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ABSTRACT

The interaction of turbulence with airfoil is an important noise source in many engineering fields, including helicopters, turbofans, and contra-
rotating open rotor engines, where turbulence generated in the wake of upstream blades interacts with the leading edge of downstream blades
and produces aerodynamic noise. One approach to study turbulence–airfoil interaction noise is to model the oncoming turbulence as harmonic
gusts. A compact noise source produces a dipole-like sound directivity pattern. However, when the acoustic wavelength is much smaller than
the airfoil chord length, the airfoil needs to be treated as a non-compact source, and the gust–airfoil interaction becomes more complicated and
results in multiple lobes generated in the radiated sound directivity. Capturing the short acoustic wavelength is a challenge for numerical simu-
lations. In this work, simulations are performed for gust–airfoil interaction at different Mach numbers using a high-fidelity direct computa-
tional aeroacoustic (CAA) approach based on a spectral/hp element method verified by a CAA benchmark case. It is found that the squared
sound pressure varies approximately as the fifth power of Mach number, which changes slightly with the observer location. This scaling law
can give a better sound prediction than the flat-plate theory for thicker airfoils. Furthermore, another prediction method, based on the flat-
plate theory and CAA simulation, has been proposed to give better predictions than the scaling law for thicker airfoils.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0139656

I. INTRODUCTION

Rotating machinery is essential for air transportation to provide
power for aircraft. The noise generated by aircraft has become a more
focused environmental concern as governments and international organ-
izations have introduced more strict restrictions on noise pollution,
which requires almost double noise reduction every 15years.1 For exam-
ple, NASA suggests a 42dB noise reduction for aircraft by 2025 in their
Environmentally Responsible Aviation project.2 To meet those restric-
tions, the aviation industry puts more effort into reducing aircraft noise.

Turbulence–airfoil interaction noise is a significant broadband
noise source in rotating machinery, such as helicopter blades,3 turbo-
fan engines,4 and contra-rotating open rotors.5 In these applications,
turbulence in the wake of upstream blades interacts with the leading
edge of downstream blades. Tonal noise was believed to be dominant
compared to broadband noise. However, turbulence–airfoil interaction
noise is significant, especially above frequencies of 400Hz on 1/3

octave sound pressure levels of a contra-rotating open rotor.6 A later
study extended this finding to various contra-rotating open rotor con-
figurations and operating conditions.7 Therefore, it is crucial to study
the mechanisms of the turbulence–airfoil interaction noise to meet the
needs for future low-noise aircraft design.

Modeling turbulence is the first step to studying turbulence–airfoil
interaction noise. The most common method is using a superposition of
harmonic gusts to obtain a synthetic turbulence flow.8 This method is
based on the idea that turbulence can be transformed into a summation
of Fourier modes. Therefore, the turbulence–airfoil interaction is simpli-
fied to a gust–airfoil interaction process. Generally, gusts are vortical
waves with zero dilatation convected by a background mean flow.
Gust–airfoil interaction is a simplified model to study turbulence–airfoil
interaction noise. It helps to improve the understanding of the mecha-
nisms. Gust–airfoil interaction noise is studied widely by analytical
methods9–11 and numerical simulations.12,13
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Sears14 was the first to develop an analytical model to study the
lift and moment of an airfoil interacting with a harmonic vortical gust.
Amiet15 extended Sears’s model by considering the noise generation of
turbulence interacting with an infinite thin flat plate, which became
the basis of analytical models to predict turbulence–airfoil interaction
noise. However, the geometry effect of an actual airfoil is neglected in
Amiet’s theory. Later, researchers studied the impact of geometry
parameters, such as airfoil thickness, leading edge radius, camber, and
angle of attack (AoA). Paterson and Amiet16 observed noise reduction
in high frequencies for thick airfoils in their experiments. Atassi
et al.17 found the acoustic pressure pattern strongly depends on the
value of the reduced frequency and the mean-flow Mach number. Gill
et al.13 studied the effect of airfoil thickness and leading edge radius
using a computational aeroacoustic (CAA) method. They found the
dominant noise reduction mechanism is the distortion of the vortical
gusts near the leading edge stagnation region, which smoothed the
gust wavefront and reduced its amplitude. Paterson and Amiet18

