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1. Introduction

Some of the most interesting examples of duality are provided by gauge theories. It is in
the context of duality that the redundancy of description built into the definition of a gauge
theory becomes fully visible. Equivalent theories may have different gauge groups, different
matter field representations and, overall, a very different number of degrees of freedom. It
is the strongly coupled nature of at least one of the theories involved that allows us to
imagine that two such radically different constructions could lead to the same quantum
system. A beautiful example of this phenomenon is Seiberg duality of N = 1 gauge theories



in four dimensions [1]. Several proposals have been made for dualities of three dimensional
supersymmetric gauge theories reminiscent of Seiberg duality [2][3][4]. We will try to
provide evidence for these conjectures, and, in the process, give a new check of some
previously derived results for supersymmetric quiver gauge theories involving monopole
operators [5]. The duality proposals in three dimensions are based on brane constructions
in type IIB string theory of the type introduced by Hanany and Witten in [6]. The brane
constructions provide motivation for the proposals and for the mapping of operators, but
do not constitute a proof.

The duality proposals we analyze involve superconformal Chern-Simons theories in
three dimensions, one of which is always strongly coupled. We will also analyze theories
with a Yang-Mills term and no Chern-Simons coupling. Duality in these theories applies
strictly only to the IR limit of the gauge theory, a limit in which the gauge coupling runs to
infinity. A perturbative comparison of quantities on the two sides of the dualities is therefore
not possible. One may still hope to compare quantities and features which do not depend
on the gauge coupling. The moduli space of the theory is one such feature. Another is the
expectation value of supersymmetric observables, such as the partition function, regarded
as a function of the FI and mass parameters, and supersymmetric Wilson loops. The
phenomenon of localization of the path integral makes the computation of such quantities
feasible.

We will carry out the comparison of partition functions and expectation values by
utilizing an appropriate matrix model. The derivation of the model and details of the
localization procedure can be found in [7]. A similar comparison for a different set of
duality conjectures, mirror symmetry of three dimensional N = 4 quiver theories, was
carried out in [8]. Our main result concerns an N = 3 version of the duality proposed by
Giveon and Kutasov [3] which relates superconformal Chern-Simons gauge theories with
gauge groups U (N.); and U(|k|+ Ny — N.)_, both with Ny fundamental hypermultiplets.
The subscript on the gauge group is the Chern-Simons level. The N; = 0 case of this
duality is essentially the level-rank duality of pure Chern-Simons theory. We prove that
for Ny = 1 partition functions of theories related by Giveon-Kutasov duality agree up to a
relatively trivial phase factor. The proof involves level-rank duality and relies on a rather
remarkable fact that the partition function of the superconformal Chern-Simons theory with
Ny hypermultiplets can be expressed as a finite linear combination of expectation values of
circular Wilson loops in Chern-Simons theories with Ny — 1 hypermultiplets. For Ny > 1
we give numerical evidence that Giveon-Kutasov duality holds for partition functions. We
also show that the duality of N = 6 Chern-Simons theories describing fractional M2 branes
proposed by Aharony, Bergman and Jafferis [4] follows from the Giveon-Kutasov duality.
This observation allows us to generalize the ABJ duality to a larger class of Chern-Simons-
matter theories most of which do not seem to have a realization in terms of branes.

The outline of the paper is as follows. In section 2, we briefly review the brane con-
struction for three-dimensional quiver gauge theories in [6] and the construction of the
matrix model for superconformal gauge theories in three dimensions. In sections 3 and 4,
we analyze, in turn, the Seiberg-like duality implied by the type IIB brane construction in
6], the duality proposal of Giveon and Kutasov [3] and the dualities related to fractional



M2 branes proposed by ABJ [4]. Appendix A contains the evaluation of a generic ma-
trix integral associated to the theories with no Chern-Simons term. Appendix B contains
elements of a proof of level-rank duality in pure Chern-Simons theory on S®. Finally, in
Appendix C we study the partition function of superconformal Chern-Simons theory with
Ny fundamental hypermultiplets and find an explicit expression for it in the case Ny = 1.
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2. Setup

In this section we describe the types of dualities we intend to study. We review the relevant
parts of the construction of gauge theories in three dimensions using branes in type I1B
string theory. We summarize the results of localization of the partition function on S* and
the ingredients of the resulting matrix model.

In [1], Seiberg proposed that the IR fixed point at the origin of moduli space of SQCD
in four dimensions with gauge group SU(IN.) and Ny massless flavors has dual descriptions
in terms of “electric” and “magnetic” variables. For Ny > 3N, the theory is not asymp-
totically free and the IR fixed point is Gaussian. For Ny < 3/2N, the theory is infinitely
strongly coupled in the IR, but there exists a dual IR free description in terms of “mag-
netic” variables, which are supersymmetric solitons in the original theory. In the window
3/2N. < Ny < 3N, the theory has a non-trivial RG fixed point and flows to an interacting
supersymmetric CFT. This CFT has a dual description in terms of SU(Ny — N.) SQCD
with Ny massless flavors, additional uncharged meson fields transforming in the (N, Ny)
of the flavor symmetry and a superpotential coupling the quarks to the meson fields.

We will study several duality proposals for three dimensional theories which resemble
Seiberg duality. The similarities lie in the connection between the “electric” and “magnetic”
gauge groups, such that the number of fundamental flavors appears in the rank of the
“magnetic” gauge group, and in the fact that the flavor symmetries in the “electric” and
“magnetic” theories are identified. This may be contrasted with mirror symmetry in three
dimensions where the rank of the gauge group is unchanged by the duality transformation,
while flavor symmetries are realized as topological symmetries in the dual theory. For the
Seiberg-like dualities, there are constraints relating the number of fundamental flavors and
the rank of the gauge group. These constraints now also include the Chern-Simons level.
Although N = 1 in four dimensions corresponds to N = 2 in three dimensions, we will only
analyze theories with at least N' = 3 supersymmetry in the three dimensional sense. This
is a necessary condition, but not a sufficient one, for identifying the conformal dimensions
of the fields of a generic theory at the IR fixed point. The theories of interest can all be
constructed as the low energy effective action on a stack of D3 branes ending on various 5
branes in type IIB string theory. We now review the elements of this construction.



2.1 Type IIB brane construction of supersymmetric gauge theories

The low energy action on an infinite flat type IIB d-brane is a maximally supersymmetric
gauge theory in d+1 dimensions. In some cases, some supersymmetry may be broken by
suspending a d-brane segment between two other branes. The resulting d dimensional
(dimensionally reduced) theory will still preserve a fraction of the original supersymmetry,
providing one chooses correctly the orientation of the branes. We briefly summarize the
rules of the game for constructing such a theory in three dimensions. The original derivation
can be found in [6], and some additional details in [9].

Three types of branes enter into the construction

e D3 branes whose world volume spans the (0,1, 2, 6) directions. The low energy world
volume action on these is N =4 SYM in 4 dimensions. Having the branes terminate
on various 5-branes will reduce this to N = 2, 3,4, 6,8 in three dimensions.

e NS5 branes spanning the (0,1,2,3,4,5) directions.
e NS5 branes spanning the (0,1,2,3,8,9) directions.
e D5 branes spanning the (0,1,2,7,8,9).

e A bound state of 1 NS5 brane and k D5 branes, called a (1, k) brane, spanning the
(0,1,2,3/7,4/8,5/9) directions, with the last three numbers indicating that the brane
may be tilted in the corresponding plane.

A generic configuration of D3 brane segments stretching between 5-branes preserves
4 supercharges on the D3 brane world volume, and so N = 2 supersymmetry from the
three dimensional viewpoint, and has a supersymmetric vacuum provided the following
restrictions are satisfied

e The D3 segments may form a line (linear quiver) or a circle (elliptic quiver). We
consider only connected configurations. Disconnected configurations correspond to
decoupled theories.

e At most one D3 brane may stretch from a specific solitonic 5-brane to a specific D5
brane. Only n < k D3 branes may stretch from a specific NS5 brane to a (1,k)
brane. D3 brane segments ending on opposite sides of a 5 brane and coincident in
the (3,4,5,7,8,9) directions may be thought of as piercing the brane and are not
counted for the purposes of this restriction. This is known as the “s rule” [6]. If a
stack of branes can be arranged so as to satisfy the rule, by thinking of the various
D3 branes as either piercing or beginning and ending on a 5 brane, then the theory
has a supersymmetric vacuum. Such a vacuum may correspond to part of a Coulomb
branch, a Higgs branch or a mixture of the two.

