can be proved and vice versa from (39). Therefore, based
on the equivalence between (39) and (41), the joint matrix-
monotonic optimization problem P. 15 is equivalent to the
following one

P. 16: max
F ,X

FHΠF

σ2
N + Tr(ΦFFH)

s.t.Π=NRΨ−NRΦ,Φ=
(
Ψ−1+NRXR−1

N XH
)−1

,

Tr(XXH)≤PTTT,
Tr[(σ2

NI+PDΦ)FFH]

σ2
N + Tr(ΦFFH)

≤PD,

(T − TT)PD + PTTT ≤ Etotal. (42)

Upon defining the following new matrix variable

F̃ = (σ2
NI + PDΦ)1/2

[
σ2

N + Tr(ΦFFH)
]−1/2

F , (43)

the optimization problem P. 16 can be simplified into the
following one

P. 17: max
F̃ ,X

F̃H(σ2
NI + PDΦ)−1/2(NRΨ−NRΦ)

× (σ2
NI + PDΦ)−1/2F̃

s.t. Φ =
(
Ψ−1 +NRXR−1

N XH
)−1

Tr(F̃ F̃H) ≤ PD, Tr(XXH) ≤ PTTT,

(T − TT)PD + PTTT ≤ Etotal. (44)

Based on the fundamental results of matrix-monotonic opti-
mization [10], [32], we have the following theorem concerning
the optimal F̃ .
Theorem 1: The Pareto-optimal solution of F̃ for P. 17
satisfies the following structure

F̃opt = VHΛF̃U
H
F̃
, (45)

where VH and UF̃ are unitary matrices and ΛF̃ is a diagonal
matrix. The unitary matrix VH is defined based on the
following SVD

(NΨ−NΦ)
1
2 (σ2

NI+PDΦ)−
1
2 =UHΛHV H

H with ΛH ↘ .
(46)

On the other hand, the unitary matrix UF̃ is determined by
the specific OFs [10]. In the following, the optimal solutions
of UF̃ are enumerated briefly and the detailed derivations are
provided in [10].
Conclusion 3: For the optimization problems P. 4 to P. 9, the
corresponding optimal values of UF̃ are listed as follows:

P. 4: UF̃ ,opt =UArb; P. 5: UF̃ ,opt =I; P. 6: UF̃ ,opt =UA;

P. 7: UF̃ ,opt =UW ; P. 8: UF̃ ,opt =UDFT; P. 9: UF̃ ,opt=I,

(47)

where the unitary matrices UA and UW are defined based on
the following EVDs

AAH = UAΛAUH
A with ΛA ↘,

W = UW ΛWUH
W with ΛW ↘ . (48)

Moreover, UArb denotes an arbitrary unitary matrix of appro-
priate dimensions and UDFT represents a DFT unitary matrix
of suitable dimensions, respectively.

According to the definition of F̃ in (43), the following
equality always holds

(σ2
NI + PDΦ)−1/2F̃ =

[
σ2

N + Tr(ΦFFH)
]−1/2

F , (49)

based on which the following equality can be derived

1

σ2
N+Tr(ΦFFH)

=
Tr[(σ2

NI+PDΦ)−
1
2 F̃ F̃H(σ2

NI+PDΦ)−
1
2]

Tr(FFH)

=
Tr[(σ2

NI+PDΦ)−1F̃ F̃H]

PD
, (50)

where the second equality is due to the fact that for the optimal
F , we have Tr(FFH) = PD. Finally, when the optimal
solution F̃ has been computed, the optimal F equals

Fopt =

√
PD

Tr[(σ2
NI + PDΦ)−1F̃ F̃H]

(σ2
NI + PDΦ)−1/2F̃opt.

