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Superconducting phases of strongly-interacting matter in large magnetic fields

by Geraint Wyn Evans

The large magnetic fields of neutron stars and produced in heavy-ion collisions motivate investigation
into the response of strongly-interacting matter to extreme magnetic forces beyond just theoretical
interest. Furthermore, the varying temperature T, baryon chemical potential µB, and aforementioned
magnetic fields B, of these systems leads to questions concerning the phase structure of Quantum
Chromodynamics (QCD) at large. At low temperatures, superconducting phases become a possible
candidate for the ground state in the µB-B plane. This thesis investigates two scenarios where these
phases emerge at T = 0, with an emphasis on the type-II regime.

The first scenario concerns type-II superconductivity at large µB. At asymptotically high baryon density
the ground state of QCD is a colour superconductor where gluonic fields can experience a Meissner
effect. In the two-flavour pairing (2SC) and colour-flavour locked (CFL) colour-superconducting phases,
a small admixture of the photon with a gluon is also expelled which means an applied external magnetic
field will experience a slight Meissner effect. Therefore, these phases act as very weak electromagnetic
superconductors. Previous works have shown that with massless quarks the type-II 2SC phase is
preferred in a certain parameter region where the magnetic defects are domain walls. We introduce
corrections for a finite strange quark mass in a Ginzburg-Landau approach, and find that the domain
wall defects are replaced by a cascade of multi-winding flux tubes, among other changes to the phase
diagram. Due to the emergence of a second colour-superconducting condensate emerging in the core, the
magnetic flux is confined into “rings” where both condensates are depleted, forming pipe-like structures.

In the second scenario, µB is low enough such that the presence of nucleons is not yet energetically
favourable. It was previously shown that, using Chiral Perturbation Theory and incorporating the chiral
anomaly via a Wess-Zumino-Witten term, the ground state in this region above a certain critical magnetic
field is a Chiral Soliton Lattice (CSL) of neutral pions - an inhomogeneous phase consisting of a series of
domain walls. It was further shown that the CSL becomes unstable to charged pion fluctuations at an
even higher second critical field. We argue this instability corresponds to a second order phase transition
to a type-II superconducting vortex lattice phase and construct this phase in the chiral limit. We find the
type-II vortex lattice phase is preferred and has a non-zero, inhomogeneous baryon number density,
leading to a two-dimensional crystalline structure.

Preceding the presentation of these works, the µB-B plane of the QCD phase diagram is reviewed such
that the results can be placed in the wider context of this plane.

http://www.southampton.ac.uk
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Chapter 1

Introduction

1.1 The strong and electromagnetic interactions

The discovery of quantum mechanics and special relativity in the early 20th century
marked a shift in our understanding of the natural world. The combination of these
two pillars of modern physics lead to Quantum Field Theory (QFT) and the much
celebrated Quantum Electrodynamics (QED) [3–8]. This described the fundamental
interaction of electromagnetism at the subatomic scale. Following the discovery of
QED, Quantum Chromodynamics (QCD) was proposed to describe the strong
interaction. Alongside the weak interaction, which was shown to merge with
electromagnetism at high energies [9–11], these two theories form the cornerstones of
the Standard Model and high energy physics today. While they are similar in many
ways, there are key differences which makes QCD more challenging to use. Aside
from being non-abelian (as opposed to abelian like QED) the application of
perturbation theory in QCD is limited. Whereas one can safely expand QED in powers
of the coupling constant e for a wide range of energy scales that are of interest (e.g. in
particle colliders), the coupling constant of the strong interaction g, changes
significantly with the energy scale. It is only at high energies when g is sufficiently
small that one can use perturbative techniques, or perturbative QCD (pQCD) to make
reliable predictions. This feature of the theory is called asymptotic freedom [12, 13].
Thus, we can use QCD at high energies but are limited to other theoretical tools at
lower energy scales, such as numerical lattice simulations and effective theories like
Chiral Perturbation Theory (ChPT) [14, 15].

It is the equilibrium of the electromagnetic force of QED and the residual strong force
of QCD which is responsible for the structure of everyday baryonic matter. Together,
these forces sculpt the nuclei within atoms - the long range repulsive Coulomb force
between protons is balanced with the short range attractive nuclear force between
nucleons. Typically, one must go out of one’s way to manufacture situations where
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protons and neutrons are the degrees of freedom rather than the atoms and nuclei
they constitute. Even more extreme conditions are required for the degrees of freedom
to be something other than atoms or nucleons, where matter would be formed of
deconfined quarks or mesons for example. However, there is a naturally occurring
system where such conditions for this so-called nuclear or quark matter may be
realised. The incredibly high densities reached in the core of a neutron star (NS) could
result in nucleonic matter emerging in the form of neutron superfluidity and proton
superconductivity [16–18]. It is hypothesised that even deeper in the core, the
chemical potential is high enough to support exotic states such as deconfined quarks,
strange/hyperonic matter and colour superconductivity (see reviews [19–21]). The
required conditions for exotic phases can also be achieved in heavy-ion collision (HIC)
experiments, where quarks are deconfined, forming a Quark-Gluon Plasma (QGP)
[22–26]. Both of these examples not only provide a way of probing the QCD phase
diagram but possess/produce large magnetic fields [27–32], and therefore motivate
investigation into the response of strongly interacting matter to electromagnetic fields
beyond pure theoretical curiosity. These considerations warrant a wider exploration
than the typically considered baryon chemical potential µB and temperature plane T
plane of the QCD phase diagram. One can imagine extending the diagram along a
third axis for the magnetic field B and ask what is the phase structure in the B-T and
µB-B planes?

The B-T plane can be investigated using lattice QCD at low µB, which is uninhibited
by the numerical sign problem [33] that plague these calculations at finite µB. This has
allowed for a wide theoretical study of this plane, see reviews Refs. [34–36].
Experimentally, one expects that HICs [28, 32, 37, 38] and measurements of primordial
magnetic fields from the early universe [39, 40] can provide insight. In the µB-B plane
there is a significant lack of input from first-principle calculations at low temperatures,
with lattice calculations hindered due to the sign problem. Many of the results rely on
effective theories and models.

Experimental input is also limited, but data from future multi-messenger observations
of compact stars and future colliders that could operate at lower temperatures [41–45]
are promising. Due to these considerations, this plane has been left comparatively
unexplored. This makes it an interesting area to probe with many theoretical
questions to address. It leads one to wonder about what possible phases and
transitions we would expect in the µB-B plane at T = 0.

1.2 Superconductivity from the strong interaction

While high energy physics was in the midst of making breakthroughs at the smallest
scales, condensed matter physics was experiencing its own revelations. The late 1950s
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(about a decade after the discovery of QED) saw great theoretical advancements in
our understanding of superconductivity, a phase where quantum effects are manifest
at macroscopic scales. Perhaps the most notable development was the microscopic
Bardeen-Cooper-Schrieffer (BCS) theory in 1957 [46]. It gave accurate predictions for
many superconducting parameters [47] and introduced the concept of Cooper pairs.
Cooper pairs constitute the condensate responsible for the Meissner effect
characteristic of superconductors, whereby magnetic flux is expelled from a
superconductor’s interior below a certain critical temperature Tc and critical magnetic
field(s). The phenomenological Ginzburg-Landau (GL) theory [48] first introduced in
1950 could also be derived from BCS theory [49]. By writing the free energy as an
expansion near Tc in the order parameter (which is often interpreted as the
wavefunction of the condensate), one can more easily deal with spatially
inhomogeneous systems, like the vortex lattice phase in type-II superconductors [50,
51].

Superconductivity is a phenomenon which is sensitive to changes in the magnetic
field. One can therefore ask whether superconducting phases emerge in the QCD
phase diagram and have interesting phase structure as we vary B. A simple argument
in favour of the appearance of these phases in the QCD phase diagram comes from
considering the criterion for Cooper pairing. In essence, according to BCS theory, we
require charged fermions with an attractive interaction between them to form Cooper
pairs. All known quarks (one of the fundamental degrees of freedom of QCD) possess
electric charge as well as the colour charge associated with the strong interaction. As a
result, many of the hadrons that they constitute also have an overall electric charge. It
follows that quark and nuclear matter could have superconducting states with the
attractive interaction being supplied by the strong force in some way, shape, or form.
This is comparatively simpler than the attractive force between electrons in a
conventional superconductor, which is usually attributed to the electron-phonon
scattering, requiring an underlying lattice of ions to be present.

The large number of charged particle species that interact through the strong and
residual strong force also implies a rich phase structure. In conventional
superconductivity, Cooper pairing occurs between one particle species i.e. the
electrons. When we consider strongly-interacting matter, Cooper pairing can
potentially occur between many different charged particle species. This is not
confined to pairing within the same particle species either. Cross species pairing is
also possible for instance in colour superconductivity (CSC) where pairing is possible
between quarks of different flavours. All this leads to the possibility of not only a
greater variety of superconducting phases but also transitions between them based on
the number of charged particle species available for pairing alone. Add the
consideration of type-I/type-II superconductivity and Cooper pair spin (see, for
example, spin 1 CSC, Ref. [52] and references therein) and the possible phase structure
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becomes very rich indeed1. The particle number of each charged particle species is
controlled by its own chemical potential. In principle, there is a potential µ f for each
quark flavour f . These potentials become linked via weak interaction processes and
imposed global charge neutrality such that we can consider a single quark chemical
potential µq for all flavours. From analogous arguments involving weak interactions
we define µB. We can relate µq to µB by considering all quarks carry 1/3 baryon
number charge, such that µq = µB/3. Therefore, we can study the phase structure of
both nuclear and quark matter by varying µB and might expect to move between
different types of superconductivity as we vary µB. Furthermore, the GL parameter
which determines whether we are in the type-I or type-II regime for a superconductor
can also depend on µB. This makes the µB-B plane an interesting plane to study from
the perspective of superconductivity, and is the over-arching motivation behind this
thesis. There is also the option of using the isospin chemical potential µI for both
quark and nuclear matter if we wish to investigate the effects of imbalance between
the number density of up and down quarks or protons and neutrons. Phase
transitions due to varying µI will not be considered in this thesis.

We will also work at T = 0 throughout. Of course, superconductivity is also sensitive
to temperature. While we would not expect it to appear in the B-T plane where µB = 0
(with the possible exception of vacuum superconductivity [53, 54]), superconducting
phase transitions due to temperature could be of interest when considering the wider
three-dimensional structure of the µB-B-T phase diagram. Indeed, proton
superconductivity and colour-superconducting phases are often included in the µB-T
plane at large µB and could be present in NSs. Currently, outside of NS observations,
exploring the temperature transitions of these superconducting phases is difficult
experimentally. While T = 0 is a good approximation for these stars, simulations (e.g.
Ref. [55]) indicate T ∼ 10 − 100 MeV in NS mergers. The critical temperatures of
proton superconductivity and CSC is within this range at NS densities [56, 57] and so
future observations of these events could give insight into their phase structure. With
plans to perform more HICs at lower temperatures, it should go without saying that
extending the calculations to finite-temperature should be done in future for more
realistic and widely applicable results.

1.3 Structure of the thesis, units and conversions

This thesis compiles work done at two extremes of the µB-B plane at T = 0 regarding
superconducting phases. The first can be found in Chapter 3, which concerns dense,
three-flavour colour-superconducting matter and its phase structure due to an
externally applied magnetic field. Usually, one can treat the quarks as massless at

1Analogous phases are present in electronic superconductors also i.e. type-I/type-II superconducting
phases and phases where the Cooper pairs have total spin greater than 0 e.g. d-wave superconductivity.
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asymptotically high µB, but in NSs the strange quark mass ms becomes comparable in
magnitude to µq. We incorporate corrections for ms and analyse the effect on the phase
diagram. The majority of this chapter is published work from [1]. Where appropriate,
details have either been added or removed for the purposes of the thesis. It follows
almost the same structure and contains the same figures. Sections (3.1), (3.4), (3.3.3),
(3.3.2) and Appendix B have been taken from the paper with some small editions for
continuity, language and formatting purposes (including brief introductions for some
sections). Sections that are not taken from Ref. [1] are very similar to the
corresponding sections in this reference.

Work at the other extreme can be found in Chapter 4. As shown in [58], when the
chiral anomaly is included in ChPT via a Wess-Zumino-Witten (WZW) term, the
ground state of QCD above a certain critical field is a Chiral Soliton Lattice (CSL) of
neutral pions. Furthermore, this phase is unstable to charged pion fluctuations above
a second, larger critical field. Through comparing this instability to that of a
conventional type-II superconductor, we argue that the system should transition into a
superconducting, charged pion vortex lattice phase. We construct this phase in the
massless limit, where the baryon number density is inhomogeneous and is
constrained into “baryon tubes”, resembling a two-dimensional crystal. This work
was published in Ref. [2] and both sections of this chapter (once again, with minor
changes for this thesis) are taken from it, including all figures and Appendices D and
E. Also, large parts of Sec. 2.2.1 and 2.2.4 are taken from Appendix A in Ref. [2].

The preceding Chapter 2 reviews useful background for the aforementioned chapters.
It is split into two halves. The first summarises the current state of the QCD phase
diagram in the µB-T and B-T planes at B = 0 and µB = 0 respectively. Here is also
provided a review of the literature in the µB-B plane at T = 0 and discussion about
how a schematic diagram of this plane may look. The second is devoted to reviewing
conventional superconductivity in the GL regime including determining the critical
fields of both type-I and type-II superconductors. We also outline the derivation of the
Abrikosov vortex lattice in detail. Chapter 5 gives an overall summary, discussion and
outlook for possible extensions, improvements and future applications of our work.

Our convention for the metric is gµν = diag (1,−1,−1,−1). Throughout the thesis we
use natural units h̄ = c = kB = 1 and Heaviside-Lorentz units for electromagnetism,
in which the electric charge e =

√
4πα where α is the fine-structure constant. In these

units, useful unit conversions are 1 fm−1 = (h̄(SI)c(SI)/e(SI))109 MeV ≃ 197.3 MeV and
1 K = (k(SI)

B /e(SI))10−6 MeV ≃ 8.617 × 10−11 MeV where the SI superscript denotes the
magnitude of the constants in SI units. To convert the magnetic field into Gaussian
units, we note 1 G = 1 g1/2cm−1/2s−1 and thus

1 G =
(︂

h̄(SI)c(SI)
)︂3/2

/[
(︂

e(SI)
)︂2 √

10] eV2 ≡ β eV2 in natural units, where β ≃ 0.06925.

With
√

4π BHL = BG, where BHL and BG are the magnetic fields in the
Heaviside-Lorentz and the Gaussian system of electromagnetism respectively, we
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conclude that 1 eV2 in natural Heaviside-Lorentz units corresponds to√
4π/β G ≃ 51.189 G in the Gaussian system.
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Chapter 2

Background

2.1 The QCD Phase Diagram

Phase diagrams encapsulate our knowledge of how matter and its properties change
under different conditions. It shows which phase of matter is energetically preferred
at thermodynamic equilibrium as a function of chosen macroscopic, thermodynamic
variables. Bounding each phase on the diagram are phase transition which are
typically classified as first order, second order, or a crossover. The Ehrenfest
classification distinguishes different phase transitions by divergences in the
derivatives (of any order) of the free energy with respect to some thermodynamic
variable. An n-th order phase transition means the n-th derivative of the free energy
diverges. A crossover is an infinite-order phase transition i.e. there are no
discontinuities in the derivatives of the free energy. Note that higher order phase
transitions than first and second order are possible within this classification but these
will not be relevant for our discussion. Another way of distinguishing these
transitions is by which symmetries are obeyed in which phase. While first and
second-order transitions involve a change in symmetry of the system, a crossover does
not. The change in a specific symmetry can be measured by an associated order
parameter which is finite in one phase but not in another, indicating when the
symmetry is broken or restored.

The classic example of a phase diagram is the temperature-pressure phase diagram for
the compound H2O, marking at which temperatures and pressures transitions occur
between its solid (ice), liquid (water) and gas (water vapour) phases. Phase diagrams
are not limited however to compounds and materials, nor to solid, liquid or gaseous
phases either. There are conditions under which the electromagnetic forces, which
govern the everyday world of molecules and atoms, can be overcome. Plasma phases,
for instance, are formed at temperatures high enough for electrons to become
unbound, the kinetic energy imparted from thermal collisions allowing them to escape
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the electromagnetic potential of nuclei. At even greater extremes, it is hypothesised
that the nuclear forces that hold nuclei together and even the strong force that confines
quarks to nucleons can be overcome to form new states of matter. These states of
matter would then belong in the QCD phase diagram, which would contain our
knowledge of matter under the most extreme conditions currently imaginable.

Given that there are a number of different variables one can consider, in principle the
full QCD phase diagram is a multi-dimensional plot. Clearly, it is not feasible to
visualise the whole diagram. While the entire diagram is of interest from the
perspective of QCD being a fundamental theory of nature, more focus is given to the
parameters and planes which pertain to additional scientific questions. The QGP
phase is thought to have been the ground state of matter in the early stages of the
Universe after the Big Bang [59] where temperatures and densities would have been
extremely high. Investigating this primordial matter is one of the motivations behind
HIC experiments which also involve large magnetic fields and angular momenta.
Furthermore, the ground state of matter at the centre of NSs is still unknown. High
baryon densities, magnetic fields and angular motion are conditions which are also
expected in compact stars as well as high temperatures if one includes mergers. These
physical scenarios motivate study of matter under these extreme conditions which
feature on the QCD phase diagram. Therefore, the parameters most commonly
considered are temperature (T), particle density via baryon chemical potential (µB)
and isospin chemical potential (µI), magnetic field (B), and angular velocity (ν).

It should be noted that even the most experimentally accessible plane is largely
schematic, meaning that the structure of the QCD phase diagram is mainly a
conjecture at present. Furthermore, many constructs are considered qualitative, as
some lines have been extrapolated beyond the regions of validity of the methods used
to calculate them. This chapter summarises the current progress on the phase
structure in three planes from the parameter space spanned by T, B and µB. With the
exception of Sec. (2.1.2), each section explores the two-dimensional phase diagram of
two of these variables with the remaining kept at zero. Beginning from the most well
known to the least, we will discuss the µB-T plane at B = 0, B-T plane at µB = 0 and
µB-B plane at T = 0 in Sec. (2.1.1), (2.1.3) and (2.1.4) respectively. Due to the relative
lack of experimental input, the focus will be mainly on theoretical results from lattice
QCD and other numerical and analytical calculations. However, we do provide some
experimental and observational discussion, including data from colliders and
multi-messenger astrophysics, primarily in Sec. (2.1.2).

Before we discuss these planes, there are a few concepts which will be relevant to
more than one which are worth mentioning before we continue. A key prediction of
QCD is that the strong force between quarks becomes large at long distances/low
energy, but is small at short distances/high energy. To demonstrate this, we can look
at the potential energy V(r) of a quark in the presence of an anti-quark at distance r
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away. At large distances,
V(r) ∝ r , (2.1)

i.e. it grows linearly with r, which means the more the quark and anti-quark are
separated, the more energy is required to continue to separate them. To move the
quark an infinite distance away, i.e. for it to be a free particle, would require an infinite
amount of energy. Due to this, quarks are considered to be bound at large distances.
In the opposite limit, the potential has the form

V(r) ∼ −αs

r
, (2.2)

where αs ∝ g2 is the dimensionless strong coupling of QCD. As written, it looks
similar to the attractive potential of the Coulomb force. However, αs also depends on
the energy scale and therefore on r. At very small r, αs ∼ −1/ ln r, weakening the
potential. It is therefore implied that quarks become non-interacting at small distances
and making the quarks essentially non-interacting. This is a consequence of
asymptotic freedom. From all of this we gather that quarks cannot be separated from
one another and are “confined” as the constituents of hadrons at low energies, and
they are non-interacting and “deconfined” from hadrons at high energies. Therefore, it
is expected that there should be a “deconfinement transition” present in the QCD
phase diagram. For T (with all other thermodynamic variables set to zero), the
transition is expected when T ∼ ΛQCD ∼ 100 MeV where ΛQCD is the strong coupling
scale, the characteristic energy scale of QCD. Currently, there is no known order
parameter which perfectly describes this transition. The Polyakov Loop can be used as
an approximate order parameter since it can be related to the free energy of a single
quark Fq by

⟨Ω(x)⟩ = e−Fq/T , (2.3)

where ⟨Ω(x)⟩ is the expectation value of the Polyakov loop Ω(x) [60]. As mentioned,
it takes an infinite amount of energy to separate quarks when they are confined. Thus,
for a quark to exist in isolation (i.e. to be a free particle) in the confined phase it would
need an infinite amount of energy. This implies Fq = ∞ in the confined phase and so
⟨Ω(x)⟩ = 0. It becomes non-zero in the deconfined phase when quarks become
non-interacting and Fq is finite. As an order parameter, ⟨Ω(x)⟩ indicates whether the
system is invariant to transformation by the centre of the SU(3) colour group of QCD
which is isomorphic to the Z3 group. In the confined phase, Ω(x) is invariant under
transformation by elements of the group Z3 and it is therefore a symmetry of the
system. In the deconfined phase, this symmetry is spontaneously broken and
⟨Ω(x)⟩ ̸= 0. Unfortunately, relation (2.3) only holds in the infinite quark mass limit i.e.
for static quarks. This means it only fits the role of order parameter for the
deconfinement transition exactly in pure gauge theory (or “glue” where only gluons
interact). However, it can still be useful for insight into where the deconfinement
transition approximately occurs in the QCD phase diagram.
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A similar concept is the chiral transition or chiral restoration. With the two lightest
quark flavours1, u and d, QCD has an approximate global symmetry, SU(2)L × SU(2)R

called chiral symmetry, where SU(N f )L and SU(N f )R are the special unitary group of
transformations on left-handed and right-handed spinors (ψ) for the number of
flavours N f respectively. With massive quarks, it is explicitly broken. Since the up (u)
and down (d) quarks have comparatively small masses at the GeV scale, we can
approximate them as massless at these scales. In this limit, the symmetry becomes
exact and is now spontaneously broken by the QCD vacuum. This is referred to as
chiral symmetry breaking, which follows the symmetry breaking pattern

SU(2)L × SU(2)R → SU(2)V , (2.4)

where SU(N f )V is the diagonal subgroup of SU(N f )L × SU(N f )R. Associated with
this broken symmetry is the chiral condensate ⟨ψ̄ψ⟩. Chiral symmetry breaking is
responsible for the existence of the pseudo-scalar mesons (like the pions) and for the
masses of baryons being much higher than the sum of the bare masses of their
constituent quarks. We can think of quarks as having an effective mass much larger
than their bare mass when they are constituents of hadrons due to chiral symmetry
breaking. When we reach higher energies, the vacuum that spontaneously breaks the
symmetry is no longer relevant and chiral symmetry would be restored. The effective
mass of the quarks then drops to their bare masses (or in the approximation,
massless). This can be identified with a phase transition where the chiral condensate
goes to zero. For this reason, ⟨ψ̄ψ⟩ is often used as an order parameter for this
transition. However, just as with the Polyakov loop, it is only an approximate order
parameter. Since the chiral symmetry is not exact in the physical case, the condensate
does not go to zero exactly at the transition. It is only an order parameter in the
massless quark or chiral limit (the opposite limit for which the Poylakov loop is an
order parameter). The chiral condensate is not the only way chiral symmetry can be
broken. This can also be achieved by diquark condensates ⟨ψψ⟩ of some colour
superconductors which we will encounter later.

While confinement is the restriction of quarks to being only the constituents of
hadrons at low energies, chiral symmetry breaking is responsible for the masses of
these hadrons at these low energies. It can be tempting to assert that deconfinement
and chiral restoration are related or even that one necessitates the other [61]. Indeed,
in the planes we shall discuss the transitions are often shown or conjectured to occur
in very close proximity. An aside, when one takes the limit Nc → ∞ where Nc is the
number of colours, there is a phase which could differentiate the deconfinement and
chiral restoration transitions, existing in between them. This is a nuclear matter phase
where the pressure is proportional to Nc [62]. Proportionality of the pressure to Nc is

1One can in principle work with more flavours but the following approximation works best with only
the two lightest, as will be alluded to.
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usually attributed to quark matter phases, which is unusual given that the quarks are
confined and therefore the phase (everywhere) is colour neutral. For this reason, it is
sometimes called Quarkyonic Matter (see Ref. [63] for an introduction to this phase).
It is proposed that the phase consists of a Fermi sea of quarks with a thin shell of
baryon states at the surface, such that only the baryon states are accessible but the
bulk properties, like the pressure, are determined primarily by the quarks. While
difficult to picture physically, the coexistence of the quark and baryon states does
leave possibility for matter to be chirally restored but still confined. Whether chiral
symmetry remains broken in this phase is ambiguous (see discussions in Refs. [64–66]
and references therein). However, it remains to be seen whether any of the results at
Nc = ∞ are relevant to the QCD phase diagram where Nc = 3. For this reason, we
shall not discuss this phase in much further detail but note that it is occasionally
included in phase diagrams as an intermediate phase between the deconfinement and
chiral transition.

2.1.1 The µB-T plane at B = 0

By far the most active research is in the µB-T plane (see Fig. 1). Indeed, it is often
referred to as the QCD phase diagram. This is due to it overlapping the conditions
found in NSs and their mergers and the early Universe, which makes it relevant to
outstanding questions in high-energy physics, astrophysics and cosmology. The effort
to answer these questions translates to greater experimental and theoretical interest.
Observational data from gravitational and electromagnetic waves produced by NSs
and NS mergers (NS-NS and NS-black hole) and collider experiments provide
verification and constraints for theoretical predictions as well as insight where
theoretical models are less successful. As a result, this plane boasts a large number of
(possible) features.

To give an overview, the plane at B = 0 can be split into roughly three regions,
corresponding to the confined phases, the QGP phase and low temperature, high
density phases where we expect CSC to emerge. The confined phase is the natural
place to start. As the name suggests, it comprises hadronic matter and is bounded by a
deconfinement/chiral transition, taking up the lower left-hand region of Fig. 1. Matter
in this phase consists of the vacuum, mesons and baryons. At low µB and T we are
unlikely to find any hadrons as thermal excitation is exponentially suppressed, and at
T = 0 we expect no excitations at all. Instead we have only the QCD vacuum, where
quark and gluon condensates are present [68–70], including the chiral condensate
already discussed in the context of chiral symmetry breaking.

Mesons are insensitive to µB, and therefore become more abundant when we increase
T. The upper left area of this region can thus be described as a meson gas. The lightest
mesons are the pions with mass mπ ≈ 140 MeV, such that this gas will (mainly) be
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FIGURE 1: A schematic µB-T plane at B = 0. Solid lines indicate first-order phase
transitions, dotted lines denote crossovers. Here, ⟨q̄q⟩ and ⟨qq⟩ are the chiral and
diquark condensates (⟨ψ̄ψ⟩ and ⟨ψψ⟩ respectively in the text) associated with chiral
symmetry breaking and colour-superconductivity respectively. In the text, we discuss
the pseudo-critical temperature Tpc rather than Tc. Taken from [67].

formed of pions. The lightest baryons on the other hand are the nucleons with mass
mN = 939 MeV, thus it is only near and above this value their presence is expected. At
low temperatures, this manifests as a liquid-gas phase transition which can be seen in
Fig. 1. The transition line extends from the point2 µB = 923 MeV, T = 0 ending in a
critical point beyond which it is a crossover. We expect the critical point to be located
at T ≈ 16-20 MeV from both theoretical calculations and results from experiments (see
reviews [71–73] and references therein). Note the transition at T = 0 is not exactly at
µB = mN because of the binding energy of nucleons.

The shape of the liquid-gas phase transition is echoed by the deconfinement/chiral
transition that encloses the hadronic part of the plane. It too is expected to be
first-order up to some critical point where it becomes a crossover. Our best knowledge
of this curve is of the crossover portion i.e. at low µB where we can use lattice
calculations - numerical simulations of QCD where the path integral is evaluated on a
discretised spacetime grid or lattice. Elsewhere where µB is appreciably finite, they are
plagued by the infamous sign problem. Briefly, in lattice QCD one usually deals with
a partition function Z of the form

Z =
∫︂

Dϕ det[M(µB)]e−Sϕ[ϕ] , (2.5)

where Dϕ is the sum over all path configurations of the gluon field ϕ and Sϕ is the
remaining part of the action pertaining to the gluons. The quark part of the path

2As a point of interest, matter in the everyday world in which we live is located at this point (room
temperature is ≈ 300 K ∼ 10−10 MeV ≈ 0 MeV) in a mixed phase of liquid nuclear matter and the vacuum.
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FIGURE 2: Columbia plot determined by lattice calculations. On the horizontal axis is
the mass of the u and d quark, and the strange quark mass on the vertical axis. Plotted
are the critical quark masses over which the order of the chiral transition changes,
separating the plane into regions where it is a crossover or first-order. Z2 (Z2) denotes
the universality class of the critical masses. Shown also is how the order changes with
N f quark flavours but with equal quark masses. Taken from Ref. [77].

integral has been done analytically, leading to a factor of the determinant of the
operator M. The sign problem occurs because including a real-valued µB leads to
det[M(µB)] being complex, which means it cannot be evaluated via the usual
numerical method of Monte Carlo importance sampling used in lattice simulations.
For more on this issue (and approaches to circumvent it) see review [33].

Lattice calculations predict that the transition from hadronic matter to QGP is a
crossover. This is shown in Fig. 1 of Ref. [74] by a peak in the chiral susceptibility.
These peaks do not scale with the system volume, which indicates that it is a crossover.
In this case the order parameter is the chiral condensate and so the transition is a chiral
transition. As mentioned, this order parameter is not exact as the chiral symmetry of
QCD is not. The associated temperature where the chiral condensate almost vanishes
is then usually referred to as the pseudo-critical temperature, Tpc. Due to the
non-exactness of this transition, one can measure Tpc in variety of ways. In the fairly
recent Ref. [75] (see Fig. 2 and 4), they computed five different critical temperatures
from different criteria and took the average to give Tpc = 156.5 ± 1.5 MeV at µB = 0.
They also extended their calculations by Taylor expansion up to µB = 300 MeV and
found that Tpc ∼ 150 MeV over the range. Simulations of the Polyakov loop seem to
be in agreement (see [76] and Fig. 7), with Tpc expected in the region of 150 MeV where
the expectation value begins appreciably changing.

All the results discussed were done for “physical” quark masses. In the best case this
means using the bare quark mass values measured by experiment m f , for each of the
three lightest quark flavour f = u, d, s. The bare masses of the remaining three quarks
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are too large to be relevant at this energy scale. In addition to the u and d quarks
mentioned earlier, we now have the strange (s) quark flavour. It is not always feasible
to match the physical case however, and often one approximates
mu = md ≡ mu,d ≲ ms/10 i.e. the up and down quarks are taken to be equal to a set
mass mu,d which is an order of magnitude smaller than the separate strange quark
mass. This approximation is not far from the physical case when we consider that
mu/Tpc ≈ md/Tpc ∼ 10−2. These considerations are important, since the order of the
phase transition may depend on the quark masses we choose. This may not be
unexpected given that the breaking/restoring of the symmetries which our order
parameters measure are only exact in certain limits of the quark masses. Such a
dependence is usually demonstrated via a Columbia plot [78], of which Fig. 2 is one.
The deconfinement and chiral transition become first-order in the limits m f → ∞ [79,
80] and m f → 0 [81–83] respectively. It is only in between these limits they both
become crossovers. (For an idea about the effect of the quark masses on the wider
phase diagram, see Ref. [84].)

Using lattice QCD we have obtained much insight into the deconfinement/chiral
transition at low µB. In Fig. 1, this transition is shown to exist all the way down to
T = 0 and µB > 1 GeV. Thus far we have only discussed results pertaining to the
transition from lattice QCD, omitting results from effective theories and models.
Given that lattice simulations are predictions of QCD, these results have been given
precedence over less fundamental approaches. Several reviews referenced at the end
of this section discuss the results from effective theories and models for those
interested. However, at larger µB, the sign problem rules out using the lattice, and we
must rely on effective theories and models to gain insight into the remaining pieces of
the phase transition. The next best thing to the QFT is an Effective Field Theory. For
QCD at low energies, this is ChPT (more on this in Chapter 4). It is therefore the
obvious choice for studying the confined phases. Its usefulness is limited when
discussing the chiral transition however. As it is built around chiral symmetry
breaking, it becomes less and less valid as we approach chiral restoration. This
translates into including more and more higher order terms to the leading order
momentum expansion (which breaks down at ∼ 1 GeV) to yield relevant results. See
the recent review [85] for more on the role of effective theories regarding the transition.

This leaves theoretical models as our main source of knowledge for the remainder of
the phase transition from the theoretical side. In the opposite limit near T = 0, many
different approaches indicate the chiral transition is first-order [86]. This was first
conjectured in Ref. [81] using a linear sigma model [87] and several other models have
been used to demonstrate this since, including Nambu-Jona-Lasinio (NJL) [88] models
[89–91], Non-linear sigma models [91], Random Matrix models [92] and Composite
Operator Formalisms [93] to name a few. (Note that the references given are not
exhaustive. See Refs. [86, 94] for better lists.) Some predict that this is a transition to
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colour-superconducting or other high density phases as shown in Fig. 1 rather than
the QGP phase like other sketches of the µB-T plane. In between the µB ≈ 0 crossover
region predicted by lattice QCD and the T ≈ 0 first-order transition predicted by
models the nature of the chiral transition must therefore change, indicating the
existence of a critical point, as shown in Fig. 1. It is therefore a similar situation to that
of the liquid-gas phase transition. The question now becomes where is this critical
point located along the transition line, which can be tackled from either end of the
curve. While models generally agree that the transition is first-order at low
temperatures, their predictions for the position of the critical point varies. This is well
demonstrated by the (slightly dated) Fig. 3 from Ref. [94]. Also, this figure includes
data from HICs and estimated phase transition curves from lattice QCD (like in
Ref. [75]), which have recently provided more accurate constraints on its position. To
obtain these curves requires working around the sign problem (again see review in
Ref. [33]). There are a few ways of doing this. Examples include re-weighting, Taylor
expanding around µB ≈ 0, and extrapolating from imaginary µB. A review of lattice
constraints on the chiral phase transitions is given in Ref. [95], with focus on
constraining the location of the critical point using the two latter methods. Both
involve expansions in µB/T and one can calculate expansions of the pressure in this
parameter. It is implied that the critical point can be treated as an upper bound on the
radius of convergence of these expansions since the phase transition becomes
non-analytic at first-order i.e. it is no longer a crossover. Therefore, one can calculate
the radius of convergence to check whether there is a critical point in the vicinity.
From this method and the lattice data from different sources, Ref. [95] estimates the
bound on the critical point to be µB ≳ 3T. If we take the critical point to be at
T ≥ 125 MeV this would put it in the region µB ≳ 375 MeV. This agrees with most of
the theoretical models referenced. It should be noted however that estimates for the
critical point are far from conclusive [96].

Exploring the deconfinement transition and critical point location at finite µB has been
less well explored as static quarks are a less accurate approximation than massless
quarks. Nevertheless, there have been some attempts from models and the lattice (see
Ref. [97, 98] for examples). A particularly interesting model that bares mentioning is
the Polyakov loop NJL (PNJL) model [99–101] which incorporates both the chiral
condensate and Polyakov loop in one framework, enabling simultaneous analysis of
the chiral and deconfinement transitions. There is another aspect of these transitions
which is not shown in Fig. 1, which is the quark-hadron continuity. It is possible that
at low temperatures that there is no transition between nuclear matter and deconfined
quark matter, resulting in another critical point. Our brief discussion of this topic is
best left until after the discussion of the deconfined phases.

Beyond the deconfinement and chiral transition, the phase diagram is broken up into
the QGP and CSC regions. Taking up the high temperature region of the µB-T plane of
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FIGURE 3: Location of the critical point in the µB-T plane at B = 0 according to dif-
ferent models, lattice QCD and HICs. The black dots are model predictions, including
some referenced in the text. Green points and dashed lines are predictions and ex-
trapolations respectively from lattice QCD. The red circles are the location of chemical
freeze-out points from HICs. Taken from Ref. [94], see there for more information and
a full list of references for each data point and curve in the plot.

Fig. 1 is the QGP phase 3. Sometimes it is referred to as a quark “soup”, where
individual quarks and gluons are the degrees of freedom. It is a plasma in the sense
that there can be a net colour charge locally unlike the confined phase. To probe the
properties of this phase, lattice QCD can still be used for a segment of this region. In
fact, because the aforementioned methods used to extend lattice calculations to finite
µB rely on µB/T < 1, the region gets larger as we move to higher T and µB.
Essentially, one can draw a diagonal along T = µB in Fig. 1 and the upper half region
would in principle be accessible by lattice calculations where they could at least be
useful qualitatively [95]. When we go to µB/T > 1 however, we must rely on other
tools. Thankfully, the weak coupling approximation becomes valid away from the
deconfinement transition due to asymptotic freedom, which means we can perform
analytical calculations to make predictions using pQCD in thermal field theory.

Introducing pQCD into thermal field theory is not entirely straightforward. In a
direct, naive application, infrared (IR) divergences (low energy/long distance
contributions to momentum integrals causing divergences) appear due to
contributions from interactions between quarks where only a small amount of
momentum (low energy gluons) are exchanged e.g. small angle scattering. These need
to be appropriately dealt with if thermal pQCD is to be used and is achieved through
a process known as resummation. The two common schemes for this process are Hard
Thermal Loop perturbation theory (HTLpt) and Dimensional Reduction (DR) [102]. In

3Another point of interest, according to the Big Bang theory, matter in the early Universe is located
in the upper left corner of the µB-T plane. Therefore, all matter in some of the earliest moments of the
Universe was in the QGP phase (see Ref. [59] and references therein for more on this topic).
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addition, there are two formalisms one can adopt; real-time and imaginary time. Both
are equivalent but are better suited in different contexts. The former can be used for
out of equilibrium calculations and is therefore better for observables in HIC
experiments. In the latter, thermal equilibrium is assumed from the beginning which
makes it easier to use for determining bulk thermodynamic properties. Two important
thermodynamic properties - the pressure and trace anomaly - derived in this
formalism show good agreement with lattice QCD at µB = 0 all the way down to
T = 200 MeV. There is even agreement with lattice results at finite µB down to
T = 300 MeV which lends to the possibility that thermal pCQD can be extended to all
but the lowest temperatures [103]. This is promising, especially since thermal pQCD
can in principle then be used to explore the extremes of the µB-T plane at B = 0 i.e.
everything but the hadronic phases. Calculations have thus far ignored the possibility
of pairing and therefore CSC. As such, thermal pQCD calculations of this kind do not
tell us much about the locations and orders of phase transitions in this plane. For more
details on pQCD in thermal field theory and the aforementioned results, see Ref. [102].

At low T and high µB we expect to enter the CSC region displayed in the bottom right
corner in Fig. 1. Weak coupling still applies for asymptotically large µB and we can
continue to use HTLpt and DR if we so desired to analyse deconfined quark matter in
these conditions, with quarks and gluons as the only degrees of freedom. However, in
this region the possibility of Cooper pairing must be taken into account which is a
non-perturbative phenomenon, making the application of pQCD less straightforward.
Quarks are expected to pair and form diquark condensates in this regime. These need
not be electrically neutral nor colour neutral and could in general be both superfluid
and superconducting. The Meissner effect could then apply to chromo-magnetic fields
leading to CSC, pioneered in Refs. [17, 104, 105].

