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ARTICLE INFO ABSTRACT

Keywords: The axial symmetry of a railway wheel is taken into account to expand its vibrational response
Wheel vibroacoustic model around the circumferential direction using Fourier series. This allows the vibroacoustic problem
Railway wheelset of the wheel to be formulated in a two-dimensional frame, solving for the dynamic and acoustic
Rigid body motion variables analytically in the circumferential direction. By adopting an Eulerian approach, the
RoFatlon inertial effects associated with the rotation of the wheelset are included in the model, assuming
Axisymmetry

a constant angular speed of rotation. To represent a railway wheelset, the wheel is constrained
at the inner edge of the hub and the contribution of the rigid body motion of the wheelset is
superimposed on its response. The latter is evaluated analytically under the assumption of small
rigid body displacements. The computational efficiency of the proposed methodology is found
to be three orders of magnitude greater than a full three-dimensional methodology, without
compromising the accuracy. The results are compared in terms of acoustic radiation with the
commercial package Ansys, showing similar sound power levels in almost all the frequency
range apart from some differences at low frequencies due to the use of an acoustic model
based on radiation ratios.

Rolling noise

1. Introduction

Noise pollution from railways can cause discomfort and even risk to people’s health. For this reason, in recent decades, the
development of quieter railway components through different techniques has proliferated; among these, is the implementation of
damper elements, such as the use of viscoelastic layers on the wheel [1] and dynamic absorbers on the wheel and rail [2,3], as
well as the search for optimal designs of the wheel [4,5], the study of perforation schemes for the wheel [6] and the analysis of
the influence of track design on the radiated noise [7]. Generally, in the preliminary design phase of such treatments, numerous
simulations are required to reach the optimal configuration in terms of noise mitigation. In situations with multiple design variables,
the number of simulations that can be carried out is limited by the computational cost associated with the vibroacoustic calculation.
Consequently, it is convenient to have efficient vibroacoustic models of the railway components. The present study focuses on the
wheelset.

To evaluate the sound radiation from the wheel, it is first necessary to determine the vibrational field on its surface. The wheel
vibration occurs in response to the excitation forces at the wheel-rail contact; on straight track, the main reason for this excitation
is the existence of surface roughness on the wheel and rail running surfaces. The response of the wheelset to these interaction forces
can be determined numerically using the Finite Element Method (FEM) [8]. In running conditions, the wheelset is rotating about
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its main axis, which changes the dynamics of this component compared with the stationary case. In Ref. [9], Thompson proposed
to include the wheel rotation by means of a moving load problem, excluding the gyroscopic and inertial effects associated with
the rotation. Other authors have proposed models based on Lagrangian coordinates to include the convective effects in flexible
rotors. Geradin and Kill [10] developed the equations of motion (EoM) in both rotating and inertial frames by defining a reference
system associated with local deformations and assuming small angles of rotation about the axis; in their work, the axial and flexural
dynamic behaviour of the rotor was analysed, while the torsional one was neglected. Genta and Tonoli [11] developed a formulation
that includes the axial, flexural and torsional dynamic behaviour of thin rotating discs. More recently, Sheng et al. [12] proposed
a FE model of a rotating railway wheel using an axisymmetric approach, which includes the vertical vibration of the wheel axis by
taking into account the momentum law; this was used to solve the response of the wheel to a vertical harmonic wheel-rail force
and it was shown that the displacement of the wheel contact point, formulated in an inertial frame, is also harmonic at the same
frequency as the interaction force. When the rotating body interacts with other non-rotating structures, models based on Eulerian
coordinates present a clear advantage over those based on Lagrangian coordinates, since the location of the interaction usually
has a constant spatial position with respect to the inertial reference system. Fayos et al. [13] proposed a model based on Eulerian
coordinates applied to the railway wheelset to give an efficient solution to the interaction with the track; to do this, they developed
the EoM of the rotating body initially in Lagrangian coordinates and, then, a conversion to Eulerian coordinates was carried out.
Later, Martinez-Casas et al. [14] developed the EoM of the rotating 3D wheelset directly in Eulerian coordinates, in a cartesian
reference system. With a view to reducing the computational cost associated with the resolution of the dynamic problem, Baeza
et al. [15] performed an expansion of the response around the circumferential direction using Fourier series, after transforming the
EoM from a cartesian to a cylindrical reference system.

Once the vibrational field of the wheel has been computed, it is possible to evaluate its sound radiation. The most precise way to
do this is by solving the air pressure field through a Fluid Structure Interaction (FSI) approach. In the literature, however, acoustic
models can be found based on the use of radiation ratios, which have a lower computational cost. These are based on post-processing
the vibrational field of the wheel surface, as proposed in Ref. [16]. In this reference, the wheel is constrained at the inner edge of the
hub and the modelling of the axle is omitted, which gives a good approximation for the contribution to the radiation of the vibration
modes with 2 or more nodal diameters; it is worth noting that, according to Ref. [8], these are the most important for rolling noise
generation. However, the vibroacoustic behaviour of the wheelset in the low frequency range is influenced by the axle motion. To
include this, the contribution of the rigid body modes of the wheelset can be added to the constrained wheel vibration [17].

In this work, a model of a rotating railway wheel which takes advantage of its axial symmetry is proposed. The wheel flexibility
is considered and the wheelset rigid body motion (RBM) is superimposed on the wheel vibration. To do this, an analytical model of
a rigid rotating wheelset is developed. Both the flexible wheel and rigid wheelset models can be applied to other rotating systems
as long as there is axial symmetry. Regarding the former, the axisymmetric approach with Eulerian coordinates proposed by Baeza
et al. [15] is extended through the direct formulation of the EoM in a cylindrical reference system. Subsequently, the acoustic model
of Thompson [16] is considered to evaluate the acoustic radiation of the wheel, taking advantage of the periodicity of the response to
formulate the sound field also in a two-dimensional frame. The wheel is constrained at the inner edge of the hub and the contribution
of the wheelset RBM is included through the RB model developed. The accuracy of the results is studied by a comparison with the
solution of the FSI problem computed with the commercial FE software Ansys [18]. Likewise, the computational efficiency of the
proposed methodology is evaluated by benchmarking against a full three-dimensional methodology.

Following this introduction, Section 2 presents the dynamic model of the rotating rigid wheelset. Then, the three-dimensional
vibroacoustic model of the rotating wheel is presented in Section 3. In Section 4, the expansion of the wheel response around the
circumferential direction is introduced and the EoM and sound radiation are obtained in a two-dimensional frame. Some results are
presented in Section 5 and the main conclusions are summarized in Section 6.