(51)

Based on Conclusion 1, Conclusion 2 and Theorem 1, we
define the following variables and parameters[

ΛT
F̃

ΛF̃

]
i,i

= f2
i ,
[
ΛΨ

]
i,i

= ψi,[
ΛXΛT

X

]
i,i

= x2
i ,
[
Λ−1

RN

]
i,i

= 1/σ2
i . (52)

The joint matrix-monotonic optimization problem P. 17 is
equivalent to the following one:

P. 18: max
{f2

i },{x2
i }

UF̃ ΛINU
H
F̃

s.t.
[
ΛIN

]
i,i

=
N2

Rf
2
i x

2
iψi/σ

2
i

σ2
Nψ
−1
i +NRσ2

Nx
2
i /σ

2
i + PD

NData∑
i=1

f2
i ≤ PD,

NData∑
i

x2
i ≤ PTTT,

(T − TT)PD + PTTT ≤ Etotal. (53)

Based on this, the joint optimization problem P. 14 can be
further rewritten as

P. 19: max
{f2

i },{x2
i },TT

funified

({
N2

Rf
2
i x

2
iψi/σ

2
i

σ2
Nψ
−1
i +NRσ2

Nx
2
i /σ

2
i +PD

}NData

i=1

)
× T − TT

T

s.t.

NData∑
i=1

f2
i ≤ PD,

NData∑
i

x2
i ≤ PTTT,

(T − TT)PD + PTTT ≤ Etotal. (54)

The specific optimal solutions of P. 19 are determined by the
particular mathematical formulas of the OF in P. 19. In the
following, two specific examples are given to show how to
solve P. 19. Their methodology may also be applied to other
OFs.
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C. Specific Examples for Statistical CSI

In this subsection, some specific joint optimization problems
are investigated one-by-one to show how to jointly optimize
the training sequence and the transceiver.
Effective MI Maximization:

Based on the results derived above, the joint optimization
problem P. 14 is finally simplified into the following form for
the optimization problem of effective MI maximization

P. 20: max
{f2

n},{x2
n},TT

NData∑
i=1

log

(
1+

N2
Rf

2
i x

2
iψi/σ

2
i

σ2
Nψ
−1
i +NRσ2

Nx
2
i /σ

2
i +PD

)
× T − TT

T

s.t.

NData∑
i=1

f2
i ≤ PD,

NData∑
i=1

x2
i ≤ PTTT,

(T − TT)PD + PTTT ≤ Etotal. (55)

P. 20 can be optimized in an alternating manner with respect
to {f2

n}, {x2
n}, and TT. When TT is given, for fixed x2

i values,
the optimal solutions of f2

i are the following water-filling
solutions [39]

f2
i =

(
1

µf
− 1

hi

)+

, (56)

where µf is the Lagrange multiplier corresponding to the
constraint

∑NData

i=1 f2
i ≤ PD. The parameter hi is defined as

hi =
N2

Rx
2
iψi/σ

2
i

σ2
Nψ
−1
i +NRσ2

Nx
2
i /σ

2
i + PD

. (57)

Then, for fixed f2
i values, the optimal solutions of x2

i are the
following water-filling solutions:

x2
i=

(
−ci(ai+2bi)+

√
c2i (ai+2bi)2−4(ai+bi)bi(c2i−aici/µx)

2(ai+bi)bi

)+

,

(58)

where the parameters ai, bi and ci are defined as follows

ai=N2
Rf

2
i ψi/σ

2
i , bi=NRσ

2
N/σ

2
i , ci=σ2

Nψ
−1
i +PD. (59)

Finally, the optimization of TT can be carried out using a one-
dimensional search [25] [23], given its discrete nature. The
solution is illustrated in Algorithm 1. This procedure is quite
similar to the effective MSE minimization. The outer loop
represents the exhaustive search of TT, while the inner loop
is used for iteratively updating XP,F until the convergence
of the OF. The results are averaged over a number of random
realizations to find the robust optimal training length and the
optimal structure of both the training sequences and of the
precoder.
Effective Weighted MSE Minimization

According to the previous discussions, the joint optimization
problem P. 14 aims for maximizing a performance metric. For
the effective weighted MSE minimization, the OF of the joint

Algorithm 1 Joint Effective MI Maximization of Training
Sequences and Transceivers Based on Matrix-Monotonic Op-
timization for Statistical CSI

1. Initialize the parameters and begin the exhaustive search
from TT=1.
repeat

repeat
2. Update f2

i with fixed x2
i in (56).

