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Abstract. We construct shuffle products in higher K -theory. The fundamental observation for this is that the
following assignments can be melted into one another in an entirely natural fashion. On the one hand to any locally
free modules Vi,..., Vi we assign the module &4 (®%_;V,())® (®7'f:p+1 Vo(ry) and on the other hand to any chain
Vi< ... Vi =:V of admissible monomorphisms we assign the submodule ZU (AP_ Vo)) ® (Af:p_,_lva(r)) of
APV ® AF7PV . In both cases the (direct) sum is taken over all (p,k — p)-shuffles o. By means of these shuffle
products we show that the exterior power operations in higher K -theory defined by D. Grayson are compatible
(already on the simplicial level) with the direct sum and with the symmetric power operations in the expected
way. Furthermore we investigate the connection between the shuffle products and the usual products in higher

K -theory.

Introduction

The A-structure on the higher K -theory of a scheme X is the fundamental prerequisite to
formulate and to prove theorems of Riemann-Roch-type in higher K -theory (for instance, see
[14], [15], [8]) and to define motivic cohomology (for instance, see [12]). The content of this
paper is to study the A-structure not only on the higher K -groups K,(X), but already on
the topological space (respectively on the simplicial set) whose homotopy groups are the higher

K -groups.
On the Grothendieck ring Ky(X) of the category of locally free Ox-modules the A-operation
M Ko(X) = Ko(X)

is essentially the map £ +— AFE where A*E is the k-th exterior power of the locally free



Ox -module £. On higher K -groups for affine X the A-operations
ALK (X) = Ky(X), k>1,

were first defined by Ch. Kratzer ([10]) and by D. Quillen (exposed by H. L. Hiller in [7]). In [4]
D. Grayson gives a new, more general and more natural construction. For this in [3] a simplicial
set G was constructed whose ¢-th homotopy group is the ¢-th K -group of X (without index
shifting ¢ <> ¢+ 1 as in [11]). By taking into consideration the so-called Koszul filtration of
exterior powers, D. Grayson generalizes G to a certain simplicial set H* (see section 1) and

realizes the A-operation \¥ already on the topological level, namely as the composition
| A% 1k EF
G| — [H*] — |G
of the simplicial map A* (induced by taking exterior powers) and a certain continuous map =k

The aim of this paper is to prove two of the three axioms of a A-structure (see [2]): We will
prove the rule \f(z + y) = Z’;:O(/\px) - (A\¥=Py) on the simplicial level (see section 5) and we
will prove the rule M(x-y) = Po(Ma, ..., 2, Xy, ..., \¥y) at least on the level of K -groups
(see section 7). Furthermore we show the expected connection 22:0(—1)1’ (\Pz) - (sF7Px) =0
between the exterior powers A* and the symmetric powers s* (see section 6) on the simplicial

level.

The essential device for this and so the central part of this paper is the construction of certain
simplicial maps

Q:HP x HFP S HE E>p>1,

(see section 3) which will serve us as products in higher K -theory and which we will call shuffle

products because of their similarity to the shuffle products in (co)homology.

We conjecture that these shuffle products are compatible with the (usual) products defined in
[3] in the following sense: The diagram

F g T TR VY

G x |G el

of continuous maps commutes up to homotopy. In section 4 we will prove this conjecture in



the case k =2, p =1, and in the case k > 2 we will prove it after restricting the diagram to

certain subspaces.

In order to get a quick impression of the structure of the shuffle products the reader should take

a look at the objects in the exact sequences (for the cases k =2 and k = 3) listed in section 6.

I would like to thank J. Stienstra and F. Kouwenhoven for stimulating discussions on this topic

during a short stay at the university of Utrecht.

1. The Work of H. Gillet and D. Grayson

The content of this section is to recall the notations of [3] and [4] used in the succeeding sections

(for the reader’s convenience) and to introduce some new notations (for example: H*).

Let M be an exact category in the sense of [11]. At first we will recall the axiomatic definition

of exterior power operations on M given by D. Grayson in section 7 of [4].

For any k € IN let Fi(M) be the category of chains Vi < ... < V} of admissible monomor-

phisms in M. We assume we are given a bi-exact, associative functor
: MxM-—->M

and functors

Vies. ..oV = VIA...AV;

which satisfy the following axioms:

For any chain V<— ... =W — X < ... <= Y there are natural maps

(E1) VALLAW) QXA AY) S VALLAWAXANLANY
and

X Y
(E2) VALAWAXAN LAY 5 (VALLAW)@Gr A Ayp)

which are associative in the obvious sense and which satisfy the following compatibility condi-
tions: For any chain U — ... -V W — ... X <Y — ... — Z the following diagrams

commute:



El
(UANAVAWA.AX)Q(YA...NZ) E A L AVAWA.AXAYA...AZ

(E3) 1 (E2) 1 (E2)
UAN AR (A AR (FA...AE) EL UN AR (A AZEALALNE)
and
(E1)
(UN..AV)I)Q(WA...ANXAYAN...NZ) — UN...ANVAWA...ANXAYAN...NZ
(E4) 1 (E2) 1 (E2)
UAN . AV)@WA..AX)R(ZEA...AZ) EL UN.AVAWA . AX)Q(XAN...ANZ)

(E5) Given U < ... - V> W < W < X < ... = Y the sequence

X Y
O—)U/\.../\V/\W//\X/\.../\Y—>U/\‘../\V/\W/\X/\.../\Y—>(U/\...AV)@(%/\W/\.../\W)ﬁo

is an exact sequence.
We will call an exact category with these properties an exact category with power operations.

Example: The most important example for M is the category of locally free Ox-modules
of finite presentation on a locally ringed space X . Then besides the exterior power operations
also the symmetric power operations satisfy the above axioms and the module V3 A ... AV} is

defined to be

E E
Image(V1 ® ...®@ Vj (—1>) Aka) resp. Image(V1 ®...® Vg (—1>) Ska).

As we already mentioned in the introduction the A-operations on K (M) are realized as sim-

plicial maps between certain simplicial sets. We will now recall these simplicial sets.

Let Ord be the category of totally ordered finite sets and let A be an object in Ord. Then
v(A) is defined to be the disjoint union {L, R} UA being ordered in such a way that A is an
ordered subset of y(A) and that L < a and R < a for all a € A. The elements L and R are

not comparable. For any k € IN let I'¥(A) be the set of collections

i in in
( )

o = Ev*?v@a*&---a*kaﬁ

where for each r we have

(A1) ir € A, I, €v(A), x € {A\,®}



(A2) I, <1y

(A3)if r>1 and *, = A, then I, =1, and 4,1 <i,.

We will sometimes denote i, by i,(«), I, by [,(a) and *, by *,(a). We define an order on
I'*(A) in the following way: There is an arrow o — o, iff for each r we have

(B1) i, <.

(B2

) <1,
(B3) if *, = A and *. = ® then i,_1 <.

Remark:

For A={0<...<n} we have the following picture of the category I'(A) := I''(A):

0 1 n
R 7 R ~ R
0 1 n

0 1 n
o 0 0
A \J

1
i - 1
1
1
n
n

Finally we call a sequence o/ — a — o/’ in I'*(A) exact, iff there are integers p < s such that

(C1) for any r with » <p or s <r we have: i, =i, =i/ Il =1, =1, *, =%, =«

(C2) for any r satisfying p <r < s we have: «, =%, =/ = A, i}, =i, =i’

(C3) Iy =1, <ipy =1, < iy =1, *, =%, and *, = ®.

More generally for any Ai,...,A, € Ord and for any ki,...,k, € IN we call a sequence
o = a—a” in TM (A7) x...x T'*(A,) ezact, iff there is an index h € {1,...,n} such that

o) = a; = o for all i # h and such that the sequence o), — a; — o} is exact.