The field content of the low energy N = 2 theory is read off a brane configuration using
the following rules



e Every set of n coincident D3 brane segments stretching between two subsequent
branes of type {NS5, NS5, (1,k)}, whether piercing additional D5 branes or not,
contributes a U(n) N = 2 vector multiplet and an adjoint N = 2 chiral multiplet.
The mass of the extra chiral multiplet, and its superpotential coupling depends on
the orientation of the branes.

e A D5 brane pierced this type of segment contributes a fundamental hypermultiplet.
This is the result of the 5 — 3 string which has massless modes when the position of
the D5 is adjusted so that it touches the D3s.

e 3 — 3 strings stretching across solitonic 5 branes separating a segment of the type
described above contribute bifundamental hypermultiplets.

The action for the theory is that of minimally coupled N = 2 gauge theory with
fundamental and anti-fundamental flavors. If the right superpotential is produced, this
may be enhanced to N = 4. The gauge coupling is proportional to the distance in the zg
direction between a pair of solitonic 5 branes. When one of the branes is of (1, k) type, the
segments to the left and right get, in addition, a Chern-Simons term at levels k and —k
respectively. The superpotential and masses for the hypermultiplets depend on the exact
relative orientation of the 5 branes. We refer the reader to [6] and [9] for more details.

The effect of moving D5 branes past solitonic 5 branes was studied in [6]. Such moves
may result in the creation or destruction of D3 brane segments. The low energy theory,
however, remains unaffected - one mechanism for producing massless hypermultiplets hav-
ing been traded for another. One may also try and move solitonic branes past each other.
Such moves underlie the duality proposals we intend to examine. In the absence of Chern-
Simons interactions, such a maneuver necessarily involves a singularity where the gauge
coupling becomes infinite. When one of the solitonic branes is of type (1,k) or NS5, it
seems that the situation is more mild. We will examine both scenarios.

2.2 Supersymmetric localization

The partition function of an N = 2 superconformal field theory on S? (with or without
Chern-Simons terms) may be computed by supersymmetric localization provided the con-
formal dimensions of all fields are known [7, 8]. One can deform the theory by turning
on scalar components of background vector multiplets which couple either to flavor or
topological currents; we refer to such deformations as real mass parameters and FI terms,
respectively. Supersymmetric localization applies to deformed theories as well. Finally, one
can use the same method to compute the expectation values of some special observables:
supersymmetric Wilson loops [7]. Localization reduces the path-integral to an ordinary in-
tegral over the Lie algebra of the gauge group; since the integrand is invariant with respect
to the action of the gauge group, the integral can be further reduced to an integral over
the Cartan subalgebra. We will refer to such an integral as the matrix integral.
Generically, one can determine the conformal dimensions of all fields for superconformal
Chern-Simons theories with at least N = 3 supersymmetry, and for the IR conformal fixed
point of N = 4 gauge theories with a Yang-Mills term and no Chern-Simons term as long



as the theory contains a sufficient number of hypermultiplets (see below). In both cases,

the conformal dimensions are fixed by the R-symmetry charges of the fields. In all that

follows, we refer to the computation of this localized version of the path integral on S3.

Details of the deformation, and the derivation of the matrix integral, appear in [7].

As a result of the deformation, the path integral calculation reduces to a matrix model

integral. We will deal exclusively with U(NN) gauge groups and with matter which fills out

a complete N = 4 hypermultiplet. The field content of the theory and its action determine

the variables and measure for the matrix integral in the following way

Every gauge group G contributes rank(G) variables to the integral. For G = U(N)
these are written as a diagonal Hermitian matrix o or as the corresponding eigenvalues
{)\i}f\;y The range of integration is over the entire Cartan subalgebra, i.e. the entire
real line for every A;.

Every vector multiplet, which includes the connection for the group G, contributes a
factor

zyesier = [ [ 2sinh(ra(o)) (2.1)

where the product is over the roots of the Lie algebra of G. For G = U(N) a(o) =
Ai — A; for every pair i # j.

A level k Chern-Simons term contributes®

ewikTrf(GQ) (22)

Yang-Mills terms for a gauge group do not contribute to the matrix model.

Coupling a U(1) topological current e#*?TrF,, arising from a U(N) gauge field to a
background vector multiplet gives an FI term with coefficient 7 which contributes a
factor of

e2minTry (o) (23)

Every N = 4 hypermultiplet (matter) in a representation R of the gauge group
contributes 1
et T ———— 2.4
1—loop 1;[ 2 cosh(mp(o)) (2.4)
where the product is over the weights of the representation R. For the fundamental
representation of G = U(N), p(o) = A; for 1 < i < N. When a background vector
multiplet generating a (real) mass parameter is included, the effect is just a shift

1
Zhyper+background —
1-loop 1;[ 2 cosh(mp(o) + mm)

(2.5)

Here Tr; denotes the trace in the fundamental representation of U(N).



e Finally, we divide by the order of the Weyl group to account for the residual gauge
symmetry remaining after gauge-fixing the integral over the Lie algebra to the integral
over the Cartan subalgebra. For G = U(N) this factor is 1/N.

In general, the resulting integral over the Cartan subalgebra is not absolutely con-
vergent. If Chern-Simons couplings for all simple gauge group factors are nonzero, then
the integrand contains an oscillating Gaussian factor (2.2), while the rest of the integrand
grows at most exponentially. In this situation the integral may be defined by giving all
Chern-Simons couplings a small positive imaginary part and taking it to zero in the end.
If the Chern-Simons couplings for some or all simple gauge group factors are absent and
the integrand does not decay in all directions in the eigenvalue space, the integral cannot
be defined in this way and one has to interpret the divergence. The partition function of
a supersymmetric theory on a flat space-time may be divergent if there is a noncompact
flat direction in the scalar potential. However, on a space of positive scalar curvature like
53 all scalars have a mass term proportional to the curvature, and one expects that the
partition function is finite. Hence a divergence signals that some of the assumptions which
went into the computation are wrong. The main assumption that we made is that the
dimensions of the fields are determined by their transformation properties under SU(2)
R-symmetry apparent in the action. This assumption may break down if there are acci-
dental R-symmetries which emerge at strong coupling and are not realized as symmetries
of the action. We propose that the divergence of the matrix integral signals that the naive
SU(2) R-symmetry is not part of the superconformal multiplet of the stress-energy tensor
at strong coupling.

This proposal is supported by the following observation. Gaiotto and Witten [5] for-
mulated a seemingly different necessary condition for the naive R-symmetry to be part of
the stress-energy tensor multiplet. They required that the dimensions of all BPS monopole
operators computed assuming the naive R-symmetry be greater or equal to 1/2 (this is
required by the unitarity of the theory). This gives the following condition for every simple
factor G of the gauge group:

5l + 5 3 lo(r)] >
o P

where « runs over all roots of G, p runs over all weights of the hypermultiplet representation

(2.6)

NN

(with multiplicities), and 7 is an arbitrary nontrivial element of the cocharacter lattice?
of G (7 determines the magnetic charge of the monopole). Theories which do not satisfy
this condition are called “bad” in [5]. Among theories which are not “bad”, Gaitto and
Witten further distinguish theories which have BPS monopole operators with dimension
1/2 and those for which the dimensions of all BPS monopole operators are strictly greater
than 1/2. The former theories are called “ugly” and the latter ones are called “good”. The
reason for this terminology is that scalar fields of dimension 1/2 in any unitary 3d CFT
must be free, so “ugly” theories contain decoupled free sectors.

?Recall that the cocharacter lattice of G is a lattice in the Cartan subalgebra defined as Hom/(U (1), T))
where T is the maximal torus of G.



The condition (2.6) is in fact equivalent to the condition that the matrix integral
computing the partition function is absolutely convergent. Note first that since weights of
G take integral values on the cocharacter lattice, the above condition is equivalent to

= la(m)+ ) lp(r)| >0
a P

for all nonzero 7 in the cocharacter lattice. On the other hand, consider a ray in the
Cartan subalgebra determined by a vector 7. It is easy to see that far out along this ray
the absolute value of the integrand asymptotes to exp(—ta), where t € R} parameterizes

a==> la(m)|+>_Ip(7)]
a P

Thus the Gaiotto-Witten condition is equivalent to the requirement that the integrand

the ray and

decays exponentially along all rays with rational homogeneous coordinates. Since such
rays are dense in the set of all rays, and a, if positive, is bounded from below by 1, this
implies the equivalence of the Gaiotto-Witten condition and the absolute convergence of
the integral computing the partition function. That is, the partition function diverges if
and only if it is “bad”.

