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”I have no mouth. And I must scream.”
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This thesis documents a first principle analysis of the motion of a levitated particle in the

potential defined by a Gaussian optical focus. The linear and nonlinear motional modes

enabled by a full expansion of the Gaussian potential are explored and modifications to

this potential are engineered by superimposing additional fields in the spatial domain as

well as selectively enhancing particular terms in the potential by time driving operations.

We describe new experimental results in modulating the motion of a charged suspended

nanoparticle with the dispersion forces projected by its interaction with a dielectric

surface and discuss its possible application as a levitated atomic force microscope, as

well as future investigations of Casimir-Polder interactions.

Control over the nonlinear terms of the particles motion is demonstrated by generating

controllable Fano resonances by using both spatial and temporal potential additions in-

dependently. In both cases we generate resonances of positive and negative Fano factors.

We also selectively enhance the Duffing factor of the potential to show a controllable

double well separation and demonstrate preliminary results of limited chaotic motion of

a levitated nanoparticle.
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Chapter 1

Levitated Optomechanics

1.1 Chapter overview

This chapter gives a brief overview of levitated optomechanics, outlines why experiments

of this type in the femtogram regime are interesting and presents an overview of the gen-

eral physics of the system studied throughout this thesis that can be broadly transferred

between the specific experiments of each chapter.

1.2 Motivations and brief introduction to levitated op-

tomechanics

Levitated optomechanics is the manipulation and control of mechanical resonators or test

masses via their interactions with driving fields [10][11]. The field of research potentially

offers the exploration of quantum mechanical systems in an increasingly macroscopic

regime[12], large potential sensitivities for specific regimes of inertial sensing [11], and a

platform for the embedding of environmentally isolated qubits for quantum information

processing[13].

While levitated optomechanics often refers to the control and manipulation of nano,

micro and millimetre scale objects[11], the same physical principles of decoupled or iso-

lated test masses or cavities are often applied to much larger systems, such as LIGO[14],

VIRGO[15] and ESA’s future LISA [16] mission.

In solid state or with otherwise membrane based resonators, creation of an oscillator in

a bespoke potential is done by design of the physical clamping structure and geometry

of the resonantor. In a levitated system these bespoke potentials are generated by

1



Chapter 1 2

manipulating the applied fields in space and time, both of which can usually be done

much more readily on a real time basis than making changes to the design of a substrate

based system. While methods of real time spatial and temporal manipulation exist in

both the substrate bound[17] and levitated resonator cases, doubling the power of a laser

or manipulating the pixels in a spatial modulator is often easier than constructing a new

MEMS device from scratch. Furthermore, levitated systems offer the virtual elimination

of clamping losses as well as easy access to high mechanical quality(Q) factors[18]. On

the other hand, as another axis of comparison, substrate bound mechanical resonators

are almost always more scalable in number than their levitated counterparts.

This inherent flexibility of the potential of the resonator is highly motivating for both

the development of highly sensitive measurement devices as well as the exploration of

fundamental physics since an oscillator of a required resonant frequency, motional mode

or susceptibility equation can be just a case of choosing right driving fields.

1.2.1 Macroscopicity

Exploring the limits of the quantum mechanics and how it extends both conceptually

and scientifically into the macroscopic world in which we inhabit is a significant element

of modern physics. We might explore the concept of locality, or its loss through photon

based entanglement experiments [19]. Or we might explore the limits of the quantum su-

perposition principle by generating ever more massive quantum superpositions, such as

those created by neutron diffraction [20] or Bose-Einstein condensed atoms [21]. Quan-

tum optomechanics often concerns itself with the latter case generating massive quantum

superpositions, we now discuss the meaning of the term ‘massive’ in this context.

While defining the exact measure for the ‘macroscopicity’ of a superposition remains a

matter for some debate in the community, measures do exist [22][23]. For an interference

experiment, the macroscopicity µ can be expressed as:

µ = log10

[ 1

ln(f)
(
M

me
)2 t

1s

]
(1.1)

where M is the mass of the interfered species, me is an arbitrarily chosen reference mass

(in this case the mass of the electron is used), t the coherence lifetime of the experiment

and f the fraction of the expected interference visibility. Thus, when we refer to the size

of macroscopic quantum experiment, we refer to the numerical value of the quantity µ.

It is important to note here that the macroscopicity scales more strongly with the mass

of the inteferometer species than the life time of the state.
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The creation of ever greater macroscopic superpositions has been a significant corner-

stone of the levitated optomechanics community to date. With such experiments as

the superposition of fullerene spheres [24], large molecules [25], and the interference of

nanoparticles [26] and even microparticles[27] planned for the near future. One goal

of generating and pushing the size of such a measure is to push the limit of quantum

mechanical systems until their existence contradicts and thereby tests existing theories

describing the intermediate regime between the quantum and classical regimes of mat-

ter. To give a an indication as to the progress of the field, nanosphere interference would

give a macroscopicity of 20.5[23], whilst the interference of a literal Schrodinger’s cat

would give a value of 57[23].

The motivation for the exploration of such intermediate states being to make a serious

attempt at solving the measurement problem [28] in quantum mechanics, that is to say,

how exactly does the collapse of a wavefunction of a quantum state to a classical reality

occur. Conventionally, decoherence provides the link between the quantum and classical,

however decoherence does not actually explain how wavefunction collapse occurs, rather

it only states that it does.

Continuous Spontaneous Localization (CSL)[29] and Schrodinger-Newton [30] models

provide two of the leading theories with regards to wavefunction collapse. The central

posit of CSL states that there exists a universal noise field that should limit the lifetime of

highly macroscopic quantum states. In the case of Schrodinger-Newton, the central idea

is that the wavefunction is a literal distribution of mass (rather than the conventional

picture of a probability distribution) that should express self gravitation, leading to size

dependant wavefunction collapse that would again, limit the lifetime of macroscopic

quantum states.

The quantum ground state of otherwise large mass systems such as membrane resonators

is less interesting for the testing of such theories because of the relatively low amplitude

of its zero point motion. If the same mass were to be used to produce an interefer-

ence pattern in a free fall interferometer, it give a larger macroscopicity number by the

popularly accepted measure.

One further point of physical interest in the generation of macroscopic quantum superpo-

sitions is the possibility to ascertain whether gravity is a phenomenon that acts ‘quantum

mechanically’ [31]. While the other fundamental forces of nature have theoretical de-

scription consistent with quantum field theory, gravity remains non renormalizable and

the lack of a quantum theory of gravity remains a major unsolved problem in modern

physics. Theoretical proposals to generate quantum superpositions massive enough and

close enough together such that gravitational effects between the quantum states become

significant [31] do exist.
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As one last element of motivation for why optomechanics in the quantum regime is

interesting, some smaller viruses are on the scale of some 10’s of nm [32], and some

bacterium on the scale of 100’s of nm. Bearing in mind the length scale of these agents

combined with the fact that several experimental groups are approaching groundstate

for a levitated nanoparticle [10], it is reasonable to say that an object of size of a living

component could be put into a state of quantum superposition in the near future [33].

The idea that something that is in principle alive (or at least the size of something alive)

could be put into a state of quantum superposition is both fundamentally interesting

from a conceptual point of view, and also from the cynical point of view of attracting

public interest and thus funding to the field.

The above arguments represent, to some degree, some of the grand planned goals of the

field of levitated optomechanics for the near future. However, for it to be scientifically

interesting to work on in the mid term, the intermediate goals also need to be of value.

The main arguments for studying such a field outside of or just outside of the quantum

regime, are the development of high sensitivity force measurement devices[34], nanoscale

information engines[35], and optomechanical circuit components, and these concepts are

described in more detail elsewhere in this thesis.

1.3 Simple motional model

In the simple, equilibrium, linear case, a high field seeking (attracted to regions of high

potential, such as the focus of a laser) dielectric particle in an optical gradient trap can

be modelled as three one-dimensional linear driven damped harmonic oscillators[11],

conceptually similar to figure 1.1. These oscillators exhibit coupling to each others

motion, defined by the the exact potential configuration in the region explored by the

particle during its motion, background gas collisions and other mechanisms detailed in

section 1.3.3. The coupling between degrees of freedom therefore decreases with pressure

and the volume of the trap explored, and can generally be treated as decoupled from one

another if the particle is held in a vacuum below 10 mbar [10] and is in thermodynamic

equilibrium (subsection 1.3.1) with an equivalent of a non geometrically biased (no

preferred direction) and memory-less heat bath (see appendix A for the justification

of these terms to the background gas collisions experienced by the particle), such as a

parametric feedback scheme or background gas collisions at a density significantly below

that required for the particle to be in the drift diffusion limit.

In this simple model, each degree of freedom follows the equation of motion[10]:
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Ω

y

z x

λ/2

m

Figure 1.1: Simple conceptual diagram of an optically trapped nanoparticle of mass
m, natural oscillation frequency Ω undergoing motion in the y axis.

ÿ + γẏ + Ωy =
1

m
F (t) (1.2)

In which γ describes the damping or heating to a degree of freedom of the particles

motion, Ω describes the natural frequency of that oscillator, m represents the oscillators

mass, y the oscillators displacement and F (t) describes the time fluctuating forces acting

on the particle. γ and ω are in units of Hz, m is in units of kilograms and F (t) is in

units of Newtons.

1.3.1 Definition of temperature

The particle may be considered to have two temperatures, an internal and an external

temperature. The internal temperature referring to motion of its constituent atoms

inside the lattice of the silicon dioxide glass that the nanoparticle is composed of. Whilst

the particle is levitated in a vacuum, its internal temperature is determined by the

intensity of the trapping laser field, along with the particle’s absorption and emissivity

characteristics at that wavelength and the contact between the particle and random gas

collisions in the vacuum chamber[36].
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Figure 1.2: Left: Lorentzian resonance lineshape of a driven damped harmonic oscil-
lator (equation 1.2) manifesting as a ’temperature’ corresponding to an external degree
of freedom of the system. Sxx is the power spectral density (PSD) of the systems mo-
tion at a frequency Ω. Ω is the natural frequency of the oscillator and Γ the damping
on the same oscillator, equal to the full width half maximum (FWHM) of the PSD.
The area under the PSD is equal to the variance of the square motion of the particle
and is taken to be the particle’s external temperature. Right: Visual representation of

the physical meaning of the damping time 1
Γ on a simulated time trace.

The quantity defined as the particles external temperature represents its thermodynamic

balance with a heatbath or baths composed of random kicks to its motion imparted by

background gas collisions, optical imperfections, mechanical vibrations of the experi-

mental apparatus and laser noise[10].

1.3.2 Definition of equilibrium

The definition of equilibrium in our system requires the particle to experience all fre-

quency modes of the heatbath. Experimentally, this can be seen with the data given

in section 1.8.1. Mathematically however, this can also be seen from the constraint of

the Wiener-Khinchin requirement of the limit t → ∞[37]. A natural question is what

are the experimental timescales required to be a good approximation of this, which is

explored in section 1.8.1, with the answer turning out to be a surprisingly macroscopic

number, a small number of seconds depending on the laser power. This raises significant

implications for the ease of doing non-equilibrium thermodynamics experiments in this

system, namely that manipulation (of the system) on the characteristic timescale of the

particles motion may not be required.

1.3.3 Coupling between degrees of freedom

Coupling mechanisms between the particles internal and external degrees of freedom

do exist[2] and are often blamed as a mechanism for particle loss, with several coupling
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Figure 1.3: Methods of generating coupled or nonlinear equations of motion for the
nanoparticle-light system. A) A spatially nonlinear potential, in this case an optical
multiwell, discussed in section 4. B) coupling between degrees of freedom enforced by
using time domain driving operations to drive the particle into the nonlinear regions
of its Gaussian potential (occuring at high displacements from the center), where the
degrees of freedom are substantially coupled and additional frequency modes are gener-
ated, sections 3.84 and 6. C) A cluster composed of two fused nanoparticles, which will
result in a nonlinear equation of motion with additional degrees of freedom, coupled
motional modes and precession[1]. While these are not discussed at length in this thesis,
examples are given in Appendix C and possible methods of deconvoluting the motional
modes of arbitrary cluster shapes is discussed in section 5. D) Coupling between in-
ternal and external degrees of freedom or temperatures, mediated by gas collisions. As
the different Cartesian degrees of freedom (x,y and z) are all coupled to the internal
degree of freedom (the particle’s temperature) by this mechanism, this also provides a
mechanism for coupling between the external degrees of freedom as well, in a method
analogous to the zeroth law of thermodynamics. T imp and T em represent the momen-
tum assigned to a gas particle in the vacuum chamber before and after collision with the
nanosphere, TCM the centre of mass of external temperature corresponding to a degree
of freedom of the nanoparticles motion and Tsur represents the surface temperature of
the nanoparticle, often referred to as the internal temperature. Reproduced from [2]

.

mechanisms detailed in figure 1.3. This thesis deals almost exclusively with the particles’

external degrees of freedom, and thus external temperature.

Methods of generating coupled or nonlinear equations of motion for the nanoparticle-

light system are discussed in figure 1.3. Spatially non uniform potentials (A), and time

driving operations (B) are the main focus of this thesis. Non-uniform particles (C) are

discussed briefly in [38][39] and coupling from gas particle collisions (D) is discussed in

[40].
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1.4 Fokker-Planck approach

A Fokker-Planck equation is a general mathematical tool that can describe the time

evolution of a particle displaying velocity coupled drag and random perturbations to its

motion. Specifically, the evolution of its statistical distribution over time. Here we use it

to give an intuitive framework between the balance of cooling/heating channels applied

to the particle and its resultant temperature, and thus (average) phonon occupation

number.

1.4.1 Basic formulation

As the heating or cooling process of the particle colliding with residual atmospheric

particles is stochastic, the evolution of the energy associated to each degree of motion

of the nanoparticle should follow a Fokker-Planck relation[10][41]:

d

dt
E(t) = −ζ[E(t)− E∞] (1.3)

with E∞ as the average energy in a steady state and E(t) as the energy at a time t, ζ

is the rate at which the system is reaching its steady state, and with the energy of the

particle quantised as:

< En >=< n > ~Ω (1.4)

In which Ω is the natural frequency of the oscillator in the laser trapping field.

An important implication of the relationship between the principle oscillator frequency

and its energy levels is that a higher frequency has a higher absolute energy value for

its groundstate (n=0). Given that E = kBT where kB is the Boltzmann constant and T

is temperature in Kelvin, this fact is exploited by GHz frequency substrate based mem-

branes to reach groundstate[11][42] by having the systems groundstate En=0 represent

a relatively high absolute temperature.

In such a system the occupation number (in phonons) of each degree of freedom can be

written as:

n∞ =
Γ

γ
(1.5)
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where damping γ and heating Γ, correspond to the heating and cooling rates associated

with each heating or cooling mechanism for each degree of motion of the nanoparticle.

In actuality, heating and cooling channels correspond to a variety of mechanisms, with

net heating and cooling rates expandable to a series of both discovered and undiscovered

effects[10]:

n∞ =
Γth + Γfb + Γother
γth + γfb + γother

(1.6)

where Γth and Γfb, correspond to the heating channels associated with heat baths and

the feedback loop respectively. γth and γfb correspond to the cooling channels or mech-

anisms associated with heatbaths and the feedback loop respectively. Finally Γother

and γother respond to other various heating and cooling channels both discovered and

undiscovered, with examples being heating through Rayleigh scatter of photons from the

nanoparticle[10], heating through coupling of internal and external degrees of freedom[2]

and heating through the particles non spherical geometry giving it a set of rotation de-

pendent anharmonic potentials.

Achieving quantum groundstate is therefore a matter of having a sufficiently low total

heating rate Γ, sufficiently high cooling rate γ for the desired En=0(Ω). Since certain

heating mechanisms are intrinsic to the system (photon recoil will always be present

if a laser is used to levitate the particle), the groundstate with an optically levitated

particle may well be reached by the application of a superior cooling channel or cooling

a high frequency degree of freedom. Using a different field (such as a magnetic field[33])

to levitate a similar sized test mass will of course eliminate photon recoil, however

undiscovered and inconvenient heating mechanisms may well exist in those systems as

well.

As the field of research stands at present, a levitated nanoparticle has not been forced

into the ground state, with a number of experimental constraints and physical mech-

anisms being given as suspected reasons for this. It has been suggested by some in

the field that more convoluted operations than simple feedback cooling such as using

nonlinear potentials[43] or pulsed operations[44][45] could be utilized to access non clas-

sical states of motion[46]. Even without achieving quantum ground state, the current

positional resolution, force[47] and acceleration sensitivities[48] is impressive for a non

interferometric test mass. Proposals exist to employ this sensitivity for genuine scientific

applications in the near future, such as the detection of high frequency gravity waves[49].
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1.4.2 Ensemble of energy levels

Whilst the heating channels mention in section 1.4 are associated with heating or cooling

rates represented in units of Hz[10], they are at heart stochastic processes, the given

heating rate is an average value. The practical effect of this is that even when the

particle is in a steady state, its energy fluctuates on short timescales. Motionally, this

resolves as the particle undertaking oscillations at many different amplitudes over time,

each amplitude corresponding to an energy value of the particle. Experimentally, this

can be seen in section 1.7.3.

Each energy level corresponds to a harmonic motional mode. The sum of this ensemble

of motional modes gives rise to single peak in the histogram of the particles displacement

through the central limit theorem[50] scaling, shown in figure 1.4. This kind of analysis

of the particles energy distribution is expanded upon somewhat in section 2.7.3.

In the classical limit the particle should follow Maxwell-Boltzmann statistics while as a

quantum harmonic oscillator the particle is likely to follow a Bose-Einstein distribution

of energies. Naturally for high occupation numbers the distribution of particle energies

should look identical from both statistic distributions, an interesting question is at what

energy level of the quantum harmonic oscillator will the behaviour start to diverge. This

however is a highly theoretical problem beyond the scope of this thesis.

1.5 Optical gradient trapping, mechanism

1.5.1 Derivation of gradient potential for a high field seeking dielectric

polarisable particle.

A parabolic reflective optic focuses a beam to a Gaussian point spread function, the

intensity of which is given by[51]:

I = I0
w2

0

w

2

e−2x
2+y2

w2 (1.7)

In which I0 represents the total intensity of the laser, w0 the minimum beam waist of

the laser and x and y are planar coordinates orthogonal to the optical axis. The beam

width w of the laser at a given point z along the optical axis is given by:

w = w0

√
1 +

z

zR
(1.8)
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Figure 1.4: Simulation: Central limit theorem scaling gives rise to a single en-
ergetic peak despite an ensemble of motional modes with single defined amplitudes.
Amplitudes of various energy levels (top left), resultant positional histogram for each
individual mode(top right) and resultant histogram from summation of all the energy

modes central limit theorem scaling for a high occupation number (lower).

where zR is the Rayleigh range, given by:

πw2
0

λ
(1.9)

where λ is the wavelength of the light. For a particle with a polarisability χ, the potential

U felt in an optical field of intensity I is given by:

U =
χI

c
(1.10)

where c is the speed of light and χ is the particles’ polarisability. Substituting, this

corresponds to a potential of:

U(x, y, z) =
χI0

c
(
z2

z2R
+ 1
)e

−2x2−2y2

w2
0

(
z2

z2
R

+1

)
(1.11)
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This is a little more intuitive to look at in terms of forces. Thus we look at the gradient

force on the particle along the z-axis:

Fz(x, y, z) = − 2χI0z

cz2
R

(
z2

z2R
+ 1
)2 e

−2x2−2y2

w2
0

(
z2

z2
R

+1

)
− 2χI0z

cw2
0z

2
R

(
z2

z2R
+ 1
)3

(
−2x2 − 2y2

)
e

−2x2−2y2

w2
0

(
z2

z2
R

+1

)

(1.12)

We can see that for cases in which the displacement in x,y and z are small, the linear

(first) term dominates and the particle occupies an x2 type trap. Therefore at low

displacements the system approximates a harmonic oscillator in which displacement is

equal and opposite to force. For larger displacements of any spatial variable (x, y, z),

the nonlinear terms will be substantial, and form the basis of the coupling mechanism

used to relate the degrees of freedom in section 3.

In three dimensions, the force given by the gradient only section of the potential as a

function of displacement can be given as a matrix of spring constants (or spring functions

in the frequent case the oscillator is nonlinear):

k(x, y, z) =


kxx kxy kxz

kyx kyy kyz

kzx kzy kzz

 (1.13)

In which the diagonal terms kzz, kyy and kxx denote the 3 harmonic oscillators usually

present in the system. For small displacements, they can be treated as both linear and

decoupled. In the case of large displacements of any spatial variable, the off diago-

nal terms of the matrix denote the optically enabled couplings between the degrees of

freedom. kzx for example giving the coupling between the z and x degrees of freedom:

16χI0xz

cw2
0z

2
R

(
z2

z2R
+ 1
)3 e

−2x2−2y2

w2
0

(
z2

z2
R

+1

)
+

8χI0xz

cw4
0z

2
R

(
z2

z2R
+ 1
)4

(
−2x2 − 2y2

)
e

−2x2−2y2

w2
0

(
z2

z2
R

+1

)
(1.14)

This function vanishes for small values of the relevant spatial variables z and x. It’s

important to note that this is the motional model enabled solely by the gradient force, the

contributions from the scattering term are discussed more strongly in the next chapter.

Furthermore, we may freely add terms to this potential by perturbing the particle with

external fields, both in time and space.
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1.5.2 Optical size parameter

As mentioned previously, our silicon dioxide nanospheres exhibit high field seeking be-

haviour, we now provide an intuitive framework as to why this is the case.

Stable particle traps exist in a wide variety of parameter regimes and scales, with the

specifics depending on the field seeking nature of the particle and the fields used to

contain it. For optical field only traps one major figure of merit is the optical size

parameter (x)[52]:

x =
2πr

λ
(1.15)

In which r represents the radius of the object, and λ the wavelength of the interacting

light. For size parameters x < 0.1 the object exists within the Rayleigh regime, in which

it may be treated as a dipole responding the electric field of the incoming light, while

when x > 100 the interaction of the object and light field may be treated as a ray

optics problem. In both cases, an optically transparent nanoparticle, in our case silicon

dioxide, exhibits high field seeking behaviour.

In the case of the dipole approximation the high field seeking nature can be attributed

to the electric field of the light polarizing its charge carriers across its geometry such

that the resultant distribution creates a net attractive response in the anti direction of

the polarizing field. In the case of the ray approximation however, the high field seeking

response results from conservation of momentum as incoming light is refracted through

the particles spherical geometry. This is shown conceptually in figure 1.5.

For a 60nm silicon dioxide particle, with which the majority of experiments are con-

ducted with in this thesis, the size parameter is 0.24, as such our system is actually

just inside the Lorentz-Mie regime, intermediate between the two previously mentioned

approximations.

1.5.2.1 Lorentz Mie simulations

Lorentz-Mie scattering is a method for approximately solving Maxwell’s equations for

optical size parameters between 0.1 and 100, in which the electric fields inside and

outside the sphere are expressed in terms of spherical harmonics and used the compute

the scattering and absorption of incoming plane waves of a given polarization[52]. The

exact formulation of this is outside of the scope of this thesis. However as it is a solved

problem, standard C libraries [53] exist for solving the optical response of objects within
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the size parameters regime which converge to the Rayleigh and ray optics solutions

respectively at the lower and smaller end of the size parameters. We use these C libraries

to compute the scattering profile of our particle to incoming light.