3. Update x2
i with fixed f2

i in (58).
until the convergence of OF in (55)
4. TT ← TT + 1.

until TT = T − 1
5. Find the optimal training length TT, training sequence as
in Conclusion 1 and 2, and precoder as in Theorem 1 and
(51).

optimization problem P. 14 is formulated as the reciprocal of
the effective weighted MSE, i.e.,

T − TT

T
funified

(
FHE{ĤHĤ}F
σ2

N + Tr(ΦFFH)

)
=
T − TT

T

1

Tr

[
W
(
I + FHE{ĤHĤ}F

σ2
N+Tr(ΦFFH)

)−1
] , (60)

based on which the joint optimization problem P. 14 with
respect to the effective weighted MSE performance finally
becomes equivalent to

P. 21: min
{f2

n},{x2
n},TT

T

T − TT

NData∑
i=1

wi

1 +
N2

Rf
2
i x

2
iψi/σ2

i

σ2
Nψ

−1
i +NRσ2

Nx
2
i /σ

2
i +PD

s.t.

NData∑
i=1

f2
i ≤ PD,

NData∑
i=1

x2
i ≤ PTTT,

(T − TT)PD + PTTT ≤ Etotal. (61)

P. 21 can also be optimized in an alternating manner with
respect to {f2

n}, {x2
n}, and TT. When TT is given, for fixed

x2
i values, the optimal solutions of f2

i are the following water-
filling solutions:

f2
i =

(√
wi
µfhi

− 1

hi

)+

, (62)

where µf is the Lagrange multiplier corresponding to the
constraint

∑NData

i=1 f2
i ≤ PD. On the other hand, for fixed f2

i

values, the optimal solutions of x2
i are the following water-

filling solutions:

x2
i =

(
1

ai + bi

√
wiaici
µx

− ci
ai + bi

)+

, (63)

where ai, bi and ci are defined in (59). Similar to effective MI
maximziation, the optimization of TT can be also performed
using a one-dimensional search, given its discrete nature.

D. Joint Optimization using the Receiver’s Estimated CSI at
the Transmitter

In this section, we investigate the scenario, in which both
the transmitter and the receiver have the same estimated CSI,
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assuming that a feedback channel is available between them.
The training optimization relies on the statistical information
available, while the precoder is optimized based on the channel
matrix estimated at the destination and the estimation error
model. The final performance metric is averaged over all
channel realizations. In this case, based on the above mathe-
matical formulation along with our TPC optimization, the joint
optimization problem can be further rewritten as follows:

P. 22: max
F ,X,TT

funified

(
FH(Ψ−Φ)

1
2HH

WHW(Ψ−Φ)
1
2F

σ2
N + Tr(ΦFFH)

)
× T − TT

T

s.t.Φ =
(
Ψ−1 +NRXR−1

N XH
)−1

,

Tr(FFH) ≤ PD,Tr(XXH) ≤ PTTT,

(T − TT)PD + PTTT ≤ Etotal. (64)

This is equivalent to the following by replacing the sum power
constraint Tr(FFH) ≤ PD by (41)

P. 23: max
F ,X,TT

funified

(
FH(Ψ−Φ)

1
2HH

WHW(Ψ−Φ)
1
2F

σ2
N + Tr(ΦFFH)

)
× T − TT

T

s.t.Φ =
(
Ψ−1 +NRXR−1

N XH
)−1

,

Tr[(σ2
NI+PDΦ)FFH]

σ2
N + Tr(ΦFFH)

≤PD,Tr(XXH)≤PTTT,

(T−TT)PD+PTTT≤Etotal. (65)

Similar to P. 17, based on the definition of F̃ in (43), P. 23
can further be reformulated as

