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Optimizing supervised machine learning algorithms with practical applications

by Anthony James Dunn

Machine learning (ML) and artificial intelligence (Al) are rapidly growing fields with
applications in many scientific domains. In this work we focus on supervised learning
algorithms for prediction tasks in practical applications. Specifically we focus on two
applications, predicting adverse events in low-carbon energy production and screening
patients’ eligibility for implantable defibrillators. We present optimised preprocessing
methods, optimise hyperparameter selections and present our own bilevel optimisa-
tion model for simultaneous training and hyperparameter tuning. We first consider
the problem of predicting infrequently occurring adverse events from time series data
(Provided by Andigestion Ltd, a UK-based anaerobic digestion company, and a civil
nuclear power plant in the UK) for which we propose a framework for modeling this
problem as an imbalanced classification task and we construct and compare numer-
ous models and sampling techniques. The models developed here could be integrated
into a decision support tool for providing advanced warning of adverse events which
can lead to significant commercial benefits. We then propose an Al tool for automated,
prolonged screening of patients” implantable defibrillator eligibility which is created
using real ECG data provided by our partners at the University Hospital Southamp-
ton. As we demonstrate in our experiments, this tool is capable of predicting patients’
T:R ratios (a major indication of implantation eligibility) to within 0.0461 of their true
values. This level of accuracy is sufficient to facilitate the automation of the measure-
ment process. We show how this tool can enable cardiologists to perform 24-hour au-
tomated screenings, thus allowing them to better determine patients” eligibility for im-
plantation. Finally, we formulate the bilevel problem of hyperparameter selection for
non-linear kernel support vector machines via k-fold cross validation and propose an
algorithm for solving it, for which we demonstrate some convergence properties. We
provide a number of examples of this algorithm in use on a number of real data sets
from the UCI repository.
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of b.

A vector with elements all ones in R,

The sum of the number of data points in each of the i training sets.
A stacked vector containing all of the parameters of Problem MPEC.
= 2 + k + 2m, the number of elements in v.

A parameter controlling how relaxed the compilmentarity
constraints are in Problem 5.23.

The number of hyperparameter values on each range of values
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Chapter 1

Introduction

Artificial Intelligence (Al) is a rapidly developing field with applications in almost ev-
ery domain, some examples of which are Natural Language Processing (NLP), time
series forecasting, anomaly detection and image recognition. With more data being
collected than ever before and the development of a greater understanding of the ca-
pabilities of Al across all scientific disciplines, the number of problems for which Al
solutions can be constructed is ever increasing. At the center of the majority of Al tools
lies one or more Machine Learning (ML) models (Alpaydin, 2016). Machine learning
algorithms are designed to construct models capable of making predictions without

explicitly being programmed to do so.

Two of the main classes of ML problems are: supervised and unsupervised learning prob-
lems. In unsupervised learning, only data is provided to the learning algorithm, whose
task is to provide some insight into the relationships and trends prevalent within the
data. In supervised learning, each data point has a corresponding label, and the task
of the learning algorithm is to construct a model capable of accurately predicting labels
for unseen data points. For a more detailed overview of these ML problems we refer the
reader to Alpaydin (2020). In this work we focus on prediction algorithms and applica-
tions in which we construct predictive models. For this reason, we focus on supervised
learning models. For practical use, these predictive models must be constructed and
evaluated to provide optimal performance in the specific domain to which they will be
applied and, ultimately, must be integrated into an Al tool to be used by experts in the

relative domain.

There are numerous algorithms for constructing ML models to complete supervised
learning tasks. The construction of a ML model using any of these algorithms is an op-
timisation problem wherein the parameters of a model must be selected optimally such
that some loss function (measuring the errors in the model’s predictions of the labels)
is minimised. For a recent review paper detailing numerous popular ML algorithms,

we refer the reader to Mahesh (2020). The objective function and constraints of these
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optimisation problems often depend on hyperparameters (parameters of the model con-
struction algorithm which are unchanged during the construction process). The careful
selection of these hyperparameters is therefore crucial for optimal performance (Probst
et al.,, 2019). A detailed overview of how model construction algorithms are typically
chosen and their hyperparameters tuned to optimise model performance can be found
in Chapter 2.

In this work, we optimise numerous aspects of developing Al tools for predictive tasks
(both classification and regression) including optimising the preprocessing methods,
algorithm selection, hyperparameter optimisation and proposing novel algorithms for
model construction. In Chapter 3 we address the problem of predicting adverse events
in low carbon energy production. This involves modeling the problem as an imbal-
anced classification task, optimising the preprocessing, model selection, hyperparam-
eter selection and techniques use to address class imbalance. In Chapter 4 we create
an Al tool to screen patients’ eligibility for Subcutaneous Implantable Cardioverter-
Defibrillator (S-ICD) implantation. We formulate a regression problem of predicting a
key indicator of S-ICD implantation eligibility from relevant patient data and construct
a deep learning model to solve this task. Prior to model construction, we develop a
sophisticated preprocessing scheme. We then optimise the architecture of the deep
learning model and compared the use of a number of stochastic gradient descent based
algorithms for solving the model construction problem discussed previously (see Sub-
section 2.2.2 for an overview of neural network architectures and the use of gradient
descent for model training) before ultimately integrating this model into an Al tool for
use by clinicians. Finally in Chapter 5 we model the problem of tuning the hyperpa-
rameters of Radial Basis Function (RBF) kernel Support Vector Machines (SVMs)—a
variant of SVM which is better suited to practical applications—via Cross Validation
(CV) as a bilevel optimisation problem and propose an algorithm for solving this prob-
lem. We demonstrate the effectiveness of this method and algorithm on a number of
real data sets.

1.1 Adverse event prediction in low carbon energy production

The work in Chapter 3 is motivated by two practical problems that occur in the pro-
duction process of bio and nuclear energy. The first one is foam formation (or foaming)
in Anaerobic Digestion (AD). Foaming arises in the context of bioenergy production
(i.e., biogas, more precisely) within the AD process, where sludge, comprising of food
waste, agricultural waste, or crop feed (Ganidi et al., 2009), is fed into a digester in
which it is broken down by microorganisms, releasing biogas which is then collected
from the top of the digester and burned to produce energy. Under normal operations,
gas bubbles rise from feed sludge as it is digested and then collapse releasing biogas.
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This biogas is then burned in order to power a turbine which produces electricity. Un-
der certain conditions, the gas bubbles may take longer to collapse than it takes for new
bubbles to form, resulting in the formation of foam (Ganidi et al., 2009).

Foaming is often a major issue in AD as it can block the gas outlet, resulting in the
digester having to be shut down for cleaning operations to take place. As cleaning
can take days (during which the digester cannot be used for biogas production), foam
formation can have a considerable impact on energy output. In some extreme cases,
the pressure build-up caused by the gas outlet and pressure release valve becoming
blocked can even lead to the roof of the digester being blown off. Foaming can be
treated using an anti-foaming agent (see, e.g., Yang et al. (2021)), which, upon intro-
duction into the digester, causes the bubbles to collapse. This, however, requires the
foaming phenomenon to be detected early enough to prevent it from causing some of

the aforementioned serious problems.

The second problem is that of condenser tube leakage in civil Nuclear Power Produc-
tion (NPP). In the nuclear power production process, condenser tube leakage occurs in
the operation of steam turbines for converting thermal energy from steam to electrical
power. Under normal operations, steam is generated in an array of boilers and passed
through the turbine rotors causing them to rotate, thus generating power—a turbine is
said to be on-load if it is rotating and hence producing power, and off-load if it is not.
The steam is then passed through a condenser, where it is cooled down to liquid water
and recirculated. The condenser consists of thousands of titanium tubes containing sea
water, which acts as the primary coolant. In normal operating conditions, the sea wa-
ter circuit remains isolated from the steam circuit. It is, however, possible for a leak to
form in one of the condenser tubes, causing sea water to contaminate the steam circuit.
Such a leak is typically caused by the formation of deposits on heat-transfer surfaces
(fouling)—for more details on condenser fouling within nuclear power production, see,
e.g., Miiller-Steinhagen (1999).

In the event of a leak in one of the tubes of the condenser, the steam turbine is au-
tomatically tripped, and remedial actions are taken to fix the leak off-load. Besides
maintenance costs, an unplanned trip causes a loss of revenue proportional to the time
needed to fix the leak and restart the power plant, which can be quite substantial. If
warning of a tube leak were provided prior to its advent, the power output could be
reduced and the turbine in question isolated and repaired on-load before the plant is
brought back to full power, resulting in much smaller generation losses. Based on dis-
cussion with (Lewis, 2019), the lead consultant at DAS Ltd who provided us with the
data sets used in this study, we understand that a predictive functionality could yield
savings of up to £350,000 per day of warning provided for a standard nuclear plant and
per tube leak. To the best of our knowledge, no machine learning techniques have been
developed so far to provide advanced warning of condenser tube leaks, a goal which
we set out to achieve with the work in Chapter 3.
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The disruption in the corresponding energy production process and the damages that
can be caused by the aforementioned adverse events result in significant losses for the
concerned plants (Ganidi et al., 2009; Kanu et al., 2018; Cattant et al., 2008; Coit, 1980).
Being able to predict these events before they occur can give the plant operators time
to take actions to mitigate their effects, which can include damages to the environment
and significant financial losses. Hence, our main goal in this work is to use time-series
operating conditions, which are incidentally recorded for use in normal operation of a

plant, to develop a machine learning tool that can generate such predictions.

We can observe that the structure of the AD and NPP related time series is strikingly
similar. For each of them, we have sporadic adverse events occurring infrequently at,
currently, unpredictable time intervals (the occurrence of these events has been identi-
tied based on records from the plant operators and various other data indicators) and a
large amount of time-series data consisting of regular readings of operating conditions.
Figure 1.1 better illustrates this similarity between the two time series. The top graph
shows occurrences of condenser tube leaks from 2009 to 2019 in an NPP plant. The
bottom graph reports foaming events that occurred between December 2015 and July
2017. The figure zooms in on two sections of the data, showing the behaviour of the re-
spective operating conditions in the run-up to an event. As one can see, the plots do not
exhibit a clear trend or a clear pattern leading to the occurrence of an event, indicating
that the prediction task at hand is a non-trivial one. Furthermore, due to this infrequent
nature of their occurrence, the data sets of the two applications that we consider suffer
from a large class imbalance, i.e, they contain a far greater amount of data which is not
associated to the event than that which is. Class imbalance is known to be a problem
for most classification algorithms, as their solutions are likely to over-fit the majority
class (Akbani et al., 2004a; Japkowicz and Stephen, 2002). The class imbalance problem
is further discussed in Subsection 3.1. In our case, this would result in predicting the
non-occurrence of the adverse event in almost all the cases, rendering the prediction
de facto useless. These similarities motivate our choice to model these two prediction
problems using the single framework proposed in Chapter 3.

1.2 Screening for S-ICD implantation

Sudden Cardiac Death (SCD) is one of the leading causes of death in the modern world.
Most of these deaths can be attributed to Ventricular Arrhythmias (VA) (Adabag et al.,
2010). The key to survival in patients affected by VA is adequate Cardiopulmonary
Resuscitation (CPR) and early defibrillation (Hazinski et al., 2005). Medical guidelines
recommend the use of Implantable Cardioverter-Defibrillators (ICDs) for prevention of
SCD triggered by VA in high risk populations (Kusumoto et al., 2018; Members et al.,
2015; Priori et al., 2016). Conventional transvenous ICDs (TV-ICDs) consist of a can
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FIGURE 1.2: (a) S-ICD sensing electrodes and vectors between them. An implanted S-
ICD with underlying anatomical features showing the location of the can (pulse gener-
ator), the proximal (Pr) and distal (D) sensing electrodes and the shocking coil (located
between the electrodes). (b) Holter recorder surface ECG positions. Images (prior to
annotation) © Boston Scientific Corporation or its affiliates. Reproduced with permis-
sion.

and transvenous leads implanted into the right ventricle to treat the arrhythmia by de-
livering a voltage shock. TV-ICDs are associated with the risk of complications with
potentially fatal consequences. The Subcutaneous ICD (S-ICD), which comprises an
electrically active can and a single subcutaneous lead® (see Figure 1.2a), was designed
to avoid complications of the TV-ICD by utilising a totally avascular approach. The
sensing mechanism of the S-ICD has been shown to be equally effective to that of the
TV-ICD (Boersma et al., 2017) and demonstrated less incidence of device-related com-
plications when compared with conventional ICDs (Knops et al., 2020). However, a
consequence of the algorithm used by the S-ICD to detect VA is an inherent risk of T
Wave Over Sensing (TWOS). TWOS can occur when the amplitudes of the T and R
waves are similar causing the T wave to be misinterpreted as a second R wave. Fig-
ure 1.3(b) shows a diagram of the PQRST complex—the Electrocardiogram (ECG) of
a single heartbeat—comprised of 5 main waveforms, i.e., the P, Q, R, S, and T waves.
This apparent doubling in heart rate can be incorrectly identified by the S-ICD as an
episode of ventricular arrhythmia. Such an error can cause the S-ICD to deliver an in-
appropriate shock. Inappropriate shocks are associated with increased morbidity and
mortality (van Rees et al., 2011).

Not all patients are eligible for S-ICD therapy and eligibility is identified during a pre-
implant screening process that is undertaken in potential S-ICD recipients. Surface
ECGs are used as a surrogate marker of future S-ICD vectors (as shown in Figure 1.2a)
to non-invasively assess S-ICD eligibility. These short, three-lead ECG recordings, are

1Using a single-lead, the S-ICD is able to record ECG on 3 vectors—see Figure 1.2(a). When using a
Holter ECG recording to assess patients’ S-ICD implantation eligibility, numerous leads are used. We refer
to a single-lead of a Holter recording as the ECG recording for a single vector.
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FIGURE 1.3: Diagram of a single PQRST complex, comprised of the P, Q, R, S, and
T waves. The figure also labels the QRS complex (a section of the PQRST complex
featuring the Q, R, and S waves only).

analyzed to assess the patient’s risk of TWOS. Vectors with a lower T:R ratio (the ra-
tio between the amplitude of the T wave and that of the R wave) are more likely to
pass the screening, while patients with an ECG morphology that does not meet this
screening criteria are deemed at high risk of TWOS and are ineligible for an S-ICD. De-
spite the current screening practice, the most common cause of inappropriate shocks in
patients implanted with S-ICDs remains TWOS (Knops et al., 2020). The T:R ratio—a
major predictor of S-ICD eligibility—is not fixed in the same individual because of fre-
quently observed temporal variations in the amplitudes of the R and T waves which
are influenced by multiple factors (Madias et al., 2001; Madias, 2005; Fosbel et al., 2008;
Assanelli et al., 2013). In patients with S-ICDs, variations in the T:R ratio often go unde-
tected as “silent” episodes of TWOS in spite of carrying a considerable risk of leading
to the development of clinically relevant oversensing, which manifests in inappropri-
ate shocks.

Under the current screening process, ECG electrodes are placed on the chest wall using
the anatomical landmarks which correspond to the location of the sensing electrodes
of the potential future S-ICD implantation shown in Figure 1.2b. A roughly 10 second
three-lead ECG recording (comprised of several PQRST complexes), corresponding to
the three vectors utilised by the S-ICD, is evaluated using the manual S-ICD screening
tool shown in Figure 1.4. The patient is deemed eligible for S-ICD implantation if, for
at least one of the leads (representing one of the S-ICD vectors), the patient’s QRST
complex (the PQRST complex excluding the P wave) sits entirely within the boundary
of the template. These templates correspond roughly to a maximum acceptable T:R
ratio of 1:3. As mentioned previously, the T:R ratio could fluctuate, as the amplitudes of
both R waves and T waves may vary according to other factors (e.g, electrolyte levels).

Due to the short duration of the current screening, it is possible that a patient with a
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FIGURE 1.4: S-ICD screening tool. The recorded QRST morphology in every vector is
then compared to the acceptable templates. The template is aligned to the isoelectric
line of the ECG, and the QRST complexes are viewed through the appropriately sized
template. The R wave peak of the ECG must be placed within either hashed box (pos-
itive or negative) of any template. A vector passes screening if the remainder of the
QRST complex sits entirely within the boundary of the template. (This manual screen-
ing method is now largely replaced by the manufacturer with an automatic screening
tool following the same principals)

typically high T:R ratio could pass this screening and likewise a patient with a typically
low T:R ratio could fail it.

It is our goal in Chapter4 to propose an automated tool for measuring T:R ratios which
can be used to screen patients over a much longer period of time, reducing the like-
lihood of the recording during the screening period not being representative of the
patients normal ECG morphology, thus enabling clinicians to better scrutinise patients
S-ICD implantation eligibility.

1.3 Bilevel hyperparameter optimisation for non-linear support

vector machines

Support Vector Machines (SVMs) (Hearst et al., 1998) are one of the models used for
both regression and classification. While the most basic implementation of an SVM
has no hyperparameters, many common adaptations of the model such as soft-margin
SVMs and Kernel SVMs introduce hyperparameters - variables of the model which
must be selected by the user before fitting the model to data (also referred to as training).
The standard approach to selecting values for these hyperparameters, while avoiding
over-fitting them to the training data, is to perform Cross Validation (CV) (Vanwinck-
elen and Blockeel, 2012), wherein a portion of the total data set (the validation set) is
held out from training and the hyperparameter values are selected such that when the
model is fit to the training data the model’s predictions for the hereto unseen validation
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set minimise some loss function. For classification, the loss function typically used here

is a count of the number of miss-classified points.

Clearly, this is a bilevel optimisation problem. We are minimising a loss function of
the model’s predictions for the validation set subject to the constraint that the model
parameters correspond to a solution to the training problem. While there have been
multiple works which have approached hyperparameter tuning for SVMs via CV as a
bilevel problem (Bennett et al., 2008, 2006; Moore et al., 2009; Kunapuli et al., 2008; Li
et al., 2021), this bilevel problem is complex to formulate and solve. For this reason,
many popular methods for hyperparameter selection (such as grid-search, random-
search and Bayesian optimisation) use various schemes for sampling hyperparameter
combinations and then for each of these hyperparameter combinations, they solve the
training problem and evaluate the value of the loss function of the resulting trained
model’s predictions for the validation set. For an overview of how other methods
attempt to approximate solutions to the hyperparameter tuning via CV problem, see
Subsection 2.3. While such methods do a good job of finding hyperparameters which
work well, it is not possible for these methods to find an actual solution to the problem
as the solution will always lie in the space in between the sampled hyperparameter
combinations. Additionally, the number of dimensions of the hyperparameter space
which these methods endeavor to search increases with each additional hyperparame-
ter, resulting in either very large run-times or poor quality solutions.

Input data Linear SVM RBF SVM
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FIGURE 1.5: Plots showing the prediction rules of linear kernel and RBF kernel SVMs
trained on two synthetic 2D data sets. Each 2D data point of the training set is plotted
in the feature space (left) with the point’s class represented by its colour. The label
which would be assigned by linear kernel SVMs (centre) and RBF kernel SVMs (Right)
for each area of the feature space is shown in red and blue. The accuracy of each
model’s predictions for an unseen validation set is then seen in the bottom right corner
of these plots.
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In Subsection 2.3 we overview the literature on hyperparameter tuning via CV as a
bilevel optimisation problem. All of the works which tune hyperparameters for the
soft-margin SVM focus on the linear kernel SVM. In Chapter 5 we focus on the Radial
Basis Function (RBF) kernel, also known as the Gaussian Kernel. As we detail in Sec-
tion 5.1, non-linear kernel embedding (such as the RBF kernel) allows SVMs to capture
non linear behavior in the data and the RBF kernel has been shown to outperform other
kernel functions in numerous applications (Nanda et al., 2018; Yekkehkhany et al., 2014;
Feizizadeh et al., 2017; Hong et al., 2017; Tbarki et al., 2016; Garrett et al., 2003) and is
generally recommended for practical applications (Prajapati and Patle, 2010). This is
illustrated in Figure 1.5, where linear kernel SVMs and RBF kernel SVMs are trained
on two synthetic data sets each with just two features. However, the use of the BRF
kernel does not come without its drawbacks. Utilising this kernel embedding causes
the primal form of the training problem to contain a function which maps into infinite
dimensions. Our goal in Chapter 5 is to model this problem in such a way that we can
perform a single-level reformulation of the bilevel problem and develop an algorithm
to solve the resulting problem. Finally, we demonstrate the capabilities of this algo-

rithm by presenting its performance on a number of real data sets.

1.4 Contributions of the research

In this subsection we overview the main contributions made in each chapter, as well as

the publications that each chapter has led to.

1.4.1 Imbalanced data classification for infrequent adverse event prediction
in low-carbon energy production

In Chapter 3, we consider the problem of predicting the occurrence of infrequent ad-
verse events in low-carbon energy production systems. We cast the corresponding
learning task as an imbalanced classification problem (a specific type of classification
problem for which specialised techniques and models are required) and propose a
framework for solving it that is capable of leveraging different classifiers in order to
predict the occurrence of adverse events before they take place. Central to this frame-
work is a bespoke informed undersampling method designed to address class imbal-
ance as well as a number of other issues arising in infrequent adverse event prediction
problems. This work is motivated by two practical engineering applications arising in
the production processes of low-carbon energy, i.e., foam formation in AD and con-
denser tube leakage in the steam condenser in NPP. The results of an extensive set of
computational experiments show the effectiveness of the techniques we propose.

The vision that we have for the research conducted in Chapter 3 is that the resulting
tool could be installed in a plant to be used as a decision support system, receiving live
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data and enhancing the monitoring process of a plant in order to alert plant operators
to the potential occurrence of the aforementioned adverse events. While a lot of work
has been done in the literature around the use of times-series forecasting for decision
support; see e.g., Jabeur et al. (2020); Hansen et al. (2006); Watson et al. (2020); Shi et al.
(2019); Zhu et al. (2018), to the best of our knowledge the two applications considered
here have not been addressed in the decision support literature.

The impact of the work in Chapter 3 goes beyond the two applications mentioned
above as foaming and condenser leakage occur in various other types of chemical pro-
cesses and power plants. For instance, it is well-known that foaming is a common op-
erational problem in many wastewater treatment plants; see, e.g., De Los Reyes (2010);
Miiller-Steinhagen (1999). Similarly, it has been well-documented that condenser tube
leakage can occur in any power plant using a condenser to cool water in its processing
system (Daniels, 2010; Coit, 1980; Lawrence et al., 1977). For example, steam condensers
are also used in thermoelectric power generation (Walker et al., 2012). The framework
we propose is not limited to applications involving AD or condensers but can be ap-
plied to any system for which time-series data is recorded and in which infrequent
adverse events occur.

In summary, the main contributions of Chapter 3 are three-fold:

1. We model the problem of predicting infrequent adverse events occurring in low-
carbon energy production processes as a classification problem in such a way that

some issues caused by the inherent class imbalance are mitigated.

2. We optimise the performance of existing machine learning algorithms by intro-
ducing block sampling, a new technique for undersampling blocks of relevant

data for use in model construction and evaluation.

3. We illustrate the effectiveness of our approach by applying the work from points
1 and 2 above to practical data sets from some AD and NPP plants in the United
Kingdom (UK).

The work in Chapter 3 has led to a paper:

Coniglio, S., Dunn, A. |., and Zemkoho, A. B. (2020). Infrequent adverse event prediction in low
carbon energy production using machine learning. Preprint available at arXiv:2001.06916.

Under review in Machine Learning.

1.4.2 Deep learning methods for screening a patient’s Subcutaneous Im-
plantable Cardioverter-Defibrillator (5-ICD) implantation eligibility

In Chapter 4, we propose an accurate, reliable and robust method that utilises the con-

cept of prolonged screening for Subcutaneous Implantable Cardioverter-Defibrillator


https://arxiv.org/abs/2001.06916
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(S-ICD) eligibility to better scrutinise the selection criteria in an attempt to find a cohort
of patients with low probability of TWOS and inappropriate shocks. Central to this
prolonged screening is a deep learning based method for predicting the T:R ratio—the
main determinant of S-ICD eligibility—of a 10-second segment of a single-lead ECG.
Solving this regression problem is at the core of our work in Chapter 4.

The aim of our proposed screening method is to use the model developed in this work
to analyse the T:R ratio of each single-lead 10-second ECG segment within a three-lead
24-hour ECG recording to determine if any of the three leads have a suitably low risk
of TWOS. For a given lead, should a patient have a T:R ratio above 1:3 for a continuous
period of at least 20 seconds (the duration of TWOS at which the S-ICD would deliver
an inappropriate shock), that lead would fail the screening. If all three leads fail the
screening, the patient would be deemed not eligible for an S-ICD. Temporal variations
in the T:R ratio make the current 10-second screening process unreliable. Our proposed
method allows for a much more robust screening, as it would allow for the analysis of
variations in the T:R ratio over a 24-hour period. Subsection 4.4 gives an example of
how the model for predicting T:R ratios from ECG segments we develop can be used
within a screening tool to access patients’ eligibility for S-ICD implantation.

In order to ensure that our screening tool is capable of accurately predicting T:R ratios
in patients suffering from heart conditions which make them likely candidates for S-
ICD implantation, we require ECG data from those patient groups for the training and
evaluation of our models. To this end, we have collected ECG data from a range of
patient groups which potential S-ICD implantation candidates are likely to belong to.
Further details of this data set are given in Section 4.3.1. This new data set, collected for
the purpose of this project and related analysis, enables us to train models with a high

degree of robustness across a range of different patient groups.

In the course of developing this tool we apply a range of preprocessing techniques in-
cluding numerous signal processing methods, creating Phase Space Reconstructions
(PSR) of the ECG data and image augmentation. We then evaluate a wide range of
different deep learning model architectures constructed from a combination of fully
connected and convolutional layers. Having determined the best performing model
architectures we assess a range of stochastic gradient descent based optimisation meth-
ods for model training, perform hyperparameter tuning, and create ensembles of the
best performing models. Finally, these deep learning models capable of predicting T:R
ratios are situated within an Al framework allowing clinicians to assess patient’s S-ICD

implantation eligibility.

In contrast with most of the literature, in which, with only a few exceptions (see,
e.g., Babu et al. (2016)), Convolutional Neural Networks (CNNs) are used for image
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classification rather than for regression, we propose using 2D PSR images of the fil-
tered ECG signals as input to CNNs with 2D filters. In particular, rather than extract-
ing features from PSR images which are then used as model inputs, as typically done
in previous works, we use the entire PSR image as input to our models. While CNNs
have been used to analyse ECGs, this has been only done using data in which each
lead corresponds to a single 1D-ECG signal. To the best of our knowledge, this is the
first work in ECG analysis where a PSR matrix is generated for each lead that serves
as input to a deep-learning model. Further separating this work form the literature is
our focus on predicting T:R ratios. This is a very unique goal in ECG analysis, where
various other ECG factors are identified and examined. The intuitive approach to cal-
culating T'R ratios by detecting and measuring the amplitude of the R and T waves
individually is vulnerable to the same TWOS problem that the algorithm used within
the S-ICDs suffers from. Our novel methodology for predicting the T:R ratio does not
share this vulnerability as it calculates T:R ratios from PSR images without explicitly

determining the locations of the T or R waves in the original ECG signal.

To summarise the key contributions of Chapter 4,

1. We outline a preprocessing scheme by which ECG signals are filtered and trans-

formed into PSR images, ready for use as inputs for our training problem.

2. We formulate the computer vision task of predicting T:R ratios from 2D PSR im-
ages as a regression problem.

3. We construct and optimise the performance of a deep-learning based regression
model by assessing a range of architectures and stochastic gradient descent based
training algorithms, tuning the hyperparameters of said algorithms and creating
ensembles of the best performing models.

4. We demonstrate how such models can be incorporated into an Al tool allowing
clinicians to conduct prolonged, automated screenings to assess patient’s S-ICD

implantation eligibility with a greater degree of detail and reliability.

The work in Chapter 4 has led to an initial paper detailing the workings of our Al

screening tool:

Dunn, A. |., EIRefai, M. H., Roberts, P. R., Coniglio, S., Wiles, B. M., and Zemkoho, A. B.
(2021). Deep learning methods for screening patients’ S-ICD implantation eligibility. Artificial
Intelligence in Medicine, 119:102139.

We have developed the following two papers which use our tool to assess what the
optimal choice of the T:R ratio cut-off used in the screening should be:

ElRefai, M., Abouelasaad, M., Dunn, A. |., Coniglio, S., Zemkoho, A. B., Wiles, B. M., and
Roberts, P. R. (2022b). Eligibility for subcutaneous implantable cardiac defibrillator utilising
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artificial intelligence and deep learning methods for prolonged screening: where is the cut-off?
Europace, 24 (Supplement _1):euac053—447.