Numerical computation with Lorentz-Mie scattering code indicates an 8% scattering

asymmetry for a 60nm particle, 8% more light is forward scattered rather than scattering

uniformly in all directions, as would be expected if the particle were completely in the

Rayleigh regime. The scattering profiles of particles of various different sizes are given in

figure 1.6. In the 60nm case the scattering asymmetry is relatively uniform the particle

is mostly dominated by high field seeking behaviour and can be almost considered to be

inside the Rayleigh limit of being treated as a dipole. However, the scattering asymmetry

rises quickly as a function of size, limiting the system (or rather the trapping window

of the system) to smaller sizes of particle than would otherwise be suggested by a naive

analysis of the functions given in section 1.5.3.

It may be possible in future to compute a motional model from the particle entirely from

Lorentz-Mie computations.
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Figure 1.5: Conceptual diagram of gradient trapping force mechanism in ray approxi-
mation (a), and dipole approximation (b). Both mechanisms represent high field seeking
behaviour. The ray approximation holds when the optical size parameter x > 100 and
the momentum transfer to the particle is moderated by the refraction of the incoming
light ray [3].. The dipole approximation for an optical size parameter x < 0.1, in this
case the momentum transfer from the light to the particle is moderated by the electric
field vector of the light [3]. For the intermediate case we exist strictly in the Lorentz-
Mie regime in which the momentum transfer to the particle from the light is moderated
by both the particles electric field and the net momentum conservation from the light
scattered by the particle (which results in a net vector depending on where the greatest

point of optical density is with respect to the particle).
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Figure 1.6: Mie scattering simulation for Silicon dioxide particles of various radii.
Axis are the absolute values of the amplitude scattering Matrices, defined in [4], for the
shown angle. Rayleigh scattering is a decreasingly good model for light scattered from
the particle as the nanoparticle increases in size. In the case of true Rayleigh scatter,
the scattering amplitudes would be symmetric and the function would be a circle, as is
almost the case for the 60 nm particle. For particles’ much larger than 60nm, it would

be very inaccurate to treat the system as being in the Rayleigh scattering limit.

1.5.3 Dipole trapping approximation

Lorentz-Mie scattering is mathematically complex, as such it can be helpful to consider

the particle as being in the Rayleigh limit, and as stated in the previous section (fig 1.6)

this is almost true (92%) for a particle of 60 nm size.

An optical gradient trap relies on the fine balance between the radiation pressure in the

direction of propagation of a focused beam of light and conservation of momentum of

the light refracted through a particle present at the focus.

The scattering and gradient forces in the Rayleigh limit along the axis of beam propa-

gation are given by [54][55]:

Fscat(r) = ẑ
nmedium

c
CscatI(r) = ẑ

128π5R6

3cλ4
0

(m2 − 1

m2 + 2

)2
n5
mediumI(r) (1.16)

Fgrad(r) = [p(r, t) · 5]E(r, t) =
2πnmediumR

3

c

m2 − 1

m2 + 2
5 I(r) (1.17)
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where z is the displacement vector aligned to the optical axis and r describes the distance

from the center of the focus. nmedium gives the refractive index of the medium while m

is the refractive index of the nanosphere. p(r, t) is the dipole induced on the nanosphere

from the electric field E(r, t) of the laser, while I(r) is the intensity of the lasers light field.

Cscat is the scattering cross section of the nanosphere and λ0 is the wavelength of the

light generating the optical trap. R is the radius of the particle. Under the conditions

listed below, these two forces give rise to a stable potential. Note that the gradient

derivation is the same as that in section 1.5.1 but the polarisability term expanded

using the Clausius - Mossotti relation:

χ =
3ε0
N

(
εr − 1

εr + 2
) (1.18)

χ being the particles’ polarizability, ε0 the permittivity of free space, εr the dielectric

constant of the particle and N its number density.

The following main conditions must be fulfilled in order for a particle to be trapped by

the optical intensity maxima:

1. Gradient force must overpower the scattering force in the negative direction of the

beam propagation.

2. Trapping time must be less than the time for Boltzmann / Brownian motion to

remove the particle from the trap.

3. Kinetic energy of the particle must be less than the potential of the optical trap.

The trap is, in an ideal case, conservative - the momentum/energy of a particle passing

through it should remain unchanged (entry to exit) on the condition that the particle

has enough initial momentum to clear itself of the energy well. This sets a limit on the

maximum kinetic energy that a particle may possess to be captured by the trap, defined

by its depth. This sets limits on capturing nano-particles from kinetically violent sources

like piezo - electrics or other non - thermalised sources. Many experimental groups use

buffer gases to reduce the kinetic energy of their nanoparticles to be low enough to be

trapped, and the development of an ultra high vacuum (UHV) compatible source with a

high yield, low trapping time and particle charge control remains a major experimental

hurdle for the entire field at present. The development of such a source may likely prove

critical to proposals for high mass matter wave interference [56] and creating quantum

superpositions in space [57].

In contrast the trapping mechanism in our setup relies upon thermalisation of the

nanoparticles in solution with the surrounding air, such that a significant proportion
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of the nanoparticles velocity distribution is within that of the optical trap depth (the

ballistic velocity of the nanoparticle solution leaving the nebuliser before the thermal-

ization process is significantly higher). Trapping via this thermalization mechanism

limits the starting pressure in the system to that where the nanoparticle behaves as

a particle undergoing a biased random walk in a potential rather than behaving like

a driven damped oscillator. Experimental evidence indicates the this regime to above

approximately 10 mbar [58][10].

1.6 Motional response to applied forces

1.6.1 Perturbation of the particles motion in the linear regime

While the particle is acting linearly, with respect to its differential equation of motion,

we might expect the displacement of its centre of motion to be proportional to the

applied force, as in the case for a driven damped oscillator:

|z0| =
F0√

(−mω2 + k)2 + (γω)2)
(1.19)

In which z0 is the displacement induced by the additional driving force. We can also

obtain the result for a constant force in time by taking the limit for ω → 0

A limitation of this result is that the driven damped model assumes constant damp-

ing and driving at a single frequency. It is also a poor description of what happens

to our particles’ motion when the applied force varies significantly in space over the

characteristic dimensions of the trap.

1.6.1.1 Force sensitivity in linear regime

In terms of using a levitated particle as a test mass, for either force sensing or funda-

mental physics applications, the desired parameters for sensitivity can be revealed by

looking at the minimum detectable force visible for an oscillator in a thermal bath: [59]

Fmin = S
1/2
F b1/2 =

√
4kBTbK

ΩQ
(1.20)

where SF is the force spectral density, b the measurement bandwidth, K is the spring

constant of the oscillator system and, T its temperature, Q the quality factor of the
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oscillator Q = Ω
2α , where α is the attenuation rate of the oscillation. Ω is the natural

frequency of the oscillator and kB is the Boltzmann constant.

The immediate implications of this being that a high Q factor, high natural frequency

and low external temperature are all important parameters to engineer into a highly

sensitive levitated test mass if sensing applications are held in mind.

1.6.2 Motional response in the non-linear regime

1.6.3 SDE (Stochastic differential equation) approach

Since linear approximations of our system evidently break down fairly quickly, it is there-

fore a better description of the system think of the particle as a stochastic differential

equation evolving in a potential, to obtain a more complete match between theory and

experiment.

In one degree of freedom, our system is generally well described by the stochastic differ-

ential equation:

m(ÿ + γẏ + Ω2y) = η(t) + F (x, t) (1.21)

In which γ represents the velocity coupled viscous damping, Ω the natural frequency of

the particle as it oscillated in the trap defined by the driving laser field, η(t) Gaussian

white noise, m the particles mass and F (x, t) describes the effect of external fields,

such as gravity, electrostatic or additional fields applied to the particle, aside from the

standard Gaussian focus.

The assumption of using a model of white noise for the random field is examined further

in Appendix A.2, where it is found that the particles interactions with background gas

collisions do reasonably approximate white noise.

Solving such an SDE computationally is a commonly studied problem through such

methods as Euler-Maruyama[60] and stochastic Runge-Kutta[61], and is used frequently

to match theory to experiment in later sections.

1.6.4 Langevin Approach

If the external fields are constant in time, then the external force can just be thought

of as deforming the particles potential. In this case the system can be more generally

defined by a Langevin equation:
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dx

dt
= −1

γ

∂V

∂x
+
√

2Dη(t) (1.22)

In which V is the potential occupied by the particle, γ its environmental damping and

D its diffusion constant, set by the shape of the particle.

In the case that the suspended oscillator is in a heat bath of sufficient damping (in rela-

tion to the driving term) to be treated as though it is thermodynamic equilibrium, then

the potential the particle is in can be directly extracted from its positional distribution,

see Appendix B.

In both the stochastic differential equation (SDE) approach or the Langevin equation

approach, the outcome can be computed for matching experimental outputs with the-

oretical potentials. In the case of the Langevin equation this is an analytical solution

whereas the SDE is required to be solved numerically.

When y << d where y is the extent of the particles motion and d is the characteristic

distance over which the external force varies significantly, then the same linear result

for an applied force is recovered as in the case of the driven damped oscillator in a

harmonic potential (section 1.6.1). In the case where y ≈ d or y > d then the system

can no longer be treated as a driven harmonic oscillator and the resultant motion of the

system in response to an applied force has to either be computed numerically as an SDE

or solved as a steady state solution to a Langevin equation in a potential.

Both the SDE and Langevin approaches are applicable to the particle in its linear and

nonlinear motional states, both assuming a random background field and linear damping.

The Langevin solution also assumes thermodynamic equilibrium. From the definition of

an ensemble in this case thermodynamic equilibrium should always be recovered for the

particle when t→∞ for a random background field [37]. The equivalence between the

two methods is exploited later as a method to recover the particles mass and could in

principle be used as an equilibrium test for thermodynamics experiments.

1.6.5 Particle force response, linear and non-linear regimes - example

An example from experimental data is given in figure 1.7 in which a 1
r2

type spatial

potential constant in time is varied in the case of both; being far enough away from

the particle that it approximates a constant force over space and, being close enough

such that potential varies significantly over the length scale of the trapped particle. The

potential for each case is reconstructed from experimental data by the methods given in

section 1.7.1.
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Figure 1.7: Experimental data Left: Effective potential for a levitated nanopar-
ticle in linear regime responding to a constant force, applied by an electric field - the
strength of which does not vary significantly over the length scale of the optical poten-
tial. Right: Effective potential for a nanoparticle responding to a Coulomb force that

varies substantially over the length scale of the trapping potential.

1.7 Common methods

1.7.1 Potential Extraction (from experimental data)

The potential Usteadystate computed from the steady state solution to a Langevin equation

of a particle in thermodynamic equilibrium with a random background field undergoing

a random walk in a potential:

Usteadystate =
kBT

γ
ln(ρ(x)) (1.23)

where γ is the damping constant of the damped harmonic oscillator describing the motion

of the particle in the trap. At pressures above 10−8mbar [10] the foremost damping

effect comes from random kicks of background gas particles with the trapped particle at

thermal equilibrium with the environmental temperature at 300K. ρ(x) represents the

position distribution of the trapped particle. On the other hand the potential UDynamic

extracted experimentally from the time trace of the motion of the particle in the trap

according to:

UDynamic =

∫
F (t) · dx+ c (1.24)

where c is a constant of integration, and F (t) is the total time-dependent force acting

on the particle. It is important to note that this method of reconstructing the potential

does not require the particle to be in thermodynamic equilibrium. F (t) is computed by
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taking the finite difference with respect to twice the particles time trace and multiplying

it by the particles’ mass.

Computing the spring functions and thus potentials of the oscillator for a variety of

trapping powers produces an unsurprising result, the gradient of the spring function

scales with power and the reconstructed potentials look like x2 potentials, in which the

gradient of the x2 function also scale with power, figure 1.8.

Figure 1.8: Acceleration - position or spring functions for different laser powers, along
with the potentials obtained by integrating them.

1.7.2 Particle mass extraction

Since the finite differencing of the particles’ time trace, gives acceleration rather than

force, we extract Ukinematic/m. Thus, on the assumption that the particle is in ther-

mal equilibrium, we equate the two potentials and make mass, m, the only free fitting

parameter in the equation:

Usteadystate = UDynamic/m (1.25)

We then extract the radius r from the mass m on the assumption that the particle is

spherical and that the particles volume follows the relation:

V =
4

3
πR3 =

m

ρ
(1.26)

where V is the particles volume, m its mass and ρ its density, for which we use the value

2200 kg
m3 .

The assumption of a spherical particle is supported by the particles motional degrees of

freedom being generally uncoupled from each other at low pressure, close to the centre

of the trap where the x2 approximation of the Gaussian potential remains true. The
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comparison of the two potentials, Usteadystate and UDynamic, is shown in figure 1.9, and

we extract a particle radius of r = 60nm (+/- 5nm) for the particle used in the figure.

The error bar of the mass is derived from the fitting error.
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Figure 1.9: Experimental data: The steady-state, according to equation 1.23, and
the kinematic, according to equation 1.24, potentials are fitted to each other with the
mass of the particle as the only free parameter. In this way the mass of the particle is

extracted from the measured data directly without assumptions otherwise used.

1.7.3 Instantaneous particle energy

The temperature or mean occupation number of the oscillator can be easily computed by

fitting a Lorenztian function to the PSD of a degree of freedom of the particles’ motion.

This however requires both enough datapoints to perform a Fourier transform and for

the particle to have experienced enough modes of the heatbath for the particle to be

said to be in equilibrium, the strict definition of this is t→∞ [37], however in practice

smaller times are required, as demonstrated in section 1.8.1 and figure 1.11.

It is therefore necessary to be able to compute the energy of the particle at an instan-

taneous time in its motion, if the energetic dynamics of the particle are to be studied

on smaller timescales. As the motion of the particle manifests as a classical test mass

undergoing motion we can know a priori from the methods in 1.7.1 this is a trivial task:
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Total energy = Potential energy + Kinetic energy (1.27)

where the potential energy can be computed from equation 1.24 and the kinetic energy

from:

Kinetic energy =
1

2
m
∂2x

∂t2
(1.28)

where m is the particles mass, x its position and t the time at which that measurement

of the particle position was taken.

While this might seem completely trivial, it was only recently that such measurements

of the particles’ kinetic energy were essential to one of the fields first demonstrations

of detection of gravitational-nanoparticle interactions [62], and such a method provides

a valuable tool to explore the particle dynamics beyond just looking at the frequency

domain. An example of the particles energy fluctuating over time is given in figure 1.10.
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Figure 1.10: Experimental data: The instantaneous total energy of a levitated
nanoparticle in an optical trap at 10−2mbar, significant fluctuations in the total energy
of the nanoparticle are observed due to random heating and cooling from background

gas collisions at this pressure.
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1.8 Experimental limit of thermal equilibrium

1.8.1 Heat bath quality

From the method given in section 1.7.3 we can compute the energy of the particle for

an instantaneous moment in time.

The rate of change of the instantaneous energy of a trapped particle was computed for

various integration times and laser powers, figure 1.11. For thermal equilibrium the

histogram of such a quantity should be symmetrical, as the flow energy into the system

should be equal to the flow of energy out of the system. However, for adequately low

laser powers and integration times it is not.

The time taken for the histogram of the rate of change of the particle’s energy to become

Lorenztian can be considered to be the time taken for the particle to experience all states

of the heat bath, or alternatively the maximum time for the particle to completely

thermalise.

While a long thermlisation time at high vacuum would be unsurprising, the tendancy of

the particle to experience a poor heatbath can be made to exist at surprisingly macro-

scopic times even when it is at a pressure representative of thermal equilibrium. 0.1

seconds at 10−2 mbar.

The implication being that we may be able to access a wide range of temperatures at

which to perform thermodynamic cycles without the use of an AOM (acoustic optical

modulator) or other fast method of time series beam modulation.

1.9 Particle detection

For the vast majority of this thesis the particles motion is detected by interference of light

that does and does not interact with the particle respectively, the detection function is

discussed at length in papers such as [38]. The interference function this generates varies

significantly over space, requiring alignment of the detector to the motional peaks of

interest for the desired experiment. The experimental implications of this are discussed

at further length in section 3. The detection efficiency of the z peak of motion as a

function of distance is reproduced Appendix I for limited values of distance.
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Figure 1.11: Experimental data: Histogram rate of change of the particles total
energy (KE+PE) with respect to time. For long time scales (>0.5 seconds), the par-
ticle has experienced all the energy modes of the heatbath and be considered to be in
thermodynamic equilibrium. Data taken at 10−2 mbar. Laser powers are respectively
1 Watt (green), 0.75 Watts (red) and 0.5 Watts (purple). The variation with power is
unsurprising since a slower moving (lower power → lower frequency → lower velocity)

particle will take longer to experience all of the heatbath modes.

1.9.1 Photons-Volts-Meters conversion factor

When the particle is inhabiting a linear trap in thermal equilibrium, this is often achieved

by fitting a Lorentzian function the motional peak of one degree of freedom of the particle

in the frequency domain[63]:

Sii(ω) =
αi

((w2
i − w2) + ω2Γ2

i )
+ β (1.29)

In which ii refers to the degree of freedom of the nanoparticle the Lorentzian is being

fitted to, ω the frequency, Γ the damping on the degree of freedom, and α and β are fitting

parameters. This allows for the extraction of the Volts/metres conversion factor[64]:

Cicalibration =

√
αi(y)πm

ΓkBT
(1.30)
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where m is the mass of the nanoparticle (determined previously through the method in

section 1.7.2), T is the particles’ temperature, α the fitting from the Lorentzian and kB

is the Boltzmann constant.

It it important to note here that, in contrast to some of the earlier available literature

on the subject, the calibration function is a function of displacement from the centre of

the trap, rather than just a scalar number.

1.9.2 Conclusion

In conclusion while the optically levitated nanoparticle system is physically complex to

fully model, a great deal of the physics that occurs within the system and thus the

experimental results within this thesis can be understood somewhat intuitively with the

tools presented within this chapter. More specific tools are presented in the following

chapters themselves when relevant to the results found within this thesis.
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Surface dispersion interactions

2.1 Chapter overview

In this chapter we will describe the motivation of using a trapped nanosphere to detect

surface dispersion forces, briefly detail the theoretical model used to understand the

motion of the particle near to a surface and under the influence of perturbing forces, and

discuss our experimental results. Finally, we will discuss outlook for future experiments.

2.2 Motivation

A charged particle near a neutral surface will experience an attractive short-range force

due to the interaction with its image charge [65][66]. Even when the object brought close

to the surface is neutral, forces between the two objects will be effected by correlations

between the fluctuations of atomic dipoles that make up two spatially-separated bodies

— these are dispersion forces, known as the Casimir force [67] for two macroscopic ob-

jects; Casimir-Polder if only one of them is microscopic (atom, molecule, nanosphere, etc)

[67][68]; or Van der Waals forces if both objects in the interaction are microscopic[68].

This is shown conceptually in figure 2.1.

These effects are all conceptual regimes in a system of short range physics that exists as

a continuum. Clearly parameter spaces exist where several of these forces are relevant

at once, and indeed, it is possible to derive the Casimir and Van der Waals forces from

each other [68].

A model system in which to study short-range forces is two closely-spaced objects sep-

arated by vacuum, as depicted in figure 2.2, where the particle-surface interaction is

27
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Figure 2.1: Conceptual differences between A) Van der Waals, B) Casimir-Polder, C)
Casimir and D) Coulomb forces from the method of images charges.

probed for varying distances. Over the years a variety of experiments have been per-

formed with different physical systems (e.g. torsion pendulums [69], cantilevers, and

tip probes [70]) to investigate surface forces. Several experiments that utilize control-

lable cold atoms have been performed to measure Casimir-Polder and Van der Waals

forces close to an uncharged surface [71–74]. A levitated nanoparticle seems a obvious

candidate with which to conduct similar experiments.

Due to the lack of clamping losses, a levitated nanoparticle should in principle be a

equivalent or higher sensitivity test mass to probe interactions such as a Van-der Waals

interactions and Casimir forces than the tip of an Atomic Force Microscope (AFM)[75].

While it is unlikely that a levitated nanoparticle will achieve a higher coupling to surface

details than a system such as a scanning tunneling microscope (STM) in the absence of

quantum state preparation, its mass and Q factor exist in a section of the parameter

space not easily accessed by other systems, potentially allowing for interesting tests of

fundamental physics as well as coupling to other resonator systems.

Due to the trapped nanoparticles extremely high Q factor and positional resolution at

low pressures, the particle is in both theory and practice an excellent detector for forces

in the mesoscopic regime. Q factor can be defined as:

Q =
fresonant

∆f
(2.1)
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Figure 2.2: Schematic of the experiment. The particle is optically trapped close to
the surface at various particle - surface distances d (experimentally d can be varied
between hundreds of microns to whatever distance the dispersion forces overwhelm the
optical trap - typically in the region of a small numbers of microns). The distance is
varied by moving the surface on a 3 axis stage while the optical focus of the parabolic

mirror, and thus the nanoparticle, remains fixed.

where fresonant is the natural frequency of the oscillator and ∆f is the resonance width.

This is equivalent to:

Q = 2π · energy stored

energy dissipated per cycle
(2.2)

With experimental Q factors of 1012 being predicted in the literature for particles at high

vacuum [18], leading to force sensitivities in the zeptoNewton (10−21) range [18][10].

The detection scheme in our experimental setup grants a positional resolution limit of

around 10 picometres[47]. As such it is possible to use it to detect extremely small

forces[18] and many force sensing proposals have by given in the optomechanics com-

munity [76][10].

Proposals in the optomechanics community have already been made to detect short

ranges forces using a levitated mesoscopic particle in both the classical limit [77][76] and

with quantum states of the particle that have yet to be experimentally demonstrated in

the system [75].
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2.3 Dispersion forces

Dispersion forces are defined [78] as ‘Effective electromagnetic forces acting between

well separated neutral, unpolarised and unmagnetised atom or bodies in the absence of

any applied electromagnetic fields’. This definition encompasses van der Waals, Casimir-

Polder and Casimir forces[78][79]. The specific terminology of each case usually indicates

atom-atom, atom-body and body-body forces respectively[78][79]. The differences are

demonstrated visually in figure 2.1.

Furthermore it is important to define the non retarded and retarded distance regimes,

the latter of which refers to scales in which the speed of light becomes relevant to the

interactions. The retarded regime occurs as the time taken for the field sources to

switch states is no longer smaller than the time for two separated field sources to receive

information from each other.

In this case we operate in the time retarded thermal regime in which the separation be-

tween the levitated nanosphere and the flat surface is large enough that communication

of information between the two bodies cannot be treated as instantaneous, and both

bodies have an internal temperature above absolute zero. The characteristic distance

scale of this experiment is a small number of microns. The particle is also likely to

have an arbitrary and unknown charge interacting with its mirror charge in the silicon

surface. In the literature this is often termed the macroscopic theory of Van der Waals

forces.

The specific balance of distance, charge and temperature of the bodies interacting is

of critical importance on the micro-scale, not just for the amplitude of the forces ex-

perienced by the actors of system but also the force characteristics. For specific values

of the parameters space dispersion forces can exert a net repulsion [77]. These exotic

effects are however likely to require specific geometries of test particles such as being

non-spherical and a controllable, known rotation. This have been observed by several

experimental groups [39], experimentally generating repulsive Casimir forces in such a

setting may therefore be feasible in the near future.



Chapter 2 31

2.4 Theoretical motional model of a levitated particle in a

dispersion field.

