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Abstract

Underplatform dampers are widely used in turbomachinery to mitigate structural vibrations by means of
friction dissipation at the interfaces. The modelling of such friction dissipation is challenging because of the
high variability observed in experimental measurements of contact parameters. Although this variability
is not commonly accounted for in state-of-the-art numerical solvers, probabilistic approaches can be imple-
mented to include it in dynamics simulations in order to significantly improve the estimation of the damper
performance. The aim of this work is to obtain uncertainty bands in the dynamic response of turbine blades
equipped with dampers by including the variability observed in interfacial contact parameters. This variabil-
ity is experimentally quantified from a friction rig and used to generate uncertainty bands by combining a
deterministic state-of-the-art numerical solver with stochastic Polynomial Chaos Expansion (PCE) models.
The bands thus obtained are validated against experimental data from an underplatform damper test rig.
In addition, the PCEs are also employed to perform a variance-based global sensitivity analysis to quantify
the influence of contact parameters on the variation in the nonlinear dynamic response via Sobol indices.
The analysis highlights that the influence of each contact parameter in vibration amplitude strongly varies
over the frequency range, and that Sobol indices can be effectively used to analyse uncertainties associated
to structures with friction interfaces providing valuable insights into the physics of such complex nonlinear
systems.

Keywords: Underplatform Dampers, Uncertainty Quantification, Nonlinear Dynamics, Friction and
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1. Introduction

Aeroengines typically undergo a wide range of operating conditions in flights and as a result it is not
possible to avoid all critical resonances in their bladed disks [I], 2], B]. Reducing the vibration levels at these
resonant frequencies is the main option to guarantee aeroengine durability and reliability by mitigating the
threat of high-cycle fatigue resulting from large resonance stresses. A common method to reduce vibration

levels in a bladed disk is the introduction of dry friction damping, which provides high damping at a low cost
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through rubbing motions on the contact interfaces [4]. Among friction dampers, underplatform dampers
(UPDs) are the most common source of damping in turbine disks. UPDs are metallic devices usually placed
in the groove under the platforms of two adjacent blades and kept in contact with the platforms by the cen-
trifugal loads during operation. When blades vibrate, the relative displacement between the platforms and
the damper creates friction at the contact surfaces that leads to a large energy dissipation with a consequent
reduction in the resonance amplitude. Due to the frictional nature of the problem, the dynamic response
of a bladed disc equipped with UPDs is strongly nonlinear, with both the vibration levels and resonance

frequencies being amplitude dependent.

A number of approaches have been developed in the past few decades to model the dynamics of jointed
structures with friction interfaces. The simplest models are those relying on the use of linear mass-spring
models, coupled with nonlinear macro-elements that consist of either parallel or series springs, dash pots, and
Coulomb friction sliders [5] [6] [7, [§]. However, these models generally fail to accurately represent the physics
on the contact interface. On the other hand, there are also high-fidelity joint models that are produced
by the solid mechanics communities. Two main types of these predictive modes are: (1) a whole joint ap-
proach based on a time-domain solver [9] [10]; (2) a frequency-domain approach based on the multi-harmonic
balance method (MHBM) [II]. A detailed comparison of these two approaches can be found in [8]. The
frequency-domain approach is employed in this study to obtain accurate estimations of the dynamic response
of turbines, starting from previous work of the authors to help the design and optimization of the UPDs [12].
This modelling approach is based on MHBM, hybrid reduction techniques and elastic contact models, and is
extremely efficient in capturing the nonlinear behavior for turbines with UPDs. Its reliability largely depends
on the accurate characterization of the contact parameters that describe the friction mechanisms occurring
at the contact interfaces [I3] [I4], since the UPD performance is very sensitive to the interface geometry.
Unfortunately, the contact parameters describing these friction mechanisms involve large uncertainties due
to the complexity of the physical phenomena at the contact interfaces [15] [16] 17, [18]. For this reason,

commonly used deterministic modelling approaches might lead to errors in the predictions.

The friction contact is modelled in turbine applications by means of a few parameters, namely the friction
coefficient, the normal and tangential contact stiffness and the normal pressure. These contact parameters
are usually obtained experimentally by means of fretting test rigs [19} 20} 2T}, 22| 23 24], 25| [26] since current
contact models are not yet capable of providing accurate predictions of those parameters. In addition, a
large variability is often observed in experiments due to the complex phenomena taking place at the contact
interfaces, such as fretting wear [16]. Thus, to ensure a good level of accuracy in nonlinear response predic-
tions, the uncertainties in the contact parameters must be quantified experimentally and propagated into

the nonlinear response simulations.
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To address this issue, many researchers have studied the impact of contact uncertainties in dynamic
analysis through different numerical strategies. One of the approaches to include these uncertainties from
contact interfaces is to develop more advanced physics-based model. For example, an advanced multi-scale
modeling approach was developed [27] to take into account the effects of roughness, fretting wear and wavi-
ness. The disadvantage of such an approach is the associated high computational cost. Also, some input
parameters for the multi-scale model that include roughness and contact stiffness dependence are difficult to
obtain experimentally. Another approach to include uncertainties from contact interfaces is to treat these
micro-scale effects as an uncertainty source. Petrov [14] employed a sensitivity approach to study the impact
of uncertainty of the friction coefficient and of geometric parameters of the UPD on the nonlinear dynamic
behaviour of bladed disks. The Probability Density Functions (PDF) of the forced response for given fre-
quencies were reconstructed from the sensitivities, demonstrating the high influence of the friction coefficient
on the dynamics of the structure. Krack et al. [I3] performed a reliability analysis of a cyclic blisk with
nonlinear shroud coupling subjected to the uncertainties in contact interfaces, showing again a large impact
of the contact parameters. Butlin et al. [28] [29] developed an approach based on the Maximum Entropy to
estimate the response distribution for a structure with friction, which was validated against experimental
data by a test rig that represents friction damper assemblies. Delaune et al. [30] numerically investigated
the impact of uncertainties on fretting wear and showed that a large variety of vibration behaviours can
be observed when uncertainty is considered. Recently, Gastaldi et al. [I7] experimentally investigated the
effect of surface finish on the function of underplatform dampers, showing a large impact of the contact
interface conditions on the dynamic response. Comparisons between measured data and predictions from
nonlinear models also showed the uncertainty in the dynamic performance of underplatform dampers due to
the contact interface [31, 32] [33]. These different works demonstrate the high influence of friction contact
uncertainties from the contact interface on the dynamic response of structures with friction, and highlight
the necessity to take them into consideration. However, the uncertainties from the input contact parameters
have not been experimentally quantified in the aforementioned work, nor have they been propagated in the

nonlinear vibration response.