In the CSC region, we yet again consider the three lightest quarks. Multiple different
quark flavours leads to different Cooper pairing patterns which means there are
several possible colour-superconducting phases. This makes the structure of this
region of the plane rich but also difficult to determine due to the large number of
possible transitions that could take place between different colour-superconducting
phases as we vary µB and T. What can be said with a high degree of confidence is that
the colour-flavour locked (CFL) [106] phase is the ground state of QCD at (very) high
µB. At these high densities, µB is much larger than the effective masses of the quarks
M f , which typically depend on µB. (Deconfined quarks might imply that we can use
the bare quark masses m f , but since there are still interactions i.e. Cooper pairing, we
should technically still discuss the effective mass M f .) The strange quark mass being
the largest, this translates to Ms ≪ µB, such that the u,d and s quarks can be treated as
massless and are only differentiated by their flavour and charge. The CFL phase has
the largest condensation energy and thus the lowest free energy. This can be
appreciated due to it retaining a high degree of symmetry. Colour-flavour locked
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pairing spontaneously breaks the symmetry of massless, three-flavour quark matter
according to the pattern

SU(3)c × SU(3)L × SU(3)R × U(1)B → SU(3)c+L+R × Z2 . (2.6)

Here, the global baryon number symmetry of QCD represented by the unitary group
U(1)B is broken, as are the colour (represented by SU(3)c) and flavour (represented by
SU(3)L × SU(3)R) symmetries. However, the phase is still invariant under certain
simultaneous rotations in colour and flavour space, leaving the global SU(3)c+L+R

intact. This gives the phase its name, as the colour and flavour rotations are “locked”
together. Note, that the breaking of the individual L and R groups is the same as in
pattern (2.4). The CFL thus also breaks chiral symmetry. It should also be noted that
the U(1)Q symmetry associated with electromagnetism hidden in the
SU(3)L × SU(3)R becomes modified to U(1)Q̃ in the SU(3)c+L+R. The modified
symmetry manifests as a mixing between the photon and gluons and corresponds to
an invariance to a simultaneous electric and colour charge rotation. As a result, seven
gluons and one photon-gluon admixture are Meissner screened, while the remaining
photon-gluon is unaffected. Therefore, it is a colour and electromagnetic
superconductor in principle, though the very small mixing angle (e >> g at
weak-coupling) between the photon and gluons means that the expulsion of magnetic
fields is very weak. It is usually not classified as an electromagnetic superconductor
for this reason (rather, it is a transparent insulator [107]). The CFL phase is also a
superfluid due to the spontaneously broken baryon number symmetry. In its place is
the Z2 group structure under which the phase is invariant under transformations of
the quark fields of the kind ψ → −ψ.

The critical temperature Tc of the CFL phase can be calculated in weak-coupling,
yielding

Tc

∆
= 21/3 eγ

π
, (2.7)

where ∆ is the zero-temperature pairing gap of the CFL phase and γ ≃ 0.577 is the
Euler-Mascheroni constant. This only differs from the standard BCS result [47] by a
factor of 21/3 [108–113]. All we need is a value for ∆, which behaves like
∆/µq ∝ exp [−1/g(µq)] (where g(µq) is the coupling as a function of µq) at
asymptotically large µB and can be calculated in this limit. We can therefore sketch
this transition line in Fig. 1 at large µB between CFL and the QGP. Calculation of ∆ is
done in QCD in the weak-coupling regime. The IR divergences of the momentum
integrals are not present in this calculation. This is due to the medium effects of
Landau damping and Debye screening which cut off the long-range/low energy
gluon interactions between quarks [20, 114, 115]. As a result, ∆ and therefore the CFL
phase are predictions of QCD. Then, by extension the extremely high µB region and
low-T region of the QCD phase diagram is arguably the best understood theoretically.
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FIGURE 4: Free energy of different colour superconducting phases with ∆ = 25 MeV as
a function of M2

s /µq. The homogeneous phases considered are CFL, 2SC, gapless CFL
and 2SC (gCFL and g2SC respectively) and the kaon-condensed CFL (CFL-K0). The
other phases are CFL-K0 with meson supercurrents (curCFL-K0) which is anisotropic
and the crystalline phases 2PW, CubeX and 2Cube45z which are inhomogeneous. Also
labelled is the free energy of the unpaired quark phase. Taken from [20].

It is perhaps then a frustrating yet typical contrast that this regime is one of if not the
most inaccessible to experiment and observations.

The problem of course comes when we move out of this limit, where the
weak-coupling approximation cannot be applied. Indeed, it is estimated that the weak
coupling results are only valid for µq ≳ 108MeV which is alarmingly large. To see
whether CFL is preferred at lower densities, extrapolations from high µB calculations
and from effective models at low µB can be compared. They show some agreement
and suggest ∆ ∼ 20 − 100 MeV [57] for µq ≈ 400 − 500 MeV. While this should not be
taken too seriously, the agreement is reassuring. These considerations imply the CFL
phase may survive to much lower µB realistic for NSs. However, the estimated range
of values for ∆ at these intermediate densities is large enough to admit the possibility
of other phases being preferred over CFL. CFL is preferred at high µB due to how
large ∆ is, since a large gap corresponds to a lower free energy, but ∆ decreases as a
function of µB. Therefore, near NS densities, other superconducting phases may have
larger gaps and would be favoured over CFL. This is demonstrated in Fig. 4. In this
figure, ∆ = 25 MeV and we see the free energy of some homogeneous phases become
lower than that of CFL as we vary µB (note, recall the effective mass Ms is also µB

dependent). On the other hand at ∆ ≃ 100 MeV the CFL free energy is lower
everywhere in this figure [20]. The figure also shows the large amount of possible
colour-superconducting phases, demonstrating the potential richness of the CSC
region. The emergence of these phases can be appreciated by the consideration that
non-zero M f disfavours the CFL phase. Massless quarks become a worse
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approximation at lower µB and thus the symmetry of CFL becomes more
approximate. In the CFL phase, all quarks participate equally in pairing, meaning the
states at the Fermi surface for each flavour must be close together. As we decrease µB

the difference in the Fermi surfaces becomes larger, which is most pronounced for the
strange quark given its comparatively larger bare mass. Therefore, different pairing
patterns where not all quarks participate begin to be relatively more favourable.

Ignoring colour charge and same flavour pairing (generally disfavoured due to larger
spin), we can form three diquark condensates. These are formed of u and d (ud) quark
pairs, d and s (ds) quark pairs or s and u (su) quark pairs. Each condensate has a
corresponding superconducting gap/condensation energy. Denoting these ∆i ( ̸= ∆)
where i = ud, ds, su, we can analyse the “melting pattern” of the condensates i.e. at
constant µB, which phase transitions we undergo as we increase the temperature from
T = 0. Using an NJL model [116] and Cornwall-Jackiw-Tomboulis (CJT) formalism
[117], it can be shown that ∆ud(T) > ∆ds(T) > ∆su(T). Assuming the CFL is not
favoured for all µB, this would imply that at a constant µB (close to NS values say) as
we increase T we would undergo phase transitions in the order CFL→dSC
→2SC→NQM. Here, dSC is the phase where the ud and ds condensate are present,
2SC stands for two flavour pairing where there is only the ud condensate4, and NQM
stands for “normal quark matter” where there are no diquark condensates, which we
might equate with the QGP (at least at high temperatures). Depending on the model
the pattern may change. For instance, uSC in place of dSC, where in the uSC phase
there are only ud and us condensates. The melting pattern from Ref. [116, 117] agrees
with a similar analysis in GL theory [118] (see Sec. (2.2.1)), which can give us some
other insights into the phase structure at intermediate µB. Many aspects of CSC can be
analysed within this framework, such as vortices and the effect of non-zero quark
masses (see Chapter 3).

Aside from a transition from the CSC region to the QGP phase (or NQM phase at low
temperatures, as one may hesitate to call matter “QGP” there), we can also consider
the possibility of a transition between the confined region and the CSC region as
depicted in Fig. 1. In this scenario, at low temperatures the deconfinment/chiral
transition leads from the confined phase to the CSC region as we increase µB. In our
earlier discussion, these transitions were first order at low T. However, if the CFL
phase is favoured all the way down to nuclear matter densities over other CSC phases,
then this could lead to a crossover rather than a first-order transition, signalling a
quark-hadron continuity [119]. This is due to common symmetries between the CFL
phase and the confined phase. Chiral symmetry is broken in both phases, which
means chiral restoration would not occur between the confined phase and CFL.
Furthermore, nuclear matter at low temperatures is superfluid where the exact U(1)B

4It can be shown that this phase has the same Tc as the CFL phase in the weak-coupling regime. In
Eq. (2.7), dropping the numerical factor gives us the 2SC result which is the same as in BCS theory. The
2SC gap however is smaller than ∆ by the same numerical factor, yielding the same Tc.
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symmetry of QCD is broken like the CFL phase. Therefore, we could have another
critical point near the critical temperature of nucleonic superfluidity below which the
deconfinment and chiral transition become crossovers once more. Of course this
entirely depends on CFL being preferred over other colour-superconducting phases at
nuclear matter densities. Not all colour-superconducting phases share these broken
symmetries. For instance, the 2SC phase is chirally restored. Another consideration is
the restoration of U(1)A symmetry near the deconfinement/chiral transition at low
temperatures. This is only an approximate symmetry (but then again so is chiral
symmetry), broken by the chiral anomaly in full QCD. This possible crossover and
critical point can be analysed from the perspective of the U(1)A anomaly using the GL
approach once again [120–122]. Recently, an order parameter that could distinguish
between the CFL and nuclear matter superfluid phases has been proposed [123],
continuing the debate on the existence of a quark-hadron continuity.

To finish the theoretical discussion of this plane, we point to more specialised and
in-depth reviews, some of which have already been referenced. For general references
on the theoretical discussion of the QCD phase diagram, see Refs. [124, 125] and for
reviews on specific topics discussed see Refs. [20, 36, 84, 86, 95, 102].

2.1.2 Interlude: Experimental overview

Having discussed the theoretical knowledge of the µB-T plane at B = 0, we now
summarise highlights of the experimental side of our understanding of this plane. We
will focus on the results from HIC experiments and observation of NSs and some of
the discussion will apply to the other planes discussed in this section as well. It should
be noted that the conditions in HICs and NSs are not perfectly reflected in any of the
planes we discuss. In HICs, there is finite µB, T and B simultaneously. While NS (but
not mergers) naturally lie in the µB-B plane at T = 0, they also have a non-zero µI .
Furthermore, both NSs and HICs involve rotation and are thus relevant for non-zero
ν. Therefore, they concern higher dimensional planes than the ones discussed here in
reality.

Experimental evidence for the deconfinement/chiral transition, the critical point and
QGP comes from HIC experiments. The current heavy-ion colliders which can be used
to probe this plane are the Large Hadron Collider (LHC) and Relativistic Heavy Ion
Collider (RHIC). A key observation is that varying the centre of mass energy

√
sNN in

HICs has the opposite effect on both T and µB - T increases with
√

sNN, while µB

decreases [131]. Perhaps the place to begin is evidence for the existence of the QGP
itself [22–25]. The QGP has many signatures [132, 133] whose detection have made its
existence established (see [26] for the historical context). To give an idea, we briefly
discuss two of these. First is “jet-quenching” which refers to the energy loss of
particles produced in HICs (partons) by traversing the QGP medium. The quark and
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FIGURE 5: Signatures of the QGP in HIC experiments. Left panel: Plot of RAA from ex-
periment as a function of the transverse momentum pT , the momentum component of
partons perpendicular to the beam line (i.e. the colliding particles). Taken from [126–
128]. Right panel: Hydrodynamic calculations of the coefficients vn of the Fourier de-
composition in momentum space of the azimuthal distribution of particles compared
to extracted values from experimental data also as a function of the transverse momen-
tum pT . The ratio of the shear viscosity η and entropy density s is quoted. Calculations
are done at different ratios and then compared to data. We see that particularly low
value η/s = 0.08 gives good agreement. Taken from [129, 130].

gluon partons produced in the HIC form hadrons which, emerging in “jets”, are
detected. If there is a smaller number of high momentum hadrons detected than in
other kinds of collisions (e.g. proton-proton), it is a sign that the hadrons of the jet
were “quenched”, possibly due to the presence of QGP. The extent of this quenching
can be measured by the nuclear modification factor RAA. If RAA < 1 then it indicates
that jet-quenching has taken place in a HIC. This is clearly shown to occur by several
different experimental collaborations in the left plot of Fig. 5. The second signature is
the collective non-viscous flow of partons from the QGP. Interestingly, hydrodynamics
is a good approximation to the fluid mechanics of QGPs in HICs for a period of its
evolution after the collision (see the recent review Ref. [134] and references therein).
The viscosity of the strong elliptic flows detected are inferred from the v2 coefficient of
the Fourier decomposition in momentum space of the azimuthal distribution of
particles. The right panel of Fig. 5 shows the strong agreement between predictions of
low-viscosity hydrodynamics and experimental data.

Experimental evidence of the QGP is evidence not only of a new phase of matter but
also of a phase transition. Questions then remain about where this occurs and of its
nature. Theoretically, we expect a crossover region that becomes first-order at low µB

beyond a critical point. What can be said from the experimental side? It is thought
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that chemical freeze-out is an indication that the phase transition has happened.
Chemical freeze-out refers to the moment when the formed hadrons in HICs stop
interacting with each other. (Kinetic freeze-out refers to when the elastic scattering
between them also stops.) As a result, the hadron abundances become fixed implying
that the QGP has “hadronised” i.e. the moment the QGP turns into hadronic matter,
where there are no longer any free quarks and gluons and thus no QGP. This is taken
as a sign that the confinement transition has occurred. Therefore, extracting the T and
µB when chemical freeze-out is achieved could be taken as estimates of the location of
the phase transition in the µB-T plane. Using statistical models of experimental data,
chemical freeze-out is measured to occur at T ≃ 156 MeV when µB ≈ 0 [135, 136].
Figure 5 of Ref. [136] also provides predictions of the model at higher µB which
includes comparison to lattice QCD. These results show good agreement with the
lattice QCD results quoted there and in our theoretical discussion [75, 76].

Investigations into the nature of this transition are also being conducted. In particular,
are efforts searching for the critical point. It is expected that conserved quantities like
the net-electric charge, net-baryon number and net-strangeness would experience
larger fluctuations in its vicinity. Specifically, higher-order cumulants of net-proton
distribution are taken as a proxy for the net-baryon number, and show non-monotonic
behaviour in experiments as a function of

√
sNN [137, 138]. Although the uncertainties

are large, this points to fluctuations in the baryon number as we increase T and
decrease µB (and vice versa).

Finally, we point to a fairly recent summary of progress from HICs and theory in
mapping the µB-T plane of the diagram given in Table 3 of Ref. [139]. While the
existence of the QGP seems well established, determining the transition line, nature of
the phase transition and the location of the critical point are still ongoing pursuits.
Future HIC experiments aim to further our knowledge on these topics by exploring
lower beam energies, corresponding to lower temperatures and higher densities.
These include the FAIR [42], NICA [43], HIAF [44] and J-PARC [45] experiments
which are expected to continue probing these questions.

The other source of experimental data to probe the phase structure comes from
astrophysical observations of NSs and their mergers. A NS is a very dense object
compared to everyday standards, with µB ≲ 1.5 GeV [21] in the core. Although also
extremely hot by everyday standards, on QCD scales T ∼ 106 K ∼ 10−6 MeV ≃ 0 MeV
for the majority of their lifetime (newly formed NSs lie in the
1011 − 1012 K ∼ 0.1 − 1 MeV range but quickly drop in temperature [20, 21]). Neutron
star mergers can breach into the T ∼ 10 − 100 MeV range according to simulations
(e.g. see Ref. [55]) such that NSs and their mergers probe primarily the low
temperature, intermediate density range of the µB-T plane. This region is challenging
theoretically, as this is a regime where few first-principle calculations can reach e.g.
lattice simulations and pQCD. It is expected to include high density nuclear matter,
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the deconfinement and chiral transition near T = 0, and the onset of theorised
deconfined phases beyond. Neutron stars could be the only naturally occurring
system where CSC exists. We give selected insights into the phase structure from these
astrophysical systems.

The interior of a NS is usually separated into two layers, the crust and the core, which
can each be divided further into “inner” and “outer”. The outer crust is formed of
neutron-rich nuclei and free electrons whereas superfluid neutrons are additionally
present in the inner crust. In the outer core, the nuclei have completely disassembled
to leave superfluid neutrons and superconducting protons with the possible addition
of free muons as well as electrons. The composition of the inner core is less
established. Here there is a myriad of possibilities, reflecting the situation between the
confined and CSC regions of the µB-T plane. Hyperonic matter, deconfined quarks,
CSC and QGP are all hypothesised along with the simple case where the composition
is the same as the outer core. See Ref. [21] and the collection of reviews at the end of
this section for more on the composition. It is the composition of the inner core which
holds the most relevance to the phase diagram and is expected to effect several
observables. This includes the mass M and radius R of NSs, and the relation between
them depicted in M-R curves. These are dependent on the equation of state (EoS)
which is in turn dependent on the matter in question. Constraints from observational
data on the M-R curve and EoS can therefore give us insight into the phases we can
expect at NS densities. The simplest constraint is the maximum observed mass. It can
be confidently claimed that the maximum mass Mmax > 2M⊙ from electromagnetic
radiation emitted from pulsars [140–143] where M⊙ is the solar mass. The recent
gravitational wave measurement GW170817 of a NS merger limits the tidal
deformability of a 1.4 M⊙ mass NS, Λ1.4, to Λ1.4 < 800 [144] with high credence. In
addition, the even more recent simultaneous M and R measurements of PSR
J0030+0451 [145, 146] and PSR J0740+6620 [147, 148] from the NICER mission provides
additional constraints. With all these consideration, the constraints on the EoS in the
intermediate density range 1.5 n0 ≤ nB ≤ 3 n0 has been improved, and it is estimated
that the radii of NSs now lie in the range 11.6 km ≤ R ≤ 13.1 km [148]. This leads to a
far narrower band of viable EoSs and M-R curves than previously considered.
Another constraint is the speed of sound, cs. Clearly this must obey cs ≤ 1 (in natural
units) but one can also show from pQCD that it must approach c2

s = 1/3 for high
density matter [149]5. In Ref. [150], the speed of sound alongside other constraints
including the tidal deformability and Mmax bound was used to constrain the EoS in a
model-independent way. Their conclusions support the existence of quark matter in
NS cores. The results from this work and another by the same authors [151] are shown
in Fig. 6.

5The P ∼ µ4
B result of Ref. [149] for high density quark matter implies this via c2

s = dP/dε =

(nB/µB)dµB/dnB = µ−1
B ∂P/∂µB

(︁
∂2P/∂µ2

B
)︁−1where P and ε are the pressure and (internal) energy den-

sity respectively. This can even be inferred via the simple consideration of non-interacting quarks.
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FIGURE 6: Left panel: Plot of the constrained regions in the R-M plane. M-R curves
lying in the coloured regions indicate they obey the condition labelling that region.
Observations of M > 2M⊙ NSs and Λ1.4 < 800 implies that EoSs that produce M-
R curves in the cyan or red regions are not realistic for NSs. Dotted lines are regions
obtained by a different interpolation method. Taken from [151]. Right panel: Plot show-
ing constraints on the EoSs, showing the allowed region between hadronic EoSs from
chiral effective models [152] i.e. nuclear theory and pQCD EoS [149] (light purple
bands near bottom left and top right corner respectively). Dark lines are predictions of
hadronic EoSs from Ref. [153–155]. The colour scheme corresponds to the maximum
allowed speed of sound in that region. The rough region of the deconfinement transi-
tion from hot QGP is denoted by the purple strip labelled by ϵQGP. Taken from [150].

This analysis provides guidance for constructing the EoS in the gulf of densities
1 n0 ≲ nB ≲ 40 n0 (for reference, nB ∼ 50 n0 corresponds to µq ∼ 1 GeV [156]), where
neither low energy effective models nor pQCD is valid. An insight from these
constraints is that EoSs are required to be soft (high compressibility) at low densities,
and stiff (low compressibility) at high densities. This change in property implies that
there may be a phase transition from nuclear matter to quark matter at NSs densities.
However, it is still up to debate whether quark matter cores exist in heavy NSs, or if all
NSs are hadronic from crust to core. As already discussed from the theory side, this
phase transition could be first order or a crossover. Currently, EoSs that incorporate
either type of transition are consistent with current constraints, see Ref. [156] for more
on this topic. It should be noted in Fig. 6 that although perhaps it is implied that EoSs
where c2

s = 1/3 is the maximum are favoured, this need not be the case. The breaching
of this limit does not violate the need to approach it from below. To explore the
possibility of the quark-hadron transition at higher temperatures, gravitational wave
signals from NS mergers can once again provide insight. Numerical simulations in
Ref. [157] point to possible signatures that such a transition takes place. In this
reference, the presence of quarks and hyperons were included and contrasted with
studies of EoSs where hyperons were the only exotic degree of freedom [158, 159],
noting a clear difference in the predicted gravitational wave signals. Gravitational
waves from NS mergers could therefore possibly determine whether there is a
transition to either hyperons or quarks or to both in the T-µB plane at NS merger
temperatures and densities.
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While the EoS can tell us much about the bulk properties of NS matter, it can be blind
to some microphysical effects which could give us clues about the phases of matter at
these densities. Thus, it is important also to look at the transport properties for which
the low energy excitations are significant. Cooper pairing for instance has little effect
on the bulk thermodynamics but can impact transport coefficients in the star. From the
perspective of the µB-T plane it is perhaps best to discuss when these properties
derived from hadronic and nuclear matter deviate from observations, pointing to
different matter existing at NSs densities. Typically, this means strange and/or quark
matter, including hyperons and colour-superconducting phases. We will briefly
discuss the effects of these on select transport properties and observations.

An important property where Cooper pairing and thus the presence of CSC becomes
significant is the neutrino emissivity and heat capacity. Less than a minute after its
birth, escaping neutrinos from the NS interior become the primary way in which it
radiates heat and it remains this way for the next few million years [20]. Thus, the
neutrino emission of NSs and their heat capacity can be deduced from measurements
of their temperature and age. Cooling tends to be dominated by whichever phase of
matter in the NS has the highest emissivity and heat capacity. Ordinary nuclear matter
emits neutrinos via the modified Urca process and the resulting emissivity (including
the effects of the nucleonic superfluid) can be used to produce a family of cooling
curves [160–162]. Most NSs are consistent with these curves, but there are outliers
which cool far more quickly (see [161, 163–165] for NSs that are too cold for their age).
It is hypothesised that the faster cooling must occur via the direct Urca process which
leads to greater emissivity than modified Urca. Direct Urca can occur in hyperonic
matter, unpaired quark matter, and many of the colour-superconducting phases
except CFL. Therefore, these rapidly cooling stars may house exotic phases.
Interestingly, the CFL phase has a comparatively low emissivity and specific heat
capacity. This means that the cooling properties of other matter would dominate in a
NS. Therefore, a NS with a CFL matter core could not be distinguished from a NS
comprised of only ordinary nuclear matter by observing NS cooling. See Ref. [20] for
more detailed discussion and references.

A pulsar is a rotating NS emitting electromagnetic radiation. These are known to
“glitch” where their rotational speed suddenly increases (or they “spin up”). Glitches
have long been thought to be caused by unpinning of vortices in the neutron
superfluid from the crust [166]. While this is the standard explanation, there are still
some unanswered questions (see [167–169] for instance). An alternate model which
has the potential to address some of these issues is the possibility of crystalline CSC
(see [170] for a recent review) in the core, a hypothesised colour-superconducting
phase which has both superfluid and rigid body properties [171, 172]. Crystalline CSC
and other colour-superconducting phases could also be detectable via gravitational
waves from “mountains” on the surface of NSs. The former could sustain such
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FIGURE 7: Instability windows depending on bulk viscosities from different types of
matter. Vertical axis is the spin frequency of the star, horizontal axis is the surface
temperature. Dots with error bars are the locations of stars on this plot from observa-
tional data. Curves are the lines of instability, with the area above the curves denoting
the regions where NSs become unstable to r-modes. Neutron stars should spin down
quickly due to the instability, and thus we do not expect many to be in this region at a
given time. Taken from [176, 177].

deformations by virtue of its large shear modulus [173, 174]. The other possibility is
flux tubes in a type-II colour-superconducting quark matter core sustaining these
deformations [175]. However, there is still much work to be done in these directions.

Typically, NS matter is treated as a fluid. Fluid oscillations of NSs is another
phenomenon that probes their transport properties. Specifically, r-modes, bulk flows
which become unstable in rotating NSs. The Coriolis force acts as a restoring force to
this flow which causes the NSs to lose angular momentum (and “spin down”) via the
emission of gravitational waves [178]. This instability is limited by viscous damping
and therefore the shear and bulk viscosity of NSs. Both shear and bulk viscosity rely
on the microphysics and composition of the star. In particular, there is an “instability
window” obtained from the shear and bulk viscosity of ordinary nuclear matter. Stars
are not expected to remain for long in this region (and thus be unstable to r-modes)
and so we do not expect to find many in the window at a given time. From
temperature and frequency measurements, we see that many NS lie in this window
(see [179] and figures therein) in contradiction to the theoretical calculations based on
ordinary nuclear matter. One possible explanation is that NSs are not only composed
of nuclear matter and the bulk viscosity must be revised. Hyperons in the core may
increase the bulk viscosity, restricting the window [180, 181]. Moreover, the bulk
viscosity calculated with deconfined interacting quark matter in the core of Ref. [176]
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(see Fig. 7) is seen to provide a window in which no stars are found i.e. in agreement
with expectations and observations, which is only achieved by hadronic matter by
considering additional damping mechanisms, hinting at the possibility of exotic states
at NS densities.

In the future, there are many new sources of observational data to look forward to. The
already existing gravitational wave detectors like LIGO [182], Virgo [183] and KAGRA
[184] are expected to be joined by the Einstein Telescope [185] and Cosmic Explorer
[186] as well as the space-based detector of the LISA mission [187] to name some in the
not too distant future. These new experiments alongside sensitivity improvements to
the already existing ones will provide more data and greater constraints on the
properties of dense matter. Data from new [188] and upcoming X-ray telescopes [189,
190] is expected to provide additional insight into transport in NSs. For more on the
future of nuclear astrophysics, see Ref. [191]. For more in-depth and specialised
reviews, for HICs see Refs. [59, 132–134, 139] and for NSs Refs. [156, 170, 177, 192].

2.1.3 The B-T plane at µB = 0

Perhaps the second most well-explored plane of the full phase diagram is the
temperature and external magnetic field plane at µB = 0. Motivation for studying this
plane is driven theoretically by the ability of lattice QCD to in principle explore the
whole parameter space, and experimentally once again by HICs and expected
conditions in the early Universe where extremely large magnetic fields are estimated
to be present [28, 32, 39, 40]. The magnetic fields need to be (very) large in order to
affect the phase structure. Put another way, eB ∼ Λ2

QCD. In Gaussian units, this
translates to eB ∼ 0.1 GeV2 ∼ 1018-1019 G, at least 104 times greater than the largest
magnetic fields expected at the surface of NSs [193]. It is estimated that these strengths
are reached in peripheral HICs if only very briefly. In the presence of these magnetic
fields, the chiral anomaly leads to the non-conservation of the axial chiral current. This
in turn induces an electromagnetic current that is proportional and aligned with the
magnetic field. This is known as the chiral magnetic effect (CME). In particular,
signatures of the CME can indicate the occurrence of chiral restoration [194]. The CME
only occurs with massless fermions and so reflects when the lightest quarks become
effectively massless and therefore chiral symmetry restored. There is experimental
effort into detecting these signatures but current results currently are only
qualitatively. See Refs. [37, 38] for a summary of these results. Therefore, at µB ≈ 0 this
plane has some relevance for low baryon density HIC programs e.g. at the LHC. From
the side of cosmology, the primordial magnetic field is expected to reach the
aforementioned scales between the electroweak and deconfinement phase transitions
[39, 40] of the early Universe, with the estimated range 108-1023 G. Results from other
theoretical tools beside lattice QCD also exist, such as the NJL model and ChPT. Most
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FIGURE 8: Plots of the shifted chiral condensate as function of B both taken from
[195]. Left panel: Prediction comparison of magnetic catalysis from lattice data in the
continuum limit from [195], ChPT from [196–198] and (P)NJL model from [199] at
T = 0 (the ordinary [200] PNJL model reduces to the NJL model at T = 0). Right panel:
Predictions from the lattice measured at different temperatures. Note that around Tpc
for the chiral crossover in Fig. 1 a suppression of the condensate emerges, indicating
inverse magnetic catalysis.

investigations into this plane focus on the deconfinement and chiral transition. Since
pQCD is limited in its usefulness in describing these transitions, it will not be
discussed.

The QCD coupling strength is expected to decrease with magnetic field [201], thus we
would expect a deconfinement/chiral transition between hadronic matter and QCD
vacuum to a QGP phase. In contrast, there are other possible order parameters than
the chiral condensate and Polyakov loop one can consider in the presence of a finite
magnetic field. These are the magnetisation and magnetic susceptibility which could
vary depending on the change in the response of the QGP and hadronic phases to an
external magnetic field [202]. For our discussion, we will focus on the usual order
parameters, the chiral condensate and the Polyakov loop, but it is interesting to note
that studies in this plane consider these additional order parameters as well (for
instance, see [203, 204]). At T = 0, the chiral condensate is found to increase as a
function of B via magnetic catalysis (MC) in lattice simulations [205] and analytical
calculations in ChPT [206] and the NJL model [207]. Put in an alternative way, the
magnetic field works to break chiral symmetry [208], increasing the effective mass of
quarks [201]. From ChPT and model calculations we would expect the chiral
transition temperature i.e. Tpc in this plane to increase with B due to this effect
[196–199]. However, lattice simulations find the opposite - Tpc decreasing as a function
of B [195] like it does in the µB-T plane. This is the so-called “inverse magnetic
catalysis” (IMC). This discrepancy is shown in Fig. 8 where the chiral condensate is
suppressed near the transition. The analysis of Ref. [209] also links this behaviour to
the Polyakov loop and it is expected that the chiral and deconfinement transition
behave in the same manner as a function of B, replicating the behaviour in Fig. 9.
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FIGURE 9: Plots of the deconfinement transition and a rough picture of the B-T plane.
Left panel: Shows a lattice results up until the grey region, beyond which is a prediction
from (anisotropic) pure gauge theory. Taken from [215]. Right panel: Interpolated plot
of the plane from lattice simulations performed at two different values of eB denoted
by the red crosses. It is a crossover at one value, first order at the other, indicating a
critical point (BE, TE) in the range 4 GeV2 < eB < 9 GeV2. The possibilities beyond
this point are shown. Taken from [216].

After the discovery of the IMC from the lattice and the failure of model calculations to
reproduce this effect, a number of different approaches were introduced within these
models in order to account for it [210]. A common approach is to introduce some
B-dependence into parameters, such as the coupling and the Polyakov-loop potential
[211–213], with varying success at replicating what is observed by the lattice. See
Ref. [210, 214] and references therein for details on these approaches.

Lattice simulations show that the both chiral and deconfinement transitions are
crossovers and are expected to become first order at some critical point (see Ref. [217]
for theoretical arguments for a critical point). In Ref. [215], lattice results for multiple
observables, including the chiral condensate and Polyakov loop, were extrapolated to
large B using an appropriate effective theory for this limit. They predicted that the
critical point was around eB ∼ 10 GeV2, T ∼ 100 MeV. Evidence from Ref. [216]
supports this for the chiral transition, placing the critical point in the range
4 GeV2 < eB < 9 GeV2, 65 MeV < T < 95 MeV as can be seen from the right panel of
Fig. 9. It can also be seen that a simple extrapolation predicts for the transition line to
end at some finite (but very large) B. However, this needs more investigation and it is
in tension with the predictions of Ref. [215], hence the question marks in the right
panel of Fig. 9.

A possibly interesting phenomenon which belongs to this plane is vacuum
superconductivity [53], which bares mentioning due to the topic of this thesis. The
QCD vacuum can be thought of as a soup of virtual quarks and anti-quarks arising
from quantum fluctuations. Thus, charged, albeit virtual fermions are present. With
gluons providing an attractive interaction between them (at low energies), the
potential ingredients for Cooper pairing are present in the QCD vacuum. At strong
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enough magnetic fields, the virtual quarks and anti-quarks can become real and pair
via the strong interaction to form mesons. If these mesons condense, then they could
form a superconducting and/or superfluid phase. By considering u and d quarks and
anti-quarks, it was hypothesised that the vacuum becomes unstable to rho meson
condensation at large magnetic fields, leading to a superconducting phase emerging
from the vacuum. This phase is unlike conventional superconductivity as increasing
the magnetic field tends to induce the condensate rather than depleted it. However,
thermal fluctuations are still unfavourable towards its thermodynamic stability. As
such, it is expected there is a second-order phase transition out of this phase at
temperatures near the QCD scale, T ∼ ΛQCD ∼ 100 MeV. Thus, one can draw a region
in the lower left corner of the diagram where we may expect the vacuum
superconductivity phase (see [218] for a schematic plot). This phase has been explored
using GL theory [53], an NJL model [218] with supporting evidence found in
holography [219, 220], and lattice QCD [221, 222]. However, there is uncertainty
surrounding this novel phase, see Refs. [223–225] and discussions in Refs. [226, 227].
For more details on the broader topics of this section, see the reviews in Refs. [36, 202,
210, 228] and references therein.

2.1.4 The µB-B plane at T = 0

Now we turn to the (very) conjectural µB-B plane of the QCD phase diagram at T = 0.
The discussion of the µB-T and B-T planes act as a good foundation for our
expectations as some concepts, phases and phenomena from them return.
Furthermore, they can act as boundary conditions for a future schematic construction
if we assume continuity between them all. This includes the scale of the axes to some
extent, with both eB and µB around the GeV2 (1018 − 1019 G) and GeV scale
respectively. It should be noted that the term “conjectural” is used in a stronger sense
here, as we have little input from first-principle calculations and there is less
experimental motivation to probe the phase structure. With T ∼ 100 MeV in HICs our
only observational tools are compact stars, which are limited to intermediate values of
µB [21]. For details on the experimental input from compact stars see the experimental
discussion of Sec. (2.1.2). Our primary source of knowledge will therefore come from
models and effective theories.

As touched upon, at low energies our second-best tool to a first principle approach is
ChPT, which can reliably investigate energy scales below the chiral restoration. It has
been successfully applied to investigate inhomogeneous pion phases in this region
[58, 233]. This will be related to the topic of Chapter 4 and so we relegate the
discussion of the region µB ≲ mN to that chapter. Going to higher µB requires different
tools. Perhaps our first port of call is the baryon onset. In the µB-T plane at B = 0, the
liquid-gas transition ends at T = 0, which implies it may stretch into other planes
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FIGURE 10: Left panel: Plot of the baryon onset in the µB-B plane in both the Walecka
model [229] and an extended linear sigma model. The two dotted (barely distinguish-
able) lines are the onset when MC is not taken into account. Taken from Ref. [230].
Right panel: Plot of the chiral transition in the eB-µq plane at T = 0 from an SU(3) NJL
model. As mentioned in the text, B is a chirally broken phase and Ai are chirally re-
stored phases with i denoting the associated Landau level. The B phase is shown to be
favoured at large B, meaning chiral symmetry is broken at large B and µq ∼ 350 MeV.
For full information on the labelling scheme, see Ref. [231] and Ref. [232]. This plot is
taken from the latter of these references.

involving µB. This was investigated in Ref. [230] where the authors used a Walecka
model with self-interactions [229, 234] and an extended linear sigma model (see
reference for specifics of the model). Importantly, it takes into account the effects of
MC and the results can be found in the left panel of Fig. 10. Similarly to the µB-T plane
at B = 0, the transition is first-order (in both models) and occurs at µB = 923 MeV
fulfilling the boundary condition with that plane. In contrast to this plane, its
behaviour is very non-monotonic, with the critical magnetic field for the onset
increasing as a function of µB for eB ≳ 0.1 GeV2. This is a consequence of the nucleon
mass increasing as a function of B at these higher values, exhibiting MC. However, it
should be noted that the calculation of Ref. [230] does not take the anomalous
magnetic moment of nucleons into account, which could work to counteract this effect
[235]. Up to fields of eB ≈ 0.04 GeV2 this is shown to be the case in the Walecka model
[236], but it remains to be seen whether this extends to larger B.

On the topic of nuclear matter, there is also the nucleonic superfluidity expected at
low temperatures. Studies of coupled neutron superfluids and proton
superconductors in large magnetic fields and high densities using GL theory have
been done in Ref. [237–239]. While there is interesting phase structure to be found, the
magnetic field in these references is orders of magnitude lower than our expected
scale. Neutron superfluidity is expected to be destroyed for B ≳ 1017G in magnetars
and this threshold is expected to be lower for proton superconductivity [240]. This
means we may only expect these phases very near the µB-axis.

As with the two previous planes, we expect there to be a chiral or deconfinement
transition. Such a transition has been primarily analysed using NJL models, in the
U(1), SU(2) [231, 241] and SU(3) [232] cases, all with similar results. References [231,
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241] introduce four types of phases labelled A, B and C. (There is occasionally also a D
phase, but its definition changes depending on the focus of the model e.g. Refs. [242,
243].) The A phase is a massless, chirally restored phase while the B (not to be
confused with the magnetic field, B) and C phases are chirally broken. The difference
between the B and C phase is the quark number density - in B it is zero, in C it is finite.
For this discussion, we will simply refer to the chirally broken and chirally restored
phases and the transition between them. It is generally predicted that the chiral
transition happens for 300 ≲ µq ≲ 400 MeV and is first-order [231]. This can also be
seen in a chiral quark model [244]. A similar range is expected for the critical µq at
T = 0 for the deconfinement/chiral transition in the µB-T plane. Interestingly, the
transition seems rather insensitive to the magnetic field at low B but then becomes
non-monotonic at higher values, resembling the behaviour of the baryon onset of
Ref. [230], exhibiting MC [232] as can be seen in the right panel of Fig. 10. This can be
seen by comparing the left and right panels of Fig. 10 though one should note that this
similarity is only qualitative. It should also be kept in mind that the NJL model has a
cutoff scale Λ above which it is not valid. Commonly, Λ ∼ 600 MeV which translates
conservatively to eB ∼ 0.3 GeV2, which means the behaviour above this value should
not be trusted too strongly.

Comparison between the chiral and deconfinement transition can be discussed using
the PNJL model. In the T = 0 case, the PNJL model usually reduces to an ordinary
NJL model, but recent efforts have found a method where the Polyakov loop can be
analysed in the T → 0 limit by using Polyakov loop dependent couplings [200, 245].
While this method may not be well established yet, it does provide some interesting
results. Using this new approach (dubbed the “PNJL0” model), the deconfinement
transition can be analysed in the same model as the chiral transition [246]. These
transitions are shown to split at B > 0. The chiral transition line slightly decreases as
we increase the magnetic field but the deconfinement transition increases with B,
occurring at larger and larger µq. This raises the possibility of some intermediate
phase emerging, like the quarkyonic matter briefly discussed at the beginning of this
chapter. Such matter is possible in the Nc → ∞ limit of QCD. It is within this limit that
holographic methods become available. These methods are based on the
gravity/gauge duality or AdS/CFT correspondence [247] where certain QFTs can be
analysed within extra-dimensional models of gravity. Their appliance in the other
planes were not discussed due to the tenuous assumption required that the behaviour
of large Nc QCD is the same as real world QCD. However, due to the lack of
first-principle and observational investigation methods available in this plane, we
resolve to briefly mention some results here. In particular, their comparison to the
chiral transition in U(1) NJL and the Walecka model of Refs. [248, 249]. There is
qualitative agreement in both cases and with the general picture described earlier.
Furthermore, one can investigate the inclusion of baryons [249, 250] to compare with
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FIGURE 11: Left panel: Plot of the critical chemical potential of the transition between
the chirally broken phase (χSB) and a colour-superconducting phase (CSC) and the
transition from the CSC region to the normal (or NQM) phase as a function eB. Taken
from Ref. [253] where an SU(2) NJL model was used. Right panel: Phase diagram of
the critical magnetic fields of three-flavour, type-I and type-II colour-superconducting
quark matter from a GL approach in an external magnetic field, H and Tc/µq plane.
Labelled are the CFL, 2SC and normal phase (NOR) or NQM. The external mag-
netic field H is measured in units of the parameters in Sec. (3.1.3) but for reference,
H ∼ 14µ2/

√
λ ∼ 0.2 GeV2. The critical fields Hc, Hc1 and Hc2 resemble those of

conventional superconductors, see Sec. (2.2) and Fig. 12. Different types of magnetic
defects affect the type-II transition associated with Hc1. See Ref. [254] from which this
figure was taken for more details.

Fig. 10 and Ref. [230]. The magnetic field seems to increase the critical chemical
potential in both cases at large B.