2.4.1 Unpeturbed particle

At large distances from the surface, where the surface is not affecting the oscillation of

the particle, the levitated nanoparticle is trapped optically in the focus of a Gaussian

laser beam in the Rayleigh limit, within an optical harmonic potential U0(x) = (k/2)x2,

where x is the spatial displacement of the nanosphere while oscillating, and k is the

spring constant, which for the optical trap is originated by the optical gradient force

and therefore k = 2αP/(cπε0w
6/λ2), with α being the polarisability of the nanoparticle,

P the incident laser power, c the speed of light, ε0 the permittivity of free space, w is

the laser waist at focus, and λ the wavelength of the laser. Here we only consider the

one-dimensional z-motion of the particle normal to the surface. More details about the

optical trap can be found elsewhere [80] and section 1.5.1.

2.4.2 Expected surface potential for a charged particle

The potential of a charged particle interacting with its image charge Uic(d) in a dielectric

substrate with a layer of thickness L deposited on top is [65]:

Uic(d) = − Q2

4πε0

1

2

∫ ∞
0

dz
R01 +R12e

−2zL

1 +R01R12e−2zL
e−2zd, (2.3)

withR01 = (ε1−1)/(ε1+1), R12 = (ε2−ε1)/(ε2+ε1), where ε1 and ε2 are the permittivities

of the layer and the substrate respectively. Q is the charge of the particle and d is

the distance between the nanoparticle and the vacuum-layer interface, and z is the

integration variable. Close to the surface the particle will explore a total potential

Ut(d) defined by the superposition of the surface interaction potential and the optical

potential, Ut(d) = Uic(d) + 1
2k(x− d)2.

This regime of a charged body interacting with its image charge on a dielectric plane is

referred to as the Lifshitz theory of Van der Waals forces or alternatively the macroscopic

theory of Van der Waals forces[79][78].

2.4.3 Comparison of optical and Coloumb forces

Assuming the nanoparticle is thermalised at 300 K and that the energy in the motional

axis of the nanoparticles’ motion can be computed from the equipartition theorem:
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< E >=
3

2
kBT (2.4)

The trap depth for reasonable laser powers is plotted against the the surface potential

energy in figure 2.3. Furthermore, as well as looking at the picture in terms of energy, we

can compare the relative strengths of the optical and Coloumb fields in terms of force,

with the force on the particle at a variable position in a harmonic trap given by [81]:

Ftrap = ω2 ×m× displacement, (2.5)

where m is the mass of the particle and ω = 2πf is the angular frequency of the

particles’ motion. This equation is also plotted alongside equation 2.3 in figure 2.3. We

can see that the surface potential is a significant contributor to the total energy of the

nanoparticles motion in the tens of microns range depending on the optical trap depth

and charge state of the particle.

With the comparison of forces made in the case of a charged particle, we now examine

the case of an uncharged particle close to an uncharged surface.

Figure 2.3: Left: expected surface interaction potential for particles of various charges
a distance d away from a an Si/SiO2 interface. Right: attractive force applied to the
charged particle by its mirror charge interaction with the surface. The Surface Coulomb
force will likely overpower the optical trap for a reasonable number of charges while
close to the surface. Its important to note that, due to the presence of significant
thermal fluctuations in the particle’s kinetic energy due to background gas collisions

that the required force required to remove the particle from the trap.

2.4.4 Expected surface potential for an uncharged particle

Aside from the Coulomb potential, the nanosphere experiences a dispersion force arising

from correlations between the fluctuations of its own atomic dipoles and those in the
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surface. Here, the nanosphere is far enough away from the surface that it can be con-

sidered as a point dipole, with polarisability α(ω) obtained from the Clausius-Mossotti

relation [82] for a sphere of radius R and permittivity ε(ω) to be:

α(ω) = 4πε0R
3(ε(ω)− 1)/(ε(ω) + 2). (2.6)

In the Appendix we present numerical results for the Casimir-Polder potential for a wide

range of distances, however in order to gain a simple and useable formula we note that

the nanoparticle-surface distance (4-11 µm) is large compared to the wavelength of any

of the dominant transitions in the optical response of either of the materials (70 nm for

SiO2 and 265 nm for Si). Thus we are in the retarded regime, where the Casimir-Polder

potential has the form [83][68];

UCP(d) = −C4

d4
(2.7)

where C4 is a distance-independent constant defined as [84][68];

C4 =
3~cα(0)

64π2ε0

∫ ∞
1
dv

(
2

v2
− 1

v4

)
ε1(0)v −

√
ε1(0)− 1 + v2

ε1(0)v +
√
ε1(0)− 1 + v2

(2.8)

Using the measured optical data for silicon and silicon dioxide presented in the Appendix

as tabulated in [83], we find a value of; C4 = (7.60× 10−28Jm) ·R3. In the following we

compare the data to the trapping and Coulomb potentials Uic and U0.

Thus, for a sphere plane geometry, the Casimir-Polder potential Ur for a neutral sil-

icon dioxide particle significantly larger than an atom approaching an infinite neutral

dielectric silicon plane surface in the time retarded regime is given by [78][79]:

UR(z) = −C
Si−SiO2
4

z4
= −1.11 · 10−27 · R

3

z4
(2.9)

where CSi−SiO2
4 is the dispersion constant for the silicon - silicon dioxide interaction in

the time retarded regime, which determines the strength of the surface interaction for

all variables in the system except for distance between the objects, and is derived in

Appendix E. R is the radius of the sphere and z is the distance from the sphere to the

surface.

2.4.5 Comparison of charged and uncharged particle surface forces

The potentials for charged and uncharged particles near a neutral planes are plotted

comparatively in figure 2.14.
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The Columb interaction is significantly stronger than Casimir-Polder forces alone in the

distance regime of a small number of microns, as demonstrated in figure 2.14. Given

the scaling of the Casimir-Polder forces in this distance regime in the comparison to

Coloumb interactions from net charges, figure 2.14. As well as the frequency of trapping

charged particles (a significant proportion of particles appear to be charged from the

nebuliser source). It seems likely from the fitting the expected relations for a charged

and uncharged particle to the experimental data that the particles displaying strong

surface-particle interactions in the experimental data are in fact charged, and the force

of the particle surface interaction arises from the interaction of the particles net charge

and its mirror on the silicon surface.

However, it does not seem unreasonable to in principle observe genuine Casimir-Polder

forces in the experiment in the future, based on theoretical computations of the predicted

Casimir-Polder potentials for particles of our sizes, figure 2.14, and the particle-surface

distances obtained later in the experiment, however based on our current force sensi-

tivity limit it would require trapping larger particles than present and for any stray

charges on the particle to be neutralized (charge control of a levitated nanoparticle

has been demonstrated in [85], charge may be determined experimentally through the

methodology described in [47]).
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Figure 2.4: Simulation: Comparative potentials of various particle sizes, charged
and uncharged, in comparison to the experimentally obtained sensitivity limit of the
system. The surface-particle force from a charged particle is dramatically more than

the force from an uncharged particle, unless the particle is of substantial size.
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2.5 Experimental methods

2.5.1 Experimental methods - setup

Initially experiments were carried out by optically modulating the particles motion by

controlling the divergence of the input beam into the mirror (Appendix L.0.4). While

this approach gives a large degree of control over the position of the potential well in

which the particle resides in the z axis, it also generates a periodic potential, which

rapidly gives rise to double and triple well periodic potentials, discussed in section 4.3.1,

where a more detailed discussion of non linearities and bespoke potentials is given.

It was discovered by trial and error that moving the stage rather than the particle caused

less disruption to the systems optics, and was thus adopted as the means of changing

the particle surface distance to explore the potential.

The setup consists of a 60 nm radius dielectric nanosphere trapped in the focus of a high

NA (0.9) parabolic mirror consistent with the methods employed in [80], with trapping

laser wavelengths and power of 1550nm and 1 Watt respectively. The experiment is

conducted at a pressure of 10−2 mbar. A top down schematic view of the optical setup

given in figure 2.6. A 3-axis micrometer stage is used to vary the distance between

a 200µm thick n-doped double sided polished silicon planar surface and the optically

defined nanoparticle trapping site.

2.5.1.1 Potential extraction for each stage position - piecewise potential

reconstruction

The surface is moved in discrete intervals, decreasing the distance between it and the

levitated particle. At each discrete interval of stage movement the nanoparticles’ motion

is recorded via the same homodyne-like detection scheme utilized in [80] in which the

phase shift between the light that interacts with particle and the light that does not

effects an interference corresponding to the particles position. At each of these discrete

sites (plotted in figure 2.7), the nanoparticles’ oscillatory motion naturally explores a

region of several hundred nanometres, with the exact distance being determined by the

potential stiffness. This allows us to reconstruct the overall surface potential in piece-

wise steps, with the individual extracted steps shown in figure 2.13 and the piece-wise

reconstruction given in figure 2.15.

Naturally, the potential we extract directly from the experimental data will be a super-

position of the optical trapping potential and the potential from the surface dispersion

forces from the interaction of the particle and surface.
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Figure 2.5: Experimental setup. A fibre acousto-optical modulator (AOM) is used
to modulate the light coming from a 1550nm fibre laser, which then passes though a λ

2 -

wave-plate, a polarizing beamsplitter (PBS) and a λ
4 -wave-plate before passing through

the Si-surface. The Si-surface is mounted on stage in order to be moved in space in
all three degrees of freedom. The total distance d of the surface to the nanoparticle
is varied between 2µm and 100µm. After reflection by the parabolic mirror the laser
light Ediv + Escat is guided though the λ

4 -wave-plate again before it gets reflected by
the PBS. The read-out is done via a balanced photodiode.

2.5.2 Total experimental effective potential

We obtain the spring function, as shown on figure 2.12 for the particles motion by

numerically differentiating the experimentally obtained time trace of the particles motion

with respect to time. The frequency of the particles’ motion is on the order of 50 kHz,

while the sampling frequency of the oscilloscope is 2.5 MHz, giving us about 50 data

points per oscillation period and therefore a good phase space resolution of the particles’

motion.

F (x) = −∂U
∂x

(2.10)

We can then obtain the potential structure experienced kinematically by the particle by

numerically integrating the spring function with respect to space, in a manner consistent

with [58]. This relationship is given by:
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Figure 2.6: Photograph of the experiment inside the vacuum chamber. Parabolic
trapping mirror (1) and cartesian 3 axes stage (2), holding the Si/SiO2 wafer (3) - the
surface forces of which modulate the motion of the nanoparticle trapped at the mirror

focus (4). Mirror mount (5), vacuum chamber (6).

U =

∫
m · a · dx+ C (2.11)

where m is the particles mass, a its acceleration and C is a constant of integration.

Spring functions for the unperturbed and surface perturbed data sets are given in figure

2.12, with the resultant potentials given in figure L.2.

Far from the surface, in the unperturbed case, our levitated nanosphere is trapped in a

harmonic potential defined by its high field seeking behaviour with a Gaussian focus in

the Mie-Lorentz limit, with an approximate potential given by:

U(x) =
1

2
kx2 (2.12)

As the surface-to-particle distance d becomes smaller the potential experienced by the

particle is increasingly perturbed by both optical backscatter and the increasing surface

forces from the particle. The changes in the optical power however are generally sym-

metrical and can be calibrated against the relative frequency drop of the motion in the
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Figure 2.7: Experimental data: Shift in centre of particle distribution vs stage
position. The strong interaction between the surface and the nanoparticle only tends
to occur within 10’s of microns of the surface (the higher values of stage position
correspond to smaller values of particle - surface distance). Each of the datapoints
in this graph represents a single stationary position of the stage with respect to the
nanoparticle, and the time trace associated with each position can be expanded into a

spring function and therefor potential, through the method given in section 2.5.2.

x and y axis. We assume that the optical potential is always symmetrical, composed

of even x2 terms, with the series’s higher even ordered terms (x4 etc) accounting for

the Duffing type (this concept is expanded upon in chapter 4) optical nonlinearities

experienced in the case of non linear optical potentials.

This assumption can be confirmed by studying the changing structure of the optical

potential as a function of laser power, demonstrated in figure 2.8. The parametric

driving experiments given in chapter 4 also demonstrate the optical potential remains

symmetric even in the case of the nonlinear terms experienced far from the centre of the

trapping site.

To extract the non-symmetric surface potential from the total potential we make the

ansatz of the Coulomb (1/x)-function as a perturbation to the harmonic potential. Then,

Utot =
1

2
knewx

2 + Uic(d), (2.13)

where Utot is the total potential as experienced by the particle and consists of the

harmonic optical trap and the surface interaction shown in Eq. (2.3). Here knew is

the spring constant of the optical trap (after symmetric optical perturbations), d is the
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Figure 2.8: Experimental data: Spring functions and corresponding potentials for
various laser powers, and thus ratios of gradient and scattering force. Despite the change
in power, the optical potential remains composed of x2 and higher order symmetrical

terms.

distance between the centre of the optical trap and the silicon surface and Q is the

charge on the particle. We fit the parameters Q and d such that the output of the

function becomes a symmetrical potential, which is usually a kx2 function similar to

the original, unperturbed, optical function far away from the surface, but with a weaker

spring function k. Our claim here is that while proximity to the surface does weaken

the optical trap it weakens it in a predictably symmetrical way, calibratable by the x

and y motional peaks and is not sufficient to explain the anharmonicity experienced by

the particle near the surface, whereas a Coulomb image charge model fits well to explain

that anharmonicity. It follows naturally that while close to the surface the particle will

experience a resultant potential defined by the superposition of the surface dispersion

potential and the optical potential. Whilst the full surface potential in the case of

a charged particle next to the sandwiched Si/SiO2 interface we have experimentally

is given by the equations in section 2.4.4, it turns out to be possible to simplify this

to case of an plane of one material with a distance dependent numerical factor NF ,

this substitution is made for the ease of fitting to experimental data in a reasonable

timeframe, and the (high) validity of the approximation is given in appendixE.

U(D)effective = NF × −Q2

4πε0ε34D

ε2 − ε3
ε2 + ε3

+
1

2
k(x−D)2 (2.14)

where Ueffective is the potential in the case that it has been perturbed by the surface

(harmonic optical trap + 1/x type surface Coulomb interaction), k is the spring constant

of the optical trap (for a linear trap), D is the distance between the centre of the optical

trap and the silicon surface, ε1 is the polarisability of the particle, Q is the charge on the

particle. ε2 and ε3 correspond to the nanoparticle and the silicon surface respectively.
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Q and D are used as computational brute force fitting parameters such that the output

of the right hand side of the function becomes a symmetrical potential, which is usually

an knew · x2 function similar to the the original, unperturbed, optical function far away

from the surface, but with a weaker spring constant knew.

2.5.3 Dealing with the optical term close to the surface

Naturally, the fact that the silicon/silicon dioxide substrate is not completely trans-

parent means that a standing wave will exist due to the interference of reflected and

transmitted light from the surface, and has been reported in[86]. Such a standing wave

is also visible in some of our datasets, however the resolution of the mechanical stages

the early experiments were conducted with makes reconstruction of an interference pat-

tern difficult. This is most likely due to a combination of different surface alignments

suppressing the interference pattern, and of the first experimental runs being performed

with stages of much lower position resolution.

Furthermore, the kinematic model applied to the data in this chapter is largely indepen-

dent of frequency based effects in the system, and the answers it gives fits well with the

first principle analysis of comparative force strengths in section. Also, we can use data

from the x and y peaks to construct the optical potential function unperturbed by any

forces that would just affect the z motion, and thus the physics occurring just in the Z

axis. In the case of [86] we notice that the x,y and z data follow the same frequency

scaling laws further from the surface, while close to the surface the z frequency increases

dramatically, attributed in the paper to the increased optical scattering acting on the

particle from the surface, repulsively away from the surface.

In the case of our data we make much the same conjecture, in our case with the net

change in frequency in the z axis, as opposed to the x/y plane (accounting for the

standing wave), growing increasing negative as the particle approaches the surface. We

attribute this to a net negative force acting in the direction of the surface (as opposed

to the net positive force in the case of [86]).

2.5.4 Experimental methods - mass extraction

The mass of the nanoparticle is extracted by comparing the potential for the steady state

Langevin equation result for our system with the potential obtained by integrating the

particle’s position-acceleration relation (see figure 2.2d)). The radius is extracted from

this based on the assumption that the particle is of spherical shape. Then the radius of

the nanoparticle in the experiments was extracted from experimental data to be r =60
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nm (±5 nm). More details about the procedure for particle size estimation is described

in the general methods section in the first chapter.

2.6 Experimental results

Firstly the centre of the positional distribution shifts towards the surface, demonstrated

in figure 2.9.

Figure 2.9: Experimental data: Structural change in particle distribution, far from
silicon surface (green), and close to silicon surface (red)

Figure 2.11 shows the phase space of the nanosphere’s centre of mass motion far away

from the surface (green), and at the closest available position, 4µm (blue), before the

surface forces overpower the optical forces and the particle gets lost from the trap. The

position distribution of the particle is drawn towards the surface and the motion becomes

significantly anharmonic. The unpeturbed stochastic linear motion of the nanoparticle

given as the red phase space in figure 2.11 represents the standard thermalised equilib-

rium state we would expect of a nanoparticle in a harmonic optical potential. Whereas

the evolution of the gradient of the outer contour very clearly matches an almost linear

potential on the left hand side and an x2 potential on the right hand side, consistent

with the shape revealed by the potential reconstruction in figure L.2.
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A B

Figure 2.10: Experimental data: A) Time-trace of the particle position trapped
close and far away from the surface. The amplitude of the oscillation grows when the
particle is closer to the surface. B) ) Power spectral density (PSD) of z-motion of
the trapped particle at two different distances. The frequency is lower in the case of
the closer PSD since the reflected light from the surface decreases the overall effective

quality of the beams’ focus.

The shape of the potential changes to an anharmonic one , figure 2.11, with the structural

changes in the particles’ motional phase space being intuitively related to the shape of

the new potential.

We reconstruct the potential U(r) at position r from time-domain position measurements

with the methods described in section 2.5.2.

At smaller particle-surface distances d, the trapping potential experiences an increasingly

strong perturbation from the surface interaction. Comparing the reconstructed potential

with different interaction models shows the best agreement for the case of image charge

interaction of charge Q =-11e (±1e) from fitting the equation 2.3 to the experimental

data, as shown in figure 2.6c). The observed particle net-charge is in agreement with

typical values in recent experiments with trapped nanoparticles [47, 87]. The observed

deviation from the model at small distances could be attributable to electrostatic patch

effects, see figure 2.6c). Charge and electric dipole patch effects have been shown to

contribute significantly in high-sensitivity surface force measurements [88–90].

To estimate the limit of the experimental sensitivity in this setup, we perturb a sus-

pended nanoparticle with an electric field [47]. This allows us to resolve changes to the

potential structure of 2 · 10−4kBT . Encouragingly, applying such a resolution to the dis-

tance ranges scanned in this experiment predicts we should be able to resolve Casimir

Polder forces if the same surface-nanoparticle experiment was to be repeated with a

larger particle. We evaluate the experiment to be sensitive to surface forces of 10−19

N/
√

Hz, in contrast to 10−10 N/
√

Hz in the original atomic force microscope (AFM)

paper [91]. This level of force sensitivity allows for detection of genuine Casimir-Polder

interactions for a particle of radius 1 µm, while with the best sensitivity demonstrated
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Figure 2.11: Experimental data: Experimentally obtained phase space contour
plot of particles motion, with the motion far away from the surface (11µm+) given in
green, and the motion close to the surface (4µm), given in blue. The marginal axis’s

display normalised histograms of the two distributions.

in this system to date (200 fm/
√

Hz) [47], the study of genuine Casimir-Polder forces

with a 300 nm radius particle appears to be within reach.

The perturbing non-optical surface potential component extracted for each position of

the stage is displayed in figure 2.13. Fitting the expected mirror charge self interaction

potential, equation 2.3 to these extracted potentials, outputs a particle charge of -11e,

concurrent in magnitude with charge numbers on levitated nanoparticle’s obtained in

recent literature on the subject in similar experimental systems [87].
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A B

Figure 2.12: Experimental data: A) The experimentally reconstructed potential
as experienced by the particle at the different distances. The potential becomes anhar-
monic if the particle is closer to the surface. B) Resultant potentials for the nonlinear
(blue) and linear (green) motional states of the particle. Obtained by integrating the

spring functions in A with respect to space.
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Figure 2.13: Experimental data: Surface dispersion force potentials experienced
by the particle for each position of the 3 axis stage. The crossing of the potential
curves at the smallest distance values is most likely due to patch charge effects giving

the surface a different value of effective dielectric constant at close distances.
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A B

Figure 2.14: Experimental data: A) Compares the experimental data taken at
seven different distances and the theory according to equation(2.3), red line. The pink
region indicated the same mirror charge interaction by with ±1 elementary charge e. A
slight deviation from the model occurs at distances very close to the surface (¡4µm), in
principle this could be explained by patch charge effects. Closer to the surface the best
fit with -11e deviates from the experimental data B) Comparative energies of various
particle sizes, charged and uncharged, in comparison to the experimentally obtained

sensitivity limit of the system.

2.7 Outlook

2.7.1 Requirements for Casimir-Polder force detection

The potential governed by a charged particle interacting with its mirror charge in the

silicon surface is several orders of magnitude stronger than the Casimir-Polder forces

between a surface and an uncharged particle of the same size.

However, detecting even the dispersion forces for a charged particle demonstrates that

the principle of the experiment is sound, puts bounds on the experimental sensitivity to

such forces and suggests the next direction required.

The scaling of the Casimir-Polder force in this regime with size and the sensitivity

required to see the potential curve from a charged 60nm particle suggests that bringing

an uncharged particle of 1µm to a silicon surface will be sufficient to detect Casimir-

Polder forces in the present experiment. The theory curves from the start of the Chapter

are plotted against experimental data in figure 2.15.

Optically trapping a 1µm particle with a gradient force effect trap however will likely

require a specialized beam profile due to the R6 scaling of the optical scattering force

rapidly overcoming the contribution of the gradient force, under which conditions a

stable trap is not formed. Even without the Lorentz-Mie contributions, such a trap

would be outside of the regular trapping window from the balance of the Fgrad and

Fscattering forces.
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Figure 2.15: Extracted potentials from each position of the stage close to the nanopar-
ticle plotting against the expected surface potential from nanoparticle interacting with

its self induced mirror charge in the silicon surface.

A spatial light modulator (SLM) defined beam profile could be used to remove central

sections of the trapping beam such that the scattering force in the z axis is greatly

reduced (z is the weakest axis due to having no opposing scattering force to that focused

onto the particle by the mirror over 2π steradians). The scattering forces in the X and

Y planes sum to zero over long time scales due to the symmetry of the parabolic mirrors

geometry.

2.7.2 2D surface probes

One of the desirable goals of our nanoparticle-surface experiments is to enable the levi-

tated nanoparticle to act as a 2d surface probe, in an analogue of an AFM type system.

Since the Coloumb interaction is the strongest surface response in the system presently,

we restrict the following discussion to using a charged nanoparticle to map surface struc-

tures.