In particular, for G = U(N,) and Ny hypermultiplets in the fundamental representa-
tion, the partition function converges for Ny > 2N, — 2. For Ny = 2N, — 1 the partition
function converges, and there are BPS monopole operators with dimension 1/2, i.e. the
theory is “ugly”. We will return to this example in the next section when we discuss quiver
gauge theories without Chern-Simons terms.

Some of the integrals resulting from the localization procedure can be challenging to
evaluate. In some cases, specifically in the presence of Chern-Simons terms and Ny > 1, we
have used numerical integration to compare the partition functions of dual theories. Where
numerical results are provided, the integrals were performed using the CUHRE numerical
integration routine available in the CUBA library [10] and using the Mathematica interface.
The calculation for large rank gauge groups becomes increasingly numerically demanding
and only low rank results are provided.

3. Seiberg-like Dualities

In the next two sections, we examine, in turn, three duality proposals for gauge theories
in three dimensions. The relevant theories differ in the amount of supersymmetry and the
presence or absence of Chern-Simons terms for the gauge fields.

In a 3d gauge theory in the absence of a Chern-Simons interaction, the IR fixed point
is infinitely strongly coupled. The conformal dimensions of the fields may not coincide with
those expected from their R-symmetry charges seen in the UV. The Chern-Simons inter-
action is exactly marginal, though the level can receive a finite renormalization. Theories
with a Chern-Simons term and no Yang-Mills term can still have wave function renormal-
ization. This would result in a non-vanishing anomalous dimension for the matter fields.
Both of these effects are absent for theories with N > 3. Specifically, ABJ type theories
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Figure 1: Brane manipulations in type IIB string theory which yield a naive dual. Solid vertical
lines are NS5 branes. Horizontal lines are coincident D3 branes. Dashed lines are D5 branes. The
legend indicates the compactification direction (t or xg) and the directions of possible triplet mass
(m) terms (3,4,5), and possible triplet FI (w) terms (7 8 9). Directions (0 1 2) are common to the
world volume of all branes and are suppressed. We first move Ny D5 branes through the right NS5
brane, creating Ny D3 branes in the process. We then exchange the two NS5 branes, changing the
number of suspended D3 branes in the interval.

[4], with N = 6, and the N = 3 version of the theories described in [3], are expected to be
exactly superconformal.

We will accompany every duality proposal with a realization in terms of branes in type
IIB string theory. Brane manipulations do not constitute a proof of the duality, but do
provide motivation and insight into the mapping of operators and deformations. All of
the manipulations are along the lines of [6]. However, some involve moving a pair of NS5
branes past each other, a scenario in which the gauge coupling for the vector multiplets
living on the D3 branes suspended between the pair goes to infinity. We will see that
this, nevertheless, yields dual theories with matching partition functions, whenever the
calculation can be done.

3.1 A naive N = 4 duality

Following the results of [6], one can try to manipulate a type IIB brane configuration like
the ones described in the setup to obtain, from a given three dimensional theory, a gauge
theory with a gauge group of different rank. The basic manipulation, which was introduced
in [6], is shown in figure 1 above. The constraints taken into account in this manipulation
are preservation of the various “linking numbers” and the “s-rule” [6]. The critical step,
moving two NS5 branes past each other, turns out to destroy the naive IR duality one would
expect by reading off the gauge theories given by the initial and final brane configurations.
In this section, we explore what the calculation of the deformed partition function implies
for these theories. We write down a prescription for possible dual theories. We relate our
findings to previous observations regarding such theories [5][11] and find that they concur.

The initial and final brane configurations depicted in figure 1 naively suggest an IR
duality between a pair of N = 4 quiver gauge theories in three dimensions. The putative
dual pair is

1. N =4,U(N.) gauge theory with Ny hypermultiplets in the fundamental representa-
tion.
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Table 1: Exact result of the matrix integral for a partition function deformed by an FI term (.

2. N=4,U(Ny — N.) gauge theory with Ny hypermultiplets in the fundamental repre-
sentation.

We note that this pair resembles the N = 2 dual pair suggested in [2]. The difference is in
the amount of supersymmetry, which, as noted, is critical for applying the results of the
localization procedure.

3.2 Partition function with FI parameters

The integrals involved in the calculation of the partition functions, deformed by FI pa-
rameters and real mass terms, can be done exactly in this case, see appendix A. Some
examples are given in table 1. All these examples are “good” or “ugly”, since otherwise
the partition function does not converge. It is clear that the results contradict the naive
duality presented above. We can try and correct the statement of the duality “by hand”.
The two sets of results suggest the following possible identification

e U(1),Ny =30 U(1),N; =1« U(2), Ny = 3
e U(2),N;=50U(1),Nf =1 U(@3),N;=5

where & indicates the product of two decoupled theories.
More generally, the partition function can be calculated with arbitrary FI () and mass
terms (m;). The result, derived in appendix A, is the following:

(N.) Nf iNj=1gmn N. , Nc — N. Ny . -1
it = (V) rtipam) (fm) (T o)
‘7:

=1 k=Nc+1 {m;}

where the bar at the end denotes symmetrization over the m;. As shown in the
appendix, the equivalence noted above continues to hold in general. Namely:

ZSN (my) = 20 (it man_1) ZSn-y) (—nimy)

Note that a U(1) theory with a single charge 1 hypermultiplet is equivalent to a free
theory of a single twisted hypermultiplet [12]. The appearance of decoupled sectors might
seem like a surprising result, especially in light of the fact that the other proposed dualities,
discussed later in this paper, have no such subtleties associated with them. However, we
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Figure 2: Brane manipulations in type IIB string theory which yield a duality between Chern Si-
mons theories. Panels (b) through (d) relate a pair of theories without CS terms. The deformations
of the theory needed to go from (b) to (a) and from (d) to (e) are identified.

stress that brane manipulations do not provide a proof of the types of IR dualities we have
been analyzing. Furthermore, the appearance of decoupled sectors in the IR theory has
previously been predicted using the analysis of monopole operators [5, 11]. Namely, the
U(N.) theory with Ny = 2N.—1 fundamental multiplets is “ugly”, and contains a decoupled
free sector generated by BPS monopole operators of dimension 1/2. It was argued in [5]
that the “remainder” is dual to the IR-limit of a “good” theory, namely U(N,. — 1) gauge
theory with Ny = 2N, — 1. The above computation of the partition functions provides a
check of this duality.

The analysis of monopole operators provides some understanding of why the naive
N = 4 duality cannot be true in general. The naive dual of a “good” theory (Ny > 2N.)
is either “bad”, when Ny > 2N, + 1, “ugly”, when Ny = 2N, + 1 (giving the examples
above), or self-dual, when Ny = 2N.. We can never get a duality between a distinct pair
of “good” theories. If the naive dual is “ugly”, we can try to correct the naive duality by
adding some free fields to the original “good” theory; we have seen that this works. If the
naive dual of a “good” theory is “bad”, there is no way to correct the naive duality.

4. Duality in Chern-Simons Matter Theories

A duality very similar to the one considered in the previous section was suggested in [3].
The dual pair proposed there is

1. N =2 U(N.)y, gauge theory with Ny hypermultiplets in the fundamental represen-
tation (that is Ny fundamental chiral multiplets @; and N anti-fundamental chiral
multiplets @7) and no Yang-Mills term.

2. N=2U(|k|+ Nf— N.)_j, gauge theory with N hypermultiplets in the fundamental
representation (¢; and ¢’), no Yang-Mills term and an Ny x Ny matrix of uncharged
chiral fields, M J’-', coupled via a superpotential of the form M J’fqicjj .

- 11 -



where the subscript k& denotes the level of the Chern-Simons term associated to the gauge
group. It has been argued that N = 2 Chern-Simons theories with Ny + |k| < N, do not
have a supersymmetric ground state. The dual theory would, in that case, have a negative
rank gauge group. We will not consider such theories.

In order to compare the partition functions, we use a version of the duality that
preserves N = 3 supersymmetry by adding the corresponding superpotential to the electric
theory (1). This has the effect of giving mass to the matrix M ; and producing the correct
superpotential on the magnetic side. Figure 2 shows the brane manipulations that lead to
the dual configurations. The naive version of the duality described in the previous section
is the “k = 0” version of this proposal (assuming we start with an N = 3 gauge theory with
both a Yang-Mills and a Chern-Simons term). However, we will find that the calculation
of the partition function supports the dualities suggested in [3] without alteration.