showed that the AoA influence for isotropic turbulence-induced noise
is small but measurable. Devenport et al.19 found the effect of AoA is
small because of the averaging effect of the isotropic turbulence spec-
trum. They pointed out that the impact of AoA can be significant in
non-isotropic turbulence. Zhong et al.20 proposed useful corrections to
the flat-plate solution to account for the effect of nonuniform mean
flows of real airfoils. Huang21 developed an analytical model by incor-
porating Fourier transform into the Wiener–Hopf method to elucidate
the possible physical mechanisms. Celik et al.22 performed a compre-
hensive mapping of wall-pressure fluctuations over an airfoil under
different inflow conditions, including a grid-generated turbulent
inflow. They found the unsteady airfoil response patterns for the
tripped boundary layer and turbulence ingestion cases are dramatic
differences compared to smooth inflow conditions. It is difficult to
generate an ideal gust in a wind tunnel experiment, so almost all the
early researchers used grid-generated turbulence to study the aerody-
namic or aeroacoustic response in their experiments. Yang et al.23 gen-
erated a sinusoidal streamwise gust by a multiple-fan array to study
the gust–airfoil interaction. They found the fluctuation in the lift force
reduces very much at the high frequency, which can be attributed to a
significant reduction in the fluctuating pressure difference over the
front half of the airfoil. Different from the method used by Yang
et al.,23 Wang and Feng24 also generated vertical and longitudinal gusts
by two pitching airfoils in a low-speed water tunnel. They found that
the pitching airfoil can generate vertical gusts when two airfoils pitch
in phase. Otherwise, longitudinal gusts generate when the two airfoils
pitch out of phase. Wu et al.25 studied the Sears and Atassi transfer
functions at low frequencies by both wind tunnel experiments and
numerical simulations. They also established a scaling law for fast
determination of the oscillation parameters of the vanes to generate a
specific gust angle. Poudel et al.26 investigated the impact of vertical
gusts on stationary and oscillating NACA0012 airfoils at low Reynolds
numbers. The pitch-down maneuver and oscillating airfoil motion
were tested as methods for mitigating the effects of gusts. They found
that increasing the reduced frequency of the oscillating airfoil can
dominate the gust and results in a predictable oscillatory lift and drag/
thrust behavior. Seo et al.27 proposed an aeroacoustic partitioning
method to decompose the loading noise into the components associ-
ated with vortex structures, which can attribute to the sound genera-
tion mechanism. Recently, the wavy leading edge has been found to be

a useful technology for noise reduction. Narayanan et al.28 performed
an experimental investigation for the noise reduction generated by tur-
bulence airfoil interaction with a wavy leading edge. Noise reductions
are found to be significantly higher for the flat plates with a maximum
noise reduction of around 9dB compared with about 7 dB for the air-
foil. They concluded the amplitude of the wavy leading edge was a key
parameter. Tian and Lyu29 developed an analytical method to predict
the broadband trailing-edge noise for rotating serrated blades. Noise
reduction can be found in the intermediate- and high-frequency
ranges at low Mach numbers by using trailing-edge serrations.
However, they also found the noise increase in the intermediate-
frequency range at high Mach numbers. This indicates the effect of the
Mach number can be important.

The flow changes significantly along the blade from the root to
the tip, resulting in a wide range of Mach numbers on the blade sur-
face. The intensity of sound can be increased due to the supersonic
flow near the tip of helicopter blades. So the gust–airfoil interaction
can be affected by the wide range of Mach number distribution. In a
typical gust–airfoil interaction process, the wavelength of generated
acoustic waves depends on both the gust wavelength and the mean-
flow Mach number. When the wavelength of a generated acoustic
wave is much larger than the chord of the airfoil, the airfoil can be
treated as a compact noise source and produces a dipole-like sound
directivity. This situation happens when the gust frequency or the free
stream Mach number is small. The far-field sound is found to scale as
the sixth power of the Mach number.30 Contrarily, when a high-
frequency gust interacts with an airfoil in a relatively high Mach num-
ber flow, the wavelength of the generated sound is small compared
with the airfoil chord. Therefore, the noise sources on the airfoil are
non-compact. The directivity of the radiated sound becomes more
complex due to sound scattering. There is little research on the scaling
law for gust–airfoil interaction noise, especially for non-compact sour-
ces. Similar research can be found given by Singer et al.31 They studied
the scaling law for the sound generated by vortices passing over a
sharp trailing edge. They found the mean square pressure varies as
Ma5:2 and the exponent changes slightly with the observer angle.

This paper presents a high-order and high-fidelity CAA simula-
tion based on the spectral/hp element method.32 The simulation
method is verified by a benchmark case33 and the flat-plate theory.15

The scaling law for gust–airfoil interaction noise is studied using the
CAA simulation results. The scaled sound pressure is compared with
the CAA simulation and the flat-plate theory. This paper is organized
as follows. The numerical method is presented in Sec. II, followed by
its validation as shown in Sec. III. In Sec. IV, the scaling law for
gust–airfoil interaction is introduced in detail. Variations of sound
pressure with different Mach numbers and angles of observers are
studied in this section. The scaling law is used to predict the sound
pressure for different Mach numbers in Sec. V. Another sound pres-
sure prediction method is proposed based on the flat-plate theory and
CAA results, as shown in Sec. VI. In Sec. VII, we summarize the con-
clusions and give suggestions about the usage of the scaling law for
gust–airfoil interaction.

II. NUMERICAL METHOD

The noise generation of gust–airfoil interaction is taken as an
inviscid phenomenon; therefore, viscous terms can be excluded.10 We
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consider a two-dimensional compressible inviscid flow, which is gov-
erned by the Euler equations

@u
@t

þ @fi;1
@x1

þ @fi;2
@x2

¼ 0; (1)

where u is a vector of the conserved variables, and fi;1 ¼ fi;1ðuÞ and
fi;2 ¼ fi;2ðuÞ are the inviscid fluxes,

u ¼
q

qu

qv
E

8>>><
>>>:

9>>>=
>>>;
; fi;1 ¼

qu

pþ qu2

quv

u E þ pð Þ

8>>><
>>>:

9>>>=
>>>;
; fi;2 ¼

qv

quv

pþ qv2

v E þ pð Þ

8>>><
>>>:

9>>>=
>>>;
: (2)

