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Abstract. We consider the extension of the Standard Model (SM) with scalar leptoquarks in
SU(2) singlet, doublet and triplet representations. Through the coupling between leptoquark
and the SM Higgs field, the electroweak phase transition (EWPT) can turn into first-order
and consequently produce gravitational wave signals. We compute the required value of the
leptoquark-Higgs for first-order EWPT to happen and discuss about the possible constraint
from Higgs phenomenology. Choosing some benchmarks, we present the strength of the
gravitational waves produced during the leptoquark-induced first-order EWPT and compare
them to detector sensitivities. We find that the SU(2) representations of the leptoquark can
be distinguished by gravitational waves in the parameter space where first-order EWPT can
happen as a function of the Higgs portal coupling.
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1 Introduction

Leptoquarks (LQs) are hypothetical particles that can convert quarks into leptons and vice
versa with great interest in elementary particle physics. From the theoretical aspect, it has
been predicted naturally by the Pati-Salam unification of quarks and leptons [1, 2], where
the leptoquark is first raised, as well as many other grand unified theories [3–9]. From
the experimental side, the existence of leptoquarks is strongly indicated by lepton flavour
universality violation (LFUV) in semi-leptonic B decay [10–15]. Besides LFUV, leptoquarks
can also be related to a wide variety of phenomena beyond the standard model, including the
muon g − 2 [16–21], the neutrino mass [22–26] and the W boson mass [27–32].

Despite the theoretical and experimental attraction from leptoquarks, they have not
been found by any collider experiment so far. One of the possibilities to find leptoquark is
through its connection to Higgs phenomenology [33, 34]. Generically, the scalar leptoquarks
can couple to Higgs boson in the scalar potential. After electroweak symmetry breaking,
the leptoquark-Higgs operator induces the couplings to the physical Higgs boson, which can
further affect loop-induced Higgs production and decay processes. Such effects can be probed
with the Higgs signal strength measurements at colliders and thus are potential smoking guns
for leptoquarks.

In the meantime, the Higgs portal allows leptoquarks to modify the EWPT in the
early universe. It has been shown that first-order EWPT can be induced by an additional
singlet scalar field without any vacuum expectation value (VEV) [35]. And the stochastic
gravitational wave background produced during the cosmological phase transition can be
potentially tested by detectors [36–38]. This provides us with a new possibility of testing
scalar leptoquarks, using a similar approach to the singlet, from cosmic signals.

In this paper, we extend the study of first-order EWPT induced by an extra singlet
scalar to the case of scalar leptoquarks in SU(2) singlet, doublet and triplet representations,
and show how such leptoquarks can affect the EWPT through their coupling to the standard
model Higgs boson. By computing the effective scalar potential, we find the range of Higgs
portal coupling where eligible first-order EWPT can happen for different types of scalar
leptoquark with a mass around TeV scale. Then we apply the standard procedure [39–47] to
calculate the gravitational wave background produced during the first-order EWPT induced
by leptoquark for some benchmark cases and compare it with the detector sensitivities. We
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found that in some range of the parameter space, the leptoquark-induced first-order EWPT
is able to produce gravitational wave signals that are strong enough to be detected.

The paper is organised as follows. In section 2, we discuss the first-order EWPT induced
by leptoquark through the Higgs portal. We also show the constraints from Higgs physics
to the parameter space. In section 3, we show the gravitation wave signal produced during
leptoquark-induced first-order EWPT for benchmark points. Finally, we summarise and
conclude in section 4.