ElRefai, M., Abouelasaad, M., Wiles, B. M., Dunn, A. |., Coniglio, S., Zemkoho, A. B., and
Roberts, P. R. (2022c). Deep learning-based insights on T:R ratio behaviour during prolonged
screening for S-ICD eligibility. Journal of Interventional Cardiac Electrophysiology,
doi.org/10.1007 /s10840-022-01245-6.

A paper using our tool to evaluate the variation of the T:R ratio of patients with various
heart conditions:

ElRefai, M., Abouelasaad, M., Conibear, I., Wiles, B. M., Dunn, A. ]., Coniglio, S., Zemkoho,
A. B., and Roberts, P. R. (2022a). The use of artificial intelligence and deep learning methods
in subcutaneous implantable cardioverter defibrillator screening to optimise selection in special
patient populations. Europace, 24(Supplement_1):euac053-448.

A further paper detailing the hyperparameter optimisation and comparison of optimi-

sation algorithms for model training;:

Dunn, A. |., EIRefai, M. H., Roberts, P. R., Coniglio, S., Wiles, B. M., and Zemkoho, A. B.
(2022). Deep learning and hyperparameter optimization for assessing one’s eligibility for a sub-
cutaneous implantable cardioverter-defibrillator. Preprint available at https:/ /optimization-

online.org/?p=21066. Under review in Annals of Operations Research.

1.4.3 Bilevel hyperparameter optimisation for non-linear support vector ma-
chines

In Chapter 5 we address the problem of tuning the hyperparameters of a Support Vec-
tor Machine (SVM) model via cross validation using bilevel optimisation. There have
been numerous attempts to formulate and solve the bilevel problem of selecting hyper-
parameters. As mentioned previously, it is crucial that the lower-level objective (the
objective of the training problem) be a convex function. For this reason, the major-
ity of work on solving the bilevel problem of selecting hyperparameters use models
such as SVM (detailed in Section 5.1). Many of these examples tackle Support Vec-
tor Regression (SVR) (Bennett et al., 2008, 2006; Moore et al., 2009). In Chapter 5 we
will consider Support Vector Classification (SVC). For examples of works focusing on
bilevel hyperparameter tuning of SVCs via CV, we refer the reader to Kunapuli et al.
(2008); Li et al. (2021). Hyperparameter tuning via bilevel optimisation has also been
used for classification models other than SVMs such as Lp regression (Okuno et al.,
2021; Nguyen et al.,, 2021). Some of these works show that, especially when using
variants of the SVM model which have additional hyperparameters (as done in (Kuna-
puli et al., 2008)), bilevel methods are able to outperform the aforementioned sampling
based methods such as grid-search. However, all of these works consider only the lin-
ear kernel SVM.
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The Radial Basis Function (RBF) kernel has been shown to outperform other kernels
and is generally recommended for practical applications as it affords SVM models
the ability to capture more complex relationships between the variables of the train-
ing data. We speculate that the reason non-linear kernels, specifically the RBF kernel,
have not been used in these previous works is due to the fact that it introduces the fea-
ture space embedding function ¢ : RY — R to the primal SVM training problem. In
order to avoid this function, we formulate the dual form of the problem, which instead
includes the kernel function K(X;, X;) = ¢(X;)"¢(X;) which provides the relationship
between two points X;, X; which have been embedded into the feature space. More de-
tail on kernel SVMs can be found in Subsection 5.1. To the best of our knowledge this
is the first work which formulates a bilevel problem for SVM hyperparameter selection
using the dual form of the training problem and also the first work using a non-linear
kernel SVM.

Typically, when grid-search, random-search or Bayesian optimisation are used to ap-
proximate a solution for this bilevel problem, the upper level problem involves max-
imising the accuracy of the model’s predictions for the testing set. This choice of upper
level objective function is non-smooth and hence would render any gradient based ap-
proach to solving the bilevel problem useless. We instead construct a smooth loss func-
tion for use in the upper level. Typically this is done using a variation of the lower level
training objective. However, having switched to the dual problem, formulating this
loss function becomes significantly more difficult. We propose a loss function for use in
the upper level which can be calculated using the dual form parameters and formalise
the bilevel optimisation problem of RBF kernel SVM hyperparameter optimisation via
k-fold CV. We then perform the single level KKT reformulation and propose an algo-
rithm for iteratively applying the Scholtes relaxation to find solutions to the original
problem. The relaxed problem is solved using fmincon in MATLAB. The relaxation of
the original problem is then reduced and the solution reached by the solver on the pre-
vious iteration is used as a starting point. We provide an analysis of the MPEC MFCQs
to show that the solution found by this process of iteratively solving the problems with
a lesser relaxation converges to a c-stationary point. We provide a number of examples
of this algorithm in action on real data sets from the UCI repository which indicate that

it is capable of finding local minima, and even outperforming grid-search.

In summary, the main contributions of Chapter 5 are:

1. We construct a smooth loss function, based on the primal SVM training objective
function, which can be calculated using the parameters of the dual form of the
training problem.

2. We define hyperparameter selection via k-fold CV as a bilevel problem using our
proposed loss function in the upper level objective and the dual SVM training
problem in the lower level.



16 Chapter 1. Introduction

3. We propose an algorithm which utilises the Scholtes relaxation to solve the bilevel
problem and we provide the necessary analysis of the MPEC MFCQs to guarantee
the convergence of this algorithm to a C-stationary point.

4. We provide a number of illustrative examples of our algorithm in use on real
data sets which demonstrate its effectiveness, which we compare with that of
grid-search.

The work in Chapter 5 has led to a paper, which is under preparation (note that this

paper will be a significant extension of the work contained in this chapter):

Stefano Coniglio, Anthony | Dunn, Qingna Li, and Alain B Zemkoho, Bilevel hyperparameter
optimisation for non-linear support vector machines. To be submitted to Mathematical Pro-
gramming by the end of 2022.
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Chapter 2

Basic machine learning
preliminaries

2.1 Model evaluation

In this thesis we principally focus on supervised learning problems. In supervised
learning problems, we have n data points (X;);c,, where [n] = {1, 2, .., n}, each
with d features, together with their corresponding labels (y;);c[,) and we have a true,
unknown labelling function f : X; — y;, for i € [n], which maps each data point to its
corresponding label. For a classification problem f(X;) is discrete and for a regression
problem, f(X;) is continuous. The supervised learning problem is to find a function h
which best approximates f. For a chosen supervised learning algorithm A, the function
h : X; = R (also commonly referred to as a prediction rule, a predictor, a hypothesis,
a model, or a classifier for classification problems) must belong to Hy, the family of
possible prediction rules corresponding to A (e.g., for linear-kernel SVM, H,4 would be
the set of all linear discriminations). The optimal choice of /1 is one which minimises the
supervised learning algorithms specific training loss function L4 : h(X),y — R which
has a large value the more significant the differences between /(X) and y are. This
process of optimally selecting i € Hj is referred to as training and is typically done on
a subset of the 1 data point, label pairs (X;, y;);c[,- The subset of 7 data points X and
labels 7 used during this process is referred to as the training set.

2.1.1 Cross validation

To determine which supervised learning algorithm A results in a model # which is most
capable of approximating the true labelling function we perform model-selection. Where
f is a complicated function which may comprise some random components, it is, in
fact, not ideal to find a model for which 1(X;) = f(X;) Vi € []. While such a model
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predicts the training labels perfectly it is unlikely to have correctly found the process
by which the true labeling function f performs the labeling but rather has just found
a process which works well specifically for the training data and as a result will not

generalise well to new unseen data. This phenomena is referred to as over-fitting.

To avoid over-fitting, we do not judge a model’s performance by how well it predicts
the labels for training data )A(, but rather, by how well it predicts labels for a set of,
hereto unseen, data points X which we refer to as validation data, or alternatively, testing
data. This process is referred to as Cross Validation (CV). The idea of reserving a subset
of data on which to assess model performance dates back to the 1930s (Larson, 1931)
and since then it has become the standard approach to assessing model performance.
For an overview of cross validation approaches we refer the reader to Vanwinckelen
and Blockeel (2012); Refaeilzadeh et al. (2009). A typical approach to CV is to reserve a
portion of the entire set of data, label pairs (X, y) to form the validation set (X, j) where
|X|| = 7i. The remaining data and labels form the training set (X, ) where || X|| = 7.
k-fold CV is a popular way to perform CV in which the total data X and labels y are
partitioned into k equally sized folds. Then iteratively, one fold is selected for use as
the validation set, the k — 1 remaining folds form the training set and are used to train
a model, the performance of which is assessed on the validation set. This is repeated
such that k models are trained and each is evaluated on a different fold. This enables
us to have k assessments of how well models resulting from a particular supervised
learning algorithm can approximate the true labelling function f as apposed to the
single assessment provided by a single round of CV. The process of model selection via

k-fold CV can be summarised in the following algorithm:

Algorithm 1 k-fold CV for model selection

Result: The classification algorithm Apest which best approximates the true labeling
function.

losspest = 108Sinitial
for A € Algorithms do
loss =0
fori € [k] do
h cargmin L4 (}A(i, yi)
h

st. he Hy
lossgola = £ (h(X', 7))
loss + loss + %IOSSfold
end for
if loss < lossyest then
losspest < loss
Apest < A
end if
end for
Return: Ay
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lossinitia] is an arbitrary large value, X' and y‘i are the 71 data points and labels belonging
to the i fold, X' and §)' are the 7’ data points and labels belonging to all folds but
the i*" fold and £ is a generic loss function for assessing a model’s performance on a
validation set. A wide range of loss functions for assessing model performance have
been developed in the literature, each suitable for a specific problem class—for more
details, we refer the reader to Vapnik (2000); Bishop (2006).

2.1.2 Performance metrics

Up to this point, we have considered both supervised learning tasks together. How-
ever, we use different metrics to evaluate model’s performance for regression and clas-
sification tasks. For regression tasks we are able to consider the difference between the
predicted label f(X;) and the true label i; for each data point label pair in the validation
set (X;, ;). We primarily focus on three accuracy metrics for assessing the performance
of our regression models; i.e., the Mean Absolute Error (MAE), Mean Squared Error
(MSE) and Root Mean Squared Error (RMSE):

MAE(X, y) - Yina ’I/in— Xl

MSE(X, ) S SV 0T

RMSE(X, y) _ \/ Y (i ; h(Xz-))Z/ 2.1)
AN

STD of errors(X,y) = J 2 U h(}:‘ )_—1 R

These measures have historically been three of the most widely used accuracy met-
rics (Botchkarev, 2018). MAE is simply the average of the absolute values of the differ-
ences between each predicted label and its true label. This metric is easily interpretable
as it represents how far one can expect your model’s prediction to be from the true label
of a single additional unseen data point. MSE is the average of the square of the values
of the differences between each predicted label and its corresponding true label. This
metric penalises large errors much more significantly than MAE thanks to squaring the
errors, which is typically preferable. RMSE is the square root of the MSE. This metric
is therefore very similar to MSE except for that by taking the square root of the sum of
the squared errors we return to using the original units of the label. This makes RMSE
more interpretable than MSE. So, while many models will be trained to minimise the
MSE, the performance of the model will often then be assessed using RMSE. Finally, we
consider the standard deviation of errors. While this metric is not as commonly used it
is of interest to be able to observe the distribution of the errors.
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FIGURE 2.1: Left: A confusion matrix for a classification problem with four classes.
Right: A matrix showing the number of data points with given true labels and pre-
dicted labels for a binary classification problem.

For classification we can not consider how close the predicted label was to the true label,
as predictions are either for the correct class or the wrong class. For and overview of
methods for assessing classification performance, see e.g., Davis and Goadrich (2006).
One tool for analysing a model’s performance is using a confusion matrix, shown in
Figure 2.1. In this work we primarily focus on binary classification. Here, we refer to
one class as positive and the other as negative. We therefore refer to the number of data
points X; with positive labels i7; whose predicted labels /(X;) are also positive as the
number of true positives (T P). Likewise, the number of data points with negative labels
whose predicted labels are also negative is referred to as the number of true negatives
(TN). The number of positive data points which are predicted to have negative labels
is referred to as the number of false negatives (FN) and likewise the number of negative
data points which are predicted to have positive labels is referred to as the number of
false positives (FP).

The most straightforward way to assess the performance of a classification model on
a binary classification task is to calculate its accuracy: the proportion of data points
which are correctly labelled, as defined in (2.2). There are numerous other accuracy
metrics which can be used to assess performance. For example, balanced accuracy,
defined in (2.2), provides the average prediction accuracy for each class. If there were
to be many more positive data points than negative (i.e. 10 times as many) then the
standard accuracy metric would be heavily skewed toward accurate prediction for the
positive data points. By using balanced accuracy, the model’s prediction accuracy for
each class is equally weighted regardless of how many data points belong to each. For
this reason balanced accuracy is a fairer measure of accuracy when using imbalanced
data sets, discussed in Subsection 3.1.
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Some models have a probabilistic output. Given a data point they output a predicted
probability of that point having a positive label. If this probability exceeds 0.5 then
the point’s predicted label is positive. However, a common post-processing technique
is to adjust this threshold to achieve a preferable True Positive Rate (TPR) and False
Positive Rate (FPR), as defined in (2.2). Decreasing the threshold will increase both the
TPR and FPR. We can compare all possible thresholds by plotting the TPR and FPR of
each threshold as a point in a 2D plot. Such a plot is referred to as a Receiver Operating
Characteristic (ROC) curve. ROC curve analysis has been used extensively in the liter-
ature for non-ML classification, see e.g., Hajian-Tilaki (2013); Park et al. (2004). In ML
based classification, analysis of the ROC curve of a model’s predictions has been used
extensively in the context of imbalanced classification (Guo et al., 2008; Abd Elrahman
and Abraham, 2013). An example of an ROC curve can be seen in Figure 2.2. The fur-
ther the curve tucks into the top left corner the more thresholds exist which provide a
high TPR and low FPR. The further the curve is from the top left corner the worse the
model, as it shows that it is not possible to have a high TPR while having a low FPR.
For this reason the area under the ROC curve can be a very good measure of how well
a classification model can perform when using this post-processing step of adjusting
the decision threshold.

However, a large area under a classifier’'s ROC curve indicates only that there are a
range of thresholds which provide good TPR and FPR (Sokolova et al., 2006), and as
such to actually determine the optimal value of these thresholds one should perform
an additional round of CV. In other words, a high area under an ROC curve indicates
that, were you to perform this post processing step, the resulting model would have
good performance. The proper process should be to perform a nested k-fold CV where
at each iteration, after reserving a validation set to evaluate the model on, an interior
k-fold CV is done to train models, and find the optimal threshold for those models
before the model (with its optimally adjusted threshold) is evaluated on the reserved

validation set. For this reason, if one does not have a sufficient amount of data to
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FIGURE 2.2: Graph of an ROC curve. Given a trained classification model, each de-
cision threshold results in a given TPR and FPR, and so plots a single point. Plotting
the TPR and FPR for each threshold results in the line shown in blue referred to as
the model’s ROC curve. The dotted green line shows the ROC curve which would
be produced by a classifier which predicts a random value for the probability of each
data point having a positive label.

perform the additional round of CV to choose the optimal threshold, balanced accuracy
may be a preferable accuracy metric.

2.2 Supervised learning algorithms

In this subsection we give an in depth overview of neural networks as we will use them
extensively in Chapter 4. We also provide a brief overview of a number of other super-
vised learning algorithms which we will evaluate in Chapter 3. For ease of notation,
in this subsection we will assume that models are being trained on the entire data set
(i.e. ()?i,y}),-eﬁ is the same as (X, y;)icn), as in this section we do not require notation
for the validation set. In this subsection, when we do mention the validation set, it can

be considered as a separate data set to (X;, y;)ic, rather than a subset of it.

221 Scaling

Scaling is an essential preprocessing step before the model training process. Many ma-
chine learning algorithms (e.g. KNN, SVM and Lp regression) take into consideration
the distance between data points, i.e. \/ Y1 (Xi — X;,)* where Xj; is the I!" feature of
the i"" data point in X. For these algorithms, were one feature to have a much larger

variance than the other features, then the distance between any two data points would
be heavily skewed by the feature with the large variance. This would result in features
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with comparatively small variances having a greatly reduced impact on the distances
between points and therefore the predictions made by the model. Similarly, for mod-
els which train by calculating the gradient of a loss function with respect to the model
parameters which relate to particular features (e.g. Neural Networks), this gradient
would be skewed by the model parameters relating to features with a high variance.
While decision tree based models such as random forest do not require the data to be
scaled, doing so does not degrade their performance.

Normalisation, also known as min-max scaling (Patro and Sahu, 2015), is one method
for scaling features whereby features are scaled to be bounded between 0 and 1. This is
done using the following formula:

Xj; — min(x)

Xi VI € [d] and Vi € [n],

max(x;) — min(x;)

where x; = {Xj; : Vi € [n]}. Standard scaling, also referred to as Z-score normalisa-
tion (Patro and Sahu, 2015), is another popular method where features are scaled to fit

a standard normal distribution. This can be done using

Xir — m

Xil <
0]

VI € [d] and Vi € [n],

where y; and o7 are the mean and standard deviation of x; respectively. Both of these
methods achieve the goal of equalising the variance of each feature. Large outliers can
cause normalisation to adjust all of the normal data values to be very close to each other.
This can lead to the variance of the non-outlier data points to be very small. Standard
scaling does not have this drawback.

2.2.2 Neural networks

In Chapter 4 we conduct an extensive set of experiments to optimise the performance
of neural network models for use in screening patients for S-ICD implantation. In this
section we outline the process by which neural networks are trained and detail some

of the commonly used architectures.

The concept of artificial neural networks was introduced in 1943 (McCulloch and Pitts,
1943) when the process by which neurons function in the brain was modeled as a simple
electrical circuit. In 1958, the notion of a perceptron was intoduced (Rosenblatt, 1958),
a simple model which calculated a weighted sum of inputs which was then discre-
tised using an activation function to generate a categorical output. The weights of this
model could be learned via feeding the model successive inputs and calculating how
the weights should be adjusted to attain the desired outputs. In 1960 neural networks

were first applied to a real world problem: removing noise from phone lines (Widrow
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and Hoff, 1960). Training a neural network is an empirical loss minimisation prob-
lem; specifically, we aim to select the model parameters which minimise some loss
function which is larger for models which are less accurately able to predict the labels
of the data points in the training set. This is achieved by calculating the gradient of a
loss function with respect to the model parameters using backpropagation, then updat-
ing the model parameters with a step, whose size is proportional to a hyperparameter
called the learning rate, in the direction of steepest descent. In this section, we detail
the various gradient descent based optimisation methods we employ to train our deep

learning models.

Backward propagation

In neural networks, the process by which an input X is sequentially transformed as it
passes through the layers of the network until the output h(X) is finally produced is
called forward propagation. This output is then input into a loss function. As is typical
for regression problems, we use Mean Squared Error (MSE), defined in Equation (2.1).
The gradient of the loss function with respect to each of the model parameters is then
used to update the model parameters. The input is sequentially transformed in each
layer and, as such, the total transformation h(X) is a composition of the functions at
each layer. For this reason, the chain rule is used to calculate the gradient of the loss
function with respect to the model parameters in each layer. Backward propagation or
Back propagation (Rumelhart et al., 1986) is an efficient algorithm for using the chain
rule to compute these gradients:

¢=VyL(h(X;90),y).

Early stopping

We employ early stopping (Prechelt, 1998) for regularisation in model training. It is often
observed during training that both the training and validation errors initially decrease
and, at some point, the validation error begins to increase while the training error con-
tinues to decrease. The error on the validation set serves as a proxy for the general-
isation error which is used to determine when over-fitting has begun. Therefore, in
order to achieve the lowest possible validation error, we reset the model parameters to
their values before over-fitting began and the validation error started increasing. This
means that we continue training our model until the validation error has not improved
for a given number of epochs, referred to as the patience of the optimisation algorithm,
instead of continuing to train until we reach a local minimum of the training error (Ben-
gio et al.,, 2017).
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Stochastic gradient descent

Stochastic Gradient Descent (SGD) is similar to typical batch gradient descent. How-
ever, rather than using all data points to compute the gradient of the loss function £, an
unbiased estimator of the gradient ¢ (computed using a single randomly selected data
point X; and its associated label y;) is used together with the learning rate € to calculate
the step direction and the step size and, thereby, update the model parameters 6. At
each step, a different data point X; and its associated label y; are chosen. The formula
by which ¢ and 6 are updated is

VoL(f(Xi;0),vi),
0 —eg.

$: 2.3)
0:

In practice, we in fact use minibatch SGD. Wherein, the motivation behind SGD that
the gradient on a single data point is an unbiased estimator for the gradient on all data
points is extended to: the average gradient on a minibatch of m randomly sampled data
points is also an unbiased estimator for the gradient on all data points. The formula by
which ¢ updated using minibatch SGD is

SRS

m
§=—) VoL(f(Xi;0), 1),
i=1
where X is the set of m data points in the minibatch with corrosponding labels i. The
model parameters ¢ are then updated as before in Equation (2.3).

Both the learning rate € and the batch size m are hyperparameters of the minibatch
SGD algorithm. The advantage of the minibatch SGD is that the batch size m can be
tuned such that minibatch SGD with smaller values of m enjoys the benefits of lower
computational costs than batch gradient descent, thanks to not calculating the gradient
on every data point at each step, and higher values of m leading to a reduction in the
fluctuations in the value of the estimates of the gradient of the loss function observed
while training using SGD.

Deep learning models are typically trained for a number of epochs. An epoch is com-
prised of a number of descent steps such that the gradient is calculated on each data
point in the training set at least once. For example, in batch gradient descent there is
one descent step per epoch and, in SGD with a batch size of 1, there are n descent steps,
where 7 is the number of data points in the training set. When using minibatch SGD,
the number of descent steps in a single epoch is roughly equal to n/m, where m is the
batch size. Therefore, when training a model with a small batch size for a given num-
ber of epochs, one would expect the model parameters to be updated many more times
than they would if one were to use a larger batch size.
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SGD with Nesterov momentum

In cases where the gradient is small, SGD can be slow. Momentum is designed to lever-
age the fact that, when the gradient is small but consistent across multiple descent steps,
we can afford to take larger steps in its direction, thus accelerating learning (Bishop
et al.,, 1995). When implementing the classical momentum method (Polyak, 1964), at
each descent step, as before, the new step is calculated by multiplying the gradient of
the loss function by the learning rate. Now, however, an exponentially decaying history
of the previous descent steps is added to new descent step. We refer to this summation
as the velocity v. The formula for updating the model parameters at a single step of
minibatch SGD is given by

1 & o
v av—e— Y VoL(f(X;0),7;),
m ,zzl (2.4)

0« 0+o,

where « is the momentum constant, (an additional hyperparameter for determining
how strong the contribution made by previous descent steps should be relative to the

new velocity).

Nesterov momentum is a variant on the standard momentum algorithm whereby, rather
than calculating the gradient using the parameters 6, the gradient is calculated using
the parameters after the momentum has been applied, i.e., 6 + av (Sutskever et al,,
2013). This is often interpreted as estimating the descent step using only the momen-
tum and then correcting that estimate by calculating the gradient at the location of the
estimated parameters. The process for updating the velocity in a single gradient de-
scent step of minibatch SGD with Nesterov Momentum is given by

v v — e% Y VoL(f(Xi;0 4 av), ;).
i=1

The model parameters 0 are then updated as before using Equation (2.4).

AdaGrad

Selecting an appropriate learning rate is an important yet difficult task. Typically, the
loss function is much more sensitive to a subset of the model parameters than the rest.
The descent step (the product of the learning rate and gradient) will be largest in the
more sensitive directions. Consequently, progress in the less sensitive directions of
the parameter space will be slow (Reed and Marksll, 1999). Momentum can mitigate
these issues by muting the oscillations in the more sensitive directions while amplifying
the consistent movement in the sensitive ones. However, momentum introduces an

additional hyperparameter «, which can be just as difficult to select as the learning
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rate. Another approach to mitigating these issues would be to use an adaptive learning
rate where the learning rate is scaled for each individual model parameter.

AdaGrad is one such adaptive learning rate algorithm where the learning rates corre-
sponding to each model parameter are scaled by the inverse of the sum of the squared
partial derivatives over all training iterations (Duchi et al., 2011). The process for up-
dating the model parameters in a single descent step in AdaGrad is given by

rer+¢? (square is applied element-wise), 2.5)
1

Af = —5_:\/; g (\/; is applied element—wise> ,

6 < 6+ A0,

where J is a small constant included to avoid dividing by zero. In practice, this means
that the learning rates corresponding to parameters with consistently large partial deriva-
tives diminish rapidly, while those corresponding to parameters with small partial

derivatives increase.

RMSprop

RMSprop is an adaptation of AdaGrad to converge more effectively in non-convex op-
timisation problems such as the regression problem of training multi-layer neural net-
works. In AdaGrad, the learning rate diminishes proportionally to the inverse of its
entire history of squared gradients. This may cause the learning rate to diminish before
reaching a convex bowl leading to a poor solution. RMSprop diminishes the learning
rate proportionally to the inverse of an exponentially decaying window of squared gra-
dients, thus allowing the learning rate to only diminish significantly upon settling in
a convex region. The process for updating the model parameters in a single descent
step in RMSprop is the same as that of Adagrad (shown in Equation (2.5)), except for r,
which is instead updated as

2

r<pr+(1—p)§~ (square is applied element-wise),

where p is a hyperparameter determining the size of the exponentially decaying win-

dow.

ADAM

The final adaptive learning rate algorithm we consider is ADAM (Kingma and Ba,
2014). In ADAM, an exponentially decaying history is kept of both the first and second
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order moments of the gradient. These histories are then corrected to account for bias in
their initialisation before being used to calculate the parameter update. The process for
calculating the parameter updates Af at each descent step is as follows:

S

s« pir+(1—p1)8, s<—1_7plt,
,

Al —
1—p2t

A

repr+(1-p2)808, 7

S
€E——,
S+ 7P

where ¢ is the estimate of the gradient as calculated in Equation (2.5), and ¢ is the num-

A= —

ber of descent steps that the algorithm has been running for. The model parameters 6
are then updated in the same was as in Equation (2.5). ADAM can be thought of as sim-
ilar to RMSprop. However, the inclusion of the decaying history of first order moments
of the gradient § is similar to using momentum. The other notable difference is the bias
correction, which leads to lower bias in the early stages of training. ADAM introduces
two hyperparameters, p; and p,. However, ADAM is considered to be robust to the
choice of these hyperparameters and as such, only the global learning rate € requires
tuning (Bengio et al., 2017).

Initialisation

SGD and its variants reach solutions in the limit by building a sequence of iterates and,
as such, require a starting point. In the context of neural networks, this starting point
is the initialisation of the model parameters 0, i.e., the initialisation of the layer weights
w and biases b. The principal requirement when initialising the model parameters is to
break symmetry (Goodfellow et al., 2016). If multiple nodes connected to the same input
had the same weights and biases, then the gradient of the loss function with respect to
the weights corresponding to those nodes would be the same and, thus, the updates
to these parameters would be the same throughout training, leading to these nodes
being duplicates of each other. To avoid this, the weights are initialised randomly.
The distribution used for this must be selected carefully, as large initial weights break
symmetry well leading to a low number of redundant nodes, but, should they be too

large, they may cause exploding values.

A widely used approach is the Glorot normalised initialisation method (Glorot and
Bengio, 2010). In their work, the authors suggested that training becomes difficult
when layer-to-layer transformations do not allow the gradients to “flow well” (i.e., the
elements of the Jacobian associated with each layer are far from 1). They suggest that
the variance of the weights should be seen as in Equation (2.6) (see further), as this
allows the gradients to 'flow well” in both backward and forward propagation. The
authors then suggest that the weights in each layer be distributed uniformly according
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to Equation (2.7). We instead use another popular initialisation strategy of distributing
the weights normally as in Equation (2.8)!. This distribution’s variance is also given
in Equation (2.6) and, as such, we retain the nice properties of the Glorot normalised
initialisation method. The equations are

2
Var[W] = ————, (2.6)
Nin + Nout
\/nin + Nout \/nin + Nout
W~ N [0, 2} , (2.8)
Nin + Hout

where W is the matrix of weights in a given layer, nj, is the number of nodes in the
previous (input) layer and 74y is the number of nodes in this layers output. We define
the operator ~ such that X ~ F implies that the random variable X follows probability
distribution F.

As is standard, we initialise the biases b with value 0 as, by randomly distributing the
weights, we have already ensured that symmetry is broken.

Neural network layers

In this subsection, we discuss the architecture of the models we will use in Chapter 4.
There are 5 types of layers that are used within the architectures of our neural networks.
The first and most fundamental of these layers is the fully connected, or dense, layer. A
dense layer consists of a number of neurons, each of which is connected to all neurons
in the previous layer. Each neuron outputs a weighted and shifted sum z; of its input

x, a vector containing the outputs from the previous layer. z; is given by
zi=bi+xOw;,

where b is a vector containing a bias for each neuron in the layer and w; is a vector of
weights for the i neuron containing a weight associated to each element in the input.
The Hadamard product ©, also referred to as element-wise product, is used in this
calculation. This type of layer can only take one dimensional inputs and so any multi-
dimensional inputs (such as the PSR matrices we use as input in Chapter 4) must be
flattened before being passed to a dense layer. Models comprised of dense layers are
referred to as Multi-Layer Perceptrons (MLPs).