2. Rigid body motion of the wheelset

This section describes the methodology used to determine the equations of the RBM including rotation at a constant speed 2
. - - . . . T
about its axis. There are six degrees of freedom associated with the RBM, three translations = = (r; 7, 17;) parallel to the
cartesian axes in Fig. 1 and three rotations y = (lll1 W, y/3) about them. Although the RBM is associated with the cartesian
axes, the EoM are developed in a cylindrical reference frame with radial r, circumferential 6 and axial z components. Considering
only the RBM, the position q of any particle of the wheelset during the motion can be expressed as follows:

q=u+s(u1), [€))

where u = (r 0 z) is the spatial position, expressed in an inertial frame, corresponding to that particle without the motion
and s = (s, s, s,) contains the displacements of the particle in the position u at instant ¢ due to the RBM in the radial,
circumferential and axial directions, respectively. These displacements can be divided into the contribution of the translational s,
and rotational s,, motions, which yields the following vectorial sum:

s=s.+s,. 2)

On the one hand, the vector s, is related to the translational motion r by means of the transformation matrix between the
cartesian and cylindrical frame ©_, which, according to the definition of the coordinate 6 in Fig. 1, is given by:

sin(@) 0  cos(9)
s, =|cos() 0 —sin(@)|r=0,7. 3)
0 1 0



V.T. Andrés et al. Journal of Sound and Vibration 553 (2023) 117667

Fig. 1. Definition of the cartesian and cylindrical reference systems. The motion of the flexible wheel is evaluated through the FEM. The RBM of the wheelset,
described analytically, is superimposed on it.

On the other hand, the vector s,, can be expressed as follows:
s, = 0,(R-15;)0Tu, (C))

where I;,; is the identity matrix of order 3 x 3 and the matrix R defines the position of a particle after the rigid body rotation
expressed in an inertial frame and formulated in cartesian coordinates. Assuming small angles, this is given by:

1 Y3 Y
R=] y; L=y 5)
%) 4} 1

After manipulating Eq. (4), the following relation between s, and y is found:

zcos(d) O —zsin()
Sy =|—zsin(@) r —zcos(d) |y =0O,y. 6)
—rcos(d) O rsin(f)

As the axis of rotation is coincident with the axial direction, i.e. @ =(0 0 .Q)T in the cylindrical frame, the velocity v, due
to the rigid body spinning is given by:

v, =QXu=rQ6é, 7
with & = (0 1 O)T. In an Eulerian approach, the velocity of any particle of the wheel can be evaluated as follows [19,20]:

Dq

Dr =v,+ 0,7+ 0,y + QYy, 8)
where the matrix Y is given by:
0 —r 0
Y= 0 0 0 | ©)]

rsin(@) 0  rcos(9)

The kinetic energy of the rotating wheelset due to its RBM is given by:

DqT D
K=1/ Dq Dq,, _
Vs

p
2 Dr Dt (10)
=%Mi-Tt + % i T Ty + %QIZV/TKIW + %Q2IZWTK2W + QLTS + %QZZZ,

where p is the density of the material, Vg is the volume of the wheelset, M is its mass, I, = /Vs pr2dV is the moment of inertia
about the axis of rotation, the matrices K; and K, are shown in Appendix A and 7 is the inertia tensor of the wheelset that, given
the cartesian reference system defined (see Fig. 1), can be expressed as:

I, 0 0
I=|0 1, of, (11)
0 0 I

r
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with 7, = % + /Vs pz2dV being the moment of inertia about the radial axis. From the energy equation, Eq. (10), it follows that the
translational and rotational motions are decoupled. The Lagrange equations for the translational motion are given by:

D (oK\T (oK\T

(=) - (=) =M%, 12

Dr ( ot ) ( ot ) * (12)
while for the rotation movement it is verified that:

T T

D (0K 0K N . 2

= | — e =1 QT Ky — Q1T Koy. 1

Dt<ali/> <01I/> Y+ Ky oy (3)

In this work, it is considered that the external forces come from the wheel-rail interaction. Also, for simplicity, the contact is
. . . . T . .
assumed to occur at the angular coordinate ¢, = 0. Given the interaction forces F = (F, F, F,) applied at the contact point,
the six equations of the RBM are given by:

0 1 0
Mit)=10 0 1|F@),
1 0 0
a4
Z, 0 —r.
Ty(t)+ QLK y(t) — QZIZsz(t) =10 r. 0 [F@),
0 -z 0

(4
where r, and z, are, respectively, the radial and axial coordinates of the contact point. For convenience, the EoM are transformed

to the frequency domain. Considering a harmonic excitation of frequency » and constant amplitude F(w), the steady state RBM is
obtained by solving the following expressions:

01 0
—o*Mt(w)=|0 0 1|Fw),
1 0 0
-?1, - 321, 0 —iwQ1, zz 0 —r, (1)
0 —1(0* + Q%) 0 =0 r 0 |F(w),
i0Q1, 0 —0?1, - 32T, 0 -z, 0

where i is the imaginary unit. The three translational motions and the rotation about the axial axis y, are decoupled from the other
motions, while the rotations about the longitudinal y, and vertical y; axes are coupled to each other.

3. Three-dimensional vibroacoustic model of the wheel

In this section, the three-dimensional dynamic model developed by Martinez-Casas et al. [14] is formulated in a cylindrical
reference system. This allows the axisymmetric approach to be developed in the next section. The models can be used to describe
the dynamic behaviour of any rotating body with axial symmetry considering its flexibility and small RBM displacements. In this
work, however, it is employed to evaluate the motion of a flexible railway wheel which is constrained at the inner edge of the hub
and is rotating at a constant speed £ about its main axis. After solving its vibroacoustic behaviour, the contribution of the RBM of
the wheelset is included according to the developments of Section 2.