2 First-order EWPT induced by scalar leptoquarks

In this section, we discuss how a first-order EWPT can be induced by leptoquarks. We consider
the coupling between the SM scalar doublet H and an extra complex scalar leptoquark S
with a SU(2) index a, which runs up to 1, 2 or 3 for singlet, doublet or triplet representations,
respectively. In the simplest case, the scalar potential can be written as

V0 = −µ2|H|2 + λH |H|4 + µ2
S |Sa|2 + λS |Sa|4 + 2λHS |H|2|Sa|2 (2.1)

For simplicity, we only consider the minimal quartic interaction between Higgs and scalar
leptoquark in the form of |H|2|S|2. Other forms of quartic interactions, such as |H†S|2
for SU(2) doublet leptoquark and H†(σiSi)(σjSj)†H for SU(2) triplet leptoquark, can lead
to mass shifts between the SU(2) components of leptoquarks after spontaneous symmetry
breaking (SSB), as well as extra contributions to the thermal mass of the SM Higgs field.
Such contributions can enhance the phase transition, but the effect can be taken into
account effectively by shifting the minimal quartic coupling λHS . Focussing on the field h
in H = (G+, (h+ iG0)/

√
2) that becomes the SM Higgs boson after spontaneous symmetry

breaking, the scalar potential reads

V0 =−µ
2

2 h
2 + λH

4 h4 + µ2
S

2
(
s2
a,1 +s2

a,2

)
+ λS

4
(
s2
a,1 +s2

a,2

)2
+ λHS

2 h2
(
s2
a,1 +s2

a,2

)
(2.2)

where Sa = (sa,1 +i sa,2)/
√

2. As the leptoquark is typically heavier than the electroweak scale,
we assume µ2

S > 0 in this research. Then the leptoquark mass after SSB is m2
S = µ2

S + λHSv
2
0

with v0 the standard model Higgs VEV. At tree level, the phase transition is second-order
as the participation of S does not vary the minimum of the scalar potential. However, by
considering the finite temperature effective potential, the existence of leptoquarks modifies
the minimum through the Higgs portal coupling at loop order. In this study, we consider the
effective potential at one-loop level for simplicity, neglecting higher-order effects [48] that may
vary the transition strength by 20%. We also neglect renormalisation group corrections which
have a smaller effect [49].

At one-loop level, the effective scalar potential receives contributions from zero-
temperature correction ∆V 1-loop

0 (Coleman-Weinberg potential) and finite-temperature cor-
rection ∆V 1-loop

T [50]

Veff(h, T ) = V0 + ∆V 1-loop
0 (h) + ∆V 1-loop

T (h, T ) . (2.3)

The one-loop zero-temperature correction reads

∆V 1-loop
0 (h) =

∑
i∈b,f

ni
64π2

[
m4
i (h)

(
ln m2

i (h)
m2
i (v0)

− 3
2

)
+ 2m2

i (h)m2
i (v0)

]
, (2.4)
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where m2
i = m2

0i + aih
2 are the shifted masses with

m2
0{t,W,Z,h,G,S} = {0, 0, 0,−µ2,−µ2, µ2

S} , (2.5a)

a{t,W,Z,h,G,S} =
{
y2
t

2 ,
g2

4 ,
g2 + g′2

4 , 3λH , λH , λHS

}
, (2.5b)

n{t,W,Z,h,G,S} = {−12, 6, 3, 1, 3, nS} . (2.5c)

The quantity v0 is the SM Higgs VEV at zero temperature. The degree of freedom nS in the
complex SU(3) triplet S, depending on the SU(2) representation of the leptoquark, can be 6
for SU(2) singlet, 12 for SU(2) doublet or 18 for SU(2) triplet.

The one-loop finite-temperature correction in eq. (2.3) is

∆V 1-loop
T (h, T ) =

∑
i∈b

niT
4

2π2 Jb

(
m2
i

T 2

)
+
∑
i∈f

niT
4

2π2 Jf

(
m2
i

T 2

)
(2.6)

where b and f stand for bosons and fermions and

Jb/f

(
m2
i

T 2

)
=
∫ ∞

0
dxx2 ln

[
1∓ e−

√
x2+m2

i (h)/T 2
]
. (2.7)

At high temperature T & mi, Jb and Jf can be expanded as

Jb

(
m2
i

T 2

)
' −π

4

45 + π2

12
m2
i

T 2 −
π

6
m3
i

T 3 −
1
32
m4
i

T 4

(
ln m

2
i

T 2 − cb

)
+ . . . (2.8a)

Jf

(
m2
i

T 2

)
' 7π4

360 −
π2

24
m2
i

T 2 −
1
32
m4
i

T 4

(
ln m

2
i

T 2 − cf

)
+ . . . (2.8b)

with cb ' 5.4 and cf ' 2.6. At low temperature T < mi, Jb is exponentially suppressed as its
argument increases.