P. 24: max
F̃ ,X,TT

T − TT

T
funified

(
F̃H(σ2

NI + PDΦ)−
1
2 (Ψ−Φ)

1
2

×HH
WHW(Ψ−Φ)

1
2 (σ2

NI + PDΦ)−
1
2 F̃
)

s.t.Φ =
(
Ψ−1 +NRXR−1

N XH
)−1

Tr(F̃ F̃H) ≤ PD, Tr(XXH) ≤ PTTT,

(T − TT)PD + PTTT ≤ Etotal. (66)

By exploiting that all elements of HW are i.i.d. random
variables, P. 24 is equivalent to

P. 25: max
F̃ ,X,TT

T − TT

T
funified

(
F̃HΣ1/2HH

WHWΣ1/2F̃
)

s.t. Σ=(σ2
NI + PDΦ)−

1
2 (Ψ−Φ)(σ2

NI + PDΦ)−
1
2,

Φ=
(
Ψ−1 +NRXR−1

N XH
)−1

Tr(F̃ F̃H) ≤ PD, Tr(XXH) ≤ PTTT,

(T − TT)PD + PTTT ≤ Etotal. (67)

Based on our matrix-monotonic optimization framework,
the OF of P. 25 equals

funified

(
F̃HΣ1/2HH

WHWΣ1/2F̃
)

=funified

({
f2
i λi(Λ

1/2
Σ HH

WHWΛ
1/2
Σ )

}NData

i=1

)
, (68)

where the elements of the diagonal matrix ΛΣ are defined as

[
ΛΣ

]
i,i

=
NRx

2
iψi/σ

2
i

σ2
Nψ
−1
i +NRσ2

Nx
2
i /σ

2
i + PD

. (69)

The equality in (68) exploits the fact that for any unitary matrix
U , HW and HWU have the same distribution. Therefore,
based on (68) the joint optimization of our linear TPC and
training sequence is formulated as

P. 26: max
{f2

i },{x2
i },TT

funified

({
f2
i λi(Λ

1/2
Σ HH

WHWΛ
1/2
Σ )

}NData

i=1

)
× T − TT

T

s.t.
[
ΛΣ

]
i,i

=
NRx

2
iψi/σ

2
i

σ2
Nψ
−1
i +NRσ2

Nx
2
i /σ

2
i + PD

,

NData∑
i=1

f2
i ≤ PD,

NData∑
i=1

x2
i ≤ PTTT,

(T − TT)PD + PTTT ≤ Etotal. (70)

In the case when the transmitter has estimated CSI, for a
given transmit power PD, the optimal solution of f2

i can be
expressed as a function of PD and

{
λi(Λ

1/2
Σ HH

WHWΛ
1/2
Σ )
}

,
i.e.,

f2
i = pi

(
PD,

{
λi(Λ

1/2
Σ HH

WHWΛ
1/2
Σ )

}NData

i=1

)
. (71)

As a result, the optimization problem P. 26 may also be shown
to be equivalent to

P. 27: max
{x2

i },TT

funified

({
f2
i λi(Λ

1/2
Σ HH

WHWΛ
1/2
Σ )

}NData

i=1

)
× T − TT

T

s.t.
[
ΛΣ

]
i,i

=
NRx

2
iψi/σ

2
i

σ2
Nψ
−1
i +NRσ2

Nx
2
i /σ

2
i + PD

f2
i = pi

(
PD,

{
λi(Λ

1/2
Σ HH

WHWΛ
1/2
Σ )

}NData

i=1

)
NData∑
i=1

x2
i ≤ PTTT,

(T − TT)PD + PTTT ≤ Etotal. (72)

It is worth highlighting that the statistical expectation opera-
tion involved in P. 27 makes the optimization problem difficult
to solve. To overcome this difficulty, a pair of algorithms
are proposed. For the first one, the power allocation in the
training optimization adopts the suboptimal solutions given
by P. 1 or P. 2. As a result, in P. 27 there is only a single
real scalar optimization variable TT that can be optimized
by using a simple one-dimensional search. The expectation
operation in P. 27 can be carried out numerically. On the
other hand, the second one is based on the approximations
that replace the eigenvalues λi(Λ