Since the particle naturally explores a region of around 800nm (assuming the beam

is well focused, it tends to explore more in the case of poor focusing) in each axes,
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an obvious imaging mode might be to use the particles motion in the X,Y degrees of

freedom as a natural imaging plane. Dividing up the particle’s motion in this plane as a

set of virtual pixels and using either the particle population within each pixel (over a set

time period), or the average z position of the particle in each binned region of the x-y

that each pixel represents. A preliminary attempt at extracting a 2D image from the

x-y plane of the nanoparticles motion as it approaches the surface is given in Appendix

L.0.1. However, as discussed below, without calibration against an existing and known

surface structure, no scientific statement can be made.

Even as a theoretical problem, reconstructing the impact of an arbitrary distributed

spatially non uniform potential on the XY plane of the surface on the motion of the

particle turns out to be non trivial. As discussed in section 1.5.1, at experimental

pressures, the particle hovers between the limits of behaving like a particle undergoing a

drift diffusion random walk in a potential and a harmonic oscillator. In each case (drift

diffusion and harmonic oscillator), extracting the effect of a perturbing potential in a 1

dimensional system is a solved problem, although this is much easier in the case of the

drift diffusion random walk. Furthermore the arguments in section 4 with regards to

the positionally reconstructing a potential (as opposed to the force response) only being

valid when the particle is in thermal equilibrium may be worth considering in this case.

As the function that transforms the positional density of the particle in time in the XY

plane to the surface potential on the XY plane is unclear, it seems immediately logical

to gain calibration data in which the particle interacts with an structure of known

dimensions.

The calibration structure produced is given in figure 2.16, and is composed of a large

(5x5mm) area of metallic crosses thinner than the skin depth for 1550nm light. Thus

the light should still be able to penetrate the surface and form a stable trap nearby,

however the surface interaction for a thin metal should be much weaker than that for

a dielectric. The cross structures are small enough that several should appear in the

800nm normally explored by the particle.

An alternate imaging mode idea might be to use parametric feedback to the reduce

the particles position variance to as low as possible before scanning the surface in XY,

however this would limit the precision of the final image to the stage accuracy, which is

invariably lower that the optical positional resolution on the particle
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Figure 2.16: SEM image of Nanoparticle AFM calibration sample produced at JAIST.
Silicon wafer overlaid with sputtered gold below the optical skin depth for 1550nm.

2.7.3 Experimental results - Morse potential behaviour

As well as analyzing the system in terms of phase space and spring functions. It is

possible to look at the particle’s motional states in both the harmonic and anharmonic

potentials in terms of energy.

Kinematically, the relationship describing the energy of the particle is simple:

Total energy = Kinetic energy + Potential energy (2.15)

The kinetic energy is obtained simply from the particle’s velocity data (itself obtained

by taking the finite difference with respect to time of the particles’ position data) while

the potential energy of the particle at each instantaneous moment is computed from its

position and the potential energy function obtained by integrating its spring function as

detailed above.

Looking at the system in terms of energy allows us to tackle an otherwise unintuitive

result in the experimental data. The acceleration-position relationship for the anhar-

monic potential experienced close to the surface shows, as well as the expected curved

structure, significant broadening for the data points corresponding to the particles mo-

tion close to the surface, figures L.2 and more obvious in the density plot of the spring

functions, given in appendix L.3. Kinematically this acceleration broadening of the par-

ticles’ motional states close to the surface lacks an obvious driver, with optical speckle

or surface outgassing as possible suspects for physical mechanisms.

Structurally, the overall potential of the system appears similar to a Morse potential

(A general model describing the potential and energy state of a harmonic oscillator

when under the influence of an attractive body), taking the histogram of the particle’s
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Figure 2.17: Normalised histogram of the particle’s potential energy for the cases
of an harmonic potential (particle far away from surface, green) and an anharmonic
Morse-like potential (particle close to the surface, blue). Shown in red are the results
of numerical simulation of the particle’s motion for harmonic (dashed) and anharmonic
(dotted) potentials with 10 000 different realisations with randomised amplitudes. The
solid black line is the normalised result of equation (2.19). The Morse-like potential
shows a similar behaviour in energy level scaling (and in the population of those energy
levels) as compared to the harmonic case until diverging strongly at a high value of n,

which is the expected Morse-like behaviour.

total energy, the population also follows the expected scaling relation, figure 2.17. The

histogrammed energies for the harmonic potential follow the expected structure for a

Maxwell-Boltzmann potential for a harmonic energy level structure.

The shape of the histogram in figure 2.17. can be understood in the following way. For

the case of the linear potential, the particle undergoes harmonic motion:

x(t) = x0 cosωt (2.16)

which can then be used in the potential energy U = 1
2kx(t)2. Making a histogram of

the potential found in this way at evenly-spaced times results in a two-peak shape, in

contrast to that shown in figure 2.17. This can be described by solving U = 1
2kx(t)2

with x(t) given by equation (2.16), giving;

t =
1

ω
arccos

[
1

x0

√
2U

k

]
(2.17)
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The time spent within any time interval dt will then be given by

dt =
dt

dU
dU = − sgn(x0)

ω
√

2U
√
kx2

0 − 2U
dU (2.18)

which, subject to proper normalisation, corresponds to the likelihood of the particle

being observed within a potential energy between U and U + dU . It is clear that dt has

maxima at U = 0 and U = 1
2kx

2
0, resulting in the two-peak structure discussed above

(and shown for each individual energy in section 1.4.2). However, this is not seen in the

histogram of energies extracted from the experimental data (fig. 2.17), rather a single

peak at U = 0 is found in both the harmonic and anharmonic cases.

This difference comes from the fact that the motion of the particle in the trap is only

well-described by equation (2.16) when the particle is under low damping and low rates

of random collisions. The experiment takes places at vacuum of 10−2mbar, meaning

the particle’s motion is still significantly affected by interactions with the background

gas. The interactions with the background gas thermalize the particles energy across

many different motional modes. This is incorporated into the description of the system

by assuming that the motion may be taken to be averaged over many trajectories, each

with a different amplitude x0, Gaussian-distributed about some mean value x0 with a

standard deviation σ. In the case of the harmonic potential, we compute:

dt = − 1√
2πσ2

∫ ∞
√

2U/k
dx0e

(x0−x0)2/(2σ2) sgn(x0)

ω
√

2U
√
kx2

0 − 2U
dU (2.19)

With x0 (motional amplitude) being the integration variable, and σ being the only fitting

parameter. The result for σ = 100 nm is shown in figure 2.17, alongside the experimental

data (for particle surface distances d=4µm and d=11µm respectively) and a numerical

simulation in the case of the anharmonic potentials. For the latter case the equations

of motion cannot be solved analytically, so there is no equivalent of equation (2.19) for

the anharmonic potential and the trajectories are simulated numerically.

It is seen (in figure 2.17) that the modelling of the background gas collisions smearing

out the amplitude of the oscillations is consistent with experimental results, especially

for relatively high energy. Both results display the required behaviour of having a single

peak at U = 0, which can be intuitively understood from our averaging procedure as

the trajectories pass many times through U = 0 but have different maximum values,

the peak of equation (2.18) at U = 1
2kx

2
0 is therefore suppressed in the histogram. This

averaging out is consistent with the central limit theorem.

The energy distribution can also be understood by looking at the functions governing

energy levels in the potential wells. To stress, we are far from the quantum regime and
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the state of the particle is thermal in nature. However, it is still reasonable to use a

quantum harmonic oscillator description of the particle here with a very high occupation

number n[92]. The spacing of energy levels in the quantum harmonic oscillator is a

constant ~n between levels. In the case of the morse potential however, the energy

spacing is given as:

E(n+ 1)− E(n) = ~n− (n+ 1)(~n)2

2De
(2.20)

where n is the energy level of the oscillator, E(n) its energy in its corresponding eigen-

state and De is the dissociation energy of the two mutually attractive bodies described by

the Morse potential model, in this case the levitated nanoparticle and the surface. The

dissociation energy of a Morse potential corresponds to the amount of energy required

to separate the two attractors.

The implications of these two separate scalings (harmonic oscillator and Morse ) are

that the potential will behave similarly in terms of energy level scaling and populations

until a cut-off point where the behaviours will begin to strongly diverge. The Morse

potential should also have a different ground state energy facilitated by the perturbing

fields alteration to its level structure.

Figure 2.18: Energy level scalings for the harmonic and morse potential case. In the
case the morse potential has a lower ground state energy the ladders intersect twice.

The two functions
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The scaling of energy levels in the harmonic and Morse case are given in figure 2.18 in

terms of arbitary units, with the Morse case having a lower starting ground state energy.

Further analysis of this scaling behaviour could allow us to fit the dissociation energy

associated with the surface interaction directly (and act as another distance - surface

metric), as well as lifting the energy degeneracy associated with a harmonic potential,

potentially allowing for other methods of state preparation if combined with a pulsed

operation, as has been proposed for other anharmonic potentials [93].

2.8 Chapter conclusion

In conclusion we have measured the surface dispersion interactions between a charged

levitated particle and a section of uncharged silicon. We demonstrate it is possible to

extract the particle charge and distance to the surface, obtaining a charge of -11e for

our test particle. We compute the current sensitivity of the experiment to surface forces

to be 10−19 Newtons, although 10−21 Newtons should be possible in this geometry as

system with the same oscillator but lower pressures and electronic noise floors have

demonstrated under parametric feedback [94].

As demonstrated in figure 2.15, trapping a 1µm particle in the current system at current

experimental pressures would likely be sufficient to detect genuine Casimir-Polder forces,

however due to the scaling of the opposing trapping forces, this would likely require a

hollow beam to accomplish (detailed in section 2.7). Also, given the much stronger

scaling relations of the Casimir and Coloumb forces, the charge on the particle will

either need to be very low or completely neutralized.

If the force sensitivity could be pushed closer to already achieved values within similar

geometries [94] then a 250nm particle would be sufficient for detection of Casimir-Polder

forces. This would likely have its own disadvantages however, to achieve the required

Q factors for this level of force sensitivity the experiment would have to be conducted

at high vacuum, requiring the presence of feedback cooling to sustain the particle and

naturally suppressing the nonlinear terms from which the potential extraction is derived.

A possible solution for this would be to use a feedback scheme to keep the particle

trapped under high vacuum, and use the rough and fine feedback parameters outputted

by the Bose function (also called a transfer function) of the lock in amplifier as the

nonlinear sensitivity metric.

Finally, we have shown that the nanosphere-surface system forms a macroscopic classical

analogue of a molecule-surface system, and follows the expected ladder relations and

populates the energy distribution as expected, albeit at extremely high n. It should be
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noted that no discreetness is observed in the energy distribution and no such claim is

made in this thesis.

We expect this to be an interesting experimental platform for the exploration of a

Casimir-Polder physics in the thermal regime, as well as potentially offering the param-

eters required to investigate rotational symmetry breaking [77] and repulsive Casimir

effects.

The careful analysis of the particle position measured in the lateral directions along the

surface may allow for topographic images in close analogy to scanning probe techniques.

Future work will likely entail replacing the vibrationally inert silicon surface with a

substrate bound resonant membrane oscillator system such as a graphene MEMS device

or a silicon nitride membrane. Having two oscillating structure of similar frequencies

would in principle allow for strong coupling of the two systems. As membrane structures

have already been cooled into their quantum mechanical groundstate[95] by all optical

feedback and the distances demonstrated this experiment are within the small number of

microns, a sympathetic feedback scheme to cool a levitated nanoparticle via a resonator

is not unreasonable. Furthermore the coupling of two, potentially quantum mechanical,

systems would allow for similar implementations to nonlinear state generation schemes,

such as those proposed by [93].
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Fano resonances

3.1 Chapter overview

A Fano resonance or antiresonance is an interference effect between discrete and con-

tinuous states, and is a general wave phenomenon[96] that can manifest in a variety

of physical systems, the details of which are explained further in section 3.2. In this

chapter we briefly introduce Fano resonance effects, explain how the effects can mani-

fest in a system of coupled classical driven damped oscillators, detail our experimental

implementation to generate such a resonance effect and finally discuss our results, in

which we experimentally demonstrate a Fano resonance in an optically levitated system

for the first time.

Experimentally we parametrically drive system to the non-linear regime of the optical

potential: there the translational motions become coupled by the intrinsic cross terms

of the Gaussian focus, and the antiresonance appears during the transition to the out

of equilibrium steady state. We achieve a similar coupling effect between the degrees

of freedom by applying a DC electric field. Furthermore, we show that this coupling

opens a new cooling channel, namely, sympathetic cooling, whereby when cooling one

translational degree of freedom, the other two degrees of freedom in the system also start

to cool. In addition, we give a full theoretical model of the system, discuss the feedback

terms, and fit the data using a numerical simulation.

3.2 Motivation

Recent developments in the field of levitated optomechanics include the generation of

a variety of non classical or otherwise non linear motional modes, such as mechanical

54
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Figure 3.1: (A)Basic concept of two coupled oscillators of frequencies ω1 and ω2 and
dampings γ1 and γ2 in motion the first oscillator can be driven at a frequency and
phase such that it arrests the motion of the second oscillator in a specific frequency
band. (B) Experimentally induced Fano resonance in a levitated nanoparticle through
optical driving. In units of the frequency of the first oscillator ω1. When the oscillator
mode ω1 is coupled to the oscillator mode ω2 and given the correct driving and coupling

conditions, an antiresonance effect is generated.

squeezing [9], high frequency free rotations of nanorods [39] and precession effects [97].

All of these generated states rely on the control, or at least physical understanding of

nonlinearities or controlled coupling between degrees of freedom in the system.

Here we demonstrate the implementation of another entry into this manipulation tool-

box, controllable Fano-type antiresonance phenomena[98, 99]. These manifest in a va-

riety of characteristic line shapes [100], depending heavily on the coupling parameters

used to generate them. Although all of them possess the same basic characteristics of

the Fano phenomenon.

The ubiquitousness in nature, across different systems, is not surprising, given that

only a few basic requirements have to be satisfied for its appearance. In particular

relevance to our case, a Fano antiresonance can be generated in a simple linear system of

two driven coupled harmonic oscillators [101]. Other examples can be found in atomic

spectroscopy [102], nanomechanical resonators [103] and optoelectronic systems make

use of antiresonance phenomena to enable optical switches and frequency discriminators

[104–106].

In many systems antiresonance phenomena generate electromagnetically-induced trans-

parency (EIT)[100]. In cold atoms, the existence of this anti resonance mode (referred

to sometimes as a dark resonance) has been experimentally demonstrated to enable sub

Doppler cooling sufficient to drive an atomic system into its quantum mechanical ground

state. EIT has also been demonstrated to enable ground state cooling of a trapped ion

[107], as well as to enable sympathetic cooling of an ion chain [108], although not to

the ground state. An EIT reliant scheme has also enabled ground state cooling of a
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nanomechanical resonator [109]. Furthermore, a Fano resonance reliant cooling scheme

has been proposed recently for levitated nanoparticles [110].

3.3 Theoretical model

3.3.1 Fano factor

The general form for a Fano resonance is given by[100]:

σ(E) = D2 (q + Ω)2

1 + Ω2
, (3.1)

where q is the Fano parameter q = cot(δ), itself a function of the phase shift between the

two modes δ. Ω = 2(E−E0)/γ where E0 is the resonance energy and γ is the resonance

width [100], D2 = 4sin2δ.

This can be rewritten in terms more compatible with the experimental output of our

system:

Sxx(ω) ∝ (qΓ + (ω2 − ω2
0))2

ω2Γ2 + (ω2 − ω2
0)2

, (3.2)

where Γ is the sum total of damping processes in the system[111].

3.3.2 Intuitive model of Fano resonances.

As a Fano resonance can in principle occur in any system capable of destructive in-

terference, the antiresonance to resonance lineshaping effect can be observed between

two coupled classical harmonic oscillators for the correct values of coupling and driving,

shown conceptually in figure 3.1.

In the classical analogy of harmonic oscillators coupled by weak springs, an intuitive

view of the antiresonance can be regarded as destructive interference of the forces on

one of the two coupled oscillators by the action of the second oscillator. That is to say

the driving motion of the second oscillator is chosen such that is cancels the natural

frequency oscillation of the first oscillator. Its important to note that the motion of the

oscillator is only cancelled at that specific frequency, and that the ‘temperature’ of the

overall frequency mode remains the same.
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Figure 3.2: Simulation: Fano parameter q versus phase shift between the modes.
A and E represent the regular Lorentzian resonances associated the motion of the un-
peturbed particle. B and D represent the Fano resonance windows generated through-
out this chapter and C represents an induced transparency mode, similar to EIT, which

has yet to be realized in a levitated nanoparticle system.

Figure 3.3: Two classical oscillators are connected to two different springs k1 and k2,
in our case, k1 and k2 represent the coupling of the motion of the oscillator’s z and x
degrees of freedom to the light field. They are also coupled to each others motion via
a third spring Kcoupling, which is, in our case given by the Gaussian cross terms of the
non linear components of the trap in the optical case. The lefthand mass is sinusoidally

driven by an external force.
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3.3.2.1 Intuitive model - derivation

Before understanding the case where both oscillators are driven damped, a more simple

formulation can be adopted for which an analytic solution exists. Understanding the

system in such approximated terms is important because it provides an intuitive under-

standing for later results, such as for why the ’handedness’ of the antiresonance changes

(on which side of the frequency center of the oscillation it occurs), as the system falls

changes phase, this turns out to correspond to whether the system being in a cooling or

heating mode.

In the first case, we consider two classical oscillators, one with a resonant driving force

F , and one left to decay freely. Derivation as follows [96]:

In the simple case of a driven damped oscillator, we find the equation of motion:

ẍ+ γẋ+ ω2
0x = Acos(ωt) (3.3)

where x represents the displacement of the test mass, ẋ its velocity, ẍ its acceleration, γ

the damping on the oscillator. ω0 is the natural frequency of the oscillator and Acos(ωt)

is an external sinusoidal driving term we apply by modulating the light field with an

acousto-optic modulator (AOM) as seen in figure 3.5.

This has the complementary solution: [101]

xc(t) = e−γ/2[q1e
iΓt + q2e

−iΓt] (3.4)

where:

Γ =
√
w2

0 − γ2/4 (3.5)

Thus, the solution for the amplitude at a particular frequency can thus we found to be:

c(w) =
a

w2
0 − w2 + iγw

(3.6)

with modulus:

mod c(w) =
a√

(w2
0 − w2)2 + w2γ2)

(3.7)

and phase:
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φ(w) = arctan(
wγ

w2
0 − w2

) (3.8)

A key point of interest here is that the oscillator’s phase changes by π as the frequency

of the oscullator (ω) passes through the resonant frequency (ω0). This is important to

note because it implies that if the resonant drive is in phase with the oscillator when it

is on the lower frequency part of the resonance, and out of phase when its frequency is

greater than the central resonance frequency. This has later implications for on which

side of the peak the anti resonance appears.

In the case of two coupled oscillators we declare the equations of motion to be:

ẍ1 + γ1ẋ1 + ω2
1x1 + ν12x2 = a1e

iωt (3.9)

and:

ẍ2 + γ2ẋ2 + ω2
2x2 + ν12x1 = 0 (3.10)

It is important to note that (in this simple model) only one oscillator (ω1) in this

interaction is driven, as the second oscillator (ω2) is damping the motion of the first

oscillator at a given frequency. In reality both of the oscillators are driven damped,

however since the driving force is stochastic in the real world, there will be sections of

time in which the above model (of only one oscillator being driven) is true. From [96] we

find the amplitudes of the steady state solutions of the two harmonic coupled oscillators

are therefore given as:

c1 =
(ω2

2 − ω2 + iγ2ω)

(ω2
1 − ω2 + iγ1ω)(ω2

2 − ω2 + iγ2ω)− ν2
12

(3.11)

c2 =
(ν12)

(ω2
1 − ω2 + iγ1ω)(ω2

2 − ω2 + iγ2ω)− ν2
12

(3.12)

where ν12 is the coupling between the two oscillators.

Comparing the case for the uncoupled driven damped harmonic oscillator to the solution

for each of the coupled oscillators in the interaction (The resonance enabled by the

coupled interaction has different effects on each of the oscillators.), we can predict the

change to the amplitude solution for each of the coupled resonators.
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Figure 3.4: Theoretically predicted effect of Fano resonance on the first oscillator
(left) and second oscillator (right). Once again, both oscillators posses only a single
Lorentzian lineshape resonance at their respective natural frequencies before the Fano

like interaction takes place.

The first resonator in the interaction splits into two lineshapes, one of which is the

antisymmetrical resonance characteristic with fano resonance interactions. The theo-

retical prediction of this effect can be seen in figure 3.4, the experimental data follows

the predicted lineshape. The second resonator also splits into two Lorentzian style line-

shapes, one of which is the initial frequency mode, which becomes significantly smaller

in amplitude, this can be seen in the same figure.

In this simple analytic model, we assume a linear coupling between two oscillators.

However, the actual coupling can be derived for the case of a Gaussian focus, section

3.3.3.1.

3.3.3 Coupling mechanism

3.3.3.1 Coupling from optical cross terms

From previous experiment studies in this regime, it is often claimed that the system may

be treated as 3 decoupled classical oscillators below 10 millibar [58].

This approximation however relies on the assumption of a harmonic trap, which for

a Gaussian beam is only true at relatively smaller amplitudes. At large oscillation

amplitudes the nanoparticle experiences both inherent optical Duffing nonlinearities and

cross terms in the optical spring.

The intensity of Gaussian optical beam is given by:

I(x, y, x) = I0(
w0

wz
)2Exp(

2(x2 + y2)

w2
z

) (3.13)
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where wz is the waist of the beam, given by the expression:

W (z,R) = w0 =

√
1 + (

z

zR
)2 (3.14)

This leads to the potential for a particle of polarisability χ given by:

U(x, y, z) =
χI(x, y, z)

c
(3.15)

Since the spring constant of the oscillation in any direction coordinate q is given by:

kqq =
∂2U

∂q2
(3.16)

In a 3d system, we can expect this relation to be:

k(x, y, z) =


kxx kxy kxz

kyx kyy kyz

kzx kzy kzz

 (3.17)

with the cross terms xy and yx giving, for example, the coupling between the x and y

degrees of freedom. Future work will further quantify this and match the experimentally

obtained coupling obtained by fitting the position of the motional peaks to the model

given by the classical Fano analogy between two oscillators to the theoretical coupling

obtained by the above method.

3.4 Numerical model of experiments

The model previously considered is helpful to gain an intuitive understanding of the

system, however it rapidly becomes unsuitable when considering 3 coupled oscillators,

the complexities of an experimentally realistic potential, and stochastic effects. Thus, we

turn to numerical simulation to fully fit theory to our experimental data. The majority

of this section is from presently unpublished work in collaboration with M.Toros and

D.Hempston.

Due to the complexity of the Fano resonance effect, the numerical model considered in

this section is somewhat more sophisticated that given elsewhere in this thesis. Just

as before we consider an optically levitated particle at the focus of a Gaussian focus

subject to direct homodyne detection [112]. In this case however, all three degrees of
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motion of the particle are simulated, rather than the one-dimensional considerations

given in chapters 2 and 4.3.1 so that the displacement dependent couplings between

them can be computed. It is extremely important here that the particle be spherical, so

that the only couplings between the degrees are ones that we specifically enable, either

by driving or coupling with electric fields. Also, each degree of freedom of the particle

(before coupling), must have the same phase profile as the simple model considered in

3.3.2.1.

The model is composed by adapting the theoretical description of general anisotropic

particles in [38] to the special case of isotropic, spherical particles. The particle has three

translational degrees of freedom: we denote the position operator by r̂ = (x̂, ŷ, ẑ)> and

its conjugate momenta by p̂ = (p̂x, p̂y, p̂z)
>.