For any exact category M and any ki,...,k, € IN we define the multisimplicial set H1*n M



by
(HFvkn MY (Aq, ..., Ay) i= Exact(I (Ay) % ... x T*(A4,), M)

(A1,..., A, € Ord), a functor from I'* (A;) x...xI'*(A,) to M being exact, iff it transforms
exact sequences into short exact sequences of M and if also any « of the form (..., %, ...) s
mapped to a previously chosen zero object 0 of M. If k1 =... =k, =1 we write G"M for

HY I M and if in addition n = 1 we simply write GM .

Theorem.

a) There is a natural homotopy equivalence
|GM| ~ QQM|

between the geometric realization |GM| of GM and the loopspace QQM| of the classifying
space | QM| of the Quillen category QM (see [11]). The identification mo(|GM|) = Ko(M) is
induced by the map
GM({0}) — Ko(M)
M e [M(D)] - [M(g))
b) For each k € IN the k-simplicial maps (p=1,...,k)
jp: prs(GM) — G"M

M), if jr =L forall v #p

0 , else

M S N e

induce homotopy equivalences between the geometric realizations and on homotopy groups they
all induce the same isomorphism (The k -simplicial set pry,(GM) is given by pry(GM)(Ax, ..., Ag)
= GM(Ap) for Aq,..., A, € Ord).

Proof. See [3].

According to this theorem we will always identify the K -groups of M with the homotopy groups
of |[GM| and more generally with the homotopy groups of |GKM| for each k € IN. Note that

changing the index p in b) does not change the sign of the identification though claimed in [3].

Now we fix kK > 1. To define the A-operation A\* on higher K -groups we need one more
construction: The simplicial subdivision yields a canonical procedure to transform a simplicial

set X : Ord — Ens into a k-simplicial set.



For this the concatenation Ap-...- A of the totally ordered sets Ay, ..., Ay is defined to be the
disjoint union AjU...UA, equipped with the total order determined by the following conditions:
Each set A, is an ordered subset of A7 -...- A, and a < b whenever a € A, and b€ A, with

r < s. Then the multisimplicial set Subz X is defined by

Subp X (A1, ..., Ag) == X(A1 ... Ag)
(Aq,..., A € Ord).
Theorem. There is a natural homeomorphism

SubiX| = |X|

between the geometric realizations of SubrX and X .
Proof. See [4].
According to this theorem we will always identify the topological space |[SubyX| with |X]|.

For any Ay,..., A, € Ord we have the following exact functor

Bk D(A) x...xT(Ay) — TFA-...-Ap)
(%,,%) — (%,*2,...,*]4,?—:)

where we define [; := j; and then inductively for r > 1 we declare:
(D1) if j, = L then %, := A and [, :== 1,
(D2) if j, # L then %, :=® and [, := j,.

For any exact category M these functors induce a multisimplicial map
=k SubHMM — GFM.
Furthermore for any exact category M with power operations we obtain a simplicial map

AR GM = HEM
M ((%,*2,,*k,;—:)v—>M(%)*2*kM(;fD

in the obvious way and by composing with =* we obtain the \-operation
k =k
AR SubrGM P Sub i M S GE M
which induces on homotopy groups the desired A-operation

MoK (M) = Ky (M).



Finally we recall the additive and multiplicative structure on |[GM| (see [3]):

For each k£ > 1 the multisimplicial map
GFMxG*M — GFM
(M,N) = [MeN:=((#. .5 e M&,. . BeNE,. .. b))
defines an H -space structure on |G* M| (“addition”) which makes |G*¥ M| into a group object
in the homotopy category. The identifications QQM| ~ |GM| ~ |G*¥ M| are compatible with

these group structures.

For any k£ > p > 1 the k-simplicial map

GPM x GFPM = GFM
(M, N) — [(M@N);:((%,...,%)HM(%,...,%MN(;%,...,%))]

defines an H -space structure on |GM]| which on homotopy groups does not depend on (p, k)

(“multiplication” ).

2. Intersection and Sum of Subobjects

Let M be an exact category. The aim of this section is to prove that for any subobjects
Vi,oo sV, Wh,..., W, € M of some Z € M occuring as values of an exact functor M :

I* (A1) x...x I'*(A,) — M we have the elementary formula (in general a freshman’s dream):

(V1+...+Vm)ﬂ(W1—|—...+Wm)= i(VZQW])

1,j=1

(See proposition 1 for an exact formulation.)

In addition to the axioms of an exact category we assume (for simplicity) that for any sequence
V — W < X of monomorphisms in M with V < X and W — X admissible also V — W
is admissible. In order to ensure that sum and intersection of subobjects always exist, we
furthermore assume that we have fixed an abelian category A such that M is a full subcategory
of A closed under extensions in A and such that a short sequence in M is exact, iff it is
exact in A. The above additional axiom means that M is also closed under taking kernel of

epimorphisms.

Definition. A set U of admissible subobjects of an object X € M is called stable, iff for any
V1,Vo,W € U we have: V1NV and Vi+ V5 arein U and (Vi +Vo)NW = (ViNnW)+ (VonW).



Examples:

a) For each chain Vj — ... — V,, of admissible subobjects of an object X € M the set
{W,...,V,} is stable.

b) Let M be a finite set and let U be a set of subsets of M stable under N and U. For any
ring A let A[M] denote the free A-module with basis M . Then the set U := {A[N]: N € U}
is a stable set of admissible subobjects of A[M].

c) Let U be a stable set. Then for any U € U also the set {V € U : V C U} and the set
{% :V el and V DU} are stable.

Lemma 1. Let U be a stable set of admissible subobjects of an object X € M and let Vi,...,Vy,
be in U . Then:

a) The sequence

n
®(VinV;) — & Vi - YV, - 0
i<j i=1 i=1
(aijlic; = (X aij — X ji)i=1,..m
i<y i>j

15 exact.

b) For any U € U the sequence

0—>Z(VmU)—>ZV,~—>ZV’;U—>0

i=1 =1 =1

15 ezxact.
Remark. The sequence in a) can be continued to the left in a natural fashion (see [13]).

Proof.

a) Consider the following diagram with the obvious maps:

0 0
\: \
i<j§9n—1 inv; = i<j?n—1 invs
X’ }
i<§B§nVimVj - (Z@jVi)@Vn - izZ:l% -0
+ } |
\: \
0 0



Because of (Z?:_ll Viynv, = Z?:_ll V; NV, , the lower row is exact. Obviously the left column
is exact and by induction on n we may assume that the middle column is exact. By diagram
chasing we obtain that the middle row is exact.

b) This follows from the following equality:

zn:VH-U_ e Vi Yie1 Vi

~ U (T WNU S vinU)

The following lemma has a similar shape as lemma 1, but has nothing to do with the notion

“stable”.

Lemma 2. Let X be an object in M and let U; — V; subobjects of X (i=1,...,n). If the
canonical map ®;_;V; — @?:1% factorizes through ®7_,V; — >°i 1 Vi, the sequence

Vi

0
U

n n

n

0—>§ UZ-—>§ Vi_>¢§1
=1 i=1

1s exact.

Proof. Let K := ker(>",V; — @?:1%). Then the snake lemma, applied to the following

commutative diagram with exact rows, shows the lemma:

n n ’VZV
0 - U —- Vi - &4 — 0
=1 =1 i=1 """
¢ |
n nv
0 - K = XVi > &g — 0

Next we are going to introduce stable sets of admissible subobjects which arise from an exact
functor I'*(A) - M (k€ IN, A € Ord). To begin with we define some notions concerning
I*(A).

Definition.
a) We will call an arrow o/ — « in I'*(A) a monomorphism, iff for each r we have . = x,,
Il =1, and i, <4, (for short: o/ < «). If in addition there is an index p € {1,...,k} such
that /. =4, for all r # p we will call &/ — a a simple monomorphism (for short: Ly a).

(e

b) For any simple monomorphism o/ Lo in I'*(A) we define the quotient & € I'*(A) as

al

10



follows: Put

,if =Q®
s::s(o/‘ia) . Pt
max{p <r:%p,=...=% =A} ,else

x. ,ifr
aigy={ NI (r=2,....k)

® , else
ir (%) =iy (r=1,....k)

I, Jifr<pors<r
() =14 " Y r=1,....k)

i Lifp<r<s

2
c¢) Let a <> v and 3 < v be two monomorphisms in I'¥(A). Then the element aNB of I'*(A)
is defined by

*p(aNB)i=x(7); ir(anB):=min(i,(a), ir(B)); (anpB):=1(7).