A classic method to propagate the uncertainty is the use of Monte Carlo Simulations (MCS) through
repeated deterministic experiments [34] [30]. The popularity of the MCS is due to their high computational
robustness with respect to the dimension and the performance function of the problem. The main drawback
of the standard MCS is that it requires a large number of samples to ensure the representation of the entire
parameter range and hence leads to heavy computational costs for high dimension problems [35], such as
a large nonlinear dynamic system with UPDs. As a consequence, some specific strategies are needed to
accelerate the convergence of MCS by using specific sampling techniques such as Latin Hypercube Sampling
(LHS) [36]. Another strategy consists of using surrogate modelling methods to represent the expensive simu-

lations of the model. From a relatively small number of evaluations of the expensive model, a mathematical
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function that approximates it is constructed. This function has a computational cost that is almost null
and therefore can be used to perform a large number of MCS to propagate the uncertainty or to perform
any sensitivity analysis. Different surrogate modelling approaches exist, as Kriging [37], Support Vector
Machine (SVM)[38] or the Generalized Polynomial Chaos Expansion (PCE) [39, 40]. The latter is based on
a stochastic description of the uncertain parameters and comprises the projection of the random variable on
a polynomial basis orthogonal with respect to the PDF. This approach has already proven its efficiency for
the uncertainty propagation of linear and nonlinear FRFs [41], 42 43]. The PCE has also been coupled with
multi-harmonic balance methods to investigate the effects of the uncertainties in nonlinear systems [44], [45].
One of the main advantages of the PCE is that it can be exploited without any additional simulation to
directly determine the mean and the variance of the process, but also to perform a variance-based sensitivity

analysis based: Sobol analysis [46] 47] and for this reason has been used in the present study.

The objective of the present study is to quantify the impact of contact uncertainties from friction inter-
faces on the dynamics of turbine blades with UPDs and to obtain uncertainty bands on the nonlinear forced
responses. The main novelty is that the distribution of uncertain contact parameters from friction interfaces
is experimentally quantified and propagated in the nonlinear vibration response with a state-of-the-art sur-
rogate modeling technique. Furthermore, the effects of each uncertain parameter on the variability of the
nonlinear vibration response are then studied using a variance based sensitivity analysis. This demonstrates
the interest of using such tools to have insights into the influence of each contact parameter in a wide range
of excitation levels. The paper is organized as follows: the numerical strategy employed for the computation
of the nonlinear dynamic behaviour of the system is firstly presented as well as the underlying mechanical
model; secondly, the uncertainties related to the contact parameters are experimentally estimated; these
uncertainties are then numerically propagated in the model with PCE and compared against experimental
data from an UPD test rig. Finally, the PCE meta models are further exploited by performing a Sobol

analysis to study the impact of the contact parameters on the blade dynamics.

2. Deterministic simulations

This section describes the deterministic simulations used to predict the dynamic response of turbine
structures with UPDs. The MHBM based simulation approach is firstly described and then the reference FE
model is presented. This model replicates the UPD test rig from Imperial College London (hereafter referred

to as Imperial) [12] used in this study. Finally, the resulting nonlinear frequency responses are discussed.

2.1. Nonlinear frequency simulation approach

The nonlinear frequency responses are computed using the solver FORSE (FOrce Response SuitE) that

has been developed by the Vibration University Centre at Imperial, and is based on the multi-harmonic
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balance method (MHBM) coupled with the Alternating Time/Frequency technique (AFT) [48]. Detailed
information about the solver can be found in [II], but for completeness a short description will be provided
here. The solver aims at finding the solution of the nonlinear dynamic equilibrium equations that describe

the system:

M (1) + Cx(t) + Kx(t) + Fpu(%(t), x(t)) = Fea (1) (1)

where M, C, K are the mass, damping and stiffness matrices; x(t) is the vector of displacement of all the
DOFs and the dots denote the derivative with respect to time. F., is the vector of external excitation forces
and F,; is the time dependent vector of friction forces occurring at the contact between the damper and
blades. The basic idea of the MHBM is to decompose the nonlinear dynamic response using a truncated

Fourier series with n harmonics:

x(t) = Qg + Z Q; cos(mjwt) + Q; sin(m;wt) (2)

j=1
where Qg is the 0" order harmonic coefficient and Qj, Qj are the sinusoidal harmonic coefficients for each
DOF. Using the Galerkin projection, a system of algebraic equations in a frequency domain are then obtained
that can be solved with a Newton-Raphson method for the harmonic coefficients [11]. In order to track the
nonlinear forced response over a range of frequencies, the continuation technique that includes prediction
(secant method) and correction (arc length) stages is employed [49], which is able to capture any softening
or hardening behaviour. A hybrid reduced order modelling (ROM) technique is also used to significantly
reduce the system DOFs, by retaining only the nonlinear DOFs on the contact interface [I1]. More details
with respect to MHBM, AFT, ROM and continuation techniques can be found in [49, 50]. The solutions
obtained by the nonlinear solver strongly depend on the friction forces from the contact between damper

and platforms. Hence, a reliable contact model is required for such computations.

2.2. Contact friction model

The approach to compute the nonlinear friction forces is to model the contact interfaces as dense mesh
grids of contact nodes, which are connected by contact elements. A 3D contact element is typically used in
nonlinear dynamic simulations of systems with friction, which consists of two coupled Jenkins elements to
model a two-dimensional in-plane motion, and a coupled spring in the normal direction as shown in Fig. [Th.
The springs in the different directions model the tangential and normal contact stiffnesses. The relation
between forces and displacements at the contact depends on the contact state, as described in the following.
Normal contact conditions are defined by two states, namely in-contact condition and separation condition.
If the predicted normal force Fiy becomes negative, separation occurs between the two contact nodes and the
normal contact force becomes zero. Whereas if Fly is positive, the contact pair is in contact and thus there
are two types of tangential contact states: one is the sticking condition (i.e. the tangential contact force

Fr is less than the Coulomb friction limit pFx) and the other is the slipping condition (i.e. the tangential
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Figure 1: (a) Meshed interface and 3D node to node contact friction element (b) Experimental identification of contact param-

eters

contact force Fr is equal the Coulomb friction limit pFy). The interested readers can also find the detailed

formulation of this contact element in [51]

The hysteresis loop obtained from a single 3D contact element with constant normal load is shown in
Fig. [Th. The hysteresis loop obtained from a full mesh grid of contact elements is shown in Fig. [Ib and is
compared with a typical experimental loop. Experimental loops include sticking, microslip and macroslip
states. Microslip occurs when a part of the interface is in sliding condition while the rest is in sticking, and
cannot be captured by a single 3D element, which indeed can only be in full stick or macroslip. However,
the combination of lots of contact elements in the dense mesh grid discretization of the contact interface
makes it possible to model the typical microslip behavior observed in the experimentally measured loops as
shown in Fig. [Ip, since some of the elements will be in stick and some will slip. This further confirms that
3D contact elements are effective to represent the contact friction behaviour, and also that the experimental

identification of their contact parameters must be accurate.