3.1. Kinetic energy

Given the rotating wheel subjected to an external dynamic force, the position p of any particle in the deformed shape can be
expressed as the following vector sum:

p=u+w,i), ae)

where w = (w, wy wZ)T contains the displacements of the particle at the position u and instant ¢ due to flexibility in the radial,
circumferential and axial directions. The velocity of any particle of the wheel can be evaluated as follows [19,20]:

Dp . ow
E=VS+W+Q% +QJW, (17)

. T . . I . ow,  owy 9 . _—
where w= (1, 1, w,) contains the time derivatives of the displacements, 3—: =(5r =St SZ) considers the derivatives

with respect to the circumferential direction and the matrix J is specified in Appendix A. The kinetic energy E, of the railway wheel
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is given by:

1 DpT Dp
E == | p— —2dV =
k /Vp Dr Dt

1 5 5 1 T 1 2/ ow! ow 2/ ow?
=-Q av + - dv + -Q ——dV+Q —JwdV+
2 /V’” 2/prw 2% /,% 0 0 TR

(18)
+Q / oré;TwdV + Q2 / &My 4 22 / oré;TIwdV +
|4 14 00 |4

+Q / T May 4+ 0 / T Iwdy + 202 / oW EwdV,
v a0 v 2 v

where V is the volume of the wheel, dV = rdfdrdz and the matrix E = JTJ can be found in Appendix A. Since the wheel is
constrained at the inner edge of the hub, all the terms in the right hand side of Eq. (18) except the first one are associated with the
wheel flexibility, while the first one is due to steady rolling.

3.2. Strain energy

The elastic potential energy E, can be expressed as follows:

_1 T _1 T
E”_ZA cdV = 2./1/6 DedV, (19)

where D is the material stiffness matrix obtained from Hooke’s Law (see Appendix A). The strain vector satisfies ¢ = Lw =
T . . . . . .
(e, € € 7vu 7w 7e:) »with L being a matrix operator defined in Appendix A.

3.3. Virtual work

The roughness present on the wheel and rail running surfaces generates dynamic forces when the vehicle is travelling along
the track. These forces are introduced in the wheel model as external loads applied at its contact point. The virtual work of the

interaction forces F = (F, Fy Fz)T is given by:

W = 6w'F. (20
3.4. Equation of motion

A FE model is adopted, so that the displacement field in the eth element of the FE mesh is computed from the nodal solution by
the following interpolation:

w(r,0,z,1) = N(r, 0, z)w(), 21)
N being the shape function matrix [21], which can be expressed as follows:
cos(d —0)) sin(@-0;) 0

N,]: N; =N;[-sin(0-0;) cos(0-06;,) 0], (22)
0 0 1
where subscript j refers to the jth node, m is the number of nodes in the eth element and N;, which is dependent on the r, 6 and z

coordinates, is the shape function associated with the jth node. The vector w*® contains the displacements of the three Degrees of
Freedom (DoF) of each node in the eth element, that is:

N=[N, - N;

T
L e e e . e _ e e e
w = (wl w] wm) ; w) = (wr’j Wp ; wzvj). (23)

By applying the expressions for the kinetic and strain energies in Egs. (18) and (19) to the eth element and considering the FE
approach of Eq. (21), the non-zero terms of the Lagrange equations are:

0E \" [ 0E T [ 9E,\"
D%(dwi) _<6wk"> +<awpe> = Mw° + 22V + (K + Q°A%) w® — Q¢ (24)

The element matrices in Eq. (24) correspond to the following expressions:

M = / pNTNdV,

Ve = / pNTﬁdVJr / pNTINAV,
Ve 20 Ve

K¢ = / B"DBdAV, (25)
2
Af:/ pNTﬂdVH/ pNTJﬁdV—/ pNTENdV,
Ve 962 Ve 20 Ve

¢ = / pNT& dV,
Ve
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where V¢ is the volume of the eth element, €, = (1 0 0)T and B = LN. As stated in [14], the second derivative in the matrix A°
can be reduced to a first derivative by integrating its first term by parts and therefore the convergence of the integral is guaranteed
when C° shape functions are taken into account.

Following the FEM approach, the element matrices are assembled to obtain the global matrices of the equation of motion. The
DoF (displacements of nodes) of the wheel are also assembled into the vector w. Similarly, the interaction forces F applied on the
wheel contact point are considered in the FE assembly of the forces (applied on all nodes and directions) into the vector &. Thus,
the EoM are given by:

M (1) +2QVus(t) + (K + Q°A) w(t) = Q%c + F (o). (26)

In order to evaluate the rolling noise radiated by the wheel, the model is transformed to the frequency domain, in which the
EoM can be expressed for w > 0 as follows:

(~0’M + 2i0QV + K + Q°A) w(0) = F(0), (27)

where w (w) represents the steady state response to a harmonic excitation of frequency w and constant amplitude F(w).
3.5. Sound radiation

After solving the railway wheel dynamics, its acoustic radiation is computed by postprocessing the vibrational field on its surface.
The radiation model employed in this work was developed by Thompson [16] and it establishes that the wheel sound power is
obtained as the sum of the power associated with each set of modes with the same number of nodal diameters n. The wheel acoustic
power W for a given frequency o is evaluated as follows:

W(w) = e 2 (uz,n(w)Sz(Fi”(w» + 6,,’”(6())5,,(53'"((0))) , (28)
n>0
where p . is the density of air (fluid surrounding the wheel) and ¢ is the speed of sound in air. The participation of each set of
modes with n nodal diameters is in turn divided into its axial (subscript z) and radial (subscript ) contribution. Functions ¢ are
the radiation ratios, which are numerically assessed in Ref. [16]. The wheel surface is projected normal to the axial and radial
directions, which yields the areas .S, and S,, respectively. Similarly, the squared velocity of the wheel surface is projected into the
axial and radial directions and the corresponding values are averaged over time (7) and space (( )); these are given by:

~ 1 .
(@2,) = K/9|u,.,,,|2ds,., i=zr n>0, (29)
1 A

S being the wheel surface. In this work, the wheelset RBM is superimposed on the vibration of the wheel constrained at the inner
edge of the hub. To do this, on the one hand, the EoM of the wheel given in Eq. (27) are solved and the vibrational velocity of any
particle of the wheel w(r, 9, z, w) associated with its flexibility is obtained. On the other hand, the EoM of the rigid wheelset given in
Eq. (15) are solved and the RB motions () and y(w) are obtained; from these the vibrational velocity of any particle of the wheel
$(r, 0, z, w) associated with the wheelset RBM can be found through the expressions in Egs. (2), (3) and (6). Finally, both flexible
and RB motions are superimposed. The wheelset RBM contributes to the response only for n < 1. Defining |, as the contribution
to the velocity of the flexible wheel modes with » nodal diameters, then for n = 0 the total velocities of a wheel particle in the axial
and radial directions are given by:
v,o(r, z,0) = W, (r, z,w)|,—g + T(®),
2.0( ) .z( M=o + T2(@) 30)
U, (1, 2, @) = t0,(r, z, ®)| =0,
with w,|,—o and w,|,—, being associated with the wheel flexibility and #, with the wheelset RBM. Likewise, the contribution of
modes with n = 1 to the velocities is as follows:
Uz,l(r’ 0,z,0) = W, (r,0,z,0)|,=; — ry;(w)cos(0) + ryz(w) sin(d), 31)
U, 1(r, 0,2, ) = W,(r, 0, z,0)| -1 + (13(0) + 2y (®)) cos(0) + (7, (@) — zy3(w)) sin(0),
with w,|,_; and w,|,_; being associated with the wheel flexibility and the remaining terms with the wheelset RBM. Finally, for
n > 2 the velocities are given by:

; (0, 2,0) = w;(r,0,z,0),, i=zr, n>2, (32)
where there is no contribution from the wheelset RBM.