Here, q is the density, u and v are the velocity components in the x1
and x2 directions, p is the pressure, and E is the total energy.
Throughout this work, we consider a perfect gas for which the pres-
sure is related to the total energy by the following expression:

E ¼ p
c� 1

þ 1
2
q u2 þ v2ð Þ; (3)

where c is the ratio of specific heat.
The equations were discretized following the spectral/hp method

using the discontinuous Galerkin (DG) approach presented by
Karniadakis and Sherwin.34 The classical fourth-order Runge–Kutta
method35 is used to advance the simulation in time. All the simula-
tions shown here are performed by the compressible solver within
spectral/hp element code Nektarþþ.36 Generally, the DG method
starts with using a test function to express the governing equations
and is integrated over the domain. The DG discretization then allows
selecting both a basis of polynomials that represent the solution locally
on each element and a set of quadrature points on which the inner
products arising in the variational formulation can be calculated. In
this paper, the spatial domain is split into quadrilateral elements, and
high-order Lagrange tensor-product polynomial shape functions are
used in each macro-element. The spatial resolution is controlled by
varying the element size or the order of the polynomial, which is inter-
polated at the Gauss–Lobatto–Legendre quadrature.36

III. VALIDATION OF THE SPECTRAL/HP ELEMENT
METHOD

The spectral/hp element approach used in this paper is first vali-
dated by a benchmark case from the fourth computational aeroacous-
tics workshop on benchmark problems33 to test its ability to predict
accurately the unsteady aerodynamic and aeroacoustic response of a
single airfoil interacting with a two-dimensional gust.

The Joukowski airfoil is chosen with a thickness of 0.12c and a
camber of 0.02c at an angle of attack a ¼ 2�, where c is the airfoil
chord length. The upstream velocity is given by

U ¼ U1iþ a cos ½k x � iU1tð Þ�; (4)

where x ¼ ðx1; x2Þ denotes the spatial coordinates, a ¼ ða1; a2Þ is the
gust amplitude vector with a1 ¼ ��U1k2= kj j, a2 ¼ ��U1k1= kj j. k is
the wavenumber vector, and � is a small parameter satisfying � � 1.
The governing equations are the two-dimensional compressible Euler
equations, as given in Sec. II. The following are the reference values
used for non-dimensionalization:

Lref ¼ c
2
; uref ¼ U1; qref ¼ q1; pref ¼ q1U2

1: (5)

A two-dimensional gust with k1 ¼ k2 ¼ 1 and � ¼ 0:02 is chosen to
solve the gust response problem. The freestreamMach number is 0.5.

A second-order modified hierarchical Legendre basis polynomial
expansion is used for the spectral/hp element method.37 The required
mesh resolution can be estimated by the “1% rule” given by Moura
et al.38 In their study, the dispersion and diffusion characteristics of a
DG simulation are performed to quantify the effective resolution that
a given simulation setting can provide. The 1% rule is measured in
terms of the largest wavenumber that can be accurately resolved to
within a tolerance of 1%.

In this case, the second-order expansion used in this case can
resolve, with an error below 1%, non-dimensional wavelengths of

kmin ¼ 2phmax

khj j1%
(6)

with khj j1% ¼ 2:616 (Ref. 38). hmax is the maximum mesh size that
can be used. For this problem, the minimal wavelength of acoustic
waves (propagate to the upstream) is the same as the wavelength of
gust k ¼ 2pu

x ¼ 2p, for k1 ¼ k2 ¼ 1. In our mesh, the largest non-
dimensional element size in the computation domain is 1, which is
smaller than the value calculated by the 1% rule. This guarantees the
gust and acoustic waves can be calculated accurately.

Sponge layers are used to minimize reflection on all four edges of
the computational domain. The length and damping factor of sponge
layers are represented by Ls and r0. In our study, the length of sponge
layers is the same in all directions. The physical domain size is repre-
sented by Lp. Within each sponge layer, damping terms are applied as
given in Ref. 32,

r x; yð Þ ¼
r0 1þ cos pA xð ÞB yð Þ

� �� �
2

; (7)

where

x 2 xmin; xmax½ � and y 2 ymin; ymax½ � (8)

with

A xð Þ ¼ 1�max 1� x � xminð Þ=Ls; 0
� �

�max 1� xmax � xð Þ=Ls; 0
� �

;

B yð Þ ¼ 1�max 1� y � yminð Þ=Ls; 0
� �

�max 1� ymax � yð Þ=Ls; 0
� �

:

8>>>><
>>>>:

(9)

This approach is ideal for forcing the flow variables to the refer-
ence value in the sponge layer to reduce potential reflections from the
boundaries to guarantee clean acoustic solutions.39

The simulation is performed in a square domain with the airfoil
at the center. The computational domain and mesh are presented in
Fig. 1. The mesh is generated by an open-source finite element mesh
generator Gmsh, which can generate a high-order curved mesh
[shown in Fig. 1(b)] that conforms to the computer aided design
(CAD) model geometry.40 The sponge layer is in the outer region
[presented in Fig. 1(a)] of the domain with a non-dimensional length
Ls ¼ 9c and r0 ¼ �1. The mesh resolution in the sponge layer is the
same with the largest non-dimensional element size calculated by the
1% rule. The profile of the sponge layer is kept the same in this part.
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A circle is located at a radius of 4c to get the acoustic pressure for com-
parison with reference data.