As an aside, the holographic models do highlight the topic of IMC. The term “inverse
magnetic catalysis” was in fact first discussed in this context [250]. Here it describes
the same effect on the chiral condensate but with a different explanation to why it
occurs to the one given for the effect in the B-T plane given in Ref. [209]. Crucially, this
effect is absent in naive applications of the effective theories and models in that plane
as already discussed. Though the suggested origin of the mechanism is different, it is
still an effect that emerges due to non-zero B and one may wonder if steps should be
taken to include this effect in model calculations at finite µB and T = 0. Many of the
model results discussed in this section do not use approaches that explicitly include
IMC. At best, the effect is implicit and the authors of Refs. [232, 244] interpret their
results as manifesting IMC. Interestingly, the PNJL0 analysis of Ref. [246] includes a B
dependent coupling, which is one of the aforementioned methods used to incorporate
the effect [212]. Although the B-dependence of the coupling is not the same as the
ones used to incorporate IMC in the B-T plane (nor is it stated in Ref. [246] to be
included for this reason), the B dependence does have a significant effect on the chiral
transition line. There are also the recent examples Ref. [251] and Ref. [252] which
incorporate the IMC via running of the coupling and anomalous magnetic moment of
quarks in the (P)NJL model respectively. Both conclude that the chiral transition is
disfavoured at low µB, which is an indication that there is IMC at low B.
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Just beyond the chiral/deconfinement transition, the aforementioned NJL models
show a cascade of massless phases labelled Ai where i denotes the preferred Landau
level in the right panel of Fig. 10. These do not account for certain phenomena such as
the inhomogeneous chiral density wave (CDW) and CSC which can be incorporated
into the NJL model [242, 243, 253, 255]. It is not currently known which is preferred,
see discussion in Ref. [227]. In the SU(2) case, at most only two-flavour pairing is
possible such that the 2SC phase is mainly considered. Reference [243] investigated
this phase under NS conditions and identified some of the massless Ai phases in the
µB-B plane to be in the 2SC phase (see Fig. 4 of the same reference). Colour
superconducting6 phases are once again expected to dominate at large µB. As in the
µB-T plane at B = 0, many different phases are possible, including the transitions
between type-I and type-II superconducting phases (see the right panel of Fig. 11). As
with the low µB regime, this possibility will be explored in more depth in a later
section and so we relegate much of the discussion (especially the possibility of
inhomogeneous phases, which is rather rich here [233, 256]), to Chapter 3. The right
panel of Fig. 11 is a phase diagram in the Tc/µq plane, (similar to the κ-H phase
diagram presented later in Fig. 12) where H is an external magnetic field measured in
units of model parameters µ2/

√
λ ∝ Tcµq. Thus, H ∼ (Tc/µq)µ2

q and knowing that Tc

tends to increase with µq, the CSC region will get larger as we increase µB according to
these results. Another difference is that the results are in terms of H rather than B. We
expect these to only differ by a constant offset however, which implies the general
structure is not greatly effected. Furthermore, this phase diagram suggests the CSC at
high B is disfavoured to some normal conducting, deconfined quark matter like the
NQM phase from the earlier discussion of CSC. This is supported by literature on the
stability of CSC against transitions to ferromagnetic dense quark matter and spin
density wave phases [257–261]. Due to the different type-I and type-II structure, the
transition out of the colour-superconducting phases could go from second order to
first order as we increase µB. The CSC phases have further phase structure aside from
the type-I/type-II transitions. For instance, one can posit further phase transitions
between “magnetic phases” of CFL. This introduces the possibility of other crossover
and first-order transitions in this region. See Ref. [262] for more details.

Making a schematic plot of the µB-B plane cannot be done with much confidence due
to the lack of experimental input and first principle calculations. Thus, we will
speculate on what it may look like. We do this by posing some questions with
following discussion based on the literature reviewed above.

6Recall that the colour-superconducting phases discussed are electromagnetic superconductors only
in a very weak sense. To avoid confusion, the Meissner effect they exhibit mainly acts on the chromo-
magnetic fields and only slightly screens the B field. Thus, type-I CSC phases can appear in the diagram
since B ̸= 0 in those phases. Type-II electromagnetic superconductivity is also possible as long as we
interpret B as a spatial average, since the B field is inhomogeneous in the vortex lattice phase.
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Where do we expect MC and IMC and how do they affect the baryon onset and chiral
transition? From the literature, there is support for both the MC and IMC emerging in
the phase diagram, disfavouring and favouring chiral restoration respectively. They
may also influence the baryon onset. From the model calculations, it seems both the
transition to nuclear matter and chirally restored phases are slightly disfavoured at
low magnetic fields (indicating IMC) and then favoured at higher magnetic fields
(indicating MC), though the scales at which this occurs seem different. Furthermore, it
is not apparent if the IMC must be incorporated explicitly in model calculations like in
the B-T plane at µB = 0. What of the deconfinment transition? New methods
developed recently allow the use of the PNJL model at T = 0. The single work
discussed seems to suggest the deconfinment transition behaves differently to the
chiral transition. It would be interesting to see what further studies using the PNJL0
model can tell us about this transition.

Is there a quark-hadron continuity like in the µB-T plane at B = 0? Given that it
borders the µB-T plane at B = 0, the possibility of a quark-hadron continuity
(discussed in Sec. (2.1.1)) in the µB-B plane at T = 0 can be entertained. At µB where
we expect nuclear matter (in both planes), the critical magnetic field (∼ 1017 G) of
nucleonic superfluidity is about an order of magnitude or two smaller than the typical
scale of eB ∼ Λ2

QCD (corresponds to 1018-1019 G) where we would expect a
deconfinment or chiral transition. Coincidentally, the critical temperature (around
1-10 MeV) is smaller than T ∼ ΛQCD (∼ 100 MeV) by roughly the same order of
magnitude. A quark-hadron continuity in the µB-B plane at T = 0 might therefore
occupy a similarly sized region at the scales presented. Of course, this depends once
more on the phase that follows the chiral transition, and whether it is chirally broken
and/or is a superfluid. This leads to another question - what phases do we expect at
NS densities? At large densities we might expect the CSC phase and the CFL phase at
asymptotically high µB. Do we expect this region to exist all the way down to the µB

realistic for NS? It is possible that 2SC would be favoured here over CFL. The CDW is
also a candidate at these densities. A further question is then which is preferred, CDW
or CSC?

What phases are there at eB > 0.3 GeV2? While the calculations from the literature at
least give us a vague idea of what the phase structure might look like at small
magnetic fields, we seem to know even less about magnetic fields beyond ∼ 0.3 GeV2.
The NJL models show that the chirally broken phase B is preferred, though at these
scales one might question if we are reaching scales beyond the cutoff Λ used in these
models. With Λ = 600 MeV, eB = 0.36 GeV2, making results at large fields qualitative
at best. Similarly, the scale of the critical fields in the right panel of Fig. 11 is around
0.1 GeV2 and predicts a transition to NQM. However, this phase could be competing
with aforementioned chirally broken phase and other phases of deconfined quark
matter. The chirally broken phase existing to large eB is at least consistent with the
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situation expected from lattice calculations in the B-T plane at µB = 0 (see Fig. 9) if one
argues there should be continuity between planes. However, this only tells us that at
low µB the chirally broken phase B may exist up to large eB and not necessarily up to
µB expected at NSs as the NJL models predict.

As far as we know there are no specific reviews of the literature to draw from in this
plane, which may make this discussion of the µB-B plane at T = 0 the first of its kind.
While our summary has tried to be broad, we make no assertions that it is
comprehensive nor the references cited exhaustive. Nevertheless, we hope it will be
useful to others investigating this parameter space and as an early step in constructing
a wider and more detailed µ-B plane at T = 0.

2.2 Superconductivity

Superconductivity is one of the great physics discoveries of the 20th century. It is a
phenomenon which exhibits collective quantum behaviour of particles at macroscopic
scales. Alongside the similar superfluidity, it serves to remind us that we live in a
quantum mechanical world. It was discovered by Heike Kamerlingh Onnes in 1911
when they observed the resistance of mercury drop to zero at a very low but finite
temperature [263]. A further experimental milestone was the discovery of the
Meissner effect in 1933 [264], where superconductors were found to expel magnetic
fields from their interior. The “supercurrent” - the dissipationless flow of charge
carriers due to the vanishing resistivity of superconductors - and the Meissner effect
became iconic properties of superconductors. The first milestone in the theoretical
description of superconductors came in the form of the London equations in 1935
[265]. From two simple equations relating the supercurrent j to the electric field and
magnetic field E and B,

∂j
∂t

=
1

Λ2 E , (2.8a)

∇× j = − 1
Λ2 B , (2.8b)

they successfully explained the electrodynamics of superconductors alongside the
Maxwell equations. With these equations, the Meissner effect can be expressed
mathematically as

∇2B =
1

Λ2 B . (2.9)

Here, Λ is the penetration depth, which determines the decay scale for an external
magnetic field penetrating into the superconductor.

Following this came Ginzburg-Landau (GL) theory [48] and
Bardeen-Cooper-Schrieffer theory (BCS) [46, 47] in the 1950s, the standard theoretical



38 Chapter 2. Background

tools of superconductivity. The latter introduced the concept of Cooper pairing and
provided a microscopic picture of superconductivity. The former is a
phenomenological approach which is sometimes preferable to use over the
microscopic description e.g. when dealing with inhomogeneous condensates for
instance. Superconductors are known to fall into two categories: type-I and type-II.
These can be differentiated by the behaviour of their internal magnetic field B or,
equivalently, by their response to an external magnetic field H. Assuming we are
below the critical temperature i.e. in the superconducting phase, type-I
superconductors exhibit the Meissner effect up to an external critical magnetic field
Hc, above which they undergo a first-order phase transition to the normal conducting
phase (or the “normal” phase). In type-II superconductors, they too begin in a phase
which exhibits the Meissner effect (the “Meissner” phase) up to a certain critical
magnetic field. At this point, instead of the superconducting condensate vanishing
there is a second-order transition to a new phase where magnetic flux partially
penetrates the system and the condensate becomes inhomogeneous. These magnetic
defects are usually vortices sometimes also called flux tubes. As we increase the H we
create more vortices. Since their interaction is repulsive, they order themselves into a
lattice in the plane perpendicular to the applied field. We therefore call this the
“vortex lattice” phase. Eventually, it is more energetically favourable to allow the
magnetic field to fully penetrate like in type-I, leading to another second-order
transition to the normal phase. Type-II superconductors are therefore characterised by
two second-order phase transitions occurring at the two different, critical, external
magnetic fields, Hc1 and Hc2 often called the “lower” and “upper” critical magnetic
fields respectively. We can also define the superconducting to normal transitions in
terms of B. In type-I, the critical magnetic field Bc is the value B jumps to from zero
after the first-order phase transition and the minimal possible B in the normal phase.
Similarly, one can define Bc2 as the B below which the system becomes
superconducting.

The introduction of vortices makes both the condensate and B inhomogeneous, and
therefore is often studied within GL theory. Indeed, the vortex lattice phase of type-II
was first studied within GL by Abrikosov [50]. Furthermore, the parameter that
determines whether the superconductor is type-I or type-II is the Ginzburg-Landau
parameter, κ, defined as

κ =
Λ
ξ

, (2.10)

where ξ is the coherence length, the natural length scale of an inhomogeneous
condensate. When κ < 1/

√
2 the superconductor is type-I, when κ > 1/

√
2 the

superconductor is type-II. A schematic phase diagram of type-I and type-II
superconductors is found in Fig. 12. Furthermore, the inhomogeneity of the
condensate and magnetic field is demonstrated by the flux tube profile in Fig. 13. A
common theme of the work presented in this thesis is superconducting phase
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FIGURE 12: Schematic phase diagram in the κ-H plane, demonstrating the different
phase structure of type-I and type-II superconductors. We have also labelled the crit-
ical point where the transition lines meet indicating the change from first-order, to
second-order phase transition(s).
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FIGURE 13: Schematic plot of a flux tube profile where the inhomogenous magnetic
field (red) and condensate (blue) are plotted as a function of the radial coordinate r.
We see that the maximum of the magnetic field is at r = 0. It then appreciably decays
over length scale Λ, the penetration depth, and vanishes at large r. The condensate
vanishes in the core and then increases appreciably over the coherence length ξ until
reaching a constant value φ ≃ φhom far away from the flux tube.

transitions and magnetic defects, in particular flux tubes. As a result, we will in
essence employ the GL framework throughout to analyse the phase structure and the
properties of these defects. Thus, this section outlines GL theory of type-I and type-II
superconductors, acting as a warm-up for Chapters 3 and 4. In Sec. (2.2.1), we derive
the equations of motion and free energy beginning from a Lagrangian in classical field
theory formalism. The following sections, Sec. (2.2.2), (2.2.3) and (2.2.4) will discuss
the critical magnetic fields Hc, Hc1 and Hc2 respectively. The last section will also
determine the preferred configuration of the vortex lattice and run through some
details of the calculations first done in Refs. [50, 51] which we will use in Chapter 4.
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2.2.1 Ginzburg-Landau theory

The fundamental assumption of Landau theory [266] is that one can express the free
energy of the system as a power series of an order parameter φ and its gradient ∇φ

near a second-order phase transition. During a second-order phase transition, φ is
expected to continuously go to zero and is small in its vicinity, allowing one to
perform an expansion in φ. One writes down the most general free energy,
disregarding terms that do not obey the symmetries of the system. GL theory is the
Landau theory for superconductors. While Landau theory is phenomenological and in
general not derived from first-principles, the GL theory can in fact be derived from the
microscopic BCS theory, which perhaps explains its success. It is an expansion of the
free energy near the critical temperature Tc and the GL free energy is temperature
dependent. One can therefore analyse the second order temperature transition within
GL. However, we will be interested in the transitions due to magnetic fields, assuming
we are at zero temperature and will extrapolate results from this limit. Our starting
point will be writing down the expansion in terms of a Lagrangian rather than the free
energy. To this end, the order parameter(s) will be the expectation value of a complex
scalar field(s). If we interpret the density of Cooper pairs as being proportional to |φ|2,
then it is clear that when this vanishes, so does the superconducting state.

We consider the following Lagrangian for a complex scalar field φ with mass m,
electric charge e, and coupling constant7 λ,

L = Dµ φ (Dµ φ)∗ − m2|φ|2 − λ|φ|4 + Lem , (2.11)

where the covariant derivative is Dµ ≡ ∂µ + ieAµ with the electromagnetic gauge field
Aµ. The electromagnetic part is

Lem = −1
4

FµνFµν , (2.12)

where Fµν = ∂µ Aν − ∂ν Aµ is the electromagnetic field strength tensor. The equations
of motion for φ∗ and Aµ are

(︁
DµDµ + m2 + 2λ|φ|2

)︁
φ = 0 , (2.13a)

∂µFµν = jν , (2.13b)

where
jν = ie (φ∗∂ν φ − φ∂ν φ∗)− 2e2Aν|φ|2 , (2.14)

7The symbol λ is usually reserved for the penetration depth in conventional superconductivity but is
also commonly used as the coupling constant in field theory. In an attempt to avoid confusion, we have
chosen the upper case Λ for the penetration depth and lower case λ for the coupling constant.
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is the electromagnetic four-current. Condensation of the complex field is induced by a
chemical potential µ, which we introduce via the temporal component of the gauge
field, Aν = (µ/e, A). Here, µ is the chemical potential coupled to the global U(1)
symmetry with the associated unit charge e. Although here we have kept the starting
point general, it will be useful to make the comparison back to the conventional
superconductor, where the Cooper pairs are formed of two electrons and we have a
lattice of positive ions.

In the static limit the equations of motion become

0 =
(︁
K − 2λ|φ|2

)︁
φ , (2.15a)

∇ · E = ρ = −2e2µ|φ|2 , (2.15b)

∇× B = j = −ie (φ∗∇φ − φ∇φ∗)− 2e2A|φ|2 , (2.15c)

where
K ≡ ∇2 − 2ieA · ∇ − ie∇ · A − e2A2 + µ2 − m2 . (2.16)

We will ignore the contributions of fluctuations to the thermodynamics, so the grand
canonical potential density is simply given by Ω = −L. This gives

Ω(x) = | (∇− ieA) φ|2 −
(︁
µ2 − m2)︁ |φ|2 + λ|φ|4 + B2

2
, (2.17)

which in general can be a function of space and depend on the set of coordinates x.
Equation (2.15c) is a generalisation of the London equation (2.8). With solutions
φ(x) = |φ|eiϕ(x) such that |φ|2 is homogeneous, taking the curl of j reproduces the
London equation (2.8b). By comparing these equations we find

Λ =
1√

2eφhom
, (2.18)

where φhom = |φ| is the magnitude of the homogeneous condensate. An important
thing to note is that due to our choice of Aν

E = −∇A0 − ∂t A = 0 , (2.19)

since we have taken A0 = µ/e as constant and A to be time independent. This is the
reason there is no electric contribution to Eq. (2.17). However, Eq. (2.19) conflicts with
Eq. (2.15b). To fix this, we assume the presence of a background charge cancelling the
charge of the complex scalar field, such that there is no net electric field. Thus, there
would be another contribution to Eq. (2.15b) which makes the right-hand side 0. In the
conventional scenario, the lattice of positive ions neutralises the combined charge of
the Cooper pairs, leading to a zero net charge. Essentially, it is a statement of charge
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neutrality. The free energy density can be written as

F =
1
V

∫︂
d3x Ω(x) =

1
V

∫︂
d3x

(︃
B2

2
− λ|φ|4

)︃
, (2.20)

where V is the volume of the system, and we consider the limit V → ∞. In the last
step we have derived a general expression by using the equation of motion (2.15a) and
dropping surface terms. It will be convenient to calculate the Gibbs free energy density

G = F − 1
V

∫︂
d3x H · B , (2.21)

in some situations, where H is the vector external magnetic field with magnitude H.
This will allow us to study the phase structure as we vary the external magnetic field
H rather than B.

2.2.2 The Meissner phase and critical field Hc

To start with, we look at the two simplest scenarios; the Meissner and normal phase.
In the former we have a spatially homogeneous condensate and no magnetic or gauge
field. The homogeneous thermodynamic potential Ωhom, is then

Ωhom = −
(︁
µ2 − m2)︁ |φ|2 + λ|φ|4 . (2.22)

Solving the equation of motion (2.15a), either φ = 0 or

|φ|2 =
µ2 − m2

2λ
. (2.23)

Inserting both solutions into the free energy (2.20), we see that the second gives a
lower result provided µ > m. With φ = 0 there is no superconductivity, thus we
conclude that we have a superconducting phase only when µ > m and

φ =

√︃
µ2 − m2

2λ
eiδ ≡ φhomeiδ , (2.24)

with phase δ and associated free energy

Fhom ≡ −
(︁
µ2 − m2)︁2

4λ
. (2.25)

Here we have defined φhom (first appearing Eq. (2.18)) and Fhom as the magnitude of
the homogeneous solution and free energy of the homogeneous phase respectively.

Sketching the potential (2.22) as a function of the real and imaginary components of φ,
the minimum is at φ = 0 for µ < m. For µ > m, the minimum is a circle described by
solution (2.24) for µ > m . When µ > m, this potential is commonly referred to as the
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“Mexican Hat” potential due to its shape and is often used pedagogically to explain
spontaneous symmetry breaking, which has already been discussed in previous
sections to some extent. Here we will give a brief discussion. Although the
Lagrangian density (2.11) is invariant under the U(1) transformation φ → φeiϕ, the
ground state (2.24) is not. Graphically, this transformation is the same as moving an
angle ϕ along the circle at the minimum of the potential. The potential has the same
value but we have moved to a different ground state. While all ground states have
equal free energy, the system can only be in one of them. Thus, the solution is said to
“spontaneously” choose a point along this minimum at the point when µ > m,
“spontaneously” breaking the symmetry. Superconductivity is therefore an example
of spontaneous symmetry breaking. Other examples include the aforementioned
chiral symmetry breaking with massless quarks. Just like the chiral condensate breaks
the chiral symmetry, φ breaks the U(1) symmetry of our system. The field φ is said to
condense for µ > m. As this field is bosonic, it is an example of Bose-Einstein
Condensation (BEC).

The normal phase is the opposite scenario, where there is no superconducting
condensate and the magnetic field fully penetrates. Thus, the free energy density of
the normal phase is just

Fnor ≡
B2

2
. (2.26)

To determine the critical magnetic field Hc, we must compare the difference in Gibbs
free energy. By minimising the free energy with respect to B we find

Ghom ≡ Fhom , Gnor ≡ −H2

2
. (2.27)

The normal phase is preferred over the Meissner phase when Ghom ≥ Gnor, from which
we find the critical field

Hc ≡
µ2 − m2
√

2λ
=

√
2λφ2

hom , (2.28)

above which we are in the normal phase. Note that the normal phase is automatically
preferred when µ < m. The competition between the two only matters when we have
the non-trivial solution for φ and the field condenses. When minimising the Gibbs free
energy, we find B = H in the normal phase and therefore Bc = Hc. The equivalence of
the critical fields in B and H is due to the fact that the homogeneous phase and normal
phase both coexist at the first-order transition.

2.2.3 Asymptotics of single vortex solutions and lower critical field Hc1

We now move on to situations where we allow the condensate and the gauge field
(and thus the magnetic field) to be inhomogeneous. This is relevant for the type-II
regime where κ > 1/

√
2. This section will discuss Hc1 and solving the equations of
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motion for a single flux tube. In type-II superconductors above Hc1, instead of
entering the normal phase, we expect the magnetic field to partially penetrate the
superconductor via vortices. At the critical field, we expect a single vortex to enter the
system through which the magnetic field partially penetrates. In terms of free energy,
this happens at the point when the Gibbs free energy density of the system with a
single vortex becomes equal to Ghom, the Gibbs free energy density in the Meissner
phase. The Gibbs free energy density of the system with a single vortex can be
expressed in terms of free energy densities F as

G = Fhom +Fvort −
1
V

∫︂
d3x H · B , (2.29)

where Fvort is the free energy of the vortex. Here we have separated the contribution
from the vortex Fvort and from the remainder of the superconductor. Away from the
vortex, the superconductor is essentially in the Meissner phase and so we can use
Fhom from the previous section. Since the magnetic field is non-zero in the presence of
a vortex, the Legendre transformation term from Eq. (2.21) remains. Setting Eq. (2.29)
equal to Ghom = Fhom, we can re-arrange for Hc1. Assuming cylindrical symmetry
with B and H aligned with the z-axis,

Hc1 =
VFvort

LzΦ
, (2.30)

with ∫︂
S

dS · B =
∮︂

s
ds · A = Φ , (2.31)

where we have adopted cylindrical coordinates (r, θ, z) in anticipation of the vortex
geometry and used Stokes’ theorem. In the above, Φ is the total magnetic flux, Lz is the
length of the system in the z-direction, and S is the surface of the plane perpendicular
to the vortex. The closed curve s is around the vortex. Both s and S should then in
principle be taken at r = ∞ to capture all the magnetic flux in the system since V → ∞.

We must determine Fvort to find Hc1. Usually, one would solve the equations of
motion to find φ(x) and A(x) and evaluate this free energy. However, the equations of
motion are not analytically solvable in general, and this remains the case for a single
vortex. One can determine Hc1 in the limit where we are deep in the superconducting
phase and κ ≫ 1 and Λ ≫ ξ. The superconductor can then be treated as mostly
homogeneous except for the vortex with a very small core 0 < r < ξ. Running
through the calculation will not be particularly useful for the purposes of the
following chapters. For the sake of completeness, we quote the result

Hc1 =
Φ0

4πΛ2 ln κ =
Hc√
2κ

ln κ , κ ≫ 1 , (2.32)

and refer those interested to Ref. [267] for more details. Here, Φ0 is the unit magnetic
flux through a vortex which we will determine later in this section. It is expressed in
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terms of Hc and κ using Eqs. (2.18), (2.28) and (2.40) and shows Hc1 is a decreasing
function of κ consistent with Fig. 12.

For the remainder of this section, we will look at asymptotic solutions of the equations
of motion. In doing this we will derive some useful relations and gain some insight
into the behaviour of the full solutions which is useful for the implementation of a
numerical computation. We use the ansatz

φ(r, θ) = φhom f (r)einθ , A = Aθ(r)êθ , (2.33)

where n is an integer called the “winding number”. By construction, this choice of
gauge field yields B = B(r)êz and ∇ · A = 0. We impose the boundary conditions
f (0) = 0 and f (∞) = 1 such that in the core of the flux tube the superconducting
condensate is zero and far away from the superconductor |φ|2 = φ2

hom. Furthermore,
B(∞) = 0 such that the magnetic field should vanish far away from the vortex where
it is expected to be almost completely expelled. These boundary conditions reflect the
schematic picture in Fig. 13. First looking at the gauge field, using our ansatz the
equation of motion (2.15c) becomes(︃

∂2
r̄ +

1
r̄

∂r̄ −
1
r̄2 − f 2

)︃
Aθ = − n

eΛr̄
f 2 , (2.34)

where we have rescaled r = Λr̄ using the penetration depth from Eq. (2.18). In the
limit r → ∞, Eq. (2.31) implies that

Aθ(r) ∼
Φ

2πr
. (2.35)

This asymptotic form can be substituted into Eq. (2.34) to check that it obeys the
equation of motion within this limit. We find that it does provided Φ = 2πn/e . This is
the total flux of the vortex with winding number n. Setting n = 1, we define the unit
flux of a vortex in Eq. (2.32)

Φ0 ≡ 2π

e
, (2.36)

also known as the flux quantum. In the opposite limit r → 0, it can be shown that

Aθ(r) ∼
B(0)

2
r (2.37)

by using a power series solution in Eq. (2.34). We have determined the integration
constant by using B = ∇× A.

We can also analytically determine the asymptotic behaviour of f (r) from the
differential equation{︃

∂2
r̃ +

1
r̃

∂r̃ −
[︂n

r̃
− ξeAθ(r̃)

]︂2
+ 1 − f 2

}︃
f = 0 , (2.38)
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obtained from Eq. (2.15a). Note, here we have again re-scaled such that r = ξ r̃ where

ξ ≡ 1√
2λφhom

, (2.39)

defining the coherence length from Eq. (2.10). With this, we can show using Eqs. (2.18)
and (2.10) that

κ =

√
λ

e
. (2.40)

According to our boundary condition, at large r we expect f (r) to be near unity, so we
expand f (r) ≈ 1 + g(r) where g(r) is a small perturbation. Using the asymptotic form
of Aθ(r) from Eq. (2.35) and neglecting terms of O(g2) the differential equation
becomes

r′ 2∂2
r′g + r′∂r′g − r′ 2g = 0 , (2.41)

where we have re-scaled (again) with r′ =
√

2r̃ and placed it in the form of the
modified Bessel’s equation. The solution we can then immediately write:

g(r′) = CK0(r′) , (2.42)

where Kn are the modified Bessel functions of the second kind and C is a constant. The
full solution also includes the modified Bessel functions of the first kind but we
discard these as they diverge in the limit r → ∞. In this same limit,
K0(r′) ∼

√
π/2r′e−r′ , thus

f (r) ≈ 1 + C

√︄
πξ

2
√

2r
e−

√
2r/ξ , (2.43)

for large r. While C needs to be determined numerically, clearly f (r) > 1 if C is
positive, yet the maximum should be f (∞) = 1. So we can at least deduce C < 0.

For small r, near the core of the vortex, we try a power series solution for f (r) of the
form

f (r̃) =
∞

∑
m=0

cmr̃m , (2.44)

and substitute in the asymptotic expression (2.37). After simplifying, we get the
following relation,

∞

∑
m=0

{︄
m2 − n2

r̃2 + ξ2eB(0)n + 1 −
[︃

ξ2eB(0)
2

]︃2

r̃2

}︄
cmr̃m + f 3 = 0 . (2.45)

Note that we have not substituted the expansion in for f 3. In principle, there are terms
from f 3 that contribute at lowest order, but we will see that these become irrelevant.
The term

(︁
m2 − n2)︁ /r2 within the sum in Eq. (2.45) is divergent at r = 0 unless m = n

for m = 0, 1. Unavoidably, c0 = 0 if we seek solutions where n ̸= 0 (the situation
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where n = 0 would mean no vortex or magnetic flux). The same can be said for c1

unless n = 1. This can be generalised to larger n. While there is no divergence for
m > 1, the

(︁
m2 − n2)︁ /r2 term within the sum in Eq. (2.45) will always be the lowest

order term in r. As a result, all coefficients cm = 0 for m < n and the first non-zero
coefficient will be cn, which we cannot determine analytically. Therefore,

f (r̃) = cnr̃n + . . . , (2.46)

in general. In conventional superconductors, n = 1 is preferred. This is plausible from
our asymptotic solutions. The free energy in Eq. (2.20), has two contributions. There is
a positive B2 contribution and a negative |φ|4 ∝ f 4 contribution. At large r, we see
from our asymptotic solution (2.35) that B(r) ∝ n and f (r) does not depend on n. For
the lowest free energy, we therefore want the lowest n as B contributes positively to
the free energy. At small r, f 4 ∼ r4n. Since this is a negative contribution this would
lower the free energy most when n is small for small r. Our asymptotic solution for
the gauge field (2.37) tells us the magnetic field is approximately constant with no
(explicit) n dependence at small r. Therefore, from our asymptotic solutions at small
and large r, smaller winding number gives a lower free energy. Of course, this is not
conclusive as the free energy is an integral over all the whole system and we don’t
know the n-dependence of the condensate and magnetic field at intermediate r. One
could also argue that the undetermined constants could change with n. Nonetheless, it
shows that lower winding numbers yielding lower free energies is plausible without
doing a full numerical computation. The lowest value for n where we have non-trivial
solutions is n = 1. However, we will see later in Chapter 3 that this can change when
we consider more complicated and exotic systems. Focusing on the conventional case,
we set n = 1 and proceed from there. With the divergences dealt with, we can proceed
to determine the next term in the expansion from

{︁[︁
(m + 2)2 − 1

]︁
cm+2 +

(︁
ξ2eB(0) + 1

)︁
cm
}︁

r̃m +O(r̃3) = 0 , (2.47)

where we have shifted the index m in the previously divergent term within the sum in
Eq. (2.45). It can be appreciated from this recurrence relation that all even cm are going
to vanish due to c0 = 0 and all odd cn can be expressed in terms of c1. Looking at
terms of order r, we use Eq. (2.47) to determine c3 and find

f (r) ≈ c1r
{︃

1 −
[︁
1 + ξ2eB(0)

]︁ r2

8ξ2

}︃
, (2.48)

where we have absorbed a factor of ξ into c1. To find higher order terms, the terms of
order r3 become relevant i.e. the last two terms of Eq. (2.45) must also be considered
(with n ≥ 1, f 3 ∼ r3n). We see that both asymptotic expressions (2.43) and (2.48) have
constants that we must determine numerically.
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2.2.4 The upper critical field Hc2 and the Abrikosov Vortex Lattice

Finally, we derive expressions for Bc2 and Hc2 and show that the vortex lattice phase is
preferred over the normal phase below Bc2. Then, we will proceed to determine the
configuration of the vortices which minimises the free energy. These tasks follow the
work of Ref. [50, 51]. For this section we will work in Cartesian coordinates. Although
clearly preferable when dealing with a single vortex, cylindrical coordinates are less
likely to be advantageous when analysing many vortices arranged in a lattice.

Starting from the normal phase, at the critical field Bc2 we expect a continuous
transition from the non-condensed phase φ = 0 to a superconducting phase. To
determine this transition, we temporarily restore the time dependence and linearise
around φ = 0. With the ansatz φ(t, x) = eiωt f (x) this allows us to compute the
dispersion relation of the fluctuations in the non-superconducting state in the
presence of the magnetic field. The equation of motion (2.13a) becomes

(ω + µ)2 f (x) = −
(︁
∇2 − 2ieA · ∇ − ie∇ · A − e2A2 − m2)︁ f (x) . (2.49)

Aligning the z-axis with the magnetic field, B = Bêz, we may choose the gauge
A = Bxêy (obeying ∇ · A = 0) and make the ansatz f (x) = eikyyeikzzψ(x) to obtain

[︂
(ω + µ)2 − k2

z − m2
]︂

ψ(x) =

[︄
−∂2

x + e2B2
(︃

x −
ky

eB

)︃2
]︄

ψ(x) . (2.50)

This equation has the form of the Schrödinger equation for the one-dimensional
harmonic oscillator and its solution gives the usual Landau levels labelled by the
integer ℓ,

ω =
√︂
(2ℓ+ 1) eB + m2 + k2

z − µ . (2.51)

This energy is positive for all ℓ and kz if B is sufficiently large. A negative energy, and
thus the indication of an instability, first occurs for ℓ = kz = 0 at the critical field

Bc2 ≡ µ2 − m2

e
=

1
eξ2 . (2.52)

This implies the system is unstable to the condensation of the charged condensate.
Furthermore, we can show that

Bc2 =
√

2κBc , (2.53)

using Eqs. (2.28) and (2.40). Similar to Bc, Bc2 can be interpreted as the field below
which the system goes superconducting. Therefore, approaching from the normal
phase, B = H and Bc2 = Hc2. As a result, the above relation holds with Bc2 and Bc

switched for Hc2 and Hc respectively. The external upper critical magnetic field is
therefore an increasing function of κ and is consistent with the phase diagram sketch
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in Fig. 12. Once again we require µ > m, for Bc2 to be positive. Otherwise Bc2 < 0,
signalling that the normal phase is preferred everywhere.

Due to the instability, we thus expect a superconducting phase with a charged
condensate to take over when B < Bc2. To construct this phase just below Bc2 we
employ an expansion in ϵ ∼

√
Bc2 − B,

φ = φ0 + δφ + . . . , A = A0 + δA + . . . , (2.54)

where φ0 and δφ are of order ϵ and ϵ3, while A0 and δA are of order 1 and ϵ2. The
logic is that near the second-order phase transition to the normal phase, φ is very
small and B ≈ Bc2. Hence, for ϵ → 0 we approach the critical field and need
∇× A0 = Bc2, which we can satisfy with A0 = xBc2êy. We may thus write the
expansion of the magnetic field as

B = Bc2 + δB + . . . , (2.55)

with ∇× δA = δB. The φ∗ equation of motion (2.13a) yields the order ϵ and ϵ3

equations

K0φ0 = 0 , (2.56a)

K0δφ =
(︁
2ieδA · ∇+ 2e2A0 · δA + ie∇ · δA + 2λ|φ0|2

)︁
φ0 , (2.56b)

where K0 is the operator K (2.16) with A replaced by its lowest order contribution A0.
The lowest-order contribution to the equation of motion for A (2.15a) simply gives
∇× Bc2 = 0, which is trivially solved since the magnetic field is constant at (and
above) the critical value. The order ϵ2 contribution gives

∇× δB = −ie (φ∗
0∇φ0 − φ0∇φ∗

0)− 2e2A0|φ0|2 . (2.57)

For later, it is useful to combine Eq. (2.56b) with Eq. (2.57) as follows. We multiply
Eq. (2.56b) from the left with φ∗

0 and multiply Eq. (2.57) with δA. In both resulting
equations we have created a term 2e2A0 · δA|φ0|2, and so we can insert one equation
into the other to obtain

φ∗
0K0δφ = ie∇ · (δA |φ0|2)− δA · (∇× δB) + 2λ|φ0|4 . (2.58)

With partial integration, dropping the surface term, and using the equation of motion
K∗

0 φ∗
0 = 0, the integral over the left-hand side vanishes,∫︂

d3x φ∗
0K0δφ = 0 . (2.59)
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Consequently, the integral over the right-hand side of Eq. (2.58) must vanish as well.
Dropping the boundary term, this yields the useful relation

0 =
∫︂

d3x
[︂
2λ|φ0|4 − δA · (∇× δB)

]︂
. (2.60)

To solve the equations of motion explicitly we first note that Eq. (2.56a) can be brought
in the form of Eq. (2.50) with ω = 0 and B = Bc2 and, assuming no variation in the
z-direction, kz = 0. The solution for the lowest Landau level, ℓ = 0, is a Gaussian, and
in order to construct periodic solutions we set ky = nq, where n is an integer, and
consider the superposition of Gaussians

φ0(x, y) =
∞

∑
n=−∞

Cneinqyψn(x) , ψn(x) = e
− (x−xn)2

2ξ2 , (2.61)

with complex coefficients Cn and xn ≡ nqξ2. We have also used Eq. (2.52) to express
our solutions in terms of ξ. Next, we need to compute δA and thus δB from the
equation of motion (2.57). We will see that it is consistent to restrict the correction to
the gauge field to the y-direction, δA = δAy(x, y)êy, and we can write δB = δB(x, y) êz.
One first derives the following useful identities with the help of the explicit solution
(2.61),

i(φ∗
0∂x φ0 − φ0∂x φ∗

0) = ∂y|φ0|2 , (2.62a)

i(φ∗
0∂y φ0 − φ0∂y φ∗

0) + 2exBc2|φ0|2 = −∂x|φ0|2 . (2.62b)

Consequently, the non-trivial components of Eq. (2.57) take the simple form

∂y∂xδAy = −e∂y|φ0|2 , (2.63a)

∂2
xδAy = −e∂x|φ0|2 . (2.63b)

The first equation gives ∂xδAy = −e|φ0|2 + const, and the second equation implies
that the integration constant is indeed a constant that does not depend on x. We
express the integration constant in terms of the spatial average of the magnetic field
⟨B⟩, which we choose as our independent thermodynamic variable. We cannot use B
since it is now space dependent. To this end, we define the spatial average of a space
dependent function f (x) as

⟨ f (x)⟩ ≡ 1
V

∫︂
V

d3x f (x) . (2.64)

Requiring ⟨B⟩ = Bc2 + ⟨δB⟩, we obtain

δB = ∂xδAy = ⟨B⟩ − Bc2 + e
(︁
⟨|φ0|2⟩ − |φ0|2

)︁
. (2.65)
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We can use this expression to compute

δA · (∇× δB) = −e
(︁
⟨B⟩ − Bc2 + e⟨|φ0|2⟩

)︁
|φ0|2 + e2|φ0|4 + total derivatives . (2.66)

Inserting this result into Eq. (2.60) and dropping the boundary terms gives

e⟨|φ0|2⟩ =
Bc2 − ⟨B⟩

(2κ2 − 1) β + 1
, (2.67)

where

β ≡ ⟨|φ0|4⟩
⟨|φ0|2⟩2 . (2.68)

We can see from Eq. (2.67) that the spatial average of φ0 goes to zero as ⟨B⟩ → Bc2

which is to be expected. With these preparations we can now go back to the free
energy (2.20). To express the result in terms of our thermodynamic variable ⟨B⟩, we
need to rewrite the magnetic energy with the help of

⟨B2⟩ = ⟨B⟩2 + e2
(︂
⟨|φ0|4⟩ − ⟨|φ0|2⟩2

)︂
, (2.69)

such that, using Eq. (2.67), we obtain the free energy density

F =
⟨B⟩2

2
− 1

2
(Bc2 − ⟨B⟩)2

(2κ2 − 1) β + 1
. (2.70)

This form is very useful since all the details of the lattice structure are captured by the
parameter β, which was first introduced by Abrikosov [50]. We can identify the first
term with the free energy of the normal phase Fnor. Thus, provided the second term
remains negative, the vortex lattice phase is preferred over the normal phase. The
structure of the denominator in the second term is such that we can recover the free
energy at the type-I transition when φ0 → φhom. With β = 1 and setting ⟨B⟩ = Bc, we
can use Eq. (2.53) and let κ → 1/

√
2 to find F = B2

c /2. This is the free energy of the
normal and homogeneous phase at the type-I transition, indicating that the vortex
lattice phase, normal phase and Meissner phase are equally preferred at κ = 1/

√
2 i.e.

the critical point in Fig. 12.

It is instructive to apply a Legendre transformation and instead of ⟨B⟩ use the external
magnetic field, H, as a thermodynamic variable, using the relation

H =
∂F

∂⟨B⟩ . (2.71)

With Hc2 = Bc2 this yields the Gibbs free energy density

G = −H2

2
− 1

2
(Hc2 − H)2

(2κ2 − 1)β
. (2.72)
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Similar to Eq. (2.70), we identify the first term with Gnor, the corresponding Gibbs free
energy of the normal phase. In this form we see that the free energy is lowered by a
flux tube lattice if κ > 1/

√
2 (since β > 0), which is exactly the condition for type-II

superconductivity. As with Eq. (2.70) we can recover the Gibbs free energy at the
type-I transition with β = 1, H = Hc and κ → 1/

√
2, demonstrating the equality in

Gibbs free energy between the vortex lattice phase, Meissner phase and normal phase
at the critical point as well. Since H is now the thermodynamic variable, the link to the
critical point in Fig. 12 is perhaps clearer.