4. Vibroacoustic model: Axisymmetric approach

Given the axial symmetry of the wheel geometry, the displacement field can be expressed by means of an expansion as a Fourier
series given by [22]:

w, =w,o+ z (w,, cos(nd) — w, , sin(nd)) ,

n>0
Wy =—Wep + z (van sin(nf) — wy, cos(m‘))) R (33)
n>0
w, =w,o+ Y (w,,cos(nd) - W, sin(nf)) ,
n>0
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n being an integer number representing each Fourier term, corresponding to the set of modes with n nodal diameters. In Eq. (33),
the harmonic amplitudes without a bar represent symmetric motions about # = 0 and those with a bar represent antisymmetric
motions about 6 = 0. It should be noted that the harmonic amplitudes w, o, w, and wy, (for n = 0) as well as w, ,, wy,, w
wy,, and w, , (for n > 0) are dependent on the r, z and ¢ coordinates but are independent of the # coordinate.

zns Wrns

4.1. Kinetic energy

Due to the harmonic description of the displacement field in the circumferential direction, the kinetic energy of the system
described in Eq. (18) can be integrated analytically over this direction; details of the procedure are given in Appendix B. As a result,
the kinetic energy can be divided into the contribution of each Fourier term and is therefore given by:

Ey=Eo+ Y Ep,. (34)
n>0
When considering a stationary body with axial symmetry, for each Fourier term the energy associated with the symmetric
harmonic motion about 6 = 0 is also decoupled from the antisymmetric harmonic motion about § = 0. However, if the axisymmetric
body is rotating, there is a coupling between these motions due to the 8th and 9th terms of the kinetic energy in the right hand side
of Eq. (18). As a consequence, for each Fourier term both motions are simultaneously solved. The harmonic amplitudes in Eq. (33)
are grouped for each Fourier term as follows:

— \T
wo = (w9 wzo Weg) - n=0, (35)
— — — T
W, = (wr,n wB,n wz,n wr,n wﬂ,n wz,n) ’ n>0.
The kinetic energy for n = 0 is given by:
Ejo =10’ / pridA+x / prgwodA — 270 / pr2€ wodA+
A A A (36)

+270? /A o2& TwydA + 270 /A prvg Jowod A + 70 /A prw; EgwodA,

where A is the area of the wheel cross-section, dA = drdz, § = (0 0 l)T and the matrices J, and E, are presented in Appendix A.
The kinetic energy due to steady rolling, first term in the right hand side of Eq. (36), is not associated with vibration for n = 0 but
is also included in the kinetic energy for n = 0, although it will not appear in the EoM. The kinetic energy E, for each n > 0 is
expressed as follows:

Ep, =% / prwlw,dA + %92 / pri®wiw,dA + 220 / praw! J,w,d A+

A A A (37)

+70 / praw! J,w,dA + 7 / prw Jiw,dA + %gz / prw Esw,dA,
A A A

with the matrices J;, J,, J; and E; being defined in Appendix A.

4.2. Strain energy

The strain energy in Eq. (19) can be integrated analytically over the circumferential direction according to the expansion of
Eq. (33). Details of this are given in Appendix B. Similarly to the kinetic energy, the strain energy can be expressed as a sum of the
contributions of each Fourier term, yielding the following expression:

E,=Ey o+ Z Epn- (38)

n>0

Unlike the kinetic energy, for each Fourier term the contribution in the strain energy of the symmetric motion about # = 0 is
decoupled from the antisymmetric motion about # = 0. Nevertheless, since the kinetic energy equation couples both motions, they
are also considered simultaneously in the strain energy equation.

The strain energy E, for n =0 is given by:

E, = n/ regDeodA, (39)
A
where ¢, is defined as follows:
€9 = LoWo, (40)

with L, being a matrix derivative operator specified in Appendix A. The strain energy E,, for n > 0 is given by:

p.n

Epn=% /A re,De,dA + 2 /A re\ De,dA, (41)
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where ¢, and ¢, are defined as follows:

g, = (L, +nLyw,, (42)
g, = (L, +nLy)w,.

The matrix operators L,, L,, L, and L, are specified in Appendix A.

4.3. Virtual work

Although the interaction forces F are modelled as point loads at the wheel contact, they can be expressed as a function of the
circumferential coordinate 6. Therefore, they are defined in terms of the external force distribution f, which is equivalent to F,
applied along the locus of points with the same radial and axial coordinates as the contact point. This can be written as:

5060 -0,)

f0)=F (43)

c

with 6(6 — 6,) being the Dirac delta function. The force distribution f = (£,  f, fz)T can also be decomposed as a Fourier series
with respect to the circumferential direction, which yields the following expressions:

fr=Ffio+ 2 (f,_,, cos(nf) — 7,,,, sin(ne)) R

n>0
fo==Too+ Y, ( o sin(m0) = o, cos(ne)) , (44)
n>0
fe=fap ¥ Y ( Foncos(nd) = F .., sin(ne)) ,
n>0

where the harmonic force coefficients f,, f. 0, 79,0, Sens fons Fons 7,,,,, 79’” and 71,,, are independent of # and, considering the
expression in Eq. (43), can be evaluated as follows:

zr,() 1 k4 fr 1 Fr

foo|= 75~ —fo [0 = —Fy | n=0,
’ 2z J_, 2nr,

fz,O fz Fz

Ir,n 1 n fr Fr

Fon|=~ / —f |cosno)do = — | -F, |, n>0, (45)
. ) . nr.

fz,y, fz FZ

?r,n 1 T _fr 0

foul=—= / fo |sinm6)do =101, n>0.