Obviously, the contact friction for each contact node can be discontinuous and non-smooth once the slip-
ping happens. However, such a non-smooth motion can still be approximated by continuous multi-harmonic
functions using MHBM. The accuracy of such an approximation depends on the number of harmonics used.
A convergence study is therefore often required to determine the number of harmonics that should be used
in the simulation. In terms of implementation of MHBM, the AFT procedure [50] is commonly used for such
an approximation. This scheme mainly consists two steps: the non-smooth contact friction force is firstly
evaluated following the iDFT procedure to transform the dynamic response from frequency domain to time
domain; then, this non-smooth contact force is approximated using multi-harmonic coefficients using the

DFT procedure. This procedure has been proved to be very accurate if sufficient harmonics are used [4].
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Figure 2: (a) Under platform damper test rig at Imperial [12]; (b) 3D representation of the UPD rig;

2.3. Reference UPD model

Figure [2a] shows the real setup of the UPD test built at Imperial for the validation of the in-house
nonlinear solver [I1] used to perform simulations for turbine systems with UPDs. Figure shows the 3D
FE model of the UPD rig, which consists of two beam-like blades with platforms on each side that are fixed
on a common base which simulates a rigid disk, and an UPD in orange that sits between the two blades
and is held in contact by a pulley loading system as shown in Fig. 2a] The UPD is modelled as a classical
cottage roof damper. The mesh for FE modelling was generated by Hyperwork, which is composed of 54,972
quadratic hexahedral elements. A stainless-steel material is used, i.e. the Young modulus is equal to 197 GPa
and the density is equal to 7800 kg/m>. For a detailed description of the system, the reader is invited to
refer to [I2]. The first two modes of the turbine blades correspond to the in-phase and out-of-phase first
bending mode of the blades, and their natural frequencies are 269.9 Hz and 269.8 Hz, respectively. The
in-phase mode occurs when two blades flap in the same direction while the out-of-phase mode does when
they move toward each other. These two modes represent the fundamental movement of the turbine blade

platform under investigation and are described in the next section.

2.4. Forced frequency response

Figure[3a] and [3b] show the forced frequency response of the UPD model at four different excitation levels,
namely 0.96 N, 3.84 N, 9.6 N and 17 N and under a normal load of 960 N as shown in [I2]. The excitation
force is applied in the X direction at a node on the blade root as shown in Figure [2b|in a frequency range
close to the first bending modes. The response is plotted for a node on the blade tips in the X direction, so to
quantify the dynamic behaviour of the UPD model. The normal static pressure distribution on the contact
surface was experimentally measured with pressure films, showing that a non-uniform pressure distribution

occurred. This was directly interpolated and used in the simulations as in [I2] . Friction coefficient p = 0.88
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Figure 3: Numerical simulations of the forced frequency response at different excitation levels

and tangential, k; and normal k,, contact stiffness of 44,000 N/mm? and 55,000 N/mm? respectively were

used based on the recent measurement from the 1D friction rig [19].

Figure [3a] shows that there is a strong softening behaviour along with a 2Hz frequency shift in the first
in-phase bending mode when the excitation amplitude increases from 0.96 N to 17 N. The UPD still damps
the dynamical response, since the receptance is decreased by 25% at the maximum force level. Figure
shows, for the out-of-phase mode, the resonant receptance are reduced by more than 50% when the excitation
force level increases from 0.96 N to 17 N. Such damping performance is better than that of the in-phase
mode because the damper has a pure rolling motion during the in-phase vibration and a loss of contact takes
place. This motion separates part of the contact surface which decreases the overall stiffness of the structure.
This slightly reduces the effectiveness of the damper which is supposed to work when the contact interface

is in contact.

To give more insight of such a different dynamic behaviour between the two modes, Figs. 4a] and [4a] show
an example of the contact conditions at the UPD interfaces at the resonance frequency at the excitation level
of 17 N. The majority of contact nodes are in a contact/separation condition (red) for the in-phase mode
while the majority of contact nodes are in a stick condition (black) for the out-of-phase mode. The next
section describes the uncertainty observed in the experimental measurements of contact parameters. This

uncertainty should in fact be taken into account for more accurate simulations.

3. Uncertainty Quantification of Measured Contact Parameters

The dynamics simulations shown in the previous section are strongly dependent on the contact input

parameters, namely the friction coefficient u, the normal and tangential contact stiffnesses k,, and k;, and the
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Figure 4: An example of the resonant contact condition of interface nodes at the the excitation level of 17N

pressure distribution at the contacting interfaces. These parameters strongly affect the dynamic response of
the system, and hence their correct value should be used in simulations. However, their correct identification
is challenging due to the high degree of uncertainty often observed in experiments. The aim of this section

is to quantify this uncertainty by means of experimental measurements obtained from the high frequency

friction rig built at Imperial.

3.1. The Friction Rig

The friction rig is shown in Fig. and has been built to measure hysteresis loops, which provide the
required input contact parameters used in dynamics simulations of turbomachinery systems with friction
joints. The rig generates a high frequency sliding motion between a couple of specimens with a flat-on-
flat contact, as those shown in Fig. [b, and measures hysteresis loops as that of Fig. [[p. The relative
displacement is measured by means of two Laser Doppler Vibrometers (LDVs), while the friction force is
measured with force transducers. A continuous contact is ensured by applying a constant normal load by

means of a pneumatic actuator. A more detailed description of the rig is provided in [I9].