1/2
Σ HH

WHWΛ
1/2
Σ ) in P. 27

by λi(Λ
1/2
Σ E{HH

WHW}Λ1/2
Σ ).
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E. Specific Examples for Estimated CSI

Effective MI Maximization:
In this subsection, we investigate the effective MI maxi-

mization in detail, where the MI term in the OF of P. 27
equals

funified

({
f2
i λi

(
Λ

1/2
Σ HH

WHWΛ
1/2
Σ

)}NData

i=1

)
=E

{
NData∑
i=1

log
(
1+f2

i λi

(
Λ

1/2
Σ HH

WHWΛ
1/2
Σ

))}
. (73)

It is widely exploited that for the MI maximization the optimal
f2
i obeys [10], [11]

f2
i =

(
1

µf
− 1

λi(Λ
1/2
Σ HH

WHWΛ
1/2
Σ )

)+

. (74)

The Lagrange multiplier µf is equivalent to

1

µf
=
PD+

∑ÑData

i=1
1

λi(Λ
1/2
Σ HH

WHWΛ
1/2
Σ )

ÑData

, (75)

where ÑData is the number of eigen-channels allocated non-
zero powers during the data transmission phase. Therefore,
substituting the value of µf into the OF, the following result
holds

funified

({
f2
i λi(Λ

1/2
Σ HH

WHWΛ
1/2
Σ )

}NData

i=1

)

=E


ÑData∑
i=1

log

PD+
∑ÑData

j=1
1

λj(Λ
1
2
ΣHH

WHWΛ
1
2
Σ)

ÑData

λi(Λ
1
2

ΣH
H
WHWΛ

1
2

Σ)


.

(76)

Based on (76), the effective MI maximization problem is
written in the following form

P. 28: max
{x2

i },TT

E


ÑData∑
i=1

log

PD+
∑ÑData

j=1
1

λj(Λ
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Σ HH
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Σ )
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Σ )
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T
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NData∑
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Because of the statistical expectation operation in P. 28, it is
challenging to derive the optimal solutions of P. 28 in closed
forms. In the following two kinds of algorithms are proposed.

In order to avoid complex optimizations involving statistical
expectations, some suboptimal solutions are used for {x2

i }.
Specifically, since channel estimation is usually performed
at high SNRs, for MI maximization, the resources are as-
sumed to be allocated uniformly among {x2

i }, i.e., {x2
i =

PTTT/NData}. Therefore, P. 28 is simplified to the following
problem:

P. 29: max
TT

E


ÑData∑
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log
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2
i /σ
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. (78)

The second rationale is to replace the eigenvalues
λi(Λ

1/2
Σ HH

WHWΛ
1/2
Σ ) by their expectations, i.e., by

λi(Λ
1/2
Σ E{HH

WHW}Λ1/2
Σ ). As a result, P. 28 can be

approximated as follows:

P. 30: max
{x2

i },TT

ÑData∑
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log
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. (79)

It is worth noting that this approximation is accurate at high
SNRs as shown in Section IV, but the proof is omitted
due to space limitation. The optimization problem P. 30 can
be efficiently solved via alternating optimization, where the
solution of {x2

i } may be found via the MATLAB function
“fmincon”.

Effective Weighted MSE Minimization:
In this subsection, the effective weighted MSE minimization

is investigated. For the effective weighted MSE minimization,
the MSE term of the OF of P. 27 may be expressed as

funified

({
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i>ÑData

ωi


−1

,

(80)
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based on which P. 27 is further reformulated as follows:

P. 31: max
{x2

i },TT
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. (81)

It is worth noting that solving the optimization problem P.
31 is still very challenging due to the statistical expectation
operation. In the following, a pair of approximations are used.