Next, we consider convolutional layers. Convolutional Neural Networks (CNNs), neu-
ral networks comprised of convolutional layers, are commonly used for image analy-

sis and exploit the multi-dimensional nature of their inputs. In a convolutional layer

I This is the default initialisation scheme in the popular deep learning Python package Keras.
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3-dimensional filters, also referred to as kernels, are applied to the input at regular in-
tervals, determined by the layer’s stride, to transform it into a 3-dimensional output
comprised of a number of 2-dimensional feature maps. The output for a neuron in row
i and column j of the feature map k in a convolutional layer with 3-dimensional input

x is given by

fhflfwflfn’fl i, = l XS
= h + ]/[,
Ziir=D0b Xt it jr - W where
ijk = b+ 2 , 2 l, 2 : i'j k" Wiok ks g
u=0 v=0 kK'=0 ] =] Xsyp+0,

where s;, and s, are the vertical and horizontal strides respectively, f;, f, and f,/ are
the height, width and depth of this layer’s filters, where f, is equal to the number of
feature maps in the previous layer, by is the bias applied to the feature map k and wy is
the matrix of weights defining the 3-dimensional filter used to generate the k' feature
map and hence w,, ,, i’ 1 is the weight in row u and column v of the two dimensional slice
of the filter which connects to feature map k’ of the input. For a detailed introduction
to CNNs we refer the reader to Wu (2017).

Batch normalisation, or batchnorm, is a tool for reparameterising neural networks to
significantly speed up training. The gradient of the loss function with respect to each
model parameter is used to update the model parameters. For a given parameter in
a layer, these updates assume that the parameters in other layers do not change and
therefore neither does the distribution of the inputs to this layer across each minibatch
(for further details on minibatch gradient descent see Section 2.3). However, all of the
model parameters are updated simultaneously meaning that the distribution of the
inputs to this layer across each mini-batch which the model parameter was adjusted to
fit better is no longer being output from the previous layer. Batch normalisation can
be applied to any layer and normalises the distribution across the minibatch for each
output in a layer, ensuring that throughout training the inputs to the following layer
always have the same distribution (Garbin et al., 2020).

Batch normalisation is applied within its own layer. The minibatch outputs z =
{zM, ..., z(™} of a batch normalisation layer with minibatch inputs x = {x(), ..., x("™}

are given by

_.
Il
—_

20 = (x(i) - 743) @ (UB +€) ,
Z(i) = ® j(i) + ‘B,

where 1 is the size of the minibatch B and x(/) is the matrix containing the output from
the previous layer for the i data point in the minibatch. The outputs z(*), the minibatch

mean p® and standard deviation ¢, and the scaling and shifting parameters y and 8
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are all matrices with the same shape as the inputs x{). The only learnable prameters
in this layer are v and B dimensional vectors which are learnable model parameters.
The Hadamard product ® and Hadamard division @, also referred to as element-wise
product and division respectively, are used in these calculations. Batch normalisation
also reduces generalisation error, allowing us to forgo the use of dropout (Goodfel-
low et al., 2016) and has been shown to be superior to dropout for regularisation in
CNNis (Garbin et al., 2020).

The activation function is often applied to the output of each neuron within each layer.
However, we perform batch normalisation before applying the activation function as
proposed in the original paper on batch normalisation (Ioffe and Szegedy, 2015). For
this reason we apply the activation function within its own layer after batch normali-
sation has been applied to the output of each convolutional or dense layer. We use the
generally recommended rectified linear unit or ReLU (Nair and Hinton, 2010; Glorot
etal., 2011) given by
R(z) = max(0,z).

This function is applied elementwise to the previous layer’s output.

Finally addition skip connections, as utilised in ResNet (He et al., 2016), are used within
our deeper CNNs. The gradient by which parameters of a neural network are updated
is calculated using the chain rule and, as such, as we consider layers which are further
back in the network, more gradients are included in the product defining the gradient
of the loss function with respect to that layers parameters. As it is often the case that
these gradients are less than one, the gradients relating to parameters in early layers
become smaller the deeper the network becomes, posing a serious problem in deep
networks. In an addition skip connection the output of a layer is added to the input
of a layer located significantly deeper into the network. The inclusion of addition skip
connections allows better flow of gradients from the first layer to the last allowing the
early layer’s parameters to have larger associated gradients, allowing them to train
more quickly. Models with these skip connections have a smoother loss surface (Bal-
duzzi et al., 2017; Li et al., 2017) which makes optimising the model parameters easier
and thus speeds up training.

2.2.3 Other learning algorithms

In Chapter 3 we provide a broad comparison of a range of classification algorithms. In
this Subsection we provide a brief overview of the working of these algorithms.
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K nearest neighbours

The K Nearest Neighbors (KNN) algorithm is one of the most simple supervised learn-
ing algorithms. It was introduced in 1951 (Fix and Hodges, 1951) and has been a staple
model for both classification and regression. For a more in-depth overview of this al-
gorithm we refer the reader to Kramer (2013). Unlike with other methods where model
parameters must be tuned to minimise a loss function of the model’s predictions on the
training set, the k nearest neighbours algorithm has no model parameters but rather
stores a record of training data points and labels, and has only a single hyperparame-
ter k which must be determined before training them model. Given a new, unlabelled,
data point the model locates the K nearest training points. Then for regression, the
predicted label (dependant variable) is given by averaging the labels of the K near-
est training points. For classification, the class is assigned as the most prevalent class

among its K-nearest neighbors.

Logistic regression

Logistic regression is a classification model defined by the composite of a standard
linear regression function and a particular sigmoid function referred to as a logistic

function: )

f(X;) = sigmoid(aX; + B) = e

Vi € [n],

where &« € R? and B € R are the model parameters. This particular formulation re-
quires the labels y € {0,1} These model parameters are optimised during training
such that a loss function comparing f(X;) (the predicted probability that X; has a cor-
responding label of 1) with y; for each i € [n]. If one was to use MSE as this loss function
then the problem of selecting « and f would be non convex (Kleinbaum et al., 2002).

Instead the log loss function is used:

LogLoss(X,y,a,B) = % éyi log(f(Xi)) + (1 —yi)log(1 — f(X;)).

Decision trees

The decision tree classifier is in essence a set of if statements leading ultimately to a
classification. This tree of checks (also referred to as (nodes)) is constructed and the
conditions of each node is determined during training. In order to determine which
variable should be checked at a given node, the Gini index (the average of the proportion
of data points which miss-classified on each side of the proposed split) (Myles et al.,
2004) for each variable, with the variable which results in the lowest error on each
branch of the split being selected. Too deep of a tree can lead to over-fitting as a deep
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enough tree can correctly classify virtually every data point in the training set. There
are numerous criteria which can be used to determine when the decision tree should
stop branching. One is a maximum depth, a hyperparameter limiting the number of
times the decision tree can branch. Another is a minimum number of samples for which
anew split can be made, this hyperparameter stops leaf nodes (nodes at the deepest layer
of the tree) which only assign a label to a few samples splitting further and over-fitting
to those points. Small changes in the training data can lead to significantly different
decisions rules found by the decision tree. For this reason, given an unfortunate draw
when splitting data into training and validation sets, a single decision tree can have

quite unreliable performance.

To overcome this problem we can instead create ensembles of decision trees called a
Random Forest (RF) (Biau and Scornet, 2016), where each tree is trained on a slightly dif-
ferent training set. An ensemble model is simply a collection of models which, when
given a data point to predict a label for, outputs the average of the predicted label of
each model in the ensemble. To ensure that each decision tree is trained on a different
data set bootstrap aggregated (bagging) is used, whereby, in order to generate a train-
ing set for each decision tree, the original training set is sampled with replacement to
create a new set of data point, label pairs which is the same size as the original training
set. In balanced random forest, a variation on random forest designed to work well
on imbalanced data, the bagging utilises a sampling scheme which ensures that each

newly generated training set is balanced.

Another method for creating more complex models from numerous decision trees is
boosting, wherein decision trees are chained sequentially, with each subsequent tree
being tasked with correcting the residuals (the errors) of the previous tree (Drucker
and Cortes, 1995). Similarly to random forest, this method combines multiple weak
learners to formulate a strong model. However, unlike with random forest, adding
more decision trees to a boosting model can result in over-fitting to the training set.
As a result, the number of decision trees used in a boosting model is an important

hyperparameter.

Lp regression

Bilevel optimisation has only been used to tune the hyperparameters of a small number
of algorithms. One of those algorithms is Lp regression, which we overview in this
subsection. p refers to the power of the norm used to regularise the regression model.
The Lp regression algorithm is an extension of the standard least squares regression
method which includes a regularisation term to avoid over-fitting. The Lp regression
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model trains by selecting the coefficients f which minimise the following equation:

n d
1 (vi — XiB))* JH\Z% 18;1I7-
- =

1

A and p are hyperparameters of the model. A directly controls the importance of the
penalty caused by the coefficients being non-zero, while p controls the (possibly non-
linear) nature in which larger coefficients contribute towards this penalty. When p is
even, there is of course no need to calculate the absolute values of the coefficients.
When p = 1 this model is called lasso regression and when p = 2 this model is called
ridge regression. For a more detailed overview of lasso and ridge regression as well as a
comparison of the two with Lp regression models with p < 1 we refer the reader to Fu
(1998).

2.3 Hyperparameter tuning

Supervised learning algorithms often depend on one or more hyperparameters whose
tuning is crucial to obtain a high prediction accuracy (Probst et al., 2019). Hyperparam-
eter selection is typically performed using k-fold CV. The goal is to find the hyperpa-
rameter combination A belonging to the set of all possible hyperparameters A which
leads to the k models which have the lowest possible error on the k validation sets.

Because this problem is very difficult to solve, there exists a range of techniques to
approximate its solutions. These techniques typically revolve around sampling a hy-
perparameter combination, solving the k training problems, and evaluating the error
on the k validation sets. This is repeated for numerous hyperparameter combinations.
The scheme by which these hyperparameter combinations are selected is the principal
difference between these techniques (Del Buono et al., 2020).

Among different options, grid-search is, arguably, the most widely applied technique.
When performing grid-search the hyperparameter space A is discreteised into a grid of
hyperparameter combinations G (typically the ranges of hyperparameter values defin-
ing these grids are logarithmic), for each hyperparameter combination the k training
problems are solved resulting in k models which are then used to evaluare the error
of each model on its validation set. The hyperparameter combination which leads to
models with the best performance over all k rounds of CV is deemed to be the approx-
imate solution to the hyperparameter optimisation problem. Algorithm 2 details the
process of performing gridsearch via k-fold CV. As in Subsection 2.1.1, X’ and 7' are the
fi* data points and labels belonging to the i’ fold, X’ and § are the 7! data points and
labels belonging to all folds but the i, A denotes a supervised learning algorithm, & is

a model or decision rule and H 4 is the set of all possible decision rules for A.
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Algorithm 2 Grid-search for k-fold CV
Result: The hyperparameter combination Ay for algorithm A which leads to the best
CV performance.

1OSSbes’t = 1Ossinitial

for A ecGdo
loss =0
fori € [k] do
he€argmin L4 ()A(i, yi,/\)
h
st. he HA()L)

lossgog = £ (h(Xl, y_l),/\)
loss < loss + %IOSSfold
end for
if loss < losspes: then
losspest < loss
/\best —A
end if
end for
Return: Apeg;

Random-search is another method for hyperparameter selection whereby, rather than
sampling hyperparameter combinations from a uniform grid, hyperparameter combi-
nations are randomly sampled (this sampling will typically also be done on a logarith-
mic scale). Bayesian optimisation is another sampling based method, which aims to
construct a map of the value of the average validation error with respect to the hyper-
parameters by iteratively sampling hyperparameter combinations which provide the
most information to fill in gaps in this map. For details on these techniques, we refer
the reader to the following overview of hyperparameter tuning techniques Del Buono
et al. (2020).
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Chapter 3

Imbalanced data classification for
infrequent adverse event prediction
in low-carbon energy production

In this chapter we address the problem of Adverse Event prediction in low carbon
energy production introduced in Subsection 1.1. We develop a framework to model
any problem involving the prediction of infrequently occurring adverse events from
time-series data as an imbalanced classification problem, which we then solve using
a range of machine learning techniques that we adapt in order to better leverage the
unique features of this application. As part of the algorithmic process proposed in this
chapter, we introduce block sampling, a novel approach for undersampling by removing
problematic data points and retaining only the most useful data for use in model con-
struction and evaluation. The use of this framework for the Anaerobic Digestion (AD)
application leads to models capable of discriminating between normal operating con-
ditions and operating conditions which are indicative of an impending foaming event
with very high accuracy. This allows us to provide advanced warning for all foaming
events in our data set. Also for the Nuclear Power Production (NPP) application, we
are able to construct models capable of providing advanced warning for the majority

of the condenser tube leaks in our data set.

In Section 3.1 we provide a brief recap of the problem and provide a review of some
related works. In Section 3.2 we outline the process by which we model the prediction
of adverse events from time series data while tackling the class imbalanced problem,
before proposing a framework for creating models capable of capturing the hidden
phenomena which lead to adverse events and, as such, are able to provide advanced
warning of the occurrence of adverse events sufficiently ahead of time as to allow
for effective remedial actions to be taken. This framework leverages various machine

learning techniques for solving the resulting learning problem and incorporates a set
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of appropriate modifications to common methods designed for our specific context. In
Section 3.3, we assess the effectiveness of our framework in the two applications under
consideration via a set of extensive computational experiments in which 11 popular
classification algorithms, imbalanced classification techniques and hyperparmeter tun-
ing methods are evaluated and compared. We also make final recommendations for
which models and enhancement techniques are advisable for use in each of the two
applications based on their performance in our experiments. The chapter is concluded
with Section 3.4, where some final remarks are provided. This work has led to the fol-

lowing publication:

Coniglio, S., Dunn, A. |., and Zemkoho, A. B. (2020). Infrequent adverse event prediction in low
carbon energy production using machine learning. Preprint available at arXiv:2001.06916.

Under review in Machine Learning.

3.1 Problem description and related works

For the Anaerobic Digestion (AD) application, our aim is to create a tool capable of reli-
ably predicting foaming with enough warning for the plant operators to administer the
anti-foaming agent and subdue the foaming before it can damage the digester. While
foaming in AD is a well-researched area, most of the available works (see, e.g., Kanu
etal. (2015, 2018)) analyse the phenomenon from a chemical or engineering perspective.
To the best of our knowledge, only a few attempts have been made at modelling it us-
ing machine learning methods; see, e.g., Dalmau et al. (2010a); Fernandes (2014). More
broadly, most data driven approaches rely on the design of a Knowledge-Based System
(KBS) and, thus, require in-depth knowledge of the specific digester in question; see,
e.g., Dalmau et al. (2010b); Gaida et al. (2012); Kanu et al. (2018). Often, they also rely
on a deep knowledge of the chemical composition of the feed stock, also known as feed
sludge characteristics, as well as on time-series sensor readings of the conditions within

the digester, typically referred to as operating characteristics.

While it has been shown that relying on feed sludge characteristics can be more effec-
tive than simply considering operating characteristics, monitoring them is not feasible
in many industrial applications. More precisely, in the context of foam-formation in
AD, machine learning models have only been used to a limited extent such as for state
estimation using neural networks to predict methane production, e.g., (Gaida et al,,
2012; Fernandes, 2014), and for gaining insights into which variables could be the best
indicators of foaming (Dalmau et al., 2010a). Crucially, such approaches are often un-
able to predict foaming before it occurs, as typically they provide a warning only when
the foaming is already in an advanced stage and it is too late to take any mitigating
actions (Dalmau et al., 2010b).
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On the contrary, the methods we propose in Chapter 3 allow for predicting foaming
within a user-specified warning window from operating characteristics alone. Regular
and frequent injections of anti-foaming agent into the digester appears to be the most
popular approach to prevent foam from building up. As we will illustrate, the models
we propose are able to provide advanced warning of the occurrence of foaming. This
advanced warning can enable plant operators to inject anti-foaming only when foam-
ing is likely to occur, resulting in a significant reduction in the amount of anti-foaming
agent required to avoid foaming compared to routinely injecting anti-foaming agent,
thus leading to a considerable cost reduction. More details on foam formation in AD
can be found in Dalmau et al. (2010b); Yang et al. (2021); Gaida et al. (2012); Kanu et al.
(2018); Ganidi et al. (2009) To the best of our knowledge, there are no works attempt-
ing to predict condenser tube leaks. However, for some background on tube leakage
in NPP we refer the reader to Daniels (2010); Coit (1980); Cattant et al. (2008); Miiller-
Steinhagen (1999); Lawrence et al. (1977).

In this work, we model the problem of predicting infrequent adverse events in the
context of our two applications as an imbalanced classification problem. The class im-
balance problem was discovered close to three decades ago and has been at the center
of attentions since then, with various practical mitigation strategies to improve the per-
formance of existing prediction algorithms; see, e.g., Japkowicz and Stephen (2002);
Akbani et al. (2004a); Chawla et al. (2004); Saez et al. (2016) for some related papers and
surveys. However, to the best of our knowledge, this is the first work studying this is-
sue in the context of foaming and condenser tube leakage in AD and NPP, respectively.
Unlike in previous studies, we use only operating conditions which are recorded as
part of the standard monitoring activities of a plant, and, as such, no additional data is

required for our analysis.

Class imbalance occurs when a data set has many more data points belonging to one
class (the majority class) than the others. In the case of binary classification the class
containing fewer data points is referred to as the minority class. This can cause issues
during training as models tend to over-fit to the majority class. This leads to models
which, given an unlabelled data point, are predisposed to predicting that it belongs to

the majority class and conservative in predicting that it belongs to the minority class.

There are numerous strategies used to mitigate the impact of class imbalance; for a
recent survey, see, e.g., Leevy et al. (2018); Zhu et al. (2018); Japkowicz (2000). These
strategies generally fall into three categories: data pre-processing, special-purpose learn-
ing methods and post-processing (Branco et al., 2016).

The most commonly used pre-processing technique to address class imbalance is sam-
pling (Estabrooks et al., 2004), whereby the data is resampled such that the new data
set has an imbalance ratio (the ratio of the number of samples belonging to the minority

class and majority class, respectively) which is closer to 1. The most popular of these
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sampling methods are: random undersampling (RUS), where the cardinality of the major-
ity class is reduced by randomly sampling (with replacement) a subset of the majority
class; random oversampling (ROS), where the cardinality of the minority class is increased
by randomly sampling from it with replacement; and synthetic oversampling, where
new, artificial, minority class samples are created. Optimal results may be obtained
through a combination of undersampling and oversampling methods, see, Estabrooks
et al. (2004). For an example of combining sampling techniques for classifying time-
series data, we refer the reader to Moniz et al. (2016), in which undersampling is used

in concert with synthetic oversampling.

Special-purpose learning methods refers to a range or classification algorithms either
shown to perform well on imbalanced data sets or which are specifically designed for
this problem class. Classification algorithms which utilise bagging and boosting have
been shown to provide good results in imbalanced domains (Singh and Purohit, 2015).
In Section 3.3, we evaluate the performance of numerous popular classification algo-
rithms, including: random forest classifiers, which utilise bagging; and adaptive boost-
ing and gradient boosting classifiers, which utilise boosting methods. There also exists
variation of common algorithms to better suit imbalanced classification problems. For
example balanced random forest is a variation of random forest which is designed to
perform better for imbalanced classification problems. For an example of how exist-
ing algorithms can be altered to better suit the imbalanced domain, we refer the reader
to Akbani et al. (2004b). Generative models such as the Gaussian naive Bayes classifica-
tion algorithm (which we evaluate in Section 3.3) also show a great deal of robustness
to class imbalance, as the distribution for each class is calculated independently and,

therefore, they are not biased to over predicting the majority class.

A popular form of post processing is thresholding. Where a classifier gives a probabilistic
output, the threshold at which a label is assigned can be adjusted such that the classifier
more readily assigns data points to the minority class. As discussed in Subsection 2.1.2,
analysis of a model’s ROC curve can enable the optimal selection of this threshold.
Therefore, when possible, an additional validation set should be partitioned from the
training set with which to assess a range of thresholds, the best of which can then be

used to evaluate the model’s new adjusted performance on the original validation set.

3.2 Modeling and solving the infrequent adverse event predic-

tion problem

3.2.1 Machine learning problem set-up

Intuitively, adverse event prediction from time series data is an anomaly detection

problem. In this subsection, we suggest a modeling framework to label the time series
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operating condition data, hence constructing a supervised anomaly detection prob-
lem (Omar et al., 2013; Laptev et al., 2015). Anomaly detection models are typically
trained either offline (in batches), whereby historical data sets are used to periodically
update the model, or online, where models are continuously updated as live data is fed
into the model (Srikanth et al., 2020). Due to the small number of adverse events in our
data sets, it is impractical to train our models online as, by the time the model has seen
enough training data to give reasonable predictions, we would only have one or two
adverse events left to evaluate the model’s performance on. For this reason, we batch
train our models. Treating adverse events in our applications each as a single anomaly
would lead to a trivial data set, containing only 5 anomalies for the AD application and
7 for the NPP application. Further details on the datasets are provided in Section 3.3.1.
Training a model using such a small number of data points in the minority class would
be infeasible. For this reason, we introduce a modeling framework which derives nu-
merous data points of anomalous operating conditions relating to each adverse event.
To the best of our knowledge, the following modeling framework has not been applied

to any applications of supervised anomaly detection from time series data.

Given a time horizon, let (X;, yi)ic[, be a time series where each data point X; € RY
consists of an observation of d features at time i and y; is a binary label denoting
whether the adverse event occurs at time i or not. More formally, the pair (X, y;)c|n is

such that
1 if the event occurs at time i,

X; € RY and yi = )
0 otherwise.

We adopt a common pre-processing technique often used in time-series forecasting and

referred to as leading or lag inclusion, where we augment each data point X; by creating

the vector X; € R4("*1) defined as follows:

where T is the number of lags that we wish to include. We refer to each X; as a pattern.

Let w be the maximum amount of time before an event at which the system begins to
show signs that an event is imminent. To be able to capture an adverse event at most w
steps before its occurrence, we introduce a new set of labels i7; € {0,1}, i € [n], defined
in such a way that, for a given w € IN, it holds that

y~i:1 = EIZIE{Z,,Z—F(U—].} yi’:]-'

We refer to such labels as warning labels. According to this definition, #; is equal to 1 if
and only if an adverse event occurs in the time window starting at time i and ending at

time i + w — 1, whereas it is equal to 0 otherwise. Relabeling the data in this manner is
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crucial for constructing models capable of predicting adverse events before their occur-
rence. By generating a number of additional data points related to each adverse event,
this method also reduces the class imbalance present in our data sets. To the best of our
knowledge, this relabeling has not been used previously in the literature. The problem
of training a classifier to determine whether an event will occur in the next w steps can

now be formalised as follows

Problem 1. Given (Xj, §i),.;,;, find h such that:

ien]
heargmin L4 (X,7)
h

s.t. h € Hy,

where H, is the family of possible prediction rules which can be output from classifi-
cation algorithm A and L4 is the loss function (which takes, as input, pairs of corre-
sponding predictions /(X;) and true labels ;) used by algorithm A to determine the
optimal prediction rule & (Shalev-Shwartz and Ben-David, 2014).

Solving this problem for a given classifier is just a step of the approach that we propose
in the next section. In our method, Problem 1 can be solved by adopting, virtually, any
classifier (we will consider 11 such classifiers in Section 3.3). In the next subsection, we
outline the main challenges that one faces when tackling this problem for our specific
applications with off-the-shelf methods, and the techniques that we propose to avoid
them.

Note that in order to predict the adverse event before it actually occurs with enough
warning such that maintenance can be carried out to prevent or minimise the dam-
age caused by it, we introduce m, the minimum length of the warning window that
is required for the application at hand. The value of m should be large enough to al-
low sufficient time for the required maintenance to be carried out in order to avert the
impending adverse event. w, on the other hand, is a hyperparameter for Problem 1,
the optimal choice of which is dependant on each specific system and application. The
careful selection of w is crucial, as this number must be significantly larger than m to al-
low time for maintenance, yet too large an w makes the assumption that the behavior of
the system long before the event is indicative of an event’s imminent occurrence which
may not be true (very large values of w would lead to ; = 1 for almost all i € [n],
rendering the prediction, de facto, useless).

Of course, there is no value in predicting events either within m steps of their occur-
rence or when they are already occurring as, at this point, it would be too late for the
event to be prevented. For this reason, we are not interested in evaluating the perfor-
mance of our models when the original label y; equals 1, or fewer than m steps before
yi equals 1.
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In both of our applications, the maintenance required to prevent an adverse event from
occurring can be completed almost immediately. Anti-foaming agent can be admin-
istered, which very quickly subdues severe foaming and the load on a condenser’s
corresponding turbines can be immediately reduced, allowing time for repairs to be
carried out without the risk of a large leak developing. For this reason, we can con-
sider m to be 0, meaning that we need only disregard our model’s performance on the
patterns whose original label y; equals 1. In Subsection 3.2.3, we detail how we handle

such patterns in our experiments.

In our experiments we adopt the customary method of constructing a prediction rule by
fitting a classifier to a training set and then testing said rule on a reserved, unseen test-
ing set. As is typical when assessing classification accuracy, we repeat our training and
testing via k-fold CV (detailed in Subsection 2.1.1). To evaluate each classifier’s abil-
ity to predict warning labels for a given testing set we use an accuracy metric, such as
balanced accuracy or the area under an ROC curve (each detailed in Subsection 2.1.2).
We weigh the pros and cons of these metrics for use in this application in the following
subsection. In Subsection 3.2.3, we introduce a novel method for sampling folds for
use in CV which, as we show in Subsection 3.3.2, results in a more accurate prediction
of adverse events than standard approaches. When using our proposed method, the
number of folds we can sample from our data into is limited by the number of events
we have. The number of adverse events in either of the data sets corresponding to our
two applications is very low. Due to the nature of the learning tasks we tackle, a num-
ber of crucial issues are likely to arise when resorting to the classical method of k-fold
CV for training and testing the classification algorithm we propose. We address such
issues in the following subsection, presenting the appropriate techniques we adopt for

facing them.

3.2.2 Standard approaches and their drawbacks

We begin by establishing the need for chronology. It is common to avoid shuffling
time series data. This is especially true when creating patterns via lag inclusion as, by
randomly sampling patterns into training and testing sets, it is likely that for a given
pattern X; in the testing set that either X; 1 or X;,; will be contained in the training set.
As the features that are observed on both the AD and the NPP applications do not vary
drastically over a single time interval, it is likely for the pattern X; to be very similar
to both X;_; and X; ;. This would result in the testing set containing patterns which
were “almost seen” in the training phase, resulting in solutions which, while exhibiting
a very high predictive accuracy on the testing set, are likely to have poor generalisation
capabilities. This occurrence falls within the phenomena of data leakage, wherein data

rom our testing sets “leaks” into our training sets.
f test ts “leaks” int t t
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As mentioned in the previous section, we train our models in batch as opposed to on-
line. We do so using k-fold CV, shuffling folds (within each fold patterns are ordered
chronologically) while iteratively selecting each one to serve as a testing set. Both on-
line and batch trained classifiers have been shown to be effective for predicting ad-
verse events (Shi et al., 2019). If implemented within a predictive maintenance tool,
this batch-trained model would be retrained whenever new, relevant data becomes
available (i.e., after each new adverse event occurs). It is worth noting that our goal
in preserving chronology is to ensure that patterns which occur within a short dura-
tion of our testing data are not included in our training sets. As such, we only require
chronology within each fold. After that point chronology is no longer a requirement.
Le. having ensured that there is no data leakage in our fold selection and subsequent

train test split we can freely shuffle the training data.

Shuffling folds of chronological data also presents an issue, as the system in question
may change slightly over time as events and maintenance occur. However, this actu-
ally is an advantage as, should we find a model capable of accurately predicting events
using this method, then such a model would have captured the behaviours of the sys-
tem that are pervasive through the minor changes to the system caused by temporal
variation, the occurrence of adverse events and maintenance. In light of this, an intu-
itive fold sampling method would be to simply partition the data into equal sized folds,
preserving chronology in each of them. There are, however, significant issues with the

application of this method to our problem, which we now outline.