3.4.1 Stochastic master equation

The system is modelled using the following stochastic master equation :

dρ̂c = − i
~

[Ĥfree + Ĥfb, ρ̂c]dt

+
iγc
2~

[r̂ · p̂+ (r̂ · p̂)†, ρ̂c]dt+ γc

3∑
j=1

D[L̂j ]ρ̂cdt

+ γs

2∑
ν=1

∫
dnD[Ân,ν ]ρ̂c +

√
ηγsH[B̂ei∆φ]ρ̂cdW, (3.18)

where ρ̂c is the conditional state at time t. We now discuss separately each of the terms

on the right hand-side.

On the first line of Eq. (3.18) we have the Hamiltonian (Ĥfree) and feedback (Ĥfb) terms:

Ĥfree =
p̂2

2m
+ U(r̂), (3.19)

Ĥfb =β

 〈p̂z〉√
2m

cos(Θ) +
√
mωz〈ẑ〉√

2
sin(Θ)

〈 p̂2z2m + mω2
z

2 ẑ2〉

U(x̂), (3.20)

where U(r̂) = PV εc
2cσL
|u(r̂)|2 is the optical potential, P is the laser power, c is the speed

of light, V is the volume of the particle, εc = 3 εR−1
εR+2 , εR is the dielectric function, ωz is

the frequency at which the feedback is applied with a phase offset Θ,
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u(r̂) =
w0

w(ẑ)
exp

(
−a1x̂

2 + a2ŷ
2

w(ẑ)2

)
eikẑ (3.21)

is the mode function, w0 is a characteristic length of the Gaussian beam profile, a1,a2

quantify the degree of asymmetry in the trapping potential along the x,y axis, respec-

tively. w(ẑ) =
√

1 + ( ẑ
zR

)2, zR is the Rayleigh range, k = 2π
λ , λ is the laser wavelength

(1550nm), β is an adimensional parameter quantifying the strength of the feedback term,

ωz is the frequency of the particles oscillation, and m is its mass.

The overall volume that the trap occupies is considered to be conserved such that a1a2 =

w2
0

Depending on Θ the system can be either driven, cooled or cooled by the feedback term.

Or modulated to display other intermittent motional states (see Appendix F or chapter

6 for more details).

The terms on the second line of Eq. (3.18) quantify the interaction with the gas particles

according to the dissipative Caldeira-Leggett model [113, 114] (A quantum mechanical

analogue of a diffusion equation), where γc =
πpgr2g√
8mgkBT

, is a characteristic collision rate,

pg is the gas pressure, rg andmg are the radius and mass of a gas particle, respectively, kB

is Boltzmann’s constant, T is the gas temperature, D[K̂] · = K̂ · K̂†− 1
2{K̂†K̂, · } [115],

and K̂ is an operator.

On the third line of Eq. (3.18) the first term quantifies the decoherence due to gas

scattering, where γs = σR
σL

P
24π~ωL is the Rayleigh rate, σR =

24π3V 2
0

λ4
ε2C is the Rayleigh

cross-section, εR is the dielectric function, Ân,ν = ε∗>n,νεdu(x̂)eikẑ is the Rayleigh scatter-

ing operator, ν denotes the polarization, and n denotes a unit vector. W is a zero mean

Wiener process with correlation E[dWdW ] = Sdt, where E denotes the average over

different noise realizations, and H[K̂] · = K̂ ·+ · K̂†− tr[K̂ ·+ · K̂†] · [115]. The validity

of treating the background gas collisions that the particle encounters experimentally as

a Weiner process mathematically is explored in Appendix A, where the assumption is

found to be mostly justified.

The second term corresponds to the detection, where B̂ =
∑

k+l+m≤n sklmx̂ŷẑ is the

measuring operator. Although the values of sklm and S could in principle be determined

from the experimental setup, i.e. the optical elements and the detector, these values

are fixed using the measured signal. It is necessary to include such a detection function

since the photons-volts-metres conversion factor (section 1.9.1) is different not only for

each Cartesian axis of the levitated particle, but also for any mechanical harmonics or

non linear motional modes displayed by each degree of freedom. The second part of

this is intuitively consistent with the result that the conversion factor changes with the

frequency, and thus mean displacement of the oscillator.
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The detected photo-current associated to Eq. 3.18 is given by:

dI =
√
ηγsTr[

(
B̂ei∆φ + B̂†e−i∆φ

)
ρ̂c] + dW, (3.22)

where ∆φ is the phase of the local oscillator.

To numerically simulate the model we approximate the dynamics using a classical model.

We suppose the description of the state is given by its mean position 〈r̂〉 and its mean

momentum 〈p̂〉, which, loosely speaking, corresponds to assuming that the system is

always well-localized. In addition, we assume that the optical detection, as well as photon

scattering, do not significantly perturb the system, apart for the classical radiation

pressure force. We drive the system using the feedback term to the non-linear regime,

where the cross terms of the optical potential couple the translational degrees of freedom.

These couplings can be seen explicitly by Taylor expanding the optical potential. At

orderO(|r̂|2) we find the harmonic terms mω2
x

2 x̂2,
mω2

y

2 ŷ2, mω
2
z

2 ẑ2, where ω2
x = 2Pa1

cσLρw
2
0
,ω2
y =

2Pa2
cσLρw

2
0
,ω2
z = 2P

cσLρz
2
R

are the harmonic frequencies, and ρ is the density. At order O(|r̂|4)

we find the non-linear terms Nxx̂
4, Nyŷ

4, Nzẑ
4, where Nx = − PV a21

4cσLw
4
0
,Ny = − PV a22

4cσLw
4
0
,

Nz = − PV
2cσLz

4
R

, as well as the following couplings terms:

Uxyz(r̂) =Cxyx̂
2ŷ2 + Cxzx̂

2ẑ2 + Cyzŷ
2ẑ2, (3.23)

where Cxy = −PV a1a2
2cσLw

4
0

, Cxz = − PV a1
cσLw

2
0z

2
R

, and Cyz = − PV a2
cσLw

2
0z

2
R

. The potential Uxyz,

which couples the translational degrees of freedom, can be exploited to give rise to the

Fano effect as well as for sympathetic cooling.

3.5 Experimental implementation

We optically trap a 60 nm radius SiO2 nanoparticle in the focus of a high numerical

aperture (NA = 0.9) parabolic mirror, consistent with the methods employed in [116]

[80], with trapping laser wavelength and power of 1550nm and 1 W respectively. The

beam has a Gaussian spacial profile. The particle scatters some of the laser light:

the backscattered light is reflected by the mirror and directed, using optical elements,

towards a beam splitter. There it is combined with a local oscillator, and then detected

in a balanced homodyne detection setup figure 3.5.

Coupling by optical driving is achieved at 10−2 mbar , while coupling via high voltage

(HV) electric fields is achieved at 10−6 mbar. A schematic diagram of the optical setup

is given in figure 3.5. Both the optical and electrical driving experiments use the same

optical path, however in the optical driving case the HV needle is simply not used.
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Figure 3.5: (A) Conceptual diagram of an optically levitated nanoparticle of mass
m, with translational degrees of freedom x,y and z. A high voltage field needle is place
such that it is non orthogonal along at least two axes (B) Experimental setup diagram.
A fiber acousto-optical modulator (AOM) is used to modulate the light coming from a
1550nm fiber laser, which then passes though a λ

2 -wave-plate, a polarizing beamsplitter

(PBS) and a λ
4 -wave-plate. After reflection by the parabolic mirror the laser light

Ediv + Escat is guided though the λ
4 -wave-plate again before it gets reflected by the

PBS. The read-out is done via a balanced photodiode. In the first experiment the
translational modes of the nanoparticle are coupled by the intrinsic cross terms in the
Gaussian optical potential experienced by the nanoparticle. In the second experiment
the translational modes are coupled by applying a high voltage DC electric field non-

normal to the axis of the particles translational modes.

In our system we generate an anti resonance between two coupled motional peaks or

frequencies than would otherwise exhibit symmetrical lorentzian lineshape. Via the Fano

resonance interaction, both interacting oscillators transform their lineshapes, with the

‘first’ oscillator in the interaction picking up an additional asymmetrical motional peak

with the characteristic Fano like negativity.

The Fano resonance is generated at 10−2 mbar by picking two close motional peaks and

varying the driving parameters until the correct ratios of oscillator driving and springs

are found by systematically trying all possible input combinations until particle loss

occurs.

The conceptual motivation for attempting to generate this effect in our system is given

in figure 3.3.

3.6 Experimental results

3.6.1 Optical driving - Antiresonances

In the first case we couple the nanoparticles modes into an antiresonance by driving the

z degree of freedom at its resonant frequency with an AOM and a phase lock loop. With



Chapter 3 66

zero driving power we find the expected 3 decoupled motional degrees of freedom of the

nanoparticle.

When the driving power is increased to substantial levels, we find additional higher

frequency modes being generated 3.6. By virtue of these additional modes having a

separate phase evolution, as well as their ability to coupled to the prime mode, we make

the statement that these modes are genuine mechanical motions of the particle rather

than optical frequency mixing in our detection system. Henceforth we use the naming

system z1, z2, z3 to describe the fundamental, 1st and 2nd higher order mechanical

modes of z.

For a sufficiently high values of optical driving, we find by use of a correlogram that

the mode z2 forms an antiresonance lineshape, and becomes highly correlated with the

z1 motion, indicating strong coupling between the modes. Furthermore, an additional

mode z3 appears, and the temperature of the x degree of freedom is lowered significantly.

While the Fano resonance between two classical driven damped oscillators can be under-

stood by a simple analytical mode, such as that given in [101]. When multiple coupled

oscillators are involved however, we find such an approximation to be insufficient, and

must instead numerically simulate the equations of motion for the particle numerically,

discussed in section 3.4.1. Fitting the output of such a simulation to the obtained ex-

perimental data gives the fits located in figure 3.6. Strictly, the model derived in section

3.4.1, describes only the mechanical motion of the particle, and to obtain full fits we

include a model for the nonlinearity in our detection system.

3.6.2 Sympathetic cooling

In addition to the antiresonance lineshapes in the Z degree of freedom, by varying the

strength sinusoidal driving applied to the z motional degree of freedom, we find a driving

strength dependant cooling interaction between the z and x degrees of freedom of the

nanoparticle.

As the magnitude of the parametric driving on the z-motional degree of freedom is

increased, the magnitude of motion in the x degree of freedom is decreased. An effect

similar to sympathetic cooling [117], but between different motional modes of the same

oscillator rather than different oscillators.

The dependence of the strength of this sympathetic cooling mechanism is a continu-

ous process as a function of the driving power on the z degree of freedom. For each

incremental increase in the parametric drive applied to z degree of freedom we find a
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Figure 3.6: Experimental data: Matching the output of the numerically solved
stochastic differential equations of motion, section 3.4.1, with experimentally obtained
data for driving conditions before and after the anti resonance conditions are met
gives the above fits. Driving conditions before the anti resonance (top) and after the
optical driving strength required to generate the antiresonance (bottom). Note the
anti asymmetric line shape in Z2 after the resonance combined with suppressing the
motion of the particle in a specific frequency below the previously existing mechanical
noise floor. Furthermore numerically simulating the equations of motion allows us to

replicate the cooling effect upon the X degree of freedom.

corresponding decrease in the energy of the x motional degree of freedom, shown in

figure 3.7.

This is in contrast to the conditions required for the Fano resonance to occur, which

appears discreetly above a certain value of driving in the z degree of freedom. This is an

intuitive result, as when energy oscillator and a lower energy oscillator are coupled, the

starting conditions for energy transfer from the high energy oscillator to the low energy

oscillator are numerous, while the requirements for an anti-resonance to occur are more

specific, summarized in [100].

3.6.2.1 Sympathetic cooling strength

At an experimental pressure of 10−2 mbar, the temperature limit of the sympathetic

cooling technique reduces the temperature of the x and y degrees of freedom to around

1K each. As is the case with parametric feedback cooling, the ratio of heating and cooling
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Figure 3.7: Experimental data: (left) Temperature of x-axis vs optical driving
power incident on the z-axis. As driving power on the z motional degree of freedom
in increased and the conditions for the Fano resonance approach the amplitude of the
prime motional frequency for the x-direction decreases. This can be interpreted as
a sympathetic cooling mechanism. Harmonic motion in the x-axis remains harmonic
during cooling.(Right) Reconstructed x-axis potentials before and after resonance. Net
cooling is obtained, and the trap remains linear after cooling occurs, so the temperatures

before and after cooling are comparable.

channels determines the final temperature. Heating due to background gas collisions is

the dominant heating process at this pressure [92].

It turns out that the magnitude of the sympathetic cooling factor obtained is heavily

dependant on the relative phase of the oscillators in the system. As only the z degree

of freedom is controlled externally in the present experiment, the relative phase of the

x degree of freedom varies significantly over time. This caused the temperature of the

cooled x degree of freedom to varying substantially, on the characteristic timescale of

seconds, figure 3.9. The clear implication of this is that the phase of the X degree of

freedom would likely have to be controlled externally for the technique to be maximally

efficient.

Whilst the final external temperature of the nanoparticle reached in this interaction

is unimpressive due to the experiment taking place at relatively high pressure, we can

still estimate the actual cooling power by comparing the temperature reached for this

pressure against the final temperature obtained by parametric feedback at the same

pressure. In [92] an occupation number of < nthermal >= 2 × 106 for a pressure of

10−2mbar, whereas in our case we compute a an average thermal occupation number

(for the optimum value of x-y degrees of freedom phases) of < nthermal >= 4.5 × 106.

While a worse value this is fairly encouraging as it implies the two techniques are at least

comparable, and the sympathetic cooling is almost completely undeveloped whereas the

stated parametric value remains the (presently published) state of the art system within

the field.
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Figure 3.8: Experimental data: Optical limit of sympathetic cooling at a pressure
of 10−2mbar appears experimentally to be at a temperature of around 1K. In this
example both the x and y degrees of freedom are cooled substantially by their interaction
with the Z degree of freedom. Uncooled dataset (blue), cooled dataset (green). Note

that the x and y peaks are substantially lower in the case of the green dataset.

An interesting question for any future research to answer with regards to sympathetically

cooling in this way is whether or not the technique can be stacked with other cooling

channels. In the formulation used in section 1.4, is the configuration:

< nth >=
γparametricfeedback + γsympatheticdamping

ΓHeatingchannels
, (3.24)

possible, and if it is would it provide a net benefit to the cooled degree of freedom to use

both cooling channels at the same time. Also, would the formulation of the system still

remain sufficiently valid to treat it as a harmonic oscillator for the purpose of computing

the occupation value in such a case.

3.6.3 Electric field coupling

Generating a Fano resonance with the intrinsic Gaussian optical cross coupling is achieved

by driving the particle to large motional amplitudes in at least one degree of freedom.

Experimentally, this appears to only be sustainable at relatively low vacuum pressure,
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Figure 3.9: Experimental results: Temperature of the x-y degrees of freedom
fluctuates over time for the same value of driving, background gas collisions heat the
particle as well as changing the relative phases of the degrees of freedom. As the phases
of the x and y degrees of freedom change as a result of background gas collision, they
are no longer in a sympathetic cooling solution with the rest of the system, resulting

in a fluctuating temperature over time.

10−2 mbar, as driving the particle to the required amplitudes to achieve the effect at

high vacuum generally results in particle loss. We found experimentally that an anti-

resonance effect be also be induced at high vacuum, 8 × 10−5 mbar, by applying an

electric field in a similar fashion to [47], using a steel needle that is offset from the center

of the trap in z and y, see diagram 3.5. The voltage applied to the needle is swept from

0 to 10 kV and the effect this has on the shape of the z frequency is shown in Fig.(3.10).

Due to the dramatically lowered rate of background collisions the particle experiences

at lower pressure, the phase of each oscillator, and therefore the relative phase between

the degrees of freedom of the particle changes at a much slower rate, allowing the same

type of anti-resonance to be maintained for longer. In principle, this along with the

lower pressure implies that the sympathetic cooling effect observed in section 3.6.2 could

be applied to competative values to parametric feedback. Furthermore, due to direct

control over the coupling value, the depth of the antiresonance effect (and thus the Fano

parameter), can be controlled by simply varying the voltage on the applied field.
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Figure 3.10: Experimental data: Nanoparticle optically levitated at 10−6 mbar
exposed to electric fields of 0 to 10 kV. Increasing the field strength and thus the
coupling between modes leads to a stronger anti resonance effect. From unpublished
work in collaboration with D.Hempston. The maximum drop in the power spectral

density is 9 V 2/Hz. The function fitted to the data is equation 3.2.

3.6.4 Anti resonance window reversal

As discussed in section 3.3.2.1, the oscillations taking place on the left and right hand side

of the resonant peak have opposing phases therefore, if the couplings in the potential are

reversed, the opposite mechanics phases of the oscillator will ’feel’ each others motion,

and the antiresonance will flip to the other side of the peak. This effect can be seen in

figure 3.11. A similar effect can also be induced in the optical driving case by choosing

the energy evolution of the system, with a let handed anti-resonance corresponding to a

system decreasing in energy vs a right handed antiresonance corresponding to a system

increasing in energy over time.

3.6.5 Physical interpretation of the PSD reduction at the antiresonant

frequency

At the frequency of the antiresonance, the particle’s motion is suppressed. Since the

system is well described as a driven damped oscillator interacting with a random noise
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Figure 3.11: Experimental data: Left: Nanoparticle optically levitated at 10−6
mbar with an High Voltage electric field applied non orthogonally to the degrees of
freedom of system. Switching the polarity on the applied field reverse the sign of the
coupling terms in the non linear potential and thus flips which side of the resonance the
frequency suppression effect appears on. From unpublished work in collaboration with
D.Hempston. Right: A similar reversal of the Fano resonance window, in the case of
optical rather than electrical driving. In this case the couplings between the degrees of
freedom are reversed in sign by different relative phases between the degrees of freedom.
This corresponds to a phase shift of π

2 between the z1 and z2 degree of freedom, see
waveforms B and D in figure 3.2

field, the particles’ motion at each frequency ω is determined by the susceptibility of the

oscillator, and the density of background gas collisions at a given frequency.

The noise floor visible in the power spectral density of the particles’ motion is composed

of noise from several sources. Noise from the experiments optical and electronic compo-

nents, as well as the random collisions with background gas molecules, are all likely to

manifest as their own noise floors.

Since the antiresonance interaction drives the values of the PSD at the antiresonant

frequency below the noise floor observed by the Lorentzian resonances in the PSD, its

fair to say that the interaction suppresses the random motion of the particle (at that

frequency) as well as the non random motion. Therefore, the mechanical noise floor of

the particle, is suppressed at the antiresonant frequency, to a degree determined by the

strength of the Fano interaction.

3.7 Fano resonance applications

3.7.1 Cooling

The simple Fano interaction described in the section 3.3.2.1 takes places between two

mechanical oscillators, however, in the case of the actual experimental system, and
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indeed the one simulated by our SDE model, several nonlinear affects manifest at once.

One of these being significant coupling between the x and y peaks to Z system, in such

a set of conditions that the x and y peaks are cooled sympathetically by coupling to the

mechanical motion of the Z system.

As the Z system is extracting energy from the x and y peaks, this in principle represents

something akin to sympathetic cooling in optomechanical system, albeit between two

different degrees of freedom of the same oscillator, rather than two separate objects.

An obvious and interesting question lies in what might be the ultimate limit of this effect.

Initial experiments obtained an order of magnitude of ground state cooling, however

since this was an unexpected outcome of the experiment, the best possible outcome is

likely to be higher. One particularly motivating element of using mechanical modes to

cool other mechanical modes in this fashion is that such a cooling channel would not

be limited by photon recoil in the axis that the cooling effect is applied to, the current

dominant limit in optical feedback cooling [64]. Indeed, theoretical proposals already

exist in the community to cool nanoparticle motion using Fano resonance type effects

[110] by utilizing the antiresonance frequency window to suppress heating processes.

The practical application of this resonance effects as a cooling channel however will

require replication of the coupling effect at high vacuum (as all efforts to reach the

quantum ground state rely on a low contribution from random fields such as background

gas collisions), which experimentally has been easier to achieve by using high voltage

electrical field rather than optical driving. An important consideration might be that

as the degree of the sympathetic cooling is dependent on the coupling between the two

oscillators, which is in turn dependent on the strength of non linear cross terms in

the potential, anything above a certain strength of nonlinearity will naturally drop the

particle. Thus, some careful potential design may be required to sympathetically cool

below a certain value.

3.7.2 Sensing

It seems natural to suggest that a sharper line width that the standard Lorentzian

will allow better frequency determination of an unknown signal coupled to the Fano

resonance peak of the nanoparticle motion.

In the case of, for example a signal of unknown frequency ω interacting with a Lorentzian

resonant peak, the precision to which we can identify that frequency by its interaction

with the peak in a certain integration time is dependent on the gradient of the response

function of the peak with respect to frequency. An experimental proof of this idea is
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given in [103], in which a Fano lineshape enhances the minimum sensitivity of a system

by an order of magnitude.

3.7.3 Optomechanical logic

In the field of optoelectronics, Fano lineshape effects are often used for frequency switches[104–

106]. Since a switching effect is one of the first requirements for a logic gate [118], con-

structing optomechanical logic elements by using anti-resonance effects does not seem

unreasonable.

3.8 Chapter conclusion and outlook

In conclusion we experimentally demonstrate a controllable Fano resonance between

two degrees of freedom of a levitated nanoparticle. In addition to the creation of the

characteristic asymmetric line shape this also provides a sympathetic cooling channel

between the translational degrees of freedom of an optically levitated nanoparticle.

The coupling mechanism between the degrees of freedom is given in the first case by

cross coupling terms between degrees of freedom in non linear region of the optical

trap, occurring when the distance travelled by the nanoparticle becomes such that the

nanoparticle leaves the harmonic x2 approximation of the Gaussian beam focus. We

also induce an antiresonance effect by artificially coupling the degrees of freedom of the

nanoparticles motion by applying an electric field with component orthogonal to both

relevant degrees of freedom.

As the interference effect is between the motional degrees of freedom of the same

nanoparticle, the characteristics defining the line shape, equations (3.11) and (3.12),

no longer have any dependence on mass, assuming the particle is to a good approxi-

mation spherical, potentially allowing for better future classification of the nanoparticle

properties themselves, such as the mass of the levitated object, on which the present er-

ror bars are presently fairly large in the field. Furthermore, the more complex lineshape

should allow for better extraction of the other physical parameters in the system, such

as the fundamental light-matter coupling, a quantity that has thus far been reasonably

elusive in non cavity levitated nanoparticle experiments.

Future work will entail identification of the coupling effects between the axis, clarifi-

cation if the coupling effect is pressure dependant and, if the effect is dependant on

background gas collisions, testing to see if coupling with a common optical mode or

electric field projected non orthogonal across each axis. If the effect is reproducible at
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low pressure with either electric fields or optical driving then coupling via gas collisions

seems unlikely.
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Periodic optical multiwell

potentials

4.1 Chapter Overview

The generation of a periodic multiwell potential through spatial optical manipulation is

detailed and the generated potential structures are matched to ray tracing simulations

of the optical setup.

4.2 Motivation

The controllable generation of custom non linear potentials in both time and space is

of considerable interest to the optomechanics community at present [18] [119][120][11].