3.2. Ezxperimental uncertainty of p and ky

Experimental hysteresis loops, such as those of Fig. [Ip, are used to quantify the uncertainty in the
contact parameters. In particular, only the uncertainty in friction coefficient and tangential contact stiff-
ness has been quantified experimentally, while the normal load has been assumed to be constant during the
experiments and the uncertainty in the normal contact stiffness has been considered equal to that of the
tangential contact stiffness. It is also considered that the uncertainty from surface roughness is intrinsically

included in the experimental uncertain distribution of these two parameters.
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In previous research [I6], fretting tests have been performed on a pair of stainless steel specimens (same
material of the underplatform dampers used in this study) with a flat nominal area of contact of 1 mm?2.
The same data set has been re-analyzed here to quantify the uncertainties in the extracted parameters form
different tests. Tests were performed at 60 N normal load, with an harmonic excitation of 100 Hz and a
relative displacement of either 14 ym (Tests 1 and 2 [16]) or 22 pum (Tests 4 and 5 [16]). Each test lasted on
average b hours and hysteresis loops were recorded continuously. After each test, values of friction coefficient
and tangential contact stiffness were extracted from each loop. The friction coefficient has been obtained by
dividing the friction limit by the normal load, while the tangential contact stiffness has been obtained from
the slope of the stick portion of the hysteresis loop. It is worth noting that the friction coefficient obtained
from the high frequency friction rig is the kinetic friction coefficient, and not the static friction coefficient
that would be observed during the first loading only, and not during subsequent loadings. Since the harmonic
balance method is used, the assumption of periodicity and steady-state is valid and therefore the static fric-
tion coefficient does not need to be accounted for as it does not appear in the steady-state vibration. The
extraction of the parameters can be a source of uncertainty in addition to the uncertainty coming from the
experiments. Therefore, a sensitivity study on the accuracy of the extraction was performed (not shown here
for conciseness). The study showed that the relative standard deviation due to the extraction of the contact

stiffness is below 0.9% while it is below the 0.03% for the friction coefficient. These values are both much

lower than the standard deviation observed experimentally, as shown in the following.

Figure@a and @ show the evolution of those two contact parameters over time for one test (the trend is
the same for every test, and the reader is invited to refer to [I6] for a full overview). Both parameters increase
at the beginning of the test, with the friction coefficient reaching a steady state value of 0.88 within the
first 10 minutes, while the tangential contact stiffness stabilises at around 53 N/um after 200 minutes, with

a larger uncertainty compared to that observed for the friction coefficient. Similar large values of friction

10
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Figure 6: (a) Evolution in time of u; (b) Statistical distribution of steady state p (values after 200 minutes); (c) Boxplots of
steady state p for tests performed in [I6]; (d) Evolution in time of k¢; (e) Statistical distribution of steady state k¢ (values after
200 minutes); (f) Boxplots of steady state k; for tests performed in [16]; Tests 1 and 2 were conducted at a relative displacement

of 14pm, while tests 4 and 5 at 22um, as detailed in [16].

coefficient (around 0.8) have also been measured from the high frequency friction rig at Politecnico di Torino
within a Round-Robin test [52]. Fig. |§|b and@e show the distribution of the steady state values (all the values
after 200 minutes) for friction coefficient and tangential contact stiffness respectively. Both parameters show
a Gaussian distribution, with a relative standard deviation of 0.23% for the friction coefficient and 3.77% for
the tangential contact stiffness. This variability is probably due to measurement noise coming from laser and
load cell time signals. For this reason, the standard deviation observed in the contact stiffness is larger than
that observed in the friction coefficient. In fact, for the extraction of the friction coefficient, only the friction
force time signal is needed (plus the constant normal load). Instead, for the extraction of the contact stiffness
the time signals of both the laser displacement and the friction force are required. The combination of the
two results in greater noise from contact stiffness measurements than from friction coefficient measurements.
However, it is to be noted that both standard deviations are still relatively low. This is because they relate
to the steady state values of a single test, and do not include the variability observed within different tests,
whose values are shown in Fig. [k and [6f by means of boxplots of the steady state values. It is clear that

the variability between different tests is larger than the standard deviation within the single tests, with

11
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i mean: 0.88, relative std: 5%

ki [N/mm?®]  mean: 44000, relative std: 30%
ko [N/mm® mean: 1.25%k,, relative std: 30%

Table 1: Uncertainty parameters used in this study

differences in the mean values up to the 5% for the friction coefficient and up to the 30% for the contact
stiffness. In fact, steady state values are included in the range 0.87-0.93 for the friction coefficient, and in
the range 45-70 N/pm for the tangential contact stiffness. Although a reliable statistical analysis cannot be
performed since the number of tests is low, the available data provide an estimation of the variability to be
expected for the friction coefficient and the tangential contact stiffness. This relatively large variability is
probably due to the uncertainty induced by the different manufactured interfaces of the specimens and also
to the assembly procedure. In addition, tests 1 and 2 were performed at a lower sliding amplitude than tests
4 and 5. It seems that this difference might affect the mean values of the contact parameters. Although this
displacement dependency is not the focus of this study, its effect is accounted for by the chosen values of
standard deviation.

Those experimental fretting tests have been in fact used to provide the mean and standard deviation
values needed as input for the MCS. The chosen values are shown in Table Please note that the con-
tact stiffness is not expressed in [N/um], but in [N/mm?] since an area-normalised stiffness is required in
simulations. For the considered experimental tests [16], the average worn area of contact was of 1.2mm?,
which when divided by the mean of 53000N/um, led to a mean kt of 44000N/mm3. In addition, the normal
contact stiffness could not be extracted from the hysteresis loops, and it was assumed to be 1.25 larger than
the tangential stiffness, as commonly suggested by contact mechanics studies [53]. Please notice that the
contact stiffness is known to be normal load dependent [21]. However, in this uncertainty study, this effect

was not included, thus keeping unchanged the values measured from the friction rig.

Finally, the statistical independence of friction coefficient and contact stiffness is investigated. Only the
data in a steady-state regime has been used for the analysis in each test case. Firstly, both parameters can
be represented as a bivariate random variable (X, X,) and could be approximated by a bivariate normal
law. Secondly, the Pearson correlation coefficient 7 defined as [54]:

COV(X,, Xy,)

Uﬂokt

3)

f:

was then calculated for each case, and is always close to 0. Because the Pearson correlation coefficient is
close to 0, and the bivariate random variable follows a bivariate normal law, it follows that the two statistical
variables, p and k¢, are independent.