Due to the infrequent occurrence of adverse events, the data sets of the two applications
we consider are likely to suffer from a large class imbalance, detailed in Subsection 3.1.
Class imbalance is known to be a problem in supervised anomaly detection (Luo et al.,
2019; Maurya et al., 2015; Kozik and Choras, 2016), as classifiers trained for these prob-
lems are likely to over-fit the majority class (the non-anomalous data). In our appli-
cation, this would lead to models which over-predict the non-occurrence of adverse
events, increasing the likelihood of the model failing to predict the occurrence of ad-
verse events. As detailed in Subsection 3.1 the three main strategies for addressing
class imbalance are data pre-processing, special-purpose learning methods and post-
processing (Branco et al., 2016). In the next subsection, we propose block sampling, a
method of informed undersampling specifically designed for the problem of predict-
ing infrequent adverse events in systems from time-series data. In Section 3.3 we com-
pare block sampling with other sampling techniques and evaluate the performance of
a number of special-purpose learning algorithms. As discussed in Subsection 2.1.2, the
common post-processing technique of thresholding the outputs of probabilistic classi-
fiers requires an additional validation set with which to determine the optimal thresh-
old using analysis of ROC curves. As mentioned in the previous subsection, there is
a very low number of adverse events in our two data sets and, as such, there is only

a small amount of data for which the warning label #; is 1. For this reason, it is not
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practical for us to perform thresholding as reserving an additional validation set for
determining the optimal threshold would leave us with too little data for model train-

ing.

As the adverse events occur infrequently and irregularly in the two applications we
consider, ideally we would partition the data set into the k folds in such a way that at
least one adverse event occurs in each of them. Failing to guarantee this would lead
to us evaluating model performance on testing sets which do not contain any adverse
events. Any classifier which almost exclusively predicts the non-occurrence of adverse
events would score extremely well on any such testing set, regardless of how well it
predicts the event itself. This would lead to a further bias in the model selection process
towards models which accurately predict the majority class.

Our binary warning labels simplify the state of the system to two states: the system
being at risk of the adverse event occurring within the next w time intervals if i; = 1
and the system being in normal operations if §; = 0. In the time period immediately
following an event, we would not expect the system to have returned to normal op-
erations typically due to changes caused either directly by the event or indirectly by
the maintenance undertaken following the event. For this reason, while we would not
label patterns corresponding to a point in time immediately following an event 7; = 1,
they are not indicators that the system is in a stable state and so should not be labelled
7i = 0 either. For this reason, retaining such patterns in our data set with either label

may negatively affect the performance.

3.2.3 Block sampling

In this subsection, we propose block sampling: a method of informed undersampling
designed to address all of the previously described drawbacks to fold sampling by
partition. We identify a set of k non-overlapping and contiguous blocks of equal size
within the data set, where k is the number of events that occur in the entire data set. We
use k here as we will later use these blocks as folds in k-fold CV. Each block (X, 7j)jer,
is defined by a set of indexes T;. The index set of each block T; fori € {1,...,k}, consists
of the end of an event (i.e., the last time step in an event with 7; = 1) together with the
preceding B time intervals. For this reason,  should be selected to be small enough

that the blocks do not overlap. More formally, for each label y; where
Ji=1Ngj1 =0,
there exists a block defined as

T:={j—B,....j}
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We call all patterns whose original label y; is 1 event patterns. Including event patterns
in the data used to train our models makes the implicit assumption that the behaviour
of the system during the event itself is indicative of its behaviour leading up to the
event. Including these patterns would increase the number of patterns associated to
the event, helping to reduce the large class imbalance and improving the strength of
the classifiers. On the contrary, excluding the event patterns from model training makes
the assumption that the behaviour of the system during the event is independent from
its behaviour leading up to the event. If this is the case, including these patters would
only add noise to the minority class, ultimately resulting in weaker classifiers. For these
reasons, the decision to include or exclude the event patterns from model training is
specific to the system and application at hand. Preliminary experiments or in-depth
knowledge of the system and of the nature of the adverse event is required to make
this decision. A block which does not contain event patterns (X]-, 7;) jer: is defined by
a set of indexes T; = {j € T;|y; = 0}. We generally refer to the index set defining a
sampled block as

B {Ti if include event = True,
i =

T/ if include event = False,

and therefore a sampled block is given by (X;,7;)jep- In Subsection 3.3.2 we will
demonstrate how, when using a standard method of equally partitioning the entire
data set into equally sized folds, training models on blocks sampled in this manner
from the training folds leads to better performance than using the entirety of the train-
ing folds and outperforms other sampling methods.

3.2.4 Block sampling for k-fold CV

Up to this point block sampling has simply been a sampling method. In this subsection
we outline the process by which block sampling can be used to generate folds for k-
fold CV which we will use in the experiments in Subsections 3.3.3 and 3.3.4 and we
will detail the benefits of doing so.

When using block sampling to generate folds for k-fold CV, we do not partition the
entire data set into folds, but instead, consider only the blocks sampled from entire
data set which we use as folds in k-fold CV. Therefore, the set of folds we will use is,

{5 0o (K5 ) e, -

We define B = By,...,Byand X! = (X)) jeB\; as all of the patterns within the blocks
other than the i block. We similarly define 9" = (7j);cp\p, At the i iteration of
our k-fold CV, (X', 7') will be our training set. As we aim to build models capable of
predicting if an event is likely to occur in the next w time intervals, we are not interested

in predicting if an event is currently occurring. For this reason, we remove all event
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patterns from our blocks/folds when we use them for testing. We therefore define
X = (X)) jer, and 7 = (7)) jer; as the pattern label pairs belonging to the i block
excluding any event patterns. At the i iteration of our k-fold CV, (X!, ) will be our
testing set. We therefore define the CV accuracy for a given classifier as

f Ly (g5, 9)

accuracy A (X)), 7).

i=1 )

In this formula &, ¢ (% 97) denotes the decision rule of a classifier which has been trained
on the data and labels (X/, §') and “accuracy” can be any function which maps a set of
prediction, true label pairs to a number between 0 and 1. In Subsection 3.3 we will use
balanced accuracy (defined in Subsection 2.1.2) for this accuracy metric.

Remark 3.1. The benefits to this method over the straightforward method of partitioning

the entire data set into equally sized folds are as follows:

1. Using block sampling for doing this we guarantee that each testing set contains
exactly one event; in the experiments in Subsection 3.3.2, where we partition the
entire data set into equally sized folds, an issue we have to address is that some
of these folds do not contain any adverse events rendering testing using them
pointless.

2. Unlike when equally partitioning the entire data set, we do not have any patterns
corresponding to the unstable period immediately following adverse events. As
we are not interested in our model’s performances on these patterns, their in-
clusion would only serve to disrupt training and bias our evaluation of model

performance.

3. Sampling blocks to use as folds in CV dramatically reduces the class imbalance

present in the original data set.

4. A drop in model performance due to dropping a large amount of the data when
using only blocks for training is not a concern. As we will show in the experi-
ments in Subsection 3.3.2, models trained on sampled blocks outperform models
trained on folds generated by partitioning the entire data set for k-fold CV, even
when other sampling techniques are applied.

5. As the data in each block is not shuffled, each block contains patterns that are con-
tiguous in time. By sampling blocks in this manner we preserve in-fold chronol-

ogy and avoid data-leakage.

6. It is common to use undersampling in concert with oversampling (Moniz et al.,
2016; Estabrooks et al., 2004). Block sampling is no different in this regard and
oversampling methods can be used to further reduce the class imbalance within
each block.
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3.2.5 Hyperparameter selection

In the experiments in Subsections 3.3.3 and 3.3.4 we perform k-fold CV using folds
sampled using our block sampling method. In this section we outline the process by
which we perform hyperparameter selection using block sampled folds. At each itera-
tion of our k-fold CV, before evaluating our models on the testing set, we will perform
a (k-1)-fold CV in order to tune the hyperparameters. The folds used in this (k-1)-fold
CV will be the same k-1 folds originally assigned for training. This means that all of the
desirable features of our block sampled folds, such as chronology and ensuring that
each fold contains exactly one event, will be preserved in the (k-1)-fold CV. As with
the basic k-fold CV method, we will have to modify this method to allow for including

event patterns during training while excluding them during testing.

Here we define X/ = (Xl)leB\{Bi,Bj} and 9" = (gl)leB\{Bi,Bj}, for i,j € [k], as all of the
pattern label pairs within the blocks other than the i and j* block. Let X, ¢, X', 7 be
as they were defined in the previous subsection. Let A be the set of all combinations of
values for the hyperparameter(s) which are being tested. As the decision rule found by
a classifier is dependant on its hyperparameter selection, we now redefine h???,ﬁ) as the
model which has been trained on (X, §) using hyperparameter values A € A. Let AZD)
be the set of hyperparameter values which gives the best performance on the pattern
label pairs (X, 7). Similarly, let «X9) be the average CV accuracy of models on (X, 7).
Algorithm 3 shows the modified version of (k-1)-fold CV for hyperparameter selection

nested within k-fold CV for model selection.

Algorithm 3 Nested k-fold CV for model selection using grid-search for hyper-
parameter selection

Result: Average k-fold CV classification accuracy with tuned hyperparameters
for i € [k] do
a(X’,y”) =0
for A € Ado
a7 Z;:ll accuracy (h&i,j,yi,j)(f(f),y‘f)

if o« > uc()?i'f’i) then

AXT) A
end if
end for
end for oy
Return: 1 Y¥ | accuracy (h?}(?,yy,; (X", yl)

As mentioned previously, other sampling methods can still be used to further address
class imbalance when using block sampling to generate folds for k-fold CV. To do so, we
simply apply the sampling method to the data which will be used to train the model.
We note that the shuffling of the training set which is performed as part of methods
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such as ROS and RUS (detailed in Subsection 3.1) is not a problem because, as men-
tioned in Subsection 3.2.2, we only require chronology within each fold in order to
avoid data-leakage between our training and testing sets and as such, having assigned

our training folds, we are free to shuffle the data within them.

3.3 Numerical experiments

In this section, we assess the predictive power of the modeling method we have pro-
posed by experimenting on a data set corresponding to each of our two applications:
foaming formation in AD and condenser fouling in NPP.

3.3.1 Setup

For the foam formation in AD problem, we rely on a data set provided to us by DAS Ltd
in collaboration with Andigestion Ltd, a UK-based AD company producing renewable
energy for the national grid through the combustion of biogas obtained from natural
waste. The AD data we use consists in a time series collected from sensors at Andi-
gestion Ltd’s plant based in Holsworthy, UK. The data set consists of 14,617 hourly
readings of 9 numeric variables. This amounts to 20 months of runtime from December
1st 2015 to July 31st 2017. Over this period, no anti-foaming agent was being used and
5 distinct foaming events occurred.

For the problem of predicting condenser tube leaks in civil NPP, we consider a data set
collected by DAS Ltd during work carried out for a UK civil nuclear plant. This data
consists of 30,664 readings taken at 3 hour intervals of 14 numeric variables, amounting
to 10 years of data from 2009 to 2019. The 3 hour intervals between readings means that
w = 8, for example, corresponds to 24 hours of warning. Over this period, 10 recorded
tube leaks occurred. 4 of these leaks occurred shortly after another tube leak, and, as
they cannot be considered independent events. Including the data corresponding to
such leaks led to poor model performance, as, in the brief period between the two non-
independent events, our assumption that the system was in a stable state did not hold.
For this reason, the data corresponding to such leaks is discarded. This leaves us with

a total of 6 fouling events.

We evaluate 11 classification algorithms used for solving Problem (1), selected among
the most used algorithms in the literature for classification tasks: Support Vector Ma-
chine with a radial-basis-function kernel (SVM), Random Forest (RF), Balanced Ran-
dom Forest (BRF), Multilayer Perceptron (MLP), Logistic Regression (LR), AdaBoost
(AB), k-Nearest Neighbours (KNN), Decision Tree (DT), Gaussian Naive Bayes (GNB),
Quadratic Discriminant Analysis (QDA), and Gradient Boosting (GB). For each of them,
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we rely on the corresponding Python implementation available in the Python package
scikit-learn (Pedregosa et al., 2011). Notice that, due to the potential need to include
event patterns in the training phase while excluding them from testing, we cannot use
the Scikit-learn function cross_val_score for k-fold CV but, rather, we employ the
custom methods presented in Section 3.2.

The only preprocessing that we apply to the data is a simple rescaling by which we
restrict each variable to a range between 0 and 1. In our experiments, a scaler is fit to
the training set and then used to scale the data from the training and testing sets. This
is implemented using the function MinMaxScaler from Scikit-learn. Also note that
all experiments are run using a consumer-grade personal computer, equipped with a
quad-core i5 CPU and 8 GB of RAM.

3.3.2 Comparing block sampling to other sampling methods

In this experiment, we compare our proposed block sampling technique with other
popular sampling techniques. In order to quantify the advantages of selecting folds
using the block sampling method proposed in Section 3.2, we begin by adopting the
standard approach of partitioning the entire data set into k folds, where k is equal to
the number of events. We go on to perform k-fold CV by iteratively selecting one fold
for testing and using the remaining folds for training. At each iteration of this k-fold CV,
models are trained on 5 different training sets, each using a different sampling scheme

to generate a training set from the k — 1 folds assigned for training.

The first of these training sets is the basic partitioning training set, comprised of the en-
tirety of the k — 1 folds reserved for training. The second is the oversampling training set,
created by oversampling the folds reserved for training to have an imbalance ratio of 1.
The third is the SMOTE training set, created by using the SMOTE algorithm (a popular
synthetic oversampling algorithm (Chawla et al., 2002)) to synthetically oversample the
folds reserved for training to have an imbalance ratio of 1. Fourth, we have the block
sampling training set, created using our proposed block sampling method to create a
block for each event contained within the folds reserved for training. Finally we have
the undersampling training set. Undersampling to an imbalance ratio of 1 would lead to
poor results as the total size of the data set would become very small (containing as few
as 104 total patterns). For this reason the undersampling training set is constructed by
undersampling the folds reserved for training to have an imbalance ratio of 0.05 (the
same imbalance ratio achieved by block sampling). We then train classification models
on these 5 training sets and evaluate the performance of all of them on the same testing
set, the entire fold reserved for testing. This process is repeated using each of the k folds
as a testing set and the average CV accuracy of each model is compared.
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FIGURE 3.1: The entire time series for the AD application is partitioned into k = 5
equally sized folds. Foaming events are shown in black. One fold, shown in green,
is reserved for testing. The remaining 4 folds, shown in red, are reserved for train-
ing. These training folds will be used to generate the basic partitioning, oversampling,
SMOTE, block sampling and undersampling training sets. The blue boxes show the
blocks which are sampled from the folds reserved for training to create the block sam-
pled training set. At the next iteration of CV a different fold will be selected for testing.

Figure 3.1 gives an example of one iteration of this process on the AD data. As there
are 5 foaming events, the data is partitioned chronologically into 5 folds. One of these
folds is selected for testing and the remaining 4 are assigned for training. The basic
partitioning, undersampling, oversampling, SMOTE and block-sampling training sets
are created as described previously, and 11 classifiers are trained on each of them for 55
total models. All of these classifiers are then tested on the entire testing fold, and their
results are compared. The process is repeated 5 times and the average accuracy of the

classifiers trained with each type of training set is compared.

As stated in Section 3.2, due to the infrequent and irregular occurrence of events, it is
likely that some of the partitioned folds in this experiment will contain no events. An
example of this can be clearly seen in Figure 3.1. The inclusion of iterations in which
these folds are used for testing in the calculation of the average testing accuracy would
introduce a bias towards models which correctly predict that the adverse event will not
occur regardless of how well they would predict that it will. For this reason, we do
not include iterations where we test folds containing no events in the calculation of the

average testing accuracy.

Through preliminary experiments, we have found that, for both applications, the in-
clusion of 4 lags in each data point (i.e., the adoption of T = 4) resulted in stronger
classifiers. In this initial experiment, we set w equal to 24 and 8 for the foaming in
AD and tube leakage in NPP problems respectively, corresponding to a warning of 24
hours. This means that, when including the event patterns in the training sets, the par-
titioned training sets have an imbalance ratio of 0.016 for the AD application and of
0.003 for the NPP application. When using the block sampling method shown in Sec-
tion 3.2, we sample 1000-hour blocks from the AD data set and 750-hour blocks from
the NPP data set. This corresponds to slightly over a month of runtime in each block
and results in the block sampled training sets having an imbalance ratio of around 0.05.
As the AD data is recorded at hourly intervals and the NPP data is recorded at 3 hourly
intervals, the sampled blocks contain 1000 and 250 patterns, respectively.
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While patterns occurring within the event itself are always excluded from the test-
ing set, we will experiment with including such patterns in the training set using the
methodology laid out in Section 3.2.

0.65
M Basic Partitioning
0.60 m Undersampling
Oversampling

0.55 SMOTE

. M Block Sampling
0.50 [ |

AD NPP

FIGURE 3.2: Average CV accuracies across all 11 classifiers for each sampling strategy
in each application when including event patterns in the training data. Full experi-
mental results can be found in Tables A.2 and A.2 in Appendix A.3. A baseline of 0.5
is used for this graph as this is the balanced accuracy that randomly guessing would
achieve.

Tables A.1 and A.2 in Appendix A.3 show the full results of this experiment. From in-
spection of these results, we can see that, in both applications, models which include
event patterns in their training outperform those which do not. As shown in Figure 3.2,
when including event patterns in training, constructing models using the block sam-
pling training sets outperformed models trained using any other sampling techniques.
As can be seen in Tables A.1 and A.2 in Appendix A.3, when including the event pat-
terns in the training sets, using the block sampling training sets leads to better accuracy
than any other sampling method for 8 of the 11 classifiers in the AD application and 10
of the 11 classifiers in the NPP application. This result shows that, while not all of the
11 classification algorithms achieved their best accuracy using block sampling, block
sampling was the most robust sampling method for improving model performance
in these applications as it provided the most consistent improvement in performance
over the 11 classifiers. Training models on the block sampled training sets instead of
the basic partitioning training sets folds improved the average testing accuracy of the
11 classifiers from 60.2% to 67.5% for the AD application and from 51.1% to 59.7% for
the NPP application. In subsequent experiments we investigate using further sampling
methods within each sampled block to further improve the performance of models.

3.3.3 AD experiments

In the previous section, it was established that models for predicting foaming which
were trained on sampled blocks significantly outperform those trained on the entirety
of the partitioned folds and models which included event patterns in training outper-

formed those which did not. For this reason, together with the other reasons given in
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Subsection 3.2.4, in the following experiments we perform k-fold CV where each fold is
a block containing one foaming event and event patterns are excluded from testing but
included in training. For further details on block sampling and event inclusion versus
exclusion see Subsection 3.2. This means that, unlike in the previous experiment, there
will be an event in the testing set in every iteration, and so, no iteration’s results will

need to be disregarded.

Firstly, we evaluate the performances of the classifiers with w € {12,24,36,48,96} re-
sulting in models which provide up to 12, 24, 36, 48 and 96 hours of warning. Table A.3
in the Appendix shows the average balanced accuracy of the 11 classifiers over 5-fold
CV with a range of values of w. The GNB classifier outperformed all others for all val-

ues of w, with CV accuracies ranging from 0.671 to 0.875.

These results show that the three classifiers achieving the best performance for predict-
ing foaming for a range of values of w are SVM, BRF and GNB. In hopes of mitigating
the negative effects that class imbalance may have on these three classifiers, we assess
the effects of undersampling and oversampling. For details on how these sampling
techniques were implemented, we refer the reader to Section A.1 in the Appendix. Ta-
ble A.4 in Appendix A.3 shows the results of 5-fold CV, comparing the results of using
different sampling techniques. As expected, sampling techniques generally do not im-
prove the performance of the BRF classifier due to the fact that it already integrates
them. The GNB classifiers only see minor increases in performance for all values of w
when the training set is under or oversampled. This is to be expected as, unlike BRF
and SVM which are discriminative classifiers, GNB is a generative classifier and, as
such, is less vulnerable to class imbalance. SVM classifiers show a significant increase
in average CV accuracy across all tested values of w with an average increase of 6.7%
when using undersampling and 3.4% when using oversampling.

Finally, whereas in previous experiments we adopted the default hyperparameter se-
lections, here we use a modified version of grid-search detailed in Algorithm 3 to tune
the hyperparameters of the three best-performing classification algorithms using a grid
of roughly 100 combinations of hyperparameter values. Details on default hyperpa-
rameter selections and the grids of hyperparameter values used for each classification
algorithm can be found in Section A.2 in the Appendix. Table A.5 in the appendix com-
pares the performances of the three best performing models with tuned hyperparam-
eters and with default hyperparameter values for a range of values of w. We observe
that GNB and SVM classifiers with tuned hyperparameters see improved average ac-
curacy over those with preselected hyperparameters values across all tested values of
w, with an average increase of 2.1% and 5.0% respectively. The performance of the BRF
classifiers is, in general, not improved by hyperparameter tuning. A possible expla-
nation for this is that the small size of our training set has caused over-fitting to occur
during the hyperparameter tuning phase, leading to poor generalisation on the testing
set.



54 Chapter 3. Imbalanced data classification for infrequent adverse event prediction

Figure 3.3 shows the average testing accuracy of the best classifiers for various values
of w over 5-fold CV of the AD data. Each classifier included in this graph achieved
the highest average testing accuracy of all classifiers tested for at least one value of w.
Though sampling techniques and hyperparameter tuning both improved the perfor-
mance of our best-performing classifiers (SVM and GNB), tuning hyperparameters in
combination with sampling the training set did not lead to strong classifiers. In light
of these results, w = 24, corresponding to 24 hours of warning, results in the models
which offered similar or improved accuracy compared to those trained with w = 12
whilst providing up to double the amount of warning. The best performing model for
any value of w was a GNB classifier using oversampling with w = 24, which achieved
an average testing accuracy of 88.6%.
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0.90 = GNB (Tuned)
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FIGURE 3.3: Graph of the average testing accuracies of the classifiers which perform
best at one or more value of w in predicting foaming

Figure 3.4 shows the testing predictions of GNB trained on an oversampled training set
with a 24-hour event association. Each plot shows the last 250 hours of a block as well
as the predictions of a classifier which has been trained on the remaining 4 blocks. The
blue line shows the predicted probability of foaming and the green dashed line shows
the corresponding warning labels # which go from 0 to 1 24 hours before the foaming
would occur. As can be seen, this classifier is able to accurately preempt each one of
the foaming events given that it has been trained on the remaining four events. While
there are periods of false positives (i.e. predicting foaming when it is not imminent) in
these predictions, these periods account for very little cost as, should this classifier be
implemented into a predictive maintenance model, false positives such as these would
result in anti-foaming agent being needlessly injected into the digester. Despite some
wastage, this would still result in a massive reduction in the amount of anti-foaming
agent used when compared to the current method for guaranteeing the non-occurrence
of foaming, which is to routinely inject anti-foaming agent into the digester at regular
intervals.

3.3.4 NPP experiments

As in Subsection 3.3.3, in the following experiments we perform k-fold CV where each

fold is a sampled block (as detailed in Subsection 3.2.4) containing one condenser tube
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3.3. Numerical experiments
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leak event sampled from the NPP data as described in the Subsection 3.3.2 and event
patterns were excluded from testing but included in training.

Firstly, we evaluate the performances of the classifiers with w € {4,8,12,16,32} which,
due to the data points being recorded at 3-hour intervals, results in models which pro-
vide up to 12, 24, 36, 48 and 96 hours of warning. A comparison of the average balanced
accuracy of the 11 classifiers over 6-fold CV with a range of values of w can be found in
Table A.6 in Appendix A.3. The results suggest the three classifiers achieving the best
performance for predicting condenser tube leaks for a range of values of w are SVM,
AB, and GNB, with best CV accuracies of 0.634, 0.644, and 0.609 respectively. In partic-
ular, AB performs best for small values of w, while GNB performs best for large values
of w, and SVM outperforms both for w = 12.

Table A.7 in the Appendix shows the results of 6-fold CV, comparing the results of
using undersampling and oversampling before training the three best performing clas-
sifiers. Details on the implementation of these sampling techniques can be found in
Section A.1 in the Appendix. SVM and GNB classifiers both benefit from oversam-
pling, with an average increase in accuracy, across all tested values of w, of 10.0% and
5.5% respectively. The use of sampling techniques results in little to no improvement in
the accuracy of the AB classifiers while making the performance quite unreliable and,
upon rerunning the 6-fold CV with a different random seed, the results from this clas-
sifier varied considerably.

Finally, we use a modified version of grid-search detailed in Algorithm 3 to tune the
hyperparameters of the three best-performing classification algorithms using a grid of
roughly 100 combinations of hyperparameter values. Details on the implementation of
this hyperparameter tuning can be found in Section A.2 in the Appendix. A compari-
son of the performances of the three best performing models with and without tuned
hyperparameters for a range of values of w can be seen in Table A.8 in the Appendix.
As the table indicates, for this dataset, hyperparameter tuning does not consistently
improve performance and, where it does, the improvement is typically very minor. As
in the AD application, this could be due to over-fitting the hyperparameter selection to

the relatively small amount of data.

Figure 3.5 shows the average balanced accuracy of the best models for various values
of w over 6-fold CV of the NPP data blocks. Each classifier included in this graph had
the highest average testing accuracy of all classifiers tested for at least one value of w.
Unlike with the AD data set, where a range of classifiers performed well at different
values of w, here we have one classifier outperforming all others for the majority of
tested values of w. In particular, the SVM classifier using oversampling outperforms
all other classifiers for w less than or equal to 36. For values of w larger than 36, the GNB
classifier using oversampling gives the best performance; however, all classifiers have

relatively poor accuracy for large values of w. For this reason, we recommend adopting
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the smallest value of w which would still allow time for preventative measures to be
undertaken. An SVM classifier trained using oversampling with w = 4 (corresponding
to 12 hours of warning) is able to achieve an average testing accuracy of 76.2%.
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FIGURE 3.5: Graph of average testing accuracies of the classifiers which perform best
at one or more value of w in predicting tube leaks

Average Balanced Accuracy
QOver 6-Fold CV of
Condenser Data Blocks

When predicting condenser tube leaks in the NPP application, our best performing
model, SVM trained on an oversampled training set with a 12 hour event association,
achieves an average accuracy of 0.762 across the 6 blocks (corresponding to the 6 tube
leaks). This classifier is able to accurately preempt 4 of the 6 tube leakage events given
that it has been trained on all of the other 5 events, as can be seen in Figure 3.6. Each plot
shows the last 100 3-hour intervals of a block as well as the predictions of a classifier
which has been trained on the remaining 5 blocks. The blue line shows the predicted
probability of tube leakage and the green dashed line shows the corresponding warn-
ing labels 7 which go from 0 to 1 12 hours before the tube leak would occur. Whilst this
result is not as strong as those for the AD application, the fact that with as few as 5 tube
leaks to learn from it is possible to correctly preempt most condenser tube leaks with a

low number of false positives is encouraging.

3.4 Conclusions

In this chapter, we have proposed a framework for modeling the problem of predicting
infrequently occurring adverse events from time series data as a classification prob-
lem. In particular, we have focused on two applications: predicting foaming in AD and
predicting condenser tube leaks in civil NPP. We have discussed the drawbacks of stan-
dard approaches when working with small, highly imbalanced data sets and proposed
variations on these techniques which best leverage the structure of our classification
problems and mitigate many of the difficulties they pose. We have observed that, using
our proposed block sampling method as opposed to standard methods for constructing
folds, leads to an increase in the average testing accuracy across all 11 classifiers from
60.2% to 67.5% for the AD application and from 51.1% to 59.7% for the NPP applica-
tion and consistently results in better performance than alternative sampling methods.
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FIGURE 3.6: Examples of 4 SVM classifiers, trained on oversampled data from 5 of the NPP blocks, being tested on the block which they had not
seen during training. The model’s predicted likelihood of tube leakage is shown in blue and the warning label is shown in green.
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In this experiment we also observe that, while event patterns were excluded from all
test sets, including them in the training of models results in a significant increase in ac-
curacy. Our extensive set of experiments have revealed that our proposed framework
for building and comparing a range of classification algorithms, sampling techniques
and hyperparameter selections results in models which achieve a good performance in
predicting adverse events in both of our applications. Our results have shown the im-
portance of evaluating a variety of classification algorithms, sampling techniques and
hyperparameter tuning methods across a range of values of w as these differences lead

to significant variation in classifier performance.

Using our proposed framework for the AD application, we were able to train models
capable of accurately preempting each of the 5 foaming events, having been trained
on the remaining 4, with up to 24 hours warning and an average balanced accuracy of
88.6%. Models such as these could be very easily integrated into a decision support tool
for instructing plant operators when to inject anti-foaming agent to avert an imminent
foaming event. This method of only injecting anti-foaming agent when the digester is
at high risk of foaming would result in a great reduction in the amount of expensive
anti-foaming agent required to avoid foaming when compared with the current method

of avoiding foaming by routinely injecting anti-foaming agent.