" T -

fz,n _fz 0

As in Section 2, it is assumed for simplicity that 6, = 0. The virtual work of the load f is given by:
T
W = / switr.de. (46)
-7

Introducing the expansion of Egs. (33) and (44) in Eq. (46) along with the relations in Eq. (45), the virtual work can also be
decomposed into the contribution associated with each Fourier term as follows:

W =Wy + Y 6W,,. (47)

n>0

The virtual work for n > 0 is given by:

W, =6w'F,, n>0, (48)
where the force vector is defined as follows:
T
F,=(F. F -F,)) , n=0,
o= (F F o) . (49)
F,=(F, 0 F, 0 -F, 0), n>0.

4.4. Equation of motion

The harmonic amplitudes in Eq. (35) are the unknown DoF to be determined. Considering a FE model of the wheel cross-section,
the following interpolation is proposed in the eth element for n = 0:

w(r, z,1) = Ny(r, z)w(e)(t), (50)

where N, is the shape function matrix defined for n = 0. When p nodes are considered in the wheel cross-section, this matrix is
given by:

No=[Nj= - Nip=0 - Np,n=0] ; N; i=0 = Njl353, (51)

8
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The vector of harmonic amplitudes of the eth element w{ can be expressed as follows:

T —e
wi= (Wi v W v i) o @i = (W ®m Fosm)- (52)
Similar to the three-dimensional model, the Lagrange equations for motion with n = 0 are given by:
T T T
D aEk,O aEk,O aE[),O . . 2 2
E(Tﬂ}é) —(awg + 01,(}8 :MSWS-FZQVSWS-F(KS'F.Q AS)wS—Q CS, (53)

from which the following element matrices are defined:
M¢ =27 /A _rNGNoda,
Vi =2 /A ) prNGJoNodA,
K¢ =2 /A ) rBIDBdA4, (54)
Ap=-2xn /A ) prNJEGNydA4,

¢ =2 / priNTé1dA,
A€

where A¢ is the area of the eth element and B, = LyN,. These element matrices can be assembled to obtain the global matrices of
the EoM for n = 0. In the same way, the displacement DoF are assembled into the vector w, and the forces applied at the contact
point and defined by F, in Eq. (49) are assembled into the vector &%,. Finally, the EoM are given by:

Mt (1) + 22Vt (1) + (Ko + Q22A¢) wo(t) = Q%¢y + Fo (). (55)
As in the 3D approach, the model can be transformed to the frequency domain, in which the EoM are given for w > 0 by:

(™M + 2iQV, + K + 2%A,) w(@) = Fo(o). (56)
The same procedure is carried out for each n > 0. In this case, the harmonic amplitudes in the eth element are interpolated by:

w,(r, z,1) = N, (r, Dyw (1), (57)

where the shape function matrix for n > 0 N, is independent of » and is defined as follows:

Ny=[Ni, o N N s Nju = N;lgxe: (58)
with I, being the identity matrix of order 6 X 6. The harmonic amplitude vector in the eth element is given by:
T
—e —e —e
w, = (w‘fn wj,:1 w;’,n> ; w;n = (wf,j’n wg%n w;j,n Wi, Wo, wz’jvn> . (59)

Thus, the Lagrange equations for each n greater than zero can be expressed as the following matrix system:

D aEk.n T aEk,n T aEp.n T .. . 2
o < T > N Tme ) tlage ) =My, +2QVw)+ (K8 + Q°A°) w?, (60)
n n n

the element matrices being as follows:
e _ T
M” =z /AE panNndA,

Ve =z / ) prN"an3N,1dA +nm / ) prN,T,JzN,,dA,
A A . . (61)
K¢ :n/er(BZ+nBZ)D(Ba+an)dA+n/€r(Ba +nB, ) D (B, + 1B, ) da,

Al=—z /A ) prNJE;N,dA — n2x /A ) prN T +J)N,dA -’z /A ) prNIN, dA,

where B, = L,N,, B, = L,N,, B, = E‘,N,7 and B, = be,,. Note that M7 is not dependent on n while V7, K7 and A7 are functions
of n, which means that they are evaluated for each n. Nevertheless, matrices V¢ and A¢ are expressed as polynomials with constant
(matrix) coefficients multiplying a power of » and it is straightforward to express K¢ in the same way. Finally, after assembling the
element matrices into global matrices, the displacement harmonic amplitudes into w, and the contact forces F, of Eq. (49) into &,,
the EoM for each n greater than zero are given by:
M, ., (1) +2QV ., (1) + (Kn + QzAn) w, () = F,@). (62)
If the model is transformed to the frequency domain, the EoM can be expressed for w > 0 as follows:

(—0™, +2i0QV, + K, + Q*A,) w,(0) = F, (o). (63)
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4.5. Sound radiation

Considering the expression for the projected squared velocities in Eq. (29), the surface differentials d.S, and d.S, can be expressed
as follows:

dsS, = rdédr,

(64)
ds, = rdod:.

The solution of the EoM for a given n results in the contribution of the set of vibration modes with n nodal diameters to the

wheel response. Thus, for n = 0, considering the expressions of Eq. (30), the following relations are established:
vz o(r, 2,0) = W_o(r, 2, 0) + H(w),

2,0 z,0 2 (65)

U, 0(r, 2, @) = W, o(r, 2, ®),

where the terms w,, and i, are associated with the wheel flexibility and the term #, with the wheelset RBM. Therefore, the
integral in Eq. (29) can be evaluated analytically over the circumferential direction, yielding the following expressions:

~ . .2
Sz(”z,0> =7r/ [, + 15| rdr,
r

(66)
S,('Uwfyo) = 77.'/ |w,y0|2rdz,
r
where I' is the wheel cross-section boundary. Similarly, for n = 1, according to Eq. (31), the following relations are satisfied:
U,1(r,0,z,0) = (wzy, (r, z,w) — rjn (a))) cos(0) — (ﬁz,l (r,z,w) — ru73(a))) sin(0),
(67)

0,110, 2,) = (10, (r, 2, @) + 15(@) + 2, (@) cos(0) — (ﬁ,, [ z,0) — (@) + zy'/3(a))> sin(0),

where the terms w, | and w, | are associated with the wheel flexibility and the rest with the wheelset RBM. Thus, the spatial average
in Eq. (29) can be expressed as follows:

L4 . . - L2
Sz<5i1> = 5/ (|Wz,1 —"II/1|2+ [w, — rjsl )rdr,
r , (68)
~ V.3 . . . -_— . .
S,(uf,l) = E/ (|w,’1 + 73 + 2y, |2 + |w, | — 1) + zys] )rdz.
r
Finally, for n > 2, the expression for the velocities in Eq. (32) can be written as:
U; n(r, 0, 2,0) = W, ,(r, z, ®) cos(nd) — Eiyn(r, z,w)sin(nh), i=zr, n>2, (69)

where the only contributions are from the wheel flexibility. The spatial average in Eq. (29) leads to the following expressions:

~ . - 2

SZ<U§"> = %/ <|wz,,,|2 + [w,,| )rdr, n>2,
r . (70)
~ V4 . —_
S(P,) = 5/ (|w,y,,|2+ 110, )rdz, n>2.
r

Introducing Egs. (66), (68) and (70) into Eq. (28), the sound radiation of a rotating wheel can be evaluated numerically in a

two-dimensional frame.