Different domain sizes (controlled by Lp), different mesh resolu-
tions (change the minimum mesh size on the airfoil surface), and dif-
ferent data sampling times (one gust period and two gust periods)
have been considered for testing the correlation and dependence.
Detailed parameters can be found in Table I. The time step is esti-
mated by the definition of the Courant–Friedrichs–Lewy (CFL)
number,41

CFL ¼ ckDt aþ ffiffiffiffiffiffiffiffiffi
ukuk

p� �
P2

dRKDx
; (10)

where ck ¼ 0:2; dRK ¼ 2, and a is the speed of sound, which ensures
the maximum stable CFL is almost constant for different values of the
polynomial order P. Dt is the time step, Dx is the maximum mesh
size, and uk is the velocity component.

In our case, the simulation is performed for about 100 gust periods
using a time step of 1 � 10�4 to avoid spurious solutions in the early
stage of the simulation. When the time-averaged pressure changes
within an error threshold (10�7, non-dimensionalized by q1U2

1), the
simulation is deemed fully converged, after which the time-averaged
pressure on the airfoil surface is calculated during one gust period.

For gusts with wavenumber k1 ¼ k2 ¼ 1, time-averaged
pressure (hpwalli) and root-mean-squared (RMS) pressure,

FIG. 1. Example of two-dimensional mesh used in the current study. (a) The sketch of the computational domain. (b) The mesh near the airfoil. (c) The zoomed-in view near
the leading edge.

TABLE I. The parameters for different cases (k ¼ 1; Ma ¼ 0:5). The time step is non-dimensionalized by c
2 =U1:

No. Lp Airfoil mesh size Mesh number Time step Data collection time Purpose

1 15c 0.005c 20 849 1 � 10�4 1 period Domain size
2 10c 0.005c 14 673 1 � 10�4 1 period Domain size
3 5c 0.005c 11 186 1 � 10�4 1 period Domain size
4 10c 0.0005c 64 484 5 � 10�5 1 period Mesh resolution
5 10c 0.005c 14 673 1 � 10�4 2 period Data collection time
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ffiffiffiffiffiffiffiffiffihp02ip
p0 ¼ p� hpi� �

; distributions on the airfoil surface are pre-
sented in Fig. 2, compared with benchmark reference values from
Wang et al.42 There is a very small difference near the peak between
current simulation results and reference data, about 0.25% at the peak
of mean pressure and 5.3% for RMS pressure. Above all, a very good
agreement is obtained.

The acoustic properties can be represented by the average
squared sound pressure hp02i measured on a circle. The center of
the circle is in the airfoil center, and the radius is defined by
R ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðx2 þ y2Þp

; which equals one chord length here. The azimuth is
defined by h ¼ arctanðx=yÞ. Figure 3 shows the product by the average

squared sound pressure and the trigonometric function of azimuth. They
show a good agreement with the reference data.42 There is some fluctua-
tion for the smallest domain size (case 3). This may be caused by the fact
that the points on the circle with a four-chord length radius are very close
to the boundary of the sponge layer. For the cases with bigger domain
sizes, the fluctuation seems smaller and gives better results. This indicates
that a 10c domain size is suitable for our simulation.

Extensive parametric tests of the resolution have been performed
to check the influence on aerodynamics and aeroacoustics.43 Different
orders of the basis polynomial expansions are used for the resolution
test because using higher-order polynomials along with coarser

FIG. 2. (a) Mean pressure distributions and (b) RMS pressure on the airfoil surface.

FIG. 3. Average squared sound pressure on two circles: (a) R ¼ 1c (one chord length) and (b) R ¼ 4c (four-chord length).
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meshes is the best way to translate available resources into resolution
power for spectral/hp element methods.38 With the increase in the
order of polynomials, the resolution can be improved faster than just
increasing the mesh number with the same computation cost.

IV. THE SCALING LAWS OF MACH NUMBER

This section investigates the effect of Mach number on
gust–airfoil interaction noise using the CAA method validated in Sec.
III and the flat-plate theory, aiming to develop an efficient method to
predict the sound pressure for airfoils at different Mach numbers with-
out the time-consuming CAA process.

The numerical setup is the same as the validation part. The origin
of the coordinate system is located at the leading edge of the airfoil.
The reference values used here are defined as

Lref ¼ c; uref ¼ a1; qref ¼ q1; pref ¼ q1a21; (11)

where a1 is the sound speed in the far-field.

A. The sound pressure generated by gust–airfoil
interaction with different Mach numbers

The sound generated by the interaction of gust and NACA0012
airfoil with different mean-flow Mach numbers is simulated to study
the effect of Mach number. The gust [defined in Eq. (4)] is the same
for all cases. The wavelength of the gust is 1c (k ¼ 1). The contours of
sound pressure generated by the gust–airfoil interaction with different
Mach numbers are presented in Fig. 4. It is found that the wavelength
of the generated sound increases with the increase in Mach number.
The wavelength of a generated sound can be calculated by

k ¼ 2pus
x

¼ 2pus
k1ug

; (12)

where k is the wavelength of generated sound, us is the non-
dimensional velocity of sound propagation, which is the superposition
of sound speed and mean-flow velocity, ug is the non-dimensional
velocity of gust, k1 is the gust wavenumber in the stream direction, x

FIG. 4. Contours of sound pressure generated by gust–airfoil interaction with different Mach numbers: (a) Ma ¼ 0:2; (b) Ma ¼ 0:3; (c) Ma ¼ 0:4; and (d) Ma ¼ 0:5.
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is the angular frequency of gust, which is the same as sound. So the
generated sound wavelength in the upstream direction is smaller than
the one in the downstream direction, especially for high Mach number
cases.