The inclusion of Goldstone degrees of freedom in eq. (2.4) leads to an infrared logarithmic
divergence as the Goldstone bosons are massless at the zero-temperature vacuum. Such a
problem is also related to the perturbativity of couplings at high temperature [51] and can
be solved by resuming the ring (daisy) diagrams [50, 52]. There are two different methods
that are widely used for resummation. In the Parwani method [53], the shifted masses of
scalars and the longitudinal models of the gauge bosons in the effective potential are replaced
by the Debye masses M2

i (h, T ) = m2
i (h) + Πi(T ), where the self-energies Πi(T ) are given by

Πi(T ) = biT
2 with [54]

bh = bG = 3g2 + g′2

16 + λH
2 + y2

t

4 + nSλHS
12 , bW = bZ(T ) = 11

6 g
2 , bγ = 11

6 g
′2 ,

bS =


λHS

3 + (nS + 2)λS
12 + 3

4g
2
3 + 1

4Y
2 + g′2

16 SU(2)singlet ,

λHS
3 + (nS + 2)λS

12 + 3
4g

2
3 + 1

4Y
2 + 3g2 + g′2

16 SU(2) doublet and triplet.
(2.9)

In the Arnold-Espinosa method [55], the replacement only happens in the mass cubic terms.
While the Arnold-Espinosa resummation avoids some unphysical linear terms that shift the
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symmetric minimum away from the origin, it fails at low temperatures as the method relies
on the expansion in eq. (2.8a). In this paper, we adapt the Parwani method in order to
achieve a smooth connection to correct low-temperature thermal correction [52, 56]. While the
leptoquark coupling Y is typically smaller than the unitarity [57], the SU(3) coupling can have
significant contribution to the Debye mass of the leptoquarks. However, the contributions,
not only from the SU(3) coupling but also from other gauge couplings, play the same role as
the one from self-interaction coupling λS in the phase transition and thus can be absorbed
effectively by shifting λS to λ̃S . This kind of shift can change the parameter space where
first-order phase transition can happen. However, as λS is unconstrained, the discussion on the
effect of λ̃S is less meaningful unless when λS approaches its perturbativity limit. Therefore
we focus on the effect of varying the Higgs portal coupling λHS and fix the value of λ̃S as
in [35, 39]. Considering the contributions from the gauge couplings and leptoquark-fermion
couplings, we fix λ̃S to be 2.

When the phase transition happens at a low temperature, the effective potential can
develop an imaginary part as the thermal masses of Goldstone bosons become negative. It has
been pointed out in [58] that such an imaginary part remarks the decay rate of the quantum
state minimising the Hamiltonian.

In the simplest case, the sufficient1 conditions for an “eligible” first-order EWPT to
occur are

1. The electroweak minimum is the true minimum at zero temperature T = 0 and h = 0 is
a local maximum (V ′′(0, 0) < 0).

2. At the temperature T2 that h = 0 change from a local maximum to a local minimum,
there is another non-zero local minimum.

The first condition ensures that the phase transition is completed today. If h = 0 is a local
minimum at zero temperature, the phase transition can only happen through tunnelling
and the probability is too low to finish the transition to the true vacuum today. The
second condition ensures that there are two minima existing simultaneously during the phase
transition. In a scenario satisfying both conditions, the two minima of the scalar potential
are degenerate at a critical temperature Tc. The allowed parameter spaces for first-order
phase transition to happen are shown as the coloured regions in figure 1. The strength of the
transition can be estimated by the ratio of the non-zero VEV and the critical temperature,
vc/Tc, which is shown are the colour in figure 1. Above the coloured regions, the first-order
EWPT is not eligible as condition 1 is not satisfied; below the coloured regions, first-order
EWPT cannot happen because condition 2 is not satisfied.