More generally let &k := (ki,...,k,) € N" and Aj,..., A, € Ord and put I'*(A) := I'*(A;) x
Lox TRe(Ay)

Definition.
a) We will call an arrow o = (af,...,a)) = a = (ai,...,a,) in I*(A) a monomorphism, iff
al < «; is a monomorphism for all . If in addition there is an index h € {1,...,n} such that

o = «; for all i # h and such that o, Ly ay, is a simple monomorphism in 1% (Ay), we will

(3
, . . , (h.p)
call & — « a simple monomorphism (for short: o' <" a).

h7 . . .
b) For any simple monomorphism o’ (<—I>)) o in I'*(A) the quotient 2 € I'M(A) is defined as
follows:
« . ap
a = (ala sy Op1, ai;l’afH»la ceey an)'

c¢) For any o < 7, B < v in I'*(A) we put

anB:= (e NPL,...,anNBu) € TEA).

Obviously any monomorphism in I'*(A) can be expressed as a composition of simple monomor-
phisms, the element 2 is well-defined (see axioms (A1), (A2), (A3)) and the sequence o’ —

o — 2 is an exact sequence in I'"(A) (see axioms (C1), (C2), (C3)).

Lemma 3 (Homomorphism theorem). Let «, 3,7 € I'*(A) such that we have a monomor-

phism B — v and a simple monomorphism « e v. Then anNf (J;) B is a simple monomor-

phism, and we have a monomorphism a‘%ﬁ — L or we have aNf = f3.

11



Proof. The first claim is clear, because aN g differs from S at most at the place (h,p). For
the second claim we may assume that n = 1. Furthermore, we may assume iy(a) < i,(3)

(Otherwise o N B — B is the identity). Then for each r we have

o[ @ = ity .
& , else
ir(5) = ir(B) < ir(y) = in(2)
(@B 5 B) = s(a ) =:s
L(B)=1.(v) Jifr<pors<r
iplanpf)=ip(a) ,ifp<r<s

This shows the second claim (see definition a)).

In the following «; does not denote a component of «, but «; itself is an element of I'*(A) =
I'* (A1) x ... x T'*(A,). Furthermore the number n of factors in I'*(Ay) x ... x I'*»(A,)

will not occur explicitly and the index n will have a new meaning.

Proposition 1. Let M : I'*(A) — M be an exact functor. Then for each v € I'*(A) the set
n
{Z M(o;): n>1; oy < v monomorphism in IT*(A) for alli=1,.. .,n}
=1

is a stable set of admissible subobjects of M (7).

Proof. This immediately follows from the following two claims: For each n € IN and v € I'*(A)
we have:

a) Given monomorphisms «; <y (i = 1,...,n) in I'*(A) the subobject 3" | M(a;) of M ()
is admissible.

b) Given [,m > 1 with [ +m = n+ 1 and given monomorphisms «; < v (i =1,...,1) and

Bj—~v (j=1,...,m) in I'*(A) we have

l m I m
[Z M(ai)] N MB)| =d2> Mlasn ;).
i=1 j=1 i=1j=1
In the case n = 1 claim a) is clear, because any monomorphism in I'*(A) can be decomposed
into simple monomorphisms. For claim b) we have to show M(a) N M(5) = M(an ). For
this by the same argument we may assume that « < = is simple. Then we have the following

diagram with exact rows and with vertical monomorphisms by lemma 3:

12



0 - M — Mr) — MIZ) — 0
This shows the claim b) in the case n =1.

For the general case we proceed by induction on n:
a) We decompose «, < [ into simple monomorphisms «, < o), < ... < . Then by
induction on the length of this decomposition we may assume that the claim is already proved

for o, instead of a;,. By lemma 3 for each i = 1,...,n—1 the monomorphism «;Nay, < a;Nal,

aiNad,
a;Nan

!
. . . « .
is simple and we have a monomorphism = SEoor a;Nayp =a;N o/n. We consider now
n

the following diagram:

SN (M ()M () +M (o) S M(a) SO M(aq)+M (o)
0 = (o) - ey M) 0
|
nl a;Nal
1
ay M) M)
0 — M(an) — ie) — (G — 0

Obviously the lower row is an exact sequence. Futhermore we have [Y.7 | M ()] N M(al,) =
[ M(a)| N M(a,) + M(aw). This equals 05 (M () 0 M(ay,)) + M(an) by the in-
ductive hypothesis b). Hence the upper row is an exact sequence. By applying the inductive
hypothesis a) to "V := %, afev = gz%gi: (i=1,...,n—1) we obtain that the left vertical
monomorphism is admissible. The right vertical monomorphism is admissible by assumption.
Now the snake lemma shows that the middle vertical monomorphism is also admissible which is
equivalent to claim a).

b) We may assume m > 2 by symmetry. At first we consider the case that (,, < ~ is simple.
We may assume that a; NGy, # a; for i =1,...,0 and B;NBy, # B for j=1,...,m—1 (Oth-
erwise the assertion immediatiely follows from the inductive hypothesis b)). Then by lemma 3
foreach ¢ =1,...,l and j =1,...,m —1 the monomorphisms o; N By, — o; and B; N By, — B

are simple and we have the monomorphisms

o7} Y Bj Y
——— 5 —  and ———— < —.
a; N P Bm 6]’ N Bm Brm

By applying the inductive hypothesis b) we obtain the following equality of subobjects of

13



M (00) + M(Bn) | S M(3))
M) wm)

l

m— lml
B;
=X M50 Zl ) = X MG 0

i=1 =1 j

L oml a; N B _ Zi:l Zj:l (Oéi N B;) + M(Bm)
=L L MGG R~ M (Bor) |

i=1 j=1

In particular the numerators of this equation are equal and intersecting with Z§:1 M («;) gives

the desired equality by using the inductive hypothesis b) once more:

(For the last equality note that the left term in the right brackets is contained in the left
brackets).
For the general case we decompose f3,, < 7 into simple monomorphisms S, < 8, < ... <

v and may assume that claim b) is already proved for g/, instead of §,,. We put V :=

St M(ag), W = > L M(B;), Wi := M(B), := M(f,,). Then applying the case
considered above to af*V := a; N ﬁ;n, BIY = BN ﬁjn YW .= B! we obtain the desired
equality:

(:i M(an) n (i M(@))

=VNW+W,)=Vn(W+W,)n (W +W,)
=(VAW4+VnW, )Nn(W+W,)=VnW+ VW) (W +Wy,)

=VAW+ VW, nW4+VnNW,)=VnW+VnW,

I m
=>.D M(aiNB)).

i=1j=1
Such as the preceding proposition also the following lemma is based on the notion “exact se-

quence in I'%(A)”.

14



Lemma 4. Let A€ Ord, k€ N and o — & an arrow in I'*(A) such that iy(a) < 1,(&) for
some p. Then for each evact functor M : T*(A) — M the map M(a) — M(&) is the zero
map.

Proof. We set

p 7if§<p+1:®

max{p <7 :¥pp; =...=% = A} ,else

and decompose a — & as follows:

a = (ﬁ, *9,. .. ,*p,i, Kprl s ""*k’E)
[ z+1 iz z"+1 ot ~ gk
( 7%7 A 7121) 7/\7"‘7/\7iu ®7l~f+1’*8+27”"*k7z)
S
ip
( ) )
i it i,
( ’®7£a A 71;10 7/\7 7Aai7 )
L - s b -
a= (i’ 2, Ry Fprl e ""*k’ﬁ)'

(The empty space means that nothing changes). Then the three middle terms form an exact

sequence in I'#(A) and the claim follows.

3. Construction of Shuffle Products H? x H:? — HFk

Let M be an exact category as in section 2 and let k > p > 1 be fixed integers. We are going

to construct a simplicial map
Sym := SymP* P : HPFP M — HEM

which we will call shuffle operation. (We will use the same notation for the bi-simplicial set
HPF=P M as for the associated 1-simplicial set defined by HPF¥PM(A) := HPEPM(A, A) for
AeOrd.)