Specifically, we will show that:

Ne¢ n(k)mi(c —n? k|+N;—N.
Z]EJVJ)C(U) _ esg (k)mi( [k|,N =1 )ng[Nf f )(771) (4‘1)

where the LHS represents the partition function of a theory with N, colors, N fundamental
hypermultiplets, Chern-Simons level k, and an FI term 7. Here ¢ n, is a constant, whose
form will be given in some special cases below. We will prove this in the cases Ny = 0,1,
and give numerical evidence for some other small Ny.

4.1 Level-rank duality: Ny =0

In the special case where Ny = 0, the duality is between ordinary Chern-Simons theories
without matter.® In fact, as noted in [3] and discussed in detail below, it reduces to the
well-known level-rank duality.

The Chern-Simons partition function for G = U(N) and k > 0 is given by:

1 i am \V "
S 2si 4.2
(k + N)N2 m:1< Sm/-c+N> (4.2)

Level-rank duality implies that this expression is invariant under exchange of k£ and N (i.e.
the level and the rank). We provide a proof of this in appendix B .

Now, when we actually evaluate the Chern-Simons partition function using the matrix
model, we get a slightly different result:*

N 1 ikm\;2 _2min\; :
ZIE‘,O)(??> — ﬁ / Hd)\je kA 62 nA; Hlenhﬂ'()\i — )\])
J 7]
_ (_1)N(N71)/2 Z(_l)a / Hd)\jeikrr)\jQGQﬂ'in)\j627r(j+0(j)7(N+1)))\j
a J

3More precisely, one gets an an N = 3 supersymmetric version of the Chern-Simons theory, but it is well
known (see e.g. [7]) that the extra fields are auxiliary and when integrated out give back ordinary, bosonic
Chern-Simons theory.

4To get from the first to the second line, we use the Weyl denominator formula. See appendix B for
more details.
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= (=1 N(N /2 —ik) N/QZ H T (intj+o(j)—(N+1))?
o J

N2 Nowi B B
(—1)NW=-1/255= ¢~ zu ear NV -1) N 1( 7Tm>N "

P 2T

m=1

This differs from (4.2) in two ways. First, there is an additional phase, which may
be attributed to using a framing which is different from the standard one [7]. The trivial
framing partition function (without the FI term) would be given by:

N—m
k,o = k:N/2 H <2$1n>

This is still not quite the same as (4.2), but differs by a shift ¥ — k + N. This
appearance of k + N in the standard result is due to the renormalization of the Chern-
Simons level, which does not occur in N = 3 Chern-Simons theories because of the enhanced
supersymmetry.

In any case, the the invariance of (4.2) under N <> k implies the invariance under
N < k- N of Z(N )
result, for k£ > 0:

After accounting for the additional phase, one finds the following

240 () = emero ) 280 ()

where ¢, o is given by:

1
Cro = —E(k:Q — 6k +2) (4.3)

One can extend this to negative k by inverting the above equation, and we find, in
general:

Z) () = egn®Imiteno=n®) 7B ()

This completes the proof of (4.1) in the case Ny = 0.

Before moving on, it will be useful to remind the reader how Wilson loops map under
level-rank duality. Recall that a Wilson loop is labeled by a representation R of U(N),
which in turn can be represented by a Young diagram «. Such a Wilson loop is mapped in
the dual theory to a Wilson loop in the representation labeled by o/, the transposed Young
diagram. Specifically, as shown in appendix B , we find:

Z}S\é)(n; Q) = (_1)\alesgn(kz)wi(qk\,o—UQ)Z(_V]z\’aN)(_n; o) (4.4)

where the LHS is the (unnormalized) expectation value of the Wilson loop corresponding
to a, and |«/| is the total number of boxes in the diagram.
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4.2 Adding matter: Ny =1

Next we add matter. We will consider the simplest case, a single massless hypermultiplet
in the fundamental representation. Then the partition function deformed by the FI term
is given by:

szr)\ 27rin)\ i

kl (n) N'/H J—Qcosh ) H2sinh7r()\i—)\j)
1#]

This is no longer a Gaussian integral. However, it turns out it is still possible to
evaluate it exactly,’ as shown in appendix C. Specifically, for & > N, we find that we can
express the partition function of Ny = 1 theory in terms of a sum expectation values of
unknotted Wilson loops in pure Chern-Simons theory:

(N) —ikm/4 ™ (N) 7:.
Z e E zW —|— + E Z —
ka () = 2cosh (mn) ( k.0 77 ,Pe ¢ — o' (1= 2’6[)1))

(4.5)
One can obtain a similar result for £ < 0 using ZEJZ’)O(n) = (Z,%)(—n*))*.

Since expectation values of Wilson loops in pure Chern-Simons theory are known (see
Appendix B), one can write down explicit expressions for the Ny = 1 partition function in
terms of elementary functions. These explicit expressions are rather complicated and are
not well-suited for checking the duality. We use instead the known mapping of the Wilson
loop expectation values under level-rank duality. If we apply (4.4) to all of terms on the
LHS, we obtain:

(N) —ikm /4 e m’(ckio_(%i)?) (k+1-N) 1
A L E : A —n — —:lp1)+
kol (n) = 2cosh(7r77 ( ’ —k0 (= 2’ 2y

. k—N .
i —n? 1 — Yy /4 kJrl N L i k—N t
=m0 )2(:()sh(7m)< =D/t Z 2% )(—n—§;fpl)+e Nz )(—n+2;pe)>
/=0

Comparing this to
(k+1-N) 1 kZ_N (k=) i NZ_l S (k+1-N) i
+1-N),  \ _ ikm/4 Ny, ot 7r _ =Ny .
ka71 ( 77) - 2COSh(7T77) <€ Zflg(] ( 1N+ ,pé)—l-e n . ( 1) —k,0 ( n 27&)1))

we deduce the duality statement for partition functions deformed by FI terms:

®We thank E. Rains for very helpful input on this point.
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’ Original ‘ Dual ‘ | Z1/ 25| ‘ arg(Zy/Zs)/m ‘
U(1)2, Ny =1 | U(2)_2, Ny = 1 | 0.999992 |  0.750008

)
U(1)1,Nf =2 | U(2)_1,N;=2| 1.00001 | 0.249998
U(1)g, Nf =2 | U(3)_2, Ny =2 | 1.00005 | —0.250026
U(1)1,N;=3 | U(@3)_1,N; =3 | 1.00019 | —0.999961
U(1)s,Ny=1| U(3)_3,N;=1| 1.0003 0.333432
U(2)2, Ny =3 | U(3)_2, Ny =3 | 1.00781 |  0.999736
U(2)3, Ny =2 | U(3)_3, Ny =2 | 1.00165 | —0.168363

Table 2: Results of numerical integration of the matrix model expression for the partition functions
of several different Chern-Simons matter theories.

N (e 1—m2) p(k+H1—N
Zlg,l)(n) — em(ck,l n )Z(*/::l )(_,,7)‘ (4.6)
Here we have defined ¢ 1 = ci0 — %(k —-1)= —1—12(/’62 — 3k —1). Asin the previous section,

this generalizes to arbitrary k by:

Zlgf\{) (77) _ esgn(k’)m’(qk\,1—772)Z(_“Z"'1H_N)(_77). (4.7)

For Ny = 1 introducing the mass term for the hypermultiplet does not give anything
essentially new. Indeed, consider U(N.) gauge theory with Ny hypermultiplets with masses

mi,...,my, and an FI coefficient 7. It is easy to see that performing the transformation

f
mi—m; +p, n—=n+ku
multiplies the partition function by a phase
exp(—miNkp? — 2miNenu).
For Ny = 1 one can use this transformation to set the mass of the hypermultiplet to zero.

4.3 More flavors

As discussed in Appendix C.3, for general Ny one can perform manipulations similar to
the ones used to derive (4.5) and express the partition function in terms of Wilson loop
expectation values in a theory with one less flavor, N ]’c = Ny — 1. However, in order
to determine how the partition functions map, one would need to understand how these
Wilson loops transform under duality for Ny > 0. We leave this problem for future work.

As shown in table 2, we were able to evaluate the partition functions numerically for
some small Ny. The absolute value of the dual partition functions agrees to good precision.
Additional comparisons for the magnitude of dual pairs are given in figure 4 and results
for the phase difference in figure 5 at the end.

Evaluating the formulas in appendix C.3 numerically for several examples, we were
able to guess the mapping of partition functions for general Ny and hypermultiplet masses.
We will not describe these computations in detail here, as we hope to prove this formula
analytically for Ny > 1 in a future paper. For now, we simply state the conjecture:
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N N+k-|

Figure 3: Brane manipulations in type IIB string theory which yield a duality between Chern
Simons theories of an elliptical quiver. An NS5 brane moves past a (1,k) brane creating k and
destroying { D3 branes in the process. Reproduced from [4].