These have applications from the study of fundamental physics [58] to sensing [121] and

secure communications [120].

In this section we demonstrate the generation of multiple potential wells in a manner

similar to the recently published work [58], and observe the particle hopping between

them. In addition, we generate a periodic potential on a scale less than the average

thermal motion of the particle and note that it generates an additional nonlinear term

in the dynamics of the particle that is not of Duffing (cubic in the position term) type.

We characterise this system in terms of its phase-space, Poincare sections, stability,

energy evolution and RQA (recurrent quantification analysis) metrics[122].
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4.3 Spatial non linearities

4.3.1 Optical double well

4.3.1.1 Conceptual implementation and equations of motion

In the case of a double well, the potential would take the form:

V (x) = −x
2

2
+
x4

4
(4.1)

for a driven damped oscillator traversing that well, this leads to the equation of motion

x′′ = x− λx3 − γx′ + dcos(ωt) (4.2)

in which γ is the the damping on the particle, w is the natural frequency of the system,

d is the driving field and the driving frequency is ω. λ is the Duffing parameter and

represents the amount of (cubic in position) non linearity in the system and along with

the driving forms the parameter space required to search for chaotic motion in a system.

A conceptual diagram of the possible motional modes in a double well system is shown in

figure 4.1, motional modes B and C may occur when the potential wells are adequately

separated, whilst mode A may occur when the wells are close together.

A

B C

Potentials overlapping Potentials not overlapping

Figure 4.1: Conceptual representation of double well potential and the possible mo-
tional modes enabled by such a potential structure. When the wells are separated
significantly the particle may undergo motion a linear state in either well (modes B
and C) or with the possibility to jump between the wells. When the wells are signifi-
cantly closer than λ/2 (the range of thermal motion of the particle) the system is better

described as a Duffing oscillator (equation 4.2) than linear motion.
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4.3.2 Experimental implementation

In order to realize an optical double well in our system we trap a mesocopic optical

silicon dioxide nanosphere of radius 60 nm at the focus of a parabolic high NA reflective

objective in a manner consistent with [123]. We then increase the divergence of the

incoming beam in order to move the centroid of the focus out of the plane of the mirror,

moving the nanoparticle while simultaneously perturbing the shape of the focus gener-

ated by the mirror in space, demonstrated in figure 4.3. The change in the geometry

of the focus is nonlinear, creating multiple trapping sites, with specific values of angle

along the optical axis giving rise to multiple traps being close enough to form a double

well potential 4.3.

Specifically, increasing the divergence of the optical beam gives rise to a wide family of

potentials symmetric around the angle of the optical axis but periodic in normal distance

away from it. When the radial symmetry of this system is broken by misalignment of

the optical axis from the center of the trapping paraboloid mirror, double and triple

wells isolated in one direction of the particle’s x,y,z motion become possible.

4.3.3 Numerical simulation - double well

4.3.3.1 Ray tracing simulations - estimating potential structure

While the exact potential structure can be readily extracted using the methods detailed

elsewhere in this thesis, as the nanoparticles are trapped using optical only traps defined

in a far field focus (and thus its shape and intensity are approximable by ray optics),

it should be possible to simulate the optical density and thus potential structure for

an arbitrary optical configuration than the Gaussian potential traps used elsewhere in

this thesis. Doing so should allow us to see what families of potentials, and therefore

nonlinearities and chaotic attractors, we have access to via simple optical operations

like playing with the divergence and alignment of the trapping mirror. It will also likely

inform future work on using an spatial light modulator (SLM) to construct genuinely

bespoke potentials, with more freedom than optical components without spatial phase

control allow.

Ray tracing a divergent light field with minor misalignment in the x and y optical axis

readily produces a double well potential, of which a top down slice through the x y plane

is displayed in figure 4.2 and the histogram of density along the x plane is displayed in

figure 4.2.
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Figure 4.2: Simulation Ray tracing simulations for a Gaussian beam incident on
a parabolic mirror. Initially the beam is completely collimated, leading to a single
focus (red). As the angular convergence of the incident beam in increased eventually
multiple traps form (green), before the system reverts to a single focus again (blue). A
slice of the optical density through the z-x plane is given as the graphed data to visually
demonstrate the appearance of multiple traps whilst the heatmaps of the optical density
produced by the raytracing are given in the inserts for each value of the collimation
angle. As the angular convergence of the beam changes, the average focus also moves
out from the center of the parabolic mirror, shown in the inset heatmaps. Density is

arbitrary and unitless in this simulation.

4.3.3.2 Stochastic differential equation (SDE) simulations of particle in a

double well potential

Is it possible to simulate the motion of our particle for nonlinear potentials numerically,

and thus compute the expected phase space distribution for our periodic potential.

Adding a random noise field (represent the stochastic driving of the particle by various

heatbaths) to the previous equation of motion derived for a Duffing oscillator in a double

well gives us:

x′′ = x− λx3 − γv + dcos(wt) + η(t). (4.3)
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where η(t) gives the magnitude of the random noise field. By treating this as a stochas-

tic differential equation (SDE), we can use a stochastic extension of the Runge-Kutta

method of solving ordinary differential equations (ODE’s) to simulate the particles mo-

tion in the double well. Tuning the nonlinearity, Duffing and driving parameters allows

us to roughly match the output of simulation and experiment.

4.3.4 Analysis of experimental data from multi well potential.

The experimentally time trace of the trapped particles motion (figure 4.3 top) suggests

the potential wells are physically separated in space, with the particle jumping between

them. Analysis of the Fourier transform, figure 4.3 bottom, of the motion of the trapped

particle in the centre macroscopic well, indicates that the overlap of the mutliple focii has

generated a periodic potential in the center well, similar to the double well experience

by a Duffing oscillator.

The phase space of the nanoparticles motion in the multliwell potential shows the ex-

pected multiple peaks in the positional distribution of an otherwise thermal state, figure

4.4.

4.3.4.1 Simulated equation of motion vs Experimental results.

Comparing the simulated and obtained phase spaces for a particle in a double well

potential, we find similar phase space distributions, figure 4.4.

The lack of complete matching in phase space is due to oversimplification of the potential

structure, which we show in section 4.4 to be triple welled, rather than the double

well structure assumed by a duffing nonlinearity. Future work could well entail the

numerical acquisition of the potential structure from experimental data to feed into

such simulations.
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Figure 4.3: Experimental data: Positional time traces of a particle jumping be-
tween potential wells and the resultant Fourier spectra. The central level displays the
Z frequencies associated with the upper and lower levels. Noting that the colours are
conserved between the upper and lower sections of the plot, the trap physically in the
middle of the other two traps (blue) displays two z frequencies, often characteristic of a
double well system. The green and purple traps are both linear single welled systems,
whilst the blue time trace is the triple well system mapped out in figure 4.5. The
displacement is given in volts for the upper dataset as the volts → metres conversion

factor differs for each potential well.
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Figure 4.4: Experimentally generated double well system (left) and SDE simulation
for the same (right). Both systems demonstrate the same multi peaked behaviour. The
swirling behaviour in the simulated case is characteristic of many driven Duffing oscil-
lator system and is a likely result of insufficient damping in the simulation. Complete
matching is of course unlikely without feeding in the experimentally reconstructed triple

well potential structure.
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4.4 Potential reconstruction for an optical periodic poten-

tial

The potential experienced by the particle can be readily worked out by the methods

previously mentioned in section 1.7.1. As mentioned before, computing the particles

potential from the solution to its Langevin equation requires that the particle be in

thermodynamic equilibrium. This might lead to the conclusion that computing the

particles potential from U = −
∫
Fdx is always preferable. However, this method turns

out to fail, or at least require substantially more data points given to it to compensate

for the noise in the system for certain shapes of potential - namely periodic ones.

As before, for the Langevin method of computing the potential, we use the expres-

sion (with constraints of a steady state, thermodynamic equilibrium, non-time varying

potential):

U(x) = −kBTPs(x) (4.4)

where kB is the Bolztmann constant, T the temperature of the system (usually taken to

be 300K) and Ps is the positional distribution of the nanoparticle.

Applying this definition to experimental data obtained from a regular x2 potential and

a periodic multiple well potential from, we extract the structures in figure 4.5, obtaining

single well for a non perturbed state in a regular Gaussian focus and a multiple well

potential for a focus perturbed by the method described in section 4.3.3.1.

Figure 4.5: Experimental data: Potentials extracted for linear and periodic poten-
tial wells, using the steady state solution from the Langevenin equation to reconstruct

the potentials.

We can then compare this to the result given by the kinematic potential, U = −
∫
Fdx,

in figure 4.5.
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Naively one might expect to get the same result for the potential by these two methods,

and for the linear case (with an unperturbed potential) this gives the correct result,

figure 4.5, with some spread from the fluctuating noise field. In the case of non linear

traps produced by applying an electric field (figure 1.7) or surface force (figure 1.7 2) the

two methods also produce the same result. In the case of a periodic potential however,

the functions produced by each method (kinematic and Langevin) look very different.

Figure 4.6: Experimental data: Acceleration position function for linear and non-
linear potentials

Possible reasons for this include the particle not being in a steady state or a bias in the

direction of the stochastic fluctuating background field. It is very possible that different

methods of reconstructing the potential function in different regimes of pressure. It

is also possible that the spring function simply fails on symmetrical period shapes or

that it requires the force originating from the potential to be significantly larger than

the force from any random collisions with background gases. Furthermore it could also

be that the component of the spring function that represents the periodic potential is

simply washed out by noise.

4.5 Conclusion

While the choice between methods of reconstructing the potential remain to be vali-

dated to specific regime and appears to be inconsistent for periodic potentials (although

only periodic potentials), having an a priori map of the particles potential allows us to

calculate the instantaneous energy of the particle at any point during an oscillation, for

an arbitrary shaped potential, as discussed in section 1.7.3.
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Knowing this allows us to extract the energetic effect of the particles interacting with

stochastic background fields, comprised of random gas collisions, and thermal fluctu-

ations in the optics. A nonlinear system can, depending on the type of nonlinearity

engineered, show a higher sensitivity after interactions with these effects, as demon-

strated in section 5.0.4. This concept is expanded upon somewhat in chapter 5.

Due to the shift in systems response, different nonlinear potentials should provide differ-

ent non linear amplification effects to different components of the background spectrum.

Shifting or scanning through a range of bespoke potentials (like, for example the tunable

Duffing nonlinearity demonstrated in section 6) could allow the background field to be

scanned along its frequency and memory spectrum to a higher degree of accuracy than

a linear system would allow

In principle, for a sufficiently non-linear system and long enough integration time this

could let us distinguish the effects of different heat baths in our system, in a fashion

similar to how the heating rate from Rayleigh scattering was extracted in [10], in which

the limiting factor of the system was demonstrated to be Rayleigh scattering of photons

from the test mass - in essence, the heatbath of the laser.
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Nonlinear system/term

identification

In all the systems experimentally generated in this thesis, a common theme is the match-

ing of a numerically simulated stochastic differential equation to the particle dynamics.

While reconstruction of the potential is certainly possible for a state with no time do-

main driving. It is not always trivial, especially in the case where there are significant

time domain operations being done on the particle, such as in the case of the bifurcation

scan , section 6, or Fano resonance, section 3. Therefore, it would be helpful to make

use of techniques common in the analysis of nonlinear systems to assist in the process.

Additional tools to understand and characterise the nonlinear states generated in the

system are detailed. We then explore the types of nonlinearity available in the levitated

nanoparticle system.

We also put nonlinear optomechanical systems into the context of force sensing, simulate

the impact of a weak DC field on a levitated system with increasing nonlinear motional

terms and suggest a an experimental demonstration of the same.

5.0.1 Attractors

An attractor is a set of values within a single basin of attraction towards which initial

conditions with the basin of attraction evolve asymptotically towards. A strange attrac-

tor is one whose structure is fractal[124]. The dynamics of the motion within such an

attractor are often chaotic, although this is not required. The relevance to our system

is that the Duffing oscillator displays chaotic motion for certain driving values.
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5.0.2 Poincare Sections

A Poincare section is a dimension reducing map that transforms an n dimensional space

into an n-1 dimensional space by taking a slice or section through that phase space[125],

a visual representation of this process is given in figure 5.1. For a 2d phase space of

position x and momentum p a Poincare section can be a slice through x at a constant

value of p or a slice though p at a constant value of x.

A Poincare plot or return map is a type of recurrence plot often used to quantify how

self similar a process is and can be used to distinguish period, random and chaotic

behaviour.

5.0.2.1 Poincare definition

To generate a Poincare plot, we take a time series:

xt, xt+1, xt+2, xt+3, xt+n (5.1)

and then sequentially plot the points (xt, xt+1), (xt+1, xt+2), (xt+2, xt+3) and so on. To

analyze our system with this technique, we take the v = 0 (velocity = 0) slice of phase

space as our Poincare section and then take the position of the particle as it passes

through this Poincare section on successive orbits as our time series for our Poincare

plot.

A completely periodic system will always return to the same point of a Poincare plot.

A system undergoing a random walk in a biased symmetric potential should manifest

as a circle.

5.0.3 Stability Analysis

For a Poincare section composed of the points:

S = (xt, xt+1), (xt+1, xt+2), (xt+2, xt+3) (5.2)

we define the absolute distance R from the centre of the recurrence plot for each in the

Poincare plane. As the stability of the original system is closely related to the stability

of the Poincare section S. Therefore we construct the function:
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Figure 5.1: Conceptual explanation of Poincare section. An orbit of phase space
dimension n is reduced to (n-1) by taking an intersection surface through the phase

space of the n dimensional system.

f(x) =
∂R

∂n
(5.3)

in order to study the rate of change of the stability of the system.

It follows naturally that a perfectly recurrent, periodic and noiseless and linear system

(A harmonic oscillator with no damping) would never change its distance metric for

points on the Poincare section, while a very nonlinear system would rapidly change its

stability metric.

Analyzing the stability of the system should allow us to identify the regions where

the particles orbits moves from one basin of attraction to another. More importantly,

it allows us to extract an additional quantifying metric for the system with which to

compare against our simulations when attempting to match terms. In the case where two

attractors cross the boundaries of each others basins of attraction a physical system may

demonstrate intermittency, in which a system alternates between periodic and chaotic

behaviour. These laminar phases of chaos should show a much greater sensitivity to

initial conditions that the systems periodic states. Therefore we can look for changes
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between topological phases of a nonlinear system by studying the rate of change of the

distance metric of the Poincare section.

5.0.3.1 Poincare simulation - experiment comparison

We simulate a nanoparticle in a Duffing potential using the stochastic differential equa-

tion generalization of the Runge Kutta scheme [126], and comparing it to experimental

data, figure J.1 in the Appendix and 5.2. We use the amount of Duffing nonlinearity

and strength of the stochastic term as variables. We note that, in general, the addition

of white/Gaussian noise causes expansion of the Poincare geometry, while the increase

of the duffing term causes structural warping. Furthermore, the type of structure in the

Poincare diagram is tied to the type of nonlinear term in the equation of motion. While,

as shown in 4.4 it is possible to produce a similar phase space from two different poten-

tials, the same is not true of producing very similar Poincare sections 5.2. To display

the poincare section and stability analysis output on the same plot, we take every time

the stability of the system goes over its mean value as a ‘positive transition’, and every

time the stability of the system goes under its mean value as a ‘negative transition’. Its

important to note that while it appears to be possible to change the Duffing parame-

ter and noise values such that the Poincare section appears mostly similar, it was not

found to be possible to alter these values to make the spatial distribution of positive

and negative transitions of the stability metric the same in the case of the experimental

and simulated data. The take home of this fact being that this is an excellent figure of

merit to distinguish one kind of nonlinear term from another kind.

Full extraction of the underlying potential (and thus identification of all the nonlinear

terms) of the experimental system and possibly use of a non-Gaussian noise model would

likely yield a much closer match of Poincare section and stability metric. Applying

this analysis method to nonlinear systems generated in future would possibly allow the

extraction of the underlying nonlinearity, or identification of its attractor.
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Figure 5.2: Poincare Sections with areas of rapid change in the stability metric high-
lighted, note the spatial clustering of such regions. Stability metric (blue) and rate of
change of stability metric (green). The key element of interest here is that the compres-
sion the Poincare section is different depending on the type of applied nonlinearity. It is
therefore difficult to ‘fake’ for example the triple well (which has a nonlinear term more
complex than a simple duffing parameter) by simply changing the duffing and damping
parameters of the simulation. This is therefore a useful method of analysis when at-
tempting the recreate the nonlinear terms present in experimental data by simulation,

as it is possible to ‘fool’ oneself by just using a phase space analysis.
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5.0.4 Enhanced sensitivity in non linear systems

In the cases of both spatially nonlinear potentials and time driven non linear states, the

system exhibits critical points in which the particle is more sensitive to initial conditions

than in a linear state, this principle is one of the founding requirements for chaotic mo-

tion. Correct harnessing of this regime of motion has been demonstrated both theoreti-

cally and experimentally in other systems to lead to an increase in frequency dependant

sensitivity. Bespoke potential design for the design of chaotic motional states with the

desired sensitivity to initial conditions and phase space folding for readout could lead

to an interesting force sensing protocol as it would allow for some degree of frequency

targeting in a similar manner to the stochastic resonance result achieved by [63], with a

potential gain of an order of magnitude over a linear optomechanical system [127].

It should be noted however, that any increase in the susceptibility function for the oscilla-

tor in a given frequency band, will increase both the signal and the noise associated with

that frequency band, leaving the ratio of the two unchanged. However, an important

distinction here is that only the mechanical noise in the system will be amplified, ie the

impact of random background fluctuations on the particle. As this scales with pressure

and the electrical an optical noise floor is relatively high in our system, enhancing the

detection sensitivity of the system with nonlinear potential remains viable for the near

future. Figure 5.5 demonstrates this effect by showing the systems energetic response to

the random background interactions the particle feels as it responds to collisions with

gas particles.

The creating of nonlinear system with tunable nonlinearity driving parameter for the

recovery of an otherwise hidden weak signal by an optomechanical test mass will form

the basis of a future experiment.
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Figure 5.3: A simulated levitated nanoparticle with a controllable duffing nonlinearity
(such as that we generate experimentally in section 6) response to DC fields of increas-
ing strength. For the same positional resolution a system with a stronger nonlinear

component shows a detectable response to a weaker DC field.
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Figure 5.4: A simulated levitated nanoparticle with a controllable duffing nonlin-
earity (such as that we generate experimentally in section 6) response to randomly
varying fields of increasing strength. For the same positional resolution a system with
a stronger nonlinear component shows a detectable response to a weaker random field.
As detection of weak random fields is unlikely to be valuable outside of the somewhat
niche field of dark matter searches [5][6][7][8], the simulation is reproduced here purely
for parity with the available experimental data available later in 6.10, and also in 5.5.
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Figure 5.5: The same levitated nanoparticle trapped in a linear and a spatially defined
nonlinear potential (the optical multiwell from 4.3.1) shows substantially increased
sensitivity to the random background field of the gas particles in a specific frequency
band denoted by the specific nonlinear terms that define the potential. Its important
to note that simply increasing the susceptibility function of the oscillator amplifies all
its noise sources along with any desired signals. However, of key importance is that this
only amplifies physical noise sources that actually interact with the particle. Such a
technique would therefore be useful for overcoming the detector noise when attempting
to sense a weak field or signal, but not the pressure noise. This result is consistent with

the simulation in 5.4.
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5.1 Type of available nonlinearity

For any system with a nonlinear potential, different motional types exists for different

driving parameters.

In the case of the spatial double well, the well separation gives the magnitude of the

duffing parameter in the equation of motion. Bespoke optical gradients should give

access to other types of nonlinearity, although not all chaotic attractors have physical

solutions realizable within our system. Specific spatial parameters should also give access

to chaotic behaviour.

In the case of an unperturbed Gaussian optical potential, for example, in the x or y

degrees of freedom. The availble nonlinearities are somewhat limited 1.5.1, with only

the linear, and Duffing terms showing up in the diagonal terms of spring constant matrix:

kxx = − 4χi0
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(5.4)

with the first term giving rise to the standard linear potential and the second term

representing a Duffing nonlinearity. This matches well with the easy availability (and

thus high incidence) of effective double well solutions created in the driving parameter

phase scan, section 6. However, even a small spatial peturbation to a potential can give

a great deal of unexpected nonlinear terms, for example in the case of the z degree of

freedom, we find the following:
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(5.5)

Whilst most of these terms are small in comparison to the linear and Duffing terms,

it demonstrates that adding additional modes to the system is in principle quite easy.
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Clearly, engineering an optical intensity profile with the desired non linear modes should

be possible.

We can also drive the system into nonlinear states by perturbing the system in time

with an additional driving frequency or phase, as with the spatial case, specific values

of the driving parameter should give access to chaotic motion. It is not unreasonable

that spatial and temporal non linearities will give access to different types of nonlinear

states and chaotic attractors. These kind of nonlinear states would be interesting for

our system due to the theoretical interest in using non linear light matter interactions

to prepare non classical states of massive oscillators.

5.2 Chapter outlook

5.2.1 Symbolic regression

In short, identifying specific nonlinear terms is a non-trivial process, although the terms

governing different parts of the dynamics are more readily separable under certain phase

spaces or transforms than others.

Analyzing the Fano resonance data involved effectively guessing the form of the required

coupling and potential structures required to see the effects, and then brute forcing the

specific values of the coefficients to the equations therein.

Taking this one step further and brute forcing the terms governing the dynamics en-

tirely turns out to be a fairly recently solved problem. Symbolic regression is a form

of genetic programming by which terms representing a dynamical system are selected

from a library, with a parsimony parameter (a favourable evolutionary weight on the

number of terms in the genetically produced equation of motion) to prevent the equation

of motion bloating into an overly long construct, this is the key difference that separates

the technique from, for example, just fitting a high order degree polynomial to the re-

constructed potential. While we might be tempted to associated unsupervised machine

learning models with just generating a large matrix that merely mimics the output of the

system rather than giving us any insight into the underlying dynamics, such a technique

was recently applied to recover the governing equations from similar systems to those

analyzed in this thesis. [128][129][130]. In intuitive terms, the differential equations of

motion of the system are brute forced from relatively naive assumptions.

In principle, this technique could be highly useful for reconstructing the equations of

motion, and therefore the shape of clusters of agglomerated nanoparticles. One example

is given in figure 5.6, with more in appendix C. Cluster 5.6 is likely to be a mostly
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spherical particle with some precessional or rotational cross terms and is therefore likely

solvable with small or no perturbations to existing models, however the cluster in figure

is highly nonlinear with no discernable cartesian degrees of freedom. For this kind of

nano-object, automated model generation would likely be very helpful.
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Figure 5.6: A mostly spherical cluster, in which 3 main Cartesian degrees of freedom
are still visible, with additional nonlinear terms being generated around the x peak of

the system.

Regardless of the shape, it should in principle be possible to break down the motional

spectra of such objects into a system of coupled linear harmonic oscillators. While a

cursory glance at section 3 tells us this is not always the best explanation behind the

underlying physics (modelling the motional modes of the z degree of freedom in the case

of the Fano resonance is not the most fundamental underlying physical model), it is a

close approximation.

5.3 Summary

In summary we present a set of figures of merit by which the nonlinear elements of the

experimental systems studied in this thesis can be compared, such as energy evolution,

Poincare section and Poincare stability.
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Figure 5.7: A highly non spherical cluster in which the normally found 3 main degrees
of freedom are not visible and the motion is visibly highly nonlinear.