We recall: A (p,k — p) -shuffle is a permutation o of {1,...,k} with o(1) < ... < o(p) and
olp+1) < ... < o(k). The assignment ¢ +— {o(1),...,0(p)} defines a bijection between the

15



set of (p,k — p)-shuffles and the set P(k,p) := {R C {1,...,k} : |R| = p}. We will use the

latter interpretation of (p,k — p)-shuffles.

Now we fix an object A € Ord and an element o € I'*(A) and introduce some notations: Let

~q be the following equivalence relation on {1,...,k}:

spp1(a) = ... =x%5(a) =N Lifr<s

A
T ~vg S S
A

ksr1(@) = ... =#.(a) = yif s <

and let {1,....k} =2, -...- Zy(a) be the representation of {1,...,k} as the concatenation
of the equivalence classes Z,,n = 1,...,n(a) of {1,...,k} corresponding to this equivalence

relation. We define an equivalence relation ~, on P(k,p) as follows:

R={rn<...<rp}tr~gS={s1<...<sp}&ri~gsforallt=1,...,p
S|IRNZy-...-Zy|=|SNZy-...- Zy| foralln=1,...,n(a)

S |RNZy =|SNZy| foralln=1,...,n(a).

Remark.

a) The equivalence relation ~, depends only on the symbols *,.(a), r=2,... k.

b) For any R,S € P(k,p) with R ~, S we have also R ~, S in P(k,k — p) where R, S
denotes the complement of R, S in {1,...,k}, respectively. This immediately follows from the

previous definition.
For any R={r; <...<rp} € P(k,p) we define off € I'’(A) by

ir(aff) = ir, () (t=1,---,P)

(o) =1, () =1,...,p)
Jif rpq o Ty
(t=2,...,p)
, else
and in a similar way of € I'*P(A) is defined (For short: s(a®) is defined to be A, if only

A’s occur in « between the places 7_1 and 7;, and ®, else). For any a, € I'*(A) with

*(a) = *,(B) and I,(a) = 1,(B) for all 7 the element o U 3 € I'*(A) is given by

s (aUB) :=%.(a); [ (aUP):=1(a); i(aUpB):=max(i,(a),i(5)).

Note that for any R,S € P(k,p) with R ~, S we have x(af?) = *;(®) and l;(a®) = I;(a®)
for all ¢ (by (A3)) and hence the element o Ua® € I'P(A) is defined.
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Lemma 5. Let o — 3 be an arrow in I'*(A). Then for each R € P(k,p) we have an arrow
oft — B In particular for any R € P(k,p)/ ~a, S € P(k,p)/ ~p and any subset T CRNS

we have an arrow UReTaR — UReT/BR-

Proof. Let R={r1 <...<r,} and t € {1,...,p}. Then:

ir(af) = i () <ir, () = ir(7) and (™) = L, (@) < 1, (8) = L(B").

If t >1 and #¢(aft) = A and *,(8%) = ®, there is an index z € {r;_1 +1,...,7} such that

*y(a) = A and *,(f) =®. Let z € {r,—1 +1,...,7} be maximal with this property. Then:
ir—1 (o) =g, (@) <ipy_ 1) <<y (@) S L(B) < Lga(B) < ... < 1y (B) = 1(BY).
This shows axiom (B3).
Now the shuffle operation
Sym := SymP* P : HPEPA(A) — HEM(A)
is defined as follows: Let M € HP*PM(A) = Exact(I'P(A) x I'*P(A),M).

1. Definition of Sym(M)(«)

Let o € I'*(A). Then by proposition 1 for each R € P(k,p)/ ~a the sum Y per M(aft, o)

is an admissible subobject of M (Ugeral, UReRaR). We set

Sym(M)(«a) := @ M(o®, aR).

REP(k,p)/~a R;Z
Note: Regarding this mixture of the direct sum & and the sum > of subobjects as one sum
“>~7 the sum “>"7 is taken over all (p,k — p)-shuffles R € P(k,p). This explains the name

shuffle operation.
2. Definition of Sym(M)(a — B)

Let a — 3 be an arrow in I'*(A). Then by lemma 5 for each R € P(k,p) we have oft — gF
and af — BR. We claim that there is a morphism f : Sym(M)(a) — Sym(M)(8) such that
the following diagram commutes:

@ M(all=pRall-pR)

® MR, aR) frepty) — @ M(ﬁRa 5R)
ReP(k.,p) ReP(k,p)
{ {
Sym(M)(a) <+ Sym(M)(5)

17



Obviously the morphism f is uniquely determined by this property and we set Sym(M)(a —
B) := f. This defines a functor
k(A — M
a = SymM)(a)
[a = B] — [Sym(M)(a — B)].

To prove the existence of f, by lemma 1a) it suffices to show that for all R, S € P(k,p) with

R ~, S the following diagram commutes:

M(aRﬂaS,aRﬂoag) — 0 _ i} RS
MR g%, Rnp%) L if R~g S
la Ia
M (o™, aR) ® M(a®, ag) — M(BE, 5R) & M(B°, 55)

(A is the diagonal map.)

If R~ S we have aftnae® = RN BS and afina’ — BR N Bg and the claim follows. If
R={rm<...<rp}#gS={s1 <...<sp} thereisanindex t € {1,...,p} such that r; (g s;.
By symmetry we may assume r; < s;. There is an index z € {r; + 1,...,s;} with *,(8) = ®.
Let z € {r +1,...,s} be maximal with this property. Then:

ir(a® N a®) = min(iy, (@), is, (@) = i, (@)

<irga(a) <. <iaa(a) <L(B) = L(B) = .. = 15, (8) = L(8°)

and by lemma 4 the map M(aRﬂaS — B, ofina’ — ﬂg) is the zero map. For the complements
R={f <...<7k_p} and S = {5 <...< 3} there is an element ¢t € {1,...,k — p} with
Tt % 5t and 5; < ;. By the same argumentation we obtain that M(aRﬂaS — BE, afna’ =
ﬁR) is the zero map. This shows the above assertion.

3. The functor Sym(M) is exact

There remains to prove: For any exact sequence a —  — ~ in I'* (A) the sequence
0 = Sym(M)(er) = Sym(M)(5) — Sym(M)(y) = 0

is an exact sequence in M. Because the equivalence relation ~, is finer than ~,=~g, by

lemma 2 it is enough to show that for each R € P(k,p)/ ~~ the sequence

0— Y M af) —» 3 M@BE R —» 3 MR A% =0
RER ReR RER
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is exact.

We may assume « # [, i. e. there is a unique element py € {1,...,k} with i, (a) < ip,(3).
We put
Do i kpop1 = ®

max{py < 7 : #py+1(q) = ... =*.(a) = A} , else.

First case: For one (and then for each) R € R we have RN {pg,...,s0} = O.

Then for each R € R the sequence o — B — 4 in I'P(A) is exact and we have off = g% =

=

~R in I'*P(A). Hence the sequence
0— M(aR, aR) — M(ﬁR,Bé) — M('YRa’YR) —0
in M is exact and by (the proof of) proposition 1 we have
M(8%,8%) 0 M(Urera®, Urer8%) = M(a®, %) = M(a", "),

By proposition 1 the objects X := M(UReRﬂR,URenﬁR), Vi = M(BR,ﬁR) and U =
M (Ugera®, U ReRﬂR) satisfy the assumptions of lemma 1b) and we obtain the above asser-

tion.

Second case: For one (and then for each) R € R we have RN {po,...,s0} = O.

This can be proved in the same way as the first case.