The sound pressure of the NACA0012 airfoil on a circle with a
radius of 4c is given by a polar diagram in Fig. 5. The results calculated
by the flat-plate theory (named Amiet in Fig. 5) are provided for com-
parison. First, we consider a gust with low reduced frequency (k ¼ 1).
The sound pressure is found to increase with Mach number. When
the Mach numbers are relatively small (Ma¼ 0.1–0.2), the sound

pressure calculated from the flat-plate theory agrees well with the
CAA results. However, the flat-plate theory overpredicts the radiated
pressure at high Mach numbers (Ma¼ 0.5). The same trend can be
found for NACA0006 and NACA0002 airfoils. However, with the
decrease in the airfoil thickness, the flat-plate theory gives better pre-
diction even at high Mach numbers. We believe this is due to the air-
foil thickness effect, which reduces radiated sound more significantly
at high Mach numbers. The sound generated by the NACA0006 and
NACA0012 airfoil is also studied. The results are not presented here.

B. The Mach number scaling law for gust–airfoil
interaction noise

Singer et al.44 studied the scaling law for the sound scattered by a
trailing edge. They found the mean square pressure varies as Ma5:2

and the exponent changes slightly with the observer angle. Here, we
define a similar form of scaling law,

p1
p2

¼ Ma1
Ma2

	 
q

; (13)

where p1 and p2 are sound pressures in an observer from two Mach
numbersMa1 andMa2, correspondingly.

Now the problem is to find the value q for gust–airfoil interac-
tion. Variation of the squared sound pressure with Mach number is
plotted in Fig. 6 for different observers. In our study, all observers were
located in a circle with radius R ¼ 4c (c is the chord length of airfoils).
The symbols stand for the sound pressure calculated by the flat-plate
theory and the CAA method for corresponding Mach numbers. Here,
the sound pressure calculated by the flat-plate theory and the CAA
results of NACA0002, NACA0006, and NACA0012 airfoils are plotted
in black, red, green, and blue, respectively. The lines represent the
best-fit power-law of the Mach number, as given in Eq. (13).

FIG. 5. Radiated sound pressure on the circle with R ¼ 4c for different Mach num-
bers (Ma ¼ 0:1� 0:5).

FIG. 6. Variation in the ratio of squared sound pressure vs the ratio of Mach number with k ¼ 1. (a) h ¼ 40� and (b) h ¼ 90�.
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A good agreement can be obtained by the Amiet theory and the
CAA results from NACA0002, NACA0006, and NACA0012. For an
observer at 40�, the squared sound pressure varies as the 4.796 power
of Mach number by the flat-plate theory. For an observer at 90�, the
regression indicates variation with the 5.132 power of Mach number
by the flat-plate theory. Table II lists all values for the power of Mach
number by different results. The value varies for different observer
angles, gust wavenumber, and thickness of airfoils. The sound pressure
increases quicker at 90� than at 40� for all cases with different gust
wavenumbers and different thicknesses.

Two observers in the upstream are chosen to the scaling law in
upstream direction. Figures 7 and 8 give the squared sound pressure
and its fit-line for the observer at 120� and 150� with k ¼ 1 and
k ¼ 8. For cases with k ¼ 1, the fit-line agrees well with each other for
NACA0002, NACA006, and NACA0012 airfoil for the observer at
120�. Some differences are observed for the observer at 150�.
However, large discrepancies can be observed for the result predicted
by the flat-plate theory. The slope of the fit-line of the plate theory is
smaller than the other fit-lines. For cases with k ¼ 8, large discrepan-
cies are observed at both 120� and 150�.

The magnitude of gusts (
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u02 þ v02

p
=U1Þ is presented in Fig. 9.

It is obvious that the wavelength of gust decreases with the increase in

wavenumber. The wavefront of gusts is presented by black lines in
zoomed-in views. The gust wavefront is cutoff by the airfoil and two
“gust-circles” are generated successively for the case with k ¼ 1. More
gust-circles are found for the case with k ¼ 8, which may indicate the
strong interaction between gusts and airfoils. This finding supports
that the variation is more complex for the case with k ¼ 8 in Fig. 10.
These gust-circles generates successively when gusts move with a
mean flow, which leads to pressure fluctuation on the airfoil surface.
This process is the fluid mechanics mechanism of sound generation
for gust–airfoil interaction.