For the NPP application, using our proposed framework of model training and evalu-
ation we were able to produce models capable of accurately preempting 4 of the 6 tube
leakage events, having been trained on the remaining 5, with up to 12 hours warning
and an average balanced accuracy of 76.2%. Recall that, in the AD application, there
exists a scheme which can guarantee the non-occurrence of adverse foaming events:
routinely injecting anti-foaming agent into the digester. As such, it is important that
any alternative method we propose is also capable of preventing all foaming events.
In the NPP application, no such scheme exists and, as such, any tube leakage events
which we can enable plant operators to repair off load by providing them with ad-
vanced warning of the leak’s occurrence would result in fewer unplanned turbine trips
and, as such, a reduced loss of revenue. Our experiments suggest that integrating the
models we have shown, trained on only 5 tube leakage events, into a decision support
tool would lead to a significant reduction in the number of unplanned turbine trips.
These results are encouraging and, should additional data be collected, we would ex-
pect to be able to predict these tube leakage events with even greater accuracy. In future
works, we hope to apply this method to predicting foaming in other systems such as
waste water treatment plants which utilise AD, as well as other systems with a steam

circuit which utilise a condenser.
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Chapter 4

Deep learning methods for
screening patients’ S-ICD
implantation eligibility

The chapter is organised as follows. In Section 4.1 we provide a brief recap of the
problem and provide a review of some related works. In Section 4.2, we first introduce
our methodology and the preprocessing techniques we use to de-noise the ECG signals.
We then detail the architectures of the deep learning models we propose for the task.
We then outline the way our models are evaluated, the way we build ensemble models,
and the way hyperparameter tuning is carried out (which is key to the performances
we achieve). In Section 4.3, we assess the accuracy of our models and methods by
selecting the best training method, tuning the corresponding hyperparameters, and
creating ensemble models. In Section 4.4, we demonstrate how our best performing
models can be incorporated into a clinical screening process for predicting the T:R ratio.

Finally, in Section 4.5, we conclude this chapter and outline directions for future work.

Besides the author and his supervisors, this work is done in collaboration with our
partners, Dr Mohamed ElRefai and Dr Paul R. Roberts, who are clinical cardiologists at
the University Hospital Southampton, as well as Dr Benedict W. Wiles, a cardiologist
from St George’s University Hospitals NHS Foundation Trust. The work presented in
this Chapter has been published in the two following papers:

Dunn, A. ]., EIRefai, M. H., Roberts, P. R., Coniglio, S., Wiles, B. M., and Zemkoho, A. B.
(2021). Deep learning methods for screening patients’” S-ICD implantation eligibility. Artificial
Intelligence in Medicine, 119:102139.
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Dunn, A. |., EIRefai, M. H., Roberts, P. R., Coniglio, S., Wiles, B. M., and Zemkoho, A. B.
(2022). Deep learning and hyperparameter optimization for assessing one’s eligibility for a sub-
cutaneous implantable cardioverter-defibrillator. Preprint available at https:/ /optimization-

online.org/?p=21066. Under review in Annals of Operations Research.

A further three papers have been published in which the Al screening tool we have
developed is applied in a clinical setting:

ElRefai, M., Abouelasaad, M., Dunn, A. ]., Coniglio, S., Zemkoho, A. B., Wiles, B. M., and
Roberts, P. R. (2022b). Eligibility for subcutaneous implantable cardiac defibrillator utilising
artificial intelligence and deep learning methods for prolonged screening: where is the cut-off?
Europace, 24 (Supplement _1):euac053—447.

ElRefai, M., Abouelasaad, M., Wiles, B. M., Dunn, A. ]., Coniglio, S., Zemkoho, A. B., and
Roberts, P. R. (2022c). Deep learning-based insights on T:R ratio behaviour during prolonged
screening for S-ICD eligibility. Journal of Interventional Cardiac Electrophysiology,
doi.org/10.1007 /s10840-022-01245-6.

ElRefai, M., Abouelasaad, M., Conibear, I., Wiles, B. M., Dunn, A. ]., Coniglio, S., Zemkoho,
A. B., and Roberts, P. R. (2022a). The use of artificial intelligence and deep learning methods
in subcutaneous implantable cardioverter defibrillator screening to optimise selection in special
patient populations. Europace, 24(Supplement _1):euac053-448.

In two of these papers, our tool is used to assess what the optimal choice of the T:R ratio
cut-off used in the screening should be. In the third, it is used to evaluate the variation

of the T:R ratio of patients with various heart conditions.

4.1 Problem description and related works

As detailed in Subsection 1.2, patients are screened before they can be implanted with
Subcutaneous Implantable Cardioverter-Defibrillators (S-ICDs) to treat ventricular ar-
rhythmias (VA). The current practice is to examine a patient’s T:R ratio—a major pre-
dictor of a patients likelihood of T Wave Oversensing (TWOS) leading to inappropriate
shocks from an S-ICD—over 10 seconds, with patients who have a suitably low T:R ra-
tio (below 1/3) being deemed eligible for S-ICD implantation. However, due to the fact
that a patient’s T:R ratio can fluctuate significantly over time, this 10-second snapshot
is insufficient to reliably reflect the normal behaviours of the patients T:R ratio. In this
chapter we propose a method for automated T:R ratio prediction and demonstrate how
such a method can be integrated into an Al tool, allowing clinicians to perform sig-
nificantly longer screenings, providing a far greater level of detail of the behaviour of
the patient’s T:R ratio and thus, allowing clinicians to much more reliably assess their
implantation eligibility.
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Machine learning methods have been used for ECG analysis in a variety of applications.
There has been a wealth of work in the classification of various Cardiovascular Diseases
(CVDs) from ECG data (Vemishetty et al., 2019, 2016; Rocha et al., 2008; Roberts et al.,
2001; Zhang et al., 2020; Pourbabaee et al., 2018; Kiranyaz et al., 2015; Fan et al., 2018;
Lih et al., 2020). Other applications of machine learning in ECG analysis include de-
tecting seizures and heart attacks (Lee et al., 2014; Liu et al., 2017), predicting patients’
blood pressure (Miao et al., 2020), detecting patients’ facial expressions (Dawid, 2019)
and analysis of ECG of the brain has been used for creating Brain Computer Interfaces
(BCI) capable of detecting which body part the subject was completing a task with (Dje-
mal et al., 2016; Chen et al., 2014).

A popular technique for preprocessing ECG data is to create its Phase Space Recon-
struction (PSR) matrix. Typically, features are extracted from the PSR matrix of ECG
data which can then be used as inputs for a classification model. Box counting as well
as column and row statistics are features often extracted from the PSR matrix of ECG
data. These methods have been used in the prediction of CVD (Vemishetty et al., 2019,
2016; Rocha et al., 2008; Roberts et al., 2001), creating BCIs (Chen et al., 2014; Djemal
et al., 2016) and detecting facial expressions (Dawid, 2019). These approaches are all
centred around manually selecting features to extract from the PSR matrix. Our pro-
posed method diverges from this by using the whole PSR matrix as the input to a model

which is itself capable of extracting features.

The method we propose is based on deep learning and, in particular, CNNs and MLPs.
Deep neural networks (such as CNNs and MLPs) are examples of models which can
extract features without supervision. During training, the many layers of the network
extract features of the input image which are most impactful in accurately determin-
ing the model’s output. As such, these models can replace the need for time consum-
ing feature extraction and engineering and can derive much more descriptive features.
CNNis have been used in ECG analysis for classifying heart attacks (Liu et al., 2017; Cho
et al., 2020), CVDs (Siontis et al., 2021), atrial fibrillation (Fan et al., 2018; Pourbabaee
et al., 2018; Jo et al., 2021) and other arrhythmias and rhythm abnormalities (Kiranyaz
et al., 2015; Zhang et al., 2020; Sangaiah et al., 2020; Lih et al., 2020; Zhu et al., 2020)
as well as for predicting blood pressure (Miao et al., 2020), locating cardiac accessory
pathways (Nishimori et al., 2021), recognising early signs of heart failure with reduced
ejection fraction (Cho et al., 2021) and detecting digoxin toxicity (Chang et al., 2021),
electrolyte imbalance (Kwon et al., 2021) and anaemia (Kwon et al., 2020). All of these
methods use the filtered ECG as the model input, where each lead corresponds to a
single 1D signal. Differently from these works, in our model we include the additional
step of transforming the 1D ECG signal of each lead into a 2D phase-space reconstruc-
tion (PSR) image which is then fed as input to a deep learning model. To the best of our
knowledge PSR matrices have never before been used directly as input to a deep learn-
ing model. As a second element of novelty and differently from most of the literature
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FIGURE 4.1: Flowchart of the methods in our ECG data preprocessing step.

where CNNSs are used for classification (see Babu et al. (2016) for an exception), in this
work we use them to perform a regression task.

4.2 Methodology

We propose a new screening process where a Holter®—a portable ECG recording device—
is used to record 24 hours of ECG data from three leads corresponding to the three
vectors utilised by the S-ICD. This data is then split into 10-second segments and an ar-
tificial neural-network based model is used to predict the T:R ratio for each 10-second
segment. The cardiologist would then be able to review the behavior of the patient’s
T:R ratio over the 24-hour period and evaluate their eligibility. We rely on a number

of filtering techniques for removing noise from the ECG signals. We then use PSR, a
popular technique in waveform analysis, to convert the ECG signal into an image of
its PSR matrix with which we then train a range of deep learning models to predict the
T:R ratio from these images.

The most straightforward approach to measuring the T:R ratio is to locate the R and T
waves and measure their amplitudes. However, by explicitly detecting and measuring
the peaks of the R and T waves, we run the risk of TWOS when the characteristics of
the T wave becomes similar to those of the R wave. To avoid this, by analysing the PSR
matrix of multiple PQRST complexes at once, our model aims to predict the T:R ratio
without ever explicitly locating or measuring the R or T waves within the original ECG
recording.

4.2.1 Preprocessing

Preprocessing involves filtering the ECG data, performing transformations to emulate
the methods used within S-ICDs and creating images by creating PSR matrices from
the filtered ECG signals. Figure 4.1 gives an overview of the preprocessing techniques

used to prepare our data for the training of the regression models.

4.2.1.1 Data structure

We consider data in the form of 10-second segments of three-lead ECG recordings from
Holter leads corresponding to the vectors used by the S-ICD. These three-lead ECG
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recordings are then broken out into three single-lead ECG signals. Each single-lead 10-
second ECG segment is annotated with the positions of the peaks of the T and R waves

occurring in this period.

From these annotations, we are able to calculate the dependant variable for our regres-
sion problem: the average T:R ratio. As mentioned previously, the T:R ratio of a single
PQRST complex is simply the ratio between the amplitudes of the T and R waves. For
the purposes of this work, we will consider this ratio in the form of a fraction. The
average T:R ratio y; for a 10-second ECG segment X; = {x1,...,x10.¢}, where f is the
sampling frequency of the signal, with T-peak annotations at indexes {T, ..., T,,} and
R-peak annotations at indexes {Rj, ..., R, }, is given by

Y1 XT;
Z?:l XR;

When the T wave has negative amplitude, this fraction is negative. From a clinical
perspective, we are only interested in the magnitude of the T:R ratio. However, from
a signal processing perspective, there is a great difference between a PQRST complex
with a negative T wave and one with a positive T wave. For this reason, we will pre-
serve the sign of the T:R ratio, as the loss of information resulting from considering only
the magnitude of the ratio would lead to a reduction in the accuracy of our models.
Having built a model capable of predicting T:R ratios from 10-second ECG segments,
we take the magnitude of this model’s outputs for use in a clinical tool. Our choice to
consider the T:R ratio rather than the R:T ratio, which is more common in the literature,
is well motivated. As the T wave amplitude approaches 0, very small changes in the T
wave amplitude can result in extreme changes in the R:T ratio. This massive variation
in R:T ratio for very similar ECG signals makes it inappropriate for use as a label in
our regression problem. Typically, the R wave is of greater amplitude than the T wave.
Because of this, the T:R ratios of a set of ECG segments are well distributed between 0
and 1. For this reason, we use the T:R ratio as our dependent variable in our regression
problem. If the situation requires it, the R:T ratio can of course be derived from our
model by simply taking the inverse of the model’s output.

4.2.1.2 Filtering

Figure 4.1 gives an overview of the filtering methods we will use to remove noise from
our ECG signal (Lugovaya, 2005). Firstly, baseline drift correction is implemented us-
ing one-dimensional Discrete Wavelet Transformation (DWT). The ECG signal is de-
composed at 9 levels, using the Daubechies 8 (db8) wavelet, then reconstructed using
only level 9 coefficients. This reconstructed signal is the low frequency component for

the ECG signal which is assumed to be the drifting baseline. Subtracting this from the
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FIGURE 4.2: (a) Example of a 10-second ECG segment pre-filtering. R and T peaks
shown in red and blue, respectively. (b) The same 10-second ECG segment post-
filtering.

original signal leaves us with an ECG signal with a stable baseline of value 0. Adap-
tive bandstop filtering is used to suppress power-line noise with a frequency of 50 Hz,
while a lowpass filter is used to remove the remaining high-frequency noise. Having
applied these filters, the locations of the R and T peak markers may no longer be cor-
rect. To account for this, a small region around the R peak is searched for a maximum
and this maximum is taken as the new R peak. Similarly, a small region around the
T peak is searched and the maximum or minimum value in this region is taken as the
new T peak depending on whether the T peak was positive or negative, respectively.
Figure 4.2 gives an example of an unfiltered 10-second ECG segment as well as the

same segment after filtering has been applied.

4.2.1.3 Negative QRS peak flipping

While R waves are strictly positive, a PQRST complex with a small R wave could be
prone to the T wave being labeled as an R wave, leading to double counting. To ad-
dress this, the standard algorithm employed within S-ICDs will search the QRS com-
plex (shown in Figure 1.3) for negative Q or S waves with greater amplitude than that
of the R wave. Provided that the amplitude of the largest wave in the QRS complex is
significantly larger than that of the T wave, the S-ICD will not deliver a shock. For this
reason, we are not strictly interested in predicting the T:R ratio but, rather, the ratio be-
tween the amplitudes of the wave of greatest amplitude in the QRS complex and the T
wave. To account for this in our analysis, after filtering (including baseline drift correc-
tion), we search for the peak of greatest magnitude within a narrow region surrounding
each R peak label. For simplicity, in the rare case that the largest peak found is not the
R peak, these new peaks are assigned as the new R peak despite, in fact, being a Q or
an S wave. As R waves are always positive, to ensure that all signals handed to our
models have a positive wave labeled as the R wave, when the R peak label is moved to
a Q or an S wave, the whole ECG signal is flipped, making these waves positive. Figure
4.3 shows some possible QRS complexes where the amplitude of the Q or the S wave is
greater than that of the R wave.
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by

(a)

FIGURE 4.3: (a) An example of a normal QRS complex. (b) Examples of QRS com-
plexes in which the R wave is not the wave of greatest amplitude.
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(a) (b)

FIGURE 4.4: (a) Example of a filtered 10-second ECG segment. R and T peaks shown
in red and blue, respectively. (b) The same 10-second ECG segment post-flipping.

Figure 4.4a gives an example of a filtered 10-second ECG segment while Figure 4.4b
shows the same segment after the negative QRS peaks have been detected, the signal
has been flipped and the peaks have been reassigned.

4.2.1.4 Phase space reconstruction

Phase Space Reconstruction (PSR) is a method for feature engineering which we use
in Chapter 4. Analysing the PSR of a signal can allow one to capture the repeating be-
haviours of the signal and as such deriving features from the PSR can lead to drastically
improved performance for prediction models using time series data. When creating a
phase space reconstruction, a one-dimensional time series x1, x3, . .., X, is transformed
to an (n — (d — 1)7) x d-dimensional Phase Space Reconstruction (PSR) matrix. The

transformed time-series is given as

[ 1 1 1 1 i
;]xl 7x1+r ‘17x1+2T e 7x1+(d71)'r
. 7%2 7%2+7 gX2+2r s gt2H(d-1)T
- 4
1 1 1 1
_ﬁxnf(dfl)r ﬁxnf(de)T ﬁxnf(dfl’a)r ce ﬁxi’l ]

where ¢ = max {|x;| : i € [n]}. Therefore, each scaled point %xi in the time-series signal
is mapped to a phase space vector x; comprised of the original scaled point and the scaled
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points previous at intervals of . When using d = 2 we can create the phase space plot
(the plot of all phase space vectors in R?, ranging from —1 to +1 on each axis) which
we then divide into N? squares which we denote by gij foralli,j € {1,...,N}, of
size 2 x &, with N € Z*. C is the phase space matrix with dimension N x N and is
constructed in such a way that, for each i,j € N, the entry c;; is equal to the number
of phase space vectors in X that fall within the square area g;;. We construct P by
normalising C such that, for eachi,j € N, the element p;; corresponds to the proportion

of all of the phase points which fall within g;;. We calculate P as follows:

1 N N
P = MC, M= Z_Elj_zlcz]

A typical approach is to extract features from these PSR by either box-counting (Vem-
ishetty et al., 2019), calculating the spatial filling index (Krishnan et al., 2007) or cal-
culating statistics of the distributions of values within each column of C (Rocha et al.,
2008). These features can then be used as input to predictive models.

The one-dimensional time series representing the filtered and potentially flipped single-
lead ECG signal is then transformed to a two-dimensional Phase Space Reconstruction
(PSR) matrix. While high-dimension PSR transformations have been used in the field
of BCI (Chen et al., 2014; Djemal et al., 2016), two-dimensional PSR transformations are
more commonly used in the literature on ECG analysis (Rocha et al., 2008; Krishnan
et al., 2007; Vemishetty et al., 2019; Roberts et al., 2001). As mentioned previously, fea-
tures are typically extracted from the PSR matrices by either box-counting (Vemishetty
et al., 2019), calculating the spatial filling index (Krishnan et al., 2007) or calculating
statistics of the distributions of values within each column of C (Rocha et al., 2008).
These features are then used as model inputs for classifying various different categories
of ECG. Differently, in this work we consider these matrices as N x N (with N = 32)
pixel images and rely on deep learning model architectures typically used for computer

vision to autonomously perform feature selection.

Figure 4.5 gives an example of a PSR image with N = 32 as well as a darkened version
of the same image for readability. As one can see in the darkened image, there are some
connected bands of higher probability. With values of N greater than 32, these bands
become disconnected as no phase space vectors land within that portion of the grid.

4.2.2 MLP and CNN for regression

In this subsection, we discuss the architecture of the deep learning models used to
predict T:R ratios from 32x32 pixel PSR images. In this subsection we assume the reader
has an understanding of neural network layers. Details on the neural network layers
used in this subsection can be found in Subsection 2.2.2. The general structure of each
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FIGURE 4.5: (a) Image of the PSR matrix formed from a 10-second segment ECG signal
with N = 32. (b) Darkened image of the same PSR matrix.
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FIGURE 4.6: The general structure of a model which takes PSR images representing
10-second ECG segments as input and outputs predicted T:R ratios.

model is laid out in Figure 4.6. Each model is made up of N feature-extraction blocks
which extract abstract features from the PSR images, and pass them on to the regression
block.

The regression block is used by all models to derive the T:R ratio from the extracted
features. The outputs from the preceding feature-extraction blocks are flattened to a
1D vector and fed into a series of fully connected (dense) layers of neurons to arrive
at the final regression output: the T:R ratio. Table 4.1 gives an overview of the layers
comprising this block. We use batch normalisation for regularisation as it has been
shown to be superior to dropout for use in CNNs (Garbin et al., 2020). We perform
batch normalisation before applying the activation function as proposed in the original

paper on batch normalisation (Ioffe and Szegedy, 2015).

TABLE 4.1: Regression block

Layer Type Output size
1 Dense 256

2 BatchNorm 256

3 Activation(Relu) 256

4 Dense 64

5 BatchNorm 64

6 Activation(Relu) 64

7 Dense 1
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The first and most basic of our feature-extraction blocks is the MLP feature-extraction
block, comprised of a single layer of fully connected neurons followed by a batch nor-
malisation and activation layer. The input and output of these blocks are 1D. As such,
when using these blocks, we flatten the images before the first feature-extraction block
rather than before the regression block.

TABLE 4.2: The MLP feature extraction block

Layer Type Output size
1 Dense 1024
2 BatchNorm 1024

3 Activation(Relu) 1024

The basic CNN feature-extraction blocks utilise convolutional layers, which exploit the
2D structure of the PSR images, as opposed to fully connected layers. As convolutional
layers take three-dimensional (3D) inputs, the original PSR images are considered to
have shape 32 x 32 x 1. These layers are followed by the batch normalisation and
activation layers mentioned previously and finally a maximum pooling layer to reduce
the size of the output images. As shown in Table 4.3, the output size of each layer and
the kernel size of the convolutional layer varies across the feature-extraction blocks

depending on where in the overall model they lie.

TABLE 4.3: The i basic CNN feature extraction block

Layer Type Output size Kernel size Stride
1 Convolutional ~ 2/+% x 2671 x 26=1 (7 — i) x (7 —1i) 1

2 BatchNorm 2iH4 5 26— 5 6~

3 Activation(Relu) 2/1+4 x 26— x 26—

4 MaxPooling 204 5 2571 % 2571 2 %2 2

The Complex CNN feature extraction block contains two convolutional layers (each
followed by batchnorm and activation layers) with relatively small kernels which feed
into a convolutional layer with stride 2 and a larger kernel (followed by batchnorm
and activation layers). The first two convolutional layers extract features from the PSR
images, while the third reduces the size of the feature maps and increases their number.
While pooling layers are typically used to decrease the size of the feature maps, using a
convolutional layer to do this allows an additional opportunity to extract more complex
features from the outputs of the previous layers. Finally, addition skip connections, as
popularised in ResNet (He et al., 2016) and utilised in other works using CNNs for
ECG analysis (Kwon et al., 2021; Zhu et al., 2020; Jo et al., 2021), are added over the first
two convolutional layers in order to speed up training.

Table 4.4 gives an overview of the layers of this block and Figure 4.7 shows the first
feature extraction block of the Complex CNN5 model. As can be seen in both Table
4.4 and Figure 4.7 each subsequent Complex CNN feature extraction block has twice
as many feature maps as its predecessor had and the height and width of these feature

maps are half the size of those in the previous Complex CNN feature extraction block.



4.2. Methodology 71

TABLE 4.4: The i" complex CNN feature extraction block

Layer Type Output size Kernel size Stride
1 Convolutional 272 x 2671 x 261 (6 —i) x (6 —1i) 1
2 BatchNorm 21%2 x 261 x 6-i
3 Activation(Relu) 2i+2 x 26— x 26—
4 Convolutional ~ 212 x 2677 x 26=1 (6 —{) x (6 —1i) 1
5 BatchNorm 2i+2 5 26— 5 b~
6 Activation(Relu) 2112 x 26— x 26~
7 Skip(Input) 2142 5 261 ¢ pb—i
8 Convolutional ~ 23 x 2571 x 25=1 (7 — i) x (7 —1i) 2
9 BatchNorm 2143 5 25— 5 25—
10  Activation(Relu) 2143 x 25= x 251
Convolutional Layer Convolutional Layer Convolutional Layer
BatchNorm BatchNorm Stride = 2
Relu Activation Relu Activation BatchNorm

Relu Activation

Output

6x6i

32

+

Addition Skip Connection

FIGURE 4.7: A diagram of the first feature extraction block of the Complex CNN5
model. The batchnorm and activation layers are not visually represented.

Because of this halving in height and width of the feature maps, the kernel size of the
convolutional layers must also decrease.

The Deep CNN feature-extraction block is very similar to the complex CNN feature-
extraction block. Before the convolutional layer with stride equal to 2 which is used for
pooling, we include an additional pair of convolutional layers with smaller kernels as
well as a second skip connection. Table 4.5 gives an overview of the layers of this
block. As with the Complex CNN5 feature extraction block, when referring to the
model, we give the type of feature-extraction block used followed by the number of
feature-extraction blocks. For example, a model comprised of 5 MLP feature-extraction
blocks followed by the regression block would be referred to as MLP5 (a diagram of
this model architecture is shown in Figure 4.8), while a model comprised of 3 Complex
CNN feature-extraction blocks followed by the regression block would be referred to
as Complex CNN3.

In our experiments we evaluate the 6 minibatch Stochastic Gradient Descent (SGD)
variants laid out in Section 2.2.2. We consider the choice of SGD based algorithm used
to train the model parameters as a hyperparameter of the model itself which should
be selected optimally. We then look to tune the hyperparameters of these SGD based
algorithms themselves, namely, batch size and global learning rate. As the rounds of
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TABLE 4.5: The i*" deep CNN feature extraction block

Flattened input

Layer Type Output size Kernel size Stride
1 Convolutional 272 x 2671 x 26=7 (6 — i) x (6 —1i) 1
2 BatchNorm 2i+2 5 26— 5 6~

3 Activation(Relu) 242 x 267 x 26~

4 Convolutional ~ 212 x 2671 x 26=1 (6 —{) x (6 —1i) 1
5 BatchNorm 2042 5 26— 5 b1

6 Activation(Relu) 2112 x 261 x 26~

7 Skip 1(Input) ~ 2+2 x 26— x 26~

8 Convolutional ~ 22 x 2671 x 26=1 (6 —{) x (6 —i) 1
9 BatchNorm 20F2 5 961 5 b6—i

10 Activation(Relu) 2112 x 26— x 26~

11  Convolutional — 2/%2 x 261 x 261 (6 —i) x (6 —1i) 1
12 BatchNorm 212 5 96—y D6—i

13 Activation(Relu) 2112 x 26— x 261

14 Skip2(Skip1)  2/F2 x 2671 x 26-i

15  Convolutional 2113 x 2571 x 2571 (7 — i) x (7 —1i) 2
16  BatchNorm 2143 x 2571 x 25+

17 Activation(Relu) 213 x 25— x 25-1

5 MLP5 feature extraction blocks

1
" €024

2 3
" €024’ ©€1024 ¢

4 5
" €z " €02

Regression block

T L

,  Output
r >

FIGURE 4.8: A diagram of the MLP5 model, consisting of 5 MLP feature extraction
blocks and the regression block. The batchnorm and activation layers are not visually
represented. The neurons in the flattened input, feature extraction blocks, and regres-
sion block are labeled i, e, and r, respectively. Their superscript denotes which layer
they belong to, while the subscript refers to their position in that layer.

10-fold CV which we use to asses model performance are very computationally expen-
sive, using grid-search to search a 3D grid is infeasible. We instead tune the hyperpa-
rameters sequentially, first evaluating SGD, SGD with Nesterov Momentum, AdaGrad,
RMSProp, RMSprop with momentum, and ADAM to determine the SGD based algo-
rithm which gives the best accuracy with default hyperparameter selections. We then
tune its batch size, and finally tune its global learning rate while using the batch size
found in the previous step.

4.2.3 Model evaluation and enhancement

To evaluate these models, we use 10-fold cross validation. The data is shuffled before
being split into 10 equally sized folds. Then, at each iteration of the 10-fold CV, one
fold is reserved as the testing set. A randomly sampled 20% of the remaining 9 folds
is used to form the validation which is used to determine when early stopping should

occur to prevent over-fitting while training. The other 80% of the non-testing data is
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used as training set !. In this chapter, our models are trained for at most 1000 epochs;
however, we employ early stopping (Prechelt, 1998) for regularisation in model training
using a patience of 200 epochs. During the training of our models we look to minimise
the Mean Squared Error (MSE) however, when we come to evaluate the performance
of our models in predicting T:R ratios of the testing PSR images there are additional
metrics we are interested in. We assess the accuracy of each model using mean squared
error (MSE), root mean squared error (RMSE), mean absolute error (MAE) and STD
of errors. Details of these accuracy metrics, as well as early stopping can be found in

Subsection 2.2.2 of the preliminaries which focuses on neural networks.

In order to avoid over-fitting, 20% of our training data is randomly reserved for valida-
tion. Models are trained until their accuracy on the validation set is no longer increas-
ing. This means that 20% of our original training data is not being used for training. To
avoid this, we can iteratively reserve a different 20% of our training data for validation,
training 5 sub-models with the same architecture but which have all used a different,
non-overlapping set of data for validation. In doing so, while some data may be used
for validation by one model, it will be used for training by the remaining 4. In contrast,
when training a single model, the data points in the validation set are never used for
training. By taking the average of these sub-models’ predictions, we aim to obtain a
higher prediction accuracy than would be archived by any single model. This is illus-
trated in Figure 4.10. When referring to an ensemble model comprised of 5 sub-models,

we simply append the word ensemble onto the name of the sub-model.