The values shown in Table 1 have been used for the uncertainty propagation analysis that is described in

the next Section, from which dynamics predictions with confidence intervals were obtained and is discussed
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in Section 5.

4. Uncertainty Propagation

This section describes the methodology employed for the uncertainty propagation in the numerical model.
As a reminder, the contact parameters, namely the friction coefficient p and the tangential contact stiffness
k; are considered as uncertain and can be described by normal laws whose characteristics are given in Table[T]
Moreover, it has been demonstrated in Section 3.1 that they are also independent. Since the computational
cost for statistical analysis associated to the UPD model is very high, Polynomial Chaos Expansion (PCE) is
employed in the present study to model and propagate the uncertainty using the software Open TURNS [55].
Using PCE, surrogate models can be generated which enable the simulation of the nonlinear dynamic system
behaviour with very low computational cost. In the following, the mathematical aspects of PCE theory is
shortly introduced as well as the strategy adopted for the construction of the learning sets to propagate

uncertainty in the FRFs.

4.1. Polynomial Chaos Expansion and Sobol indices: mathematical background

PCE is a stochastic approach that consists in projecting a stochastic solution on an orthogonal poly-
nomial basis. This approach is based on the assumption that the uncertain parameters are described by a
Probability Density Function (PDF). After computing the weighting coefficients, the PCE can be used as
a surrogate model as it approximates the solution with a low computational cost. Moreover, the weighting
coefficients are directly related to the Sobol indices, which are indices used to perform a sensitivity analysis

and identify the most influential input parameters on the solution.

Let x = (x,,2,) be the vector of the input variables and y the deterministic response of the system.
The system response is parametrized with the phase rather than the frequency, more details will be given in
the following section on this aspect. Hence y corresponds to the frequency or the receptance of the vibration
of the system for one phase value. As the input vector x is affected by uncertainty, it is represented by
a random vector X. Each random parameter is characterised by its PDF, here f,(zy,) for the tangential
contact stiffness and f,(x,) for the friction coefficient. The PDF of the random variable X is denoted fx (x)
and is defined as fx(x) = fx, (@) X fu(z,). The output is also a random variable denoted Y. According
to the generalized polynomial chaos theory, Y can be expanded onto an orthogonal polynomial basis as

follows [56], 40]:
+oo
Y =) ar¥(X) (4)
I=0

where (ay) are the unknown deterministic weighting coefficients, the (¥;) are the multivariate orthogonal
polynomials and I is the order of the polynomial W;. This series is convergent in the £? sense (i.e. the

random vector is square-integrable), and is often called Polynomial Chaos Ezxpansion (PCE) of Y. This
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series is normally truncated and only P terms are kept for numerical reasons.

The assumption of independence of the input random variables allows the overall PDF fx via fx(x) =
fr(xr,) % fu(z,) to be computed. It is now possible to find a family of orthonormal polynomials with respect
to each PDF to construct the (¥ ). (@Ekt)) and (@;“ )) are the polynomials family orthogonal with respect to
fr.(xr,) and fy(x,) respectively, and where j denotes the order of the polynomial. For standard PDFs, the
correspondence between the PDF and the orthonormal polynomial families is given by the Askey scheme [40].
As an example, Hermite polynomials are orthogonal with respect to the normal distribution, when Legendre
polynomials are orthogonal with respect to the uniform distribution. The multi-variate polynomial family

orthogonal to fx(x) can be obtained by the tensorisation of (@;kt)) and (@;“ )), which is equivalent to :

ke
vi(X) = [T o (an) x 0 () (5)
(4,9)
itj=1I
where [ is the order of the polynomial ¥;. Finally, only polynomials of order below the chaos order m are
kept in the expansion and only P terms remain in the expansion . The total number of terms in the

m—i—d)

series is P = ( %), where d is the dimension of the input space, equal to 2 here. The chaos order m is

chosen based on a convergence study.

To determine the weighting coefficients (ay), intrusive or non-intrusive approaches might be used [57, 46].
A non-intrusive regression approach is used here for its efficiency [46] and the coefficients (a;) are determined
by minimizing, in the least-square sense, the difference between N deterministic evaluations of the compu-
tationally expensive nonlinear dynamic model and its PCE evaluations. This set of N inputs and outputs
is called the Design of Experiment (DoE). In the present study, a Latin Hypercube Sampling (LHS) is used
to generate the input space [46].

In order to understand how sensitive the output Y is to the variance of the different input parameters,
Sobol indices can be used. Sobol indices are sensitivity indicators that estimate the influence of the different
input parameters as well as their coupling effects on the output variance. The PCE decomposition is directly
related to the Sobol decomposition [46] and so, the Sobol indices can be deduced from the PCE coefficients

(ar). If V(Y) is the variance of the output, it can be decomposed into [58]:
VY)=Vu+ Vi, + Vi, (6)

where V,, = V(E(Y|X,)), Vi, = V(E(Y|X},)) and V., = V(E(Y|X,, Xk,)) — Vi — Vi,, where E denotes
the expectation. Finally, the first order Sobol indices are defined as [58]:

Vi,
V(Y) ™

Sk, =
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and second order index is defined as:
Vuykt
V(Y)

Sobol indices are good indicators to describe the sensitivity of a function to its input parameters and

(8)

S/hkt =

their coupling effects. If the Sobol index S; of a variable z; is low (i.e. close to 0), then the variable z; has
a low influence on Y. If the Sobol index is high (i.e. close to 1), then the variable z; has a strong influence
on Y. In this study, the variable Y is either the amplitude or the frequency of vibration of the structure.
First order indices give the influence of each input parameter taken alone, and higher order indices describe

the influence of the interaction between the different parameters on the variance of the output variable.

4.2. PCE for nonlinear FRFs

The PCE is used in the present study to construct a meta-model of the nonlinear FRF response of
the system. Because of the nonlinear aspect of the system, several dynamic solutions may exist for one
frequency, as shown for example in Fig. where a softening effect leads to three different solutions in the
the range of frequencies between 423-424 Hz. To overcome this issue, the phase can be used to propagate
the uncertainty [42, 41] rather than the frequency. The phase refers here to the phase angle between the
shaker excitation and the fundamental of the output displacements which is unique for each point on the
FRF as illustrated in the 3D plot in Fig. [7, where the frequency, the phase and the receptance of a FRF
are given for the mean value of each random parameter. As it can be seen, the phase is strictly increasing
over a FRF, so each point of the FRF is characterised by a unique phase. So, for one phase value, there is
a unique frequency and a unique receptance. Hence, the phase is used as the deterministic parameter, and
each FRF is decomposed in the combination of a phase frequency function and a phase receptance function.
For each phase value, two PCEs are constructed: one for the frequency and one for the receptance, where
both the friction coefficient p and the tangential contact stiffness k; are uncertain. In other words, one DoE
has the values of (u, k¢) as input, and the values of the frequency (or the receptance) for one particular phase
value as output. The other reason is that PCE usually has bad convergence properties for discontinuous
function. With this parameterization, PCE can be constructed only on continuous functions to avoid this

issue [41],59]. Based on this approach, the PCE can then be constructed as outlined in the next section.