Here, we use a Fourier series with four terms to fit the trendline
for cases k ¼ 1. The trendline can be used to predict sound pressure
from one observer to another. The Fourier series with four terms can
be defined as

q xð Þ ¼ a0 þ a1sin wxð Þ þ b1sin wxð Þ þ a2sin 2wxð Þ þ b2sin 2wxð Þ
þ a3sin 3wxð Þ þ b3sin 3wxð Þ þ a4sin 4wxð Þ þ b4sin 4wxð Þ;

(14)

where q is the power of Mach number, and x is the observers’ angles.
Figure 10 shows the relationship between values for the power of

Mach numbers (corresponding to squared sound pressure) and angles
of observers with k ¼ 1 and 8. Different symbols represent the power
of Mach number by the flat-plate theory, NACA0002, NACA0006,
and NACA0012 airfoil, respectively. Because the sound pressure is
very small at 0� and 180�, there is a strong scattering of the power of
Mach number at 0� and 180�. So the points near 0� and 180� are
neglected to give a better fit. We find the Fourier series with four terms
fits the variation well. The result from the Amiet theory agrees well
with NACA0002. With the increase in thickness, the power of Mach
number increases from about 3.75 to 4.3 near 180�. The maximum
value decreases near 90� and 270�; and the respective angle shifts

TABLE II. The value for the power of Mach numbers.

The flat-plate
theory NACA0002 NACA0006 NACA0012

# k ¼ 1 k ¼ 8 k ¼ 1 k ¼ 8 k ¼ 1 k ¼ 8 k ¼ 1 k ¼ 8

40� 4.796 5.068 4.998 4.98 4.888 4.95 4.882 4.842
90� 5.132 4.116 5.21 4.16 5.144 4.39 5.134 4.822

FIG. 7. Variation in the ratio of squared sound pressure vs the ratio of Mach number with k ¼ 1. (a) h ¼ 120� and (b) h ¼ 150�.
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FIG. 8. Variation in the ratio of squared sound pressure vs the ratio of Mach number with k ¼ 8. (a) h ¼ 120� and (b) h ¼ 150�.

FIG. 9. Contours of gust magnitude and zoomed-in view near the NACA0002 airfoil: (a) k ¼ 1; (b) k ¼ 1 zoomed-in view; (c) k ¼ 8; and (d) k ¼ 8 zoomed-in view.
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slightly. So we can find the sound pressure increases quicker at 90�

and 270� with the maximum power of Mach number, and the sound
pressure for the thicker airfoil increases slower at 90� and 270�.

For the case with k ¼ 8. The Fourier series with eight terms has
to be used to fit the trendline. The trendline is much more complicated
than the one with k ¼ 1. Even though a Fourier series with eight terms
is used, the variation at 90� and 270� cannot be captured. The varia-
tion at 90� and 270� may indicate new lobes generated. In addition,
the result from the Amiet theory is different from NACA0002. This
means that with a bigger gust wavenumber, the thickness effect is
more important than the case with a smaller gust wavenumber. This
may be due to the complex interaction of sound sources on the airfoil
surface.

V. PREDICTING SOUND PRESSUREWITH THE
SCALING LAW

In this section, the sound pressure at the circle with R ¼ 4c is cal-
culated from data at other Mach numbers to Ma ¼ 0:5 by the scaling
laws given in Sec. IV. For the cases with k ¼ 1, a Fourier series with
four terms are used. For the cases with k¼ 8, a Fourier series with
eight terms is used. The scaling laws are obtained from both CAA
results and the flat-plate theory (represented by “Amiet” in figures pre-
sented later).

A. Predicting sound pressure with k ¼ 1

Figure 11(a) shows the scaled sound pressure by scaling laws
compared with the CAA results at Ma ¼ 0:5 for airfoils with
NACA0002 airfoil. The circle stands for the CAA results. The solid
lines show the scaled sound pressure by the scaling law from the flat-
plate theory. The dotted lines present the scaled sound pressure by the
scaling law from the CAA results. We find that the difference in the
scaled sound pressure between the flat-plate theory and CAA results is
negligible for the NACA0002 airfoil. The scaled sound pressure from
Mach numbers 0:3 to 0:6 gives a better fit than from Mach numbers

0:1; 0:2; and 0:7. This is reasonable because these Mach numbers
0:1; 0:2, and 0:7 are far away from the base Mach number 0.5.

Figures 11(b) and 11(c) present the scaled sound pressure for
NACA0006 and NACA0012 airfoil with k ¼ 1. With the increase in
airfoil thickness, the difference of the scaled sound pressure between
the flat-plate theory and CAA results increases, especially for
NACA0012 airfoil of Mach numbers 0.1, 0.2, and 0.7. This is caused
by the fact that the sound pressure decreases with the increase in airfoil
thickness. For NACA0006 and NACA0012 airfoils, the scaled sound
pressure by the scaling law from CAA results fit better than the flat-
plate theory. In addition, the scaled sound pressure from the
NACA0012 airfoil overpredicts the sound pressure in the upstream
direction. This situation does not exist in the case of the NACA0002
airfoil. It is believed the airfoil thickness plays another role in the high
Mach number range, like Ma ¼ 0:7. A further research will be per-
formed in the future.

B. Predicting sound pressure with k ¼ 8

The scaled sound pressure for the cases of k ¼ 8 is not predicted
as well as k ¼ 1 due to lobes in the directivity. Figures 12(a)–12(c)
show the scaled sound pressure for NACA0002, NACA0006, and
NACA0012 airfoil with k ¼ 8. The difference of the scaled sound pres-
sure between the flat-plate theory and CAA results increases with the
increase in airfoil thickness, which is the same as the cases with k ¼ 1.
The scaled sound pressure from Ma ¼ 0:1; 0:2; 0:3 cannot capture
the new lobe generated at 120� in the case with Mach number 0.5.
More lobes are still found for the scaled sound pressure from
Ma ¼ 0:6; 0:7. This means that the scaling law cannot capture lobe
generation. Attention should be paid when the scaling laws are used
for the high reduced frequency cases because new lobes will be gener-
ated. In addition, the scaled sound pressure in the upstream direction
is still overpredicted for the case with NACA0012 airfoil atMa ¼ 0:7.