The key take aways from this chapter are firstly that the nonlinear motional terms that

can be easily engineered in this system can be more sensitive than the linear terms to

perturbations - a useful aspect for sensing applications. Secondly that by applying a

Poincare section or by looking at the Poincare stability of the system the different types

of nonlinear motional terms can be easily distinguished from one another, to a degree

that is not possible from just analysising the phase space.
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Time domain parameter scan -

bifurcation

6.1 Chapter overview

We systematically explore the systems available nonlinearities with temporal driving

across a large parameter space. By varying the driving parameters systematically across

an extremely wide range of possible inputs, we recover the cooling solutions for the

spatial restricted phase spaces already reported on commonly in the literature [10],

highly driven ring states, temporal driving effected double wells, as demonstrated in

figure 6.9, which are themselves similar to those produced spatially earlier in the thesis,

figure (4). Finally, initial experimental evidence of bounded chaotic motion is shown.

The nonlinearities generated are contrasted with current theoretical proposals within

the optomechanics community to generate non classical states of resonator systems at

high occupation numbers.

6.1.1 Mapping non linear response - bifurcation plots

Ideally, we could map the nonlinear states physically realizable in our system by varying

the driving parameters systemically and looking at the stability of the output states.

This kind of analysis is often known as a bifurcation plot, it requires both systematic

control of the input driving variables and collecting large amounts of data, which requires

system stability over long timescales. These two requirements exclude this type of

analysis for the spatially defined nonlinearities generated in section 4 as they tend to

be less stable. As dynamically driving the particle into nonlinear motional states has a

98
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high chance of causing particle loss, the following experiments are performed at relatively

high pressure, 10−2 mbar. Driving experiments were attempted at 10−6mbar, however

the particle was typically lost as soon as the system reached a nonlinear mode.

6.1.1.1 Bifurcation plot example problem

As an example of how the technique works we can look at the bifurcation plot of a

simple, well understood system. We choose one that transitions between linear, nonlinear

bistable and chaotic behaviour. The logistic map, which is a polynomial recurrence

relation of order 2, often used as an example of a simple system that displays all such

behaviours. The recurrence relation for this system is defined as [131]:

xn+1 = rxn(1− xn) (6.1)

in which xn represents a number between 0 and 1 and xn+1 represents the number on

the next iteration, r is the driving parameter varied in the plot 6.1. The plot 6.1 shows

the value of xn that the system converges to over a long time period against the driving

parameter r. Recovering the same structure that is commonly reported in the literature

with our own computational tools is encouraging for applying a similar analysis to our

own experimental data.

Note that certain values of the driving parameter r tend towards one stable solution,

while other values tend towards multiple stable solutions and other values tend towards

no stable solutions at all. The relevance of this example to our case is the transfer of

the system from stable to chaotic solutions and back again as a function of the driving

parameter. Computing a similar map of our system gives insight into the stable non

linear solutions possible in our system, as well as categorizing the regions where the

system acts chaotically, as both of these are of theoretical interest to the community[132].

6.1.1.2 Computation of limit cycles in an experimental system

In the case of the example problem, finding the the stable solution for is simple as we

have the complete equation of motion and can simulate the system for all its initial

conditions, furthermore the example system has no stochastic elements. Computing the

limit amplitude for a simulated system is therefore comparatively easy.

Analytically we would define the steady state that the system tends to over time as a

stable limit cycle. A limit cycle can be defined by the solution vector:
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Figure 6.1: Bifurcation map for an example system, the logistic map: xn+1 = rxn(1−
xn) in which r represents the driving parameter and x an arbitrary amplitude. This
system demonstrates several behaviours characteristic of nonlinear systems, such as
period doubling bifurcation (when the systems one convergent solution splits into two
possible solutions depending on the initial conditions of the system), bi-stability and
chaotic behaviour (the vertical line sections of the plot). Both r and the limit cycle
amplitude are unitless. The full time traces for specific r values that give single, bistable
and chaotic behaviour are given in appendix G to aid in the readers understanding.

X(t) = (x(t), y(t)) (6.2)

such that:

x(t+ T ) = x(t) (6.3)

y(t+ T ) = y(t) (6.4)

In other words a curve that is recurrent in some plane.

A stable limit cycle is a curve that fits the above conditions and orbits on either side of

it in phase space drift towards it. An unstable limit cycle repels nearby curves and a

semi stable limit cycle exhibits both behaviours. Example in figure 6.2.
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Figure 6.2: Example of stable, semi stable and unstable limit cycles (black), with
the behaviours of nearby trajectories shown in blue. In the stable and unstable cases
nearby trajectories flow towards and away from the orbit associated with the attractor

respectively, in the semi-stable case both behaviours are displayed.

In the ideal case our system can be treated as a 3 decoupled harmonic oscillators in a

white noise bath, experimentally, this is often not the case. The experimental system

contains unknown coupling between the degrees of freedom, a non symmetrical particle

and optical non linearities.

Computing the limit cycle behaviour in an experimental dataset requires a compromise

of definitions. Pragmatically, we have to compute the ‘steady’ states of the system,

which will likely include critical points as well as limit cycles.

The intuitive consequence of this definition mapped onto our system, is that a ther-

malised linear particle in the driven damped oscillator regime trapped in a harmonic

potential would have one semi stable limit cycle (defined as we have defined it) and

that a particle trapped in the double well scheme visualized in figure 4.1 would have

two semi stable limit cycles (one for each potential well) that the system oscillates be-

tween. Therefore we compute the limit cycles in our system by looking for peaks in the

positional histogram for a time series. The same method is used to compute both the

example problem in figure 6.1 as well as the experimental data from the nanoparticle in

section 6.1.2. On the premise that we recover the same result for the example problem as

is given in the literature, it should be that this is a good method with which to analyze

the experimental data from the nanoparticle as well.

The key point here is that exactly the same method of analysis is used in this chapter

to generate the bifurcation maps, for both the example problem of the logistic map and

for our experimental data. As the correct result for the already known and well studied

problem (the logistic map - figure 6.1), we can assign at least some minimal trust to the

result given to us by applying the same method to our data.
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6.1.2 Experimentally produced bifurcation plots for a levitated meso-

sphere

6.1.2.1 Temporal driving specifics

Controlling the drive parameter of the system in the spatial nonlinearity case requires

stable control of the system for a wide range of well separations and structures. While

this may be possible with either the intrinsic lens geometry perturbations in section 4.1

or a spatial light modulator, it is not currently experimentally available.

Scanning across a driving parameter in the time domain however is experimentally sim-

ple, especially at pressures that damp the particles motion significantly while still being

under those of the drift diffusion regime. Heavy damping in this case grants us an el-

ement of robustness in exploring the particles more non linear modes. Conducting a

driving scan at lower pressures causes particle loss very easily, and recovering from non

linear modes is experimentally very hard.

In this case we choose the driving parameter to be phase, noting that all the terms in

the expansion of the Gaussian potential have the same scaling with laser power (section

5.1) it is likely to be an uninteresting parameters to vary. We then systematically study

the particles motion while scanning across it. Locking an optical parametric feedback

loop to the principle z motional peak of the particle as described in Appendix F.1 allows

the driving phase associated with the drive on principle z motional frequency peak to be

varied computationally. Applying the definition of a limit cycle to the data obtained by

phase varying operation obtains an experimental bifurcation plot for our system, given

in figure 6.3.

6.2 Bifurcation scan - experimental results

The limit cycle amplitude of the system as a function of the phase on the parametric

drive is given in figure 6.3. At 0 phase the particle exhibits cooling behaviour consistent

with experimental results thus far in the field (one limit cycle, small phase space), as the

driving phase is increased, the system is driven to higher and higher amplitudes until it

takes on full duffing behaviour.
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Figure 6.3: Bifurcation plot for complete phase scan of the system. The system visible
transitions from having one central motional mode at one end of the phase spectrum,
with extreme duffing behaviour (with two main motional modes) observed at the right
hand end. The central region of the phase scan demonstrates many interesting 3 level
systems such as van der pol oscillators and intervals of chaotic behaviour. The section
marked by the red box is the dataset shown in figure 6.5. The size of the dataset makes

the region difficult to see without zooming in as such.

6.2.1 Effect of critical value changes to motion - period doubling bi-

furcations

Scanning across different values of the driving parameter, it is easy to see the system

transition between different motional types when the driving parameter crosses a critical

value [132]. A change in driving phase for example causing a period double bifurcation,

with the timetrace given in figure 6.4. This occurs in the ‘fork’ of the bifurcation plot

of figure 6.3.
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Figure 6.4: Period doubling bifurcation occurs to the motion of the nanoparticle upon
a change in driving phase.

6.2.2 Chaotic motion

The main purpose of the bifurcation plot is to identify the critical points in parameter

variation that allow the system to transition between different behaviours. It also pro-

vides a high level overview of the main non linear modes in the system, identifying the

driving conditions for linear, nonlinear and possibly chaotic behaviour. The latter of

which there is some community interest in generating in optomechanical systems[132].

Simple requirements for the generation of chaotic motion could be the following: 1) A

nonlinear potential and 2) A pair of arbitrary driving parameters [133]. Therefore to cre-

ate chaotic motion all we have to do is to generate a nonlinear potential with sufficiently

low noise and find the correct driving parameters. Chaos is shown in literature to be

theoretically possible in an optomechanical system in [132] by varying driving phase and

power. In our case we only vary on driving parameter due to experimental constraints.

As the dataset is large, zooming into specific parameter sections of the bifurcation plot

yields interesting information about the motional modes of the system. Figure 6.5

demonstrates transitional behaviour between the bimodal limit cycle behaviour charac-

teristic of a duffing oscillator and the vertical limit cycle amplitudes often characteristic

of chaotic motion. Several vertical line segments characteristic of this are displayed

throughout the bifurcation scan, however the ones vertically interrupting the otherwise

separated horizontal lines on the right hand side of the graph are the most stark. The
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separated horizontal lines are indicated of Duffing behaviour, while the vertical lines

interrupting such a structure are where the system is behaving chaotically.
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Figure 6.5: Data shown is the expanded version of the data in the red box shown in
figure 6.3. The size of the dataset makes the regions of chaotic motion difficult to see
without zooming in as such. Transitional behaviour between bimodal duffing oscillator

and chaotic behaviour (vertical line sections) for limited values of driving phase.

As well as duffing like systems, the particle displays 3 level, van der pol oscillator like

behaviour, with only part of the particles motion transitioning between deterministic

and chaotic behaviour, as displayed in figure 6.6. The vertical structures in the limit

cycle amplitude indicate chaotic motion, the oscillator is exhibiting strong response to

initial conditions. The chaotic element of the motion is mostly bound to one side of the

potential.

The phase space plot of the particles motion in one of the sections of chaotic motion is

given in figure 6.7. With the FFT of said motion being given in figure 6.8.

In experimental systems it is often a significant challenge to separate the effects of

random noise from the effects of chaotic motion. In many of the highly complex and

noisy system we expect to occur in the natural world, simple measures such as a the

Lyapunov exponent are often no longer sufficient for the analysis of chaotic motion

[134]. This sensitivity of the Lyapunov exponent to noise is explored in appendix G.1,

in which it is shown that it is positive to falsify a positive Lyapunov exponent by adding

noise to the system, thus making it a poor discriminative tool in this case. Statistical
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Figure 6.6: 3 level behaviour, only the lower two sections display the vertical popu-
lation of states consistent with the switch to chaotic like motion.

tests such as recurrent quantification analysis (RQA) often provide insights into such

systems, with geometric analysis of the substructures generated in the recurrence plot

of chaotic systems providing analytic measures of the density and dynamics of chaotic

states present in a system [135]. RQA turns out not to be a terribly useful method

of analysis for our system specially other than telling us nonlinear potentials tend to

be more chaotic, however an analysis of the double well system from section 4.3.1 is

produced in Appendix H for completeness.

To be clear, we can not state with certainty that chaotic behaviour is recovered from

existing results, only that similar structures appear in the bifurcation plot of the exper-

imental system - which is itself generated by the same method (and indeed, the same

python code) that detects chaotic behaviour when applied to the example problem.

6.2.3 Parameter scans as a possible library of state generation tools

As well as looking at the system in terms on limit cycle behaviour, we can analyze the

system in terms of phase space for specific values of driving phase that appear to be

interesting from the output of the bifurcation scan. It is for example of interest to a

number of groups in the optomechanics community at present to study the transitional

behaviour between multi level systems. Looking at the system in terms of its bifurcation

allows for easy identification and characterization of double well systems by their well

separation. An example of a highly separated double well system with a controllable
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Figure 6.7: Phase space from the vertical structure region of figure 6.6. This vertical-
ity in the bifurcation plot is sometimes indicative of chaotic motion in other systems.

Particle rapidly transitions between several effective potential wells.

separation given in figure 6.9, in this case we can choose the separation of the well by

carefully selecting the value of the driving phase, using the results of the bifurcation

plot/scan as a guide. While still strictly classical, these highly separated well systems

provide an obvious classical analogue to a superposition state and may provide part of

a tool kit of future state preparation, as other double well systems have been predicted

too[93].

It is unlikely that any one guessed nonlinear operation or driving will provide a route to

non-classical state preparation and it is also highly probable that many of the operations

requested by the theoretical community for the ideal exotic state preparation scheme will

not be available in the experimental system. Building a dictionary of available nonlinear

behaviours may provide a route to a ‘closest answer’ scheme of marrying theory to

experiment for exotic state generation.
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Figure 6.8: Chaotic motion from the vertical structure region of figure 6.6 in the
frequency domain. From the number of visible peaks and cross terms, we could make
the assumption that the particle is accessing a great number of the ‘springs’ and cross
terms available in the higher order expansions of the Gaussian potential, as discussed

in section 3.

In any case, the characterization of as many nonlinear states of the system by larger scale

data collection methods than previously attempted in mesoscopic levitated optomechan-

ics will be inherently useful in providing a toolkit for pragmatic theoretical approaches

to non classical state generation, and possibly for future sensing applications, given the

additional sensitivity to system perturbations made available by specific nonlinearities,

and the inherent tunability of levitated systems systems.

6.2.3.1 Sensitivity of generated controllable nonlinearities

As discussed in section 5.0.4, a nonlinear system can in principle show a greater response

from the same input than a linear one, provided both the nonlinearity and input are

chosen carefully.

Sadly, we suffer from a parsimony of experimental data, and have only the random

background field to calibrate the sensitivity of the system against. However, we still find

that the system exhibits a greater response from the fluctuating background field, as an

increasing function of the well separation. The fluctuating temperature of the system

over time of the wells in figure 6.9 are shown in figure 6.10.



Chapter 5 109

Figure 6.9: Double well system of variable separation, obtained by driving system
at twice its z motional frequency at different phases. The sensitivity of the systems
A-B-C-D is explored in figure 6.10. Note that it is the same nanoparticle in each case

and only the drive is varied.

6.3 Chapter conclusion

It might be interesting to perform a two parameter phase scan to recreate a similar

result to figure 4 of [132], varying the laser intensity not likely to result in rich chaotic

dynamics for the scaling reasons mentioned above, but the frequency of the parametric

drive might make an exciting second parameter. Indeed, the difference between the drive

used to generate the Duffing terms in this chapter and drive used to generate the Fano

resonances in 3 is the Fano resonances are created by driving at the frequency of the

primary Z peak of motion, whereas in the case of generating the duffing nonlinearities

and thereby the double well (6.9) we drive the system at twice the frequency of the z

peak. From this fact alone we can probably make the statement that frequency might be
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Figure 6.10: Fluctuations in particle temperature over time, as a function of well
separations. As expected the double well of greatest separation from figure 6.9 fluctuates
the most. The sum of the variances for each well is 17224, 44332, 77236 and 121195
respectively, in order of increasing well separation. This is a strong indication that the
system’s mechanical susceptibility to the random field is increased due to the increased
relative strength of the x3 term in the equation of motion (in comparison to the linear

x2 term). This result is consistent with the simulation in 5.4.

an interesting second parameter to systematically vary in order to find interesting new

motional states of the particle. While this might initially read as a naive suggestion,

the methodology of simply systematically varying inputs to the particle is how the Fano

resonances demonstrated in section 3 were discovered.

On the subject of nonlinearity enhances sensing, since enhanced sensitivity to an AC

(resonant) field has already been demonstrated by a stochastic resonance experiment

[136], there is little point in retreading such ground specifically. To the best of the

author’s knowledge however, no experiment exists yet for enhanced nonlinear sensing

of a DC field using a levitated nanoparticle, so this might make a good experimental

direction for the future. Furthermore, sensing using a system both nonlinearity and low

noise enough to be considered genuinely chaotic has some theoretically proposed merit

[137][138] and has yet to be demonstrated for a levitated nanoparticle.

A more interesting direction still would be the generation of genuinely bespoke nonlinear-

ities to match the desired signal, or the exploration of nonlinear terms more creative than
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those offered by just driving the system into its duffing states. For example, combining

spatially enabled non linear states such as those in sections 4.3.1 or 2 with time domain

driving, or use of multiple feedback loops possibly without sinusoidal type modulations,

it is a wide parameter space to explore.

It might also be interesting to perform similar bifurcation scans of non spherical nanopar-

ticles, or the clusters discussed earlier (in section C). Perturbing a system of already cou-

pled nonlinear oscillators is likely to yield a highly nonlinear response function, although

likely at the cost of stability.



Chapter 7

Conclusions

7.1 This work in context

The first two major chapters of this work (Surface interactions and Fano resonances)

represent novel work for the field at either their time of publication or at the time this

document was written. At the time of uploading to the preprint server, the surface

experiment was the first reporting of such an interaction with a nanoparticle within

the field. The Fano resonance results will form the basis of a publication in the near

future. The result of the particle jumping between potential wells (Chapter 3) was sadly

beaten to publication by another group, as was the result of using time driving driving

operations enhancing the duffing sensitivity of the system for force sensing (Chapter 5).

7.2 Scientific output - breakdown:

In summation, we perform a first principles analysis of the particles potential from

the assumption of Gaussian optics. The particle’s motion/evolution in said potential

is analyzed/computed in terms of both stochastic differential equations and langevin

equations. The assumption of white noise/memoryless heatbath respectively is tested

and found to be in good agreement. Equivalency of the two methods of computing the

potential under the assumption of the particle being in thermal equilibrium with its

background leads to a novel method of computing the nanoparticles mass, which is, in

principle, independent of the choice of voltage-meters conversion factor.

Based on this physical understanding of how the particle’s motion evolves in its poten-

tial, a number of experiments are presented in which the systems nonlinear motional

components play a key role: A probe for the Coulomb force in the case of the surface
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experiment, a coupling mechanism in the case of the Fano resonances, and the source

of the duffing term in the case of the bifurcation scan. The output of these individual

experiments is detailed further below.

7.2.1 Surface interactions

We characterise the distance between a levitated nanoparticle and an inert uncharged

silicon surface in the character distance length of 10’s of microns by a first principles

analysis of the particles motion in a harmonic trap in comparison to the expected form

of the surface field. At time of publication, this was the first demonstration of such an

effect in a levitated nanoparticle system.

Based on our results, we project observing Casimir-Polder forces in the same geometry to

be an experimentally reasonable proposition, if the size of the trapped particle is raised

and the charge on the nanoparticle is rendered small. Experimentally these two goals

could be achieved by cutting the center out of the beam profile to reduce the scattering

component on the particle (which scales more strongly with the radius of the particle

than the scattering force) and simply testing the particle charge before undergoing the

surface experiment respectively.

To observe genuine Casimir forces in the system is an exciting proposition, especially

given free rotation of an-isotropic nanoparticles has been recent observed in the same

geometry. Combining these two motional effects is predicted to give rise to exotic physics,

such as repulsive Casimir forces.

In terms of extending the present surface interactions stream of work into the future,

the weakest component of the surface results to date is the treatment of the optical force

components in the system. This should be removable as a constraint with more analysis

of the existing dataset by comparing physical effects between the x, y and degrees of

freedom, and better modelling of the systems optics.

Extraction of 2d images from existing surface data is an ongoing challenge. In principle

using the nanoparticle to image an arbitrary surface potential is a straightforward task,

however without an image of a known structure such as an AFM calibration chip its

difficult to know if we are making real images or just amplifying noise. Therefore,

scanning a known regular structure is a matter of some priority in order to extract 2d

images from the surface experiment.

However, to date, experiments aimed at extracting images from a regular calibration grid

have been indeterminate due to the lack of experimental data against a known calibration
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structure. Extremely careful design of any future nanoparticle AFM experiments will

be required for future 2d calibration samples.

7.2.2 Fano resonances

We have extended our first principles analysis of the particle optical potential to model

the higher order motional modes and intrinsic optical couplings between the degrees of

freedom of the system.

By driving the system with carefully chosen parameters, additional motional modes can

be generated and the couplings between these additional and primary motional modes

can chosen such that some components of the system fall into antiresonance with each

other. Such anti resonances are generated by both driving the system optically such that

the Gaussian enabled couplings become significant in comparison to the base motional

modes of the system, as well as couplings the degrees of the system linearly with an

externally applied electrical field.

We demonstrate control over such anti resonances by reversing their window direction,

by reversing the polarity in the case of the electrical field coupling, and reversing the

systems equilibrium in the case of the optical driving. This (at the time of writing) the

first demonstration of controllable anti resonance phenomena in a levitated nanoparticle

system, which is exciting in and of itself.

Furthermore, if these additional nonlinear resonances can really be treated as semi inde-

pendent frequency modes then there is a natural argument in using them for enhanced

cooling on their own without any of the antiresonant effects between them being relevant.

Recalling the relation E = n~Ω between the average energy level and the frequency of

the oscillator, a simple picture emerges that a higher frequency oscillator is easier to cool

towards ground state (Under the assumption of cooling schemes being equally efficient

as a functions of frequency, which is not always true). Despite this energy level scaling,

work by Novotny et al [10] suggests power dependant minimum occupation number lim-

itations derived from probabilistic Rayleigh scattering effects. Therefor it is of natural

favour to generate higher frequency peaks for the same applied optical power incident

on the nanoparticle. If we can accidentally give ourselves a factor of 3 by generating

additional frequency modes, then trying for higher harmonics with bespoke trapping

shapes or driving schemes seems both reasonable and desirable. Driving the system to,

for example the 10th harmonic, would likely already be sufficient to reach the particles

quantum mechanical groundstate with existing cooling power.
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A natural task is to explore how many extra harmonics we can generate through driving,

or by engineering of bespoke potential nonlinearities. The major constraint on generating

these additional nonlinear modes is that the trap is sufficiently nonlinear enough to

generate a large number of additional harmonics, while remaining overall energetically

conservative with respect to the absolute spatial limits of the trap.

However as the particles motion would no longer be accurately represented in this case

by 3 decoupled linear mechanical oscillators, the physical interpretation of cooling, for

example, the 10th harmonic of z may not lead to a quantum mechanical state in the

same way that cooling a singular frequency band per Cartesian degree of freedom might.

7.2.3 Optical multiwells

We generate multiple potential wells defined in space, by a summation of optical po-

tentials and observe particle hopping between the wells. It is demonstrated that the

nonlinear motion terms demonstrated by such interferometric means of spatially defin-

ing a trap leads to types of nonlinear terms not available by simply driving the particle

in a standard Gaussian optical potential.