Third case: For one (and then for each) R € R we have RN {po,...,s0} # ¢ and RN

{po;- -, 80} # .
We put

Rpo := R\{min(R N {po,...,s0})} U{po} € R

Rpo := R\{min(R N {po,...,s0})} U{po} € {R: R€R}.
Then for each R € R the sequences

aftro 5 gl 4 and afPo BR — ’yR
are exact. Hence the sequence
0 — M(a", 37) + M(8%, af) — M(8", 87) — M(7",7%) =0
in M is exact and by (the proof of) proposition 1 we have
M(B", % n [M(URE’RCYRPO, Urer ) + M(Uner 87, URGRQRPO)}
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= M(al, 5%) + M(B%, o)
M(aRPO’ O[Ripo) + M(a?m, aRpO)

N

N

Z M (R, ozR).
RER

By proposition 1 the objects X := M(UReRﬂR,UReRﬂR), Vi = M(BR,ﬁR) and U =
M (Ugeralto, URGRBR) + M (Ugper BT, URGRaRpo) satisfy the assumptions of lemma 1b) and

we obtain the above assertion.

Now we in addition assume that the exact category M is equipped with a bi-exact tensor
product
®: Mx M- M.

This defines a simplicial map
® : HPM x HFP M — HPFP M
in a natural way (compare the definition of ® at the end of section 1).
Definition. The composition
HP x PP 25 ke VI gk
of simplicial maps is called (p, k—p) -shuffle product. We will again write ® for this composition.

Remark. One easily checks that the shuffle operations HP*~P — H* are associative in the

obvious sense. In particular we obtain shuffle operations
Symk’l,...,kn . Hk’l,...,k‘n — Hk’1++k‘n

for any ki,...,k, € IN in a natural way. If in addition the tensor product ® : M x M — M

is associative, we obtain shuffle products

®:HM L ox W Rt
For instance, in the case k; = ... =k, = 1 the shuffle operation Sym' ! : G® — H" is given
by

i1 iy e N o)) lo(n)
M [(—,%9,..., %, —) — M(——=,...,—=
(l1 ? g lk) Ugn (10(1) la(n))

where “> 7 is a certain mixture of @ and ) and o is running through the whole symmetric

group X, .
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4. Connection between Shuffle Products and Classical Products

Let M be an exact category as in section 2, equipped with an bi-exact tensor product ®, and

let k> p > 1 be fixed integers.

Conjecture. The shuffle product @ : HP x HFP — H* is compatible with the products @ :
GP x GFP — GF defined by Gillet and Grayson in [3] (see section 1) in the following sense:

The diagram

HP| x [HEP) 2 |3

(*) } [27|x|=RP| b 1=¥|

[ e I (el

of continuous maps commutes up to homotopy. Here ]Ek| denotes the composition of the home-
omorphism |H¥| = [SubyH*| (given by Grayson’s theorem, see section 1) and the realization of

the k-simplicial map ZF : SubyHF — G* (see section 1).

It is possible to define a map |ZP*~P| : [HP*~P| — |G¥| similar to the map |Z¥| x |=+~P| which,
however, we won’t carry out. Using this map we can strengthen the above conjecture in the

following way:

Conjecture’. The diagram

S p,k—p
ppdp| PYEL T
A (AN LI
G|

of continuous maps commutes up to homotopy (Note that in this formulation no tensor product

is involved).
Assuming the above conjecture we in particular obtain that for any exact category M with
power operations the continuous map

AP AR P
%

G| x |G G| x |GFP| 25 |G|
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is homotopic to the composition

|AP|x | AR=P|
—

G| % |G M7 x (1] -2 k) B e,

We are going to prove that for some special points = € |HP| the diagram (*) commutes up to
homotopy after replacing |HP| x |[H*~P| by the subspace {x} x |H¥~P|. This will in particular

give an affirmative answer to the conjecture’ in the case k=2, p=1.

To begin with we recall the construction and some well-known facts about the realization of a

multisimplicial map X : (Ord°?)* — Ens. For any object A € Ord let

A(A):z{f:A—)[O,l}: Zf(a)ZI}

acA
be the associated standard simplex equipped with the Euclidean topology. For any Ay,..., A €
Ord give X(Aj,...,Ay) the discrete topology. The relations

(z,5:(f)) ~ (s"(2), f) (s € Mor(Ord"))
generate on [14, 4, cord X (A1, Ag) X A(A1) X ... X A(Ag) an equivalence relation ~ .

Definition. The quotient space

X = H X(Al,...,Ak)XA(Al)X...XA(Ak)/N
Al,...7Ak€OI'd

is called geometric realization of X .

Now let X be a 1-simplicial set. We denote the k-simplicial map (Ord®P)¥ 2% 0P X Eng

by pr,X . It is well-known that the p-th projection
pr, X (A1, ..., Ag) X A(A1) x ... x A(Ag) — X(Ap) x A(4p)
(A1,...,Ar € Ord) induces a homeomorphism
mp ¢ [pr,X| — | X].

Grayson’s homeomorphism
P [SubpX| — | X|
(see section 1) is given by (Aj,..., Ar € Ord)
Suka(Al,...,Ak) X A(Al) X ... X A(Ak) — X(Al Ak) X A(Al . Ak)

(x, f1,..., fr) — (x; a»—>%fr(a), if a € A;)
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(see [4]).
Furthermore we define the k-simplicial map
ap : Subg X — prp X

by (A1,..., A € Ord):

x = i)
where 4, : A, < Ay -...- A} denotes the canonical inclusion. The following lemma shows that

Grayson’s homeomorphism 1 modulo homotopy may be replaced by the realization of «,.

Lemma 6. For each p € {1,...,k} we have

Y >y 0 |oy).

Proof. For any Aq,..., A, € Ord let hy, := hy(A1, ..., Ax) be the map

hpi [0,1]XA(A1)><...XA(Ak) — A(AlAk)
w-fp(a)jifaEAp

(t7f17"'7fk) = a
%.fr(a),ifaeArwithT#p

The map h, is well-defined, because

>yt g = IS e S S )

a€AL-... A a€Ap r#£pa€A,
_L4(k=Dt 1=tk 1)

=1
k k

and obviously h,, is continuous. Furthermore we have

hp(0, fi,. .., fi)(a) = 1 fr(a), ifa € 4,
fpla) ,ifa€ A, .
hp(lvflv"'vfk)(a) = = [(ZP)*(fP)] (a)

0 , else

and h, is compatible with the morphisms s € (Ord°P)* . Hence hy induces a homotopy between

1 and the map |[SubiX| — |X| given by (Ai1,...,Ar € Ord)

Suka(Al,...,Ak) XA(Al) X...XA(Ak) — X(AlAk) XA(AlAk)
(.’I},fl,...,fk) = (.f, (Zp)*(fp))
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The latter is the map o |ay|, because (w, (ip)«(fp)) ~ (iy(2), fp) . This shows the lemma.

Now we fix an element M € HP([0]) which has the following property: M (a) =0, if l;(a) # L
for some ¢ € {1,...,p} and we view M as a point in |HP| (For instance, we may take M = APN |

if N eG'([0]) with N(%)=0).
Theorem 1. The following diagram of continuous maps commutes up to homotopy:

(M} x [HEP] o [HP| x [HEP) S A
1 |=p|x|=+7| 1=

{EP1(M)} x |GFP| — |GP| x |GFP|] = |G|
Proof. Let pr*Subk,ka*p be the k-simplicial set given by
pr*Suby_, H"P(A1,..., A) = HFP(Appr - Ay)
(Aq,..., A € Ord). We define
a: SubyHF P — pr*Subk_p’kap

to be the k-simplicial map given by

HFP(AL - Ay) = HEP(Ap .- AR)
M — i*(M)

(Ai,..., A €Ord) where i: Apyq-... - Ay = Ay -...- Ai denotes the canonical inclusion. By

lemma 6 its realization is homotopic to the composition of identifications
|SubgHEP| = | HFP] s pr*Suby,_ 1P|

(compose with «y, for instance) and in particular it is a homotopy equivalence. Now it is enough

to show that the following diagram of k-simplicial maps commutes:

SubyHEP MBS Subyk
la
pr*Subk_ka_p =k
Lk
pr*Gk’p Ep(—)>®7 G*

24



We fix objects Ap,...,A; € Ord, a functor N € H¥P(A;-...-A;) and an element (%, )
€ I'(A1) x ... x I'(Ag) and put

o= (%7*27---,*1%,%:) = Ek(%,,;—:)
/o (Iptl ig\ . =k—p(ipt1 ik
a = (lz+17*p+17"'7*k7 l};) = p(j];Jrlv"':j};)'
If 1 =...=jJp=0L, wedefine s by j1 = ... = jp4s = L and jpysy1 # L. Then by
definition of = we have lp4 41 # L,...,ly # L and %3 = ... = *,s = A. In particular we have
lyy1 = lp+1,- -, 1, = ly,. Now the following calculations show the commutativity of the above
diagram:
- —k— 11 1k
DpM ®:kpN Ty e ey T
(=) (N)) v 2)
— i1 i e ip+1 ik
=EP(M) (=, F)REVP(N) (7, o)
J1 Jp Jp+1 Jk
B i1 ip Ip+1 i
= M(r,*Q,...7*p,T)®N(l,7,*p+2,...7*k,l7)
1 P p+1 k
_ M(%,/\,...,/\,%)®N(%,*p+2,...,*k,%> Jif g1 = ... =jp=1L
0 , else (by assumption on M)
and
=ZF o SymP*P(M @ N) 2—1, ,?—k
J1 Jk
= SymPF (M @ N)(2, 5, ..., 54, 2)
Il Ik
= o M(a™) @ N(a™)
N
M(a®)@ N(@B) |ifji=...=j,=L
= { RC{l,..p+s}|R|=p
0 , else (by assumption on M)
) MEA A D) ONER e,k i) i = =gy =1L
0 , else.

Corollary. If M has an identity element I (i. e. the functor I @ — 1is isomorphic to the

identical functor), the continuous map
1 =k
GM = [HF] = |G"|

18 homotopic to the identity.

In particular the conjecture’ holds in the case k=2, p=1.
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Proof. In the case k = 1 there is nothing to prove. For the general case we proceed by induction

on k: Obviously the k-simplicial map

I®..QI®—
pr}ZGl ®..0[&® Gk:

is equal to the map j; introduced in section 1. Applying the theorem to M := Symb1(I ®

...®1I) (k—1 factors) we obtain the commutativity of the following diagram (up to homotopy):

. S 1,..., 1

G112 G| B gy

H e
Ek—ls 1,..., 1[ I _

G| REE G|

Because j; is a homotopy equivalence and the point =F~1 o Syml’“"l(I ®...® 1) lies in the

same component as I ® ... ® I by the inductive hypothesis, this proves the corollary.

Remark. Recently A. Nenashev told me that he is able to prove the conjecture’ in the case

p=1 and k arbitrary.

5. The Rule \(z +y) = SF_((Wx) - (A Py)

Let M be an exact category as in section 2, equipped with power operations. In addition to
the axioms (E1) to (E5) we assume:

(Add1) The map (E1) is an epimorphism (in general not admissible).

(Add2) The tensor product is commutative in the usual sense and for any U in M, k € IN,

and o € X} the following diagram commutes:
fu L ®FU
LB L (®

Ay B kg

We will call an exact category with power operations which satisfy (Add1) and (Add2), an ezact
category with exterior power operations. Let k > 1 be a fixed integer. The aim of this section

is to prove
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Theorem 2 (The rule \(z +y) = Z’;:O(/\px) - (A\*=Pg)) in the homotopy category). The

diagram
i) I g Tl e e

le le

IGM| 2 IG* M|

of continuous maps commutes up to homotopy.

Remark. On higher K -groups K,(M), ¢ > 1, the A-operation A\* is a homomorphism.
Defining the product of two homogeneous elements z,y € K(M) 1= @4>0K,(M) of positive
degree to be zero, this immediately yields the rule A\¥(z +y) = ZI;ZO(/\px) - (NE=Py) for x, y.
While this reasoning is based on the cogroup structure of the sphere S? and hence can only be
applied to the K -groups of M, the above theorem shows, that the rule \*(z+y) = f,:o()\px)-

(A¥=Py) already holds for |GM]|, i. e. in the category of topological spaces up to homotopy.

Proof. Obviously it is enough to show that the diagram

AP@AR—PYk_
amxam I T i
Jo o
GM A HrEM

of 1-simplicial maps commutes up to homotopy. This immediately follows from the following

proposition (To construct the homotopy precisely, compare also section 7):

Proposition 2. Let A € Ord. Then for any M,N € Ezact(I'(A), M) there is a natural
isomorphism

k
@O(APM ® AFPN) = AF(M @ N)
p:

of functors from TF(A) to M.

At first we formulate and prove the underlying assertion for exterior powers. For this let U; —
oo > U =U and V; < ... = V;, =: V be two chains of admissible monomorphims in M.
Then for each subset R C {1,...,k} the following commutative diagram defines a natural map

k
iR (AU)Q(AV,) = AU DV,).
reR r€R =1



(The commutativity of the outer square shows that the map from the upper left corner to the

right term factorizes through the left middle term):

BUR eV, o ®UeWe s oV 37 §u.ev)
TER rER TER reR r=1
1 (BE1) 1 1 (B
(4 U)®(A V) FUovIestrUey) I tUev) AU.0V)
re reER r=
{ 1 (E1) ¢ (E1) 1 (E1) v
APU @ AFPV o AU V)RAPUV) (L) AFU V)
(The permutation o corresponds to R.)
Lemma 7. The above morphisms ir, R C {1,...,k}, induce an isomorphism
k _k
S Y (AU)R(AV)S AU aV,).
p=0 REP(kp) reR rck r=1

Proof of lemma 7. If U. = U and V, =V for all r = 1,...,k we have the following

(well-known) exact sequences (by (E5)):

0=VA...ANVSVA L ANVAVEW)—= VA...AV)RW =0
N———
k k—1 k—1

0—>V/\.../\V/\(VGBW)—>V/\.../\V/\(VGBW)/\(V69W)—>(V/\l;../\V)®(W/\W)—>0
-2

k—1 k—2

O0=VAVeW)A..AVeW) - VaeW)A..AVeW)-WA...AW =0
k

k—1 k

This sequences split, because by (E3) for each p the composition

E E
v et ED A avamvew a. . avew) B v e atrw

is the identity. This shows the lemma in this classical case. In the general case the injectivity

follows from this and from the following commutative diagram:

k k
© > (AU)e(AV) — AUV
p=0 ReP(k,p) TER reR r=1
} l
k
o APU @ APV =5 AU eV)

p=0
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To prove the surjectivity, we will show by descending induction on ¢ that the lemma holds, if
Vi=...=V; =0. For the case ¢ = k there is nothing to prove. For the induction step ¢ — i—1

we consider the following diagram with the obvious maps:

U1/\.../\Uifl/\Ui/\(UiJrl@ViJrl)/\.../\(UkEBVk)

k
(&) Z (Ul/\.../\U¢71/\/1Ur)®( A Vr)
p=0 rE€ER reRU{i}

RC{i+1,...,k}

|R|=p
N\
UAN AU AU S VIANUis1 @ Vigr) Ao A (U & Vi)
L (E2)
1

k
P > (U1/\.../\U2‘71®/1%)®( A V)
p=0 reR ° re RU{i}

RC{i+1,....k}

|R|=p

pN

Ui A AU @ Vi A (B @ Vi) AL A (B @ V)

By axiom (E5) the right column is a short exact sequence. By axiom (E5) the left vertical map

Uy

i and V;, — ... >V,

is an epimorphism. Applying the inductive hypothesis to U{]—“:l ...
(with k replaced by k—i+1) we see that the lower map is an isomorphism. From this it follows
that Uy A ... AU AU @ Vi) Ao A (Ug @ Vi) is the sum of the two subobjects which are
written in the picture. Applying the inductive hypothesis to the upper subobject we obtain the

lemma.