5. Numerical uncertainty propagation and validation against experiments

In this section, the PCE meta-models are constructed and numerically validated. They are also experi-
mentally validated against data from the UPD rig, and are used to replicate the nonlinear dynamic behaviour

of the system and to investigate the influence of the different contact parameters on the uncertainty.

5.1. Numerical uncertainty propagation

As previously explained, two uncertain parameters are considered here, the friction coefficient p and the

tangential contact stiffness k;. Based on the experimental data from Section 3, they are both described
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Figure 7: An example of Phase-Frequency-Amplitude 3D graph of a IP mode FRF

by a normal law whose parameters are given in Table A non-intrusive approach is used for the PCE
construction as described in Section 4, and the input set is generated by considering a LHS of 50 samples of
(s, kt). Then, for each couple (u, k) of the LHS, the FRF of the system over the two frequency ranges of
first and second modes are computed with the MHBM, as described in Section Four different constant
shaker force amplitudes [0.96, 3.84, 9.6, 17] N are used to study the nonlinearity in the system at different
levels, leading to a total of 200 nonlinear simulations. The computation of a nonlinear FRF with the com-
putationally expensive nonlinear dynamic model takes about 45 minutes, so the 200 simulations represent
about 150 hours. Each FRF is then decomposed into a phase receptance response and a phase frequency
response for the PCE construction. As an example, the FRF's for both the in-phase and out-of-phase modes
for the 17 N case are given Figs. [8cf and respectively. The corresponding phase receptance response and
the phase frequency response decomposition are given in Figs. a,b) for the in-phase mode and in Figsd,e)

for the out-of-phase mode.

The uncertainty induced by the contact parameters has large effects on both modes. For example, the
resonance receptance of the in-phase mode varies by £20% and the frequency is shifted up to 7 Hz. Con-
sidering the out-of-phase mode, the peak at resonance can be shifted up to 1.5 Hz and the receptance varies
by +30%. For lower levels of excitation amplitude, the effects of the uncertain parameters are similar and

are not presented here for the sake of brevity.

For each mode and for each loading case two PCEs are constructed for each phase value, as explained
previously in section [4.2] Thus, each FRF is decomposed into a phase frequency response and a phase
receptance response, and for each phase value two PCEs are constructed: one for the receptance and one for

the frequency [42]. The PCE order was determined based on a convergence study and is chosen equal to 4
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Figure 8: Montecarlo simulation phase receptance responses (a,d), phase frequency responses (b,e) and frequency response

functions (c,f) of the in-phase (a,b,c) and out-of-phase (d,e,f) modes generated from the LHS of 100 samples of (u, k¢)

in all cases. Validation was done by comparing the PCE predictions at learning points and as the PCE is
not an interpolation method, this approach can stand for validation. The validation showed that the PCE
predictions were within 1% from the reference values, providing confidence that the trained PCE models

w0 were able to accurately replicate the nonlinear dynamic response of the system under investigation.

The validated PCE models were then used to predict the nonlinear FRF of the system, and so to predict
the dynamics of the blades taking into consideration the uncertainty related to the friction coefficient p and
the tangential contact stiffness k; at a significantly reduced numerical cost. A Monte Carlo (MC) simulation

35 with 1000 samples was computed with the different PCE (i.e. for each phase value) to generate the corre-
sponding phase receptance and phase frequency responses. Figure [J] shows the resulting vibration response
for the in- and out-of-phase modes at 17 N as an example. The phase receptance and phase frequency re-
sponses are shown in Fig. El(a,d) and Fig. El(b,e) respectively, where the blue line corresponds to the average
at each phase point, and the 90% confidence band is indicated by the red lines. For each response, the FRF

w0 s reconstructed and is shown in Fig. Ekc,f), where the average is determined for each phase value.
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(c,f) obtained from MCS simulations for the IP mode (a,b,c) and the OOP mode (d,e,f) for the 17 N shaker force amplitude -
Average values (blue line), 90% confidence band (red lines)

From these results, the impact of the uncertainty of the contact parameters on the dynamic response
can be assessed. For the IP mode, the impact of the uncertainty is maximum at the resonance, since it is
where the maximum of variation is observed in Fig. El(a). Indeed, at the resonance the receptance can vary
by +20%, while away from resonance, the variability decreases and drops to zero at the extreme frequency
ranges. Considering the frequency (see Fig. E'o), the largest dispersion is observed between -2.7 rad and
-0.2 rad further highlighting the stronger effect the uncertainties have around the resonance. When the
phase increases, the dispersion decreases and tends to be null for a 0 rad phase. Considering the OOP mode,
the receptance can vary up to +30% at resonance, while away from resonance, the variability decreases
very slowly and only drops to zero at the extreme frequency ranges, meaning that the uncertainty related
to the contact has no impact on the dynamic of the system far away from resonance. Considering the fre-

quency for the out-of-phase mode (see Fig E}e), the dispersion is lower than compared to that for the IP mode.

In order to evaluate the impact of the excitation level, the evolution of the distribution of the frequencies

and amplitudes at the resonance (i.e. when the phase is equal to —7/2) is studied for both modes leading
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to the boxplots in Fig. The green dotted lines stands for the average value and the yellow one for the

median value.

In all cases, the frequencies and amplitudes at resonance decrease when the excitation amplitude in-
creases. At very low excitation levels (i.e. for the 0.96 N case), the damper is always fully stuck and there is
no energy dissipation, which explains why the uncertainty of the amplitude is very low and not impacted by
the variability in the contact parameters. For the frequency, for the IP mode, the dispersion becomes larger
when the excitation amplitude increases. At low level of excitation, the frequency shift is due to the variation
of the tangential contact stiffness k; which affects the stuck regions of the hysteresis loops and consequently
has an impact on the response when the interface is stuck. In addition, by changing the excitation from 0.96 N

to 17 N, the receptance reduces by 25% in average for the IP mode, and by 50% in average for the OOP mode.