Firstly, similar to P. 29, in order to avoid complex math-
ematical operations, suboptimal power allocation schemes
may be applied to {x2

i }. At high SNR, the resources are
supposed to be allocated proportionally among {x2

i } for sum
MSE minimization. Since we are considering the average
performance, the suboptimal uniform power allocation scheme
is adopted for {x2

i } in the following for simplicity, i.e.,
{x2

i = PTTT/NData}. Thus, P. 31 is simplified to

P. 32: min
TT

T

T − TT
E
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In P. 32, the single optimization variable TT can be found by
a one-dimensional search.

In the second solution, the eigenvalues
λi(Λ

1/2
Σ HH

WHWΛ
1/2
Σ ) are replaced by their expectations,

i.e., by λi(Λ
1/2
Σ E{HH

WHW}Λ1/2
Σ ). Thus, P. 31 is relaxed to

P. 33: min
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. (83)
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Fig. 3. Joint optimization for effective MI maximization using statistical CSI
at the transmitter, where the antenna setting is 8×8.

The optimization problem P. 33 can be solved efficiently by
alternating between {x2

i } and TT, where the solution of {x2
i }

may be found by the MATLAB function “fmincon”.

F. Complexity Analysis

For the proposed algorithms, the computational complexity
mainly arises from the matrix decompositions, water-filling
algorithms, numbers of iterations, one-dimensional search over
the training interval TT and the numerical computations of the
statistical expectation. For an N ×N matrix, the complexity
of its matrix decomposition is on the order of O(N3). More-
over, for an N -dimensional separate optimization problem,
the complexity of the water-filling algorithm is as low as
O(N). We will demonstrate in Section IV that typically
only one or two iterations may be required in Fig. 8 and
Fig. 9. The one-dimensional search will increase the compu-
tational complexity at an order of O(TT). For the following
complexity analysis, LS denotes the number of independent
trials used for the numerical computations of the statistical
expectation. Upon using statistical CSI at the transmitter, the
total computational complexities of the proposed algorithms
are O(N3) + O(NTT + LSTT). On the other hand, in the
case of estimated CSI at transmitter, the total computational
complexities of the proposed algorithms using the eigen-
value approximations are also O(N3) + O(NTT + LSTT).
However, in this case the total computational complexities of
the proposed algorithms using uniform power allocation for
training are a little bit different and the total complexity is
O(N3) +O(LSTT).

IV. SIMULATION RESULTS AND DISCUSSIONS

In this section, several numerical results are provided for the
proposed joint optimization of our linear TPC and training
sequence. Firstly, the widely used exponential correlation
model is used for Ψ, i.e., [Ψ]i,j = θ|i−j| [10], [36]. In
the following simulations, θ = 0.9 is chosen, and the block
length is 256. For the cases in which the receiver relies on
the estimated CSI and the transmitter has only statistical CSI,
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the joint optimization used for effective MI maximization
is investigated first. In Fig. 3, the effective MI represents
the values of the OF of P. 20, with antenna settings of
NT = NR = N = 8 and T = 256 vs the SNR. In order
to characterize the performance of the proposed algorithm, the
direction search algorithm of [25] and the fixed point algorithm
of [23] are also used in Fig. 3. At low SNRs, the effective
MI of the proposed algorithm only has modest advantages
over the direction search algorithm of [25] and the fixed point
algorithm of [23]. However, there is a significant performance
gap between the proposed algorithm and the algorithm using
uniform power allocation, which shows the superiority of the
proposed optimization algorithm. With the SNR increasing,
the performance gap between the proposed algorithm and the
algorithm employing uniform power allocation is reducing,
which is due to the fact that the optimal power allocation
required for effective MI maximization tends to be uniform
at high SNRs. Furthermore, the effective MI of the proposed
algorithm is much higher than that of the direction search
algorithm of [25] and that of the fixed point algorithm of [23]
at high SNRs.