As just discussed, for κ > 1/
√

2 the free energy (2.72) is lower than that of the normal
phase for β > 0. We can go further and determine how much lower by minimising β.
It turns out this process is equivalent to determining the preferred configuration of the
vortex lattice. This will involve computing β. To this end, we introduce dimensionless
variables with the help of the coherence length,

x → ξx , y → ξy , q → q
ξ

. (2.73)

Since the z-dependence of our system is trivial, we can write the spatial average (2.64)
as

⟨ f (x, y)⟩ = 1
LxLy

∫︂ Lx

0

∫︂ Ly

0
dydx f (x, y) , (2.74)

where Lx and Ly are arbitrary lengths in x, y respectively. We need to determine the
spatial averages of |φ0|2 and |φ0|4 to proceed. As it stands,

⟨|φ0|2⟩ = ∑
m,n

C∗
mCn

LxLy

∫︂ Ly

0

∫︂ Lx

0
dydx ei(n−m)qyψm(x)ψn(x) , (2.75a)

⟨|φ0|4⟩ = ∑
l,p,m,n

C∗
l Cp

C∗
mCn

LxLy

∫︂ Ly

0

∫︂ Lx

0
dydx ei(n+p−(m+l))qyψl(x)ψp(x)ψm(x)ψn(x) ,

(2.75b)

where the sums for each index go from −∞ to ∞ (which from now on will be taken as
implicit unless specified otherwise). For now, we allow our lattice to have an
unspecified periodicity by setting Ly = 2πNy/q and Lx = Nxq where Ny and Nx,
which we assume to be finite integers and non-zero, are the periodicities in the y and x
directions respectively. Both y-integrals can be expressed in terms of the Kronecker
delta and, interestingly, the Ny factors cancel from the expression, removing the
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dependence on the periodicity in y. The above then becomes

⟨|φ0|2⟩ =
1

Nq ∑
n
|Cn|2

∫︂ Nq

0
dx e−(x−nq)2

, (2.76a)

⟨|φ0|4⟩ =
1

Nq ∑
n1,n2,n3

C∗
n1

Cn1+n2 Cn1+n3 C∗
n1+n2+n3

e−
(n2

2+n2
3)q2

2

∫︂ Nq

0
dx e

−2
(︃

x− (2n1+n2+n3)q
2

)︃2

,

(2.76b)

where we have set Nx ≡ N for brevity, introduced the new indices

n1 = m , n2 = l − p , n3 = p − m , (2.77)

for ⟨|φ0|4⟩, and manipulated the exponential functions to be in the form of a single
Gaussian by completing the square.

It is reasonable to assume that a periodic lattice is energetically favoured over a
randomly assorted one. We introduce Cn = Cn+N which partially determines the
arrangement of vortices in the superconductor. We expand the sum in (2.76a) for
general periodicity N and collect coefficients using Cn+N = Cn. One finds that the
integrals can be combined to give N Gaussian integrals over x ∈ [−∞, ∞] for all Cn

between C0 and CN−1. Similar results are obtained for (2.76b) once we notice that
C∗

n1+NCn1+N+n2 Cn1+N+n3 C∗
n1+N+n2+n3

= Cn1+n2 Cn1+n3 C∗
n1+n2+n3

(since the periodicity is
carried over from the original indices). Evaluating the integrals, Eqs. (2.76) become

⟨|φ0|2⟩ =
√

π

Nq

N−1

∑
n=0

|Cn|2 , (2.78a)

⟨|φ0|4⟩ =
1

Nq

√︃
π

2 ∑
n3

∑
n2

e−
(n2

2+n2
3)q2

2

N−1

∑
n1=0

C∗
n1

Cn1+n2 Cn1+n3 C∗
n1+n2+n3

. (2.78b)

More explicit derivations of these results can be found in Appendix A.1. An analysis
for general N is likely a large and complex task. Instead, we follow the example of
Abrikosov in Ref. [50] and resort to looking at the simplest configurations, assuming
these would be favoured. Famously, he incorrectly concluded that a rectangular
arrangement of vortices, where Cn = Cn+1, was the favoured configuration. We can
recover this result by setting N = 1 in Eqs. (2.78). However, Kleiner, Roth and Autler
in Ref. [51] demonstrated that a rectangular lattice is unstable to a hexagonal one,
which has a lower free energy8. They achieved this by deriving a way to compare
many different configurations. The derivation begins by looking at a general
triangular lattice (of which a rectangular lattice is a special case) where Cn = Cn+2.
Following suit, we set N = 2 such that there are only two unique coefficients - C0 and

8Experimental observation of the hexagonal lattice then confirmed that a hexagonal lattice is the pre-
ferred configuration in general (e.g. see Ref. [268])



54 Chapter 2. Background

C1. From Eqs. (2.78) we obtain

⟨|φ0|2⟩ =
√

π

2q
(︁
|C0|2 + |C1|2

)︁
, (2.79a)

⟨|φ0|4⟩ =
1
2q

√︃
π

2

{︂(︂
|C0|4 + |C1|4

)︂
f 2
0 + 4|C0|2|C1|2 f0 f1 +

[︂
(C∗

0 C1)
2 + (C∗

1 C0)
2
]︂

f 2
1

}︂
,

(2.79b)

where
fs = ∑

r
e−

(2r+s)2q2
2 , (2.80)

which with s = 0, 1 are respectively the even and odd parts of both the n2 and n3 sums
in Eq. (2.78b). These functions can be expressed as

f0 = ϑ3(0, e−2q2
) , f1 = e−q2/2ϑ3(iq2, e−2q2

) , (2.81)

with the Jacobi theta function

ϑ3(z, x) =
∞

∑
n=−∞

xn2
e2niz . (2.82)

The N = 2 lattice encapsulates a continuum of geometries whose common feature is
Cn = Cn+2 in the solution, such that φ0(x, y) can be split into odd an even parts. In the
geometric picture, this corresponds to some skewed lattice, of which the rectangular
and triangular lattice are special cases. Further assuming that more symmetrical
configurations will be preferred over less symmetrical configurations, the general,
discrete translational symmetry |φ0(x, y)|2 = |φ0(x + N1Lx/2, y + N2Ly/2)|2 where
N1 and N2 are integers can be investigated. By exploring different combinations of
even and odd N1 and N2, we find the translational symmetry which gives the minimal
β for N = 2 is N1 = 2Mx + Z and N2 = 2My + Z for any integer Mx, My, Z with

C0 = ±iC1 . (2.83)

This analysis is done in Fourier space in Appendix A.2. Inserting the condition
Eq. (2.83) into β, we obtain

β =
q√
2π

( f 2
0 + 2 f0 f1 − f 2

1 )

=

√︃
R
2

{︂ [︂
ϑ3(0, e−2πR)

]︂2
+ 2e−

πR
2 ϑ3(0, e−2πR)ϑ3(iπR, e−2πR)

− e−πR
[︂
ϑ3(iπR, e−2πR)

]︂2 }︂
,

(2.84)
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FIGURE 14: Left panel: Plot of β for the N = 2 lattice as a function of R. There are two
minima at R =

√
3 and 1/

√
3 (not depicted). The red dots correspond to the values

of R for which contour plots of |φ0(x, y)|2 in the x-y plane are displayed in the right
panel. Right panel: Contour plots of the condensate for values of R denoted by red
dots in the left panel. Starting from the leftmost dot in the β(R) plot, we go from top
to bottom, left to right. The rectangular lattice at R = 1 is in the top left, the hexagonal
lattice for R =

√
3 is in the top right. Darker regions correspond to vortices, i.e. where

the condensate goes to zero. The axes are in the dimensionless x, y and so measured
in units of the coherence length ξ.

where we have introduced the variable

R ≡ tan θ =
Lx

Ly
=

q2

π
. (2.85)

(Recall that q is dimensionless here, in terms of dimensionful quantities R = q2ξ2/π.)
This variable parameterises a continuum of triangular lattices, where R = 1 and thus
θ = π

4 corresponds to a quadratic lattice, while R =
√

3 and thus θ = π
3 gives a

hexagonal lattice (or R = 1/
√

3, which gives the same lattice with x- and y-directions
swapped). By plotting β as a function of R, we see that it is minimised by the
hexagonal structure, for which β ≃ 1.1596, while β ≃ 1.1803 for the quadratic lattice,
which is shown in Fig. 14. The translational symmetry of the hexagonal lattice is
demonstrated in Fig 15.
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Lx

Ly

FIGURE 15: Hexagonal vortex lattice in the x-y plane. A vortex is designated by a cir-
cle. It has translational symmetry (x, y) → (x + (2Mx + Z)Lx/2, y + (2My + Z)Ly/2)
where Mx, My, Z are integers and C0 = ±iC1 in φ0(x, y). In other words, the system is
invariant when we take even or odd steps simultaneously in both directions (i.e. when
N1 = 2Mx + Z and N2 = 2My + Z are both odd or both even). The cell which can be
repeated to build the lattice and over which we take the spatial average is shown by
the solid lines. The hexagonal pattern is indicated by the dashed lines. Note that here
R =

√
3 (see text and Fig. 14), but the symmetry and condition (2.83) are common to

all lattices encapsulated by the β plotted in Fig. 14.
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Chapter 3

Magnetic defects in the 2SC phase
with strange quark mass corrections

In Chapter 2, Sec. 2.1 we introduced the concept of CSC. Its possible presence in the
µB-B plane at T = 0 and NS cores was also discussed. Of relevance to both these
discussions is the work done in Ref. [254], where the authors analysed dense,
three-flavour quark matter at zero temperature in a large external magnetic field. This
was done by considering three different condensates and gauge fields in a GL
approach [120, 269–274]. The authors focused on the CFL and 2SC phases, both of
which act as very weak electromagnetic superconductors, expelling a small part of the
ordinary1 magnetic field. Determining the critical fields for both type-I and type-II
regimes, they constructed the phase diagram displayed in the right panel of Fig. 11. To
calculate Hc1 for each phase required analysing the magnetic defects that emerge
above this transition. Interestingly, the authors determined that the flux tubes in the
2SC phase become domain walls. To see why this might be the case, we need to first
look at the pairing in the 2SC phase.

In the 2SC phase, pairing only occurs between two of the three quarks flavours and
two of the three colours, forming a single condensate. When quarks are massive,
pairing with the strange quark is disfavoured due to the comparatively large Ms.
Therefore, 2SC forms a ud condensate and all s quarks do not pair. When quarks are
massless, the difference in Fermi surfaces is small and therefore forming pairs of any
kind is equally favourable. Ignoring colour, this means there are three different
possible options for a 2SC phase, one for each Cooper pair condensate. Hence, the 2SC
phase can be split according to which quarks pair; 2SCud, 2SCus and 2SCds (subscript
denotes the paired quarks). For comparison, the CFL phase involves a coexistence of
the three aforementioned Cooper pair condensates, each with a specific colour charge.

1“Ordinary” used here means “the magnetic part of the electromagnetic field” for brevity.
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With this in mind, CSC warrants the examination of multi-component
superconductors.

In Ref. [254], the quarks are treated as massless. This results in the 2SCud and 2SCus

phases having the same free energy (the 2SCds has a larger free energy). Equal free
energy means equal pressure and thus the two condensates form a domain wall. The
aim of the work presented in this chapter is to improve upon the results of Ref. [254]
by incorporating the mass of the heaviest quark in the three-flavour regime i.e. ms.
Near compact star densities µq ∼ 400 MeV, while mu ≈ 2 MeV, md ≈ 5 MeV and
ms ≈ 100 MeV. The mass of the u and d quarks are small compared to µq, but ms ∼ µq,
making the massless quarks approximation less justifiable in this astrophysical
context. Hence, with the motivation of a more realistic calculation, we keep
mu = md = 0 and include the effects of ms ̸= 0 by adding correction terms in the GL
free energy, following the examples of [118, 122, 275]. A primary goal is determining
the fate of the domain walls within this semi-massive regime and, if they do not
survive, if some other defect takes its place. Other objectives include constructing
phase diagrams for both homogeneous and inhomogeneous systems and comparing
them to the massless results presented in Ref. [254]. We do this by obtaining the Gibbs
free energy (derived from the GL potential) for each phase, through which we find the
critical fields. For the critical field Hc1, this involves determining the flux tube and
magnetic field profiles numerically.

In Sec. (3.1) our GL formalism including ms is introduced. The following Sec. (3.2)
discusses the homogeneous phases in preparation for the next section (Sec.( 3.3)),
which concerns the critical magnetic fields. Here, all critical fields Hc of the
homogeneous phases are presented, and the upper critical fields (Hc2) of the
inhomogeneous phases are determined analytically. The numerical calculation for the
lower critical field (Hc1) is then laid out. Following this is the final section, Sec. (3.4),
presenting and analysing our numerical results. A summary and wider discussion of
the results are reserved for Chapter 5.

3.1 Setup

The following lays out the framework in which we derive our results. We work in the
previously introduced GL regime, which has been used to study CSC in the past e.g.
se Refs. [120, 270–272, 274]. Our starting expression is the same as the one in Ref. [254]
but with strange quark mass correction terms adopted from the potential in Refs. [118,
275]. While the same as the framework introduced in Sec. (2.2.1), the inclusion of
additional gauge fields and possibility of multiple non-zero condensates adds more
complexity. Our focus will be primarily on the 2SC phase so we rotate the colour and
electromagnetic gauge fields in a way which is convenient for our purposes. Also
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discussed is the computation of the Gibbs free energy using the minimised GL free
energy density and our choices of parameters, which elaborates on the inclusion of
non-zero ms.

3.1.1 Ginzburg-Landau potential

In three-flavour quark matter with sufficiently small mismatch in the Fermi momenta
of the different fermion species, Cooper pairing predominantly occurs in the spin-zero
channel and in the antisymmetric anti-triplet channels in colour and flavour space, [3̄]c
and [3̄] f . As pairing is assumed to occur between fermions of the same chirality, the
flavour channel stands for either left-handed or right-handed fermions. Therefore, the
order parameter for Cooper pair condensation can be written as

Ψ = Φij Ji ⊗ Ij ∈ [3̄]c ⊗ [3̄] f , (3.1)

where the anti-symmetric 3 × 3 matrices (Ji)jk = −iϵijk and (Ij)kℓ = −iϵjkℓ form bases
of the three-dimensional spaces [3̄]c and [3̄] f , respectively. As a consequence, we can
characterise a colour-superconducting phase by the 3 × 3 matrix Φ, which has one
(anti-)colour and one (anti-)flavour index. We shall put the colours in the order (r, g, b)
and the flavours in the order (u, d, s). The colour charges are only labels and thus their
order is not crucial, but the order of the flavours matters since electric charge and
quark masses break the flavour symmetry2. In this convention, for instance, Φ11

carries anti-indices r̄ and ū and thus describes pairing of gd with bs quarks and of gs
with bd quarks.

We consider the following GL potential up to fourth order in Φ,

Ω =− 12
{︂

Tr[(D0Φ)†(D0Φ)] + u2Tr[(DiΦ)†(DiΦ)]
}︂
− 4µ2Tr[Φ†Φ]

+ 4σTr
[︃

Φ†
(︃

M2

2µq
+ µeQ

)︃
Φ
]︃
+ 16(λ + h)Tr[(Φ†Φ)2]− 16h(Tr[Φ†Φ])2

+
1
4

Fa
µνFµν

a +
1
4

FµνFµν .

(3.2)

Apart from the mass correction, proportional to the parameter σ, this is exactly the
same potential, and the same notation, as in Ref. [254], where the starting point was
the potential for Ψ, based on previous works [270–272, 274]. Due to the broken
Lorentz invariance in the medium, the temporal and spatial parts of the kinetic term

2For the CFL phase the order (d, s, u) is often used, which is convenient since then the generator of the
electromagnetic gauge group is proportional to the eighth generator of the colour gauge group. Since our
main focus is on the 2SC phase, this re-ordering is not necessary and we work with the more common
order (u, d, s).
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have different prefactors, u = 1/
√

3. The covariant derivative is given by

DµΦ ≡ ∂µΦ − igAa
µTT

a Φ + ieAµΦQ . (3.3)

where g and e are the strong and electromagnetic coupling constants, respectively. The
colour gauge fields are denoted by Aa

µ, a = 1, . . . , 8, and Aµ is the electromagnetic
gauge field. Furthermore, Ta = λa/2, with the Gell-Mann matrices λa, are the
generators of the colour gauge group SU(3), and the electric charge matrix for the
Cooper pairs Q = diag(qd + qs, qu + qs, qu + qd) = diag(−2/3, 1/3, 1/3) is the
generator of the electromagnetic gauge group U(1). Here, qu, qd, qs denote the
individual quark charges in units of e. The field strength tensors are
Fa

µν = ∂µ Aa
ν − ∂ν Aa

µ + g f abc Ab
µ Ac

ν for the colour sector, where f abc are the SU(3)
structure constants, and Fµν = ∂µ Aν − ∂ν Aµ for the electromagnetic sector. The
constants in front of the quadratic and quartic terms in Φ are written conveniently as
combinations of µ, λ and h, whose physical meaning will become obvious after
performing the traces (see Eq. (3.4)).

We have incorporated a mass correction to lowest order, with the (fermionic) quark
chemical potential µq and the mass matrix for the Cooper pairs
M = diag(md + ms, mu + ms, mu + md) ≃ diag(ms, ms, 0), i.e., we shall neglect the
masses of the light quarks, mu ≃ md ≃ 0, and keep the strange quark mass ms as a free
parameter. We have also included the contribution of the electric charge chemical
potential µe, which is of the same order for small quark masses, µe ∝ m2

s /µq. The
correction term is identical to the one used in Refs. [118, 275], which is easily seen by
an appropriate rescaling of Φ.

In the following we restrict ourselves to diagonal order parameters,
Φ = 1

2 diag(ϕ1, ϕ2, ϕ3) with ϕi ∈ C, where ϕ1 corresponds to ds pairing, ϕ2 to us
pairing, and ϕ3 to ud pairing. If flavour symmetry was intact, off-diagonal order
parameters could always be brought into a diagonal form by an appropriate rotation
in colour and flavour space. This is no longer true when flavour symmetry is explicitly
broken, and thus our restriction to diagonal order parameters is a simplification of the
most general situation [276]. Even in this simplified case, 23 = 8 qualitatively different
homogeneous phases have to be considered in principle, accounting for each of the
three condensates to be either zero or non-zero. The restriction to diagonal matrices Φ
allows us to consistently set all gauge fields with off-diagonal components to zero,
A1

µ = A2
µ = A4

µ = A5
µ = A6

µ = A7
µ = 0, such that the only relevant gauge fields are the

two colour gauge fields A3
µ, A8

µ, and the electromagnetic gauge field Aµ. Moreover, we
are only interested in static solutions and drop all electric fields, i.e., we only keep the
spatial components of the gauge fields, giving rise to the magnetic fields B3 = ∇× A3,
B8 = ∇× A8, and B = ∇× A. Within this ansatz, performing the traces in Eq. (3.2)
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yields

Ω =

⃓⃓⃓⃓(︃
∇+

igA3

2
+

igA8

2
√

3
+

2ieA
3

)︃
ϕ1

⃓⃓⃓⃓2
+

⃓⃓⃓⃓(︃
∇− igA3

2
+

igA8

2
√

3
− ieA

3

)︃
ϕ2

⃓⃓⃓⃓2

+

⃓⃓⃓⃓(︃
∇− igA8√

3
− ieA

3

)︃
ϕ3

⃓⃓⃓⃓2
− (µ2 − m2

1)|ϕ1|2 − (µ2 − m2
2)|ϕ2|2

− (µ2 − m2
3)|ϕ3|2 + λ(|ϕ1|4 + |ϕ2|4 + |ϕ3|4)

− 2h(|ϕ1|2|ϕ2|2 + |ϕ1|2|ϕ3|2 + |ϕ2|2|ϕ3|2) +
B2

3
2

+
B2

8
2

+
B2

2
.

(3.4)

This potential can be viewed as a generalised version of our textbook superconductor
which has a single condensate coupled to a single gauge field from Sec. (2.2.1). Here
we have three condensates with identical (bosonic) chemical potential µ, with
self-coupling λ, cross-coupling h, and three different effective masses (squared)

m2
1 = σ

(︃
m2

s
2µq

− 2µe

3

)︃
, m2

2 = σ

(︃
m2

s
2µq

+
µe

3

)︃
, m2

3 = σ
µe

3
. (3.5)

All three gauge fields couple to the condensates. We can simplify the potential by a
suitable rotation of the gauge fields.

3.1.2 Rotated electromagnetism and Gibbs free energy density

We apply the double rotation from Ref. [254], which, denoting the rotated gauge fields
by Ã3

µ, Ã8
µ, and Ãµ, reads,

⎛⎜⎝ Ã3
µ

Ã8
µ

Ãµ

⎞⎟⎠ =

⎛⎜⎝ cos ϑ2 0 sin ϑ2

0 1 0
− sin ϑ2 0 cos ϑ2

⎞⎟⎠
⎛⎜⎝ 1 0 0

0 cos ϑ1 sin ϑ1

0 − sin ϑ1 cos ϑ1

⎞⎟⎠
⎛⎜⎝ A3

µ

A8
µ

Aµ

⎞⎟⎠ , (3.6)

where the mixing angles ϑ1 and ϑ2 are given by

sin ϑ1 =
e√︁

3g2 + e2
, cos ϑ1 =

√
3g√︁

3g2 + e2
, (3.7a)

sin ϑ2 =

√
3e√︁

3g2 + 4e2
, cos ϑ2 =

√︁
3g2 + e2√︁
3g2 + 4e2

. (3.7b)

This rotation is the most convenient choice for our purpose of calculating flux tube
profiles in the 2SC phase: The first rotation, with the usual “2SC mixing angle” ϑ1

ensures that in the homogeneous 2SC phase, where only the condensate ϕ3 is
non-zero, only the B̃8 field is expelled. The other two rotated fields penetrate the
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superconductor unperturbed (assuming zero magnetisation from the unpaired
quarks). If we were only interested in the homogeneous 2SC phase, this rotation
would be sufficient. However, we will allow for ϕ1 and ϕ2 to be induced in the core of
the flux tube. Therefore, we apply a second rotation with mixing angle ϑ2. This
rotation leaves B8˜ invariant and creates a field, namely B̃, which is unaffected by the
superconductor even if all three condensates are non-zero. Thus, B̃ simply decouples
from the condensates and can be ignored in the calculation of the flux tube profiles.
For g ≫ e both mixing angles are small and thus in this case Ã3

µ and Ã8
µ are “almost”

gluons with a small admixture of the photon, while Ãµ is “almost” the photon with a
small gluonic admixture. For consistency, we shall work with the rotated fields (3.6)
throughout this chapter, including the discussion of the homogeneous phases in
Sec. (3.2).

Applying the gauge field rotation and writing the complex fields in terms of their
moduli and phases,

ϕi(r) =
ρi(r)√

2
eiψi(r) , i = 1, 2, 3, (3.8)

the GL potential (3.4) becomes

Ω = Ω0 +
B̃2

3
2

+
B̃2

8
2

+
B̃2

2
, (3.9)

with

Ω0 =
(︁
∇ψ1 + q̃3Ã3 + q̃81Ã8

)︁2 ρ2
1

2
+
(︁
∇ψ2 − q̃3Ã3 + q̃82Ã8

)︁2 ρ2
2

2

+
(︁
∇ψ3 − q̃83Ã8

)︁2 ρ2
3

2
+

(∇ρ1)
2

2
+

(∇ρ2)2

2
+

(∇ρ3)2

2
− µ2 − m2

1
2

ρ2
1

− µ2 − m2
2

2
ρ2

2 −
µ2 − m2

3
2

ρ2
3 +

λ

4
(ρ4

1 + ρ4
2 + ρ4

3)−
h
2
(ρ2

1ρ2
2 + ρ2

1ρ2
3 + ρ2

2ρ2
3) ,

(3.10)

where we have introduced the rotated charges

q̃81 ≡ g
2
√

3
cos ϑ1 +

2e
3

sin ϑ1 =
3g2 + 4e2

6
√︁

3g2 + e2
, (3.11a)

q̃82 ≡ g
2
√

3
cos ϑ1 −

e
3

sin ϑ1 =
3g2 − 2e2

6
√︁

3g2 + e2
, (3.11b)

q̃83 ≡ g√
3

cos ϑ1 +
e
3

sin ϑ1 =

√︁
3g2 + e2

3
, (3.11c)

q̃3 ≡ g
2

cos ϑ2 +
e
2

cos ϑ1 sin ϑ2 =
g
2

√︁
3g2 + 4e2√︁
3g2 + e2

. (3.11d)
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In Eq. (3.9) we have separated the quadratic contributions of the magnetic fields,
which is notationally convenient for the following.

We shall be interested in the phase structure at fixed external magnetic field H, which
we assume to be homogeneous and along the z-direction, H(r) = Hêz. Therefore, we
need to consider the Gibbs free energy density for which we use Eq. (2.21) and
compute G . We can obviously assume that all induced magnetic fields have only
z-components as well. Denoting the z-components of the rotated fields by B̃3, B̃8, and
B̃, we have H · B = H[sin ϑ1 B̃8 + cos ϑ1(sin ϑ2 B̃3 + cos ϑ2 B̃)]. Since B̃ does not couple
to any of the condensates, it remains homogeneous even in the presence of flux tubes.
Consequently, the equation of motion for Ã is trivially fulfilled, and we determine B̃
by minimising the Gibbs free energy, which, using Eq. (3.9), yields

B̃ = H cos ϑ1 cos ϑ2 . (3.12)

Reinserting this result into G, we obtain

G =− H2 cos2 ϑ1 cos2 ϑ2

2

+
1
V

∫︂
d3x

[︄
Ω0 +

B̃2
3

2
+

B̃2
8

2
− H(sin ϑ1 B̃8 + cos ϑ1 sin ϑ2 B̃3)

]︄
.

(3.13)

3.1.3 Choice of parameters

The potential (3.10) depends on the parameters µ, λ, h, σ. The discussion of the
homogeneous phases in Sec. (3.2) turns out to be sufficiently simple to keep these
parameters unspecified and to investigate the general phase structure. Our main
results, however, require the numerical calculation of the flux tube profiles, and a
completely general study would be extremely laborious. Therefore, for the results in
Sec. (3.4), we employ the weak-coupling values of these parameters [118, 272, 274, 275,
277, 278],

µ2 =
48π2

7ζ(3)
T2

c

(︃
1 − T

Tc

)︃
, λ =

72π4

7ζ(3)
T2

c
µ2

q
,

h = − 36π4

7ζ(3)
T2

c
µ2

q
, σ = − 24π2

7ζ(3)
T2

c
µq

ln
Tc

µq
,

(3.14)

where Tc is the critical temperature. The ratio Tc/µq can be understood as a measure
of the pairing strength since Tc is closely related to the pairing gap. For instance, at
weak coupling, which is applicable at asymptotically large densities, the
zero-temperature pairing gap is exponentially suppressed compared to µq. It is related
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by a numerical factor of order one to Tc [113], and thus Tc/µq is also exponentially
small. We shall extrapolate our results to strong coupling, having in mind applications
to compact stars, where the densities are large, but not asymptotically large. In this
case, model calculations as well as extrapolations of perturbative results suggest that
Tc/µq ∼ 0.1. Besides the implicit dependence on Tc/µq our potential also depends on
the ratio ms/µq. Since ms is medium dependent, its value at non-asymptotic densities
is poorly known. It is expected to be somewhere between the current mass and the
constituent mass within a baryon, ms ∼ (100 − 500)MeV; for a concrete calculation
within the NJL model see for instance Ref. [279]. With the quark chemical potential in
the core of a compact star of about µq ∼ (400 − 500)MeV we thus expect
ms/µq ∼ (0.2 − 1). Finally, our potential depends on the electric charge chemical
potential µe. In a fermionic approach, this chemical potential would be determined
from the conditions of beta-equilibrium and charge neutrality. Since our GL expansion
is formally based on small values of the order parameter, we follow Refs. [118, 275]
and use the value of µe in the completely unpaired phase. At weak coupling and to
lowest order in the strange quark mass this value is (see for instance Refs. [21, 280])

µe =
m2

s
4µq

. (3.15)

With this result, it is convenient to trade the dimensionful parameter σ for the
dimensionless “mass parameter”

α ≡ σm2
s

µ2µq
=

m2
s

2µ2
q

(︃
1 − T

Tc

)︃−1

ln
µq

Tc
, (3.16)

such that the complete dependence of our potential on the strange quark mass is
absorbed in α,

m2
1 =

µ2

3
α , m2

2 =
7µ2

12
α , m2

3 =
µ2

12
α . (3.17)

We shall see that if we are only interested in homogeneous phases, the phase structure
is most conveniently calculated in the space spanned by α, g, the normalised
dimensionless magnetic field H/(µ2/λ1/2), and the ratio

η ≡ h
λ

. (3.18)

At weak coupling η = −1/2, as one can see from Eq. (3.14). Later, in our explicit
calculation of the flux tube profiles and the resulting critical magnetic fields, we
consider a fixed g and the parameter space spanned by H/(µ2/λ1/2), Tc/µq, and
ms/µq. To choose a value of g, realistic for compact star conditions, we observe that
according to the two-loop QCD beta function (which should not be taken too seriously
at such low densities), µq ≃ 400 MeV corresponds to αs ≃ 1 and thus g =

√
4παs ≃ 3.5.

Of course, choosing such a large value for g in our main results is a bold extrapolation,
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given that we work with the weak-coupling parameters from Eq. (3.14). Furthermore,
we shall set T = 0 in Eq. (3.16). Strictly speaking this is inconsistent because the GL
potential is an expansion in the condensates, and we use a value for µe (3.15) that is
only valid very close to a second-order transition to the unpaired phase. Choosing a
different, non-zero temperature, would not change our result qualitatively because it
only enters the relation between ms/µq and α. The definition of α (3.16) shows that the
mass effect is smallest for zero temperature (i.e., in this case α is smallest for a given
ms/µq). Therefore, by our choice T = 0 in Eq. (3.16) we will obtain an upper limit in
ms/µq for the presence of multi-winding 2SC flux tubes. Any T > 0 in Eq. (3.16) will
give a smaller ms/µq up to which these exotic configurations exist. In any case, the
temperature dependence in the present approach is somewhat simplistic to begin with
because, firstly, in a multi-component superconductor there can be different critical
temperatures for the different condensates, resulting in temperature factors different
from the standard GL formalism [237]. And, secondly, away from the asymptotic
weak-coupling regime the phase transition becomes first-order due to gauge field
fluctuations [281], and thus at strong coupling the behaviour just below the phase
transition would have to be modified in a more sophisticated approach.

3.2 Homogeneous phases

This section summarises the Gibbs free energy density calculations of the spatially
homogeneous phases possible within our ansatz, which can be considered as the
type-I phases. These calculations are in preparation for constructing not only the
homogeneous phase diagram but the more general 2SC phase diagram. The
subsections are separated according to the number of non-zero order parameters in
the calculation i.e. how many different Cooper pairs are present at once, which
determines the type of phase under consideration. We begin with the case where there
are no Cooper Pairs and progress to the situation where all three are present which is
discussed in the final subsection. We assume the order parameters in Eq. (3.8) to be
uniform in space, therefore ∇ρi = ∇ψi = 0. For the gauge fields, we consider the
ansatz Ã3 = xB̃3êy, Ã8 = xB̃8êy in keeping with the magnetic fields B̃3 and B̃8 being
parallel to the external field H. With these accounted for in our potential (3.10), we use
the Euler-Lagrange equations and obtain five equations of motion. Listed respectively,
for the gauge fields Ã3 and Ã8,

ρ2
1
(︁
q̃3B̃3 + q̃81B̃8

)︁
− ρ2

2
(︁
−q̃3B̃3 + q̃82B̃8

)︁
= 0 , (3.19a)

ρ2
1q̃81

(︁
q̃3B̃3 + q̃81B̃8

)︁
+ ρ2

2q̃82

(︁
−q̃3B̃3 + q̃82B̃8

)︁
+ ρ2

3q̃2
83B̃8 = 0 , (3.19b)
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and for the condensates ρ1, ρ2 and ρ3,

ρ1

[︂
λρ2

1 − h(ρ2
2 + ρ2

3)− µ2 + m2
1 + x2 (︁q̃3B̃3 + q̃81B̃8

)︁2
]︂
= 0 , (3.20a)

ρ2

[︂
λρ2

2 − h(ρ2
1 + ρ2

3)− µ2 + m2
2 + x2 (︁−q̃3B̃3 + q̃82B̃8

)︁2
]︂
= 0 , (3.20b)

ρ3

[︂
λρ2

3 − h(ρ2
1 + ρ2

2)− µ2 + m2
3 + x2q̃2

83B̃2
8

]︂
= 0 . (3.20c)

The value of the condensates and magnetic fields for every phase are deduced from
these equations. With these we calculate the corresponding Ω0 and Gibbs free energy
density G (from Eq. (3.13)). Note that our condensates should be x-independent if
they’re spatially homogeneous, and therefore all terms proportional to x must vanish
separately in Eqs. (3.20) (except when a vanishing condensate that is imposed as a
condition means they’re trivially fulfilled). Free energies are expressed to first order in
α, which is equivalent to second order in ms/µq according to Eq. (3.16), consistent with
our starting GL potential (3.2). The condensates are first expressed in the terms of the
parameters in our potential (3.10) and then re-written, as with the free energies, in a
form such that the strange mass terms appear as corrections. Then by setting α = 0,
the massless results can be easily recovered for comparison with the findings in Ref.
[254], where a different rotation is used for the gauge fields. Thus, it is useful way of
checking all of our expressions are consistent (after we re-insert the expressions for the
rotations (3.7)), as they should be independent of the rotations used.

3.2.1 NOR

Briefly, before looking at the superconducting phases, we will look at the
non-superconducting phase where there are no Cooper pair condensates i.e. ρi = 0 for
i = 1, 2, 3, referred to as the NOR (Normal) phase. This is analogous to the normal
phase discussed in Sec. (2.2). All the equations of motion are trivially satisfied and the
expressions B̃3 = H sin ϑ1 cos ϑ2 and B̃8 = H sin ϑ1 are obtained by minimising the
Gibbs free energy density (3.13) with respect to the magnetic fields. Feeding these
back into the Gibbs free energy density yields

GNOR = −H2

2
. (3.21)

This result is as expected from the corresponding result in Sec. (2.2.2). As it is not a
superconducting phase, there are no induced colour-magnetic fields and the external
magnetic field fully penetrates thus, in the non-rotated basis, B3 = B8 = 0 and B = H.
One can check this is the case by undoing the rotations (3.6) on the minimised
magnetic fields in the rotated basis. The Gibbs free energy density does not receive a
mass correction from the strange quark as the masses of unpaired fermions are not
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explicitly accounted for in the GL formalism. In this sense, the NOR phase is the
“vacuum” of our theory. Unlike this phase, all the following phases are
superconducting and receive a mass correction.

3.2.2 2SC

The simple case of a single non-zero condensate is the 2SC phase where only Cooper
pairs of one kind are present. This means that there are three separate candidate 2SC
phases with differing condensate, free energies and induced magnetic fields. Each
individual case is equivalent to the single component analysis of Sec. (2.2.2) and
generally the condensates and free energy take on the form

ρ2
i =

(︁
µ2 − m2

i
)︁

λ
, (3.22)

Ω0,ρi = −
(︁
µ2 − m2

i
)︁2

4λ
, (3.23)

where the additional subscript on Ω0 denotes which ρi is non-zero. Since each case
has different values for the magnetic fields they (and by extension the Gibbs free
energy density) cannot be expressed in such a concise and simple way. In addition, we
wish to know the behaviour with the respect to α to first order, therefore we will use
Eqs. (3.17) and provide these details for each phase. Noting that the subscripts
i = 1, 2, 3 corresponds to the Cooper pairs (ds, us, ud) respectively, we label the 2SC
phases according to the Cooper pairs present.

Beginning with 2SCds, where ρ1 ̸= 0 and ρ2 = ρ3 = 0, Eqs. (3.20b) and (3.20c) are
trivially fulfilled and Eqs. (3.19) gives q̃3B̃3 = −q̃81B̃8. Then

ρ2
1 = ρ2

ds =
µ2

λ

(︂
1 − α

3

)︂
, (3.24)

and

Ω0,ρ1 = − µ4

4λ

(︂
1 − α

3

)︂2
≃ − µ4

4λ

(︃
1 − 2α

3

)︃
. (3.25)

Inserting this into Eq. (3.13), we once again minimise the Gibbs free energy density. As
a result B̃3 = B̃8 = 0 and the free energy density is

Gds ≃ −H2 cos2 ϑ1 cos2 ϑ2

2
− µ2

4λ

(︃
1 − 2α

3

)︃
= − 3g2H2

2(3g2 + 4e2)
− µ2

4λ

(︃
1 − 2α

3

)︃
, (3.26)

working to first order in α as previously mentioned. We have also expressed the final
result in terms of the coupling constants using Eqs. (3.7) and labelled the Gibbs free
energy density according to the present Cooper pair condensate.
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In the case where only ρ2 ̸= 0, we are in the 2SCus phase. Following the same
procedure, the relation between the magnetic fields is q̃3B̃3 = q̃82B̃8 and

ρ2
2 = ρ2

us =
µ2

λ

(︃
1 − 7α

12

)︃
, (3.27)

with

Ω0,ρ2 = − µ4

4λ

(︃
1 − 7α

12

)︃2

≃ − µ4

4λ

(︃
1 − 7α

6

)︃
. (3.28)

The minimisation leads to

B̃3 =
3eg(3g2 − 2e2)H

2(3g2 + 4e2)1/2(3g2 + e2)3/2 , B̃8 =
9eg2H

2(3g2 + e2)3/2 , (3.29)

and

Gus ≃ − 3g2H2

2(3g2 + e2)
− µ4

4λ

(︃
1 − 7α

6

)︃
. (3.30)

For only ρ3 ̸= 0 one magnetic field vanishes, B̃8 = 0 which can be seen from (3.19b).
The resulting expressions are

ρ2
3 = ρ2

ud =
µ2

λ

(︂
1 − α

12

)︂
, (3.31)

Ω0,ρ3 = − µ4

4λ

(︂
1 − α

12

)︂2
≃ − µ4

4λ

(︂
1 − α

6

)︂
, (3.32)

B̃3 =
3egH√︁

3g2 + ee
√︁

3g2 + 4e2
, (3.33)

Gud ≃ − 3g2H2

2(3g2 + e2)
− µ4

4λ

(︂
1 − α

6

)︂
. (3.34)

One can begin to appreciate already that not all these phases will appear in the phase
diagram. The 2SCud phase has a lower free energy for all parameters (taking α to
always be positive) and therefore we usually refer to it as simply the 2SC phase in the
context of this project and set ρ2SC ≡ ρud, G2SC ≡ Gud. Furthermore, when we set α = 0
all the condensates become equal and so do the free energies of the 2SCud and 2SCus

phases (G2SCds still differs in the magnetic contribution). This is in agreement with Ref.
[254] and is expected due to d and s quarks being effectively indistinguishable in the
massless case. This is a key factor for the formation of the domain walls in the
(massless) inhomogeneous phase.
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3.2.3 fSC

When there are two non-zero condensates, similar to 2SC, we have three possible
candidate phases but one is favoured over the others. This phase we call dSC as in Ref.
[275], named so because all Cooper pairs present have constituent d quarks (i.e. with
ρ2 = 0 only). Generalising this convention to fSC (with “f” standing for flavour), we
also present the results for uSC (ρ1 = 0) and sSC (ρ3 = 0) for completeness. In all cases
(where only one ρi = 0), B̃3 = B̃8 = 0 due to equations of motion (3.19), one equation
from (3.20) is fulfilled, and the remaining two equations are solved simultaneously for
the non-zero condensates. The results are summarised below and have been expressed
in terms of α and η using relations (3.17) and (3.18) respectively. With only ρ1 = 0,

ρ2
2 =

λ(µ2 − m2
2) + h(µ2 − m2

3)

λ2 − h2 =
µ2

λ(1 − η)

[︃
1 − α

12

(︃
7 + η

1 + η

)︃]︃
, (3.35a)

ρ2
3 =

λ(µ2 − m2
3) + h(µ2 − m2

2)

λ2 − h2 =
µ2

λ(1 − η)

[︃
1 − α

12

(︃
1 + 7η

1 + η

)︃]︃
, (3.35b)

GuSC ≃ − 3g2H2

2(3g2 + 4e2)
− µ4

2λ(1 − η)

(︃
1 − 2α

3

)︃
. (3.36)

For only ρ2 = 0,

ρ2
1 =

λ(µ2 − m2
1) + h(µ2 − m2

3)

λ2 − h2 =
µ2

λ(1 − η)

[︃
1 − α

12

(︃
4 + η

1 + η

)︃]︃
, (3.37a)

ρ2
3 =

λ(µ2 − m2
3) + h(µ2 − m2

1)

λ2 − h2 =
µ2

λ(1 − η)

[︃
1 − α

12

(︃
1 + 4η

1 + η

)︃]︃
, (3.37b)

GdSC ≃ − 3g2H2

2(3g2 + 4e2)
− µ4

2λ(1 − η)

(︃
1 − 5α

12

)︃
. (3.38)

Finally, with ρ3 = 0,

ρ2
1 =

λ(µ2 − m2
1) + h(µ2 − m2

2)

λ2 − h2 =
µ2

λ(1 − η)

[︃
1 − α

12

(︃
4 + 7η

1 + η

)︃]︃
, (3.39a)

ρ2
2 =

λ(µ2 − m2
2) + h(µ2 − m2

1)

λ2 − h2 =
µ2

λ(1 − η)

[︃
1 − α

12

(︃
7 + 4η

1 + η

)︃]︃
, (3.39b)

GsSC ≃ − 3g2H2

2(3g2 + 4e2)
− µ4

2λ(1 − η)

(︃
1 − 11α

12

)︃
. (3.40)

With α = 0 the results all become identical. None of these phases are favoured when
the quarks are all massless. In contrast, the mass correction allows the dSC phase to
appear in our homogeneous phase diagram as previously mentioned here and
observed in Ref. [118, 275] in the absence of an external magnetic field.
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3.2.4 CFL

In the CFL phase all condensates are non-zero. We find B̃3 = B̃8 = 0 from imposing
x-independence, leaving Eqs. (3.20) as coupled equations which are solved
simultaneously for ρ1, ρ2, ρ3. The results for the ρi are

ρ2
1 =

µ2

λ

1
(1 − 2η)

[︃
1 − 4α

12

]︃
, (3.41a)

ρ2
2 =

µ2

λ

1
(1 − 2η)

[︃
1 − α

12

(︃
7 − 2η

1 + η

)︃]︃
, (3.41b)

ρ2
3 =

µ2

λ

1
(1 − 2η)

[︃
1 − α

12

(︃
1 + 10η

1 + η

)︃]︃
. (3.41c)

Equation (3.10) yields

Ω0,CFL ≃ − 3µ4

4λ(1 − 2η)

(︃
1 − 2α

3

)︃
, (3.42)

and from Eq. (3.13) the Gibbs free energy density is then

GCFL ≃ − 3g2H2

2(3g2 + 4e2)
− 3µ4

4λ(1 − 2η)

(︃
1 − 2α

3

)︃
. (3.43)

Once again the final results expressed in terms of η and α. To check, setting α = 0
recovers the massless case where the condensates all become equal as expected3.