5.2. Comparison against experimental data

In this section, the constructed PCE models are compared with existing experimental data from the
UPD test shown in Fig. [12]. The measurement setup of this test rig is briefly reminded to show how
the experimental data is collected. After that, two sets of experimental data from the rig are shown and

compared to the statistic results generated from the PCE models.

5.2.1. UPD test rig measurement setup

Figure shows the measurement setup of UPD test rig [12] used to measure the nonlinear dynamic
response of two static blades equipped with one UPD. The blades are clamped tightly to a 2000 kg inertia
block via an hydraulic vice capable of 200 kN clamping force. The centrifugal loading is simulated via a pully
system, which was kept the load constant at 960 N to ensure a good conformity at the contact interface.
The forcing excitation is provided by an electrodynamics shaker, which is attached below the platform in the
same position highlighted in the FE model in Fig. A stepped sine test with force control was performed
with a Data Physics SignalCalc ACE card around each resonance at various levels of excitation, from 0.01
N to 17 N. The response was measured with two non-contacting laser Doppler vibrometers (LDV) focused
near the tip of each blade. A comparison of experimental data with deterministic simulations showed a
reasonable good agreement, but some discrepancies were observed that could not easily be explained [12].

Here the comparison with the stochastic simulations is presented.

5.2.2. PCE vs Experimental data

The UPD model presented in Section was updated to ensure that its linear response was similar to
that of the experimental data sets. The model was updated by identifying the linear modal damping ratio
of the UPD model from the experimental data sets at 0.096 N by using the Half-Power bandwidth method.
The linear modal damping ratio identified for the IP mode is 0.063% and for the OOP mode is 0.048%,
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yellow line)
which are 2.51 times and 1.89 times higher than the damping ratios used in the initial UPD model.

While the comparison of amplitude at high excitation levels is presented in the following, the frequency
phase plots are not compared in this paper because the linear natural frequencies for this UPD model have
not been updated making such a comparison not very meaningful. Figure shows the comparison of the
receptance between experimental data and the updated PCE models for both in-phase mode and out-of-
phase mode separately at four excitation force levels, namely 0.96 N, 3.84 N, 9.6 N and 17 N. Two sets
of experimental data are used to represent the experimental measurement for each excitation level, plotted

respectively with yellow and black dots.
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For the IP mode, the unstable part of the experimental response could not be captured because of the
softening effects in the IP forced response. Amplitudes of the two experimental FRFs differ up to the 20%
in the resonance regions at low excitation levels. This is a larger variability than that predicted by PCE
model. Instead, at higher excitation at 3.84 N, 9.6 N and 17 N, the 90% confidence bands determined from
PCE models are able to include the two sets of experimental data. It is clear that, at 0.96 N, the PCE does
not capture well the experimental data. Such a disagreement can be due to the uncertainties related to the
variation in the normal load across the interface. In fact, the IP mode is dominated by contact separation

conditions (shown in Fig,. and therefore is more sensitive to the variation in the normal load.

For the OOP mode, the majority of the experimental data points lie within the 90% confidence interval
identified from the PCE model especially at 3.84 N to 17 N. It means that the constructed PCE models
including the uncertainties in p and k; can effectively capture the existing experimental data. One can also
observe that the discrepancy between the two experimental data sets increases over the four force levels.
This is consistent with the variation of predicted confidence intervals from the PCE models. Off resonance,

the experimental data mostly overlapped in a similar manner to the PCE predictions.

The agreement between the uncertainty bands predicted from PCEs and sparse experimental FRFs sug-
gests that the distribution of contact parameters was properly quantified from the experiments through the
high frequency friction rig described in Section and should not be ignored in the simulations since it leads

to variations in the nonlinear dynamic response.

Overall, the results from the PCE models capture the majority of the experimental data points across
different excitation levels well, indicating that the constructed PCEs can be used to quantify the uncertain-
ties due to friction parameters in the nonlinear dynamics of turbine blades and can enable other statistical

investigations, such as the Sobol analysis that is presented in the next section.

6. Sobol analysis

The PCE can be further exploited by performing a Sobol analysis to study the influence of the contact
parameters on the variance of vibration amplitude and frequency. As mentioned in Section the Sobol
analysis is a global variance based sensitivity analysis which decomposes the variance of the output of the
model or system into fractions, called Sobol indices, that can be attributed to inputs or sets of inputs [60].
When the Sobol index of an uncertain parameter is close to 1, the parameter has a high influence on the
output, while when the Sobol index is close to 0, the parameter has a low influence. In this way, the influence

of the variability friction coefficient and contact stiffness on the FRFs can be quantified and analysed to get
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insights into the behaviour of the structure. It is worth highlighting here the difference between Sobol indices
and more classical sensitivity analysis based on a perturbation method as in [I4]. Sobol indices are able to
take into account the interactions between different input parameters, which is not the case for the pertur-
bation method. Moreover, the Sobol indices are directly related to the distributions that characterises the
different input parameters (as they depend on the PCE decomposition), whereas the perturbation method

is not. For these different reasons, only a Sobol analysis is considered here.

In this study, the uncertain parameters (1 and k;) are considered for the Sobol analysis by using the
Python library OpenTURNS [55]. Their Sobol indices have been determined directly from the PCE decom-
position to study their influence on the FRFs, in terms of vibration amplitude and frequency. In particular,
the first order Sobol indices as well as the Sobol coupling indices were computed for the in-phase and the
out-of-phase modes at each phase value, for four excitation levels: 0.96 N, 3.84 N, 9.6 N and 17 N. The
results for the 9.6 N case are similar to the 17 N case, and so are not presented in details in the following

for the sake of consistency.

6.1. Effect of contact parameters on the variance of the vibration amplitude

This section focuses on the Sobol indices evaluated for the vibration amplitude. The Sobol for the two

modes behave differently, as described in the following:

e [P Mode - low percentage of contact points in slip condition:

Figures [I2|a-c) show the Sobol indices for the IP mode and Figs. [12(d-f) include the distribution
percentage envelopes of the contact conditions of the 100 samples used for the PCE construction (i.e.
% of contact points in stuck, slip and separation) at each phase value. This allows to link the contact
status to the Sobol indices at the different phase values.