In figure 1(a) to figure 1(c), the required coupling for first-order EWPT increases as the
leptoquark becomes heavier in each SU(2) representation of leptoquark. By comparing different
panels and also by comparing the lines with different colours in figure 1(d), it can be figured out
that the Higgs portal coupling required for first-order EWPT becomes smaller as the dimension
of the leptoquark SU(2) representation increases. Empirical expressions of the interesting
parameter spaces can be obtained when the leptoquark is heavy. For leptoquark mass above
1TeV, the allowed Higgs portal for eligible first-order EWPT to happen is roughly between

1First-order phase transitions can happen even if the conditions listed below are not satisfied. An example is
the green region in figure 1(d). However, we expect the strength of first order phase transition to be relatively
weak in that region and unlikely to produce detectable gravitational waves. For simplicity, we only consider
first-order phase transitions satisfying the conditions below.
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(a) SU(2) singlet scalar leptoquark (b) SU(2) doublet scalar leptoquark

(c) SU(2) triplet scalar leptoquark (d) SU(2) singlet, doublet and triplet
scalar leptoquarks

Figure 1. Allowed parameter space for first-order phase transition induced by different types of scalar
leptoquark. Detailed discussion can be found in the text.

{3.59, 4.99}×(mS1/1TeV)0.685 for singlet leptoquark, between {2.87, 4.00}×(mS2/1TeV)0.679

for doublet leptoquark and between {2.52, 3.50} × (mS3/1TeV)0.676 for triplet leptoquark.
A more complicated case can occur when the scalar potential develops two non-zero

minima simultaneously after the temperature drops below T2. In such a case, the transition
has two steps: first to a non-zero minimum continuously through second-order phase transition
and then to the larger non-zero minimum through first-order phase transition. The regions
where such cases happen are marked as green in figure 1(b) and figure 1(c). However, as the
leptoquark is typically above 1TeV, such regions are not of interest in this study.

Since the coupling that is required for a first-order phase transition to appear grows as
the scalar mass increases, the perturbative method used in the effective potential calculation
can break down. To estimate the reliability of the perturbative method, we evaluate the
loop contribution to the Higgs quartic coupling as has been done in [35]. Since the main
concern is the Higgs portal coupling λHS , we consider the higher loop contributions from
the leptoquarks only involving Higgs portal vertices. Although the contribution to the Higgs
quartic coupling from the leptoquarks is proportional to its internal degrees of freedom, the
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leptoquarks with different quantum numbers contribute separately as only the Higgs portal
vertices are considered. Therefore, the ratio between the one-loop and two-loop corrections
is independent of the leptoquark internal degrees of freedom and can be estimated as the
one-loop correction from each leptoquark component

δλ2-loop
H

δλ1-loop
H

∼ λHS
16π2

(
ln µ

2
S + ΛHSh2

m2
S

− 3
2

)
. (2.10)

To ensure the reliability of the perturbative method, we choose 0.2 to be the approximate
threshold for the ratio above. In figure 1, the region where the perturbative method is no
longer reliable is marked out by the shadows area.