Image augmentation can strengthen the training of models by randomly introducing
small distortions to the training data, thus resulting in models which are more robust to
distortions which may occur naturally in our unaltered data. While there are many im-
age augmentation strategies, only a small number of them are appropriate for the sort
of images we are handling. We test 4 image augmentation strategies: shifting, zooming,
rotating and shearing (Shorten and Khoshgoftaar, 2019). Figure 4.9 gives an example
of how each of these augmentations could affect a PSR image. When implementing
image augmentation, a model may be trained on data which, at each mini-batch, is
either shifted randomly within a range of [1 — ¢/100,1 + ¢/100], zoomed randomly
within a range of [1 — ¢ /100, 1 + ¢/100], rotated randomly by an angle within a range
of [—¢°, +¢°] or sheared randomly with a shear angle within a range of [—¢°, +¢°]. We
denote the augmentation as either tiny (¢ = 2.5), small (¢ = 5) or moderate (¢ = 10).
For instance, MLP5 Small Rotation would refer to a model consisting of 5 MLP feature-
extraction blocks followed by a regression block which has been trained on images
which have been, at each mini-batch, rotated randomly by an angle within a range of
[—5°,5°].

IFigure 4.10 illustrates how ensemble models are trained within the 10-fold CV process. However if
we were to consider an ensemble model with but a single sub-model then this figure would also outline
the process for training non-ensemble models within the 10-fold CV process.
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FIGURE 4.9: Examples of how shifting down and to the left by 12.5%, zooming by
-12.5%, shearing with an angle of 15° and rotating by 15° effect a PSR image.
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FIGURE 4.10: Part A gives an overview of how training and testing sets are iteratively
sampled within a single 10-fold CV. Part B illustrates how within each round of a
single 10-fold CV, having reserved a testing set, 5 sub-models are trained with different
training and validation sets and their predictions for the testing set are averaged giving
the ensemble model’s prediction. If we consider an ensemble model with only one
sub-model, this becomes exactly the same as the 10-fold CV process for training non-
ensemble models, described in Section 4.2.3.

4.3 Experiments

4.3.1 SGH-ECG and ECG-ID data sets

Our aim in this study is to show that sophisticated ML tools can be used to better
scrutinise patients’ eligibility for S-ICD implantation. We achieve this by constructing
deep learning models capable of accurately predicting T:R ratios of patients belonging
to a range of patient groups; namely, patients suffering from congestive heart failure,
underlying congenital heart disease and “hypertrophic cardiomyopathy”, as well as
patients with structurally normal hearts. In order to develop such models and ensure
their accuracy across all of these patient groups, we have collected our own data set.
We collected this data set at Southampton General Hospital as part of a study on S-
ICD eligibility and as such we refer to it as the Southampton General Hospital ECG
(SGH-ECG) data set. The SGH-ECG data set consists of 390 10-second ECG segments,
sampled at 500 Hz, annotated with R and T peaks. These signals were obtained at ran-

dom intervals from the 24-hours ECG recordings of 18 different participants and were
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collected as a part of a clinical research study - HEART TWO? conducted by the Cardiac
rhythm management research department at the University Hospital of Southampton.
A detailed break down of the participants demographics and heart conditions can be
found in Table 4.6. The participants ages range from 20 to 80 years old with a mean of
53.16 years. Using the preprocessing methods laid out in Subsection 4.2.1, 32x32-pixel
PSR images and their corresponding T:R ratios are derived from these 10-second ECG

segments. Our aim is to build a model capable of accurately predicting T:R ratios from

these PSR images.
Total Number of Participants n=18
Demographics: Mean age [years] 53.16

Male 9 (50.00%)
Heart condition:  Structurally normal heart 4 (22.22%)
Adult congenital heart disease 3 (16.67%)
Hypertrophic cardiomyopathy 3 (16.67%)
Congestive heart failure 8  (44.44%)

TABLE 4.6: Detailed breakdown of the demographics and underlying aetiology of
patients in the SGH-ECG data set.

In order to increase the amount of training data, at each round of cross validation, after
testing and validation sets have been reserved, we bolster our training set by combining
it with the 32x32 pixel PSR images and T:R ratios derived from the ECG Identification
(ECG-ID) Database. The ECG-ID data set, collected by Lugovaya (Lugovaya, 2005),
consists of 310 20-second ECG segments sampled at 500Hz, with R and T peak annota-
tions for the first 10 heartbeats. These signals are obtained from 90 participants, 44 men
and 46 women, with ages ranging from 13 to 75. We do not add this data to the test-
ing and validation sets as we are only interested in evaluating the performance of our
models for patients with specific heart conditions which the participants of the ECG-ID
study did not have.

4.3.2 Experiment 1: broard architecture comparisson

Our first experiment is to assess which model architectures, as detailed in Subsection
4.2.2, most accurately predict T:R ratios from 32x32 pixel PSR images. Figure 4.11 shows
the average 10-fold CV accuracy of some of the best performing models using the ac-
curacy metrics laid out in Subsection 4.2.3 and the model naming convention laid out
in Subsection 4.2.2. As can be seen from the results in Figure 4.11, the MLP5 model
is capable of accurately predicting T:R ratios with a mean absolute prediction error of
only 0.0558. We recall that T:R ratios range between 0 and 1 and the threshold for fail-

ing a screening is 0.33. In switching to a Basic CNN structure, we see a considerable

2This study was performed with favourable opinion from the REC (17/SC/0623) and with R&D (RHM-
CARO0528) approval. This study was conducted in accordance with the Research Governance Framework
for Health and Social Care (2005), Good Clinical Practice and their relevant updates.
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FIGURE 4.11: Performances of the best models using each type of feature extraction
block

drop in accuracy. Adding more convolutional layers by using Complex CNN feature-
extraction blocks allows us to recoup this loss. The Complex CNN5 model outperforms
the MLP5 model for all tested metrics. However, continuing to add convolutional lay-
ers by using Deep CNN feature-extraction blocks results in a drop in accuracy for all
tested metrics. This is likely due to the fact that our data set is not sufficiently large
to enable the training of such deep neural-networks. Figure 4.11 shows the average
cross validation accuracies of only the best performing model for each type of feature-
extraction block. There are several models with architectures utilising the MLP and
Complex CNN feature-extraction blocks with a MAE under 0.06 indicating that, on av-
erage, these models are able to predict T:R ratios within 0.06 of their true value.

4.3.3 Experiment 2: evaluation of enhancement methods

In this experiment, we test the effect of image augmentation and creating ensemble
models on our two best performing models from the previous experiment: MLP5 and
Complex CNN5. We test 4 different image augmentation schemes (shifting, zooming,
rotating and shearing) at three different magnitudes (tiny, small and moderate). We
also evaluate ensemble models, created by averaging the prediction of 5 sub-models
which each use a different portion of the non-testing data and labels for validation.
The details of both of these methods are given in Subsection 4.2.3. Neither method for
model enhancement had a significant positive impact on the accuracies of the Complex
CNN5 model.

For this reason, Figure 4.12 compares the average accuracy across the 10 rounds of
cross validation of the enhanced MLP5 models which were able to outperform the base
MLP5 model with that of the MLP5 and the Complex CNN5 models. The only two
image augmentation schemes which improve the performance of the MLP5 model are
small rotations and small shears, which both only result in small increases in some ac-

curacy metrics, along with small decreases in others. Although, individually, rotating
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FIGURE 4.12: Comparison between MLP5 model variants and the Complex CNN5
model

and shearing results in improved performance for the MLP5 model, we find that us-
ing both of these image augmentation schemes in concert does not result in improved
performance. The MLP5 Ensemble model gives modest improvements in performance,
outperforming all other variants of the MLP5 model on each metric. For these reasons,
in later experiments, having finely tuned the training of our models we will re-evaluate
the benefits of creating ensemble models but we will not evaluate image augmentation
schemes.

4.3.4 Experiment 3: narrow architecture comparison

Following the results of experiments 1 and 2, we conclude that the the MLP5 and Com-
plex CNNb5 model architectures show the most promise and that while image augmen-
tation did not result much improvement in accuracy, creating ensemble models did
improve model performance. In this section we perform a more reliable and detailed
set of experiments to determine which of our two best performing model architectures
results in better models. For each model architecture, we perform 10 rounds of 10-
fold CV between each of which the data set is shuffled to ensure that the folds used
are different in all 10 rounds of the 10-fold CVs. For the ease of comparison, in these
experiments we only consider two of the four accuracy metrics used in the previous ex-
periments, RMSE and MAE. RMSE, while similar to its squared counterpart the MSE,
does not see such a broad distribution across the various rounds of CV and, thus, lends
itself to a graphical comparison of errors over multiple rounds of CV. MAE is the most
intuitive of these errors and, therefore, it is important when discussing the impact of

the predictions of a model.

We record the training time for each model as, should two models give comparable
accuracy, the one with a shorter training time is preferable as it would be less compu-
tationally expensive to retrain it if and when new data became available. Similarly, we

record the number of epochs the model trained for before early stopping kicked in. The
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average prediction time, i.e., the average amount of time taken for the model to predict
each testing PSR image’s T:R ratio, is also recorded. A lower average prediction time
indicates that predicting T:R ratios in real time would be less computationally expen-
sive and, therefore, the model would be more suitable for incorporation into a device

with limited computational resources®.

In this experiment, we use ADAM as the minibatch SGD variant when training, as
“...ADAM works well in practice and compares favorably to other stochastic optimisa-
tion methods”(Kingma and Ba, 2014). We use the generally accepted default selections
of batch size 32 (Bengio, 2012; Masters and Luschi, 2018) and learning rate 0.001 as sug-
gested in the original paper (Kingma and Ba, 2014). These experiments are conducted
using Tensorflow in Python 3.10.

Figure 4.13 comprises 5 violin plots of the distributions of 5 performance metrics (de-
tailed in Subsection 4.2.3) over the 100 total rounds of CV for the MLP5 architecture
(shown in blue) and the Complex CNN5 model (shown in red). We use violin plots
are to visualise the distributions of the various metrics over the 100 rounds of CV. The
width of the violin plot corresponds approximately with the number of observations at
that point. These violin plots also contain a box plot displaying some summary statis-
tics of the distributions. The MLP5 model completes its training in, on average, 493
seconds. This is significantly quicker than the time of the Complex CNN5, whose aver-
age training time is 1262 seconds despite taking roughly the same number of epochs to
complete training. This shorter training time is preferable as it would enable the model

to be updated more regularly as new data becomes available.

The MLP5 models are found to be able to predict the testing PSR images” T:R ratios
much quicker than the Complex CNN5 models, with an average prediction time per
PSR image of 0.0075 seconds compared to an average of 0.0119 seconds for the Com-
plex CNNB5 one. This shorter prediction time is valuable, as it indicates that the MLP5
models would require fewer computational resources to make predictions of the T:R

ratio in real time than the Complex CNN5 models would.

In our analysis, our primary concern is accuracy. Here, we consider RMSE and MAE
as defined in Equation (2.1). The MLP5 models achieve an average RMSE of 0.105 and
an average MAE of 0.0567 compared to the Complex CNN5 models” average RMSE of
0.111 and MAE of 0.0624. For these reasons, we conclude that the MLP5 architecture
leads to better performance as well as to shorter training and prediction times. In the
subsequent experiments, we will look to select the best SGD variant for training these
MLP5 models. We will not consider the prediction times in the subsequent analysis, as

they should be the same for all models with the same architecture.

3 At the time of this work, the incorporation of this model into a device with limited computational
resources is not of primary concern. However, our work with our partners at the University Hospital of
Southampton is ongoing and one area of discussion is using a model, such as this one, within the S-ICD
to supplement the algorithm already in use.
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4.3.5 Experiment 4: optimiser comparison

In the previous experiment, we assumed ADAM was the preferred minibatch SGD
variant. In this experiment, we test this assumption by evaluating 6 minibatch SGD
variants: SGD, SGD with Nesterov Momentum, AdaGrad, RMSProp, RMSprop with
momentum, and ADAM. At this stage, we still use the default batch size and learning
rate of, respectively, 32 and 0.001. We perform 10 rounds of 10-fold CV, in each fold
training an MLP5 model with each of the 6 minibatch SGD variants for a total of 100
models trained using each minibatch SGD variant and evaluated on a distinct testing
set. It is worth noting here that we do not compare the average prediction time of
models with different architectures as, after training, the average prediction time for
models with the same architecture should be consistent.

Figure 4.14 shows the distribution of the RMSEs across the 100 models for each mini-
batch SGD variant (left) as well as an expanded version of the same graph (right). The
trend shown in these results is that the prediction error is lower for SGD variants which
are better suited to the non-convex setting (such is the case when training a deep neu-
ral network for T:R ratio prediction from PSR images). MLP5 models trained using
ADAM exhibit an average RMSE of 0.105 compared to those trained using basic mini-
batch SGD, which have an average RMSE of 0.121. We observe that the training time
and the number of epochs before early stopping is generally greater for more complex
versions of minibatch SGD such as for ADAM and RMSprop. This can be seen in Fig-
ure B.1 in Section B of the Appendix. With this experiment, we have confirmed that
ADAM does indeed give the best accuracy (with a default hyperparameter selection)
than a number of popular minibatch SGD algorithms and, hence, is the optimisation

algorithm we will use going forward.

4.3.6 Experiment 5: tuning batch size

Batch size is a hyperparameter of all minibatch SGD based algorithms. In previous ex-
periments, we used the generally recommended batch size of 32 (Bengio, 2012; Masters
and Luschi, 2018). In this experiment, we evaluate batch sizes of 2ifori € {3,4,5,6,7,8}
(while still using a learning rate of 0.001) by performing 10 rounds of 10-fold CV, in each
fold training an MLP5 model with each of the 6 different batch sizes for a total of 100
models trained with each batch size and evaluated on a distinct testing set.

Figure 4.15 shows the distribution of the RMSEs across the 100 models trained with
each batch size (left) as well as an expanded version of the same graph (right). As can
be seen, increasing the batch size steadily decreases the RMSE up to a batch size of 128,
which achieves an average RMSE of 0.1029, compared to the previously used batch size
of 32 which leads to an average RMSE of 0.1053.
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Figure B.2 in Section B of the Appendix shows that, while the number of epochs before
earlystopping increases as the batch size increases, the training time decreases. In one
epoch, minibatches are propagated forward though the network and their errors are
used to calculate gradients and update the parameters. This is repeated until all data
has been seen at least once. This means that a large batch size results in the parameters
being updated far fewer times per epoch. This is the reason why, in Figure B.2, we
see that the models with a large batch size typically take more epochs to train as each
epoch represents fewer descent steps. However, despite training for more epochs, the
large reduction in the number of times the model parameters are updated results in a

drastic reduction in training time for models trained with larger batch sizes.

Using a batch size of 128 leads to the best average RMSE of 0.1029 while also resulting
in a significant reduction in average training time compared to using a batch size 32
and, as such, 128 is the batch size we will use going forward.

4.3.7 Experiment 6: tuning learning rate

ADAM is considered robust to the choice of hyperparameters p; and p, and, as such,
we only tune the global learning rate € by searching a logarithmic range 10~ for i €
{1,2,3,4,5,6} while using the best-performing batch size of 128 found in the previous
experiment (Bengio et al., 2017). We evaluate these learning rates by carrying out 10
rounds of 10-fold CV, in each fold training an MLP5 model with each of the different
learning rates for a total of 100 models trained with each learning rate and evaluated

on a distinct testing set.

Figure 4.15 shows the distribution of the RMSEs across the 100 models trained with
each learning rate (left) as well as an expanded version of the same graph (right). Fig-
ure 4.15 does not show the results for models trained with a learning rate of 107> and
10~°. However, the trend demonstrated in Figure 4.15 (that, for learning rates less than
0.01, the average RMSE increases as the learning rate decreases) continues for these
values. We observe that using a learning rate of 0.01 gives an average RMSE of 0.1020
as opposed to the RMSE of 0.1029 given by the previously used default of 0.001. Fig-
ure B.3 in Section B of the Appendix shows that, as we would expect, the number of
epochs increases for smaller learning rates and, as the batch size is fixed at 128 in this
experiment, the training time is proportional to the number of epochs and so it also

increases as the learning rate becomes smaller.

We conclude from this experiment that a MLP5 model trained using ADAM with a
batch size of 128 and a learning rate of 0.01 offers improved accuracy while taking less
time to train. Figure 4.17 shows the average training and validation error at each epoch
of each of the 100 models trained using ADAM with a batch size of 128 and a learning
rate of 0.01 in each of the 100 rounds of CV performed in this experiment. As can be



83

4.3. Experiments

Ayiqepeas 10y pazisar ydeid swes oy Y3 ‘AD PIOJ-0T JO SpunoIx

0T U3} UT PaJeN(eAd 9z [ojed Yoea W3Im Paurer} SPPOW TN 00T 243 JO STSIAR U3 JO uonnqmsip auy Surmoys s3ofd urorp 3397 :61°'F T4NO1T

958754

8€159

+958

cesd

9154

854

i

™

00

™

[

+1°0

910

JSINY

o

[l

£0

+'0

S'o

JSIWY



Chapter 4. Deep learning methods for S-ICD implantation eligibility

84

RMSE

0.3

0.25

0.2

0.1

0.05

RMSE

0.16

0.1

0.08

0.06

0.04

0.02

111

0.1

0.001

0.0001

FIGURE 4.16: Left: Violin plots showing the distribution of the RMSEs of the 100 MLP5 models trained with each global learning rate evaluated in
the 10 rounds of 10-fold CV. Right: The same graph resized for readability.
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FIGURE 4.17: The average training and validation loss over the 100 CV rounds over
1000 epochs.

seen, while the validation error is higher than the training error during training, both
decrease rapidly before stabilising and reduce slowly over the rest of the training. For
the purposes of this plot where early stopping occurs, the errors are kept constant for

the remainder of the 1000 epochs.

4.3.8 Experiment 7: creating ensemble models

In the previous experiments, we found that a tuned MLP5 model trained using ADAM
with a batch size of 128 and a global learning rate of 0.01 gave the best accuracy. In
this experiment, we assess the benefits of ensemble models by performing 10 rounds
of 10-fold CV and, in each fold, training 5 MLP5 submodels, for a total of 100 ensemble
models each containing 5 tuned MLP5 submodels. We compare each of these MLP5
ensemble models to a tuned MLP5 model and to a default MLP5 model trained using
ADAM with a batch size of 32 and a learning rate of 0.001 (the naive hyperparameter
selections we initially considered to be good defaults).

Figure 4.15 shows the distribution of the RMSEs of the 100 MLP5 ensemble models on
their respective testing sets, compared with those of the tuned MLP5 models and the
default MLP5 models. As can be seen, the default MLP5 models achieve an average
RMSE of 0.1052 while the tuned MLP5 models average 0.1024 and the ensemble MLP5
models average 0.0928. This represents a reduction in average RMSE of 12% for ensem-
ble MLP5 models but only 2% for the tuned MLP5 models. If, however, we examine
the upper quartile of these distributions, we see that both the ensemble MLP5 mod-
els and the tuned MLP5 models offer a more significant improvement over the base
MLP5 models. The ensemble MLP5 models” RMSE distribution has an upper quartile
of 0.1002 compared to the tuned MLP5 models’ 0.1147 and to the base MLP5 models’
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0.1259, which is a reduction of 9% for the tuned models and 20% for the ensemble mod-
els. We do not examine the number of epochs or the training duration for this experi-
ment as the number of epochs used to train each submodel is expected to be the same
as for the tuned MLP5 models and, likewise, the training time for the whole ensemble
MLP5 model is expected to be simply 5 times that of a single tuned MLP5 model.

To this point, we have focused on RMSE because it makes the violin plots we have used
more easily interpretable than MSE, and it provides a stronger penalisation to large
prediction errors than MAE. However, in order to put the performance of our model
in context, we will once again examine MAE, as it as easy to interpret as the average
absolute error across each prediction. The default MLP5 models achieve an average
MAE of 0.0567 compared to our best performing model, the ensemble MLP5 model,
which achieves an average MAE of 0.0461. This represents a substantial reduction in
average absolute prediction error (MAE) of 19%.

4.4 Screening tool

In the previous section we showed that our optimised models are capable of predicting
T:R ratio with an average error of only 0.0461 and with an average RMSE of 0.0928. In
this section, we discuss the clinical impact of our model’s ability to predict the T:R ratios
of 10-second, single-lead, ECG segments. Having established that this model can be
used to accurately and autonomously predict T:R ratios from 10-second ECG segments,
we can now use it to efficiently perform screening to assess the normal variations in the
patients” T:R ratios across multiple leads over a 24-hour period. Each single-lead ECG
recording, created by breaking down the patient’s 24-hour, three-lead ECG recording,
would be further broken into 8640 non-overlapping 10-second segments which would
then be processed using the methodology detailed in Subsection 4.2.1, resulting in 8640

PSR images for each lead, which are ordered chronologically.

For each lead, a time series of T:R ratios can be generated by inputting the PSR images,
representing each 10-second segment of the 24-hour, single-lead recording, into the
model. As described in Subsection 4.2.1, from a clinical perspective the sign of the
T:R ratio is irrelevant. Depending on the sign of the T wave, our model is expected
to output both positive and negative predicted T:R ratios. For use in clinical analysis,
we simply compute the absolute value of the model outputs. Figure 4.19 shows the
predicted absolute T:R ratios for each PSR image (notice that, during each round of
10-fold CV, each PSR image is used for testing exactly once) generated using the SGH-
ECG data set when it was reserved for testing in 10-fold CV, plotted against their true
absolute T:R ratios. The green line represents a perfect labeling. As can be seen, the
absolute value of the outputs of the model predict the true absolute T:R ratios with

very low error.
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Predicted Absolute T:R Ratio

0 0.1 0.2 0.3 04 05 0.6 07
True Absolute T:R Ratio

FIGURE 4.19: Graph of the absolute value of true TR ratios for the SGH-ECG data
set plotted against our model’s predicted T:R ratios during testing. For readability, 5
outliers have been removed.

The primary aim of the screening is to determine if any of the leads are at a low enough
risk of TWOS to be used by an S-ICD. As stated in Section 1.4, for a given lead, should
a patient have a T:R ratio above 1:3 for a continuous period of at least 20 seconds, that
lead would fail the screening. This means that, for each lead, if our model predicts a
T:R ratio of over 0.33 for two or more consecutive 10-second segments, then that lead

has failed the screening.

In the event that multiple leads pass the screening, the secondary aim of the screening
is to determine which of the leads that pass are at the lowest risk of TWOS. To examine
how the behavior of the T:R ratio differs between each lead, we may wish to plot a his-
togram of what proportion of the 24-hour screening period the T:R ratio of a particular
lead spent in each range of T:R ratios. To give an example of how our tool is capable of
performing this task, Figure 4.20 shows the histogram of the T:R ratios predicted by the
model as well as the histogram of true T:R ratios for PSR images reserved for testing
in one of the rounds of cross validation. As one can see, our model is able to predict
the proportion of PSR images in the testing set whose TR ratio belongs to each range
to within 2.5% of the true value. Figure 4.21 contains three histograms showing the
proportion of the 24-hour screening that each lead spent with a predicted T:R ratio in
each range. This would enable the cardiologist to assess which of the leads that passed
the screening spends the smallest proportion of the 24-hour screening with high values
of T:R ratio and, as such, is at the lowest risk of TWOS.
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FIGURE 4.20: Histogram of true and predicted TR ratios of 10-second ECG segments
in the testing set.
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FIGURE 4.21: Histogram of the predicted TR ratio over the 24-hour screening preriod
for each lead

Additionally, while less directly applicable to the screening, our model allows for fur-
ther analysis of the variation of the T:R ratio over the 24-hour screening. Figure 4.22
shows one tool that our model facilitates. The variation of the T:R ratio is plotted for
each lead, over the 24-hour period. For readability, the lines in this graph are smoothed
in such a way that each point gives the average T:R ratio for the preceding half hour.
This could enable a cardiologist to detect any period during the 24 hours where the T:R
ratio was consistently high and, as such, the patient was at greater risk of TWOS. Our
model could also allow cardiologists to further examine any single 10-second segment
from within the 24-hour screening period across all 3 leads and view the ECG signal
alongside its predicted T:R ratio. This is shown in Figure 4.23, where, for a single 10-
second segment, for each lead, the predicted T:R ratio is given alongside a plot of the
original ECG signal, a plot of the filtered ECG signal and the PSR image of that filtered
ECG signal.
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FIGURE 4.22: Graph of the variation of the predicted T:R ratio over the 24-hour screen-
ing preriod for each lead
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FIGURE 4.23: Visualisations of data from a single 10-second segment of the 24 hour
ECG recording

4.5 Conclusions

TWOS is an inherent risk with S-ICDs and can lead to inappropriate shocks. The cur-
rent method for determining if a patient is likely to suffer from TWOS is to perform
a 10-second screening of the patient’s ECG, where the T:R ratio, a major predictor of
TWOS, is examined. Due to the fact that the T:R ratio can vary significantly over time,
the current screening process of using a 10-second ECG recording to estimate a pa-
tient’s typical T:R ratio does not reliably capture the normal behavior of the patient’s
T:R ratio.

In this chapter, we have collected the SGH-ECG data set (detailed in section 4.3.1) con-
sisting of 10-second ECG segments from patients belonging to a range of patient groups
which S-ICD implantation candidates are likely to belong to. As shown in Section
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4.3, we have used this data set to train and evaluate a range of deep learning mod-
els capable of predicting T:R ratios from 10-second ECG segments with a high degree
of accuracy. In our experiments we have found the MLP5 architecture to lead to the
best performing models for predicting T:R ratios from 32x32 pixel PSR images derived
from 10-second ECG segments. Creating ensemble models comprised of MLP5 models,
trained using the best-performing SGD based optimisation method and with a tuned
batch size and global learning rate, we were able to significantly reduce the prediction
error compared to the models which used default selections for these hyperparameters.
We were able to reduce the average MAE across the 100 CV rounds to 0.0461, a reduc-
tion of 19%, and the mean and upper quartile of the distribution of RMSEs over the 100
CV rounds by 12% and 20% respectively.

Ours is a novel approach to ECG analysis. While deep learning and PSR transforma-
tions have both individually been used in ECG analysis, to the best of our knowledge,
this is the first work using them both in conjunction. We have also shown that this
model can be integrated into a clinical tool for performing automated screening over
much longer periods than the 10 second window currently used. For example, this
tool would enable clinicians to perform 24-hours screenings. This prolonged screening
period would enable one to much more reliably determine the normal range of a po-
tential implantation candidate’s T:R ratio than the current 10-second screening, as well
as providing insight into the variation of the T:R ratio over the screening period. The
increased reliability and descriptiveness of this tool can allow cardiologists to better

assess patients’ risk of TWOS and hence their eligibility for S-ICD implantation.

Currently, we are using our proposed screening tool to assess the temporal variations
of the T'R ratio in patients belonging to patient groups who are likely to be implanted
an S-ICDs. We are also investigating whether the increased detail provided by our
tool can allow the cut-off threshold for the screening to be increased above the current
value of 1/3, allowing patients who had, under the previous screening process, been
determined to be at too high a risk of TWOS to be safely implanted with S-ICDs. We
hope to investigate in future research if fluctuations in a patients’ T:R ratios can provide
indication that a cardiac episode is impending. Finally, we are looking to formally
conduct clinical trials to determine if the methods presented in this chapter can be used

in place of the current screening procedure.
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Chapter 5

Bilevel hyperparameter
optimisation for non-linear support

vector machines

In this chapter we address the problem of hyperparameter selection for radial ba-
sis function (RBF) kernel support vector machines (SVMs) via cross validation using
bilevel optimisation which is set out in Subsection 1.3. Solutions to this problem are
typically approximated using methods such as grid-search. However, there have been
numerous attempts to solve the problem as a bilevel optimisation problem. An overview
of works in bilevel optimisation for hyperparameter selection can be found in Subsec-
tion 2.3. All of these works however have focused on linear kernel SVMs and, as such,
have all used the primal form of the training problem. In this chapter we focus on the
use of the RBF kernel to be able to address problems where linear kernels are not ap-

plicable as it will be clear in the next section.

In Section 5.2 we formalise the dual form of the RBF kernel SVM training problem
which constitutes our lower level problem, construct the upper level loss function us-
ing dual parameters and formulate the bilevel optimisation problem of RBF kernel
SVM hyperparameter optimisation via k-fold CV. In Section 5.3 we provide the Karush-
Kuhn-Tucker (KKT) reformulation of this bilevel optimisation problem and introduce
the C-stationary concept, representing the optimality conditions-type that the Scholtes
relaxation algorithm (to be studied in this chapter) converges to. In fact, note that the
Scholtes relaxation method will be introduced in Subsection 5.4, as well as some illus-
trative examples of this algorithm in action on real data sets. The work in this Chapter
has led to a paper, which is under preparation (note that this paper will be a significant

extension of the work contained in this chapter):
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Stefano Coniglio, Anthony | Dunn, Qingna Li, and Alain B Zemkoho, Bilevel hyperparameter
optimisation for non-linear support vector machines. To be submitted to Mathematical Pro-
gramming by the end of 2022.