Z;(g]\][\;; (1) = RLOLICTE _Uz)eza(kﬂima2+2ﬂinma)Zgz!;;vf*]\fc) (=1 ma) (4.8)
where:
L oo
Ck,N; = _E(k +3(Ny = 2)k +an,)
with:

—1 Ny =1(mod 4)
aNf = 2 Nf = 2,4(mod 4)
—13 Ny = 3(mod 4)

One final thing we can say about general N theories is that, for N. > |k| + Ny, the
partition function vanishes (see appendix C.3). This is presumably related to the fact that
these theories are not believed to have supersymmetric vacua.

4.4 Duality in theories of fractional M2 branes

A similar duality in the context of N'= 6 theories of fractional M2 branes was proposed in
[4]. The relevant brane moves are shown in figure 3. These dual pairs are

1. UN +0);, x U(N)_, with two bifundamental flavors.
2. UN) x U(N + k — £)_j, with two bifundamental flavors.

for any k > [. This is nothing more than the duality studied in the last section, performed
on only one of the factors in the gauge group. The fundamental flavors in the first gauge
group retain their charge under the second gauge group after the duality transformation.
Said differently, ignoring the second gauge group, the flavor symmetry associated with
having N fundamental flavors maps to itself under the duality transformation, and the
theories where this symmetry is gauged by the second gauge group should also be equiva-
lent. (The fact that flavor symmetry is mapped to itself by duality can be deduced from
the matrix model by examining the mapping of real mass terms for the flavors. The results
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in C suggest that the flavor symmetry maps to itself. This can also be seen directly in the
brane construction used to motivate the duality.)

The relation between the partition functions of these two theories can be deduced from
the conjectural identity (4.8) expressing Giveon-Kutasov duality as follows. We will look
at a slight generalization of the ABJ duality above. Consider the partition function of the
U(N1)g, x U(N2)g, theory with N, bifundamentals:

Na
N1,N: 1 N2 oy .
2121,114:2,1313,(7717772) ATl / H A\ ;e 2T HQsmh (A — Aj) %
j=1

i#]j
N ki mi2 i A 1
x [T dr:e ™5 2% Tl 2sinh r(\: — A - :
H J H (i = %) H (2coshm(As — A;))No
]:1 ’L;é] 25 J

One recognizes the second line as the integrand for a U(Nj)y, theory with NNy funda-
mentals, with N, each of mass A;, that is:

No
Ni,N. 1 Tin2 2mimas . N
Z e, (15 12) = NiING! / [T dnsetamemim TT 2sinh (A= \) Z, N, w, (115 Nox {Ag3):
j=1 i#]

Applying the duality identity (4.8) to Z,ijlv}\),b N, gives:

Zlijl\%\)beQ (1 Nbx{)\j}) _ QSgn(kl)m(Clh\,NbN2—7712)€Nb Zj(klm)\j2+27rim)\j)Zggl;ﬁ;\gfi\&—l\h)(_,,71; Nbx{)\j})-

Inserting this back into the expression for Z,gjlvllsz]f% above, we find (defining Nj = |ki| +

NbN2 — Nl)i

sgn(k1)mi(c|r, |, N, Ny —1117) Na , 4
Z,glv}czNﬁ,i(m, ) = € o ‘b /H d)\je(k2+kal)7T’L)\j2€2TI'Z(771+Nb772)/\j Hgsinhﬂ()\i_Aj)X
e j=1 i
I S c s 1
x [[dre ™™ e mA [T 2sinhw(A; = A) [ ]

N — )V
5=1 it i (QCoshTr()\j Aj))Ne

This implies the following relation between the partition functions of the dual theories:

NuN n(ky )i Cm2) (NI
ZNN) (1, 70) = B ROl )Z(—ki,kzlebkl,Nb(_m’m + Nom).

If we consider the special case Ny = N +{, No = N, k1 = —ky = k, and N, = 2, the above

equation becomes:

N+¢,N n ; 1,2 N+k—4,N
Zli,;liz )(771’,,72) — esen(k)milei v —m )Z(fk,:g )(_771,772 +2m),
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which is just the ABJ duality. We remind the reader that these relations depend on the
formula 4.8, which is currently only a conjecture for Ny > 1.

These considerations indicate that the ABJ duality is a special case of a large class of
dualities between N = 3 Chern-Simons theories with product gauge groups U(N7) X ... X
U(Njps) and matter in the multi-fundamental representations (i.e. representations which
are tensor products of fundamentals). All these dualities follow from the Giveon-Kutasov
duality. In the example above, U(Np)g, X U(N2)g, theory with N, bifundamental hyper-
multiplets, applying the Giveon-Kutasov duality to the first factor gives a gauge theory
with gauge group U (|k1|+NpyNa—N1)_k, X U(N2)py+ N,k and Ny bifundamental hypermul-
tiplets. Note that dualizing the first factor in the gauge group also shifts the Chern-Simons
coupling of the second factor. This shift originates form the m-dependent phase in (4.8).
Recall that masses can be regarded as expectation values of scalars belonging to back-
ground vector multiplets which couple to flavor symmetries. The m-dependent phase in
the partition function arises from the Chern-Simons action for these background vector
multiplets. In the ABJ theory these background vector multiplets are promoted to dynam-
ical fields with their own bare Chern-Simons action, and the Chern-Simons term arising
from the duality produces a finite renormalization of the bare Chern-Simons coupling.

5. Discussion

The naive duality based on moving NS5 branes past each other in space with which we
started, and which was considered in the original paper by Hanany and Witten [6], was
beyond the reach of our localization procedure for all but a few special cases. In these cases,
Ny = 2N, — 1, the exact relation between the putative duals included a decoupled free
sector. This observation had already been made by examining the spectrum of monopole
operators [5]. There is still the possibility that some of the other cases could be examined
using localization techniques. Interestingly, it turns out that if one computes the partition
functions for these “bad” theories assuming their IR and UV conformal dimensions match,’
the duality appears to hold in general, up to a decoupled sector which has Ny = N.. It
would be interesting to see whether this is just pure coincidence. We note that the dualities
involving Chern-Simons terms are also motivated by brane moves in which NS5 branes move
past each other. However, these branes are now oriented differently, one being an NS5’.

We have shown a considerable amount of evidence for Seiberg-like dualities involving
N = 3 Chern-Simons-matter terms. All these dualities seem to originate from the Giveon-
Kutasov duality. Perhaps the most interesting further direction would be an examination
of the mapping of supersymmetric Wilson loops, as these theories generalize the topological
bosonic Chern-Simons theory, and the Giveon-Kutasov duality can be thought of as a gen-
eralization of level-rank duality. Further dual pairs can also be constructed by considering
more complicated quivers as was done for mirror symmetry. The ABJ duality [4] is an
example of this with an elliptical quiver.

5 As already mentioned, this does not appear to be justified, and moreover, the partition functions diverge
in these cases. Thus one must define it by a suitable analytic continuation. We will not delve further into
the details of this calculation, or its possible physical relevance, in this paper.
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A. Evaluation of the Partition Functions without Chern-Simons Terms

Consider the partition function for a U (INV.) gauge theory coupled to Ny fundamental hypers
with masses mg, a = 1, ..., Ny, and with an FI-term 7. This is given by the following matrix
model:

27ri77)\ i

H 2sinh w(A; — ;)

Nf 1 2coshm(Nj —ma) iZ;

Nc
ZJ(Vf)(7 m;) NI/H

We will borrow the periodicity formula of appendix C.3, which can be applied in the
case k = 0, to find:

N . i
! Z‘Nf71€27rl7](mb—%)67r(chl)

Z(Nc) ‘m 1 NfeQFnz(Nc) ‘mj) = . Z(Nc—l) +£§ Me \ M
(m3m;)—(=1) Ny (15 m;) ~ Ha;,ngSth(mb “mg) N1 (n B a\Mp)
Or, solving for the partition function:
1 Ni iNp—1 2min(my— ) gr(Ne—1)m

b WVe-1)

Z( L
(n;my) = 1+ (=1)Nr— 1627”72 [Tazp 2sinh m(my — my) Ny—1 (n+2,m \ o)

Applying this formula again to the partition function on the RHS, we get:

1 )2 Z‘Nf*1€27ri77(mb1—%)eﬂ'(Nc—l)mbl
X

Z(N()
(n; mJ) <1 + (_1)Nf*16271'7] Hal#bl 2sinh w(mpy, — mq, )