2.1 Constraints on the Higgs portal coupling
The new interaction between a scalar leptoquark and the Higgs doublet can affect the
Higgs boson production and decay processes. The discrepancy between SM prediction and
experimental measurement is commonly characterised by the κ-factor, defined as κi =√

Γexp
i /ΓSM

i [59, 60]. The loop-induced contribution from leptoquark to the Higgs boson decay
process into photons and the gluon-gluon production of Higgs boson are given by [34]

κg = 1 + 0.24 λHS v
2

m2
S

NS (2.11)

κγ = 1− 0.052 λHS v
2

m2
S

Nc

∑
i

Q2
i (2.12)

where the sum is taken over all SU(2) components of the leptoquark and Qi is the electric
charge of the ith component. NS is the number of the leptoquark SU(2) components. The
experimental measurements by the ATLAS collaboration are κg = 1.01+0.11

−0.09 and κγ =
1.02+0.08

−0.07 [61]. Similar contribution appears in the decay channel of Higgs into a Z boson and
a photon as well, in the form of [34]

κZγ = 1 + 0.036 λHS v
2

m2
S

Nc

∑
i

Qi
(
IWi − 0.23Qi

)
(2.13)

where IWi is the value of the weak isospin of the leptoquark. The value of κZγ measured
by CMS collaboration is 1.65+0.34

−0.37 [62]. Despite abundant collider phenomena caused by
the Higgs portal to leptoquarks, none of the observables can constrain the portal coupling
restrictedly. When multiple leptoquarks appear in a model, the contributions from different
types of leptoquarks can have opposite contributions to the κ parameters above. In order
to visualise the effects of these observables, we consider the collider constraints under the
assumption of a single leptoquark multiplet and show the maximal values of the Higgs portal
allowed by h→ γγ and gg → h as the dashed and dotted lines in figure 1(a) to figure 1(c).
While the gg → h cross section is affected by the SU(2) representation of the leptoquark, the
h→ γγ cross section depends on the electric charge. For scalar leptoquark, assuming direct
interaction to SM fermions, there are two different possible assignments of hypercharge for
SU(2) singlet and doublet and one assignment for SU(2) triplet [63]: 4/3 or 1/3 for singlet, 7/6
or 1/6 for doublet and 1/3 for triplet. Although those constraints are currently weak, they are
expected to be improved foreseeably by future experiments like HL-LHC [64], FCC [65, 66],
ILC [67] and CEPC [68, 69]. Moreover, the Higgs portal coupling also affects flavour violating
processes like the h→ µτ or τ → µγ decay which can be tested by precious measurements at
colliders [34, 70].

– 6 –



J
C
A
P
0
5
(
2
0
2
3
)
0
5
5

3 Gravitational wave signals

During a first-order phase transition, the scalar field configuration tunnels from the zero
vacuum to a non-zero vacuum locally in the form of bubbles. The scalar bubbles can then
move, collide and expand. Sound waves and turbulence can be produced after the collision of
bubbles. The gravitational wave can be produced through three different mechanisms [36, 37]:
collision between the scalar bubbles, overlap of the sound wave in the plasma and the fluid
turbulence. The total gravitational wave spectrum is the sum of the three contributions

Ωtot(f) = Ωcoll(f) + Ωsw(f) + Ωturb(f) . (3.1)

All three contributions depend on the phase transition dynamics which is described by
four key parameters: the wall velocity vw, the inverse phase transition duration β/H∗, the
phase transition strength αT∗ and the transition temperature T∗. After these parameters are
determined, the gravitational wave spectrum can be computed using results from numerical
simulations.

The crucial step in computing these key parameters is to compute the Euclidean action.
To find the Euclidean action which is defined as the spacial integration of the effective
Lagrangian, a solution of the Euclidean equation of motion is required, which is generally not
solvable analytically. For further details see appendix A. A common treatment for particles of
electroweak scale or below is to make an approximation using eq. (2.8a) and eq. (2.8b) after
which the effective potential can be simplified into a quartic function of the scalar field and a
semi-analytical expression for the Euclidean action can be derived [40, 71]. However, as the
leptoquark is typically above TeV scale [72–75], the one-loop finite-temperature correction
from leptoquark is exponentially suppressed and thus negligible. On the other hand, the
approximation in eq. (2.8a) and eq. (2.8b) are no longer eligible in the parameter space of
interest. Therefore the Euclidean equation of motion is solved numerically in this work.