5. Results

The model proposed in Section 4 is compared with the three-dimensional formulation presented in Section 3. Results are shown
in terms of modal properties, frequency response functions (FRF), contact forces due to the wheel-rail interaction and sound power
levels (SWL). For comparison, the FRF and SWL are also computed with the commercial package Ansys [18]; in this, the one-way FSI
problem is solved (it is assumed that the air acoustic pressure does not to influence the wheel dynamics). Finally, the computational
performance of the presented model, in terms of efficiency, is evaluated and benchmarked against the three-dimensional approach.

In this work, a railway wheel with straight web, a diameter of 900 mm and a mass of 345 kg is employed. Three-dimensional
and cross-section two-dimensional FE meshes of this wheel are shown in Fig. 2, which are employed in the subsequent calculations.
Quadratic elements are used in both approaches, considering 683 nodes in the two-dimensional FE discretization and 122628 nodes
in the three-dimensional one, the latter having 132 elements around the circumferential direction. Note that, out of the 683 nodes
in the 2D discretization, 246 are placed at the corners of the quadratic elements, so the number of nodes in the 3D FE model can
be obtained as 132 - (683 +246) = 122628. The wheel is constrained at the inner edge of the hub and, additionally, the wheelset RBM
is superimposed on the response of the wheel according to the developments in Section 2. The wheelset has a mass of 1005 kg and
moments of inertia of 88 kg m? and 580 kg m? about the axial and radial axes, respectively.

10
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Fig. 2. Three-dimensional (left) and cross-section two-dimensional (right) FE meshes of the railway wheel.
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Fig. 3. Campbell diagram of the rotating wheel. Axial modeshapes are denoted as (n,m) while radial and circumferential modeshapes as (n,R) and (n,C),
respectively. : Three-dimensional model; - - -: Axisymmetric approach.

5.1. Modal properties

Natural frequencies of the rotating wheel in the non-rotating frame are evaluated for different vehicle speeds. The results of
the three-dimensional and axisymmetric models are presented for some modes in a Campbell diagram in Fig. 3. The maximum
difference found between the two approaches is 0.44 Hz for a natural frequency of 6580 Hz, which represents a relative difference
of 0.007%. Using the notation of Thompson [17], for the axial modes both the number of nodal diameters » and nodal circles m of
each modeshape are given in the format (n,m) at the left of the lines. Regarding the radial and circumferential modes, since all the
modeshapes presented in the Campbell diagram have m = 0, they are defined as (n,R) and (»n,C), respectively.

5.2. Vibroacoustics

The wheel FRF at the contact point is evaluated through the three-dimensional and axisymmetric models for a vehicle speed
of 80 km/h and the results are depicted in Fig. 4. As can be seen, there is no noticeable difference between the curves associated
with the approaches presented in this work. A modal base formed by the vibration modes up to 12 kHz of the non-rotating wheel
is considered for solving the EoM. Damping is included in the models using the empirical relation proposed by Thompson [17], in
which the modal damping ratio ¢ is related to the number of nodal diameters of the vibration mode, namely, & = 10~3 for n = 0,

11
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Fig. 4. Mobilities at the wheel contact point for a vehicle speed of 80 km/h. (a): direct axial/axial; (b): cross axial/radial; (c): direct radial/radial.
Three-dimensional model; - - -: Axisymmetric approach.
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Fig. 5. Mobilities at the rail contact point. : direct lateral/lateral; - — —: direct vertical/vertical.
Table 1
Properties of the track model used in the wheel-rail
interaction.
Rail pad stiffness® (MN/m?) 1200 | 90
Rail pad damping loss factor (-) 0.375
Sleeper mass® (kg/m) 205
Ballast stiffness* (MN/m?) 120 | 60
Ballast damping loss factor (-) 1.5

aPer unit length. Format: Vertical direction | Lateral
direction.
bper unit length. Corresponding to half sleeper.

£=10"2for n = 1 and & = 10~ for n > 2. Also, the wheelset RBM contribution to the FRF is included in both methodologies. An
adaptative frequency spacing is adopted based on the gradient of the contact receptances; the minimum resolution is 0.2 Hz and
about 4000 different frequencies are evaluated.

The interaction forces due to the roughness present on the wheel and rail running surfaces are also evaluated for the radial and
axial directions. In this work, the contact model proposed by Thompson [17,23] is used, in which the interaction forces are computed
from the wheel and rail combined roughness by means of an operation involving the wheel and rail point receptances as well as
the contact receptances. To do this, a continuous track model formed by a UIC60 rail profile supported by a spring-mass—spring
system representing the rail pad, sleeper and ballast set is considered. The rail is modelled using periodic structure theory [24], the
properties of the track are given in Table 1 and the FRF at the rail contact point are presented in Fig. 5; the cross lateral/vertical
mobility is considered to be null. For the interaction problem, a vertical static load of 50 kN per wheel is considered, which has
influence on the contact receptances. The wheel-rail interaction forces for a vehicle speed of 80 km/h and a unit roughness input
at each frequency are presented in Fig. 6. As can be noted, both approaches predict practically the same forces at the contact.