3.3 Critical magnetic fields

Here is presented the analytical work on the critical magnetic fields in both the
homogeneous and inhomogeneous regimes. Following from the previous section, we
use the free energy results to determine the type-I critical fields Hc, and use them to
construct the homogeneous phase diagrams. In the inhomogeneous case, we only
consider the type-II transitions between 2SC and neighbouring phases since our main
interest are the 2SC flux tubes i.e. the magnetic defects in 2SC. The upper critical
magnetic fields Hc2 are derived analytically, while the numerical calculation of the
lower critical field Hc1 is set up in preparation for the next section.

3Since the three condensates are different due to the strange quark mass, this phase was termed modi-
fied CFL (mCFL) in Ref. [275]. Here, we simply keep the term CFL.



3.3. Critical magnetic fields 71

3.3.1 Critical field Hc

In principle, we have eight possible phases to consider when constructing the
homogeneous phase diagram. As touched upon, not all phases we have considered
will be relevant. To re-iterate, the 2SCud and dSC phases always have a lower free
energy than the other respective 2SC and fSC phases, leaving us with four phases:
NOR, 2SCud, dSC and CFL. From now on we will refer to 2SCud as the 2SC phase in
this section. Comparing the free energies of the remaining phases yields the criteria
for when each phase is preferred over another. Since we are interested in quark matter
in external magnetic fields, we equate the free energies pairwise and solve for the
critical magnetic field H = Hc. We summarise and express these in terms of the
variables η, g and α;

H2
c

µ4/λ
=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

3g2+e2

2e2 (1 − α
6 ) NOR/2SC

3(3g2+4e2)
8e2

1
1−2η (1 −

2α
3 ) NOR/CFL

(3g2+4e2)(3g2+e2)
9g2e2

1+η
1−2η

(︂
1 − α

12

(︂
11+2η

1+η

)︂)︂
2SC/CFL

(3g2+4e2)(3g2+e2)
18g2e2

1+η
1−η

(︂
1 − α

6

(︂
4+η
1+η

)︂)︂
2SC/dSC

. (3.44)

The convention adopted here is “Phase at H > Hc” /“Phase at H < Hc”. Note that
there is no critical field for CFL/dSC and NOR/dSC given. The former transition does
not depend on the magnetic field. By comparing the free energies, instead one obtains
the condition in terms of η and α

η =
7α − 6

2(3 + α)
CFL/dSC , (3.45)

where the CFL phase is preferred above this value and the dSC phase below it. For the
latter, the critical field is

H2
c

µ4/λ
=

3g2 + 4e2

4e2
1

1 − η

(︃
1 − 5α

12

)︃
NOR/dSC , (3.46)

but at either side of this transition other phases are favoured over both NOR and
homogeneous dSC phases. Hence, it will not appear in any of our phase diagrams and
was excluded from the critical field(s) in Eq. (3.44).

With Hc in units of µ2/
√

λ it reduces the parameter space to H, α, η and g (e ≃ 0.3).
Following Ref. [254], we have displayed the η-H and g-H slices of this space in Fig. 16.
These are at g = 3.5 and η = −0.5 respectively, values that later calculations will use,
and are shown for α = 0 and α = 0.3. For reference, α = 0.3 at Tc/µq ∼ 0.1,
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FIGURE 16: Homogeneous phases at non-zero external magnetic field H in the plane
spanned by H and the parameter ratio η = h/λ for fixed strong coupling constant
g = 3.5 (left) and in the g-H plane for fixed η = −1/2 (right). In both panels, the
solid curves are for mass parameter α = 0.3, while the dashed curves correspond to
the massless limit α = 0.

corresponds to ms/µq ∼ 0.5. From Fig. 16 we can see that there are triple points where
three phases meet. One can obtain their coordinates in terms of g, α and η by equating
the appropriate critical fields. There are two in the left panel of Fig. 16 and one in the
right. The one unique to the η-H plane is(︄

η ,
H

µ2/
√

λ

)︄
=

(︄
7α − 6
6 + 2α

,

√︁
(3g2 + 4e2)(3g2 + e2)α

6ge

)︄
, (3.47)

where the 2SC, CFL and dSC phases meet. This triple point is absorbed into the
horizontal axis (H = 0) when α = 0 due to dSC being disfavoured in the massless
limit. The second point in the left panel is a transition between 2SC, CFL and the NOR
phases, whose coordinates are(︄

η,
H

µ2/
√

λ

)︄
=

(︄
1
2
− 3g2 + 4e2

2 (3g2 + e2)

3(3 − 2α)

2(6 − α)
,

√︃
3g2 + e2

2e2

√︃
1 − α

6

)︄
. (3.48)

This is the same triple point as the one in the g-H plane, given by

(︄
g ,

H
µ2/

√
λ

)︄
=

⎛⎝2e

√︃
2
3

√︄
1 − 11α

12 + η(1 − α
6 )

1 + 4α
3 − 8η

(︁
1 − α

6

)︁ ,
3√
2

⌜⃓⃓⎷ 1 − 5α
6 + α2

9

1 + 4α
3 − 8η

(︁
1 − α

6

)︁
⎞⎠ . (3.49)

Unlike the first triple point, this point also occurs in the massless limit.

Including the correction terms already changes the phase structure at the
homogeneous level. The most relevant remark is that CFL tends to be disfavoured
over 2SC when the strange quark mass is treated as non-zero, which is in accordance
with many other calculations. In both panels in Fig. 16 it can be appreciated that the
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2SC phase encroaches on the massless CFL region as we move to a non-zero4 α. Also
observable in both panels is the slight favouring of the NOR phase over the 2SC phase
in the presence of a strange quark mass. As mentioned previously, the dSC phase only
emerges in the left panel when we consider these corrections and only for a small
range of η for the values of α shown. In future calculations we set g = 3.5 and
η = −0.5. This is outside the homogeneous dSC region and therefore it doesn’t affect
the calculation. Furthermore, at these values of g and η there is no NOR/CFL
transition, thus with the focus on 2SC flux tubes we need only consider transitions to
the NOR phase from 2SC. This applies also in the massless case and is mentioned in
Ref. [254].

The 2SC phase becomes the ground state below certain η (dependent on g). In Fig. 16
this occurs when η ≲ −0.85, where at H = 0 2SC remains the preferred phase. This
would suggest that as we decrease η, the 2SC flux tube region would also increase,
which is interesting to note. However, at the weak-coupling value η = −0.5, the
ground state is the CFL phase. All things considered, as we increase the magnetic field
we progress through the phases in the order CFL, 2SC, NOR at our weak-coupling
value, extrapolated to strong coupling g = 3.5. Hence, taking the homogeneous phase
structure to roughly resemble the inhomogeneous phase structure, we only consider
transition between the 2SC phase and the NOR and CFL phases for the purposes of
our flux tube calculations.

For comparison with astrophysical data, we give an estimation for the strength of the
magnetic field at Tc/µq = 0.5 and µq = 400 MeV, which are typical values for the
interior of compact stars. Taking the critical magnetic field for the NOR/2SC
transition, Hc ≃ 14 µ2/

√
λ roughly translates to Hc ≃ 1.1 × 1019 G.

3.3.2 Upper critical field Hc2

Before we turn to the flux tubes themselves, it is useful to compute their upper critical
field Hc2. In the standard scenario of a single condensate, this is the maximum
magnetic field which can sustain a non-zero condensate, under the assumption of a
second-order transition to the normal phase. It is therefore the critical field below
which an array of flux tubes is expected. In our multi-component system the situation
is more complicated, and we have to calculate different critical fields Hc2 depending
on which condensates melt. Having Hc and Hc2 at hand, we can then determine the
parameter regime where the colour superconductor is of type II, and in particular
where we expect 2SC flux tubes.

4In fact, as α → 0.6, the CFL phase disappears from the right panel, with the triple point merging
with the vertical axis. However, α ≈ 0.6 is comparatively large and our approximation might be less
trustworthy at these values. Therefore, it is mainly a qualitative observation that the CFL phase may be
completely disfavoured for certain parameters at high strange quark mass.
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The calculation of Hc2 is a generalisation to non-zero strange quark mass of the
analogous calculation done in Ref. [254]. That calculation, in turn, was a
generalisation of the standard single-component calculation which can be found in
many textbooks e.g. in Ref. [267]. In a single-component superconductor, one
linearises the GL equations for a small condensate. The equation for the condensate
then has the form of the Schrödinger equation for the harmonic oscillator, from which
one reads off the maximal possible magnetic field Hc2, corresponding to the ground
state energy. We know from the previous subsection that for strong coupling, as we
decrease the magnetic field within the NOR phase, we encounter the 2SC phase.
Consequently, for the corresponding critical field Hc2 we only have to take into
account a single condensate, i.e., this case is analogous to the textbook scenario and
leads to the simple generalisation of Eq. (40) in Ref. [254],

2SC/NOR: Hc2 =
3(µ2 − m2

3)

e
=

3µ2

e

(︂
1 − α

12

)︂
. (3.50)

This is reminiscent of the result derived for a conventional superconductor in
Sec. (2.2.4). In this standard scenario all three critical magnetic fields Hc, Hc1, and Hc2

intersect at a single point (as a function of a model parameter, usually the GL
parameter κ). Therefore, this intercept defines the transition between type-I and
type-II behaviour (usually at κ = 1/

√
2). Here, by equating Hc2 with Hc for the

2SC/NOR transition in Eq. (3.44) we find for this transition point

Tc

µq
=

√︁
7ζ(3)

12
√

3π2

√︃
g2 +

e2

3
+O

(︄
m4

s
µ4

q

)︄
, (3.51)

where the weak-coupling expression of λ in Eq. (3.14) has been used. It thus turns out
that Tc/µq is a natural parameter to distinguish between type-I and type-II behaviour
– with large Tc/µq corresponding to type II. Interestingly, we see that there is no mass
correction to the transition point within the order of our approximation. We shall see
later that indeed Hc1 intersects Hc and Hc2 at the same Tc/µq. The reason is that in the
vicinity of this point the system effectively behaves as a single-component system.
Additional condensates can be induced in the cores of 2SC flux tubes – and our main
results concern such unconventional flux tubes – but we will see that this is not the
case close to the point (3.51).

The transition from the homogeneous 2SC phase, where ϕ3 is non-zero, to an
inhomogeneous phase is slightly more complicated. Assuming a second-order
transition, we linearise the GL equations in ϕ1 and ϕ2. In the massless limit, the
resulting two (decoupled) equations yield the same critical magnetic field [254]. In
other words, as we approach the flux tube phase by decreasing H, both ϕ1 and ϕ2

become non-zero simultaneously (and continuously). This is different for non-zero ms,
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in which case the two relevant equations are[︂(︁
∇+ iq̃3Ã3

)︁2
+ (µ2 − m2

1) + 2h|ϕ3|2
]︂

ϕ1 ≃ 0 , (3.52a)

[︂(︁
∇− iq̃3Ã3

)︁2
+ (µ2 − m2

2) + 2h|ϕ3|2
]︂

ϕ2 ≃ 0 , (3.52b)

where we have set Ã8 = 0 since B̃8 = 0 in the 2SC phase and where ϕ3 = ρ3/
√

2 is the
condensate in the homogeneous 2SC phase (3.31). With the usual arguments and
using the 2SC relation between B̃3 and H from Eq. (3.33), we obtain two different
critical fields,

H(1)
c2 = 2µ2(3g2+e2)

3eg2

(︂
1 + η − 4+η

12 α
)︂

, (3.53a)

H(2)
c2 = 2µ2(3g2+e2)

3eg2

(︂
1 + η − 7+η

12 α
)︂

. (3.53b)

The most relevant case for us is the one where both H(1)
c2 and H(2)

c2 are positive (a
formally negative value indicates that the critical field does not exist, indicating that
the homogeneous phase persists down to H = 0). This is the case for η = −1/2 and all
reasonable, i.e., not too large, values of α. In this scenario, there is a transition at H(1)

c2

from the homogeneous 2SC phase to a phase where both ϕ1 and ϕ3 are non-zero,
which is an inhomogeneous version of the dSC phase (see Sec. (3.2.3)). Then, as we
reach the “would-be” H(2)

c2 by further decreasing H, the approximation by which this
critical field was computed is no longer valid, and thus the value for H(2)

c2 becomes
irrelevant. Nevertheless, it can be expected that there will be some transition from an
inhomogeneous dSC phase to an inhomogeneous CFL phase. The existence of an
intermediate inhomogeneous dSC phase due to the non-zero strange quark mass is an
interesting new observation, but it is beyond the scope of this project to construct this
phase explicitly.

We may again compute the transition point between type-I and type-II behaviour. For
η = −1/2 (where there is no homogeneous dSC phase), we equate H(1)

c2 with Hc for
the 2SC/CFL transition from Eq. (3.44). Dropping terms quadratic in α we find

Tc

µq
≃ c

(︂
1 − α

4

)︂
, c ≡

√︁
7ζ(3)

12
√

2π2

g
√︁

3g2 + 4e2√︁
3g2 + e2

. (3.54)

Since α depends on Tc/µq this is an implicit equation for Tc/µq. To lowest non-trivial
order in m2

s /µ2
q the solution is

Tc

µq
= c

(︄
1 +

m2
s

8µ2
q

ln c

)︄
+O

(︄
m4

s
µ4

q

)︄
. (3.55)

Therefore, this transition point between type-I and type-II behaviour does receive a
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correction quadratic in ms (linear in α), in contrast to the transition point (3.51). The
detailed phase structure around this point is expected to be complicated. This is due
to the intermediate inhomogeneous dSC phase, as just discussed, but even without
mass correction this transition point is affected in a non-trivial way by the
multi-component nature of the system [237, 254]. Most importantly, if the lower
boundary of the flux tube region Hc1 is computed in the usual way, i.e., assuming a
second-order transition, it turns out that the three critical fields no longer intersect in a
single point, and the situation becomes more complicated due to a first-order entrance
into the flux tube phase. Here we do not have to deal with these complications, since
the precise location of the transition point (3.55) and the phase transitions in its
vicinity are not relevant for the 2SC flux tubes.

3.3.3 Flux tubes and lower critical field Hc1

Having identified the parameter range where type-II behaviour with respect to 2SC
flux tubes is expected, we can now turn to the explicit construction of these flux tubes.
Just like in Sec. (2.2.3), we will restrict ourselves to the calculation of an isolated,
straight flux tube, such that we can employ cylindrical symmetry and our calculation
becomes effectively one-dimensional in the radial direction. This is sufficient to
compute the critical field Hc1, which is defined as the field at which it becomes
favourable to place a single flux tube in the system, indicating a second-order
transition to a phase containing an array of flux tubes. Since the distance between the
flux tubes goes to infinity as Hc1 is approached from above, the interaction between
flux tubes plays no role. As explained in the introduction, our main goal is to
determine the fate of the 2SC domain walls in the presence of a non-zero strange
quark mass. Therefore, we focus exclusively on 2SC flux tubes, i.e., configurations
which asymptote to the 2SC phase far away from the centre of the flux tube.

We will find that the method for deriving Hc1 in Sec. (2.2.3) cannot be applied here and
we must proceed numerically. In order to compute the profiles of the condensates and
the gauge fields we need to derive their equations of motion and bring them into a
form convenient for the numerical evaluation. We work in cylindrical coordinates
(r, θ, z), where, as above, the z-axis is aligned with the external magnetic field H and
thus with the flux tube. We use similar ansatz and boundary conditions used for the
asymptotics in Sec. (2.2.3). We introduce dimensionless condensates fi (i = 1, 2, 3),
which only depend on the radial distance to the centre of the flux tube,

ρi(r) = fi(r)ρ2SC , (3.56)

where we have denoted the condensate of the homogeneous 2SC phase (3.31) by ρ2SC.
Since we are interested in 2SC flux tubes, we impose the boundary conditions
f3(∞) = 1 and f1(∞) = f2(∞) = 0. As in ordinary single-component flux tubes, we
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allow for a non-zero winding number n ∈ Z, such that the phases of the condensates
are

ψ1(r) = ψ2(r) = 0 , ψ3(r) = nθ . (3.57)

Here we have set the winding numbers for the “non-2SC” condensates f1 and f2 to
zero. In principle, we might include configurations where these windings are
non-zero. (The baryon circulation around the flux tube vanishes for arbitrary choices
of the winding numbers as long as f1(∞) = f2(∞) = 0.) In such configurations, f1

and/or f2 would have to vanish far away from the flux tube and in the centre of the
flux tube, i.e., at best they would be non-vanishing in an intermediate domain. These
configurations do not play a role in the massless limit [254] and there is no obvious
reason why they should become important if a strange quark mass is taken into
account. Therefore, we shall work with Eq. (3.57). As a consequence, the boundary
condition for the 2SC condensate in the core is f3(0) = 0, while f1(0) and f2(0) can be
non-zero and must be determined dynamically.

As we have seen in Sec. (3.1), after the rotation of the gauge fields, Ã decouples from
the condensates. Therefore, we are left with two non-trivial gauge fields, for which we
introduce the dimensionless versions ã3 and ã8 via

Ã3(r) =
[︃

H cos ϑ1 sin ϑ2

2
r +

ã3(r)
r

]︃
êθ , Ã8(r) =

ã8(r)
r

êθ , (3.58)

with the boundary conditions ã3(0) = ã8(0) = 0. This yields the magnetic fields

B̃3 =

(︃
H cos ϑ1 sin ϑ2 + λρ2

2SC
ã′3
R

)︃
êz , B̃8 = λρ2

2SC
ã′8
R

êz , (3.59)

where prime denotes derivative with respect to R, which is the dimensionless radial
coordinate

R =
r
ξ3

, ξ3 ≡ 1√
λρ2SC

. (3.60)

Here, ξ3 is the coherence length; we have added a subscript 3 to indicate that in a 2SC
flux tube it is the ud condensate f3 whose asymptotic behaviour is characterised by the
coherence length. Following Ref. [254], we have separated a term in Ã3 for
convenience, which gives rise to the non-zero field B̃3 in the 2SC phase, i.e., far away
from the flux tube. Therefore, the dimensionless gauge fields do not create any
additional magnetic fields at infinity, ã′3(∞) = ã′8(∞) = 0 (alternatively, this effect
could have been implemented in the boundary condition for ã3). The behaviour of B̃3

is another qualitative difference of the 2SC flux tube to a textbook flux tube (besides
potentially induced additional condensates and the existence of two gauge fields). In a
standard flux tube, the magnetic field is expelled in the superconducting phase far
away from the flux tube and penetrates through the normal-conducting centre. Here,
we have three magnetic fields: B̃, which fully penetrates the superconductor and thus
is irrelevant for the calculation of the flux tube profiles; B̃8, which behaves
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analogously to the ordinary magnetic field in an ordinary flux tube; and B̃3, which is
non-zero far away from the flux tube and is affected non-trivially by the flux tube
profile. As a consequence, since B̃3 depends on the external field H, the flux tube
profiles and flux tube energies also depend on H, which poses a technical
complication. We should keep in mind, however, that it is the ordinary magnetic field
B that dictates the formation of magnetic defects. A flux tube configuration, in which
the condensation energy is necessarily reduced, may become favoured if this energy
cost is overcompensated by admitting magnetic B-flux in the system (this is the
meaning of the −B · H term in the Gibbs free energy). It is therefore useful for the
interpretation of our results to compute the unrotated field B from the profiles.
Undoing the rotation (3.6) and using Eqs. (3.12) and (3.59), we find

B
H

= cos2 ϑ1

[︄
1 +

e sin ϑ1

4Ξ

(︄
ã′8
R

+
3g√︁

3g2 + 4e2

ã′3
R

)︄]︄
, (3.61)

where we have introduced the dimensionless magnetic field

Ξ ≡
q̃3H cos ϑ1 sin ϑ2

2λρ2
2SC

=
3eg2

4
√

λ(3g2 + e2)

(︃
1 − m2

3
µ2

)︃−1 H
µ2/

√
λ

. (3.62)

We can now express the potential (3.10) in terms of the dimensionless condensates and
gauge fields,

Ω0 =Ω2SC +
λρ4

2SC
2

[︃
f ′21 + f ′22 + f ′23

+ f 2
1

(︃
f 2
1
2

− µ2 − m2
1

µ2 − m2
3

)︃
+ f 2

2

(︃
f 2
2
2

− µ2 − m2
2

µ2 − m2
3

)︃
+

(1 − f 2
3 )

2

2

+
(N1 + ΞR2)2 f 2

1 + (N2 − ΞR2)2 f 2
2 +N 2

3 f 2
3

R2 − η( f 2
1 f 2

2 + f 2
1 f 2

3 + f 2
2 f 2

3 )

]︃
.

(3.63)

Here we have denoted the potential of the homogeneous 2SC phase by

Ω2SC = − (µ2 − m2
3)

2

4λ
, (3.64)

and we have abbreviated

N1 ≡ q̃3 ã3 + q̃81 ã8 , N2 ≡ −q̃3 ã3 + q̃82 ã8 , N3 ≡ n − q̃83 ã8 . (3.65)

Inserting Eq. (3.63) into the Gibbs free energy density (3.13) and using the expressions
for the magnetic fields from Eq. (3.59), we derive the equations of motion for the gauge



3.3. Critical magnetic fields 79

fields,

ã′′3 − ã′3
R

=
q̃3
λ
[(N1 + ΞR2) f 2

1 − (N2 − ΞR2) f 2
2 ] , (3.66a)

ã′′8 − ã′8
R

=
1
λ
[q̃81(N1 + ΞR2) f 2

1 + q̃82(N2 − ΞR2) f 2
2 − q̃83N3 f 2

3 ] , (3.66b)

and for the condensates,

0 = f ′′1 +
f ′1
R

+ f1

[︃
µ2 − m2

1

µ2 − m2
3
− f 2

1 − (N1 + ΞR2)2

R2 + η( f 2
2 + f 2

3 )

]︃
, (3.67a)

0 = f ′′2 +
f ′2
R

+ f2

[︃
µ2 − m2

2

µ2 − m2
3
− f 2

2 − (N2 − ΞR2)2

R2 + η( f 2
1 + f 2

3 )

]︃
, (3.67b)

0 = f ′′3 +
f ′3
R

+ f3

[︃
1 − f 2

3 − N 2
3

R2 + η( f 2
1 + f 2

2 )

]︃
. (3.67c)

By taking the limit R → ∞ of Eq. (3.66b) we conclude

ã8(∞) =
n

q̃83
, (3.68)

while no condition for ã3(∞) can be derived, hence this value has to be determined
dynamically. Due to the boundary value (3.68), the baryon circulation around the flux
tube vanishes, as in a standard magnetic flux tube. We discuss the asymptotic
behaviour far away from the centre of the flux tube in Appendix B.

The Gibbs free energy density can be written as

G = Ω2SC − H2 cos2 ϑ1

2
+

L
V
(︁
FVORT − Φ̃8H sin ϑ1

)︁
, (3.69)

where L is the size of the system in the z-direction, and

Φ̃8 =
∮︂

ds · Ã8 =
2πn
q̃83

, (3.70)

with a closed integration contour encircling the flux tube at infinity, is the magnetic
B̃8-flux through the flux tube (like in Eq. (2.31)). Employing partial integration and the
equations of motion (3.67), the free energy of a single flux tube per unit length is
FVORT = πρ2

2SCI with

I ≡
∫︂ ∞

0
dR R

[︃
λ(ã′23 + ã′28 )

R2 − f 4
1
2

− f 4
2
2

+
1 − f 4

3
2

+ η( f 2
1 f 2

2 + f 2
1 f 2

3 + f 2
2 f 2

3 )

]︃
. (3.71)

Written in this form, the free energy does not have any explicit dependence on the
mass correction and is identical to the one in Ref. [254] (of course, the dependence on
the mass enters implicitly through the equations of motion). The critical field Hc1 is
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defined as the field above which G is lowered by the addition of a flux tube, i.e., by the
point at which the term in parentheses in Eq. (3.69) is zero. This condition can be
written as

Ξc1 =
g2I(Ξc1, n)

8λn
, (3.72)

where Ξc1 is the dimensionless version of Hc1 via Eq. (3.62). In the ordinary textbook
scenario, presented in Sec. (2.2.3), the free energy of a flux tube does not depend on the
external magnetic field, and thus (3.72) would be an explicit expression for the
(dimensionless) critical magnetic field. The free energy of a 2SC flux tube, however,
does depend on the external magnetic field. Therefore, Eq. (3.72) is an implicit equation
for Ξc1, which has to be solved numerically.

As we shall see in the next section, Hc1 may intersect with H(1)
c2 , which indicates the

second-order transition from the homogeneous 2SC phase to an inhomogeneous
phase where the condensate f1 is switched on. Since Hc1 becomes meaningless beyond
this intercept, it is useful to compute this point explicitly. To this end, we write H(1)

c2

from Eq. (3.53a) (setting η = −1/2) in terms of the dimensionless field Ξ (3.62), which
yields to linear order in α

Ξ(1)
c2 ≃ 1

4

(︂
1 − α

2

)︂
. (3.73)

Solving this equation simultaneously with Eq. (3.72), i.e., setting Ξ(1)
c2 = Ξc1, gives the

intersection point. In the practical calculation, this is best done by inserting Eq. (3.73)
into Eq. (3.72) and solving the resulting equation for Tc/µq (for given strange quark
mass and winding number). This calculation is relevant for the phase diagrams in Fig.
21.

3.4 Numerical results and discussion

We are now prepared to compute the flux tube profiles and the resulting critical fields
Hc1, which we will put together with Hc and Hc2 from the previous section. As in the
calculations of the critical fields Hc and Hc2 we use the bosonic masses (3.5), keep
terms linear in α in Eqs. (3.67), and, as discussed in Sec. (3.1.3), we set η = −1/2 and
g = 3.5 for all following results. Then we solve the coupled second-order differential
equations (3.66) and (3.67) numerically without further approximations using the
successive over-relaxation method, which has been used before in similar contexts
[237, 254, 282–285]. Details on this numerical method are given in Appendix C. Each
numerical run yields a flux tube profile for given ms/µq, Tc/µq (from which α and λ

are obtained), dimensionless external magnetic field Ξ, and winding number n. Since
we are interested in the critical field Ξc1, we need to solve Eq. (3.72), for which we
employ the bisection method. This requires solving the differential equations about 10
– 20 times until a reasonable accuracy for Ξc1 is reached. This whole procedure thus
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yields a critical field Hc1 for given ms/µq, Tc/µq, and n. As argued in the introduction
and as we shall see below, solutions with high winding numbers are expected to play
an important role. Therefore, in principle, the procedure has to be repeated for all n to
find the preferred flux tube configuration for each point in the parameter space
spanned by ms/µq and Tc/µq. In practice, we have performed the calculation for the
lowest few n, and for selected parameter sets for much larger n to check our
conclusions. An additional complication arises because in certain parameter regions
there is more than one solution to the set of differential equations. The
single-component flux tube with f1 ≡ f2 ≡ 0 always exists. Configurations where the
condensate f2 is induced in the core of the flux tube, but not f1, turn out to be
preferred over the single-component configuration whenever they exist and we shall
discuss them in detail. Configurations where both f1 and f2 are induced in the core do
exist as well, but only in a parameter region where Hc2 indicates that the ground state
is a more complicated flux tube array. We shall therefore not discuss these
three-component configurations.

3.4.1 Flux tube properties

We start by discussing individual flux tube profiles and the associated magnetic fields.
We do so by choosing a fixed Tc/µq such that for vanishing strange quark mass there
is a magnetic field at which it is energetically favourable to put a domain wall in the
system. The values of Tc/µq for which this is the case are known from Ref. [254] (see
Fig. 5 in that reference). The domain wall interpolates between the 2SCud and 2SCus

phases, i.e., on one side, and far away from it, we have f3 = 1, f2 = 0, and on the other
side f2 = 1, f3 = 0. At non-zero ms the free energies of 2SCud and 2SCus are obviously
no longer equal, as we have seen explicitly in Sec. (3.2), and thus the domain wall
configuration becomes unstable. In Fig. 17 we have chosen 10 different non-zero
values of ms/µq, such that the configuration with lowest Hc1 (to which we will refer as
the “energetically preferred” or simply the “preferred” configuration) has winding
number n = 10, . . . , 1 as ms/µq is increased. The profiles and magnetic fields are
plotted at the corresponding minimal Hc1. The critical fields as a function of the
winding number for the parameters of Fig. 17 are shown in Fig. 18, which proves the
successive decrease in the preferred winding from low to high strange quark mass.

Let us first discuss the profiles themselves in Fig. 17. Comparing with Fig. 13, we
already see the similarities and differences from the single-component case. For the
smallest masses shown here the profiles of the condensates are reminiscent of a
domain wall profile: The second condensate, which is induced in the core, assumes
essentially the value of the homogeneous 2SC condensate. Of course, in contrast to a
domain wall, the flux tubes have a finite radius, which decreases as the winding
number decreases (with increasing strange quark mass). For a quantitative discussion
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FIGURE 17: Upper panels: Flux tube profiles of the dimensionless condensates f2 and

f3 (black) and
√︂

f 2
2 + f 2

3 (red) as functions of the dimensionless radial coordinate R.
The condensate f3 is the usual 2SC condensate of ud Cooper pairs and asymptotes to
1 for large R, while the us condensate f2 is induced in the core of the flux tube. For
all plots g = 3.5 and Tc = 0.0856µq, while ms/µq assumes the values given in each
panel, i.e., it increases from upper left to lower right. The masses are chosen such
that the preferred configurations are flux tubes with winding numbers n = 10, . . . , 1
from upper left to lower right (and each plot shows the preferred configuration). For
compact star conditions, R = 10 translates to about r ≃ 7.7 fm. Lower panels: Ratio
of the induced magnetic field over the external magnetic field, B/H, in the X-Y plane
perpendicular to the flux tube for the 10 configurations of the upper panels (X and Y in
the same dimensionless units as R). The scale of the shading is adjusted for each plot
separately, from black (maximal) to white (minimal). The magnetic field enters the
superconductor in ring-like structures for small strange quark mass (large winding
number) and turns into the conventional flux tube behaviour for large mass (small
winding number). This structure is reflected in the red curves of the upper panels.
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FIGURE 18: Critical magnetic fields Hc1 as a function of the winding number n (con-
tinuous lines inserted to guide the eye) for the same parameters as in Fig. 17. Each
line corresponds to a different strange quark mass, which increases from bottom to
top (the values are given in the caption of Fig. 17). The configuration with lowest Hc1
goes from n = 10 (bottom) successively to n = 1 (top).

of the size of the flux tubes we use the various characteristic length scales obtained
from the asymptotic behaviour of the flux tube profile, see Appendix B. The
penetration depth ℓ usually is characteristic for the decay of the magnetic field away
from the centre of the flux tube. In our case this scale corresponds to the decay of the
B̃8 field (in Fig. 17 we have restricted ourselves to plotting the ordinary magnetic field
B). The coherence length ξ3 introduced in Eq. (3.60) indicates the scale on which the ud
condensate f3 recovers its homogeneous value and corresponds to the usual coherence
length of a single-component flux tube. Finally, and in contrast to the standard
single-component scenario, our calculation in Appendix B shows that there is a third
scale ξ2, characteristic for the induced us condensate f2. Using Eqs. (B.8), (B.9), and
(B.10) we can write these three length scales in physical units as

ℓ ≃ 0.94

[︄
1 +

1
48

(︃
ms

µq

)︃2

ln
µq

Tc

]︄ (︂ µq

400 MeV

)︂−1
fm , (3.74a)

ξ3 ≃ 0.066
Tc/µq

[︄
1 +

1
48

(︃
ms

µq

)︃2

ln
µq

Tc

]︄ (︂ µq

400 MeV

)︂−1
fm , (3.74b)

ξ2 ≃ 1.3

(︄
H

µ2/
√

λ

Tc

µq

)︄−1/2 (︂ µq

400 MeV

)︂−1
fm , (3.74c)

where we have used Eq. (3.14) with T = 0, the 2SC condensate (3.31), and g = 3.5. The
length scale ξ2 on which the induced condensate varies depends on the external
magnetic field H, for which the dimensionless value (in units of µ2/

√
λ) can be

inserted into Eq. (3.74c). For the parameters used in Fig. 17 the mass terms in Eqs.
(3.74a) and (3.74b) are negligibly small and setting µq = 400 MeV we find ℓ ≃ 0.94 fm,
ξ3 ≃ 0.77 fm, and ξ2 ≃ (1.4 − 1.5) fm, while the maximal value of the radial coordinate
in this figure R = 10 corresponds to r ≃ 7.7 fm. These values, characterising the radial
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extent of the core of the flux tube do not depend on the winding number n. In the
derivation in Appendix B we have worked with a fixed and finite n while sending the
radial coordinate to infinity. However, from the full numerical profiles we see that the
core of the flux tube clearly grows with increasing n. For instance, taking the point
where the two condensates have the same value as a rough measure for the size of the
core, we see that for the largest winding shown here, n = 10, corresponding to the
smallest mass, ms = 0.046µq, this size is r ≃ 4.6 fm. This is about six times larger than
the coherence length ξ3, but it also shows that it only takes a relatively small strange
quark mass to reduce the size of the flux tubes from infinity (domain wall) to a few fm.

The plots in the upper panels also show the profile of the function
√︂

f 2
2 + f 2

3 , which is
the radial coordinate of the space spanned by ( f2, f3), i.e., a domain wall can be
understood as a rotation in this space from the horizontal to the vertical axis. This
function illustrates the depletion of the “combined” condensate in a cylindrical layer
at non-zero radius for large winding numbers and in the centre of the tube for low
winding numbers. This depletion reflects the structure of the magnetic field, which is
shown in the lower panels. We recall that the 2SC phase (just like the CFL phase)
admits a fraction of the external field H even in the homogeneous phase, and this
fraction is close to one for g ≫ e. Therefore, the energetic benefit of a 2SC flux tube is
to admit additional magnetic flux on top of the flux already present. As a consequence
of our choice g = 3.5, the ratio B/H is larger than 99% already in the homogeneous
2SC phase, as one can see for instance from Eq. (3.61). The magnetic field profiles in the
figure, showing B/H between its minimal homogeneous 2SC value (white) and the
maximal value (black) turn out to be in the range 0.9975 ≲ B/H ≲ 0.9995. Therefore,
the magnetic field variations are unlikely to have any physical impact in the strong
coupling regime. One might also wonder about the numerical accuracy needed to
resolve such tiny variations of B/H. However, from Eq. (3.61) it is obvious that it is the
small mixing angle ϑ1 (sin ϑ1 ≃ 0.05 for g = 3.5) that maps the variations into a tiny
interval and thus the required numerical accuracy is not as high as one might think.

The magnetic profiles show interesting features. We see that the flux tubes with higher
winding (small ms) have their excess magnetic field concentrated in ring-like
structures. This effect has been observed in the literature before with the help of a
two-component abelian Higgs model [286] and a one-component model with
non-standard coupling between the condensate and the abelian gauge field [287] (see
also Refs. [288, 289] for similar structures of magnetic monopoles in a non-abelian
model). In these studies, the so-called Bogomolny limit was considered for simplicity,
which corresponds to the transition point between type-I and type-II behaviour. Here
we observe the effect in a numerical evaluation of the general GL equations, and in
particular we can point out regions in the phase diagram where the exotic ring-like
structures are the preferred configuration (for a systematic discussion of the phase
diagram see next subsection). The ring-like structure is easy to understand: In the
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FIGURE 19: Left panel: Value of the dimensionless us condensate f2(R = 0) in the centre
of the 2SC flux tube as a function of Tc/µq at the critical field Hc1 (which depends on
Tc/µq and n) for strange quark mass ms = 0.15µq (solid lines) and ms = 0 (dotted
lines), each for winding numbers n = 1, . . . , 6, from right to left. The standard, single-
component flux tube solution exists throughout the parameter space. The vertical
dashed line marks the transition point between type-I and type-II behaviour. Right
panel: Ratio of length scales for depleted condensate f3 and induced condensate f2
according to Eqs. (3.74) for the n = 1 curves of the left panel, with the blue curves
corresponding to the massless (dotted) and massive (solid) cases. The vertical lines
indicate the transition from zero to non-zero induced condensate, while the horizontal
lines mark the corresponding values of the ratio ξ2/ξ3 at this transition.

domain wall (ms = 0) the excess magnetic field is concentrated in the wall for
symmetry reasons. As the strange quark mass is increased, the wall “bends” to form a
flux tube with finite radius, and it is obvious for continuity reasons that for very small
masses the maximum of the magnetic field is still sitting in the transition region. Then,
as the sequence in Fig. 17 shows, the magnetic rings gradually turn into ordinary flux
tubes as ms is increased (and the winding number decreases). Furthermore, we
observe a double-ring structure, clearly visible in the multi-winding flux tubes. We
have found that the double ring does not always occur. For instance, for the smaller
value Tc = 0.08µq the double ring is replaced by a single ring.