In figure 2 and figure 3, we show the gravitational wave produced from first-order EWPT
for the 4 benchmark cases in figure 1. The cases with 1TeV leptoquarks are shown in figure 2
and those with 1TeV leptoquarks are shown in figure 3. In order to compare the result
with detections, we shadow the region that can be detected by BBO [76], DECIGO [77, 78],
LISA [36] and µAres [79] with different colours. The gravitational waves produced by different
sources during the phase transition are also shown independently. As the average bubble
radius R∗ at the percolation temperature is much larger than the initial bubble radius R0,
the gravitational wave produced by bubble collision is subdominant and can be neglected.
We have also found that, for all the cases, the gravitational wave is dominantly produced by
the turbulence at most frequencies, except around the peak frequency for the gravitational
wave produced by the sound wave. The reason is that the sound wave period τsw is relatively
small compared with the Hubble time, which means more energy budget in the fluid motion
is released in the form of turbulence than the sound wave. However, the calculation of
gravitational wave from turbulence after a phase transition has a relatively large uncertainty,
and the assumption of full conversion of the fluid motion energy into turbulence can also
lead to an overestimation of the gravitational wave strength. Therefore the contribution from
turbulence is shown as a reference on its upper bound. As the gravitational wave produced by
sound wave dominates when it peaks, the sensitivity to Higgs portal coupling is not affected.

By comparing the panels, it can be noticed that the gravitational wave produced from
first-order EWPT relies on the strength of the transition. To illustrate the relation more
explicitly, we show the dependence of gravitational wave signal peak values on the strength
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(a) SU(2) singlet leptoquark mS = 1TeV,
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(b) SU(2) doublet leptoquark mS =
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(c) SU(2) doublet leptoquark mS =
1TeV, v∗/T∗ = 1.75
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(d) SU(2) triplet leptoquark mS = 1TeV,
v∗/T∗ = 3.42

Figure 2. Gravitational wave signals for benchmark cases with 1TeV leptoquarks. See the text for
further discussion and explanation.

of the phase transition in the left panel of figure 4. Here, instead of vc/Tc in the previous
section, the strength of transition is estimated by the ratio of the non-zero minimum of the
scalar potential and temperature when the phase transition happens, i.e. when the probability
of bubble nucleation is significant. The temperature T∗ is defined by the temperature when
one bubble is nucleated per unit volume per unit time and the non-zero VEV at T∗ is denoted
as v∗. We find that the gravitational wave is testable when v∗/T∗ is roughly larger than 1.22.
In the right panel of figure 4, we show how the gravitational wave signal peak values rely on
the Higgs portal coupling when the masses of leptoquarks are 1TeV. For the first-order phase
transitions induced by different types of leptoquarks, the gravitation wave signals achieve the
same peak value when the Higgs portal couplings are in different ranges. The dashed and
dot-dashed lines corresponds to the benchmark cases 1 and 2, respectively.

For the same benchmark point, the gravitational wave produced during first-order EWPT
induced by leptoquark with a smaller intrinsic degree of freedom is stronger. In both figure 2
and figure 3, (a) and (b) show the result for the same benchmark point but in the case of
singlet and doublet leptoquark, respectively, while (c) and (d) show the result for the same
benchmark point but in the case of singlet and doublet leptoquark, respectively. It is clear
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(a) SU(2) singlet leptoquark mS = 2TeV,
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(b) SU(2) doublet leptoquark mS =
2TeV, v∗/T∗ = 4.78
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(c) SU(2) doublet leptoquark mS =
2TeV, v∗/T∗ = 1.87
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(d) SU(2) triplet leptoquark mS = 2TeV,
v∗/T∗ = 4.38