FIG. 10. Variation in the power of Mach number vs angles of observers: (a) k ¼ 1 and (b) k ¼ 8.
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This situation is found in both k ¼ 1 and k ¼ 8, which means the situ-
ation may be independent of the gust wavenumber.

It is worth mentioning that high Ma flow can be regarded as
high-frequency cases, which retain the directivity of high k values (e.g.,
k ¼ 8). In some sense, the Mach number is related to the Helmholtz
number. So it is more easy to predict the sound pressure with similar
directivity. Figure 13 presents the sound pressure given by two cases
with k ¼ 4Ma ¼ 0:7 and k ¼ 8Ma ¼ 0:5. Similar sound directivity
pattern can be found for these two cases, which supports the idea
above.

VI. PREDICTING SOUND PRESSUREWITH THE
FLAT-PLATE THEORY

A large discrepancy is found for the scaled sound pressure for the
case at Mach numbers 0.1, 0.2, and 0.7. In this section, the sound pres-
sure is predicted by using the CAA results as the base sound pressure

and the ratio of sound pressure calculated from the flat-plate theory as
shown by the following equation:

p0ob ¼ p0ba
p0ob�Amiet

p0ba�Amiet

 !
; (15)

where p0ob is the objective sound pressure, and p0ba is the base sound
pressure from CAA simulation. p0ob�Amiet is the sound pressure calcu-
lated by the flat-plate theory using the same Mach number with p0ob.
p0ba�Amiet is the sound pressure calculated by the flat-plate theory using
the sameMach number with p0ba.

A. Predicting sound pressure to Ma ¼ 0:5 for k ¼ 1

Figure 14 presents the scaled sound pressure from Eq. (15) for
the NACA0012 airfoil with k ¼ 1. The circles stand for the results of
the CAA method. The dashed line represents the results of the flat-

FIG. 11. Sound pressure at Ma ¼ 0:5 from direct CAA simulation and the scaled sound pressure by scaling laws from both CAA and the flat-plate theory results (k ¼ 1): (a)
NACA0002 airfoil; (b) NACA0006 airfoil; and (c) NACA0012 airfoil.
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plate theory. The color of different lines shows the results by the scal-
ing law for other Mach numbers. All the sound pressure generated by
other Mach numbers is scaled to the sound pressure with Ma¼ 0.5.
We find all the sound pressures obtained by Eq. (15) agree better with
the CAA results than the result directly from the flat-plate theory. In
other words, we can use other Mach numbers (like Ma¼ 0.1–0.4) and
Eq. (15) to calculate the sound pressure at Ma¼ 0.5. This method will
get a better result than the one directly calculated by the flat-plate
theory.

Figure 14 shows the scaled sound pressure for the
NACA0006 airfoil with k ¼ 1. We find all the methods agree well
with each other. Even Amie’s theory can give a good prediction.
The sound reduction due to the thickness is slight. So we think
Amie’s theory can be used for the airfoil with a thickness smaller
than NACA0006 airfoil (just for symmetry airfoil with zero angle
of attack).

B. Predicting sound pressure to Ma ¼ 0:2 for k ¼ 1

The above case scales sound pressure to Ma¼ 0.5 from lower
Mach numbers. Here, we try to scale high Mach numbers to a small
Mach number. Figure 15(a) presents the scaled sound pressure for
Ma ¼ 0:2 with k ¼ 1. We find the flat-plate theory gives a better
result for the case Ma ¼ 0:2. The reason may be related to the wave-
length of generated sound in Ma ¼ 0:2, which is much bigger than
the chord length of the airfoil. So the effect of thickness is insignificant.

The scaled sound pressure of the NACA0006 airfoil is presented
in Fig. 15(b). The sound pressure agrees well with each other except
for a bit of underprediction compared to CAA results. The flat-plate
theory still performs well in giving a good prediction. These studies
indicate that the flat-plate theory performs well for small thickness
cases or low Mach numbers. However, for a thicker airfoil in high
Mach number (like Ma ¼ 0:5), the scaled sound pressure from Eq.
(15) can give better results.

FIG. 12. Sound pressure at Ma ¼ 0:5 from direct CAA simulation and the scaled sound pressure by scaling laws from both CAA and the flat-plate theory results (k ¼ 8): (a)
NACA0002; (b) NACA0006; and (c) NACA0012.
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C. Predicting sound pressure toMa ¼ 0:5 for k ¼ 8

For low reduced frequency gusts, the sound directivity has a
dipole-like pattern. Equation (15) works well for the cases with
Ma¼ 0.1–0.5. However, new lobes are generated in the sound directiv-
ity for high reduced frequency gusts. It is more challenging to predict
the sound pressure for these cases. Figure 16(a) presents the scaled
sound pressure by NACA0012 with k ¼ 8. The flat-plate theory over-
predicts the sound pressure at 60� and underpredicts it at 105�. The
scaled sound pressure given by Eq. (12) can give a better result at 60�.
However, the sound pressure at 105� is still underpredicted. The scaled
sound pressure from Ma¼ 0.4 has almost the same peak amplitude
for the upstream lobe with Ma¼ 0.5. However, the angle of peaks is
different.