In contrast to the MI, the MSE exhibits higher signal
recovery accuracy at the receiver. If we directly use MSE as
our performance metric, the trivial conclusion emerges that
all the resources should be allocated to channel estimation.
To overcome this deficiency, the OF of the optimization
problem P. 21 is the effective MSE instead of the traditional
MSE used for transceiver optimization. The effective MSE
minimization aims for simultaneously minimizing the data
estimation MSE and maximizing the data transmission time
interval. In Fig. 4, we compare the effective MSEs of the
direction search algorithm [25], of the proposed algorithm,
and of the proposed algorithm using uniform power allocation,
but only statistical CSI at the transmitter. At high SNRs,
the effective MSE of the proposed algorithm is better than
that of the direction search algorithm of [25]. Additionally,
the effective MSE of the proposed algorithm is always lower
than that of the proposed algorithm employing uniform power
allocation.
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Fig. 5. The BER performance of joint optimization for effective MSE
minimization using statistical CSI at the transmitter, where the antenna setting
is 8×8.
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In practical communication systems the bit-error rate (BER)
is one of the salient performance criteria. However, its analyt-
ical expression is generally quite challenging to derive. Since
the mathematically tractable MSE metric is closely related to
the BER, Fig. 5 illustrates the BER achieved by the MSE
solution for the system considered. Observe that at sufficiently
high SNRs our solution attains beneficial BER gains over both
the direction search algorithm of [25] and over that using
uniform power allocation.

In the simulations, the other case is also taken into account,
in which the transmitter and receiver have the same estimated
CSI. In this case, the optimization problems P. 29 and P. 30
are used for the effective MI maximization. In Fig. 6, the
effective MIs are demonstrated for T = 256 at SNR= 30dB
and for different antenna settings of N = 4, 8, 16. Each point
of the curves in Fig. 6 is an average of 104 independent
realizations used for calculating the statistical expectations. It
can be concluded from the numerical results that there always
exist a best operating point for resource allocation between
channel estimation and data transmission. Moreover, it can
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dB.

be seen that for the optimal operating point, the resources
allocated to channel estimation are much lower than those
allocated for data transmission. Furthermore, Fig. 6 shows
that the suboptimal solution in P. 29 using uniform power
allocation for training has almost the same performance as
the optimized power allocation employed for training in P.
30. Similar conclusions can be drawn for the effective MSE
minimization characterized in Fig. 7. For the effective MSE
minimization, the optimization problems P. 32 and P. 33 are
considered. It can also be seen that the suboptimal solution in
P. 32 associated with uniform power allocation for training
has almost the same performance as the optimized power
allocation delivered for training in P. 33.

Last but not the least, the convergence behaviors of the
proposed algorithms are investigated. It is worth highlight-
ing that for the joint optimization using estimated CSI at
the transmitter, the TPC is derived to be a function of the
training sequence. In turn, this function is substituted into
the original OF. As a result, there is no convergence issue
that should be investigated. For the case of statistical CSI at
the transmitter, the convergence behaviors of the proposed
algorithm are shown in Fig. 8 and Fig. 9. It is observed
that for both effective MI maximization and effective MSE
minimization, the proposed algorithms exhibit excellent pretty
good convergence properties for all simulation settings.

V. CONCLUSIONS

The joint optimization of linear transceivers and training
sequences was investigated for various performance metrics,
including the effective MI, effective MSE, effective weighted
MI, effective weighted MSE, effective additively Schur-convex
and effective additively Schur-concave functions. The new
joint matrix-monotonic optimization framework was proposed,
which has two matrix variables, i.e., the linear TPC matrix
and the training matrix. Based on our new framework of joint
matrix-monotonic optimization, the optimal structures of linear
transceivers and training sequences were derived for the cases
in which the transmitter relies either on statistical CSI or
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Fig. 8. The convergence behavior for effective MI maximization using
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SNR situations and training lengths.
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estimated CSI in the face of transmit-side spatial correlation.
Based on the optimal structures, the explicit optimization
algorithms were proposed for the joint optimization consid-
ered. Finally, several numerical simulations were presented for
corroborating our theoretical results.