Fig. shows that the percentage of contact points in slip condition is almost null for the 0.96N
loading case. This low slip percentage is reflected in the Sobol indices (see Figs. ), since the Sobol
index p is null over most of the phase range (i.e. p has a very low influence on the variance of the
amplitude), while k; causes most of the variability in the amplitude. It is in fact expected that the
friction coefficient does not play a role since most of the contact points are in stuck conditions and
hence do not activate the friction coefficient. However, tiny peaks are observable in the Sobol index
of u at -2.7rad and -0.4rad, which correspond to peaks in the slip contact conditions (see Fig. )
It is interesting to note that the separation contact condition does not seem to affect the Sobol index
behaviour, although it increases at resonance (-1.5rad) up to the 30%.

Low values in the Sobol index of 1 are also observed for the 3.84N and 17N loading cases (see Fig. —
c¢). However, in those cases it is more difficult to link the Sobol indices behaviours to the contact

conditions. Still, it can be concluded that the observed low slip conditions result in a large influence
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of the contact stiffness k; on the results, rather than the friction coefficient p, thus explaining the
low Sobol index of u values. For those two loading cases, some coupling is also observed (two peaks
in the green plots in Figs. —c)7 indicating that microslip probably occurs at those phases, since
during microslip the contact is determined by both the friction coefficient p and the contact stiffness
k;. Finally, it seems clear that the Sobol are unaffected by the separation contact condition, which, for
the 17N case, is appears in up to 90% of the contact nodes (see Fig. ) without although affecting
the Sobol indices.

e OOP Mode - larger percentage of contact points in slip condition and microslip:
With regards to the OOP mode, a higher percentage of contact nodes are in the slip condition compared
to the IP mode (see Fig. —f). This larger slip percentage is reflected in the Sobol index of y, which
is larger for all the loading cases. For each case, one can see strong variations of the Sobol indices
far from resonance. These strong variations are always observed for phase values where the output
variance is almost null, shown by comparisons with Fig. As a consequence, the reliability of the
Sobol indices for these phase values is reduced due to the poor statistical significance given by the low
variance of the output. As soon as the variance in the amplitude for both modes increases as shown
in Fig. [I0k, the Sobol indices become more reliable. Moreover, when the excitation level is higher, the
variance in the amplitude expands toward phases further away from the resonance phase, as shown
in Fig. [[Th compared to Fig. [[Id where a large variance in the amplitude only appear close to the
resonance. Consequently, for the 3.84N loading case, the Sobol indices experience some instability at
phases away from resonance, while for the 17N case they are stable even at phases away from resonance.
The first order Sobol index of the friction coefficient increases from 0 to 0.4 at the same phases where
an increase in the variance amplitude is observed in Fig. [IId. This behaviour is again probably driven
by slip conditions as shown in Figs. [[3p-f. It is also interesting to note that the Sobol coupling term
between p and k; is null over the whole frequency range, suggesting that the coupling between the two

parameters is negligible for this mode.

6.2. Effect of contact parameters on the variance of the frequency

This section shows the results for the Sobol indices evaluated for the frequency. Figures [I4h-b show the
Sobol indices for the frequencies evaluated for the 3.84N case for IP mode and OOP mode respectively. It is
clear that the frequency is only influenced by the contact stiffness, while changes in the friction coefficient
do not affect the frequency. This behaviour is the same for all the other loading cases, and that is why
they are not presented. This strong frequency dependency on the contact stiffness is probably due to the

low percentage of contact nodes in slip conditions, which is always below the 15% for all cases as shown in

Figs [[21-f and [T2d-f.
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6.3. Summary

The use of Sobol indices confirmed the information obtained from the analysis of the contact conditions.
These information can help engineers in better understanding the dynamic behaviour of systems with fric-
tion contacts. Results have shown that when the contact is fully stuck, the contact stiffness has a maximum
influence, as can be expected, while the friction coefficient has a Sobol index close to zero. However, when
the amount of contact nodes in slip condition increase, the Sobol index of p increases especially for the
amplitude. This indicates a strong influence of the friction coefficient on the amplitude and its variance
during slip. However, the frequency is still unaffected by the slip contact conditions, probably because for
the analysed case, the slip contact conditions were relatively low. It is also worth noticing that the reliability
of the Sobol indices are strongly dependent on the variance of the output. When the variance is low, the
Sobol indices are unstable, and therefore not reliable. Sobol can provide reliable data only when the variance
in the output is large enough, so that the Sobol indices reach stability. Still, Sobol indices represent an easy
tool to implement in order to validate and provide useful insights on a structure, with a relatively cheap

computing cost.

7. Conclusions

This work quantified the effect of the variability in friction coefficient and contact stiffness on the dynamic
response of turbine blades equipped with underplatform dampers. The objective of this quantification was to
obtain uncertainty bands in the dynamic response, and also to identify the role and the contribution of each
parameter to the same response. In order to compute the uncertainty bands, numerical simulations were
performed that combined a state-of-the-art nonlinear solver based on the multi-harmonic balance method
with surrogate models based on the Polynomial Chaos theory. The normal distributions of friction coefficient
and contact stiffness were identified based on existing experimental data, with relative standard deviations
below the 5% for the friction coefficient and below the 30% for the contact stiffness. These distributions

were then used to generate a Latin Hypercube sampling space for high fidelity simulations, and to define
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the polynomial basis of the Polynomial Chaos Expansion surrogate models. The surrogate models were used
at nearly no numerical cost to generate numerical simulations for a wider range of friction coeflicients and
contact stiffness combinations, leading to Monte Carlo based uncertainty bands in the dynamic response.
The confidence bands thus obtained were compared to sparse experimental data from an underplatform
damper rig indicating some agreement between prediction and simulation. The results clearly show that the
uncertainty in the contact parameters cannot be neglected in simulations, since it leads to large variations

in the dynamic response.

The PCE models were then used to perform a Sobol analysis in order to rank the sensitivity of each
uncertain parameter to the variability of the nonlinear dynamic response. The evolution of the Sobol
indices of the contact parameters over the phase was studied, establishing a correlation between the contact
conditions and the greater influence of contact stiffness compared to the friction coefficient. The novel use
of the Sobol indices for nonlinear dynamic analysis has shown a promising capability in capturing contact
nonlinear behaviours. Hence, this study shows that these statistical tools can be successfully used for
nonlinear dynamics response predictions of systems with friction to obtain insights into the complex physics

of the vibration.
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