Z'Nf—leQWin(mbz —%)GW(NC—3)7TL}72

A
) bz;é:b Taytv, by 280D (M4, — 1205) = N7 72 (14 d5ma \ {1, m, })
2 1 ’

If N. < Ny (as is necessary for the partition function to converge), this terminates
after IV, iterations, and we find:

‘Ne—1_71 Ne N 1.
(Ne)g, oo N e 27”77mb 27 ( C+ —J)mp.
ZNf (n;m;) = <1+ (_1)Nf—162m,> Z Z Z H '

b1 ba#bi by #b1,....bn.—1 =1

~1
><< H 2sinh w(mpy, —mq, ) H 2sinh w(mp, —may). .. H ZSinhﬂ(mch—maNc)>

a17#b1 a27#b1,b2 AN, F#b1, BN -1

There are (]\,NifN) terms in this sum. Consider, for example, the term with b; = j.
Then we get:
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‘Ne—1,m N. Ne
< Vs~ tem > Hemnmjezw(]vz“—j)mjx
Ni—1_2

1 ( 1) ! e=m j=1

-1
><< H 2sinh (my — mg,) H 2sinh 7w(mg — myg,)... H 2sinh m(my, —maNc)>

a1>1 az>2 an.>Nc

Np—1 7 N Ne
_ < it em > He%mmjezw(lvc;lfj)mjx
- Ni—1.2

1+ (—1)Nr—te2m e

i<j j=1k=Ng+1

Next consider the portion of the sum where b; = o(j), for some permutation . This
gives:

‘Nr—1_7n N, Ne
3 e [ e2imms 2 =ime )
1+ (_1)Nf—1€27r7] ]
o ]:1

Ne -1, N. Ny —1
X <H 2sinh w(ma(l) — mU(J))> < H H 2sinhw(m; — mk)>
i<j =1 k=Nc+1
iNg=1em Ne , Ne i N1 .
_ M _ 1\ .2m(55= —5)me (5)
(st () (preesrms),
N -1, N, Ny -1
X (HQsinhﬂ'(mi m])> (H H 2sinh 7w(m; mk)>
i<j j=1k=Ng+1

Using the Weyl denominator formula, we see there is cancellation between the sum
over permutations and the first factor on the second line, and we’re left with:

iNi—1lem Ne s Ne i Ne Ny -1
<1 T (—1)Nf—1e%’7) <H€ mm]) (H 1] 2sinbetom; - mk))
j=1

j=1k=N.+1

For other choices of the set {b;}, of which there are (]]\\[[f ), one gets similar expressions.

One can account for these by symmetrizing over the m;, and we finally arrive at:

() Nf Ng—1emn N. , Nc — N. Ny . -1
Zy, " (;my) = (N> (1 - (_1)Nf_le271'77> (Hle J) (H 11 281nh7r(mj—mk)>
j:

=1 k=Nc+1

{m;}

where the bar at the end denotes symmetrization over the m;, ie:

—90 —



fom)| =5y X dom

{m;} f: JGSN

We can test the appearance of a decoupled free hypermultiplet in an ugly theory as
follows. For a U(N) theory with 2N — 1 flavors, we have

N 2N-1

20 () = <2NN— 1> <1 j€2m> <H 2mnmJ> <H 11 QSinhTF(mj_mk)> -1

j=1k=N+1

{m;}

For a U(N — 1) theory with the same number of flavors, we get:

(N-1) IN—1\( em \NV ke -
Vo) = (5 7)) (1) (Hm)(H [T 2sinhr(onym))
i=1

j=1 k=N {m;}
ON _ 1 o N—1 ,2N-1 o 2N-—1 N N—12N-1 ' -1
) ) () (e
j=1 j=N j=1 k=N {m;}
Now, because of the symmetrization, we are free to perform a permutation of the m;
which takes (mq,...,mn_1,mn,...mon—1) to (MN41, ..., Man_1,M1,...,my), and we get:
2N-1 N-1, N N 2N-1 -1
2N -1 2mwinm,; e —2minm;
s nm
< >( H e i T oo He J H H 2sinh w(mp—m;) |
j=1 j=1k=N+1 {m;}

There are an even number of factors in the product (namely, N(N — 1) of them), so
we can exchange m; and mj without picking up a sign, and comparing to the expression
above, we find the result:

ZWV) ¥672win(m1+...+m21\] )Z(N 1)(

2N—1(77§ m]) = 2COSh(7T77) Uk m])

One can recognize the extra factor on the RHS as Z{l)(—n; my + ... + man_1), the
partition function of a U(1) theory with one flavor of mass mj + ... + man_1. But this

theory is known to be equivalent to a free hypermultiplet, which gives the expected result.

B. Level-Rank Duality on a 3-sphere

Level-rank duality relates pure Chern-Simons theory at level k with G = U(N) to the
same theory with N and k exchanged. The observables in the theories are the Wilson
loops. According to the duality, these are mapped by flipping the rows and columns of the
Young diagram which defines the representation in which the Wilson loop is taken. Since
a Young diagram for G = U (V) cannot have columns of height greater than N — 1, the
mapping requires that the expectation values of Wilson loops have periodicity with respect
to the length of rows. Below we demonstrate level-rank duality for partition function on
53 and for the expectation value of the unknot on S3.
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B.1 The partition function

The Chern-Simons partition function on S2 in the standard framing for k& > 07 is given by:

1 i m \ V™
— T (2s B.1
(k+ N)N2 WH1< Smk:+N> (B-1)

We would like to show that this is invariant under the exchange of N and k. Consider the
following expression:

EN/2 k+ N (k+N)/2
2 2k+N-1

Since it is manifestly symmetric in k£, N, instead of proving that Z is invariant under the
exchange, we may prove that the product of Z and this expression is invariant. The product

k+ N\
ZI = ;—7_ H Sianm m
2ktN-1 k+ N

m=1

18

The reason we choose to work with Z’ is the following identity:

Tsn () = o (8.2)

This can be proved as follows. Consider the polynomial:

z = H (Z - 627rim/M)

z—1 g

At z =1, the LHS approaches M, while the RHS gives:

M 1 M-1
m

M-1 M-1
H (1 o 6271'1'm/M) _ €i¢> H (emlm/M - efmlm/M)
m=1 m=1

where ¢ is real. Equating the absolute value of LHS and RHS we find:

ML ™m

M =2M-1 in [ —-
IIW(M)
m=1

which gives the desired result.
Using (B.2), we can write:

k+N-—1 m N—-1 m
’ k)2 2 N—
7 = H sin <k:+N)n£[15m m<]<;_|_N>

m=1

At this point we need to consider separately the cases where N is greater or less than k.

"In this appendix we will assume, unless otherwise stated, that k > 0. Tt is straightforward to extend
the results to negative k.
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e N < k: First note that

e N > k: We proceed similarly to the last case:

k—1
it () o ) B = (25) oo 5

In the last factor, the invariance under m — N + k — m allows us to replace the
exponent N —m with N — (N +k —m) = m — k or, better yet, with the average
of these two, (N — k)/2. If we then combine the first and third, and the second and
fourth factors, we find:

k—1
r_ : k+N—m N/2 [T
Z—nll__llsm <k+N>HSI <k—|—N>

Now we can see that the two expressions for Z’ are exchanged under N < k, which

proves the invariance of Z’, and so also of Z.

B.2 The unknot

Before demonstrating how level-rank duality acts on expectation values of Wilson loops,
it will be useful to explain some facts about Wilson loops in general Chern-Simons matter
theories. We will also make use of these facts in Appendix C.

Consider an N = 3 superconformal U(N) gauge theory with a level & Chern-Simons
term and deformed by an FI term with coefficient 1. The partition function for such a
theory is given by:

N
ZWM) () = % / ( 11 d/\jeikﬂ/\fe%m)‘j) <H 2sinh w(\; — /\j)> Zmn( M, oy AN)
! =

i#]
Here Z,, is the contribution of the hypermultiplets, if there are any. All we need to know for
now is that 7, is symmetric with respect to permutations of the variables A\;, j = 1,..., N.
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The (unnormalized) expectation value of a supersymmetric Wilson loop in such a
theory is given by a similar integral which differs only by a factor

TrRe27rA

in the integrand. Here R is the representation of the Wilson loop and A = diag(A1, ..., An).