Figure 3. Gravitational wave signals for benchmark cases with 2TeV leptoquarks. See the text for
further discussion and explanation.
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Figure 4. Left panel: maximal strength of the gravitational wave produced as a function of transition
strength v∗/T∗. Right panel: maximal strength of gravitational wave produced by first-order EWPT
induced by different type of leptoquarks of 1TeV as a function of the Higgs portal coupling λHS . See
the text for further discussion and explanation.
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that for the same coupling, the first-order EWPT induced by the SU(2) multiplet with a
higher dimension produces stronger gravitational waves. We also mark out the two benchmark
values of the portal coupling in the right panel of figure 4 as the vertical lines. Supposing that
the Higgs portal is measured to be in the region where first-order phase transition appears by
future collider experiments, the gravitational waves detection provides an alternative method
to further test the Higgs portal as well as determine the SU(2) representation of leptoquarks.

4 Conclusion

In this paper, we have explored the possibility that first-order EWPT induced by the coupling
between a scalar leptoquark and the SM Higgs boson produces detectable gravitational wave
signals. We have considered different SU(2) representations of the scalar leptoquark, including
singlet, doublet and triplet. Despite the lack of VEV for leptoquark itself, a first-order
EWPT can be induced due to the 1-loop order effects. In general, with first-order EWPTs,
gravitational waves can be produced by multiple processes in the dynamical evolution of the
scalar bubbles. The resulting gravitational waves form a stochastic background that can be
probed by gravitational wave detectors.

We have calculated the effective potential of the SM Higgs field in the presence of a scalar
leptoquark, including tree level and 1-loop level contributions as well as the resummation
over the ring/daisy diagrams. By applying the conditions for first-order EWPT, we have
found that the leptoquark can induce a first-order EWPT in the parameter space allowed by
collider constraints and can be tested by future Higgs precision experiments. Enhanced by
the internal degree of freedom of the particular leptoquark, we found that the leptoquark in
the SU(2) representation with a higher dimension requires smaller coupling in order to trigger
a first-order EWPT.

We have followed the standard procedure to compute the gravitational wave spectrum
during first-order EWPTs. It turns out that the gravitational wave spectrum is mainly
determined by the strength of the phase transition characterised by the ratio of the non-zero
VEV and the temperature at the time that the transition happens. However, due to the
difference in internal degrees of freedom, the strengths of first-order EWPTs induced by
leptoquarks with the same masses and Higgs portal couplings but different SU(2) nature are
different. Since the gravitational wave signals differ, this provides a possibility to determine
the SU(2) representation of the leptoquarks through the observations of gravitational wave in
particular regions of parameter space.
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A Production of gravitational waves during a first-order phase transition

As a beginning to discuss the phase transition dynamics, we need to determine the percolation
temperature T∗. We use the condition derived in [80] to determine the percolation temperature,
which is

I(T ) ≡ 4π
3

∫ Tc

T

Γ(T ′)
T ′4H(T ′)

(∫ T ′

T

dT ′′

H(T ′′)

)3

dT ′ = 0.34 . (A.1)

The bubble nucleation rate Γ is given by [81]

Γ(T ) = T 4
(
SE
2π

)3/2
e−SE , (A.2)

where SE is the Euclidean action. At finite temperature, the four-dimensional euclidean
action SE can be directly related to the three-dimensional Euclidean action S3 by the relation
SE = S3/T . With the O(3) symmetry at high temperature, S3 is defined as

S3 = 4π
∫ ∞

0
s2
[

1
2

(
dh

ds

)2
+ Veff(h)

]
ds . (A.3)

By solving the corresponding Euclidean equation of motion

d2h

ds2 + 2
s

dh

ds
− dVeff

dh
= 0 (A.4)

with boundary conditions

dh

ds

∣∣∣∣
s=0

= 0 , and lim
s→∞

h(s) = 0 , (A.5)

one can obtain the Euclidean action as a function of the temperature.
Given T∗ and SE , the inverse phase transition duration can be expressed as