Finally, the sound power radiated by the rotating wheel at a vehicle speed of 80 km/h is calculated. To do this, the roughness
spectrum for cast iron brake blocks defined by the standard EN13979-1 [25] is introduced in the model through the procedure
described by the aforementioned standard. Also, the contact filter proposed by Thompson [17] is included in the SWL computation.
This is dependent on the vehicle velocity and the size of the contact area; in the contact model employed, the latter is a function
of the vertical static load (50 kN) as well as the wheel and rail material properties and curvature radii in the contact points. The
sound power levels, presented in one-third octave bands as A-weighted spectra [26], are shown in Fig. 7. Results without and with
the wheelset RBM contribution to the wheel vibration are given. This contribution mainly increases the sound radiation below
about 1 kHz, while in the high frequency range there is no significant influence. Considering the wheelset RBM, the maximum
difference found in one-third octave band level between the three-dimensional and axisymmetric approaches is 0.05 dB(A). Note
that the proposed methodology does not consider the flexible motion of the axle, which might influence the wheel SWL in the
low and medium frequency range, where the acoustic energy radiated by the wheel is lower than in higher frequencies. Modelling
this flexible motion could increase the complexity and computational effort of the models presented here and therefore it is not
considered in this work.

For comparison purposes, the flexible wheel is also modelled in the commercial package Ansys [18]. This software implements
the dynamic rotation model proposed by Geradin and Kill [10] for an inertial frame, in which a system of reference associated with
local deformations is employed to describe the displacements and to formulate the equation of motion of a flexible rotating body.
The rotation axis (axial direction) is the out-of-plane axis and the other two (longitudinal and vertical directions) are the in-plane

axes. The local reference system is related to the inertial one by rotations about the two in-plane axes of the rotating body whereas

13
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Fig. 6. Contact forces for a vehicle speed of 80 km/h and a unit roughness input. (a): axial; (b): radial. : Three-dimensional model; - - -: Axisymmetric
approach.
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the rotation in the out-of-plane axis is only due to the rigid body spinning, so the torsional behaviour is not described by the model.
The two rotations of the inertial system are assumed to be infinitesimal and so they are approximated by the first two terms of the
Taylor expansion. This leads to the Eulerian and Lagrangian descriptions of in-plane coordinates being equivalent.

The 3D railway wheel is modelled in Ansys using the FEM (same mesh as in Fig. 2); then the rotation is included in the model
and the receptances of the wheel at the contact point are evaluated for a given set of frequencies. These receptances are exported
and used to solve the interaction forces through an in-house code. Subsequently, the computed forces are imported into Ansys and
applied to the wheel contact point, allowing the wheel response to be calculated. Once the dynamics of the rotating wheel is solved,
the wave equation for the surrounding air within a sphere of radius 1.55 m [18] is also modelled with the FEM considering the
acoustic pressure as DoF; the FE model has 891317 nodes in the fluid region. The velocity on the wheel surface is prescribed as
an acoustic boundary condition and, at the external surface of the fluid sphere, the Ansys Radiation Boundary condition is applied,
which approximates the volume under consideration to infinity [18]. A comparison of the FRF and SWL delivered by this software
with results from the vibroacoustic models proposed in this work is shown in Figs. 8 and 9, respectively. For this comparison, the
wheelset RBM is not included in the models. Regarding the mobilities, the discrepancies are mainly found in the position of the
two resonance peaks associated with natural frequencies of the wheel for n > 0, while the amplitudes are similar. In relation to
the SWL, which is presented in one-third octave bands, there is a good agreement in most of the frequency range considered, the
discrepancies being higher for lower frequencies. The main differences in the results between the proposed models and Ansys can
be due to:

+ The inclusion of the wheel rotation: Ansys implements the model developed by Geradin and Kill [10], briefly explained above.

» The methodology to solve the sound radiation: Ansys solves the one-way FSI problem whereas the proposed methodologies
implement the acoustic model developed by Thompson [16]. This makes use of approximate expressions for radiation ratios,
which are mostly influential in the low and medium frequency range, where the highest discrepancies are found in Fig. 9.
Nevertheless, the energy contained in this frequency range is negligible compared with higher frequencies.

By adding the energy in each one-third octave frequency band, an overall SWL of 91.2 dB(A) is obtained by both the three-
dimensional and axisymmetric approaches while 91.4 dB(A) is predicted by Ansys. It is also worth noting that the SWL given by
the proposed models in Figs. 7 and 9 contain certain differences. The following reasons can be highlighted for this:

+ As mentioned above, for simplicity, the wheelset RBM contribution to the flexible wheel motion is not included in the
comparison with Ansys (Fig. 9), which introduces some differences in the low frequency range (see Fig. 7).

Given the high computational cost associated with the acoustic calculation in Ansys, about 2250 different frequencies are
evaluated in producing Fig. 9 with a minimum resolution of 1 Hz. As explained at the beginning of this Section, about 4000
frequencies with a minimum resolution of 0.2 Hz are considered in Fig. 7.

When including rotation in Ansys, it is not possible to solve the wheel dynamics using a modal approach and the direct method
is employed by inverting the EoM formulated in physical coordinates. Thus, the modal damping defined at the beginning of
this Section, and considered in Fig. 7, cannot be included in the model in Ansys. Instead, a proportional damping with a mass
multiplier of 19.9 and a stiffness multiplier of 1.24 - 108 is considered to compute the three curves in Fig. 9. The matrix
multipliers have been tuned to produce modal damping values as similar as possible to those used in Fig. 7.

As stated in the previous paragraph, the solution of the EoM in Ansys is performed by the direct method. In the proposed
methodologies, a modal approach is adopted, considering as modal basis the vibration modes with natural frequencies below
12 kHz. The difference between the proposed methodologies and Ansys corresponds to the contribution of higher order modes,
which can be assumed constant in the frequency range studied (up to 6 kHz) [27]. Therefore, this contribution can be evaluated
as the difference between the direct static solution (inversion of the stiffness matrix) and the solution for zero frequency using
the modal approach. In Fig. 9, in order to minimize the differences with Ansys, the aforementioned contribution is added to
the dynamic solution of the modal approach, but it has not been included in Fig. 7.

The previous four reasons also explain the differences between Figs. 4 and 8 regarding the results given by the proposed models.
It is worth noting that the methodology proposed in this work, which leads to Figs. 4 and 7, is the more physically correct.

5.3. Computational performance

The methodology used in the axisymmetric approach presented consists of solving the circumferential direction analytically
and the other two dimensions numerically. This procedure, as opposed to the full three-dimensional methodology, suppresses
the discretization error associated with the FEM in the circumferential direction. When using FE meshes with a sufficiently large
number of nodes, the results obtained from the two models are indistinguishable. Nevertheless, the performance of the axisymmetric
approach model is far superior in terms of computational effort.