All profiles in Fig. 17 are “unconventional” in the sense that they contain two
condensates. As already mentioned above, these two-component solutions are not
found everywhere in the parameter space. In the left panel of Fig. 19 we show the
value of the induced condensate in the core f2(0) as a function of the parameter Tc/µq

for winding numbers n = 1, . . . , 6 and for a non-zero strange quark mass, compared to
the massless case. We see that as Tc/µq decreases, the induced condensate becomes
smaller until it continuously goes to zero at a point that depends on the winding
number. Interestingly, as the winding number is increased, this point seems to
converge to the point (3.51) that distinguishes type-I from type-II superconductivity.
In particular, the behaviour of f2(0) becomes more and more step-like for larger
windings, i.e., f2(0) is close to one until it sharply decreases near the type-I/type-II
transition point. However, flux tubes with higher winding are energetically
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disfavoured in the vicinity of the type-I/type-II transition point (as we shall see
below), such that this interesting behaviour does not seem to be physically relevant.

The right panel of Fig. 19 is useful to understand why the induced condensate only
appears in a certain parameter regime. In this plot we show the ratio of ξ2 and ξ3

given in Eqs. (3.74). We see that the induced condensate vanishes if this ratio becomes
too small. For a possible interpretation note that the coherence length is connected to
the size of the Cooper pair. If we view ξ3 as a typical size of the Cooper pair (also for
us pairing), then the right panel of Fig. 19 suggests that the length scale for the
variation of the induced condensate, which is determined by the external magnetic
field, must be sufficiently large (at least by a factor of about 1.5) compared to the size
of a Cooper pair. Otherwise the condensate “does not fit” into the core of the flux tube.

3.4.2 Phase structure

We have seen that there are parameter choices for (g, Tc/µq, ms/µq) where
multi-winding 2SC flux tubes with a ring-like structure of the magnetic field are
energetically preferred. In this section we investigate the parameter space more
systematically. We should keep in mind that in QCD the parameters, g, Tc, and ms are
uniquely given by µq (at T = 0). Therefore, as we vary the quark chemical potential,
the system will move along a unique, but unknown, curve in this three-dimensional
parameter space. For instance, at asymptotically large µq, we start from small g ≪ 1,
exponentially suppressed Tc and negligibly small ms (compared to µq). Since we do
not know the values of ms and Tc at more moderate densities we keep our parameters
as general as possible. In this sense, keeping g = 3.5 fixed for our results is a
simplification, in an even more general calculation one might also vary g.

In Fig. 20 we compare the critical magnetic fields of flux tubes with different winding
numbers for two different values of ms as a function of Tc/µq. We plot the difference
of the critical fields to the critical field of the n = 1 configuration because the different
curves would be barely distinguishable had we plotted the critical fields themselves.
It is instructive to start with the massless case (left panel). For Tc/µq ≃ 0.05 we
observe the standard behaviour at the type-I/type-II transition: In the type-I regime,
the critical field Hc1 can be lowered by increasing the winding number, and as n → ∞
one expects Hc1(n) to converge to Hc, the critical field at which the NOR and 2SC
phases coexist. Just above the critical value Tc/µq ≃ 0.05 the order of the different
Hc1(n) is exactly reversed, and Hc1 is given by the flux tube with lowest winding,
n = 1, the higher-winding flux tubes are disfavoured. It is a good check for our
numerics that all curves intersect at the same point, and this point is given by
Eq. (3.51), whose derivation is completely independent of the numerical evaluation.
This conventional behaviour in the vicinity of the type-I/type-II transition point is
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FIGURE 20: Critical fields for the emergence of flux tubes with winding n relative to
the critical field of the n = 1 flux tube, ∆Hc1 = Hc1(n)− Hc1(1), as a function of Tc/µq
for the massless case (left panel) and ms = 0.15µq (right panel). In the massless case,
domain walls (n = ∞) are the preferred configuration for Tc/µq ≳ 0.068, as indicated
by the vertical dashed line. The other vertical dashed line marks the change from type-
I to type-II behaviour. The dots on the curves indicate the points above which the flux
tubes have a core with induced condensate f2 (see also Fig. 19).

expected because the second condensate plays no role here, at least for the lowest
winding numbers, as we have seen in Fig. 19.

Now, as Tc/µq is increased, the unconventional 2SC behaviour becomes apparent. For
any winding n > 1 there is a critical Tc/µq at which this higher winding becomes
favoured over n = 1. Similar to the type-I regime, there is a region in which Hc1(n)
decreases monotonically with n until, for n → ∞, it is expected to intersect Hc1(1) at
the critical point where domain walls set in (we have only plotted the curves for a few
winding numbers, obviously the numerics become more challenging for large n). This
point, Tc/µq ≃ 0.068, is taken from Ref. [254], where it was computed explicitly by
using a planar instead of a cylindrical geometry (see Figs. 4 and 5 in that reference).
Here we have marked the onset of domain walls by a vertical dashed line.

In the right panel we first note that the behaviour in the vicinity of the type-I/type-II
transition in the presence of a strange quark mass is qualitatively the same as in the
massless case. The transition point itself, as we already know from Eq. (3.51), is even
exactly the same, at least up to lowest non-trivial order in ms. Now, however, the
behaviour for larger Tc/µq, where the second condensate does play a role, is
qualitatively different. For the chosen value of ms/µq, we find that for windings n ≤ 6
there is a regime in which flux tubes with winding n are preferred, while flux tubes
with n > 6 are never preferred. We see that the lowest Hc1 corresponds to flux tubes
with winding numbers 1,6,5,4,3,2, as Tc/µq is increased. These structures can be
viewed as “remnants” of the domain wall.

With the help of the results of this panel we can construct the phase diagram in the
H-Tc/µq plane for this particular mass ms = 0.15µq. To this end, we need to bring
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together the critical fields Hc1 from Fig. 20 with the critical fields Hc from Sec. (3.3.1)
and the critical fields Hc2 from Sec. (3.3.2). The result is shown in the left panel of Fig.
21. This panel contains the first-order transition between NOR and 2SC phases (3.44),
the second-order transitions from the NOR to the “2SC flux tube” phase (3.50) and
from the 2SC to the “CFL flux tube” phase (3.53a), and the second-order transition
from the 2SC to the “2SC flux tube” phase just discussed, including the different
segments corresponding to different winding numbers. We have included the phase
transitions of the massless case for comparison, including the segment where domain
walls are formed. The single-component flux tube configuration, i.e., the one without
a us condensate in the core, is denoted by S1, following the notation of Ref. [254]. This
configuration always has winding number 1. The region labelled by “CFL flux tubes”
is bounded from above by H(1)

c2 , which actually indicates a transition to dSC flux tubes
(see discussion below Eqs. (3.53)). For the given parameters, the “would-be” critical
magnetic field H(2)

c2 is very close to H(1)
c2 , and thus we have, slightly inaccurately,

termed the entire region “CFL flux tubes”, although we know that there is at least a
thin slice where the inhomogeneous phase is not made of CFL flux tubes.

Since our calculation only allows us to determine the critical fields for the entrance
into the flux tube phases, we can only speculate about the structure of these
inhomogeneous phases away from the second-order lines. It is obvious that the
structure will be more complicated than in a standard single-component
superconductor. This, firstly, concerns the transition between the phases labelled by
“CFL flux tubes” and “2SC flux tubes”. We have continued the Hc2 transition curve
into the flux tube regime as a thin dotted line, but of course this curve should not be
taken too seriously because it was calculated under the assumption of a homogeneous
2SC phase on one side of the transition. Secondly, and more closely related to our main
results, the different winding numbers that occur upon entering the 2SC flux tube
phase also suggest a complicated structure of the flux tube arrays. It is conceivable
that there are transitions between “pure” arrays of a single winding number or that
there are arrays composed of flux tubes with different winding numbers.

We may now ask up to which values of the strange quark mass the multi-winding flux
tubes survive. More precisely, at which value of ms do only n = 1 flux tubes form at
the entire phase transition curve Hc1 between the homogeneous 2SC phase and the
“2SC flux tube” phase? This question can be answered by repeating the calculation
needed for the left panel of Fig. 21 for different values of ms and determining the
sequence of the preferred configurations as a function of Tc/µq in each case. The result
is shown in the right panel of Fig. 21. In this panel, the ms/µq-Tc/µq plane is divided
into different regions, each region labelled by the preferred flux tube configuration.
One can check that a slice through this plot at ms = 0.15µq reproduces exactly the
sequence of phases shown in the left panel. In particular, we have indicated the
transition between the standard flux tubes S1 and the two-component flux tubes with
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FIGURE 21: Left panel: Phase diagram in the plane of external field H and Tc/µq for
ms = 0.15µq (black solid lines) compared to the massless result from Ref. [254] (red
dashed lines, see Fig. 11). The numbers at the critical field for the emergence of 2SC
flux tubes with us core indicate the winding number n, with n = ∞ indicating the
domain wall in the massless case. The critical lines for the emergence of 2SC flux
tubes without a us core (which always have winding n = 1) are marked with S1.
Right panel: Phase diagram in the ms/µq-Tc/µq plane indicating the preferred flux
tube configurations. In the shaded region dSC and CFL flux tubes appear, and the red
arrows indicate the range where, at ms = 0, domain walls are preferred. This phase
diagram shows one of the main results of the project, namely that remnants of the
domain wall in the form of multi-winding flux tubes survive up to ms ≃ 0.21µq.

winding number n = 1 by a dashed curve. We have restricted our calculation to
winding numbers n ≤ 10, but it is obvious how the pattern continues: As we move
towards ms = 0, say at fixed Tc/µq, the winding number of the preferred
configuration increases successively and more rapidly. Eventually, the winding
number and thickness of the flux tube go to infinity, which corresponds to the domain
wall, whose range is indicated with (red) arrows. Therefore, the lines that bound the
region of multi-winding configurations at small ms from both sides – here calculated
from n = 10 – will slightly change if higher windings are taken into account and they
are expected to converge to the arrows at ms = 0. In the shaded region, dSC and CFL
flux tubes start to become relevant, its boundary is given by the condition Hc1 = H(1)

c2

(see also the discussion around Eq. (3.73)).

The main conclusion of this phase diagram is that the maximal strange quark mass for
which remnants of the domain wall (i.e., 2SC flux tubes with winding number larger
than one) exist, is ms ≃ 0.21µq. This is on the lower end of the range expected for
compact stars. Therefore, at least within our approximations, we conclude that it is
conceivable, but unlikely that 2SC flux tubes with exotic structures as shown in Fig. 17
play an important role in the astrophysical setting. However, our phase diagram
shows that two-component flux tubes (with n = 1) do survive for larger values of ms.
Since they have a us condensate in their core, they can also be considered as remnants
of the domain wall, albeit with conventional magnetic field structure. We have
checked that if the phase diagram in the right panel of Fig. 21 is continued to about
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ms = 0.5µq, there is still a sizeable range (of roughly the same size as for ms = 0.25µq),
starting at Tc/µq ≃ 0.083, where 2SC flux tubes with us core are preferred.
Consequently, they may well have to be taken into account for the physics of compact
stars.

In the discussion of the applicability of our results to compact stars, we should also
return to the actual magnitude of the magnetic fields considered here. Using the
conversion to physical units given in the Introduction and the expressions for µ and λ

in Eq. (3.14), we find that the magnetic field in Gauss can be computed from

H = 1.6 × 1019 H
µ2/

√
λ

Tc

µq

(︃
1 − T

Tc

)︃(︂ µq

400 MeV

)︂2
G . (3.75)

Consequently, setting T = 0, the triple point at Tc/µq ≃ 0.05 in the left panel of Fig. 21,
where NOR, 2SC, and 2SC flux tube phases meet, corresponds to about
H ≃ 1.1 × 1019 G, while the critical fields at Tc/µq = 0.08 are Hc1 ≃ 1.3 × 1019 G and
Hc2 ≃ 2.9 × 1019 G (note that H in physical units also varies along the horizontal
direction of this plot since µ2/λ1/2 depends on Tc/µq). Magnetic fields of this
magnitude are getting close to the limit for the stability of the star, and they are several
orders of magnitude larger than observed at the surface. It is thus highly speculative,
although possible, that these huge magnetic fields are reached in the interior of the
star. However, exotic flux tubes as discussed here may be formed dynamically, for
instance if the star cools through the superconducting phase transition at a roughly
constant magnetic field [290]. And, if colour-magnetic flux tubes exist in compact
stars, they help to sustain possible ellipticities of the star, resulting in detectable
gravitational waves [175]. Therefore, even though the equilibrium situation studied
here may never be reached in an astrophysical setting, it is important to understand
the various possible – non-standard – flux tube configurations.
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Chapter 4

Superconducting baryon crystal
induced via the chiral anomaly

The lightest baryons are the nucleons with mass mN = 939 MeV. In both planes
involving µB reviewed in Sec. (2.1.4), there is an expected baryon onset at µB ∼ mN .
Below the deconfinement transition and baryon onset we can expect the QCD vacuum
and mesons. Mesons can emerge via thermal excitation at finite T and meson
condensation at finite µI . Naively, one might expect no mesons when T = µI = 0. This
expectation was shown to be false in Ref. [233], where the authors demonstrated that
the chiral anomaly can affect the phase structure at strong magnetic fields. In
particular, it was shown that a neutral pion domain wall was locally stable above
eB = 3m2

π. This was expanded upon in Ref. [58], where this phase was generalised to a
chiral soliton lattice (CSL) phase which the QCD vacuum was unstable to above the
critical magnetic field BCSL. In addition, they showed there was a further instability to
fluctuations in the charged pion field at a higher, second critical magnetic field, which
implies that the charged pions condense. The nature of the instability is reminiscent of
the instability of a conventional superconductor between the vortex lattice and normal
phase (see Sec. (2.2.4)) at Bc2. The construction of this phase was beyond the scope of
Ref. [58], and thus became the aim of the work presented in this section. This was later
published in Ref. [2] and the resulting phase structure is shown in Figure 22.

To this aim, we used a method inspired by the approach detailed in Sec. (2.2.4) within
the ChPT framework used in Ref. [58]. Questions may be raised as to the applicability
of this method given the differences between our scenario and the conventional case.
We will find that only minor adaptation is necessary to account for additional degrees
of freedom, and it leads to analytical solutions in the chiral limit. We have already
mentioned ChPT in passing and how it is an effective theory of QCD at low energies.
The ChPT Lagrangian is a power expansion in some parameter (e.g. momentum),
built by writing all terms that obey the symmetries of QCD at low energy up to a



92 Chapter 4. Superconducting baryon crystal induced via the chiral anomaly

eB
c2 (m

π=0)eB
c2

vacuum

CSL
π± lattice◆◆

◆◆

0 200 400 600 800 1000 1200
0.00

0.05

0.10

0.15

0.20

0.25

μ [MeV]

e〈
B
〉
[G
eV

2
]

FIGURE 22: Phase diagram in the µB-e⟨B⟩ (µ ≡ µB in this plot and ⟨B⟩ is the spatial
average of the magnetic field) plane for a physical pion mass (red and blue curves) and
in the chiral limit (black curve; in this case the vacuum only exists on the two axes).
The solid blue curve marks the transition between the vacuum and the CSL phase and
the solid red curve indicates the instability of the CSL phase towards charged pion
condensation. This part of the thesis constructs the π± lattice and presents plots of
the resulting lattice at the points indicated by the diamonds in Fig. 23. The dashed
curves are transitions between metastable phases. A first-order transition between the
vacuum and the π± lattice is expected somewhere between the dashed lines. Baryons
in the form of nuclear matter are expected to compete with and possibly replace the
phases at sufficiently large µB, but are omitted here for simplicity (see left panel of
Fig. 10). To put the scale of the magnetic field into context, note that within natural
Heaviside-Lorentz units e⟨B⟩ = 0.1 GeV2 ≃ 5.18 m2

π corresponds to e⟨B⟩ ≃ 5.12 ×
1018 G.

certain order. The notable symmetry for ChPT is the approximate chiral symmetry
which when explicitly broken leads to massive pseudo-Nambu-Goldstone bosons
[291, 292]. Restraining to the two lightest quark flavours (u and d), these bosons are
the pions. Classed as mesons, there are four possible combinations of quark and
anti-quark, two of which form electrically neutral particles and two of which have
charge ±e. They can be grouped into the neutral, π0, and charged pions, π±,
respectively. The mass difference between them is small (∼ 5 MeV) and so we ascribe
them the same pion mass, mπ ≃ 140 MeV from here on.

Chiral Perturbation Theory does not include anomalies. An anomaly refers to a
symmetry that does not survive the quantisation process i.e. a symmetry preserved in
the classical field theory, but not the corresponding quantum field theory. Terms
accounting for anomalies can be added to incorporate the missing physics. This can be
achieved via a so-called Wess-Zumino-Witten (WZW) term [293, 294]. One such
anomaly is the chiral anomaly which should be accounted for when considering pions
and electromagnetism, as it describes the observed decay of neutral pions into two
photons [295, 296]. Otherwise, neutral pions do not interact with electromagnetic
fields and therefore B as they are electrically neutral. The consideration of the axial
chiral anomaly by incorporating the WZW term is in fact key to the emergence of the



93

CSL and its instability to charged pion condensation in Ref. [58]. As explained
originally in Refs. [295, 296], the axial chiral anomaly is responsible for the decay of
neutral pions into two photons via the electromagnetic interaction. It may then come
as less of a surprise to note that by incorporating a Wess-Zumino-Witten term to
account for the anomaly within ChPT, the neutral pions which are not electrically
charged couple to the electromagnetic field. This term also provides the coupling to
µB [233], shedding some light on why mesons appear in the µB-B plane at T(= µI) = 0
of the QCD phase diagram. Knowing this makes the rather unusual non-zero,
inhomogeneous baryon number density, nB, in the CSL phase where there are no
baryons less unexpected. We will see that further effects from the anomaly on the
baryon number density emerge when we keep the charged pion terms dropped from
the WZW term in Ref. [58].

For wider context, pionic superconductivity in ChPT has been discussed previously in
the context of non-zero µI , where the situation is much the same as conventional
superconductivity - charged pions condense below some critical field and are
expected to be a type-II superconductor [297] with a vortex lattice phase [298, 299].
The competition of this phase with a phase analogous to the CSL has been
investigated in Ref. [300] (see also Ref. [301]), where a WZW term couples neutral
pions to µI instead of µB. Pions aside, the scenario where an inhomogeneous
superconducting phase occurs above rather than below a critical field is shared with
the ρ± meson condensation of vacuum superconductivity [53, 54] discussed in
Sec. (2.1.3) in the context of the B-T plane at µB = 0. It bears similarity to the phase
proposed, exhibiting some interplay between the charged and neutral varieties of the
meson. A distinguishing feature of our proposed phase is that the superconducting
transition occurs from the CSL phase which is an inhomogeneous phase with finite
magnetisation. Moreover, the CSL phase is periodic, which would suggest a possible
interplay between the CSL and superconducting vortex lattice, forming a
three-dimensional structure. Even in the chiral limit where the neutral pion phase
below Bc2 is homogeneous, we observe periodicity in the baryon number density.

This chapter begins with Sec. (4.1), where we construct our Lagrangian including the
WZW term and recapitulate results from Ref. [58]. Our application of the expansion
near Bc2 and analysis of lattice structures adapted from Sec.( 2.2.4) is applied in
Sec. (4.2.1). Solving the subsequent equations in the chiral limit and discussion of our
results is done in Sec. (4.2.2). The work draws from Sec. (2.2.1) and Sec. (2.2.4) which
should be referred to if more detail is required. As with Chapter 3, the summary and
discussion is reserved for the final chapter, Chapter 5.
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4.1 Setup

In this section, we construct our Lagrangian and derive the WZW term. We also define
our choice of parameterisation for the chiral fields. Additionally, we re-derive the
charged pion instability and other results from Ref. [58].

4.1.1 Lagrangian

Our starting point is the Lagrangian containing an electromagnetic part, a chiral part,
and a WZW part,

L = Lem + LΣ + LWZW . (4.1)

The electromagnetic part is the same as defined in Eq. (2.12). To leading order in the
momentum expansion, the two-flavour chiral Lagrangian from Chiral Perturbation
Theory [15, 302] is

LΣ =
f 2
π

4
Tr
[︂(︁
∇µΣ

)︁† ∇µΣ
]︂
+

m2
π f 2

π

4
Tr
[︂
Σ + Σ†

]︂
, (4.2)

where Σ is the chiral SU(2) field, fπ is the pion decay constant and the covariant
derivative is

∇µΣ = ∂µΣ − i [Aµ, Σ] , (4.3)

with general gauge field Aµ, which can be written in the form

Aµ = IAB
µ +

τ3

2
AI

µ + eQAµ . (4.4)

Here, I is the 2 × 2 identity matrix, AB
µ and AI

µ are auxiliary gauge fields for the baryon
and isospin charge respectively, Q is the generator of the electromagnetic gauge
group, and τa denotes the Pauli matrices (a = 1, 2, 3 under usual convention). We are
only interested in µB so we drop the AI

µ term and set AB
µ = (µB, 0, 0, 0). As it stands,

the AB
µ term drops out due to the commutator. In the same way, the diagonal part of Q

vanishes leaving only the part proportional to τ3, which is clear when it is
decomposed like so;

Q = diag(2/3,−1/3) =
1
6
I+

τ3

2
. (4.5)

This just leaves Aµ = eτ3Aµ/2. The disappearance of AB
µ can seem rather concerning

as we are interested in the µB-B plane. Reassured, it will re-emerge as part of the
WZW term discussed later, though this does emphasise the significance of said term.

A common parameterisation of the chiral field is

Σ = eiϕaτa =
σ + iπaτa

fπ
, (4.6)
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with
σ

fπ
= cos ϕ ,

πa

fπ
=

ϕa

ϕ
sin ϕ , (4.7)

where ϕ2 ≡ ϕ2
1 + ϕ2

2 + ϕ2
3. Note, πa are the pion fields and σ is a spurious degree of

freedom obeying the constraint f 2
π = σ2 + πaπa. The charged pions can be

summarised into the complex scalar field

φ ≡ 1√
2
(π1 + iπ2) , (4.8)

leaving π3 ≡ π0 as the neutral pion field. With this parameterisation, the Lagrangian
can be written in the form

LΣ =
1
2

∂µπ0∂µπ0 +Dµ φ (Dµ φ)∗ +
1
2

∂µσ∂µσ + m2
π fπσ , (4.9)

with the covariant derivative Dµ ≡ ∂µ + ieAµ. While this clearly separates both
neutral and charged pions, we will adopt the parameterisation used in Appendix A of
Ref. [58] as it is more convenient for our purposes. It separates the third component as
follows,

Σ = eiατ3U , (4.10)

where
U =

σ0 + i(π′
1τ1 + π′

2τ2)

fπ
. (4.11)

Comparing both sides of Eq. (4.10), the fields σ0, π′
1 and π′

2 can be related to σ, π1 and
π2 through

σ = σ0 cos α

π0 = σ0 sin α
,

π1 = π′
1 cos α + π′

2 sin α

π2 = −π′
1 sin α + π′

2 cos α
, (4.12)

which amounts to going from cartesian to polar coordinates in the (σ, π0) sector and
applying a rotation by α in the (π1, π2) sector. We define a new complex field

φ′ =
1√
2
(π′

1 + iπ′
2) , (4.13)

which obeys the transformation φ = e−iα φ′. In the new coordinates, σ0 is the (new)
spurious degree of freedom, the constraint becomes f 2

π = σ2
0 + π′2

1 + π′2
2 = σ2

0 + 2|φ′|2,
and the Lagrangian (4.9) is

LΣ =
σ2

0
2

∂µα∂µα + Dµ φ′(Dµ φ′)∗ +
1
2

∂µσ0∂µσ0 + m2
π fπσ0 cos α , (4.14)

with the covariant derivative Dµ ≡ ∂µ + i(eAµ − ∂µα). The primary benefit of this
re-parameterisation is that ∇α turns out to be constant in our proposed phase in the
chiral limit, which facilitates the calculation. We wish to express everything in terms
of α (related to the neutral pion field in the absence of charged pions by π0 = fπ sin α)
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and the complex field φ′ (related to the original charged pion fields by a rotation by
the angle α) only. This is achieved by using the constraint to eliminate σ0 in Eq. (4.14),
leaving

LΣ = Dµ φ(Dµ φ)∗ +
∂µ|φ|2∂µ|φ|2

2( f 2
π − 2|φ|2) +

f 2
π − 2|φ|2

2
∂µα∂µα + m2

π fπ

√︂
f 2
π − 2|φ|2 cos α ,

(4.15)
where we set φ′ → φ from now on for brevity. The above can be verified by directly
inserting Eq. (4.10) into Eq. (4.2).

We adopt the same form for the WZW part as Refs. [58, 233], namely

LWZW =
(︂

AB
µ − e

2
Aµ

)︂
jµ
B , (4.16)

with the Goldstone-Wilczek baryon current [58, 233, 303]

jµ
B = −ϵµνρλ

24π2 Tr
[︃
(Σ∇νΣ†)(Σ∇ρΣ†)(Σ∇λΣ†) +

3ie
4

Fνρτ3

(︂
Σ∇λΣ† +∇λΣ†Σ

)︂]︃

= −ϵµνρλ

4π2 ∂να

(︃
e
2

Fρλ +
∂ρ jλ
e f 2

π

)︃
,

(4.17)

where
jµ = ie (φ∗∂µ φ − φ∂µ φ∗)− 2e (eAµ − ∂µα) |φ|2 , (4.18)

is the non-anomalous contribution to the charged current which we have identified
from the equations of motion (discussed in Sec. (4.1.2)). Details on the evaluation of
the traces leading to the second line of Eq. (4.17) can be found in Appendix D.
Interestingly, we see that besides the electromagnetic term, there is a vorticity
contribution. These two terms are reminiscent of the CME and chiral vortical effect,
which are generated by the chiral anomaly and which have been studied extensively
mostly in the context of HICs, see for instance Ref. [304] for an introductory review. A
similar vorticity term gives rise to the CSL phase in a rotating system even without
magnetic field [305], in which case also inhomogeneous pion-condensed phases have
been predicted [306]. Here we do not impose any rotation on the system, but we shall
see that the dynamically created charged current does render the vorticity term
non-zero, which has a direct impact on the baryon number. Note that we have
introduced an additional term proportional to ∂µα in Eq. (4.18) that does not appear in
the derivation of jµ

B from Eq. (4.17). This does not change our Lagrangian or the
equations of motion to follow. Though the field α is itself physical, this inclusion can
effectively be thought of as a gauge transformation. In the end, it will amount to a shift
to the rest frame of the current in z-direction (i.e. perpendicular to the vortex lattice).
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From the explicit result for the baryon current (4.17) we immediately conclude its
conservation,

∂µ jµ
B = 0 , (4.19)

as it should be. In summary, our total Lagrangian is given by Eqs. (2.12), (4.15), and
(4.16) with the baryon current (4.17).

4.1.2 Equations of motion and free energy

Here, we perform the same procedure as Sec. (2.2.1). The equations of motion for φ∗, α

and Aµ become, respectively, (AB
µ is not treated as a dynamical field)

0 =

[︄
DµDµ + ∂µα∂µα +

∂µ∂µ|φ|2

f 2
π − 2|φ|2 +

∂µ|φ|2∂µ|φ|2

( f 2
π − 2|φ|2)2

+
m2

π fπ cos α√︁
f 2
π − 2|φ|2

+
ieϵµνρλ

8π2 f 2
π

∂να FρλDµ

]︄
φ ,

(4.20a)

0 = ∂µ

[︁
( f 2

π − 2|φ|2)∂µα
]︁
+ m2

π fπ

√︂
f 2
π − 2|φ|2 sin α

− eϵµνρλ

16π2 Fµν

(︃
e
2

Fρλ +
∂ρ jλ
e f 2

π

)︃
,

(4.20b)

0 = −∂νFνµ + jµ +
e
2

jµ
B − e2ϵµνρλ

16π2 ∂να Fρλ

(︃
1 − 2|φ|2

f 2
π

)︃
. (4.20c)

From the Maxwell equation (4.20c) we see that the charged current receives
anomalous contributions. Making use of the baryon number conservation (4.19) we
find that the total electric charge conservation reads

0 = ∂µ jµ +
e2ϵµνρλ

8π2 f 2
π

∂µ|φ|2∂να Fρλ . (4.21)

This relation has been used to simplify the equation of motion for α (4.20b).

We will only be interested in the static limit, and we assume the system to be locally
charge neutral, which can be achieved for instance by adding a gas of electrons or
positrons. This is similar to the standard GL treatment of an electronic superconductor
presented in Sec. (2.2.4), where the negative charge of the electron Cooper pairs is
cancelled by the surrounding lattice of ions. As a consequence, the electric field
vanishes and we may ignore Gauss’ law, i.e. the temporal component of Eq. (4.20c).
For the remaining equations we can therefore ignore all time derivatives and set
A0 = 0. (Note that even for ∂t φ = ∂tα = A0 = 0 there is an anomalous electric charge
contribution in Gauss’ law which can only be ignored under the assumption of a
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neutralising lepton gas.) As a result, all anomalous contributions to the equations of
motion vanish and we arrive at

0 =

[︄
K +

∇2|φ|2
f 2
π − 2|φ|2 +

(︁
∇|φ|2

)︁2

( f 2
π − 2|φ|2)2 + m2

π cos α

(︄
1 − fπ√︁

f 2
π − 2|φ|2

)︄]︄
φ , (4.22a)

0 = ∇ ·
[︁
( f 2

π − 2|φ|2)∇α
]︁
− m2

π fπ

√︂
f 2
π − 2|φ|2 sin α , (4.22b)

j = ∇× B = −ie (φ∗∇φ − φ∇φ∗)− 2e (eA +∇α) |φ|2 , (4.22c)

where B = ∇× A is the magnetic field, j is the electromagnetic three current defined
by jµ = (j0, j) and we have defined the operator

K ≡ ∇2 − 2i(eA+∇α) · ∇− i∇ · (eA+∇α)− (eA+∇α)2 + (∇α)2 −m2
π cos α . (4.23)

Like in Sec. (2.2.1), we are ignoring fluctuations to the thermodynamics and the grand
canonical potential density is simply given by Ω = −L. Implementing our
assumptions of a static system and vanishing electric field we obtain

Ω(x) =
B2

2
+ | [∇− i (eA +∇α)] φ|2 +

(︁
∇|φ|2

)︁2

2 ( f 2
π − 2|φ|2) +

f 2
π − 2|φ|2

2
(∇α)2

− m2
π fπ

√︂
f 2
π − 2|φ|2 cos α − µBnB(x) ,

(4.24)

where
nB(x) = j0B =

∇α

4π2 ·
(︃

eB +
∇× j

e f 2
π

)︃
, (4.25)

is the (local) baryon density which follows from the baryon current (4.17) with the
convention ϵ0123 = +1. With the help of the equation of motion (4.22a) we can write
the free energy (density) as

F =
1
V

∫︂
d3x Ω(x) ,

=
1
V

∫︂
d3x
[︃

B2

2
+

f 2
π

2
(∇α)2 − m2

π fπ cos α√︁
f 2
π − 2|φ|2

(︁
f 2
π − |φ|2

)︁
− f 2

π

2
(∇|φ|2)2

( f 2
π − 2|φ|2)2 − eµB

4π2∇α · B
]︃

+
1
V

∫︂
S

dS ·
{︃

φ∗
[︃
∇− i (eA +∇α) +

∇|φ|2
f 2
π − 2|φ|2

]︃
φ +

µB(∇α × j)
4π2e f 2

π

}︃
,

(4.26)

where V is the volume of the system and we have separated the surface terms that we
can drop in our evaluation later.
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4.1.3 Instability at the critical magnetic field

Here, we will recapitulate some results from Ref. [58]. Importantly, we review the
instability analysis which derives the critical magnetic field originally labelled BBEC

above which charged pion condensation will occur. This is done in the same manner
as in Sec. (2.2.4) which will be useful to refer to for comparison.

In the absence of charged pions, φ = 0, the potential (4.24) reduces to

Ωφ=0 =
B2

2
+

f 2
π

2
(∇α)2 − m2

π f 2
π cos α − eµB

4π2∇α · B , (4.27)

while the equation of motion for α (4.22b) is

∇2α = m2
π sin α . (4.28)

The above yields the first integral of motion,

1
2
(∇α)2 + m2

π cos α = a2 , (4.29)

where a is a constant. Without loss of generality, B (which is homogeneous) is chosen
to align with the z-direction and as a result, ∇α = ∂zαêz. The solution to the
differential equation (4.29) is then

∂zα =
2mπ

k

√︂
1 − k2sn2(z, k2) , (4.30)

where k2 = 2m2
π/(a2 + m2

π) and sn denotes one of the Jacobi Elliptic functions.
Requiring the free energy be minimal with respect to k,

FCSL =
1
V

∫︂
d3x Ωφ=0 = −2m2

π f 2
π

(︃
1
k2 − 1

)︃
, (4.31)

which is preferred over the vacuum provided B is greater than

BCSL ≡ 16πmπ f 2
π

eµB
. (4.32)

This critical magnetic field is the blue curve in Fig. 22.

This is the CSL phase. From Eq. (4.25) one can appreciate that this is a spatially
inhomogeneous phase with a non-zero baryon number density. Ideally we would
proceed with these results. However, due to the relatively complicated form of the
solution, we have only concerned ourselves with the results in the chiral (i.e. massless)
limit. In this limit, the solution that minimises the potential (4.27) is

∇α =
eµB

4π2 f 2
π

B . (4.33)
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We see that the neutral pion phase has become homogeneous and exists all the way
down to B = 0, unlike the massive result. Note that it is the baryon number density
which is homogeneous and not the neutral pion condensate. From Eq.(4.12), we see
that σ and π0 condensates are periodic in z i.e. along the direction of the magnetic
field. The minimised free energy is then

FCSL =
⟨B⟩2

2
− 1

2

(︃
eµB⟨B⟩
4π2 fπ

)︃2

. (4.34)

The magnetic field is uniform in this phase. Nevertheless, we have replaced it by its
spatial average, just like before using Eq. (2.64). Here we simply have ⟨B⟩ = B, but in
the form (4.34) the free energy density can be compared more easily with our main
results, where B is no longer uniform. The baryon density in the chiral limit is uniform
(in contrast to the general density (4.25)) and is given by

nCSL
B = −

∂Ωφ=0

∂µB
=

e2µB⟨B⟩2

16π4 f 2
π

, (4.35)

Note that we have retained the label “CSL” in Eqs. (4.34) and (4.35). This was done for
notational convenience though it is strictly speaking an abuse of the term given that
there is no lattice in the direction of the magnetic field in the chiral limit.

The stability of the CSL phase can be probed by considering the fluctuations in the
field φ. To this end, we go back to the equation of motion (4.20a). Setting A0 = ∂tα = 0
but keeping the time dependence of φ and linearising this equation yields

0 ≃
(︃

∂2
t − K − ie∇α · B

4π2 f 2
π

∂t

)︃
φ . (4.36)

To proceed we align the z-axis with the magnetic field, B = Bêz, such that we can
choose eA +∇α = eBxêy. Moreover, we employ the ansatz φ(t, x) = e−iωteikyy f (x, z)
to obtain

0 =

[︄
−ω2 − ∂2

x − ∂2
z + e2B2

(︃
x −

ky

eB

)︃2

− (∇α)2 + m2
π cos α − e∇α · B

4π2 f 2
π

ω

]︄
f (x, z) .

(4.37)

Returning to the chiral limit, we abbreviate ∇α = c êz with

c ≡ eµBB
4π2 f 2

π

, (4.38)

and further simplify the ansatz by writing f (x, z) = eikzzg(x) to give

[︁
(ω + µ∗)

2 − k2
z − m2

∗
]︁

g(x) =

[︄
−∂2

x + e2B2
(︃

x −
ky

eB

)︃2
]︄

g(x) . (4.39)
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Written in this form, this equation is identical to the standard GL scenario from φ4

theory (see Eq. (2.50)), having identified an effective chemical potential and an
effective mass by

µ∗ =
c2

2µB
, m2

∗ = µ2
∗ − c2 . (4.40)

Therefore, following exactly the same arguments as in Sec. (2.2.4), the dispersion
relation of the φ field in the (massless) CSL phase is

ω =
√︂
(2ℓ+ 1)eB + m2

∗ + k2
z − µ∗ , (4.41)

and we encounter an instability of the ℓ = kz = 0 mode for eB < µ2
∗ − m2

∗ = c2.
However, crucially, µ∗ and m∗ depend on the magnetic field themselves. As a
consequence, this condition translates into an instability for magnetic fields larger than
the critical field

Bc2 =
16π4 f 4

π

eµ2
B

. (4.42)

This is in contrast to the scenario of an ordinary type-II superconductor where the
instability towards a superconducting flux tube lattice occurs upon decreasing the
magnetic field.

This critical magnetic field is equivalent to the aforementioned BBEC in Ref. [58]
(where e was set to 1). In this reference, the critical field was also computed for the
case of a non-zero pion mass (we have used this result in the phase diagram of Fig.
22). The details of the massive case are not relevant for the following since we shall
construct the superconducting state only in the chiral limit. Our derivation deviates in
one detail from that of Ref. [58]: The anomalous contribution in Eq. (4.20a) generates
the term linear in ω in Eq. (4.37), which we then have absorbed in the effective
chemical potential µ∗. It is possible to discard this term on the ground of a consistent
power counting scheme. As argued in Ref. [307], in addition to the usual power
counting in chiral perturbation theory in terms of the momentum scale p ≪ 4π fπ,
namely ∂µ, mπ, Aµ ∼ O(p), the baryon chemical potential should be counted as
AB

µ ∼ O(p−1). This ensures that the contribution AB
µ jµ

B ∼ O(p2) in the WZW
Lagrangian (4.16) is consistent with our chiral Lagrangian LΣ ∼ O(p2). In contrast,
the second WZW contribution eAµ jµ

B ∼ O(p4) is of higher order. This is the term that
gives rise to the effective chemical potential µ∗. If µ∗ is set to zero we reproduce the
dispersion relation of Ref. [58] exactly. However, since we also include the
electromagnetic contribution Lem ∼ O(p4), which is crucial for our main results, our
expansion is not consistent with respect to this scheme even in the absence of the
WZW term. Therefore, we have included all terms from LWZW (4.16), resulting in a
formally higher-order term in the equation of motion (4.20a). An alternative power
counting with respect to the electromagnetic field, namely Aµ ∼ O(p0), e ∼ O(p)
[300], ensures consistency of the electromagnetic and chiral parts of the Lagrangian.
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Then, all our terms are consistently of order p2 if we omit eAµ jµ
B ∼ O(p4) in the WZW

Lagrangian, which is of higher order also within this alternative scheme.

For the location of the instability the term linear in ω has no consequence because the
critical magnetic field is given by µ2

∗ − m2
∗, which is identical to c2 irrespective of

whether µ∗ is set to zero or not. Interestingly, however, the nature of the instability is
affected: from Eq. (4.41) we see that ω turns negative at the critical magnetic field,
whereas, if we set µ∗ = 0 in that equation, ω turns imaginary at the critical magnetic
field. These two cases are sometimes referred to as “energetic” and “dynamical”
instabilities. Only a dynamical instability indicates a time scale on which the unstable
modes grow, whereas an energetic instability can be turned dynamical if the system is
allowed to exchange momentum with an external system, see for instance Refs. [308,
309]. We thus see that only in the presence of µ∗, the nature of the instability is the
same as in the GL treatment of a standard superconductor. In that case, as one can
check with the help of Eq. (4.41), ω can only become complex in a regime which is
already energetically unstable. For the following, this aspect of the instability as well
as the difference in the dispersion of the charged pions in the CSL phase is irrelevant.
In other words, if we count powers of the momentum scale according to
AB

µ ∼ O(p−1), Aµ ∼ O(p0), e ∼ O(p) all our main results in the subsequent sections
follow consistently from an order p2 Lagrangian.

4.2 Flux tube lattice

This section contains the main calculation. Here, we adapt and apply the original
method used in Ref. [50] to our system, find the free energy in the chiral limit, and
determine the preferred configuration of the lattice followed by a discussion of the
result(s). More so than the previous subsection, this section assumes some familiarity
with the content of Sec. (2.2.4).