5.1 Support vector machines

Support Vector Machines (SVMs) (Cortes and Vapnik, 1995) are a maximum margin
classifier for binary classification. The most simple version is the hard-margin linear
SVM, for which, the training problem is to find the hyperplane which separates the two
classes and has the largest margin around the hyperplane with no data points within
it. However, in practice, it is rarely the case that the two classes are lineally separable.
To accommodate for this the soft-margin SVM is used.

The goal of a soft-margin SVM is to find the hyperplane to separate the data, however
here, points are allowed to be on the wrong side of the hyperplane. Each data point
X; has a corresponding slack variable ¢; which has value 0 if the point is on the correct
side of the hyperplane and outside of the margin, has value 0.5 if the point lies on
the hyperplane, and increases lineally the further from being on the correct side of the
hyperplane and outside of the margin it is. The optimal hyperplane therefore is one
which maximises the margin size while minimising the sum of the slack variables. The

optimisation problem for training a soft-margin SVM is given by

min 1a)Tw +C Z Ci

whe 2 i)

st yi(0'X;+b)>1-¢  Vie[n],
¢i >0 Vi € [n].

(5.1)

The hyperplane is defined by a vector w and intercept b. The objective function is

T¢w and the sum of the

comprised of two terms: the inverse of the size of the margin Jw
slack variables. The hyperparameter C controls the relative contribution of each. The
linear SVM can only find linear relationships between features of the data. In order to
allow SVMs to find non-linear hyperplanes the kernel trick was proposed (Boser et al.,
1992), wherein each data point X; is embedded into a higher dimensional feature space
using ¢ : R? — R? where d* > d. The optimisation problem of training a SVM using

the kernel trick is as follows:

I
min —w w+C i
whi 2 l.e%] 4
5.2
s.t. yi(a)Tcp(Xi) + b) >1- Ci Vi e [1’1], (5.2)

§i=>0 Vi € [n].
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Here, ¢ is defined by the kernel function
K(Xi, Xj) = (X)) 9(X)), (5.3)

which outputs the relationship between two points which have been embedded into
the feature space. We consider the Radial Basis Function (RBF) kernel defined by

K(X;, X;j) = exp(—7I1X; — Xj[?).

The RBF kernel is recommended for practical applications (Prajapati and Patle, 2010)
and has been shown to outperform other kernels such as the polynomial kernel and
sigmoid kernel in numerous problem classes (Nanda et al., 2018; Yekkehkhany et al.,
2014; Feizizadeh et al., 2017; Hong et al., 2017; Tbarki et al., 2016; Garrett et al., 2003).

Previous works on solving the bilevel problem of selecting the hyperparameters of
SVMs (Bennett et al., 2008, 2006; Moore et al., 2009; Kunapuli et al., 2008; Li et al., 2021)
all consider only the linear kernel SVM. We will see later that this is not suitable for
many applications. We propose a more general formulation of the problem, which will
allow us to consider nonlinear kernels. However, the RBF kernel function ¢ has infinite
dimensionality. Hence, we consider the dual problem, which does not contain ¢. To
proceed, we introduce ¢ = (C,y,w, b, &, a, 1, X,y) and hence, the Lagrangian function
of problem (5.2) as follows:

L(®) := ww+CZ§,+Za11—gl yi(w ' p(X — Y i,

ie[n] i€(n] i€[n]

where « and 7 are vectors of Lagrangian multipliers. Hence, the Lagrangian dual of
problem (5.2) can be written as

max{ min L(ﬁ)}. (5.4)

x,71>0 |w, b, >0
Considering a stationary point ¢ of the Lagrangian function, we have

oL

%(19) =0 <= w-— ) ayp(X;) =0, (5.5)
i€[n]
oL
%(0) =0 < ) ay =0, (5.6)
i€(n]
oL :
—(0)=0 <= C—ua;—n;=0 Vien]. (5.7)

oG
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Substituting w out via (5.5) and factoring by ¢;, the Lagrangian becomes

Z Y Yy )+ Y (C—ai—n)&i+ ) ait

1€[n j€n] i€[n] i€[n]
-y (txiyi( Y ajyip(X;) ) ) + Y ayib.
i€[n] j€ln] ie[n]

The term ¥ (C — &; — 1;)¢; vanishes thanks to Equation (5.7). The term Y ;e a;yib
vanishes due to Equation (5.6). Considering these substitutions, the expression of the

Lagrangian function can simply be written as

L(C,7,a,X,y) = Z aj — > Z Z“ID‘J%%(P( ) P(X )

i€[n] je(n]

Asy >0, Equation (5.7) implies C —a; = 1; > 0,1.e., a; < Cforalli € [n], changing the
sign of L and rewriting ¢(X;) " ¢(X;) as K(X;, X;), the Lagrangian dual problem (5.4)

can be equivalently written as

min Z Y. winjyiyjexp(—v[|Xi — Xi|1?) — Y

€[n] j€[n] ien]

st. 0<w;<C Vie|[n],
n
Zﬂéiyi =0.
i=1

It is important to note that in this problem, C and y are hyperparameters that are nec-
essary before the problem can be solved. In the context of linear SVMs, we typically
have the regularisation parameter C as the only hyperparameter. However, as it can be

seen from (5.3), the RBF function introduces the second hyperparameter +.

Recall that it is common in machine learning to use grid-search or Bayesian optimisa-
tion to compute these hyperparameters. But with the limitations listed in the introduc-
tion of this dissertation, bilevel optimisation has been used in the case of linear SVMs
(5.1). Below, we present the first formulation of hyperparameter optimisation tailored

to non-linear SVMs.

5.2 Bilevel hyperparameter optimisation formulation for the

non-linear kernel SVM problem

In this section we construct the bilevel optimisation problem of RBF kernel SVM hyper-
parameter optimisation via k-fold CV. Firstly, this involves formalising the dual form
of the lower level training problem in order to incorporate the RBF kernel. Secondly

we construct a smooth loss function for use in our upper level objective which utilises
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the dual model parameters. Importantly, we note here that the labels y have values of
either 1 or —1. Based on the discussion in the previous section, observe that the dual
from of the optimisation problem of training a RBF kernel SVM on a training set of 7
data points X and corresponding labels § can be written as

min Z Y wiagigexp(—7 X~ X7 — L w

eln] jeln] ie(n)

st. 0<w;<C Vieln], (5.8)

i
Z aiyAi =0.
i=1

We can now define a bilevel optimisation problem where, in the lower level the SVM
model is trained to fit a training set of 7 data points X and labels 7 and in the up-
per level hyperparameters C and <y are tuned such that the performance of the SVM
model defined in the lower level on the validation set of 7 data points X and labels 7
is optimised. As such, our lever level problem will be the training problem defined in
Equation (5.8) and our upper level problem will be to minimise a loss function £ whose
value decreases as the performance of the SVM model on the validation set increases.

The appropriate selection of £ is important as minimising different loss functions may
lead to a different selection of optimal hyperparameters. One commonly used loss
function when tuning hyperparameters is counting the number of misclassified points.
The sign of the expression

w'p(X;) +b (5.9)

shows which side of the hyperplane defining the SVM’s decision rule the point X; lies

on, and hence, the function
vi (@Tp(X;) +b),
which is positive if X; lies on the correct side of the hyperplane and negative if it lies

on the wrong side. Therefore, if we define

) 1 ifx >0,
sign(x) =

—1 otherwise,

then the function
sign (—yi(w'¢(X;) +b)) +1
2

has a value of 1 for incorrectly classified points and 0 for correctly classified points.

Therefore averaging the result of this function, applied to all of the points in the vali-
dation set, can be used as a loss function to assess how accurately the model predicts
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labels for the validation set:

1 y sign (—7i(w'¢(Xi) +b)) +1

Ecount(’)’/ w, b/ X/ g) - - 2 (510)

i

ie(n)]

Minimising this loss function is analogous to maximising prediction accuracy and, as
such, is the loss function typically used when approximating solutions to the bilevel
problem using grid-search, random search or Bayesian optimisation. However this
loss function is non-smooth as can be seen in the example in Figure 5.2. For this reason
gradient based optimisation methods will not be able to travel on this loss surface as
the gradient in all directions will be 0. For this reason we must consider another loss
function for our upper level objective.

The primal form of the lower level training problem (5.2) is a bi-objective problem
where two terms are minimised: w’w/2; the reciprocal of the separation margin size,
and }}' ; §;; the sum of the slack variables. The hyperparameter C controls the relative
importance of these two factors to the objective function. w’w/2 is a regularisation
term. By minimising it during training, we maximise the separation margin, ensuring
that the decision rule defined by the SVM solution’s hyperplane generalises well to
unseen data. In the upper level objective we are assessing how well the SVM predicts
labels for the hereto unseen data in the validation set. For this reason, maximising the
separation margin in the upper level would be redundant. Furthermore, the size of the
margin is unaffected by the validation points and, as such, should not be considered
when evaluating validation performance. We can however calculate new slack vari-
ables for each of the validation points. As all ¢ are positive in the objective function

and this objective function is being minimised, the two constraints

G > 1-yi(w'(Xi) +b) Vi€ ln],
& >0 Vi € [n],

are equivalent to
& = max (0,1~ yi(wP(X;) +b)) Vi€ [n]

As illustrated in Figure 5.1, the function 1 — y;(w!¢(X;) + b) is negative if the point X;
is on the correct side of the hyperplane and outside of the separation margin and has
value 0 if the point point X; lies on the correct side of the hyperplane and exactly on
the separation margin. From there the value of 1 — y;(w”¢(X;) + b) increases lineally
the further the point X; is from being on the correct side of the hyperplane and outside
of the separation margin, and has value 1 when X; lies exactly on the hyperplane. We

can therefore construct a loss function which minimises the average of the new slack
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. - =~
~ - ~

~
wip(X)+b=0 ¢ .t ..

~ ’ ~

@ ¢>1 ° @

FIGURE 5.1: A diagram showing the value of the slack variables ¢ for points in differ-
ing positions. The slack variable for all correctly classified points which lie outside of
the separation margin is 0. The value of the slack variable then increases linearly the
further the point is from being correctly classified and outside of the margin. When
this distance is the size of the margin, the slack variable has value 1. As this distance
continues to increase beyond the size of the margin, the size of the slack variable con-
tinues to increase lineally with it.

variables which are calculated using the validation points:

Lsym (7, w,b,X,7) = % Z[:] max (0,1 — 7wl (X;) + b)) ) (5.11)
ie[n

This SVM loss function is larger the further validation points are from being both on
the correct side of the hyperplane and outside of the separation margin. Importantly
this loss function is significantly smoother than the counting loss function, detailed in
Equation (5.10), as, provided at least one slack variable is non-zero (which is always
the case unless the model is already achieving perfect accuracy), tiny changes in the
position of the hyperplane correspond to changes in the size of the slack variables. An
example of this improved smoothness can be seen in Figure 5.2. However, the function
max (0, x), used within the SVM loss function is non-smooth when x = 0, and so we

will use a smooth approximation (Biswas et al., 2021). We define

SmoothMax (x) = x + /x> +(, (5.12)

where ( is a small perturbation. We therefore have,

%ig(l) <x+ \/ X2 +C> = max(0, x)
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o

FIGURE 5.2: Heat maps generated by training, then evaluating L.ount (left) and Lgym
(right) of SVMs trained with a grid of different values of 7y (across the x-axis) and C
(across the y-axis).

The next challenge is to calculate w!¢(X;) + b in terms of the dual parameters which

we use in our lower level. We can substitute w out using (5.5):
w'p(Xi)+b =b+ Z[] ai9ip(X)p(Xy),
jeln

=b+ Z a]ﬁ]K(}A(], Xl'),
jeln
=b+ Y agexp(—v[X; - X))

jeln]

To recover the value of b from a dual solution, we consider the following primal and

dual complementarity conditions:

(1-&—Pi(w (X)) +b)a; =0  Vie[a], (5.13)
Emi=0  Vie[a). (5.14)

If a; > 0, then 1 — & — 9;(w ' ¢(X;) +b) = 0, implying & = 1 — 9;(w ' ¢(X;) + b). Since
&>0,wecanhaveboth & =1 — §;(w'¢(X;) +b) =0and & = 1 — gi(w ' ¢(X;) +b >
0. If a; < C, then due to Equation (5.7) we have 7; > 0. This implies ; = 0 due to
Equation (5.14). Which in turn implies 1 — 7;(«w " ¢(X;) 4 b) = 0. Therefore, we have:

1—i(w'p(X)—b)=0 Vie[a]:0<a <C.

After multiplying the equation through by y; and relying on y? = 1 (or, alternatively,
dividing through by y; and noting that i = ¥;), we have:

b=9—w'¢(X;) Vieln:0<a; <C.
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Using Equation (5.5), we deduce

b=9;— Y afip(X)p(X;) Vie[n]:0<a; <C.
jeln]
Notice that the need to sum over the only points in [1] with «; > 0 never arises here.
In our training problem « is constrained such that 0 < w; < C for i € [71] and so b can
not be calculated using all elements «. In our upper level objective function we can
not check which «; meet the conditions for being used to calculate b so we require a
method which can take as input all of the alphas. In the following result, we propose a
method for calculating b using all of the elements of , which introduces a function ()

and defines the requirements for this function.

Proposition 5.1. Given a function Q) : R — R for which Q(0) = Q(C) = 0 and
Q(x) >0V 0 < x <C. Then,

A _ Y. %.2
b= Zle[n]ﬂ( Z Q ( Z tx]y]exp< ')’HXZ X]H >> .

jeln]

Proof. LetI={i€[f]:0<a; <C}and [ = {i € [Ai] : &; = 0 or &; = C}. We have,

Zle[n] Yicim Qa) ZQ ( — ) ajjjexp (75@)?]'2))

jeln]
1 R R
- Q(a — aigiexp (—v]|X; — X;i|?
T ) 1 Doy O 2 ( jEZw giexp (—7]1%i - X ))
+ 1 o 2 0w) | 9= Y agjep (—71% - X))
Yier a;) + Yier O zel jeln]

1
- Q)b
Yier Q(ai) + Lie 0 ;‘ (®)

AT - o A'_"' 2
+Ziel‘ O )+ZZEIOZO( - Z%%GXP( 71X — X ))

j€ln]
O(a
ZzEI ( Z

icl

=b
and this concludes the proof. O
Intuitively () should be an indicator function (a linear combination of Heaviside func-

tions, which have a value of 0 up to a certain value of x where their value steps up to
1) whereby Q)(x) = 1 for all 0 < x < C. This function however would be non-smooth.
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It could be approximated using a sum of sigmoid functions however it is worth not-
ing that the only restrictions on our choice of function to use for () are those given in
Proposition 5.1. Specifically, there is no requirement that the value Q(x) should take
for any particular value for 0 < x < C and there is no requirement for Q)(x) to have the
same value forall 0 < x < C.

Let, b(X;, 9;) = ; — Yje(n) @jJj exp (—7||)A(- - )A(Hz> To calculate b we take a weighted
sum of each b( ,,yl) with 0 < a; < C. However, not every b(XZ,yl) with0 < a; < C
needs to have a significant contribution to the formula for calculating b. In fact, if for
example, a given a; is very close to 0 it is unclear whether the difference between «; and
0 is a numerical error or an actual difference. To safeguard ourselves against this, we
select an () which is near linear when x is close to 0 and C. This ensures that if the dif-
ference between «; and 0 or C is orders of magnitude larger than the difference between
ajand 0 or C then the contribution of b(X;, 7;) to the calculation of b is orders of magni-
tude larger than that of b(X i, Jj). For example if the two elements of « which is furthest
from 0 and C are ¢; = C/2 and a; = 10~ ® then the contribution of b( ],y]) to calcu-
lating b should be insignificant compared to the contribution of b(X;, 7;). Likewise, if
the two elements of & which is furthest from 0 and C are &; = 107° and aj = 10~12
then the contribution of b(X j,Jj) to calculating b should be insignificant compared to
the contribution of b(X;, §;). To achieve this we propose the quadratic function

2
Ox,C) =1 <2Cx - 1> b (5.15)

It is sometimes the case that all elements of « are so close to 0 or C that the difference is
numerically 0. In such cases all Q(«a;) = 0 Va; € « and hence in the proof of Proposition
5.1, we would divide by 0. To avoid this we add a very small perturbation 7 to Q).
Having calculated the primal model parameters using the dual form parameters we

can now rewrite the SVM loss Function shown in (5.11) as

Lowm(C, 7,0, X;, X, 7,7,) Z SmoothMax(l — i (w d(X;) + b)),
ie[n]
where
WTP(X) = Y ajexp(—v|IX; — Xil?),
jela]
b = 2 Qa) {9 — ¥ ajgjexp (—7I1Xi — Xj|?) |
Zze[n]Q( l jeln] 19 ( l ! >

and SmoothMax is defined in (5.12), () is defined in (5.15). Figure 5.2 shows the loss
surface of this function with respect to v and C. As can be seen, this loss surface is
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smooth unlike that of counting loss function which is non-smooth and has gradient is
0 everywhere.

Having determined which loss function we intend to use to evaluate validation perfor-
mance in the upper level objective we now look to adapt our bilevel problem to k-fold
CV. In k-fold CV the n data points X with their cosponsoring labels y are split into k
roughly equal sized folds. A fold is selected to be the validation set while remaining
folds are used as the training set. CV is performed in which an SVM is trained on the
training set and evaluated on the validation set. The next fold is then selected to form
the validation set. The average validation performance across the k rounds of CV is
used to assess overall validation performance.

We define X' as the set of 71’ data points in fold i with 7' as their corresponding labels
and X' as the set of 7 data points which are not in fold i with §' as their corresponding
labels. We also define a’ as model parameters of the SVM trained on the data from folds
other than foldiand &« = {le . (Xk} as the vector formed by stacking each vector o« for
all i € [k]. k-fold CV for hyperparameter selection can be constructed as a bilevel prob-
lem where the lower level problem is a multi-objective problem and the upper level
problem is maximising the average of the model performances on the validation sets
(or more specifically minimising a loss function which is inversely proportional to the
model performances). In the lower level there are k objective functions, each of which
responsible for the training of one SVM. For a given SVM trained on X’ and ¢’ fold i
the only parameters the objective function responsible for its training are a’. Therefore,
as no model parameters are shared between the k lower level objective functions, min-
imising each of them independently is equivalent to minimising their sum. Our bilevel

formulation of the hyperparameter tuning for a RBF kernel SVM problem is therefore

given as
. 1 i i i i
min E Y. = ) SmoothMax (1 —y]<( Y agiexp(—y||IX] — X]Hz))
e K e I€[Ai]
oy E 06 (- T sdhow (1% -51)))
Zle[nl Q( le(ni] ( me [f] ( ] ))
st. C>0,
720,
- 1 i ioioi i i i
& € arg min Z 5 Z Z a1y iy exp <—7HX]' —X1H2> - Z bj
« ic[k] je i) 1€[Ai] jeln’]
st. 0<ai<C Vi € [k],V] €[],
Z‘ ;;:O Vi € [k].
jeln]

(5.16)
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Empirically we see that, provided y and C are initialised to be greater than 0, that they

are never driven below 0 and so the upper level constraints can be dropped.

5.3 Single level reformulation and theoretical analysis

In this section, we construct an algorithm capable of solving the bilevel problem (5.16).
The following subsections will focus on first reformulating the problem into a single
level problem, then applying the Scholtes relaxation and finally detailing an algorithm
for driving the solution of the relaxed problem to be that of the original problem. Here,
we transform problem (5.16) into a single-level optimisation problem by means of the
Karush-Kuhn-Tucker (KKT) reformulation.

Note that both criteria for deriving the KKT reformulation are met. We have only linear
constraints in our lower level problem and the lower level objective is convex by virtue

of being the Lagrangian dual of a convex optimisation problem.

To proceed, we introduce some notation to write the problem in a more compact form,
which will facilitate the presentation of the theoretical elements of our analysis. We let
¢ denote a vector with elements all ones in R?. With this notation we can write the
subproblem of the lower level problem (in the dual form), the problem of training a

)

single RBF kernel SVM on the training set (X', ') as follows

(oc) ()l — (&) Te!
i [ cl, (5.17)
o) Tt = 0.

S arg min
s.t.

aieR™

/‘\ QR NI=
Q)

Here Q' () € R"*" is defined by
Q@) =99 exp(—lIX" = X|P).
The Lagrange function of (5.17) is as follows
L(a', AL A ul) = %(zxi)TQi('y)zxi — (a))Tel — (&, ATy — (Ce' — &', AY) 4 (o)) T,

where ' € R”, A' € R" and u' € R are the Lagrange multipliers corresponding
to the lower bound constraint, upper bound constraint and the equality constraint,
respectively. The KKT conditions of (5.17) are

Qi(,),)‘xi —ei —/_\i—l-Ai—Fui]?i =0,
0<al L Al>0,
0<A L Ce—al>0,
(') T9' =0.

i € [K]. (5.18)
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In Equation (5.18), we use the orthogonal operator. Using this operator 0 < x L y >0
is equivalentto 0 < x, 0 <y, x -y = 0. By the first equation in (5.18), there is

A= Qi('y)zxi o ei +Ai +ui9i —

We can eliminate the vector of Lagrange multipliers Al corresponding to the lower
bound constraints by substituting this into (5.18):

0<al L6 >0,
0<A LCet—al>0, ic€lk]. (5.19)
(@) "9 =0,
Letm = Zi‘(:l . We can then define

« = (al;---;a") eR™,

A = (AL AN eRr”,

e = (&5 ;e e RrR™,

u = (1/[1,'"' k)ERk

0y, a,Au) = (0% ;6% eR"™

The KKT conditions (5.19) for the entire lower level problem (5.17) can then be rewritten
in the following form
0<alO(yairu) >0,

0<ALCe—na>0, (5.20)
Ya =0,
where
@7
Y = : e RF™ 4 = (0,1, 0,1, §, 01, ,0,%) € R™
)"
Letrin = 2+ k + 2m, we define
C
7 « O(a,y, A u) _
v=| A | €R" H(v) = , G(v) = , h(v) =Ya.  (5.21)
A Ce—u
u
- “ -

Notice that by the definition of v, 6(-y,«, A, 1) can be also denoted by 6(v), which we
will use instead of (1, &, A, u) from this point on. Using these general notations the
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KKT system (5.20) of the lower level problem can be written as

0<H(v) LG(v) >0,
h(v) =0,

and hence, the KKT reformulation of problem (5.16) can be written in the compact form

min,c g f(v)
s.t. 0<H(v) LG(v) >0, (MPEC)
h(v) =0,

where f(v) represents the objective function shown in problem (5.16).

Clearly, problem (MPEC) is a special class of the Mathematical Program with Equilib-
rium Constraints (MPEC); see, e.g., Flegel (2005) for more details. Note that the algo-
rithm to be proposed in the next section to solve the problem will compute a stationary
point; however, to formulate stationary points, or “KKT”-type necessary optimality
conditions, a regularity condition is needed. The most commonly used regularity con-
dition, or constraint qualification, to derive necessary optimality conditions for optimi-
sation problems with non-linear constraints is the Mangasarian-Fromovitz Constraint
Qualification (MFCQ); cf. Nocedal and Wright (1999).

Unfortunately, for MPECs, it is well-known that the MFCQ systematically fails (Ye
et al., 1997). Hence, to derive necessary optimality conditions for problem (MPEC), a
specifically tailored version of the MFCQ has been introduced in the literature; see Flegel
(2005) and references therein for details. Next present the this regularity condition for
our problem (MPEC). To proceed, let v be a feasible point of problem (MPEC), then
we have the following standard decomposition of the indices associated to the comple-

mentarity constraints:

Jo = {i| Gi(v) =0, Hi(v) >0},
Jon = {i | Gi(v) =0, H;(v) =0},
T = {Z | Gi(U) >0, Hi(v) = 0}

Using this decomposition, we can now introduce the MPEC Mangasarian-Fromovitz
(MPEC-MFCQ) as follows.

Definition 5.2. A feasible point v of problem (MPEC) satisfies the MPEC-MFCQ if and
only if the set of gradients of active constraints

{VGi(v) |i€JcUJeu} U{VH;(v) |i€ uUJeu}U{Vhi(v)|ic[k]} (522)

in (5.22) is positive-linearly independent.



5.4. Numerical method and illustrative examples 107

The set of gradient vectors in (5.22) is said to be positive-linearly dependent if there exists

non-zero non-negetive scalars {9; }ici uiey, 1Biticiyuiey and 7 € R such that

i=1

Otherwise, we say that this set of gradient vectors is positive-linearly independent.

It is also important to mention that because of the complementarity constraints in prob-
lem (MPEC), various stationarity concepts are possible. Our focus in this chapter will
be on the C-stationarity concepts, as, in the next section, we will introduce an algorithm

which we prove outputs solutions which are C-stationary.

Definition 5.3. A point v that is feasible for problem (MPEC) will be said to be C-
stationary if there exist Lagrange multipliers #", 4©, and u! such that the following
conditions are satisfied:

V(o) + Ty W V(o) = T 46V Gy(0) + ulVH(0)] =0,
Vieg: ij free, Vj € Jou : ;4](.3 free, Vj € Jy: V],G =0,
Vjie Iy : ],t]H free, Vj € Jgu : ],t]H free, Vj € Jg: yJH =0,

Vi€ Jon: uipl > 0.

Theorem 5.4 (see, e.g., Scholtes (2001)). Let v be a local optimal solution of problem (MPEC)
that satisfies the MPEC-MFCQ. Then v is C-stationary.

To conclude this section, note that it can proven that the MPEC-MFCQ automatically
holds for our problem (MPEC) under a mild assumption. This proof follows the same
analysis of index sets as was performed in the paper (Li et al., 2021), where the result is
established linear kernel SVM. A paper containing this additional analysis is currently
being developed but such a work falls outside of the scope of this thesis.

5.4 Numerical method and illustrative examples

In this section we propose an algorithm for solving Problem (MPEC) which utilises the
Scholtes relaxation and provide some illustrative examples of this algorithm in action

on real data sets from the UCI repository.
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5.4.1 The Scholtes relaxation

In order to solve problem (MPEC) more easily, we apply the Scholtes relaxation (Scholtes,
2001). The problem can be equivalently written as,

minyes  f(v)
s.t. 0 < H;(v), 0<Gi(v), Hi(v)Gi(v)=0 Vie[2m],
h(v) =0.

Where f, G, H, h, v and m are as defined in the previous section. Here, as each el-
ement of H(v) and G(v) are strictly non-negative, H;(v)G;(v) = 0 is equivalent to
H;(v)G;i(v) < 0. To perform the Scholtes relaxation we relax this such to H;(v)G;(v) <
t. Resulting in the following relaxed problem,

minye;  f(0)
s.t. 0 < H;(v), 0<Gi(v), H(v)Gi(v) <t Vie[2m], (5.23)
h(v) = 0.

In our non-relaxed problem we have H;(v)G;(v) = 0,0 < H;(v) and 0 < G;(v) this
means that for all i € 2m, for the original complementarity condition to be satisfied, at
least one of H;(v) and G;(v) must be equal to 0. When we apply the Scholtes relaxation
we are allowing both H;(v) and G;(v) to both be non-zero for all i € 2n. The largest

violation of the unrelaxed complementarity conditions can therefore be written as
compVio(v) = || min (G(v), H(v)) ||,

where the min function takes a pair of (2m x 1) vectors and returns a single (2m x 1)
vector for which each element min;(G(v), H(v)) = min(G;(v), H;(v)). This vector con-
tains the violation of each of the complimentary conditions of the non-relaxed problem.
To find the largest of these we apply the infinity norm (which simply outputs the largest
element of its argument). This value can then be used as a stopping criteria by which
we can determine when the value of t is sufficiently small as to render its solutions
approximately equal to that of the non-relaxed problem. Hence, we propose the Algo-
rithm 4, which is constructed using a framework borrowed from Hoheisel et al. (2013).

Subsequently, we have the following convergence result, which ensures that a sequence
of stationary points of problem (5.23), computed by Algorithm 4, converges to a C-
stationary point of problem (MPEC), as defined in the previous section.

Theorem 5.5. (Hoheisel et al., 2013) Let {t;} | 0 and let v* be a stationary point of (NLP-t;)
with v* — v such that MPEC-MFCQ holds at the feasible point v. Then v is a C-stationary
point of problem (MPEC).
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Algorithm 4 Scholtes relaxation algorithm (vstart, tstart, fmin, €)

Require: starting values for the model parameters vstart, tstart > tmin > 0 and € > 0.
k<0

tk < tstart

U <— Ustart

while t; > tmin and compVio(v)> € do

v < the approximate solution to the relaxed problem (5.23)
using v as a starting point and t = t.

tr LS
10

k —k+1

end while

Return: the value of v after the final iterate.