Proof of proposition 2. Let a € I'*(A). For any r = 1,...,k we put M, := M(;:gzg) and

N, =N (;:Egg) . Then by lemma 7 and by the exactness of the tensor product there is a unique

isomorphism

IQWW®Mwmmyme@mm)
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such that the following diagram commutes:

® (® M,)®(® N,) é(MT@NT)
RC{1,...,k} T€R reR r=1
1 (E1)
k _
& @ 3 (AM)(ef) @ (4 PN) (o) 1 (B1)
p=0 ReP(k,p)/~a RER
I

éo(/lpM ® /lk_pN)(a) — Ak(M @ N)(a)
p:

By construction this isomorphism is natural in M and N and compatible with the maps (E1)

and (E2) and hence it induces the desired functor isomorphism.

Remark. Replacing the map sgn(o) in axiom (Add2) by the identity we obtain the axiomatic

definition of symmetric power operations and theorem 2 also holds for symmetric powers.

6. The Rule ©F_((—1)"(Nx) - (s" Px) =0

In this section we will desist from describing things axiomatically, because in the proof of propo-
sition 3 we will construct maps by defining them on basis elements. So in this section M is
the category of finitely generated projective modules over a fixed ring or, more generally, the
category of locally free modules of finite presentation on a fixed locally ringed space (Because
the ring or space will not occur explicitly, we don’t introduce a symbol to denote it). Then M
is an exact category with exterior power operations A\¥ and with symmetric power operations

s¥ k€ IN, in the usual sense. We fix an integer k > 1.

Theorem 3. The continuous map

k
ST(=1)PIAP - sFP L |GM| = [GF M|

p=0
1s homotopic to the zero map.
Remark. While the rule M (z 4 y) = ZI;ZO()J’:E) - (\F7Py)) considered in the last section for
homogeneous elements z, y € K(M) = @4>0K (M) of positive degree is already an immediate

consequence of the linearity of the map A* (see remark after theorem 2), I don’t know such a

reasoning for the rule Zﬁzo(—l)p (A\Pz) - (s*~Px) = 0. So for the rule considered in this section
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the shuffle products are essential not only to clearify the situation on the topological space |GM|
but also to prove the rule for K -groups.
Similar to the last section we will at first formulate and prove the underlying proposition for

functors M € Exact(I'(A), M). In order to get a quick survey of the succeeding constructions,

the reader should take a look at the following exact sequences in the case k =2 and k = 3.

VoW V,Ww

0 0
\: 1
VAW VeWw ow
\: 1 1
Vew VeWw ww V1w
+ S
WV WV —wv +wav2
X 1 \:
V.-w VeoWw viw1 + vaws
\x 1
0 0
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VoW X ]V<—>W,X\ ]V,Wr—>X\ ]V,W_X\
0 0 0 0
{ 4 { 4
VAWAX VAW®X VoWAX VeoWeX VWL
{ 4 { 4 1
WAX)eV (WeX)eV WAX)eV (WeX)eV wrv W1T1V1
+ + ® S
VAX)oW (VoX)eW (VeX)eoW VeoX)oW  —vw U2 Taws
+ &® + S2]
VAW)X (VAW)X (VW)X (VW) eX +owzx +vswszs
{ 4 { 4 — 1
—V2W2T2
Ve W.-X) VaWeX) VoW -X) Ve (WeX) VIW1T1
—UV3W3T3
+ + ® S
—w1UV1T1
We((V-X) WeVeX) Wo(VeX) We(VeX) Fwvz:
+w3vsxs
+ 57 + D
+x1v1ws
X® (V- -W) XWV-W) XeVeeW) X(VeW) Fxsvsws
+x2v2w2
1 { 1 1 1
v1w1T1
VWX VWX  VeW-X VOWS®X  tuswsrs
+U3wW3T3
1 4 { 4
0 0 0 0

Here for each sequence the assumed situation is fixed in the framed box. The essential point is
that the formal description of the maps on the right hand side works for all sequences simulta-

neously. This essentially means that the map d,, defined later on is a functor morphism.

To construct this sequences for general k we at first introduce the following sign: Let [ =

{in < ... < iy} and J = {j1 < ... < j,} be subsets of {1,...,k} with ITnJ = @ and
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TuJ={li <...<lptq}. Then:

sgn(l,J) := sgn Lot JbeJa

TR, A

Now we fix an object A € Ord, a functor M € Exact(I'(A), M) and an integer 1 <p < k. We

are going to construct a morphism
dy: APM @ S¥PM — AP7'M @ SFPTI M
of functors from I'*(A) to M.

At first let B € T'*(A) with *,(8) = ® for all » = 2,...,k and put M, := M(;T(ﬁ)) for

r=1,...,k. Then the map

dpB): & (@ My)®(® M) — @ (®@ M,)®(®
ReP(k,p) reR FER ReP(k,p—1) T€ER e

is defined by tensoring the map

dp : & er — D Zer
ReP(k,p) ReP(k,p—1)
eR - ZR sgn(s, R\{s})er\ (s}
sE

_My)

k k
with ® M, and composing with the canonical isomorphisms ® M, = (® M,)® ( ®
r=1 r=1 reR Fe

(for each R € P(k,p) respectively R € P(k,p—1)).
Given a general o € I'*(A) we put 3 := (;igzg,&...,@, ;:gzg) € I'*(A) and as before we

put M, := M(Ezggg) for r =1,...,k. We claim that there is a unique map dp(«) : (APM ®

SE=PM)(a) — (AP~IM @ S¥=PH1M)(a) such that the following diagram commutes:

(M @ SFPany(8) 8 (i @ Shrrar(8)

1 B—a 1 B—a
(APM © S5 PM)(a) “Y (1M @ SEPHA (a)

To prove this we will first show that the map (8 — «) o d,(8) factorizes through

(AP M & S¥PM)(B) — _© (APM) (B @ (S¥P M) (aF)
€P(k,p)

and then that it factorizes as claimed. For the first step we fix R = {r; < ... <rp} € P(k,p).

Let 2 = (11 ®...02p) ® (11 ® ... ®Yr—p) be an element of (@ M,) ® ( ® M;y) such that
reR TER
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there are two indices i <" in {1,...,p} such that r;y ~, r;» and such that zy — z;» under

M., < M, . Then we have (as usual)

(B = a)ody(B)(x)
p

(-1
1=1
- ¥

iefi i}

$1"'xi—1$i+1"’$p) X (yl xzyk—p)
Sy ) © (1w g g) = 0
This proves the first step. For the second step note that for any R, R’ € P(k,p) with R ~, R’

we have also R\{r;} ~qo R\{r,} for r =1,...,p. Now proposition 1 and lemma 1 a) give the

second step in the usual way.

By construction the maps dp(a), a € I'*(A), are functorial in M and compatible with the

maps (E1) and (E2). So they define a morphism
dy: APM @ S¥PM — AP7M @ SFPHM
of functors from I'*(A) to M.
Proposition 3 (Generalized Koszul complex). The sequence
0= AFM % Ao M %S B M S IM B S M 0

of functors from I'*(A) to M is exact (i. e. pointwise).
Proof. For each subset R C {1,...,k} and for any r, s € R with r # s we have

sgn(r, R\{r}) - sgn(s, R\{r, s}) + sgn(s, R\{s}) - sgn(r, R\{r, s}) = 0.