We can use the Weyl character formula to compute the trace in an arbitrary repre-
sentation R. It is convenient to label a representation by its highest weight. An arbitrary
weight element « of the weight lattice has the form

a=ajwi + ... +taNwN

where w; is the element of the dual of the Cartan subalgebra which takes a diagonal
matrix ||d;;|| to the element d;;, and the numbers a; are integers. The permutation group
Sn (the Weyl group of U(N)) acts on the weight lattice by permuting the numbers a;.
We will work in a single Weyl chamber, defined by the condition that the a; are weakly
decreasing, i.e. a1 > a9 > ... > ay. If we define:

0=Nw + (N —-1ws+ (N —2)ws + ...+ wn,
the Weyl character formula for a representation R with highest weight o says

Aa+5 (eZWA)

T 2w —
T'r€ Ag(e2mh)

where

Aa(e2ﬂ'A) _ Z (_l)ae2wa-a(A)

gESN

Thus the (unnormalized) expectation value is given by

(N) 1 a ikwA;2 2min, : Aats(e®™)
A (77, CY) = ﬁ Hd}\Je 7 e J HZSlnhﬂ()\l—)\]) Zm(>\1’7)\N)W
N4 i£]

By the Weyl denominator formula, we can write:

As(e™) = Z(—l)"e%zdwﬂ_a(j))’\j = TNHD ;A H2sinh T(Ai = Aj)

o 1<j

So the effect of including the Wilson loop in the matrix model is to replace the factor

H 2 sinh 77(/\1' — )\j) = (_1)N(N_1)/26—27F(N+1) 25N (Ag(eQWA))Q
i#]j
with
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(_1)N(N71)/26—27T(N+1) > )xjAa+6(e2ﬂ'A)A6(e27rA) _

_ (_1)N(N—1)/26727r(N+1) Zj Aj <Z(_1)01 627r(aal(j)+N+1—crl(j)))\j> (Z(_1)0'2627T(N+1—0'2(j)))\j)

o1 02

When we insert this into the matrix model, we can use the fact that the \; appear sym-
metrically in the rest of the integrand to eliminate the sum over o1, and we are left with:

2 i) = (<)Y Y [Tl e s e 0N 7, (0 )
o J

ZMN (g a) = /H ;R 2T 2w (a5 =i+ T [ 2sinhx(X; — X)) Zm (A1 s An)
J 1<j

(B.3)
In all these formulas « is assumed to lie in the fundamental Weyl chamber, or equiv-
alently, the a; should be weakly decreasing. We will call these proper weights. How-
ever, we will sometimes encounter similar integrals with improper weights, that is, weights
that correspond to sequences of a; which increase. If there exists any pair ¢, j such that
a; — i = a; — j, then the factor e2m(a=7+ 5N s the same for these two indices, and
since the variables appear antisymmetrically in the rest of the integrand, such an integral
vanishes. If all the a; — j are distinct, then there is some unique Weyl group element o

which brings « + d into the fundamental Weyl chamber, and one can show that

2™ (n; a5) = (-1)7 24y (n; o+ 8) — ) (B.4)

Now let us return to pure Chern-Simons theory and set Z,,, = 1. In this section we will
work with the matrix model definition of the Chern-Simons partition function and Wilson
loops, which differs slightly from the usual one, discussed in Appendix A. The difference is
a finite renormalization k +— k& — IV and some phase factors which arise from a nonstandard
framing of S® and Wilson loops. See section 4.1 for a discussion of the differences.

As discussed above, Wilson loops can be labeled by weakly decreasing sequences a; >
as > ... > ay, or equivalently, by partitions of length N. It is well known that if one is
interested in inequivalent Wilson loops, then it is sufficient to consider partitions such that
a1 < k. In other words, the corresponding Young diagram fits into a box of size N X k.
Since level-rank duality exchanges N and k, one will not be surprised to learn that it acts
on Wilson loops by replacing a Young diagram by its transpose.

In the remainder of this appendix we will verify that the expectation value of the
unknot on S® obeys level-rank duality, in the sense that exchanging N and k and replacing
a Young diagram with its transpose gives the same expectation value up to a phase (which
arises from a nonstandard choice of framing). Before demonstrating this, let us first review
a few facts about partitions. Let a be a partition, corresponding to some Young diagram.
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We will let i label the rows of the diagram, and j label the columns. Let |a| be the total
number of boxes in the diagram, i.e.

]a!zleZai

TEQ A

where x runs over the boxes in the Young diagram.

If we take the transpose of the Young diagram, we get another partition, which we call

'l = Ja]. Now let us define

n(@)=> (i—1)=)» (i—1a

rTEQ 1

o’. Obviously |«

It can be shown that

n(a') = ;Zai(ai -1)

Now let us return to the Wilson loop expectation values in pure Chern-Simons theory.
We have

Z;%)(U’ Oé) _ (_1)N(N71)/2 Z(_l)a/Hd)\jeikﬂ)\jQEQﬂm)\jG%r(ajjo(j)+N+1)))\j
4 J

_ (_1)N(N71)/2(_Z-k)7N/2 Z(_l)a H o m (intaj—j—o(j)+N+1))?
o J

After some work, one finds that the normalized Wilson loop expectation value is

n(0)=n(a)—(N=1)jal Aa+s(L, ¢, .. ¢V 1)
A6(17 q,-- qul)

leg\,fo(m @) — 2T
Ny ¢ F
ka("?)

where ¢ = e=2™/%_ The ratio of determinants of the RHS is known as the Schur polynomial

q

corresponding to the partition a. That is, the normalized expectation value of the unknot
is proportional to the value of the Schur polynomial at a particular point.

Upon exchanging N — k — N, k — —k, n — —n, and a — « this is manifestly
invariant except for the factor®

q|a‘/2 Aa+5(17 g - qul)
A(S(L q - qul)

which becomes

q_|a|/2 Aa/+5(17 q_l, e q—(k—N—l))

A5<17 q_17 ceey q_(k_N_l))

Now we can use the following identity valid for an indeterminate ¢ [13]:

8The factor ¢~ V1% goes to g*~Mlel = g=Nlel since ¢® = 1, and so is invariant.
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Aqys(1t, . N1 _ gl H 1 — ¢N+e(@)
As(1,t, ..., tN-1) 1 — th(=)

TEQ
Here ¢(x) is the content of =, defined by ¢ — j, and h(z) is the hook length of x, defined

by a;+aj—i—j+1. Note that under the exchange of o and o/, the set {h(x)} is invariant,
while all elements of the set {c(z)} change sign. Thus we obtain:

ol AessQa e C T ) otz ooy p L2
A5(17 qilv Sx) qi(kiNil)) sea 1-— qih(a’)
’ 1— N+c(z)
— (—1)lel=lal/2 ;=) 3 pcq h(T) q
(—1)lelglolzgniel) gauae 211 @
One can show that
Z h(z) = n(a) +n(a) + |a|
TEQ
so the above expression becomes
1— qN—l—c(m)
_1)ledled/2 gn(a) -4
(—D)lelglel2gr TT [~ @
TreEQ
N—l)

Aats(1,q,...iq
_ (_qlalglal/z Aats( g, o
(=1)"q As(1,q, ..., gV

This shows the only change in the normalized Wilson loop expectation value under this

mapping is the sign (—1)/%/. Combining this with the result for the mapping of the partition
function, we arrive at a formula which expresses the behavior of unnormalized Wilson loops
under level-rank duality:

243 (:0) = (~1)\*lemCrom) 20N (o)

)

Here ¢ is given by (4.3).

C. Partition Function for Ny = 1 Chern-Simons-Matter Theory

C.1 Periodicity of Wilson loops

In order to perform the computation of the partition function, we will need several facts
about Wilson loops in Chern-Simons-matter theories. In addition to the facts collected
in the previous section, we will need to understand how Wilson loop expectation values
change upon shifting a column in the Young diagram by k, the Chern-Simons level. In
pure Chern-Simons theory, Wilson loops are known to be invariant (up to a sign) under
this shift. When matter is added, we will see the Wilson loops are no longer invariant,
although they do satisfy a certain simple relation.