APPENDIX A
THE OBJECTIVE FUNCTIONS FOR PRECODER

OPTIMIZATIONS

In this Appendix, based on the channel model in (20), the
signal estimation MSE matrix at the receiver is formulated as:

ΦMSE(G,F )=E
{

(ŝ− s) (ŝ− s)
H
}

=E
{

(Gy − s) (Gy − s)
H
}

�ΦMSE(GLMMSE,F ), (84)

where GLMMSE is the LMMSE equalizer [11]. For the MSE
matrix ΦMSE(GLMMSE,F ), the nth diagonal element reflects
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the MSE of the nth data stream. As discussed in our previ-
ous work [10], for MIMO precoder/transmitter beamforming
optimization, the OFs are specific matrix functions of the
corresponding MSE matrix ΦMSE(GLMMSE,F ), which is
derived in [10]:

ΦMSE(GLMMSE,F ) = (I+FHĤHR−1
v ĤF )−1. (85)

The matrix Rv is the effective noise covariance matrix in-
cluding both the channel estimation error and the additive
noise. The maximum MI between the transmitter and receiver
satisfies Imax(y; s) ≥ −log det[ΦMSE(GLMMSE,F )] [25].
The corresponding MI maximization OF is

Obj. 1: log det(I+FHĤHR−1
v ĤF ). (86)

The sum data MSE is given by the sum of the diagonal
elements of ΦMSE(GLMMSE,F ) and the corresponding OF
of MSE minimization is [10]

Obj. 2: Tr[(I+FHĤHR−1
v ĤF )−1]. (87)

In contrast to the MI, the MSE reflects the recovery ac-
curacy in tangible terms and it is directly related to BER,
provided that the error is Gaussian distributed. Moreover,
in order to reflect different levels of fairness, a weighted
sum performance metric is widely used following the multi-
objective optimization framework of [39]. In contrast to
traditional vector valued multi-objective optimizations, the
specific performance metric is a matrix-valued function. For a
positive semidefinite matrix ΦV, a general weighting operation
may be defined as AH

WΦVAW + ΠW, with the weighting
parameters AW and ΠW being an adjustable complex matrix
and positive semidefinite matrix, respectively [40]. This kind
of weighting operation is much more powerful for matrix-
valued multi-objective optimization than traditional element-
wise weighting operation. By appropriately varying AW and
ΠW, the whole Pareto optimal set can be explored. Thus,
for Obj. 1, taking ΦV = I+FHĤHR−1

v ĤF and defining
A = AW(AWAH

W + ΠW)
1
2 , the OF for the weighted MI is

written in the following form

Obj. 3: log det(I+AHFHĤHR−1
v ĤFA). (88)

Similarly, for Obj. 2, taking ΦV = (I+FHĤHR−1
v ĤF)−1

and defining W = AWAH
W, the OFs of the weighted MSE is

formulated as

Obj. 4: Tr[W (I+FHĤHR−1
v ĤF)−1], (89)

where W is a positive semidefinite weighting matrix. In the
existing literature, a widely used logic for general MIMO
transceiver designs is to exploit majorization theory [11],
[33]. Based on majorization theory, the OFs are classified
into two kinds of functions of the diagonal elements of
ΦMSE(GLMMSE,F ) (denoted as d[ΦMSE(GLMMSE,F )] ),
i.e., Schur-convex and Schur-concave functions. The corre-
sponding OFs are expressed as follows

Obj. 5: fA−Schur
Concave

(
d[(FHĤHR−1

v ĤF+I)−1]
)
,

Obj. 6: fA−Schur
Convex

(
d[(FHĤHR−1

v ĤF+I)−1]
)
. (90)

For Schur-convex functions, the performances for different
data streams tend to be the same. On the other hand, for Schur-
concave functions, the performances of different data streams
tend to depend on the eigenvalues of ΦMSE(GLMMSE,F )
[11], [33].
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