7.2.4 Nonlinear system sensitivity and identification

A nonlinear system should be naturally more sensitive in a specific frequency band

and if the coupling between motional modes is truly tunable then we should be able

to pick our enhanced sensitivity band with some freedom. Enhanced sensitivity has

been demonstrated in limited experiments. However, real characterization over whether

dynamical instability is actually useful as a sensing mode is required, given the obvious

caveats of calibration. A more robust experimental proof of this would be elegant.

7.2.5 Bifurcation scan

In addition to generating such systems by perturbing the particles potential in space, we

also generate them by perturbing the particles effective potential in time. By system-

atically scanning a wide range of input modes of the system, we recover chaotic motion

for a limited range of inputs, in good agreement with the common understanding of the

behaviour of Duffing nonlinearities.
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Appendix: How white is the

white noise?

A.1 Detecting the instantaneous phase of the particle

We track the phase changes in the particle motion (after filtering for a single degree of

freedom), by making use of an digital FM discriminator.

Firstly, the time series represented by an analytic signal x[n] must be transformed:

x[n] = X∗[n− 1] (A.1)

Then we can apply the discriminator:

f [n] = atan2

(
Im(x[n])

Re(x[n])

)
(A.2)

This allows us to track changes to the particle’s phase in real time, helpful as it carries

information about the changes to both the particles position and velocity from its inter-

action with random background gas collisions. The cumulative phase changes for one

degree of freedom of the particles motion is given in figure A.1.

A.2 Detrended fluctuation analysis

Detrended fluctuation analysis is a method for determining the type of self correlations

present in a signal. [139].
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Figure A.1: Tracking the phase changes to the particle over time reveal a random
walk process.

The fluctuation F (n) of the cumulative sum Xi of a time series xt from a set a linear

trends Yt fitted to the data in windows of length n [140][141]:

F (n) =

√
1

N
Σ(Xt − Yt)2 (A.3)

The cumulative sum being given by:

Xt = Σ(xi− < x >) (A.4)

The values of F(n) for different noise processes are given as:

• α < 1
2 , anti-correlated

• α ' 1
2 , uncorrelated white noise

• α ' 1, 1/f pink noise

• α > 1, unbounded process

• α ' 3
2 , Brownian noise, Weiner process, Gaussian probability distribution
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Applying this method to the cumulative sum of the phase noise of the particle collected

in figure A.1, gives a DFA value of F(n) = 1.857, which is fairly close to the 3
2 we would

expect for Weiner process.

A.3 Other applications of DFA numbers - Cryptocurrency

trading

Since the DFA number is intended to ascertain the amount of memory in a process,

it can also be used to determine is a process is mean reverting. This is helpful if, for

example, you want to use a mean reversion trading strategy on a cryptocurrency pair

to generate travel money to visit home whilst far away.

Figure A.2: Expected profit of a mean reversion strategy vs time scale in 5 minute
intervals.
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Appendix: Steady state solution

of the Langevin equation.

The Langevin equation describing a particle in a potential V in equilibrium can be

defined as:

dx

dt
= −1

γ

∂V

∂x
+
√

2Dη(t) (B.1)

In which x describes the position of the particle, t its step in time, γ its damping, D its

diffusion constant and η(t) as Gaussian random noise.

The Fokker-Planck equation is therefore:

∂P (x, t)

∂t
=

1

γ

∂

∂x

(
∂V (x)

∂x
P (x, t)

)
+D

∂2P (x, t)

∂2t
(B.2)

Solving for the steady steady state probability distribution Ps(x), such that ∂P (x,t)
∂t = 0,

we see that:

∂

∂x

(
1

γ

∂V (x)

∂x
Ps(x) +D

∂

∂x
Ps(x)

)
=

∂

∂x
J(x) = 0 (B.3)

In which J represents the flux of the probability distribution. The boundary conditions

imposed by the probability distribution Ps(x) being finite require that J=0 at positive

and negative infinity, in addition to ∂
∂xJ(x) = 0 required by the solution being for a

steady state.

The probability distribution Ps(x) must therefore obey:
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1

γ

∂V (x)

∂x
Ps(x) +D

∂

∂x
Ps(x) = 0 (B.4)

One solution of which for Ps(x) (in a steady state) is:

Ps(x) = exp(−V (x)

γD
) (B.5)
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Appendix: Clusters

Examples are given here of clusters, trapped in a linear potential, with several discernible

additional motional peaks that are not generated through time domain driving, indica-

tive of highly non spherical particles. Furthermore, the additional motional harmonics

do not appear at multiples of the prime motional frequencies, indicating genuine addi-

tional frequency modes beyond those enabled by entering the nonlinear regime of the

Gaussian potential.
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Figure C.1: Cluster 1
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Figure C.2: Cluster 2
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Figure C.3: Cluster 3
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Appendix: Miniaturized system

For any force sensing or industrial application, it is helpful for any sensing system to be

CMOS compatible or at least integrateable on a chip level of critical size [142].

Particle trapping from a thermalised source can be achieved in our system both in the

diffusion and ballistic regime, although trapping in the diffusion regime is significantly

easier [75].

Integrating our system into chip based architecture will naturally require a microvacuum

system. In this section we report on the progress in integrating our high NA parabolic

mirror with glass-aluminum bonding technology, such that the space enclosed by the

parabola of the mirror becomes the vacuum chamber.

As well as application related motivation, there exists merit in miniaturizing the vacuum

system from the point of view of using our levitated nanosphere for fundamental physical

tests. An experimental proposal paper by the Atom chip group at Southampton sug-

gests that a micro-vacuum system with passive getter pumping is capable of sustaining

a vacuum at 10−10 for a sustained period of time [142], which rapidly approaches the

pressure regimes required for lower (perhaps groundstate[10]) cooling or tests of funda-

mental collapse models such as CSL[143]. The first milestone of this work however, is

just to demonstrate that the actual trapping geometry can realized within such vacuum

chip.

D.1 Preliminary Results

Several initial bonding attempts to fuse the parabolic mirror shape to silica glass, an

example shown in figure D.2. Bonding performed by Andrei Dragomir.
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Figure D.1: Conceptual diagram of trapping and pumping mechanism (left). There
is at time of writing no vacuum compatible nanoparticle source capable of trapping on
the order of seconds, the best solution at present requires the use of a buffer gas and
experiment data indicates this to be possible up to around 10−2 mbar. For a sensing
application however we would like as low a pressure as possible. In an chip scale device
the only control we have over pressure is by controlling the temperature of the chip,
thus the creation of a limit buffer gas could simply be by heating up the whole system.

Conceptual geometry of system (right).

Figure D.2: Example of embedded mirror geometry (right) and preliminary at
bonding silica glass over micro vacuum region (left). Bonding performed by Andrei

Dragomir.

D.1.1 Future systems integration

Several future mission proposals testing quantum mechanics in the mesoscopic regime

as being considered by ESA at the study stage[144] [145] [146].

A future cubesatelitte optomechanics mission could serve as a test best for demonstration

of the underlying technology.
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Any cube satellite or chip satellite mission would likely have a science power budget of a

small number of Watts, depending on the specifics of the satellite design. We have previ-

ously demonstrated trapping with < 0.5 Watts of laser power from a thermalised source

at atmosphere, making this geometry a promising testbed for a small scale demonstra-

tion. On the other hand, it has the significant caveat of being closed to space, which

would make it unsuitable for proposals to use a levitated nanoparticle to interact with

the space environment directly [147].
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Appendix: Casimir-Polder

Potential

This section is reproduced from the supplmentary material of [148] with the authors

permission.

A Casimir-Polder potential is given by:

U(z) =
~µ0

8π2

∫ ∞
0

ξ2α(iξ)

∫ ∞
ξ
c

dke−2kz[
k − k1

k + k1
+ (1− 2

k2c2

ξ2
)
ε1(iξ)k − k1

ε1(iξ)k + k1
] (E.1)

where α is the polarizability of the particle, z its distance from the dielectric surface,

ε1(ω), and k1 is:

k1 =
√

[ε1(iξ)− 1]ξ2/c2 + k2 (E.2)

In the case of the time-retarded regime as a standard result:

Ur = −C4

z4
(E.3)

with C4 as the non distant dependant terms in the previous equation:

C4 =
3~cα(0)

64π2ε0

∫ ∞
1

dv(
2

v2
− 1

v4
)
ε(0)v −

√
ε(0)− 1 + v2

ε(0)v +
√
ε(0)− 1 + v2

(E.4)
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E.0.1 Casimir-Polder potential

The Casimir-Polder potential U(z) of a particle with polarisibility α(ω) a distance z

from a layer of thickness L and relative permittivity ε1(ω), supported by an infinitely

deep substrate with relative permittivity ε2(ω) is given by [? ]

UCP(z) =
~µ0

8π2

∫ ∞
0

ξ2α(iξ)

∫ ∞
ξ/c

dκ0 e
−2κ0z

[
RTE(κ0, κ1, κ2) +

(
1− 2

κ2
0c

2

ξ2

)
RTM(κ0, κ1κ2)

]
(E.5)

where, for either polarization σ (=TE,TM);

Rσ =
Rσ01 + e−2κ1LRσ12

1 + e−2κ1LRσ01R
σ
12

(E.6)

with

RTE
ij =

κi − κj
κi + κj

RTM
ij =

εj(iξ)κi − εi(iξ)κj
εj(iξ)κi + εi(iξ)κj

(E.7)

and

ε0(iξ) = 1 ε1(iξ) = εSiO2(iξ) ε2(iξ) = εSi(iξ) κi =
√

[εi(iξ)− 1] ξ2/c2 + κ2
0 (E.8)

A small sphere of radius R may be modelled via the Clausius-Mossotti polarizability

α(ω) = 4πε0R
3 ε(ω)− 1

ε(ω) + 2
(E.9)

where ε(ω) is the dielectric function of the material from which the sphere is made, and

ε0 is the permittivity of free space. Using this relation, equation (E.5) is now a formula

whose inputs are the dielectric functions for the media that make up the substrate, layer

and sphere, which are all known from experiment. As discussed in the main text, we

will eventually approximate this by its large-distance limit near a simple half-space of

permittivity ε1(ω), in which case the potential takes on the following form;

UCP(z) = −C4

z4
(E.10)

where C4 is a distance-independent constant defined as [84];

C4 =
3~cα(0)

64π2ε0

∫ ∞
1
dv

(
2

v2
− 1

v4

)
ε1(0)v −

√
ε1(0)− 1 + v2

ε1(0)v +
√
ε1(0)− 1 + v2

(E.11)

In the experiment presented in the main text the surface is silicon and the sphere is silicon

dioxide. We model both of these via an N -resonance Drude-Lorentz permittivities,
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Figure E.1: Ratio of the approximations shown in Fig. L.4 to the exact numerical
result (which is independent of the radius of the sphere). The silicon dioxide result is

seen to agree well within the experimental region of interest.

defined by;

ε(ω) = 1 +
N∑
i=1

ω2
p,i

ω2
T,i − ω2 + iγiω

(E.12)

Here ωp,i is the plasma frequency, ωT,i is the transition frequency and γi is the damping

frequency, each for the ith resonance of the dielectric function. For silicon we use a

single-resonance model, and for silicon dioxide we use a two-resonance model, with

parameters from [83] shown in Table (E.1). Using these parameters in Eq. (E.11) we

i ωp,i ωT,i γi
Si 1 23 7.1 0.98

SiO2
1 0.17 0.13 0.043
2 29 27 8.1

Table E.1: Drude-Lorentz parameters for silicon and silicon dioxide (all values in
units of 1015rad/s)

find the dispersion constant C4 for our particular setup

C4 = (7.60× 10−28Jm) ·R3 (E.13)

As a consistency check we evaluate Eq. (E.5) numerically over both distance regimes, the

results of this alongside the asymptotic long-distance result according to equation (E.13)

are shown in figure L.4 for a range of sphere sizes.
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Appendix: Parametric feedback

The parametric feedback routine we use to suppress the motion of the particle to a lower

value of < n > is based on a principle of applying a sinusoidal time variation to the

normally harmonic trap potential of twice the degree of freedoms oscillation frequency,

thus simultaneously arresting the momentum and position modes of the particles motion.

Examples of heating and cooling modes of such a feedback scheme are given in figure

F.1. A more efficient way of cooling is discussed in [149], where a Kalman filter is used

instead of a parametric feedback loop.

Figure F.1: Phase solutions of applying a signal at twice the frequency of the me-
chanical motion of the oscillator. Red is the externally applied signal and blue is the

(simulated) motion of the particle.

An experimental example of a linear particle with only 3 motional degrees of freedom

being cooled under parametric feedback in given in figure F.2.
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Figure F.2: Particle cooled to milli-Kelvin temperatures. From [9]



Appendix G

Appendix: Logistics map time

traces

Here the full timetraces for paramters of the logistics map are give for the readers

understanding.

In the case of the driving paramters such that the oscillation tends to a single value and

we recover a single limit cycle, the time trace of the oscillations of the system are given

in figure G.1.
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Figure G.1: Time trace for logistics map r value for a single limit cycle
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In the case of the driving parameters such that the oscillation tends to two values and

we recover a bistable limit cycle, the time trace of the oscillations of the system are

given in figure G.2.
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Figure G.2: Timetrace for logistics map r value for a bistable limit cycle.

In the case of the driving parameters such that the oscillation tends to no particular

value and we recover no single limit cycle, the time trace of the oscillations of the system

are given in figure G.3.

G.1 Lyapunov exponent sensitivity to noise

The maximal Lyapunov exponent of a system is often used to quantify or demonstrate

chaotic behaviour within it [132]. Typically, a positive Lyapunov exponent can be an

indication that the system is indeed displaying chaotic behaviour. It is however as a

tool, highly sensitive to noise within the system.

Two driving values of the logistics problem are studied here, one for an r value known

to be non chaotic r = 3.2 and another known to be chaotic r = 3.9, with the time traces

for these values given in the previous section. The Lyapunov exponent for these two

time traces with increasingly large amounts of noise being added to them are given in

figure G.4.
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Figure G.3: Timetrace for logistics map r value for chaotic region, ie no stable limit
cycle.
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Figure G.4: The maximal values for the Lyapunov exponents for chaotic and non
chaotic driving values of the logistics problem are given. As increasing amounts of
noise are added to the system the Lyapunov exponents becomes an increasingly poor
method of discriminating between the chaotic and non chaotic motional modes of the

system.
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Appendix: Reccurence

quantification Analysis
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H.0.1 Recurrent Quantification Analysis

As methods of classifying chaotic systems such as Lyapanov exponents are sensitive to

noise, recurrence plots are often used to quantify dynamic systems displaying chaotic

motion in noisy regimes.

The recurrence of a trajectory is the time it takes to return to the same location[150],

a recurrence plot correlates visually the times at which a system visits a similar volume

in phase space. It is computed from the following algorithm [135]:

R(i, j) =

{
1 if |x(i)− x(j)| < threshold

0 otherwise
(H.1)

Generating the recurrence plot of the oscillators time series motion in a method consis-

tent with [135], gives us the plots displayed in Appendix H.1.

Since looking for visually identifiable structure in a complex graph is not an especially

scientific way to analyze something, methods exist to quantify the structures generated

in recurrence plots as tie them to the nonlinear behaviours present in a system, these

are commonly reffered to as RQA metrics.

The RQA metrics for the plots in appendix H.1 are given in table H.0.1. The trapping

time (here referring to the RQA metric and not the optomechanical quality related to

the potential) as introduced in [135] is correlated with the amount of chaotic states in

the system.

The maximal length of the vertical structures generated in the recurrence plot Vmax

represents an established RQA measure for detecting the changes between chaotic and

periodic states [135].

The trapping time T , introduced in [135], and defined as the average length of the

vertical structures in the recurrence plot of the system:

T :=

∑
vP (v))∑
P (v))

. (H.2)

Both of these metrics are greatly increased in the central potential in contrast to the

two outer positional states. It is discussed in [135] that RQA metrics based on analyzing

vertical line structures can be sensitive to different scale sizes in the embedding of the

ta. For this reason we also include average diagonal line length, which is also strongly

correlated with the presence of chaotic states and less sensitive to false recurrences.
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These numbers suggest that the mutli-well potential with a high proportion of duffing

terms in its equation of motion demonstrated more chaotic behaviour than its more

linear neighbors, an unsurprising result.

RQA Metric: Trap 1 Trap 2 Trap 3

Trapping Time 35.22 125.88 57.70

Longest Vertical Line Length 85 210 53

Average Diagonal Line Length 23.15 82.82 41.74

The full output of the recurrence quantification analysis (RQA) is given here. The

key element is that the center trap of the spatial double well system displays auto

correlation structures common to each of its neighboring traps, again suggesting it to

be an intermediate mode of motion between the two potential wells.
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Figure H.1: Time series and recurrence plots of the first of the spatially defined traps,
with some common structures shared with the middle trap in figure H.2.
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Figure H.2: Time series and recurrence plots of middle instance of the spatially
defined traps. This center trap demonstrates a convolution of the RQA structures seen

in its neighbor traps.



Appendixes 140

Figure H.3: Time series and recurrence plots of the last of the spatially defined traps,
with some common structures shared with the middle trap in figure H.2.



Appendix I

Appendix: Detection function

In this appendix we briefly discuss the detection scheme that allows the particles motion

to be read out by interference of light rays that do and do not interact with the particle

in its trapping region.

I.1 Detection function for a fixed point in space

For on dimension of the particles motion, in a linear harmonic trap, its motion can be

written:

z(t) = z0 = sin(ω0t) (I.1)

where z0 is the maximum extent of the particles motion and ω0 its frequency. This

modulates the scattering field of the particle thus:

Escattering = Escatteringe
iβsin(ω0t) (I.2)

where β represents the modulation depth:

β = z0∂θ (I.3)

θ theta represents the phase of the light as it passes through the focus, modulated by

its scattering interaction with the levitated nanoparticle by the function:
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θ = k0z − arctan(
z0

zR
) (I.4)

where zR is the Rayleigh distance. The diverging field that does not interaction with

the particle can be written as:

Ediverging = Edivergingmaxe
iφ 1

Dtan(Ξ)
(I.5)

where Edivergingmax is the maximum intensity of the diverging field of the light (located

at the focus of the parabolic mirror) and Ξ is the solid angle of the mirror. D is the

distance between the focus of the parabolic mirror and the detector, and φ = k0z0 + π,

π is introduced by the Gouy shift whilst passing through the focus.

This finally leads to:

I(t,D) = |Escattering + Ediverging|2 (I.6)

I.2 Detection function as a function of nanoparticle - de-

tector distance

This is the detection efficiency for a single degree of the freedom of the nanoparticle as

a function of focus-detector distance. In other words the evolution of equation I.6 as a

function of the variable D.

Measured detection function for the z degree of motion of a levitated particle is given

in figure I.1
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Figure I.1: Detection efficiency of Z peak as a function of distance.



Appendix J

Additional Poincare Sections

Poicnare sections of simulated oscillators with increasing duffing parameters and noise

respectively.
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Figure J.1: Poincare Sections of simulated and experimental systems, adding noise to
the system expands the poincare section while adding nonlinearities to the underlying
potential of an already noisy system compresses the phase in a non cartesian fashion.



Appendix K

Other Bifurcation graphs

K.1 ring states

While the exact mechanics behind why this takes place are beyond the scope of this

thesis, a phase driving solution for the bifurcation scan in section 6 exists such that the

phase space of the particle is bi-modal in both position and velocity. Given in figure

K.1.

K.2 Bifurcation plots with noise suppression

Naturally, suppressing noise comes with the possibility of suppressing signal, therefore

both methods and outputs of producing bifurcation plots are reproduced in this thesis

for completeness.
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Figure K.1: Highly driven nonlinear motional state with a double peaked feature in
both position and velocity
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Figure K.2: Bifurcation plot for complete phase scan of the system. The system
visible transitions from having one central motional mode at one end of the phase
spectrum, with extreme duffing behaviour observed at the other end. The central
region of the phase scan demonstrates many interesting 3 level systems such as van der
pol oscillators and intervals of chaotic behaviour. The section marked by the red box
is the dataset shown in figure K.3. The size of the dataset makes the region difficult to

see without zooming in as such.
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Figure K.3: Data shown is the expanded version of the data in the red box shown in
figure K.2. The size of the dataset makes the regions of chaotic motion difficult to see
without zooming in as such. Transitional behaviour between bimodal duffing oscillator

and chaotic behaviour (vertical line sections) for limited values of driving phase.
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Appendix: Other surface graphs

L.0.1 2D image extraction from surface potential

An initial attempt at extracting a an image from an unstructured surface is given in

figure L.1.

Figure L.1: 2D images extracted computing the nanoparticles mean z position for
binned values of the x-y plane. Some structure is seem as the particle approaches the
surface, however without a known calibration structure to compare this against, no

scientific statement can be made from the available data.

L.0.2 Overlaid potentials

The spring functions for the particle close to and far away from the surface are given

in figure L.2. Note that the displacement of the center of the trap close to the surface

150



Appendixes 151

is likely due to the increase in net (spatially uniform) scattering force in the direction

away from the surface.

Figure L.2: Resultant potentials for the nonlinear (blue) and linear (green) motional
states of the particle. Obtained by integrating the spring functions in figure 2.12.

L.0.3 Spring functions - density plots

The density plots of the spring functions for the particle at distances of 4µm and 11µm

away from the surface are given in figure L.3. The purpose of reproducing the data

already present in section 2 in a slightly different plotting style is to aid in the visual

identification of the spread in acceleration on the left hand side of the potential of spring

function A.

Figure L.3: Density plot of spring functions (acceleration/force - position curves) for
the non linear motional state of the particle close to the surface (A) and the linear state

of the particles motion whilst far away from the surface (B).
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Figure L.4: Casimir-Polder potential of an SiO2 sphere of various radii near an Si
plate. The solid curves are exact results found from numerical integration of (E.5), while
the dotted curves are from the approximate form equation (E.11). We also show with
dashed lines the result of evaluating equation (E.11) using instead the permittivity of Si
for the half-space. The absorption wavelengths of the two media involved are shown as
vertical lines (dashed for silicon, dot-dashed for silicon dioxide), while the experimental
region of interest (∼ 4 to 11µm) is highlighted in grey. It is seen that this experiment
is taking place at distances larger than the dominant transition wavelengths of either
medium involved (the longer-wavelength silicon dioxide transition is significantly weaker
than the shorter-wavelength one, corresponding to a much smaller value of ωp in Table
E.1). Both half-space approximations agree well with the full numerical integration of
the layered potential, but in figure E.1 it is seen that closer agreement is found with

the silicon dioxide version.

L.0.4 Moving the particle optically

Initially, the nanoparticle - surface distance was varied by moving the nanoparticle

optically, rather than moving the surface on a mechanical stage (as is the solution

finally used in section 2). The angle is varied by the use of the first half of a Keplarian

beam expander (A standard optical component.) such that the beam is converted from

collimated to diverging (or converging) but then not normalized back to a collimated

beam.
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Figure L.5: Initial surface experiments moved the particle optically by changing the
divergence of the optical beam into the parabolic mirror. This led to a somewhat
unstable trap in contrast to the later experiments in which the surface was the mobile
component (detailed in section 2). Indeed, the trap becomes so unstable for specific
values of the divergence θ that the nanoparticle jumps between several trapping sites,
the region surrounded by the red box is the section in which the nanoparticle jumps
rapidly between trapping sites, these angle solutions are the ones also used to generate

the multiple wells in section 4.



Bibliography
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