4.2.1 Expansion at the critical magnetic field

The instability discussed in Sec. (4.1.3) indicates that there is a phase that includes
charged pion condensation and which has lower free energy than the CSL phase for
magnetic fields above the critical field Bc2. In this section, we construct such a phase
by applying an expansion in the parameter ϵ ∼

√
B − Bc2, exploiting the analogy with

the standard type-II superconductor of Sec. (2.2.4). We shall present the expansion for
the general case, including the pion mass, but restrict ourselves to the chiral limit in
the solution of the resulting equations in Sec. (4.1.3). In contrast to ordinary gauged φ4
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theory, we now have the additional scalar field α, which we also have to expand,

φ = φ0 + δφ + . . . , A = A0 + δA + . . . , α = α0 + δα + . . . . (4.43)

As in the conventional calculation, respectively, φ0 and δφ are of order ϵ and ϵ3, and
A0 and δA are of order ϵ0 and ϵ2. Our expansion for α follows that of the gauge field
with α0 of order ϵ0 and δα of order ϵ2. The motivation behind this being that in the
chiral limit α is directly proportional to the magnetic field (as can be seen from
Eq. (4.33) below Bc2). We insert these expansions into the equations of motion (4.22) to
obtain the following order-by-order equations. From the equation of motion for φ∗

(4.22a) we obtain the ϵ1 and ϵ3 contributions

K0φ0 = 0 , (4.44a)

K0δφ =

[︄
2i(eδA +∇δα) · ∇+ i∇ · (eδA +∇δα) + 2(eA0 +∇α0) · (eδA +∇δα)

− (∇2α0 + 2∇α0 · ∇)δα − (∇2 − m2
π cos α0)|φ0|2

f 2
π

]︄
φ0 ,

(4.44b)

where K0 is the lowest-order contribution to the operator K, i.e. Eq. (4.23) with A and α

replaced by A0 and α0. From the equation of motion for A, we derive the ϵ0 and ϵ2

contributions

∇× B0 = 0 , (4.45a)

∇× δB = −ie (φ∗
0∇φ0 − φ0∇φ∗

0)− 2e (eA0 +∇α0) |φ0|2 , (4.45b)

where we have once again defined B0 = ∇× A0, δB = ∇× δA, such that we can
denote the magnetic field up to O(ϵ2) by B ≃ B0 + δB. The lowest-order magnetic
field corresponds to the critical magnetic field, B0 = Bc2 and we satisfy Eq. (4.45a)
trivially by a constant B0. Finally, the equation of motion for α (4.22b) yields the
following ϵ0 and ϵ2 equations,

∇2α0 = m2
π sin α0 , (4.46a)

f 2
π(∇2 − m2

π cos α0)δα = (∇2α0 + 2∇α0 · ∇)|φ0|2 , (4.46b)

where the first equation has already been used to simplify the second.
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We keep terms up to fourth order in the free energy density (4.26). By dropping the
surface terms, it can be brought into the form

F ≃ 1
V

∫︂
d3x

{︃
B2

2
+

f 2
π

2
[(∇α)2 − 2m2

π cos α]− λ∗|φ0|4 −
eµB

4π2∇α · B
}︃

. (4.47)

It is more convenient to hold off expanding α and A in the above expression until after
solving the expanded equations of motion. Furthermore, we have introduced λ∗

defined by

λ∗⟨|φ0|4⟩ ≡
⟨(∇|φ0|2)2⟩+ m2

π⟨cos α0|φ0|4⟩
2 f 2

π⟨|φ0|4⟩
⟨|φ0|4⟩ . (4.48)

Written in this way, the free energy density would then resemble the one of φ4 theory,
see Eq. (2.20), which will be helpful for the remaining evaluations. In particular, λ∗

plays the role of an effective self-coupling of the complex field.

As in the φ4 calculation of Sec. (2.2.4) we use the higher-order equations (4.44b) and
(4.45b) to derive an identity that will later be needed to evaluate the free energy. We
multiply Eq. (4.44b) by φ∗ and Eq. (4.45b) by δA +∇δα/e, and combine the resulting
equations to obtain

φ∗
0K0δφ = i∇ ·

[︁
(eδA +∇δα)|φ0|2

]︁
− (δA +∇δα/e) · (∇× δB)

− |φ0|2(∇2 − m2
π cos α0)|φ0|2

f 2
π

− |φ0|2(∇2α0 + 2∇α0 · ∇)δα .
(4.49)

Integrating over the volume on both sides and dropping the surface terms gives

0 =
∫︂

d3x
[︂
2λ∗|φ0|4 − (δA +∇δα/e) · (∇× δB)

−|φ0|2(∇2α0 + 2∇α0 · ∇)δα
]︁

.

(4.50)

This is the analogue to Eq. (2.60). The extra term due to the scalar field α will play an
important role below.

4.2.2 Solution in the chiral limit

We now solve the equations of motion and compute the free energy density in the
chiral limit, mπ = 0. According to our expansion, the lowest-order terms of α and A
correspond to their CSL values at the critical field Bc2. Aligning the magnetic field
with the z-direction, we can thus write

α0 =
z
ξ

, eA0 +∇α0 = eBc2xêy , (4.51)
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where ξ−1 is the constant c from Eq. (4.38) evaluated at B = Bc2,

ξ =
1√
eBc2

=
µB

4π2 f 2
π

, (4.52)

where we have used the explicit form of Bc2 (4.42). Our gauge choice for A0 implies
B0 = Bc2êz. Moreover, by assigning a z-component to A0 that absorbs ∇α0 we ensure
that there is no charged current in the z-direction, jz = 0, which is a convenient choice
for the calculation.

With Eq. (4.51) we can solve the equation of motion for φ0 (4.44a) in exactly the same
way as for the standard superconductor. Consequently, following Sec. (2.2.4), we have

φ0(x, y) =
∞

∑
n=−∞

Cneinqyψn(x) , ψn(x) = e
− (x−xn)2

2ξ2 , (4.53)

with complex coefficients Cn, the wave number ky = nq, and xn ≡ nqξ2. In particular,
φ0 does not depend on z (which would be different in the presence of a pion mass
because in that case ∇α0 depends on z). The coherence length ξ, which characterises
the variation of the condensate in the x-y plane, is the same length scale as in α0 = z/ξ.

Next, we determine δA from Eq. (4.45b). Again, we can follow exactly the same
arguments as in Sec. (2.2.4). We can choose a gauge in which δA = δAy êy such that
δB = δBêz with δB = ∂xδAy, and find

δAy =
(︁
⟨B⟩ − Bc2 + e⟨|φ0|2⟩

)︁
x − e

∫︂
dx |φ0|2 . (4.54)

As a consequence, the magnetic field varies in the x-y plane and its z-component is

B = Bc2 + δB = ⟨B⟩+ e(⟨|φ0|2⟩ − |φ0|2) , (4.55)

where ⟨B⟩ will act as our external thermodynamic variable.

In the chiral limit, the O(ϵ2) equation of motion (4.46b) becomes ∇2δα = 0. Assuming
δα to be independent of x and y, we pick the ansatz

δα = δc z . (4.56)

where δc is a constant to be determined. We further assume we can fix this constant
such that the total scalar field α is identical to its CSL value (4.33) at the magnetic field
⟨B⟩,

α0 + δα =
eµB⟨B⟩
4π2 f 2

π

z . (4.57)

This condition is satisfied by

δα = e(⟨B⟩ − Bc2)ξz . (4.58)
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One can check our choice of δc is correct by keeping it general throughout the
calculation and then minimising the final free energy with respect to it at the end. The
δc that minimises the free energy is then found to be the one assumed above. The
higher-order correction δφ can now in principle be calculated from Eq. (4.44b).
However, we shall not need the explicit result. We already extracted information from
that equation in the derivation of the relation (4.50). To make use of this relation we
first compute

(δA+∇δα/e) · (∇× δB) = −e
(︁
⟨B⟩ − Bc2 + e⟨|φ0|2⟩

)︁
|φ0|2 + e2|φ0|4 + total derivatives ,

(4.59)
and

|φ0|2(∇2α0 + 2∇α0 · ∇)δα = 2e|φ0|2(⟨B⟩ − Bc2) . (4.60)

Interestingly, the expression (4.60), when added to Eq. (4.59), effectively flips the sign
of ⟨B⟩ − Bc2, and Eq. (4.50) can be brought into the form

e⟨|φ0|2⟩ =
⟨B⟩ − Bc2

(2κ2 − 1) β + 1
, (4.61)

with the effective GL parameter

κ ≡
√

λ∗
e

=
1√

2 e fπξ
, (4.62)

where we have used the definition of λ∗ (4.48) and the identity

⟨∇|φ0|2⟩2 =
⟨|φ0|4⟩

ξ2 , (4.63)

which we prove in Appendix E. Moreover, β is the same parameter as introduced by
Abrikosov in the standard GL scenario. The left-hand side of Eq. (4.61) is obviously
positive, and thus the right-hand side must be positive too. For the denominator, we
find with Eqs. (4.42), (4.52), and (4.62), that 2κ2 − 1 > 0 for all µB ≲ 12 GeV and thus
for all relevant µB. Therefore, our result is only valid for ⟨B⟩ − Bc2 ≥ 0. This reflects
the fact that our charged pion superconductor occurs for magnetic fields larger than
the critical field. Hence the sign flip in front of ⟨B⟩ − Bc2 due to Eqs. (4.59) and (4.60)
was crucial. In the absence of the scalar field α, the contribution (4.60) is absent and
the numerator on the right-hand side of Eq. (4.61) becomes Bc2 − ⟨B⟩, which is positive
in the standard scenario.

We may also use Eq. (4.61) to determine the coefficients Cn in the charged pion
condensate (4.53). As explained in Sec. (2.2.4), we consider periodic solutions where
Cn = C for even n and Cn = iC for odd n. Then, comparing Eq. (2.79a) with Eq. (4.61)
we read off

|C|2 =

√
R

e
⟨B⟩ − Bc2

(2κ2 − 1) β + 1
, (4.64)
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where R = q2ξ2/π determines the lattice structure of the solution. As a consistency
check, this result shows that |φ0|2 is of order ϵ2 ∼ ⟨B⟩ − Bc2, in accordance with our
expansion (4.43).

Our results can now be inserted into the free energy density (4.47). The magnetic
energy and the |φ0|4 contribution have exactly the same form as in the φ4 model, and
we can use the result (4.65) for these terms. The remaining terms simply reproduce the
free energy density of the CSL phase (4.34), such that we obtain

F = FCSL − 1
2

(⟨B⟩ − Bc2)
2

(2κ2 − 1) β + 1
. (4.65)

This is one of the chapter’s main results since it shows that the free energy of the
inhomogeneous charged pion superconductor is indeed lower than that of the
(massless) CSL state for ⟨B⟩ > Bc2. Let us discuss this result and the properties of our
flux tube lattice in more detail.

The inhomogeneous state we have constructed is preferred over the CSL state above
the black curve in Fig. 22. The transition at this critical curve is continuous in the sense
that the charged pion condensate goes to zero as the curve is approached from above.
The charged pion condensate gives rise to a crystalline structure in the plane
perpendicular to the external magnetic field, while there is no variation of any
physical observable in the direction parallel to the magnetic field. The magnetic field
itself varies in the x-y plane as well, just like in an ordinary type-II superconductor. It
is identical to the external field ⟨B⟩ at the points where the condensate vanishes and is
expelled in the regions with non-vanishing condensate. The result is a flux tube lattice,
whose structure is determined by the parameter β. Since the free energy is minimised
by the minimal β the preferred lattice structure is given by the minimum of the
function (2.84). There is no difference in this function to the case of an ordinary type-II
superconductor, and thus we find the same result, i.e. the free energy is minimised by
a hexagonal flux tube lattice, R =

√
3. Using the expression (4.53) and the coefficients

(4.64) we plot the condensate for two different points in the µB-⟨B⟩ plane in the upper
panels of Fig. 23. The oscillation in the amplitude becomes larger as one moves away
from the critical field and our expansion in ϵ becomes less applicable. We have thus
chosen two points very close to the critical field, where we can trust our expansion,
(µB, ⟨B⟩) = (µB, 1.01 Bc2(µB)), for two different values of µB. These points are marked
by diamonds in the phase diagram of Fig. 22.

We see that the lattice spacing increases with µB. This is obvious since the
characteristic length scale is the coherence length ξ ∝ µB. The lattice spacing also
becomes larger as one moves away from the critical field Bc2. This is identical to an
ordinary type-II superconductor, where for ⟨B⟩ → 0 (or H → Hc1) the spacing
becomes infinite, indicating a transition to a Meissner state where the magnetic field is
completely expelled. Here, such a state is not possible: a homogeneous charged pion
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FIGURE 23: Upper panels: Modulus of the charged pion condensate (squared) nor-
malised to its spatial average in the plane perpendicular to the magnetic field. The
plots show the energetically preferred hexagonal lattice structure just above the crit-
ical magnetic field, in both panels ⟨B⟩ = 1.01Bc2, where eBc2 ≃ 0.2319 GeV2 for a
baryon chemical potential µB = 700 MeV (left panel) and eBc2 ≃ 0.1403 GeV2 for
µB = 900 MeV (right panel). The distance between the minima turns out to be about
1.10 fm (left) and 1.42 fm (right). Lower panels: Baryon number density in units of the
nuclear saturation density for the same µB and ⟨B⟩ as the corresponding upper panels.
We have used the numerical values fπ = 92.4 MeV and n0 = 0.15 fm−3.

condensate would expel the magnetic field completely. However, then there is no
anomalous coupling to the neutral pions and in turn there is no effective potential that
makes the charged pions condense. Therefore, we do not expect our lattice to be
continuously connected to a Meissner state, at least not in the absence of an isospin
chemical potential. It is therefore not obvious - even if we keep using chiral
perturbation theory for such large magnetic fields and chemical potentials - how the
flux tube lattice evolves far beyond the critical field Bc2.

Our crystalline state is not only a lattice for the charged pion condensate and thus the
magnetic field, but also for baryon number due to the WZW term. The local baryon
number (4.25) receives contributions both from ∇α · B and ∇α · ∇ × j. With the help
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of Eqs. (2.62) and the definition of the (non-anomalous) charge current (4.18) we have
j = −e(êx∂y − êy∂x)|φ0|2, which implies

∇× j ≃ e∇2|φ0|2êz , (4.66)

to order ϵ2. Consequently, the baryon density (4.25) becomes

nB(x, y) ≃ nCSL
B +

e3µB⟨B⟩
16π4 f 2

π

[︃
⟨|φ0|2⟩ − |φ0|2 +

∇2|φ0|2
e2 f 2

π

]︃
, (4.67)

to the same order1 with the uniform CSL density nCSL
B (4.35), around which the baryon

density oscillates, ⟨nB⟩ = nCSL
B . We plot the result in the lower panels of Fig. 23 for the

same points in the µB-⟨B⟩ plane as the upper two panels. We see that going above the
critical field by 1% leads to a periodic oscillation in the baryon number by about 8%.
The largest effect comes from the last term in Eq. (4.67), which originates from the
vorticity contribution ∇× j. This can be seen numerically or by estimating the ratio
[∇2|φ0|2/(e2 f 2

π)]/|φ0|2 ∼ 2κ2 ≫ 1, where we have simply replaced the derivative by
the inverse coherence length. We have checked numerically that this ratio is a good
estimate for the relative importance of the two terms.

By comparing the upper with the lower panels, Fig. 23 also demonstrates that the
baryon density is enhanced where the charged pion condensate is depleted. As a
consequence, we obtain a “baryon crystal” where baryon number is maximised at the
triangular points of the lattice, just like the magnetic field. This two-dimensional
lattice translates to “baryon tubes” in three dimensions since our system is
translationally invariant in the direction of the magnetic field. This is due to our
approximation of a vanishing pion mass. In the physical case, we expect a
three-dimensional crystal with baryon number oscillating in all three dimensions, as
expected by the CSL solution (4.30). As the phase diagram in Fig. 22 suggests, the
chiral limit becomes a good approximation for very large magnetic fields, e⟨B⟩ ≫ m2

π.
Therefore, one might expect a change in the structure of the phase from tube-like at
ultra-large magnetic fields to bubble-like at more moderate fields. Of course, this is
under the assumption of the validity of our chiral approach. At large magnetic fields,
effects of chiral restoration and deconfinement will set in at some point, while at large
chemical potentials the usual baryons have to be taken into account even before chiral
restoration and deconfinement are expected.

1Note that we cannot consistently write the non-anomalous charge current or baryon number density
to fourth order as is perhaps desired since we don’t have an expression for δφ.
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Chapter 5

Conclusion

5.1 Summary

This thesis has presented work on superconducting phases in the µB-B plane at T = 0
of the QCD phase diagram, demonstrating the potential richness of this comparatively
unexplored parameter space to the neighbouring µB-T at B = 0 and B-T at µB = 0
planes. We began by reviewing these planes to introduce some common phases,
transitions and phenomena in the QCD phase diagram and gain insight into the phase
structure near T = 0. By collecting the limited literature on the phase structure, we
then conjectured and discussed what the full µB-B plane at T = 0 might look like. Due
to the lack of experimental input and first-principle calculations on the phase
structure, even a schematic diagram is difficult to draw with confidence. Thus, we
gave some speculation and posed some questions regarding the construction of this
plane. These included the competition between the MC and IMC effects, the
possibility of a quark-hadron continuity, and what phases to expect at magnetic fields
eB > 0.3GeV2. What can be said is that at low and high µB, there are interesting
inhomogeneous phases to be found, such as the CSL phase and CSC phases
respectively. Some of these phases were explored in greater detail in the remaining
parts of the thesis, which presented results from the published works Ref. [1, 2].

After briefly discussing the GL theory of type-II superconductors which reviewed
many of the methods and procedures we went on to use, we turned our attention to
the high µB region of this diagram. Here, quark matter is expected to be
colour-superconducting and can be either type-I or type-II. Starting from a GL
potential, we studied dense, colour-superconducting quark matter in the presence of a
non-zero strange quark mass and external magnetic field. Aiming to improve upon
previous results obtained in a massless regime [254], we included the effects of the
strange quark mass up to second order in the free energy. With the main objective of
determining whether the domain walls persist as the preferred configuration of
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magnetic defects in type-II 2SC matter, we focused primarily on the 2SC phase. We
have shown that this is not the case, finding that instead, multi-winding 2SCud flux
tubes with a second, 2SCus condensate in the core are the favoured magnetic defects.
As the mass decreases, increasing the winding number is preferred with an expanding
region of high-winding phases becoming denser in the phase diagram as we approach
ms → 0 and n → ∞. In this limit, the configuration tends towards the domain wall
result. At preferred winding as low as n = 3 we observe the magnetic flux forms
ring-like structures, “remnants” of the domain wall configuration. In higher winding
configurations, a second ring can be seen to appear.

We then jumped to the opposite side of the plane where µB was not large enough to
sustain baryons let alone CSC. In this chapter, we constructed a new inhomogeneous
phase in the µB-B plane of the zero-temperature QCD phase diagram. It comprises
charged and neutral pions where the charged pions form a vortex lattice akin to that
of conventional type-II superconductors. They condense due to their interaction with
the neutral pions which are coupled to the magnetic field and baryon chemical
potential via the chiral anomaly. We have shown that above Bc2 this phase is preferred
over the CSL phase in the chiral limit and that the favoured configuration of the
vortex lattice is a hexagonal array. Just like an ordinary superconductor, the magnetic
flux penetrates through these vortices where the charged pion condensate is depleted.
Because of the anomalous coupling of the pions, this is reflected in the local, non-zero,
inhomogeneous baryon number density, which is also largest in the centre of vortices.
Thus, the three-dimensional structure of this phase is an array of “baryon tubes”. We
have pointed out that the main contribution to the spatial variation of the baryon
number comes from the vorticity term arising from the anomaly. Our results are valid
within ChPT and the chiral limit, where a WZW term was incorporated to account for
the chiral anomaly. To construct this phase, we employed an expansion near the
critical magnetic field like was used originally for type-II superconductors within GL
theory.

5.2 Discussion

In the context of the µB-B plane, our charged pion vortex lattice phase may be relevant
when discussing the nuclear matter phase. As discussed, the transition to nuclear
matter is expected at µB = 923 MeV. The transition line then behaves
non-monotonically as we increase B, disfavouring nuclear matter initially, then
favouring nuclear matter above eB ∼ 0.1 GeV2. This is near the µB and B where we
expect CSL and our charged pion lattice, and we may therefore expect competition
between these inhomogeneous pion phases with nuclear matter. This is further
compounded with the anomalous magnetic moment of nucleons possibly making this
transition occur at lower µB than expected from Ref. [230]. However, if magnetic
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catalysis does indeed kick in at above eB ∼ 0.1 GeV2, then there could be a region
where the vortex lattice exists uncontested at high magnetic fields. Of course, the
calculation presented is only valid in the chiral limit, which is less physical, but at
eB ≫ m2

π we expect mπ = 0 to be a good approximation. Furthermore, chirally
restored phases may be favoured at similar values of the magnetic field. This effect
however is comparatively slight in comparison to the wider area gained by the vortex
lattice and CSL at higher eB. Furthermore, our results are found within ChPT, which
make them a prediction of low-energy QCD and should be trusted more than the
effective model predictions. On the other hand, the further we go in B or µB, the less
reliable the leading order momentum expansion of ChPT theory becomes, which
should be kept in mind when extrapolating to higher B and µB .

The colour-superconducting results expand upon Ref. [254], improving the results of
on the phase structure at lower µq by incorporating corrections for the strange quark
mass which becomes appreciably large at lower densities. The structure of the phase
diagrams is not greatly affected when compared to the results of Ref. [254] and
therefore much of what we can learn from our results about the µB-B plane at T = 0
can already be inferred from the previous work (see Sec. (2.1.4) for more on what
Ref. [254] implies for the phase diagram). Our results do imply that the 2SC becomes
more favourable when quarks are not massless as expected. As a result, if we take our
results to be valid at a µB realistic for NS then this would support the NJL model
calculations that show a 2SC phase beyond the chiral transition to a greater extent
than Ref. [254]. Of course the NJL models calculations study CSC in this plane are
typically SU(2) which do not take CFL into account, which our results do not show
diminishing significantly, thus not greatly reducing the possibility of a quark-hadron
continuity. These are speculations however, as our results use extrapolated values
from a weak-coupling regime. Perhaps a more substantial result is the existence of an
inhomogeneous dSC phase at (the very least) large µB showing that there is a similar
phase structure to the one found from the melting pattern of CSC condensates in the
neighbouring µ-T plane at B = 0.

The µB-B plane aside, both projects contribute to the study of unconventional
superconductors. Chapter 3 concerned a system where multiple superconducting
condensates could be present as well as coupling to multiple gauge fields. Despite the
specificity of our calculations in Chapter 3, ring-like magnetic flux structures are
found in more general, yet largely unrelated models [286, 287]. Thus, our results may
be of interest to the wider discussion of multi-component superconductors. Though
the presence of additional condensates and gauge fields did enrich the phase
structure, with phase transitions in between different superconducting phases, the
type-I and type-II regimes did not deviate too much from what was expected in
single-component superconductors. In Chapter 4 the consequence of the coupling of a
real scalar field to the magnetic field was investigated. In contrast to the
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multi-component superconductor, this setup inverted the type-II vortex lattice to
normal phase transition. While not unheard of [53, 54], superconductivity being
enhanced by the magnetic field rather than destroyed is a very interesting
phenomenon. Furthermore, the presence of a CSL phase which is magnetised below
the transition raises some interesting questions regarding the type-I and type-II
regimes. The complete absence of a homogeneous phase is also a peculiar
consequence.

From the perspective of NS, the work of Chapter 4 is not relevant since µq ∼ 400 MeV
is already beyond the region of validity for ChPT. On the other hand, application to
NSs was a motivation for the content of Chapter 3. A key question is whether we
expect these multi-winding flux tubes to affect observable. Around ms ∼ 0.2µq, which
is near the lower end of the range we expect in NS environments, multi-winding flux
tubes begin becoming disfavoured, above which single winding flux tubes are
preferred. Thus, it is improbable they are prominent features at equilibrium in NS.
However, there are non-standard single winding flux tubes that have a second
condensate in the core, which seem to survive up to ms/µq ∼ 0.5. While the second
condensate is not large enough to visibly effect the magnetic flux, it does indicate that
NS may have non-standard flux tube configurations if there is a type-II
colour-superconducting core. On the other hand, as discussed at the end of the
chapter, the external magnetic field required for these exotic structures is getting near
to the largest magnetic field sustainable by a NS and several orders of magnitude
larger than observed at the surface. However, this does not mean that these
multi-winding flux tubes cannot appear dynamically by cooling through the
superconducting transition for instance. Therefore, they may still have a role to play in
NS physics and leave signatures in observational tools [175]. Detection of these defects
would be important for the QCD phase diagram, especially the µB-B plane where
compact stars offer the only experimental insight into the phase structure in that plane
at present.

5.3 Outlook

Until we have better experimental data, more can be done theoretically. Specific to our
colour-superconducting project, there are a few improvements and tasks to undertake.
A natural next step would be to determine the effect of the mass term on the type-II
CFL phase and compare with the results in [254]. There are no features akin to the
domain walls of type-II massless 2SC in the massless type-II CFL Flux Tube phase, so
the effect is expected to be less substantial. Upon an initial inspection this extension
seems straightforward. Tied to the semi-massive CFL phase structure is the
appearance of the briefly discussed inhomogeneous dSC phase. This could also be
explored numerically within this framework. Results from these two regimes could
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rectify the ambiguous transition line between the “2SC Flux Tubes” and (rather
carelessly labelled) “CFL Flux tubes” regions in Fig. 21 and improve our diagram
further. Another straightforward extension would be a greater exploration of the
parameter space as we have restricted ourselves to fixed coupling parameters for our
results, extrapolating from the weak-coupling regime. Restricting ourselves to
weak-coupling values and extrapolating to large coupling constant is not desirable
and has been done for simplicity.

A more considerable extension is the inclusion of temperature, which may add some
relevance to our results to the larger µB-B-T phase structure as well as NS mergers and
HICs where T ≈ 0 is no longer a good approximation. Future colliders [41–45] are
seeking to produce data at higher µB and lower T. Thus, this would in some sense
make our predictions more accessible to future experiments. Furthermore, we have
used a general critical temperature for all phases, where in reality they would not all
be expected to transition at the same exact temperature. Not only would incorporating
multiple critical values via a temperature dependence be more physical, but also
improve our approximation, as GL is technically only valid near the transition
temperature. This does perhaps highlight the ambiguity around which critical
temperature we have expanded the free energy. On the topic of our framework, GL is
purely bosonic in nature. A more rigorous analysis would seek to include the effect of
the fermionic constituents. This could prove to be significant as previous studies have
shown that magnetic fields of the magnitudes we have considered can affect the
underlying structure of the Cooper pairs [98, 256, 310–312]. A fermionic approach
would also account for any additional effect from the unpaired fermions in each of the
2SC phases. Furthermore, the explicitly broken flavour symmetry means the
off-diagonal elements of the order-parameter matrix that we have neglected could
become important. Such an approach would be difficult (hence the decision to remain
in a bosonic framework) but conceivable.

Improvements to our framework and inclusion of the temperature is also something
that can be improved in our project in Chapter 4. Finite T extensions have been
applied to the CSL system in Refs. [307, 313], and thus could be incorporated in future
work. This once again adds relevance to the wider µB-B-T structure and heavy-ion
colliders. As already touched upon, the current results are already near the limits of
validity for ChPT theory. The possibility of the competition with baryonic phases was
also discussed earlier. Thus, further exploration beyond Bc2 would warrant a different
approach including baryonic degrees of freedom. For example, we could adopt a
model similar to Ref. [230] which is valid for larger µB but smaller B. Such extensions
would allow us to explore the competition between the pionic and baryonic phases
and the lattice structure beyond Bc2. Moving deeper into the flux tube phase usually
reduces the density of vortices, admitting less magnetic flux. Since the transition is
inverted in this plane, it is unclear how additional flux would penetrate the system as
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we move away from Bc2, especially if the expectation is a lower density of vortices. Of
particular interest would be the conjectured phase transition between the vacuum and
the inhomogeneous charged pion phase without an intermediate transition to the CSL
phase. Of course, our approximations are only valid near Bc2, therefore, we would
most likely need to adopt a numerical approach.

The clear next step is the inclusion of finite mass. The instability is still present in the
massive phase, which would indicate that an inhomogeneous charged pion phase
similar to the one discussed here also exists above Bc2 for physical masses. One can
envisage a phase where the superconducting flux tube lattice interplays with the CSL
periodicity perpendicular to it to form a rich three-dimensional structure. In
anticipation of this, we endeavoured to keep our equations general throughout the
relevant chapter, only moving to the chiral limit when necessary for analytical
evaluation. Initial calculations (not presented here) with a single domain wall, i.e. the
simplest massive CSL, are promising, showing that we can proceed largely
analytically. Likely, the full massive case would eventually require numerical methods
to fully solve. However, resigning to numerical methods could have the advantage of
allowing us to explore deeper into the parameter space as already mentioned.

Finally, we turn to broader tasks. In a compact star, the quark matter would most
likely occur in the core where there would be an interface with nuclear matter. One
can then ask; what happens to these 2SC flux tubes when they reach the boundary of
the system? It would be interesting to see how the magnetic field behaves at the
interface with nuclear matter, where it is also expected to be affected by proton
superconductivity. In general, these flux tubes could be significant to the overall
structure of the magnetic field within the compact star. Even if they would only
appear dynamically during the evolution of the star and not as a permanent,
equilibrium feature of the core, they may have a lasting effect. Thus far we have
discussed two of the extremes related to NSs; density and magnetic field. Neutron
Stars are also known to rotate, the pulsars discussed in our observational review first
and foremost among them. If CFL is truly the ground state of matter in the core of a
NS, rotation could have a significant effect on its structure. We have already discussed
its colour-superconducting properties, but not remarked much on its superfluid
behaviour. Rotation would induce superfluid vortices within the CFL phase also,
separate from the colour-magnetic defects already present. Some work on classifying
these vortices was done in Refs. [254, 283], but there is an unaddressed question how
these vortices interact. Presumably, we would have a superfluid and
colour-superconducting vortex lattice. Is one preferred over the other? Do they coexist
or interplay in any way? Does this influence the phase structure or properties of
compact stars? Resolving the vortex lattice of coupled neutron superfluid and proton
superconductors in an external magnetic field has been explored [237–239], which
could be used as guidance in this undertaking.
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Continuing on the properties of vortex lattices, the CSL is known to occur due to other
non-zero external parameters in the QCD phase diagram [314]. The question is then if
the vortex lattice phase due to the chiral anomaly appears due to the same external
parameters also. Rotational frequency ν is once again another alternative external
parameter that has recently seen investigation in Ref. [202], motivated by the possible
detection of the chiral vortical effect in HICs. Indeed, a charged pion instability is also
possible in the µB-µI-ν plane [305]. The anomalous terms are not derived from a WZW
term, making direct adaptation of our work less straightforward, but also more
interesting as the origin of the instability changes. A plane where a WZW term does
cause an instability is the µI-B plane [314], which shows promise for a direct
adaptation. It should be noted that as mentioned in the introduction of Chapter 4,
charged pions already condense due to µI without the presence of the anomaly term.
At the ranges of magnetic field explored in this project, they are expected to be in the
type-II regime [297], though the homogeneous phase can also be present. Both are
stable below certain critical magnetic fields, analogous to the situation in conventional
superconductivity. Competition of these phases with the CSL phase was investigated
in Ref. [300], with the CSL phase favoured at large magnetic fields and the vortex
lattice at lower magnetic fields. It would therefore be interesting to apply the same
calculation in this plane. One could even look at the three-dimensional phase diagram
µB-µI-B and see how the µB-B and µI-B planes connect. Investigations into the µB-µI

plane at B = 0 have been done (e.g. see [315]) which aid in this pursuit. Preliminary
calculations do suggest similar structure to the µB-B plane, though questions
regarding the exact form of the WZW term and appropriate power-counting schemes
must be addressed before proceeding.
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Appendix A

Details of lattice configuration
calculations

Here we elucidate some details of the lattice structure calculations to complement the
main text, in particular the lattice calculation of Sec. (2.2.4) of Chapter 2 which is then
used in Sec (4.2.2) of Chapter 4.

A.1 Infinite sums of integrals with periodicity N

To derive the results (2.79) by setting Cn = Cn+N in Eqs. (2.76), we first look at
Eq. (2.76a) and re-write it as

⟨|φ0|2⟩ =
1

Nq

∞

∑
n=−∞

|Cn|2
∫︂ Nq

0
dx e−(x−nq)2

=
1

Nq
lim

M→∞

M−1

∑
n=−M

|Cn|2
∫︂ (N−n)q

−nq
dz e−z2

,

(A.1)
such that the integral limits now depend on n. We have also expressed the sum within
a limit. Let M be divisible by N. We will then expand the sum and collect similar
terms through the imposed periodicity condition. We find that the associated integral
limits between Cn and Cn+N are spaced Nq apart and thus can be combined into the
same integral. Through this, we can combine the integrals for each Cn from n = 0 to
n = N − 1 into a single integral. The remaining terms can then be expressed as a sum.
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This is shown below;

M−1

∑
n=−M

|Cn|2
∫︂ (N−n)q

−nq
=

(︃
|C−M|2

∫︂ (M+N)q

Mq
+|C−M+N |2

∫︂ Mq

(M−N)q

+ |C−M+2N |2
∫︂ (M−N)q

(M−2N)q
+ . . . + |CM−2N |2

∫︂ −(M−3N)q

−(M−2N)q

+ |CM−N |2
∫︂ −(M−2N)q

−(M−N)q

)︃
+

(︃
|C−M+1|2

∫︂ (M+N−1)q

(M−1)q

+ |C−M+N+1|2
∫︂ (M+2N−1)q

(M+N−1)q
+ . . . + |CM−2N+1|2

∫︂ −(M−3N+1)q

−(M−2N+1)q

+ |CM−N+1|2
∫︂ −(M−2N+1)q

−(M−N+1)q

)︃
+

(︃
|C−M+2|2

∫︂ (M+N−2)q

(M−2)q

+ . . . + |CM−N+2|2
∫︂ −(M−2N+2)q

−(M−N+2)q

)︃
+ . . . +

(︃
|C−M+N−1|2

∫︂ (M+1)q

(M−N+1)q

+ . . . + |CM−1|2
∫︂ −(M−N−1)q

−(M−1)q

)︃
= |C−M|2

∫︂ (M+N)q

−(M−N)q
+|C−M+1|2

∫︂ (M+N−1)q

−(M−N+1)q

+ |C−M+2|2
∫︂ (M+N−2)q

−(M−N+2)q
+ . . . + |C−M+N−1|2

∫︂ (M+1)q

−(M−1)q

=
N−1

∑
n=0

|C−M+n|2
∫︂ (M+N−n)q

−(M−N+n)q
,

(A.2)

where we have used the shorthand
∫︁ b

a ≡
∫︁ b

a dz e−z2
. Then in the limit M → ∞ we can

evaluate the Gaussian integral to obtain

⟨|φ0|2⟩ =
√

π

Nq

N−1

∑
n=0

|Cn|2 , (A.3)

where C−M+n = Cn since M is divisible by N. This is the result (2.78a).

The same method can be applied for ⟨|φ0|4⟩. Similarly, we re-write Eq. (2.76b) as

⟨|φ0|4⟩ =
1

Nq ∑
n3

∑
n2

e−
(n2

2+n2
3)q2

2 ∑
n1

C∗
n1

Cn1+n2 Cn1+n3 C∗
n1+n2+n3

∫︂ Nq

0
dx e−2(x−(n1+

n2+n3
2 )q)

2

=
1

Nq ∑
n3

∑
n2

e−
(n2

2+n2
3)q2

2 lim
M→∞

M/2

∑
n1=−M/2

C̃n1
n2,n3

∫︂ [N−(n1+ñ)]q

−(n1+ñ)q
dz e−2z2

,

(A.4)

where, for brevity, ñ = (n2 + n3)/2 and C̃n1
n2,n3

= C∗
n1

Cn1+n2 Cn1+n3 C∗
n1+n2+n3

. Note
C̃n1+N

n2,n3
= C̃n1

n2,n3
since the indices retain the periodicity from the original indices n, m, p
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and l. Then,

M/2

∑
n1=−M/2

C̃n1
n2,n3

∫︂ [N−(n1+ñ)]q

−(n1+ñ)q
=

(︃
C̃−M

n2,n3

∫︂ (M+N−ñ)q

(M−ñ)q

+ C̃−M+N
n3,n3

∫︂ (M−ñ)q

(M−N−ñ)q
+C̃−M+2N

n2,n3

∫︂ (M−N−ñ)q

(M−2N−ñ)q

+ . . . + C̃M−2N
n2,n3

∫︂ −(M−3N+ñ)q

−(M−2N+ñ)q
+C̃M−N

n2,n3

∫︂ −(M−2N+ñ)q

−(M−N+ñ)q

)︃
+

(︃
C̃−M+1

n2,n3

∫︂ (M+N−1−ñ)q

(M−1−ñ)q
+C̃−M+N+1

n2,n3

∫︂ (M+2N−1−ñ)q

(M+N−1−ñ)q

+ . . . + C̃M−2N+1
n2,n3

∫︂ −(M−3N+1+ñ)q

−(M−2N+1+ñ)q
+C̃M−N+1

n2,n3

∫︂ −(M−2N+1+ñ)q

−(M−N+1+ñ)q

)︃
+

(︃
C̃−M+2

n2,n3

∫︂ (M+N−2−ñ)q

(M−2−ñ)q
+ . . . + C̃M−N+2

n2,n3

∫︂ −(M−2N+2+ñ)q

−(M−N+2+ñ)q

)︃
+ . . . +

(︃
C̃−M+N−1

n2,n3

∫︂ (M+1−ñ)q

(M−N+1−ñ)q
+ . . . + C̃M−1

n2,n3

∫︂ −(M−N−1+ñ)q

−(M−1+ñ)q

)︃
=

N−1

∑
n1=0

C̃−M+n1
n2,n3

∫︂ (M+N−n−ñ)q

−(M−N+n1+ñ)q
.

(A.5)

Taking the limit once more,

⟨|φ0|4⟩ =
1

Nq

√︃
π

2 ∑
n3

∑
n2

e−
(n2

2+n2
3)q2

2

N−1

∑
n=0

C∗
n1

Cn1+n2 Cn1+n3 C∗
n1+n2+n3

, (A.6)

which is the result (2.78b).

A.2 Translational symmetry

Relation (2.83) is more easily deduced in Fourier space. We begin with general
periodicity and

|φ0|2 ≡ ω(x, y) =
∞

∑
n=−∞

∞

∑
m=−∞

CnC∗
mei(n−m)qye−

[︂
x− (n+m)q

2

]︂2
− (n−m)2q

2 , (A.7)

where we have used the de-dimensionalisation (2.73). Its Fourier series is then

ω(x, y) =
∞

∑
r=−∞

∞

∑
s=−∞

ω̃(r, s)vrs(x, y) , (A.8)

where ω̃(r, s) are the Fourier coefficients and vrs(x, y) are the basis functions given by

vrs(x, y) = e
i2πr
Ly ye

i2πs
Lx x = e

iqr
Ny ye

i2πs
Nxq x , (A.9)
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where we have used the general expressions Lx = Nxq and Ly = 2πNy/q. The basis
functions obey the orthogonality relation

1
LxLy

∫︂ Lx

0

∫︂ Ly

0
dxdy v∗r̃s̃(x, y)vrs(x, y) = δr̃,rδs̃,s , (A.10)

and are used in the inverse transformation

ω̃(r, s) =
1

LxLy

∫︂ Lx

0

∫︂ Ly

0
dxdy v∗r̃s(x, y)ω(x, y) . (A.11)

Inserting Eq. (A.7) into the above,

ω̃(r, s) =
e−

r2
4 e

− π2s2

N2
x q2

Nxq ∑
n

CnC∗
n−re−

iπs
Nx (2n−r)

∫︂ Nxq

0
dx e−

[︂
x−(n− r

2 )q (n+m)q
2 − iπs

Nxq

]︂2

, (A.12)

where the y-integration,

q
2πNy

∫︂ 2πNy
q

0
dy e−i

[︂
r

Ny −(n−m)
]︂
= δn−m, r , (A.13)

and the Kronecker delta has been applied. Note that the Kronecker delta technically
imposes r/Ny = n − m, such that r must be divisible by Ny because n and m are
integers. In position space, specifying Ny was unnecessary as it vanished. However,
since r is also any integer, we are forced to set Ny = 1. We have also (re-)completed the
square in the exponent like so;[︃

x − (2n − r)q
2

]︃2

+
r2

2
q +

i2πs
Nxq

x

=

[︃
x −

(︂
n − r

2

)︂
q − iπs

Nxq

]︃2

+
r2

4
+

iπs
Nx

(2n − r) +
π2s2

N2
x q2 .