To evaluate the computational performance, the SWL results from different FE meshes are compared with those from a highly
refined three-dimensional FE mesh with 358592 nodes, which is consider as the reference case. Both the computational time required
for the calculation of each FE mesh and the discrepancy with respect to the reference case are determined. The discrepancy for the
ith FE mesh is defined as the average of the absolute difference in decibels for each one-third octave frequency band between
the SWL for the ith case and the reference one. The same frequency resolution technique as explained in Section 5.2 is used in
this analysis. In Fig. 10(a) the relation between the discrepancy and computational calculation time from both models is shown
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Fig. 8. Comparison of the mobilities at the wheel contact point for a vehicle speed of 80 km/h. (a): direct axial/axial; (b): cross axial/radial; (c): direct
radial/radial. : Three-dimensional model; = - -: Axisymmetric approach; ------ : Ansys.
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for each FE mesh (circle markers) and, in particular, for the meshes employed in the previous results (cross markers). Also, a
regression line which fits the results is proposed. This allows the ratio to be evaluated between the computational time of the
three-dimensional and axisymmetric approaches for a given discrepancy, which is shown in Fig. 10(b). The axisymmetric approach
is, for small discrepancies, approximately three orders of magnitude more efficient than the three-dimensional one, which makes
the former suitable for implementation in optimization algorithms or SWL minimization routines. The numerical simulations are
carried out in a PC running with an®Intel i7-9700 processor with 64 GB RAM. Regarding the calculations performed in Ansys, for
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Fig. 10. (a): Discrepancy in the SWL results for the different FE meshes (markers), including the two used in the previous results (cross markers), and regression

(dashed lines) for the three-dimensional (grey) and axisymmetric (black) models; (b): Discrepancy as a function of the ratio between the computational time
from the three-dimensional and axisymmetric models.

2250 different frequencies a total time of approximately 11.5 days is required, which represents a computational cost five orders of
magnitude higher than that of the axisymmetric approach .

6. Conclusions

A model of an axisymmetric rotating and flexible railway wheel is proposed which allows a solution in a two-dimensional frame
for both the dynamic response and the sound radiation of the wheel due to its interaction with the rail. The wheelset RBM is
described through an analytical model and it is superimposed on the wheel vibration, which is constrained at the inner edge of the
hub. The proposed models are specifically aimed at describing the vibroacoustic behaviour of a railway wheel, but in general they
are valid for any rotating system provided that axisymmetry exists.

First, a three-dimensional vibroacoustic model of the rotating flexible wheel, numerically addressed through the FEM, is
presented. The response of the wheel around the circumferential direction is then expanded using Fourier series, which allows
the dynamic and acoustic fields to be solved analytically in that direction. The other two directions, associated with the wheel
cross-section, are solved numerically. Finally, the rigid wheelset motion, which is solved analytically, is superimposed on the flexible
wheel motion; this mainly modifies the wheel response in the low frequency range. Further development of this model could consider
the flexible motion of the axle which is subject for future study.
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The results from the proposed axisymmetric model are compared with the three-dimensional methodology in terms of modal,
dynamic and acoustic behaviour, obtaining virtually identical solutions. In addition, the SWL predicted from both aforementioned
methodologies are compared with those from the commercial package Ansys and similar results are obtained although some
discrepancies, mainly in the low frequency range, are noted. However, in overall terms, a difference of only 0.2 dB(A) is found.

The axisymmetric approach presented suppresses the discretization error associated with the FEM in the circumferential direction,
therefore leading to similar results to the three-dimensional model when considering highly refined FE meshes. However, for
these meshes, the computational time required by the proposed axisymmetric model to solve the sound radiation of the wheel
is approximately 1000 times less than with the three-dimensional methodology.
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Appendix A. Matrices and matrix operators

A.1. Matrices
0 0 -I 200
K, =0 0 0|, K,=|0 1 0 (A1)
1
1 0 O 0 0 5
0 -1 0 1 0 0
J=[1 o of, E=JJ=|0 1 ol (A.2)
0O 0 O 0 0 O
1-v v v 0 0 0
% 1-v % 0 0 0
yi v v 1-v 0 0 0
D= i : (43)
1+ wv)(1-2v) 0 0 0 1—22v 0 0
0 0 0 o = o0
0 0 0 0 0o L
with A being the Young’s modulus and v the Poisson’s ratio.
0 0 1 1 0
Jo=|0 0 0|, Ey=IJ=|0 0 0f. A4)
-1 0 0 0 0 1
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Appendix B. Kinetic and strain energy integration

In this appendix the analytical integration in the circumferential direction of the kinetic energy in Eq. (18) and strain energy in
Eq. (19) is detailed. To compute the integrals, considering n,/ € Z, the following relations are used:

T . 7, if n=1#0.
/ sin(n) sin(10)dg =
_r 0, if n#lorn=1[=0.
i T, if n=1+#0.
/ cos(nf) cos(16)dd =<0, if n#l. (B.1)
o 2r, if n=1=0.
/ sin(nf) cos(10)dd =0, Vn,I.

4
Bearing in mind that dV = rd0dA and decomposing the kinetic energy into its ten terms, the result of the aforementioned
integration is given by:

E;{l) = l.(22/ pr?dv = ﬂQz/pr3dA, (B.2a)
2 14 A
EY = 1 / pWTwdV = 7 / prvgwodA + Y <f / prv‘v{v‘vndA> , (B.2b)
2 4 A n>0 2 A
(3)_1 2 6wT0w _ T 2 2. T
E; _EQ /VpW%dV—z EQ Aprn w,w,dA |, (B.2¢)
n>0
T
EW = o? / p Y Jwdv = Y (2722 / prnwl J,w,dA ), (B.2d)
y 00 A "
n>0
EY =0 / pré;TWdV = —220Q / o2& Wy dA4, (B.2¢)
14 A
©) _ 2 ~T OW _
E7 =90 /Vprez EdV—O, (B.2f)
E) = / pr&;TIwdV = 2207 / pr?& TwydA, (B.28)
14 A
8 . T OW .
E,(c) = Q// pr%dV = Z <7z[2A prnwf]zwndA> s (B.2h)
n>0
E¥ =0 / oWl IwdV =270 / prvg JowodA + Z <7[.Q / prw'an3wndA>, (B.2i)
4 A n>0 A
EM = %m / pw EwdV = 7Q? / prwiEgwodA + ) <§92 / prw,T,E3w,,dA>. (B.2)
14 A n>0 A

Similarly, considering the strain energy, the following expression is computed:

1 n n —Try—
E,= 3 /V eDedV = zr/AregDeOdA + Z (5/4r£IDendA + 5/Ar5anndA> . (B.3)

n>0
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