The scaled sound pressure of NACA0006 is also presented in Fig.
16(b). The flat-plate theory underpredicts at 105� and overpredicts at

60�. In addition, the scaled sound pressure can give a better result at
60� than the flat-plate theory. However, both the flat-plate theory and
Eq. (13) underpredict the sound pressure at 105�. The flat-plate theory
and Eq. (15) perform better for the NACA0006 airfoil than for the
NACA0012 airfoil. This may be due to the effect of airfoil thickness.
Figure 16(c) shows the scaled sound pressure for the NACA0002 air-
foil. The sound pressure predicted by the flat-plate theory agrees well
with the CAA simulation at 60�. The sound pressure at 105� is still
underpredicted by both the flat-plate theory and Eq. (15). In this case,
the flat-plate theory can give a better result. So, the CAA simulation is
not needed for the NACA0002 airfoil. For the airfoil thickness smaller
than NACA0006, the discrepancy between the flat-plate theory and
Eq. (15) is small. So, Eq. (15) is suitable for predicting the sound pres-
sure given by thicker airfoils.

D. Predicting sound pressure to Ma ¼ 0:2 for k ¼ 8

The sound pressure scaled from a higher Mach number is also
studied here. Figure 17(a) presents the sound pressure for the
NACA0012 airfoil scaled to Ma¼ 0.2. Only the sound pressure scaled
from Ma ¼ 0:2; 0:3 agrees well with CAA results. The flat-plate the-
ory overpredicts the sound pressure due to the thickness of the
NACA0012 airfoil. The sound pressure scaled from Ma ¼ 0:4; 0:5 is
overpredicted upstream. This may occur due to other lobes in the
upstream direction at a higher reduced frequency. The reason for this
phenomenon is the underprediction of Amiet’s theory in upstream
lobes. So, from a low Mach number scaled to a high Mach number,
the sound pressure is underpredicted upstream. On the contrary, the
sound pressure is scaled from a higher Mach number, and the sound
pressure is overpredicted upstream.

The conclusion is verified again for the sound pressure of
NACA0006, as shown in Fig. 17(b). The sound pressure of Ma
¼ 0:1; 0:3 agrees well with the CAA results. The solution of the flat-
plate theory is slightly overpredicted. The sound reduction is minor
for the NACA0006 airfoil compared with the NACA0012 airfoil. The

FIG. 13. Sound pressure given by two cases with k ¼ 4Ma ¼ 0:7 and
k ¼ 8Ma ¼ 0:5.

FIG. 14. Sound pressure at Ma¼ 0.5 from direct CAA simulation. The flat-plate theory and scaled from other Mach number CAA results to Ma¼ 0.5 (k ¼ 1): (a) NACA0012
and (b) NACA0006.
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FIG. 15. Sound pressure at Ma¼ 0.2 from direct CAA simulation, the flat-plate theory, and scaled from other Mach number CAA results to Ma¼ 0.2 (k ¼ 1): (a) NACA0012
and (b) NACA0006.

FIG. 16. Sound pressure at Ma¼ 0.5 from direct CAA simulation, the flat-plate theory, and scaled from other Mach number CAA results to Ma¼ 0.5 (k ¼ 8): (a) NACA0012;
(b) NACA0006; and (c) NACA0002.
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sound pressure scaled from Ma ¼ 0:4; 0:5 is overpredicted upstream.
We can notice that thickness plays a vital role in sound reduction.

VII. SUMMARY

The scaling law of the sound generated by gust–airfoil interaction
is studied using results from the flat-plate theory and CAA simulation.
For airfoil thickness smaller than NACA0006 airfoil, the difference is
negligible for the scaled sound pressure for these methods. For
NACA0012, a considerable difference can be found. The scaled sound
pressure by using the scaling law from CAA results fit better.

The squared sound pressure varies with the Mach number as the
power of 5:132 at h ¼ 90� by the flat-plate theory with k ¼ 1. The
power of the Mach number changes with the angles of observers. In
our study, Fourier series with four terms are used to fit the power of
Mach number vs angles of observers for k ¼ 1.

Another way to scale the sound pressure for different Mach num-
bers is given by using the CAA results as the base sound pressure and
the ratio of sound pressure calculated from the flat-plate theory as
shown by Eq. (15). This method improves the prediction compared
with scaling laws by the flat-plate theory and CAA results. It gives a
better result than the flat-plate theory for the airfoil with a thickness
larger than the NACA0006 airfoil. For high reduced frequency cases,
the sound pressure upstream is difficult to predict because the sound
pressure, calculated by the flat-plate theory, is underpredicted
upstream.

To give a guide for sound prediction, in a high Mach number
range (Ma � 0:5), when the thickness of the airfoil is larger than
NACA0006, the scaled sound pressure can give a better prediction for
low reduced frequency cases and the downstream directions for high
reduced frequency cases. Otherwise, the flat-plate theory can predict
the sound generated by low reduced frequency gust–airfoil interaction.
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