(A.14)

With the periodicity relation Cn = Cn+Nx , the integral with finite limits of the infinite
sum is equivalent to the finite sum of integral with infinite limits in the same way as
was shown in Appendix A.1 with some added technicalities. First of all we notice that

Cn+Nx C∗
n+Nx−re−

iπs
Nx (2(n+Nx)−r) = CnC∗

n−re−
iπs
Nx (2n−r) , (A.15)

such that we can collect similar terms spaced Nxq apart. Then, under the same
assumptions of Appendix A.1, we obtain

∑
n

CnC∗
n−re−

iπs
Nx (2n−r)

∫︂ Nxq

0
dx e−

[︂
x−(n− r

2 )q− iπs
Nxq

]︂2

= lim
M→∞

Nx−1

∑
n=0

C−M+nC∗
−M+n−re−

iπs
Nx (2n−r)dz

∫︂ (M+Nx−n̄)q− iπs
Nx

−(M−Nx+n̄)q− iπs
Nx

e−z2
,

(A.16)
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where n̄ = n − r/2 and z = x − (n − r/2) q − iπs/(Nxq). We state the (standard) result

lim
L→∞

∫︂ L+ik

−L+ik
du e−u2

=
√

π , (A.17)

where u is real. This is derived by considering an integral of e−w2
with respect to the

complex variable w = u + iv over a closed rectangular contour in the upper half of the
complex plane u-v. In the limit, integrals along the imaginary axis disappear as they
involve factors of e−L2

. Using this we can complete the integral in the limit as before
and find

ω̃(r, s) =
√

π

Nxq
e−

r2
4 e

− π2s2

N2
x q2

Nx−1

∑
n=0

CnC∗
n−re−

iπs
Nx (2n−r) . (A.18)

Specialising to the Nx = 2 case,

ω̃(r, s) =
√

π

2q
e−

r2
4 e

− π2s2

4q2 [C0C∗
−r + C1C∗

1−r(−1)s] irs , (A.19)

where we simplified e−iπs(2n−r)/2 = (−1)ns irs. We wish to use this Fourier
representation to obtain relation (2.83) by investigating the translational symmetry
ω(x, y) = ω(x + N1Lx/2, y + N2Ly/2) where N1, N2 are integers. Putting this into
Eq. (A.8), we see that

vrs(x + N1q, y + N2π/q) = vrs(x, y)eiπN1seiπN2r , (A.20)

and
[C0C∗

−r + C1C∗
1−r(−1)s]

(︂
1 − eiπN1seiπN2r

)︂
= 0 , (A.21)

must be satisfied. Recalling that Nx = 2 case is equivalent to saying that all odd n
coefficients are equal and all even n coefficients are equal, we look at all four cases of
even and/or odd r and s. The case when r and s are both even is automatically
fulfilled, leaving the three conditions

|C0| = |C1| or N1 = odd number , (A.22a)

C0C∗
1 + C∗

0 C1 = 0 or N2 = even number , (A.22b)

C0C∗
1 − C∗

0 C1 = 0 or N1 + N2 = even number . (A.22c)

First of all, imposing no conditions on Cn is not possible as N1 + N2 needing to be
even does not work if N1 is always odd and N2 is always even. Second, imposing no
conditions on N1 and N2 means one of the coefficients must vanish and since
|C0| = |C1| from condition (A.22a), then this gives us the trivial solution. In fact, from
either condition (A.22b) or (A.22c) we can show that |C0| = |C1| if we choose the
condition on the coefficient, thus not requiring N1 to be odd if we choose the left-hand
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option of these conditions. This means we cannot choose both these conditions on the
Cn without obtaining the trivial solution. Our choices are therefore,

|C0| = |C1| and N1, N2 = even number , (A.23a)

C0 = (−1)kiC1 and N1 + N2 = even number , or (A.23b)

C0 = (−1)kC1 and N2 = even number , (A.23c)

where we have used polar representation C0 = |C0|eiθ and C1 = |C1|eiϕ to simplify the
coefficient conditions in (A.22b) and (A.22c) and k is an integer. We can calculate β for
all choices by putting them into Eqs. (2.79) and find

βa =
q√
2π

(︁
f 2
0 + 2 f0 f1 + cos [2 (θ − ϕ)] f 2

1
)︁

, (A.24a)

βb =
q√
2π

(︁
f 2
0 + 2 f0 f1 − f 2

1
)︁

, (A.24b)

βc =
q√
2π

(︁
f 2
0 + 2 f0 f1 + f 2

1
)︁

, (A.24c)

where we have labelled each β with a,b and c corresponding to choices (A.23a),
(A.23b) and (A.23c) respectively and used polar notation for C0 and C1 once more. The
smallest β minimises the free energy and since f0 and f1 are always positive and real,
βb < βc. Furthermore, βb < βa except when θ − ϕ = (2k + 1)π/2 for which βa = βb.
This choice of θ and ϕ actually yields C0 = (−1)kiC1 in condition (A.23a) and as such
is a special case of choice (A.23b). In fact, βb = βa with θ − ϕ = kπ which recovers
C0 = (−1)kC1 also. This might be expected since choice (A.23a) is contained within
the other two choices. Therefore, we see that the translational symmetry of (A.23b)
where C0 = ±iC1, minimises the free energy. The symmetry can be expressed as
|φ0
[︁
x + (2Mx + Z)q, y + (2My + Z)π/q

]︁
|2 = |φ0 (x, y) |2 where Mx, My and Z are all

integers. In other words, we have invariance under translations (x + N1q, y + N2π/q)
when N1 and N2 are even or N1 and N2 are odd (which is equivalent to saying N1 + N2

is even).
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Appendix B

Asymptotics for large distances

In this appendix, we discuss the asymptotic behaviour of the condensates and the
gauge fields from Chapter 3 far away from the centre of the flux tube, in particular the
non-standard behaviour of the condensate induced in the core, i.e., the condensate
that vanishes at infinite radial distance.

We restrict ourselves to the situation of two non-vanishing condensates, the ud
condensate f3, which assumes its homogeneous value at large distances, and the
induced us condensate f2. The third condensate, f1, is omitted because it never plays a
role in the preferred 2SC flux tube configurations. This is a more involved discussion
of the asymptotics Sec. (2.2.3) which is a useful warm-up for this appendix. As in the
analogous calculation of CFL flux tubes [254, 282], we use the following ansatz for the
gauge fields and the condensates,

ã3(R) = ã3(∞) + Rṽ3(R) , ã8(R) =
n

q̃83
+ Rṽ8(R) , (B.1a)

f2(R) = u2(R) , f3(R) = 1 + u3(R) , (B.1b)

where we have taken into account the boundary conditions at R = ∞ for ã8, f2, and f3,
while the boundary value for ã3 is a dynamical quantity. We have introduced the
functions ṽ3, ṽ8, u2, u3, which all approach 0 as R → ∞. We assume (and this will be
confirmed a posteriori) that they fall off exponentially at large R.

With this ansatz we find that the equation of motion for f2 (3.67b) becomes

0 ≃ u′′
2 +

u′
2

R
+ u2(−Ξ2R2 + . . .) , (B.2)

where the dots stand for terms that are suppressed exponentially or by powers of R
compared to the Ξ2R2 term. This term thus plays a crucial role in the asymptotic
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behaviour, and we find the asymptotic solution

u2(R) ≃ d2

R
e−ΞR2/2 , (B.3)

where d2 is an integration constant which can only be computed from solving the full
differential equations numerically. The solution (B.3) fulfils Eq. (B.2) if we neglect
terms that are suppressed by powers of R compared to the leading-order terms. Note
that here and in the rest of this appendix we treat the winding number n as fixed and
finite. A different analysis, carefully taking into account the two limits R → ∞ and
n → ∞ would be needed for the transition from flux tube to domain wall solutions,
see Ref. [316] for a recent study in the abelian Higgs model.

Next, we consider the equation of motion for ã3 (3.66a), which becomes

Rṽ′′3 + ṽ′3 −
ṽ3

R
≃

q̃3d2
2

λR2 (Ξ
2R2 + . . .)e−ΞR2

. (B.4)

Again only keeping the leading-order contributions we find that the asymptotic
behaviour of the gauge field ã3 is given by

ṽ3 ≃
q̃3d2

2
4λΞR3 e−ΞR2

. (B.5)

We see that the condensate f2 and the deviation of the gauge field ã3 from ã3(∞) are
both suppressed by exp(−const × R2). This is in contrast to the behaviour of a
single-component flux tube, where the suppression is exp(−const × R) as in Eq. (2.43).
This dependence, as we shall now see, is assumed by the functions ã8 and f3.
Anticipating the milder suppression of ṽ8 and u3, i.e., neglecting terms of order
exp(−const × R2), we can approximate the remaining equations of motion (3.66b) and
(3.67c) by

0 ≃ R2ṽ′′8 + Rṽ′8 − ṽ8

(︄
1 +

q̃2
83
λ

R2

)︄
, (B.6a)

0 ≃ R2u′′
3 + Ru′

3 − 2u3R2 . (B.6b)

These equations are identical to the standard single-component case discussed in
Sec. (2.2.3), and their solution can be written in terms of modified Bessel functions of
the second kind. Here, we simply quote the leading asymptotic behaviour,

ṽ8(R) ≃ c̃8√
R

e−q̃83R/
√

λ , u3(R) =
d3√

R
e−

√
2R , (B.7)

where c̃8 and d3 are constants that can be determined from the full numerical solution.
Recalling the definition of the dimensionless radial coordinate R (3.60), we see that
this result indicates the usual behaviour: The length scale for the exponential decay of
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the rotated magnetic field B̃8 is given by the penetration depth,

q̃83R√
λ

=
r
ℓ

, ℓ =
1

q̃83ρ2SC
, (B.8)

and the length scale on which the condensate approaches its homogeneous value is
the coherence length, already introduced in Eq. (3.60),

R =
r
ξ3

, ξ3 =
1√

λρ2SC
. (B.9)

These can be compared to Eqs. (2.18) and (2.39) respectively. In contrast, the induced
condensate decays on a different length scale, given by the external magnetic field,

Ξ1/2R =
r
ξ2

, ξ2 =

(︃
q̃3H cos ϑ1 sin ϑ2

2

)︃−1/2

=

[︃
3eg2H

4(3g2 + e2)

]︃−1/2

, (B.10)

where we have used the definition of the dimensionless magnetic field Ξ (3.62). We
have added the subscript 2 to indicate that it is the condensate f2 that varies on the
length scale ξ2.
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Appendix C

Numerical methods

Here, we discuss the methods used to numerically solve the differential equations
(3.66) and (3.67) in Chapter 3. One can view our numerical approach as being inspired
by the following idea: A solution f (x) can be thought of as a “root” of a differential
equation F( f ) = 0. Motivated by this, one might then adopt a numerical
solution-finding method for a differential equation in analogy to a root-finding
method for an ordinary equation.

Consider a differential equation

F
(︃

dm f
dxm ,

dm−1 f
dxm−1 , . . . ,

d2 f
dx2 ,

d f
dx

, f (x)
)︃
= 0 , (C.1)

which we need to solve numerically. Applying the finite, central difference
approximation

d f
dx

⃓⃓⃓
x=xi

≈ fi+1 − fi−1

2hx
, (C.2)

expresses all derivatives in terms of fi ≡ f (xi) where hx = xi+1 − xi with
i = {I, . . . , 0}. Here, the x-axis has been discretised into I points, in turn discretising
the solution f (x). Imagining a plot of f (x), this forms an I × I grid of points. The
differential equation (C.1) is then approximated as

Fi( f I , f I−1, ..., fi+1, fi, fi−1, ... f1, f0) ≈ 0 , (C.3)

where Fi ≡ F( fi) is the differential equation evaluated at the solution at point x = xi.
Now, instead of a differential equation with solution f (x), we have a system of I linear
equations individually labelled by i with roots fi. In principle, each equation could
depend on fi at each point i (as implied above) though, with I sufficiently large to
ensure hx is small and our approximation (C.2) is accurate enough, in most
circumstances this will certainly not be the case (for Fi to depend on both f I and f0 i.e.
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both boundary values simultaneously, would require F to be a differential equation of
an unreasonably high order).

For each Fi, we wish to find the corresponding root fi. The idea is now to apply the
Newton-Raphson, root-finding method in some form. For the simple case of a
function y(x) of a single variable, the procedure uses the iterative equation,

xk+1 = xk − y(xk)

y′(xk)
, (C.4)

where y′(x) is the derivative with respect to x and xk is the k-th iteration
approximation to the root. Since we seek the roots of a system of linear, multi-variable
equations, the above must be generalised if we are to use it for our purposes. In
particular, the derivative of Fi with respect to the solution at every point (labelled
j = {I, . . . , 0}) must be taken into account. Therefore, the analogous term to y′(x) in
Eq. (C.4) is the Jacobian matrix

J =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

∂F0
∂ f0

. . . ∂F0
∂ f j

. . . ∂F0
∂ f I

...
. . .

...
...

∂Fi
∂ f0

. . . ∂Fj
∂ f j

. . . ∂Fi
∂ f I

...
...

. . .
...

∂FI
∂ f0

. . . ∂FI
∂ f j

. . . ∂FI
∂ f I

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (C.5)

The Newton-Raphson method for our system of differential equations is then

f k+1
i = f k

i − J−1F , (C.6)

where F = (F0 F1 . . . Fj . . . FI)
T is the vector containing all equations in our

system. Going through all the points (here, from i = I to i = 0) yields a sequence of
coordinates (xi, fi) which approximates the solution f (x). Repeating the procedure
with these newly obtained coordinates then produces an improved approximation,
with further repetition giving better and better approximations (barring any
complications e.g. divergences or issues with stationary points).

For our routine to “over-relax” to the solution, we multiply the difference between
two iterations n (that is the term involving the ratio of the differential equation and the
Jacobian) with the parameter w. The purpose of this parameter is to speed up
convergence. It can be shown that the optimal value lies in the range 1 < w < 2.
Typically, as one approaches the maximum of this range the faster the convergence but
above some value (which can be w < 2) the solution can diverge. This value depends
on the problem and thus it is a question of choosing a w close enough to it for faster
computation without causing divergences. This can be included in (C.6) like so;
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f k+1
i = f k

i − w(J−1)ijFj , (C.7)

where it has been stated in index form.

To improve convergence further, one can use the Gauss-Seidel method. An equation Fi

(unless it is trivial) is dependent on more than one value of the solution at any point,
which may include a point for which we have already calculated the new (k + 1)-th
approximation. Assuming we are going from i = I to i = 0 (large x to small x), we
have already calculated the next iteration of guesses k + 1 for i + 1, . . . , I (except when
i = I). Therefore, we can use these new values to improve the approximation for our
current point i. For example, if F depended on the adjacent values fi±1 as well as fi

itself, in the Gauss-Seidel method we would use Fi( f k+1
i+1 , f k

i , f k
i−1) to calculate f k+1

i

using (C.7) instead of Fi( f k
i+1, f k

i , f k
i−1). All this together is classified as a successive

over-relaxation method (SOR).

The method detailed above was used to numerically solve the Eqs. (3.66) and (3.67)
simultaneously in order to evaluate the free energy integral (3.71). In our formulation,
the central difference approximation was applied twice, such that the second
derivative used points i ± 1 and i ± 2 like so

d2 f
dx2 ≈ fi+2 − 2 fi + fi−2

4h2
x

. (C.8)

It should be remarked that the approximation can be applied which only requires
points i ± 1 for the second derivatives

d2 f
dx2 ≈ fi+1 − 2 fi + fi−1

h2
x

. (C.9)

The errors for both are second-order and brief testing shows no significant difference
in the accuracy or speed of the computation between the two. In similar, future
projects, more consideration may be given to this. Initial guess curves were required
for the first iteration in addition to boundary conditions for the beginning and end
points of each curve for each iteration. We began each run from R = ∞ to R = 0 so to
speak as we are interested in how the value f2(0) would vary with certain parameters.
As a result, the start points of a3(R) were determined dynamically due to a3(∞) being
without an analytically derived boundary condition. Each iteration produced a set of
solutions which were then used as the base curves for the next (recalling that the
differential equations are not independent of each other). In the procedure itself, the
non-diagonal elements of the Jacobian were ignored to make our calculations simpler
and less computationally taxing (this was tested in Ref. [254] which used the same
method and the authors concluded its inclusion was negligible to the results).
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This routine was then incorporated into a second-root finding method, this time using
the bisection method, to numerically solve the Eq. (3.72). The routine would get called
10-20 times in the second root-finding procedure, which was employed for multiple
Tc/µq points and multiple values of ms/µq.
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Appendix D

Anomalous baryon current

In this appendix, we provide some details of the derivation leading to the result of the
Goldstone-Wilczek baryon current in Eq. (4.17) in Chapter 4. The starting point is the
first line of Eq. (4.17). Inserting the definition of the covariant derivative (4.3) into this
expression gives

jµ
B = −ϵµνρλ

24π2 Tr
[︃
−Σ∂νΣ†∂ρΣ∂λΣ† +

3ie
2

Aντ3

(︂
∂ρΣ†∂λΣ − ∂ρΣ∂λΣ†

)︂

+
3ie
4

Fνρτ3

(︂
Σ∂λΣ† + ∂λΣ†Σ

)︂]︃
.

(D.1)

Next, we use the parameterisation given by Eqs. (4.10) and (4.11), Σ = Σ0U with
Σ0 = eiατ3 . One easily confirms ∂νΣ0 = i∂να τ3Σ0 and [Σ0, τ3] = [Σ†

0, τ3] = 0. Moreover,
one can check explicitly that τ3U = U†τ3, and, since U is unitary, we have
∂µU†U = −U†∂µU. With the help of these relations the traces in Eq. (D.1) become

ϵµνρλ

24π2 Tr[Σ∂λΣ†∂νΣ∂ρΣ†] =
ϵµνρλ

24π2 Tr[U∂λU†∂νU∂ρU†]

− iϵµνρλ

8π2 ∂να Tr[τ3∂ρU∂λU†] ,

(D.2a)

− ie ϵµνρλ

16π2 AλTr[τ3(∂νΣ†∂ρΣ − ∂νΣ∂ρΣ†)] =− e ϵµνρλ

8π2 Aλ∂να Tr[U∂ρU] , (D.2b)

− ie ϵµνρλ

32π2 FνρTr[τ3(Σ∂λΣ† + ∂λΣ†Σ)] =− e ϵµνρλ

32π2 Fρλ∂να Tr[1 + U2] . (D.2c)

These terms can be combined to the compact result

jµ
B =

ϵµνρλ

24π2 Tr[U∂λU†∂νU∂ρU†] + ∂νGµν , (D.3)
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where

Gµν = −α ϵµνρλ

32π2

(︂
4i Tr[τ3∂ρU∂λU†] + 4eAλTr[U∂ρU] + eFρλTr[1 + U2]

)︂
. (D.4)

Finally, by evaluating the traces we arrive at

jµ
B = −ϵµνρλ

4π2 ∂να

{︃
e
2

Fρλ +
1
f 2
π

∂ρ

[︁
i (φ∗∂λ φ − φ∂λ φ∗)− 2eAλ|φ|2

]︁}︃
. (D.5)

(The complex scalar field φ is the rotated field of Eq. (4.13), but, as in the main part, we
have dropped the prime for notational convenience.) One can now replace
eAλ → eAλ − ∂λα without changing the result and thus we arrive at the second line of
Eq. (4.17).
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Appendix E

Computing ⟨(∇|φ0|2)2⟩

This appendix relates to Chapter 4. Here, we prove the identity (4.63), which is needed
for the effective coupling λ∗ in the calculation of the pion superconductor. We work
with the dimensionless quantities (2.73), such that with the form of the condensate
(4.53) we find

(∇|φ0|2)2 =(∂x|φ0|2)2 + (∂y|φ0|2)2

= ∑
l,p,m,n

C∗
l CpC∗

mCnei(p−l+n−m)qyψl(x)ψp(x)ψm(x)ψn(x)

×
{︁
[2x − (m + n)q][2x − (l + p)q]− q2(m − n)(l − p)

}︁
,

(E.1)

where all indices run form −∞ to ∞ once more and should be assumed from here on.
Following Sec. (2.2.4), we do the y-integration and switch to the indices defined in
Eq. (2.77), leaving

⟨(∇|φ0|2)2⟩ = 1
Nq ∑

n1,n2,n3

C∗
n1+n2+n3

Cn1+n3 C∗
n1

Cn1+n2 e−
n2

2q2+n2
3q2

2

∫︂ Nq

0
dx e−2

[︂
x− (2n1+n2+n3)q

2

]︂2

×
{︄

4
[︃

x − (2n1 + n2 + n3)q
2

]︃2

+
(︁
n2

2 − n2
3
)︁

q2

}︄
.

(E.2)

Once again, we assume the general periodicity Cn = Cn+N and express things in terms
of an infinite limit to evaluate the x-integral, following a similar procedure to
Appendix A.1. Using partial integration on the first term in the curly brackets, we
evaluate the Gaussian integral(s) to obtain

⟨
(︁
∇|φ0|2

)︁2⟩ = 1
Nq

√︃
π

2 ∑
n2,n3

e−
(n2

2+n2
3)q2

2

N−1

∑
n1=0

C∗
n1+n2+n3

Cn1+n3 C∗
n1

Cn1+n2

[︁
1 +

(︁
n2

2 − n2
3
)︁

q2]︁ .

(E.3)
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It can be appreciated that the second term in the square brackets is zero by renaming
the summation indices n2 ↔ n3 suitably. Therefore, we are left with

⟨(∇|φ0|2)2⟩ = ⟨|φ0|4⟩ , (E.4)

where we identified the general result Eq. (2.78b). Since in the notation of this
appendix the gradient denotes derivatives with respect to the dimensionless
coordinates, we obtain Eq. (4.63) after reinstating the coherence length ξ.
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[34] Gergely Endrődi. “QCD phase diagram: overview of recent lattice results”. In:
arXiv: High Energy Physics - Lattice 503 (2013), p. 012009.

[35] Owe Philipsen. “Towards a theoretical description of QCD”. In: EPJ Web Conf.
XIIth Quark Confinement and the Hadron Spectrum 137 (2017). DOI:
10.1051/epjconf/201713703016. arXiv: 1612.03400.

[36] Jana N. Guenther. “Overview of the QCD phase diagram: Recent progress
from the lattice”. In: Eur. Phys. J. A 57.4 (2021), p. 136. DOI:
10.1140/epja/s10050-021-00354-6. arXiv: 2010.15503 [hep-lat].

https://doi.org/10.1016/j.nuclphysa.2005.03.085
https://arxiv.org/abs/nucl-ex/0501009
https://doi.org/10.1140/epja/i2015-15114-0
https://arxiv.org/abs/1508.03260
https://arxiv.org/abs/1508.03260
https://doi.org/10.1086/170831
https://doi.org/10.1016/j.nuclphysa.2008.02.298
https://arxiv.org/abs/0711.0950
https://doi.org/10.1103/PhysRevC.82.065802
https://arxiv.org/abs/1009.3521
https://doi.org/10.1103/PhysRevC.85.039801
https://arxiv.org/abs/1109.3783
https://doi.org/10.1103/PhysRevC.85.039802
https://link.aps.org/doi/10.1103/PhysRevC.85.039802
https://doi.org/10.1103/PhysRevLett.114.252302
https://arxiv.org/abs/1504.02175
https://doi.org/10.22323/1.091.0010
https://arxiv.org/abs/1005.0539
https://doi.org/10.1051/epjconf/201713703016
https://arxiv.org/abs/1612.03400
https://doi.org/10.1140/epja/s10050-021-00354-6
https://arxiv.org/abs/2010.15503


140 BIBLIOGRAPHY

[37] D. E. Kharzeev et al. “Chiral magnetic and vortical effects in high-energy
nuclear collisions—A status report”. In: Prog. Part. Nucl. Phys. 88 (2016),
pp. 1–28. DOI: 10.1016/j.ppnp.2016.01.001. arXiv: 1511.04050 [hep-ph].

[38] Wei Li and Gang Wang. “Chiral Magnetic Effects in Nuclear Collisions”. In:
Ann. Rev. Nucl. Part. Sci. 70 (2020), pp. 293–321. DOI:
10.1146/annurev-nucl-030220-065203. arXiv: 2002.10397 [nucl-ex].

[39] T. Vachaspati. “Magnetic fields from cosmological phase transitions”. In: Phys.
Lett. B 265 (1991), pp. 258–261. DOI: 10.1016/0370-2693(91)90051-Q.

[40] Dario Grasso and Hector R. Rubinstein. “Magnetic fields in the early universe”.
In: Phys. Rept. 348 (2001), pp. 163–266. DOI: 10.1016/S0370-1573(00)00110-1.
arXiv: astro-ph/0009061.

[41] Andreas Schmitt. “From ultra-dense QCD towards NICA densities:
Color-flavor locking and other color superconductors”. In: Eur. Phys. J. A 52.8
(2016), p. 226. DOI: 10.1140/epja/i2016-16226-7.

[42] T. Ablyazimov et al. “Challenges in QCD matter physics –The scientific
programme of the Compressed Baryonic Matter experiment at FAIR”. In: Eur.
Phys. J. A 53 (2017). DOI: 10.1140/epja/i2017-12248-y. arXiv: 1607.01487
[nucl-ex].

[43] V. D. Kekelidze. “NICA project at JINR: status and prospects”. In: JINST 12.06
(2017). Ed. by Lev Shekhtman, p. C06012. DOI:
10.1088/1748-0221/12/06/C06012.

[44] ZHOU. Xiaohong. “Physics Opportunities at the New Facility HIAF”. In: Nucl.
Phys. Rev. 35.4 (2018), pp. 339–349. DOI: 10.11804/NuclPhysRev.35.04.339.

[45] Takashi Hachiya. “J-PARC heavy ion experiment”. In: Int. J. Mod. Phys. E 29.11
(2020), p. 2040005. DOI: 10.1142/S0218301320400054.

[46] John Bardeen, L. N. Cooper, and J. R. Schrieffer. “Microscopic theory of
superconductivity”. In: Phys. Rev. 106 (1957), p. 162. DOI:
10.1103/PhysRev.106.162.

[47] John Bardeen, L. N. Cooper, and J. R. Schrieffer. “Theory of
superconductivity”. In: Phys. Rev. 108 (1957), pp. 1175–1204. DOI:
10.1103/PhysRev.108.1175.

[48] Lev Davidovich Landau and V. L. Ginzburg. “On the Theory of
Superconductivity”. In: J. Exp. Theor. Phys. 20 (1950). Ed. by D. ter Haar. DOI:
10.1016/b978-0-08-010586-4.50078-x.

[49] L.P. Gor’kov. “Microscopic Derivation of the Ginzburg-Landau Equations in
the Theory of Superconductivity”. In: JETP 9.6 (1959), p. 1364.

[50] A. A. Abrikosov. “On the Magnetic properties of superconductors of the
second group”. In: Sov. Phys. JETP 5 (1957), pp. 1174–1182.

https://doi.org/10.1016/j.ppnp.2016.01.001
https://arxiv.org/abs/1511.04050
https://doi.org/10.1146/annurev-nucl-030220-065203
https://arxiv.org/abs/2002.10397
https://doi.org/10.1016/0370-2693(91)90051-Q
https://doi.org/10.1016/S0370-1573(00)00110-1
https://arxiv.org/abs/astro-ph/0009061
https://doi.org/10.1140/epja/i2016-16226-7
https://doi.org/10.1140/epja/i2017-12248-y
https://arxiv.org/abs/1607.01487
https://arxiv.org/abs/1607.01487
https://doi.org/10.1088/1748-0221/12/06/C06012
https://doi.org/10.11804/NuclPhysRev.35.04.339
https://doi.org/10.1142/S0218301320400054
https://doi.org/10.1103/PhysRev.106.162
https://doi.org/10.1103/PhysRev.108.1175
https://doi.org/10.1016/b978-0-08-010586-4.50078-x


BIBLIOGRAPHY 141

[51] W. H. Kleiner, L. M. Roth, and S. H. Autler. “Bulk Solution of Ginzburg-Landau
Equations for Type II Superconductors: Upper Critical Field Region”. In: Phys.
Rev. 133 (5A 1964), A1226–A1227. DOI: 10.1103/PhysRev.133.A1226. URL:
https://link.aps.org/doi/10.1103/PhysRev.133.A1226.

[52] Andreas Schmitt. “Spin-one color superconductivity in cold and dense quark
matter”. Other thesis. May 2004. arXiv: nucl-th/0405076.

[53] M. N. Chernodub. “Superconductivity of QCD vacuum in strong magnetic
field”. In: Phys. Rev. D 82 (2010), p. 085011. DOI: 10.1103/PhysRevD.82.085011.
arXiv: 1008.1055 [hep-ph].

[54] M. N. Chernodub, Jos Van Doorsselaere, and Henri Verschelde.
“Electromagnetically superconducting phase of vacuum in strong magnetic
field: structure of superconductor and superfluid vortex lattices in the ground
state”. In: Phys. Rev. D 85 (2012), p. 045002. DOI:
10.1103/PhysRevD.85.045002. arXiv: 1111.4401 [hep-ph].

[55] Aviral Prakash et al. “Signatures of deconfined quark phases in binary neutron
star mergers”. In: Phys. Rev. D 104.8 (2021), p. 083029. DOI:
10.1103/PhysRevD.104.083029. arXiv: 2106.07885 [astro-ph.HE].

[56] J. Wambach, T. L. Ainsworth, and D. Pines. “Quasiparticle interactions in
neutron matter for applications in neutron stars”. In: Nucl. Phys. A 555 (1993),
pp. 128–150. DOI: 10.1016/0375-9474(93)90317-Q.

[57] Krishna Rajagopal and Frank Wilczek. “The Condensed matter physics of
QCD”. In: At the frontier of particle physics. Handbook of QCD. Vol. 1-3. Ed. by
M. Shifman and Boris Ioffe. Nov. 2000, pp. 2061–2151. DOI:
10.1142/9789812810458_0043. arXiv: hep-ph/0011333.

[58] Tomas Brauner and Naoki Yamamoto. “Chiral Soliton Lattice and Charged
Pion Condensation in Strong Magnetic Fields”. In: JHEP 04 (2017), p. 132. DOI:
10.1007/JHEP04(2017)132. arXiv: 1609.05213 [hep-ph].

[59] D. Boyanovsky, H. J. de Vega, and D. J. Schwarz. “Phase transitions in the early
and the present universe”. In: Ann. Rev. Nucl. Part. Sci. 56 (2006), pp. 441–500.
DOI: 10.1146/annurev.nucl.56.080805.140539. arXiv: hep-ph/0602002.

[60] Akira Ukawa. “Lectures on lattice QCD at finite temperature”. In: Uehling
Summer School on Phenomenology and Lattice QCD. May 1995, pp. 0211–304.

[61] Tom Banks and A. Casher. “Chiral Symmetry Breaking in Confining Theories”.
In: Nucl. Phys. B 169 (1980), pp. 103–125. DOI: 10.1016/0550-3213(80)90255-2.

[62] Larry McLerran and Robert D. Pisarski. “Phases of cold, dense quarks at large
N(c)”. In: Nucl. Phys. A 796 (2007), pp. 83–100. DOI:
10.1016/j.nuclphysa.2007.08.013. arXiv: 0706.2191 [hep-ph].

https://doi.org/10.1103/PhysRev.133.A1226
https://link.aps.org/doi/10.1103/PhysRev.133.A1226
https://arxiv.org/abs/nucl-th/0405076
https://doi.org/10.1103/PhysRevD.82.085011
https://arxiv.org/abs/1008.1055
https://doi.org/10.1103/PhysRevD.85.045002
https://arxiv.org/abs/1111.4401
https://doi.org/10.1103/PhysRevD.104.083029
https://arxiv.org/abs/2106.07885
https://doi.org/10.1016/0375-9474(93)90317-Q
https://doi.org/10.1142/9789812810458_0043
https://arxiv.org/abs/hep-ph/0011333
https://doi.org/10.1007/JHEP04(2017)132
https://arxiv.org/abs/1609.05213
https://doi.org/10.1146/annurev.nucl.56.080805.140539
https://arxiv.org/abs/hep-ph/0602002
https://doi.org/10.1016/0550-3213(80)90255-2
https://doi.org/10.1016/j.nuclphysa.2007.08.013
https://arxiv.org/abs/0706.2191


142 BIBLIOGRAPHY

[63] Larry McLerran. “A Pedagogical Discussion of Quarkyonic Matter and Its
Implication for Neutron Stars”. In: Acta Phys. Polon. B 51 (2020), pp. 1067–1077.
DOI: 10.5506/APhysPolB.51.1067.

[64] Larry McLerran, Krzystof Redlich, and Chihiro Sasaki. “Quarkyonic Matter
and Chiral Symmetry Breaking”. In: Nucl. Phys. A 824 (2009), pp. 86–100. DOI:
10.1016/j.nuclphysa.2009.04.001. arXiv: 0812.3585 [hep-ph].

[65] Toru Kojo et al. “Interweaving Chiral Spirals”. In: Nucl. Phys. A 875 (2012),
pp. 94–138. DOI: 10.1016/j.nuclphysa.2011.11.007. arXiv: 1107.2124
[hep-ph].

[66] L. Ya. Glozman, V. K. Sazonov, and R. F. Wagenbrunn. “Chiral Restoration
Phase Transition within the Quarkyonic Matter”. In: Acta Phys. Polon. Supp. 5
(2012). Ed. by L. Turko, pp. 717–726. DOI: 10.5506/APhysPolBSupp.5.717.
arXiv: 1111.0949 [hep-ph].

[67] K. Kawagoe and M. Mulders, eds. Proceedings, 1st Asia-Europe-Pacific School of
High-Energy Physics (AEPSHEP): Fukuoka, Japan, October 14-27, 2012. CERN
Yellow Reports: School Proceedings. Geneva: CERN, 2012. DOI:
10.5170/CERN-2014-001. arXiv: 1407.1694 [hep-ph].

[68] G. K. Savvidy. “Infrared Instability of the Vacuum State of Gauge Theories and
Asymptotic Freedom”. In: Phys. Lett. B 71 (1977), pp. 133–134. DOI:
10.1016/0370-2693(77)90759-6.

[69] Mikhail A. Shifman, A. I. Vainshtein, and Valentin I. Zakharov. “QCD and
Resonance Physics. Theoretical Foundations”. In: Nucl. Phys. B 147 (1979),
pp. 385–447. DOI: 10.1016/0550-3213(79)90022-1.

[70] B. L. Ioffe. “QCD at low energies”. In: Prog. Part. Nucl. Phys. 56 (2006),
pp. 232–277. DOI: 10.1016/j.ppnp.2005.05.001. arXiv: hep-ph/0502148.

[71] Ph. Chomaz. “The nuclear liquid gas phase transition and phase coexistence”.
In: 2002.

[72] M Baldo and G F Burgio. “Properties of the nuclear medium”. In: Reports on
Progress in Physics 75.2 (2012), p. 026301. DOI:
10.1088/0034-4885/75/2/026301. URL:
https://dx.doi.org/10.1088/0034-4885/75/2/026301.

[73] B. Borderie and J.D. Frankland. “Liquid–Gas phase transition in nuclei”. In:
Progress in Particle and Nuclear Physics 105 (2019), pp. 82–138. ISSN: 0146-6410.
DOI: https://doi.org/10.1016/j.ppnp.2018.12.002. URL: https:
//www.sciencedirect.com/science/article/pii/S0146641018301030.

[74] Y. Aoki et al. “The Order of the quantum chromodynamics transition predicted
by the standard model of particle physics”. In: Nature 443 (2006), pp. 675–678.
DOI: 10.1038/nature05120. arXiv: hep-lat/0611014.

https://doi.org/10.5506/APhysPolB.51.1067
https://doi.org/10.1016/j.nuclphysa.2009.04.001
https://arxiv.org/abs/0812.3585
https://doi.org/10.1016/j.nuclphysa.2011.11.007
https://arxiv.org/abs/1107.2124
https://arxiv.org/abs/1107.2124
https://doi.org/10.5506/APhysPolBSupp.5.717
https://arxiv.org/abs/1111.0949
https://doi.org/10.5170/CERN-2014-001
https://arxiv.org/abs/1407.1694
https://doi.org/10.1016/0370-2693(77)90759-6
https://doi.org/10.1016/0550-3213(79)90022-1
https://doi.org/10.1016/j.ppnp.2005.05.001
https://arxiv.org/abs/hep-ph/0502148
https://doi.org/10.1088/0034-4885/75/2/026301
https://dx.doi.org/10.1088/0034-4885/75/2/026301
https://doi.org/https://doi.org/10.1016/j.ppnp.2018.12.002
https://www.sciencedirect.com/science/article/pii/S0146641018301030
https://www.sciencedirect.com/science/article/pii/S0146641018301030
https://doi.org/10.1038/nature05120
https://arxiv.org/abs/hep-lat/0611014


BIBLIOGRAPHY 143

[75] A. Bazavov et al. “Chiral crossover in QCD at zero and non-zero chemical
potentials”. In: Phys. Lett. B 795 (2019), pp. 15–21. DOI:
10.1016/j.physletb.2019.05.013. arXiv: 1812.08235 [hep-lat].

[76] Szabolcs Borsanyi et al. “Is there still any Tc mystery in lattice QCD? Results
with physical masses in the continuum limit III”. In: JHEP 09 (2010), p. 073.
DOI: 10.1007/JHEP09(2010)073. arXiv: 1005.3508 [hep-lat].

[77] Francesca Cuteri, Owe Philipsen, and Alessandro Sciarra. “QCD chiral phase
transition from noninteger numbers of flavors”. In: Phys. Rev. D 97.11 (2018),
p. 114511. DOI: 10.1103/PhysRevD.97.114511. arXiv: 1711.05658 [hep-lat].

[78] Frank R. Brown et al. “The QCD phase transition with four flavors of light
quarks”. In: Phys. Lett. B 251 (1990), pp. 181–185. DOI:
10.1016/0370-2693(90)90250-A.

[79] Steven A. Gottlieb et al. “The Deconfining Phase Transition and the Continuum
Limit of Lattice Quantum Chromodynamics”. In: Phys. Rev. Lett. 55 (1985),
p. 1958. DOI: 10.1103/PhysRevLett.55.1958.

[80] G. Boyd et al. “Thermodynamics of SU(3) lattice gauge theory”. In: Nucl. Phys.
B 469 (1996), pp. 419–444. DOI: 10.1016/0550-3213(96)00170-8. arXiv:
hep-lat/9602007.

[81] Robert D. Pisarski and Frank Wilczek. “Remarks on the Chiral Phase Transition
in Chromodynamics”. In: Phys. Rev. D 29 (1984), pp. 338–341. DOI:
10.1103/PhysRevD.29.338.

[82] R. V. Gavai, J. Potvin, and S. Sanielevici. “Metastabilities in Three Flavor QCD
at Low Quark Masses”. In: Phys. Rev. Lett. 58 (1987), p. 2519. DOI:
10.1103/PhysRevLett.58.2519.

[83] John B. Kogut and D. K. Sinclair. “The Thermodynamics of SU(3) Lattice
Gauge Theory With a Light Isodoublet of Quarks”. In: Nucl. Phys. B 295 (1988),
pp. 480–490. DOI: 10.1016/0550-3213(88)90531-7.

[84] Krishna Rajagopal. “Mapping the QCD phase diagram”. In: Nucl. Phys. A 661
(1999). Ed. by L. Riccati, M. Masera, and E. Vercellin, pp. 150–161. DOI:
10.1016/S0375-9474(99)85017-9. arXiv: hep-ph/9908360.
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