β

H∗
= T

dSE(T )
dT

∣∣∣∣
T=T∗

, (A.6)

where H∗ is the Hubble parameter at T∗. The phase transition strength α is the ratio of the
difference in the trace anomaly θ to the radiation energy density at the transition temperature,
i.e. αT∗ = ∆θ(T∗)/ρ(T∗). The difference in the trace anomaly is given by

∆θ(T ) = −∆V + T

4
d

dT
∆V , ∆V = V

/0
eff(T )− Veff(0, T ) (A.7)

with V
/0

eff(T ) the effective potential at the non-zero minimum. In the thin-shell limit, the
contributions to the GW spectrum from different sources are given by [81]

Ωcoll(f) = 2.30× 10−3 (R∗H∗)2
(
κcollαT∗
1 + αT∗

)2
Scoll(f) , (A.8a)

Ωsw(f) = 0.384 (τswH∗) (R∗H∗)
(
κswαT∗
1 + αT∗

)2
Ssw(f) , (A.8b)

Ωturb(f) = 6.85 (1− τswH∗) (R∗H∗)
(
κswαT∗
1 + αT∗

) 3
2
Sturb(f) . (A.8c)
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where R∗ is the average bubble radius that can be estimated by [38]

R∗H∗ ' (8π)1/3Max(vw, cs)
H∗
β
. (A.9)

cs is the sound speed in the plasma and vw is the wall speed that can be estimated analytically
as [82, 83]

vw '



√
∆V
∆θ ,

√
∆V
∆θ < vJ ,

1 ,

√
∆V
∆θ > vJ ,

vJ = 1√
3

1 +
√

3α2 + 2α
1 + α

. (A.10)

κcoll, κsw and κt are the efficiency factors characterising the energy conversion during the
phase transition. The efficiency factor for bubble collision is defined as the ratio of the bubble
wall energy and the total released energy, i.e. κcoll = Ewall/EV

κcoll =



1− 1
3

(
γ̃∗
γeq

)2
(1− α∞

α

)
, γ̃∗ < γeq ,

2
3
γ̃∗
γeq

(
1− α∞

α

)
, γ̃∗ > γeq ,

(A.11)

where γeq is the bubble wall Lorentz factor when the bubble is in equilibrium and γ̃∗ is the
bubble wall Lorentz factor for a bubble with radius R∗. α∞ is defined as the ratio of the
contribution from 1→ 1 transitions to the pressure difference to the radiation energy density.
For more details see [81, 84]. The efficiency factor for GW production from sound waves is
given by

κsw = αeff
α

αeff
0.73 + 0.083√αeff + αeff

with αeff = α (1− κcoll) . (A.12)

The parameter τsw stands for the time when the sound wave period ends, after which the
energy fluid motion is transferred to turbulence, with the expression [85]

τsw = R∗
Uf

, Uf =
√

3
4

αeff
1 + αeff

κsw , (A.13)

where Uf is the root-mean-square fluid velocity.
The spectral form functions Scoll, Ssw and Sturb read [81]

Scoll(f) =
[
1 + 0.05

(
f

fcoll

)−1.61]( f

fcoll

)2.54 [
1 + 1.13

(
f

fcoll

)2.08]−2.30

, (A.14a)

Ssw(f) =
(
f

fsw

)3(
1 + 3

4
f2

f2
sw

)− 7
2

, (A.14b)

Sturb(f) =
(

f

fturb

)3 (
1 + f

fturb

)− 11
3
(

1 + 8π f

H∗

)−1
. (A.14c)
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The peak frequencies fcoll, fsw and fturb are given by

fcoll = 16.5µHz 0.62
1.8 + 0.1vw + v2

w

(
β

H∗

)(
T∗

100GeV

)(
g∗

100

) 1
6
, (A.15a)

fsw = 19µHz 1
vw

(
β

H∗

)(
T∗

100GeV

)(
g∗

100

) 1
6
, (A.15b)

fturb = 27µHz 1
vw

(
β

H∗

)(
T∗

100GeV

)(
g∗

100

) 1
6
. (A.15c)
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