This shows that for each 1 < p < k we have d,_; od, = 0 and hence d,_1 od, = 0. There

remains to prove that for each o € I'*(A) the complex

0— A*M(a) = ... = S*M(a) =0

is exact. For this we may assume that M, := M (;:gg;) is free for all r (by localization). We

define a homotopy
hy : (APM & SEPAM) (@) = (APTEM @ SEPTIM) ()

between the identity and the zero map as follows: For each r € {1,...,k} we choose a basis

{2f :j=1,...,m;} of M, such that for all r <7’ with r ~ 7' and for all j < m, we have
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x> x?l under M, < M,». Now let R = {r; < ... <rp} € Plk,p), R={r < ... <
Tk—pt. Then, if J = (j1,...,Jp) runs through all elements of {1,...,m;} x ... x{1,...,m. }
with j; < jy, if i <4 and r; ~ 7y, and if J = (ji,... ,Ji—p) runs through all elements of

{L,oome oo x {1, mg, b with ji < ju,if i <’ and 7; ~ 7, the elements

form a basis of (APM)(a®) @ (S¥PM)(a®). Now we define a homomorphism
(AP M)(a") @ (8" 7MY () = (M) ) @ (85777 M) (@)
by the following assignment for these basis elements:

2 ® 7 1’(317J) &® ',I}(]T2,---Jk—p) , if 71 ~ 1 and if jl < jl s if L ~T

0 , else.
Note that in the upper case the element x5, ;) ®x(j, 5, ) is an element of (AP (aRU M g
(Sk=P=10) (oM7) also, if 71 > 7. For any R, R € P(k,p) with R ~ R we have (7| ~
e (i ~1), (F1~r) e (F ~7r)),and RU{ri} ~ R U{F}. So the above maps for R
and R’ are equal on the intersection of their ranges of definition and hence by proposition 1

and lemma 1 a) these maps induce a homomorphism
hy : (APM @ SEPM)(a) — (APTIM @ S¥P71 M) (a).
There remains to prove that we have
dp11() © hy + hp_1 0 dp(a) = id.
Let ;7 ® 7 be one of the above basis elements. Then:

dpt1(a) o hy(zy @2 ))

dp+1(a)(x(51,J) & x(j_g,...,j;g,p)) ,if 71 ~ 1 and if 31 <jg1,ifrp~r

0 , else
. P . T2 gl ke i
_ TyB Ty Ei:l( 1) TGy gt seenict it tsendp) & (sz Ly, xjk,p) Pif
0 , else.

hp—10dy(a)(zs @ y)

o - . T
= hp 1 (1 (1) 710Gy i) ® (@5 a2 )

N D Ve . T2l gTRR)
_ i=1(=1) LGy gt seedimt it rendn) © (sz T xjk_p) A
TyRxF , else.
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(For the last equality note that each summand can be transformed into a distinguished basis

element). This proves the proposition.

Remark.
a) In the extreme case “s.(a) = A for all » = 2,...,k”, the map h, is the restriction of
(V= M(S) )
APV ® Sk—ry — APV @ Sh—p=ly
(T Ao AN y,) @ (25, x5, ) = (@5, Azjy A Aa,) ® (a5, 0025, ) iEJL <y
P 71 Jk—p

0 , else.

b) In the extreme case “x,(a) = ® for all r=2,...,k”, the map h, is given by

©® ZGR — S¥ ZGR
ReP(k,p) ReP(k,p+1)
eru{ly >if1¢€R
eR
0 , else.

¢) In a similar way one can define morphisms of functors
) AFPM @ SPM — AFPHM @ SPT M

with dj, ; od, = 0. The corresponding d’-complex, however, is in positive characteristic in
general not exact (For example, the map db : S’V — V ® V,2y —  ® y + y ® x, vanishes in
characteristic 2 on the elements z-z € S?V'). One easily checks that di_pr1°dptdpriody_, =
k-id. If k is a unit in the ground ring, this shows that both the d’'-complex and the d-complex
are exact.

d) This generalized Koszul complex has also been discovered independently by D. Grayson in [5].
In the extreme case “*,(a) = A” for all r =2,...,k D. Grayson calls this complex symmetric

product of the mapping cones of an admissible filtered module.

Proof of theorem 3. Let £F be the exact category of exact sequences
O—-Vo—...—- V=0

of length £+ 1 in M and for any 0 <p <k let f, be the exact functor

gk - M

O0=Vo—=...=2V,—=0) — V,.
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By Quillen’s theorem 2 on page 105 of [11] the map Zlgzo(—l)p]fp\ is homotopic to the zero
map. Proposition 3 gives a simplicial map
. k—e
am e ke
M > (0o APM BB sk 0)

such that the diagram

GM — HEER
(AR AR=1est L sky N b (forenfp)
k
[T HEM
p=0

commutes. Now composing with the map |Z¥| gives the theorem.

7. The Rule \(x-y) = P.(\a, ..., ez, My, ..., My)

In this section M is the category of locally free Ox -modules of finite rank on a fixed (noetherian)
scheme X . For any k > 1 let P be the universal polynomial in Z[X1,..., X, Y1,..., Y]

defined on page 5 of [2]. The aim of this section is to prove the rule
)\k(x cy) = PNz, ..., Nex My, ..., )\ky)
for any z, y € K(M) = ®g>0K4(M).
In contrast to the previous sections we will show this rule only for the K -groups of M and

not for the classifying space |GM|. The essential ingredient will be the splitting principle. The

shuffle products won’t be involved.

We recall: The tensor product makes K,(M) into a Ky(M)-module. Defining the product of
two homogeneous elements of K (M) of positive degree to be zero K (M) becomes a Ky(M)-

algebra. Furthermore we have the exterior power operations
AkK‘](M)%Kq(M% kzlu QZ07

(see section 1). We set

k
Ne(z,y) == (N2, Y- (AFPa) - (APy)) for 2 € K(M), y€ & Ky(M).

—1 q=1
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Then K (M) becomes a pre- A-ring, i. e. in K (M) the rule \¥(z 4 y) = Z';:O()\p:r) - (AE=Py)
holds for all £k > 1.

Theorem 4. For any k > 1 and any x, y € K(M) we have

Moz y) = Po(Wla, .. Moz, My, . M),

Proof. We may assume that x, y are homogeneous of degree p respectively ¢ with p < q.
If p>1 wehave \é(z-y) = AF(0) = 0 = Po(Ma,..., \z, Ay, ..., A\¥y), because P has no
linear part. So we may assume that p = 0, i. e. we may assume that = = [£] with some locally
free Ox-module €. Furthermore by the splitting principle (see page 4 and page 115 of [2]) we
may assume that £ is invertible. Because Py(X,0,...,0,Y7,...,Y;) = X*.Y7, there remains

to prove

Proposition 4. The diagram

GM AR 2k M
lE®— 1 &% @ —
GM A5, kM

of 1-simplicial maps commutes up to homotopy.

Proof. We define a homotopy
h:[1] x GM — H* M

between A o (£ ® —) and (£%% ® —) o A* as follows: Let A € Ord, ¢ € Mor(A,[1]), M €
Exact(I'(A), M) and o € I'*(A). We set

ARFE @ M)(a)  if e(ir(a))

0
h(e, M)(a) =
(&, M)(e) EF QA M(a) ife(ir(a)) =1

To define h(e, M)(a — B) for an arrow o — f in I'*(A) we may assume e(i1(a)) = 0 and
e(i1(8)) = 1. Otherwise it is obvious. We recall that for each F € M we have a canonical
isomorphism

E* @ AFF = ARME @ F)

(21®...0x) QW A...Ayp) = (@1 QY1) A... A (T @ yp).-
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Using this isomorphism and the commutativity of the tensor product we obtain for any a €

I'*(A) a natural isomorphism
EF @ AP M (0) S AF(E @ M)(a).

Now h(e, M)(a — ) is given by the diagonal in the following commutative diagram

£8% @ AFM(a) 28 £9% @ AFM(B)

AHE @ M)(a) 28 ARE® M)(B)
Then obviously h(e, M) is an exact functor and h is a homotopy between (£¥% ® —)o A* and

A E®-).

Remark. In [1] K. Akin, D. A. Buchsbaum and J. Weyman construct a natural filtration on
AM(E® F) (E, F projective modules over a ring A) such that the associated graded object is
given by Schur functors of E and F'. From this the rule \¥(z-y) = P, (A'z, ..., Xea, Xy, ..., \y)
for x, y € Ko(A) can be deduced. I hope that this “ intrinsic” proof of the above rule can be
generalized to prove it already in the homotopy category in a similar fashion as in the previous
sections.

To prove also the last axiom “A(M(z)) = Py j(Alz, ..., \¥2)” of a A-ring (see page 5 of [2])
in this way a sufficient fine and natural “decomposition” of A*A!(E) would be necessary. This
problem is essentially the same as the so-called “plethysm-problem” (see [9]) and is up to now

unsolved.
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