To start, we consider pure Chern-Simons theory with G = U(V). This means we take
Zm =11n (B.3):
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Z,S\é)(n; /HOD\ ek 2mink; 2m(a; —H 5N HQSthF()\ — i)
j i<j

Now consider shifting one of the variables Ay to Ay — i. Since the integrand has no
poles in the complex plane, this does not change the value of the integral. For example, if
we take N = 1, this gives:

/d)\eikﬂ'( )2 2min(A—i) 2ra(A—i)
_ (_1)k627rn/dAeikﬂAQeZﬂinAeQﬂ(a+k))\

= (1) ™ Zy(n;a + k)

More generally, we find that for any ¢ from 1 to N we have

N
ZIE,O)(T}; a) = (_1)k627r77Zk(7’]; o+ k‘wg),
Next consider adding matter. For a single massless fundamental hypermultiplet, Z
-1
< Hz 2 COSh(?T)\Z')) , and so:
zkﬂ)\j2627rin)\ 27T(a]-—j+N+1))\

(N : Y
Zp) (e /Hd)\ T cosh(mh) [[2sinhx(x; — )

i<j

Now when we shift A\; — \; — in the integrand, we get a similar integral. For example
for N =1 we get

/ 0 eikﬂ'()\—i)2 e?ﬂin()\—i)627ra()\—i)
2cosh (A — 1)

ikm\2 e2minA p2m(a+k)A
2 cosh(m\)

— (_1)k+1627m/d)\6

= (=)™ 7, (50 + k)

However, when shifting the contour of integration from the real axis down to pass through
A = —i, we now have to move through a pole at A = —%. Thus the difference between the
original integral and this shifted one should be given by the residue of this pole, that is:

. 9 .
ezlwr)\ 627rm)\

Zia(nya) — (=)™ Z (g0 + k) = _2”iReSA%*%m

e—zkﬂ/4€7r77

For general N, if we perform this manipulation on some fixed variable Ay, we get
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Z}gf\lf) (m; @) — (_1)k+1627rnzlgf\17 (n; v + kwy) =

eikﬂ')\jze2ﬂ'inx\j e2m(a; —j+%))\j

= /1;[ d\; 2 cosh(mh,) H 2sinh w(Aj — \) (2 cosh(mA\g)6(Ag + ;)>

When we plug in % for Ay, some of the hyperbolic sines turn into hyperbolic cosines and
cancel the denominator, and the expression on the RHS becomes

6—ik7r/4e7'r77(_1)ag /H d)\jeikﬂ-)\jZQQﬂ'in/\jeZﬂ(aj_j—i_%)/\j H 251nh7r()\j . )\l)
JAl i<jAl

Redefining variables by A; — \;_1 for j > £, and defining oy, an element of the dual Cartan
of U(N — 1), by
oy = w1 + ... + ap_qwe—1 + Qppwp + ... Fanywy—1

the above expression can be written as

N-1 N-1
o . 2 . ) _ N+1 . . .
e zlmr/4€7rn(_1)ag/ H d)\jezkw)\] e?mn/\] eQﬂ(agJ J+H=57)A) H 627r)\] H251nh7r()\j N )\z)
j=1 =t i<j

» N-— ¢
. zkﬂ'/4e7T77(_1)a€Z]£’0 Y+ iaet pe-1),

where we have defined:

pPr=wi+ ...+ wp

Thus we obtain the formula describing how Wilson loops in this theory behave under
shifting ay by k:

N (N —ikn/A w N-1 i
2 (0 0) = (=)™ ZY (s at k) = e F (1) 2 (455 aetpenn) (C11)
We see that, in the presence of matter, Wilson loops in the U(INV) theory are no longer
invariant under such a shift, although the change in the expectation value can be expressed
in terms of a certain Wilson loop in U(N — 1) Chern-Simons theory without matter.

C.2 Evaluation of the partition function

Now we can complete the evaluation of the partition function for the Ny = 1 theory.
Specifically, we will express the Ny = 1 partition function in terms of expectation values
of Wilson loops in the pure Chern-Simons theory (Ny = 0). One can use the explicit
expressions for the latter given in Appendix B to write explicit expressions for the Ny =
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1 partition function in terms of elementary functions, although we will not find these
expressions useful for demonstrating the duality.

In order to relate the Ny = 1 partition function to the Ny = 0 expectation values,
consider the following expression:

okmig? g2mink; p2m(—j+NFL)

/ H 4% 2 cosh(m);) H 2sinhm(A; — Ai) H(l +e2™Y)

i<y J

The last factor partially cancels the denominator, so it is equal to

N i
Zy (1= 3)
Alternatively, we can expand this factor. The result is a sum of Wilson loop expectation
values in the Ny = 1 theory, where the sum is over all partitions whose entries are either 0
or 1. Most of these correspond to improper weights and vanish, and the ones that remain

give

N

Z )

=
This is not very useful, since we would like to isolate Z,gj\lf) (n). Consider therefore the
following generalization. Let a; be a nonnegative integer and consider
ohmin;2 g2minh; p2m(—j+25E)

N
2
. 92¢inh W 14 (—1)* 27 ( a1+1))\1 1 27r)\
/rj[d)\] 2COSh(7TAj) g S ﬂ-()\] A”L) (( +( ) Jll +e
(C.2)

If we try to cancel the denominator again, we get an extra factor

I eZﬂA] Z

Therefore (C.2) is equal to

al .
N i
> (D25 (= 5 on)
=0
On the other hand, when we expand the product we again get a sum of Wilson loop
expectation values, most of which vanish. The remaining terms give

N
N
Zl(c,l) )* EZ (15 pe + ar1wn)
=1

We still haven’t isolated Z,g 1)(77). However, there is a trick. If we take a; = k — N
(which, by assumption, is nonnegative), then the sum in the above expression becomes

N
(DR NS ZN (5 pe + (k — N)wr)
/=1
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If we now use (C.1) to shift the first element of the partition down by k, the sum becomes

—2m —ikm ™ — - i
(-1 e 2"2( (11 = Nw) = e )Y A2+ ) )

But the first term in the sum corresponds to an improper weight and vanishes unless
¢ = N, in which case one can use (B.4) to show that just gives the partition function:

N—1 .
—2mn (N oy p— N-1 (
e ZY () = e YT T o+ i)
=0
Putting all this together, we get:

k— N N-1 .
—2m —ikT —7 — 1
- 5ito0) = 2 () + ¢ 2 ) — e F e ST 200+ 5500
Z:O 1—0
(

Now we can solve for Z k]\lf) (n) and find:

(V) —ikm/4 ™ (N) 1
20000 = o (¢ szo 0+ o0 + e 3 (1 g - )

/=0
(C.3)

C.3 General Ny

Let us make a few comments about Chern-Simons-matter theories with Ny > 1. For

Ny > 1 one cannot redefine away all masses, so we allow for arbitrary masses my,....mn,.
First, we note that an analogous Wilson loop periodicity argument holds in the general
case. Namely, when we shift Ay — \; — 4, all the poles we pass through (at \y = m, — %)
are simple, as before, and therefore we get

2% (1: @ma) — (~ )N 220D (04 ks ma) =

Ny

H2sinh7r(/\j—)\ <2200sh7r(/\g mp)d(Ae— mb+2)>

Hivzf1 2coshm(Aj —ma) i

ik ;2 p2min; g2 (a;—j+ N5

As before, the delta-functions turn some of the hyperbolic sines into hyperbolic cosines and
cancel part of the denominator, so we are left with the following identity:

Z0%) (i ama) — (~DF Ve 200 (ot b mg) =

1)aez~Nf—lek7ri(mb—%)ZeZM'n(m ) 27 (ap— €+NC+1)mb (Ne—1)

s
= . ZN,=
bz::l [Tozp 2sinh w(my — my) Nyl

i
(n+-

2§ma\mb§a€+P€fl)

(C.4)
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where the notation “m, \ m;” means we are considering the theory with Ny — 1 flavors
with all the masses as before except for my.

The argument of the previous section can be straightforwardly generalized to express
the partition function for Chern-Simons theory with Ny flavors in terms of expectation
values of Wilson loops in a similar theory with Ny — 1 flavors. However, since we do not
know how the duality acts on Wilson loops in a theory with a general Ny (the argument
above does not easily generalize to include Wilson loops), we cannot complete the proof of
duality for Ny > 1.

However, we can still make one observation about these theories. Suppose N, > k > 0.
If we take £ = N, in (C.4), we find that the second term on the LHS corresponds to an
improper weight and vanishes, so we are left with (schematically):

25 ) o< 20 ()
That is, we can express this partition function in terms of partition functions with
Ny —1 flavors and N, — 1 colors. If N, > k 4 1, we can repeat this procedure and express
the RHS in terms of partition functions with Ny — 2 flavors, and so on. If N. > k + Ny,
this process can take us all the way down to Chern-Simons theory with Ny = 0, and here
the RHS of (C.4) is zero, so if the rank exceeds the level the partition function vanishes.
Thus we obtain:

Z5) ) =0, Ne>k+ N
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Figure 4: A comparison of the magnitude of the partition functions with FI deformation () for 8
dual pairs and values of n from .1 to .9 and a best fit line, which, to the accuracy of the numerical

evaluation, is of slope 1 and intercept 0.
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Figure 5: A plot of the phase difference of the partition functions with FI deformation () for 8
dual pairs and values of n from .1 to .9 and a best fit parabola.
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