It is well known that in non-convex continuous optimisation, choice of starting point
can greatly affect the final solution found by the model. So as not to provide our model
an unfair head start in Algorithm 4 we will simply use the naive hyperparameter start-
ing point of v = 1, and C = 1. At each iteration of Algorithm 4 we solve the optimi-
sation problem using fmincon in MATLAB. In preliminary experiments we found that
fmincon’s default interior point solver was not able to reduce the objective function so
we instead use the Sequential Quadratic Programming (SQP) solver, which has been
shown to perform well for solving the hyperparameter tuning for SVMs problem (Ben-
nett et al., 2006). However, the SQP solver did not work well when initialised at an

infeasible point.

For this reason, we aim to compute a feasible starting point v for Problem 5.23. To
find this feasible starting point we consider the following infeasible point (A = u =0,
«# = C/2,v = 1and C = 1) and then assert feasibility by adjusting «, A and u. Our
procedure for asserting feasibility by adjusting a, A and y is to set the objective function
of Problem 5.23 to 0 and add two equality constraints fixing the values of v and C.
Solving this new problem simply finds a feasible point with C = v; and v = v,. Asin
this problem we do not need to decrease the objective function, we can use the interior
point solver, which, in this context, is faster than the SQP solver. It is possible that at
any iteration Algorithm 4 the SQP solver converges to an infeasible point. Where this is
the case we once again use our procedure for asserting feasibility to find a feasible point
(without moving <y or C) to start the SQP solver at for the next iteration of Algorithm 4.

When solving Algorithm 4 we use fstart = 107! and tmin = 1071, In the function
(), used to determine the contribution of each point to the calculation of b (shown in
Equation (5.15)) we use a very small perturbation T = 1071°. Likewise we use the

perturbation { = 10~ to smooth the max function in Equation (5.12).
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5.4.2 Illustrative examples

In this section we will provide four illustrative examples of our bilevel hyperparame-
ter tuning model in action on real data sets from the UCI Machine Learning Repository.
The Cleveland Heart Disease data set consists of 303 data points comprised of 13 vari-
ables together with their associated labels (Detrano et al., 1989). The original labels had
value 0 for patients with no heart disease and labels 1-4 for patients with heart disease
depending on their condition. To formulate a binary classification problem we assign
the label 1 to all patients with heart disease. The Glass Classification data set consists
of 214 data points comprised of 10 variables together with their associated labels (Evett
and Spiehler, 1987). This data set has 7 classes representing specific types of glass. To
formulate a binary classification problem we consider only two, building glass which
is produced using floating and building glass which is produced using other methods.
The Pima Indians Diabetes data set consists of 768 data points comprised of 8 variables
together with their associated labels of whether the patient has diabetes or not (Smith
etal., 1988). Finally, the Sonar, Mines vs. Rocks data set consists of 208 data points com-
prised of 60 variables obtained by bouncing sonar signals off of either metal cylinders
(representing mines) or rocks (Gorman and Sejnowski, 1988). The labels associated to

each data point reflect whether the object was a metal cylinder or a rock.

In this work we perform k-fold CV using k = 3 as suggested in similar works on bilevel
optimisation for SVM hyperparameter tuning (Kunapuli et al., 2008; Bennett et al., 2006,
2008). The model has i1 parameters where 11 = 2 4+ k +2m and m = n(k — 1). In order
to keep the size of the bilevel problem manageable (with 405 parameters) we sample
n = 100 data point, label pairs from each data set. To ensure that class imbalance did
not play a role in our analysis our new 100 point data sets contain 50 data point, label
pairs from each class. As scaling can affect the performance of RBF kernel SVMs, we

apply standard scaling to each variable.

We compare our bilevel hyperparameter tuning algorithm with grid-search. This grid-
search will be performed by iteratively selecting values of 7y and C from a grid of hyper-
parameter combinations, solving the lower level training problem 5.8 using fmincon in
MATLAB and then using the output values for a together with the selected vaules for
v and C to compute the value of the objective function of Problem 5.23.

The hyperparameter grid will have shape ¢ x ¢ and will be comprised of a logarithmic
range of values of C € {10~4t8(-1)/8=1 vj ¢ [¢]} and values of y € {10-0+12(i=1)/g~1

Vi € [g]}. This represents searching a range of values of C from 10~* to 10%, which
is very similar to the range of values used in other studies on bilevel optimisation for
SVM hyperparameter tuning (Moore et al., 2009; Bennett et al., 2006). As, to the best
of our knowledge, this is the first work on bilevel optimisation for hyperparameter
tuning of SVMs which uses the RBF kernel, we cannot base our range of values for v
off of that used in a similar work. The range of values we have chosen for y of 107°
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to 10° is derived from the range of values evaluated by MATLAB’s implementation of
grid search for optimising the hyperparameters of a RBF kernel SVM. Increasing the
value of g will improve the quality of the best hyperparameter combination found by
grid-search, however it will also increase the run time as more SVMs will have to be
trained. Of course, this also means that decreasing ¢ will lead to a shorter run time at
the cost of best the hyperparameter combination having a larger objective value. As
there are two hyperparameters we have: run time o« g2.

We use g = 16, as the time taken to complete this grid-search was comparable to the
amount of time taken to run our bilevel hyperparameter tuning algorithm. For some
data sets this gridsearch is slightly faster than our bilevel method and in others it is
slower. It would be possible to select a grid size for this gridsearch such that the run
times are even more similar. We chose not to do this and to instead select the grid which
gave the closest run time across all data sets. It can be seen in Figures 5.3, 5.4, 5.5 and
5.6, that even if we had used a slightly finer mesh for the grid, this would not result in
a dramatic improvement in performance for the gridsearch method. A comparison of
these run times can be seen in Table 5.1.

Data Set Tuning Method Objective Value Time(s) Y C
Cleveland Bilevel 1.0979 5311.0 0.0147 9.6651
Grid-Search 1.1110 5245.0 0.0100 857.70
Glass Bilevel 1.5215 2252.3  0.0989 11.195
Grid-Search 1.5666 4203.4 0.0631 21.544
Pima Diabetes Bilevel 2.0420 6530.5 0.0211 5.7434
Grid-Search 2.0851 4552.6  0.0016 73.564
Sonar Bilevel 1.8078 5779.6  0.0066 11.691
Grid-Search 1.8252 5211.5 0.0100 251.19

TABLE 5.1: Table detailing the solutions found by each hyperparameter tuning
method.

Figures 5.3, 5.4, 5.5 and 5.6 show how our bilevel hyperparameter tuning algorithm
navigates the hyperparameter space on our various data sets. The path taken by our
bilevel hyperparameter tuning algorithm is shown in yellow with the yellow cross be-
ing its final solution. The black crosses represent the points tested by the grid-search
described previously. Of course, most of the points evaluated by this grid-search do
not lie in the region shown in these plots. The heatmap shown in the background was
generated by conducting a very fine grid-search of this local region, the run time of
which was orders or magnitude greater than that of either the previous grid-search or
our bilevel algorithm.

As can be seen, in each instance the bilevel model appears to converge to a local min-

imum. As expected, we see that this approach is able to find solutions in-between the
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FIGURE 5.3: Figure comparing the performance of our method with that of grid-search for tuning hyperparameters for the Cleveland data set. The
path taken through the hyperparameter space by fmincon as it attempts to solve the bilevel problem is shown in yellow. The yellow crosses show
the solutions found by the bilevel method and grid search method. The black crosses show the points tested by a grid search. The background
heatmap was created by performing a very fine grid search to evaluate the value of the upper level objective in this local region.
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FIGURE 5.5: Figure comparing the performance of our method with that of grid-search for tuning hyperparameters for the Pima Indians Diabetes

data set. See Figure 5.3 for a description of this graph.
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points tested by grid-search. It is worth noting that, with the exception of the glass data
set, the best hyperparameter combination found by grid-search does not lie near the so-
lution found by our algorithm but rather at more extreme values of v and C. The Glass
data set illustrates the exact behaviour which makes the bilevel approach conceptually
preferable to grid-search. As shown in Table 5.1, the best hyperparameter combination
found by grid-search for this data setis 7y = 10712 and C = 1013, As can be seen in
Figure 5.4, this is the closest point tested by the grid-search to the apparent local min-
imum which the bilevel algorithm has correctly located. In other words, there exists a
local minimum between the points tested by grid-search and the bilevel algorithm was

able to navigate this space to approximately locate this local minimum.

The Banknote Authentication data set consists of 1372 data points comprised of 4 vari-
ables together with their associated labels (Lohweg, 2013) indicating whether the ban-
knotes are genuine or fake. The same preprocessing was applied to this data set as was
applied to the others. Figure 5.7 shows the path our bilevel hyperparameter tuning al-
gorithm navigates the hyperparameter space on the banknote data set. As can be seen
on the right, our model preforms as well as can be expected. It traverses the hyperpa-
rameter space to find what appears to be a local minimum. However, on the left we can
see from the heatmap generated by the 16 x 16 grid-search that the solution found by
grid-search here is better than that found by our algorithm. As can be seen the best hy-
perparameter combination grid-search was able to find is on the edge of the evaluated
portion of the hyperparameter space far from the starting point of our algorithm. This
outcome is to be expected for data sets where the best hyperparameter combination is
very far from our methods starting point, as due to the non-convex nature of our prob-
lem, it is unlikely that our method can traverse the hyperparameter space to that point

without finding a local minimum first.

5.5 Conclusions

In this chapter we have formulated the bilevel problem of hyperparameter selection for
RBF kernel SVMs via k-fold CV. This has required the formulation of the dual form of
the training problem and the construction of a smooth loss function for use in the upper
level objective which uses only model parameters for the dual formulation of the train-
ing problem. We perform a KKT reformulation to derive a single level reformulation of
the problem. We propose an algorithm for approximating the problem’s solution using
the Scholtes relaxation and we perform the required analysis of the MPEC MFCQs to
show that this algorithm converges to a C-stationary point. Finally, we provide a num-
ber of illustrative examples of our algorithm in action, and demonstrate its apparent
ability to locate local minima of the problem and outperform grid-search on some in-

stances.
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Our upper level objective function is non-covex and as such has numerous local min-
ima. Locating a local minimum is all that can be expected from the methods we use to
solve Problem 5.23. Figures 5.3, 5.4, 5.5 and 5.6 suggest that our proposed algorithm is
capable of locating local minima. However, in some instances (such as for the banknote
data set shown in Figure 5.7), while our method is seemingly able to successfully locate
a local minimum, grid-search was able to find a hyperparameter combination far from
the starting point used for our method which had a lower objective function value.
In future works we intend to investigate potential solutions to this drawback, such as
using different and multiple starting points and creating our own solver to leverage

principals such as momentum.
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Chapter 6

Final comments

In this work we have focused on supervised learning algorithms for prediction tasks.
We optimise the processes by which these algorithms are used in particular applica-
tions. Specifically, we present optimised preprocessing methods and optimise hyper-
parameter selections. We also present our own optimisation model for simultaneously

training and tuning the hyperparameters of non-linear kernel SVMs.

In Chapter 3, we have proposed a framework for modeling the problem of predict-
ing infrequently occurring adverse events from time series data as an imbalanced clas-
sification problem. We have focused on two applications: predicting the occurrence
foaming in Anaerobic Digestion (AD) and predicting condenser tube leaks in civil Nu-
clear Power Production (NPP). Central to this framework, we propose block sampling
a method of informed undersampling which, as we demonstrate, outperforms other
sampling techniques for addressing class imbalance in our two applications. Our ex-
tensive set of experiments have revealed that adopting our proposed framework results
in models which achieve a good performance in predicting adverse events in both of

our applications.

Using our proposed framework for comparing a range of classification algorithms,
sampling techniques and hyperparameter selections for the AD application, the best
performing models were capable of accurately preempting each of the 5 foaming events
in our time series with up to 24 hours warning and an average balanced accuracy of
88.6%, having been trained using data relating to the remaining 4. For the NPP ap-
plication, using our proposed framework we were able to produce models capable of
accurately preempting 4 of the 6 tube leakage events, having been trained on the re-
maining 5, with up to 12 hours warning and an average balanced accuracy of 76.2%.
The models developed in this chapter could be integrated into a decision support tool
for providing advanced warning of the occurrence adverse events. In the AD applica-

tion this warning would allow plant operators to administer anti-foaming agent, thus
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averting the foaming. In the NPP application this warning would allow the plant op-
erators to reduce the load on the turbines and repair the leak without the turbine being
tripped. In both of these applications the capabilities provided by such a tool would
lead to significant commercial benefits. The main difficulty faced in these analyses is
the lack of data relating to the adverse events. As such, were additional data be col-
lected, we would expect to be able to predict these adverse events with even greater

accuracy.

In Chapter 4, we propose an Al tool for automated, prolonged ECG screening to replace
the current screening process where a patient’s T:R ratio is measured over a 10-second
period. We have collected the SGH-ECG data set (detailed in section 4.3.1) consist-
ing of 10-second ECG segments from patients belonging to a range of relevant patient
groups. We propose a detailed preprocessing scheme utilising signal preprocessing
methods together with creating phase space reconstructions to enable our models to
more accurately predict T:R ratios. We have conducted an extensive set of experiments
wherein we evaluate a range of deep learning model architectures, hyperparameter
combinations and Stochastic Gradient Descent (SGD) based optimisation algorithms
for model training. We find that ensemble models comprised of MLP5 models, trained
using the best-performing SGD based optimisation method and with a tuned batch size
and global learning rate gave the best performance, being capable of predicting the T:R
ratios of 10-second segments to within 0.0461 of their true values. We have shown how
this model can be integrated into a clinical tool enabling clinicians to perform 24-hours
automated screenings, thus providing a much more reliable indication of the normal
behaviours of the patient’s T:R ratio over time. This increased reliability and descrip-
tiveness can allow cardiologists to better determine patients’ risk of TWOS and hence
their eligibility for S-ICD implantation.

In Chapter 5 we formulate the bilevel problem of hyperparameter selection for RBF
kernel SVMs via k-fold CV and propose an algorithms for solving it. To do this we
have constructed a smooth loss function for use in the upper level objective, based off
of the lower level training objective and formulated using only parameters of the dual
problem. We then perform a single level reformulation and propose an algorithm for
approximating the problems solution by iteratively using the Scholtes relaxation. We
perform the necessary analysis of the MPEC MFCQs to show that this algorithm con-
verges to a C-stationary point. Lastly, we give a number of illustrative examples show-
ing that our algorithm works on real data sets from the UCI repository. We observe
our algorithm’s apparent ability to locate local minima of the problem and outperform

grid-search on some instances.

The work on predicting adverse events in low-carbon energy production, presented in

Chapter 3, has led to the following paper:
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Coniglio, S., Dunn, A. |., and Zemkoho, A. B. (2020). Infrequent adverse event prediction in low
carbon energy production using machine learning. Preprint available at arXiv:2001.06916.

Under review in Machine Learning,.

The work in Chapter 4 in developing an Al tool for screening patients” S-ICD implan-
tation eligibility has led to a paper presenting the development of the tool:

Dunn, A. |., EIRefai, M. H., Roberts, P. R., Coniglio, S., Wiles, B. M., and Zemkoho, A. B.
(2021). Deep learning methods for screening patients” S-ICD implantation eligibility. Artificial
Intelligence in Medicine, 119:102139.

Two papers which use our tool to assess what the optimal choice of the T:R ratio cut-off

used in the screening should be:

ElRefai, M., Abouelasaad, M., Dunn, A. |., Coniglio, S., Zemkoho, A. B., Wiles, B. M., and
Roberts, P. R. (2022b). Eligibility for subcutaneous implantable cardiac defibrillator utilising
artificial intelligence and deep learning methods for prolonged screening: where is the cut-off?
Europace, 24 (Supplement _1):euac053—447.

ElRefai, M., Abouelasaad, M., Wiles, B. M., Dunn, A. |., Coniglio, S., Zemkoho, A. B., and
Roberts, P. R. (2022c). Deep learning-based insights on T:R ratio behaviour during prolonged
screening for S-ICD eligibility. Journal of Interventional Cardiac Electrophysiology,
doi.org/10.1007 /s10840-022-01245-6.

A paper using our tool to evaluate the variation of the T:R ratio of patients with various

heart conditions:

ElRefai, M., Abouelasaad, M., Conibear, I., Wiles, B. M., Dunn, A. |., Coniglio, S., Zemkoho,
A. B., and Roberts, P. R. (2022a). The use of artificial intelligence and deep learning methods
in subcutaneous implantable cardioverter defibrillator screening to optimise selection in special
patient populations. Europace, 24(Supplement _1):euac053—448.

A further paper detailing the hyperparameter optimisation and comparison of optimi-
sation algorithms for model training

Dunn, A. |., EIRefai, M. H., Roberts, P. R., Coniglio, S., Wiles, B. M., and Zemkoho, A. B.
(2022). Deep learning and hyperparameter optimization for assessing one’s eligibility for a sub-
cutaneous implantable cardioverter-defibrillator. Preprint available at https:/ /optimization-
online.org/?p=21066. Under review in Annals of Operations Research.

The work in Chapter 5 has led to a paper, which is under preparation (note that this

paper will be a significant extension of the work contained in this chapter):

Stefano Coniglio, Anthony | Dunn, Qingna Li, and Alain B Zemkoho, Bilevel hyperparameter
optimisation for non-linear support vector machines. To be submitted to Mathematical Pro-
gramming by the end of 2022.


https://arxiv.org/abs/2001.06916
https://optimization-online.org/?p=21066
https://optimization-online.org/?p=21066
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During the course of my PhD I have also supervised two masters students whose work
is being developed into publications. Hanyu Wang's project:

Hanyu Wang, Emmanuel K. Tsinda, Anthony ]. Dunn, Francis Chikweto, Nusreen Ahmed,
Emanuela Pelosi, and Alain B. Zemkoho. Deep learning forward and reverse primer design to
detect SARS-CoV-2 emerging variants. Under review in Bioinformatics.,

And Tianjie Gu’s project:

Tianjie Gu, Emmanuel Kagning Tsinda, Anthony Dunn, Adithya Madhusoodanan, and Alain
B. Zemkoho. Descriptive analysis of COVID-19 vaccine adopters and hesitant among social
media users. Currently being prepared for publication.



123

Appendix A

Chapter 3 appendix

A.1 Undersampling and oversampling implementation

Sampling techniques were incorporated into the experiment process at each iteration of
CV by undersampling or oversampling the already block sampled training folds before
training the classifiers and testing them on the block sampled testing fold. When under-
sampling, we sample, with replacement, a set from our majority class of the same car-
dinality as our minority class, whereas, when oversampling, we sample, with replace-
ment, a set from the minority class that has the same cardinality as the majority class.
This is implemented using the functions RandomUnderSampler and RandomOverSampler

from the Python package Imbalanced-learn.

A.2 Hyperparameter tuning details

In most experiments in Subsections 3.3.3 and 3.3.4, we trained classifiers using the de-
fault hyperparameter selections used by the classifier implementations in scikit-learn
(Pedregosa et al., 2011). When we use grid-search to tune the hyperparameters of clas-
sification algorithms, we use a grid of roughly 100 combinations of hyperparameter
values. As was shown in Subsection 3.3.2, in both of our application it is advantageous
to include event patterns in the training of our models, while excluding them from test-
ing. This same reasoning extends to performing grid-search via (k — 1)-fold CV nested
within each iteration of a k-fold CV for model selection. The models trained using any
particular hyperparameter combination should not be assessed on event patterns. This
need to include event patterns in folds when they are used for training yet exclude
event patterns when the same fold is used for testing means that it is not possible to
use the scikit-learn function GridSearchCV for hyperparameter tuning. Instead, we

use the method laid out in Algorithm 3.
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For the SVM classifier, we search over the values of two hyperparameters, the regu-
larisation parameter (C) and the kernel coefficient (). We test values 10" with n &
1

{—6,...,3} for C and values ey (Where d (T 4+ 1) is the number of features of our

data) and 10" with n € {—6, ..., 2} for 7.

For the GNB classifier, we only tune the variance smoothing hyperparameter by search-
ing over a logarithmic range of 100 values from 10~ to 10°.

For the BRF classifier, we tune three hyperparameters: the number of trees in the forest
(n-estimators), the number of features to consider when looking for the best split at each
node of the decision trees (max-features), and the sampling strategy used to balance the
data for each tree. We test values of {10, 25, 50, 100, 200, 300, 400, 500, 750, 1000} for n-
estimators, and of {2, 4, 8, 16,32} for max-features, and we test under and oversampling
for balancing the data for each tree.

For the AB classifier, we tune the maximum number of estimators in the ensemble, as
well as the learning rate. We test values of {10, 20, 30, 40, 50, 75, 100, 150, 200, 500, 1000,
2000} for the maximum number of estimators and learning rates of 10" with n €
{-7,..,0}.

A.3 Full experimental results

In Tables A.1 and A.2, we refer to basic partitioning as BP, random undersampling
as RUS, random oversampling as ROS, artificial oversampling (SMOTE) as AOS and
block sampling as BS. In Tables A.4 and A.7, we use NS to denote that a classifier was
trained without the use of undersampling or oversampling, and US or OS denote that
undersampling or oversampling, respectively, was used to balance the training set. In
Tables A.5 and A.8, classifiers with tuned hyperparameters are markded with an aster-
isk whereas classifiers using default hyperparmeters are not. See Subsection 3.3.1 for
definitions of the classifier name acronyms.

TABLE A.1: Foaming in AD: Comparison of fold sampling techniques

Event Inclusion Sampling Classifier

Inclusion Technique SVM RF BRF MLP LR AB KNN DT GNB QDA GB Aver.
BP 0.53 0.50 0.71 0.55 0.54 0.54 0.50 0.51 0.84 0.51 0.51 0.567
RUS 0.78 0.54 0.68 0.72 0.60 0.61 0.51 0.52 0.85 0.51 0.51 0.621

Excluding ROS 0.90 0.55 0.55 0.57 0.88 0.56 0.54 0.56 0.85 0.51 0.51 0.636
AOS 0.90 0.58 0.58 0.58 0.87 0.59 0.56 0.67 0.85 0.51 0.51  0.656
BS 0.71 0.550.73 0.68 0.64 0.58 0.52 0.70 0.83 0.54 0.54 0.637
BP 0.65 0.54 0.68 0.56 0.57 0.56 0.50 0.55 0.84 0.59 0.59  0.602
RUS 0.78 0.56 0.68 0.64 0.62 0.60 0.51 0.59 0.86 0.60 0.60  0.639

Including ROS 0.90 0.550.56 0.57 0.92 0.64 0.53 0.60 0.86 0.62 0.62  0.671
AOS 0.87 0.58 0.59 0.57 0.90 0.61 0.55 0.60 0.86 0.56 0.56  0.661

BS 0.75 0.62 0.74 0.67 0.650.64 0.52 0.70 0.87 0.63 0.63  0.675
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TABLE A.2: Condenser tube leakage: Comparison of fold sampling techniques

Event Inclusion Sampling Classifier

or Exclusion ~ Technique SVM RF BRF MLP LR AB KNN DT GNB QDA GB  Aver.
BP 0.50 0.50 0.65 0.50 0.46 0.50 0.50 0.50 0.50 0.50 0.50  0.509
RUS 0.51 0.50 0.66 0.51 0.46 0.51 0.50 0.51 0.50 0.50 0.50  0.514

Excluding ROS 0.57 0.50 0.50 0.50 0.39 0.50 0.49 0.50 0.50 0.50 0.50  0.496
AOS 0.58 0.50 0.50 0.50 0.40 0.51 0.49 0.51 0.51 0.50 0.50  0.499
BS 0.57 0.56 0.69 0.54 0.52 0.68 0.52 0.48 0.54 0.52 0.52  0.559
BP 0.50 0.50 0.65 0.50 0.46 0.50 0.50 0.51 0.50 0.50 0.50  0.511
RUS 0.59 0.50 0.64 0.58 0.46 0.54 0.51 0.57 0.50 0.50 0.50  0.535

Including ROS 0.56 0.50 0.50 0.51 0.41 0.54 0.52 0.50 0.50 0.50 0.50  0.502
AOS 0.56 0.50 0.51 0.50 0.43 0.50 0.51 0.50 0.51 0.50 0.50  0.502
BS 0.62 0.67 0.71 0.68 0.54 0.67 0.56 0.47 0.52 0.56 0.56  0.597

TABLE A.3: Foaming in AD: 5-fold CV for classifier comparison

w SVM BRF MLP LR AB KNN DT GNB QDA GB
12 0.843 0.757 0.768 0.688 0.742 0.541 0.753 0.875 0.627 0.747
24 0.759 0.775 0.695 0.658 0.715 0.536 0.733 0.873 0.596 0.713
36 0.751 0.743 0.710 0.686 0.665 0.560 0.666 0.784 0.620 0.674
48 0.734 0.722 0.640 0.667 0.590 0.555 0.599 0.746 0.605 0.620
96 0.613 0.628 0.635 0.591 0.539 0.591 0.588 0.671 0.622 0.579
TABLE A.4: Foaming in AD: 5-fold CV sampling technique comparison

w SVM BRF GNB

NS OSs US NS OSs US NS OS US

12 0.843 0.844 0.866 0.757 0.742 0.754 0.875 0.880 0.876

24 0.759 0.854 0.821 0.775 0.629 0.772 0.873 0.886 0.876

36 0.751 0.839 0.829 0.743 0.634 0.732 0.784 0.813 0.811

48 0.734 0.776 0.791 0.722 0.606 0.693 0.746 0.761 0.756

96 0.613 0.536 0.641 0.628 0.593 0.633 0.671 0.670 0.663

TABLE A.5: Foaming in AD: Tuned vs not tuned classifiers. Classifiers with tuned
hyperparameters are marked with an asterisk.

w SVM SVM* BRF BRF* GNB GNB*
4 0.843 0.830 0.757 0.692 0.875 0.882
8 0.759 0.795 0.775 0.729 0.873 0.877
12 0.751 0.806 0.743 0.733 0.784 0.822
16 0.734 0.778 0.722  0.735 0.746 0.776
32 0.613 0.667 0.628 0.609 0.671 0.674
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TABLE A.6: Condenser tube leakage: 6-fold CV for classifier comparison

w SVM BRF MLP LR AB KNN DT GNB QDA GB
4 0.575 0.603 0.577 0.535 0.608 0.501 0.390 0.577 0.500 0.502
8 0.633 0.549 0.599 0.577 0.644 0.523 0.455 0.520 0.500 0.564
12 0.634 0.545 0.572 0.534 0.578 0.517 0.441 0.585 0.500 0.547
16 0.573 0.528 0.552 0.545 0.510 0.503 0.515 0.609 0.520 0.490
32 0.560 0.537 0.545 0.555 0.507 0.520 0.555 0.597 0.553 0.499

TABLE A.7: Condenser tube leakage: 6-fold CV sampling technique comparison.

SVM
NS OS US

AB
NS OS US

GNB
NS OS US

12
16
32

TABLE A.8: Condenser tube leakage: Tuned vs not tuned classifiers. Classifiers with

0.575 0.762 0.532
0.633 0.674 0.607
0.634 0.644 0.580
0.573 0.611 0.535
0.560 0.577 0.554

0.608 0.556 0.605
0.644 0.652 0.605
0.578 0.566 0.550
0.510 0.554 0.512
0.507 0.588 0.497

tuned hyperparameters are marked with an asterisk.

0.577 0.652 0.601
0.520 0.570 0.485
0.585 0.594 0.568
0.609 0.615 0.597
0.597 0.611 0.599

w SVM SVM* AB  AB* GNB GNB*
4 0.575 0.576 0.608 0.584 0.577 0.588
8 0.633 0.573 0.644 0.614 0.520 0.587
12 0.634 0.634 0.578 0.558 0.585 0.580
16 0573 0.577 0.510 0.519 0.609 0.578
32 0.560 0.473 0.507 0.496 0.597 0.522
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Chapter 4 appendix

B.1 Additional experiment figures

In this section, we provide additional figures from the experiments reported in Sec-
tion 4.3. Figure B.1 shows the training time and number of epochs before early stop-
ping for the various SGD variants evaluated in Subsection 4.3.5, Figure B.2 shows the
training time and number of epochs before early stopping for the various batch sizes
evaluated in Subsection 4.3.6, and Figure B.3 shows the training time and number of
epochs before early stopping for the various global learning rates evaluated in Subsec-
tion 4.3.7.
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FIGURE B.1: Left: Violin plots showing the distribution of the training time of the 100 MLP5 models trained with each SGD variant evaluated in
the 10 rounds of 10-fold CV. Right: Violin plots showing the distribution of the number of epochs required to train the 100 MLP5 models trained
with each SGD variant evaluated in the 10 rounds of 10-fold CV.
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FIGURE B.3: Left: Violin plots showing the distribution of the training time of the 100 MLP5 models trained with each global learning rate evaluated
in the 10 rounds of 10-fold CV. Right: Violin plots showing the distribution of the number of epochs required to train the 100 MLP5 models trained

with each global learning rate evaluated in the 10 rounds of 10-fold CV.
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