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Abstract

We compute the two-loop Sudakov form factor in three-dimensional N' = 6 superconfor-
mal Chern-Simons theory, using generalised unitarity. As an intermediate step, we derive
the non-planar part of the one-loop four-point amplitude in terms of box integrals. Our
result for the Sudakov form factor is given by a single non-planar tensor integral with
uniform degree of transcendentality, and is in agreement with the known infrared diver-
gences of two-loop amplitudes in ABJM theory. We also discuss a number of interesting
properties satisfied by related three-dimensional integral functions.
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1 Introduction

In this paper we continue our investigation of amplitudes and form factors in three-
dimensional ' = 6 Chern-Simons matter theory, also known as ABJM [1]. This theory
is closely related to the maximally supersymmetric theories constructed in [2, 3], and
provides an interesting example of holographic duality in three dimensions.

One interesting fact about ABJM theory is the presence of very similar, hidden struc-
tures as in A/ = 4 super Yang-Mills (SYM). In particular, dual conformal symmetry [4],
integrability, [5-7], duality with Wilson loops at four points [8-10], uniform transcenden-
tality of the two-loop four-point [11,12] and six-point amplitude [13], colour-kinematics
duality [14] have made their appearance in both theories. Furthermore, several powerful
methods to compute four-dimensional amplitudes could be adapted and generalised to
three dimensions — BCFW recursion relations [15], generalised unitarity [4, 16-18], and
Grassmannian formulations [19] of amplitudes.

With the broad aim of further exploring these similarities between ABJM and N = 4
SYM, we initiate here a study of form factors in ABJM. In the present paper we focus
on Sudakov form factors of half-BPS operators, i.e. the overlap of a state created by
an operator built from two scalars and a two-particle on-shell state. In N = 4 SYM,
Sudakov form factors were first studied (at one and two loops) by van Neerven in [20].
More recently, these quantities were revisited and various generalisations and extensions
were achieved: form factors with more than two external on-shell particles were considered
in [21-24] at one loop, and BPS operators with more than two scalars were studied in [22].
In [25] the two-loop, three-point from factor was calculated using generalised unitarity
and, alternatively, from symbology [26], and a remarkable link to Higgs plus one-jet am-
plitudes in QCD [27] was unearthed, providing a new example of the principle of maximal
transcendentality, first observed in [28| for anomalous dimensions of composite operators.
The calculation of the Sudakov form factor was pushed to three loops in [29], where it
was also found that the result could be expressed in terms of a set of integral functions
that individually are uniformly transcendental, and more recently its four-loop integrand
was constructed in [30] using colour-kinematics duality [31]. In parallel there have been
studies of form factors at strong coupling using AdS/CFT duality and integrability, ini-
tially in [32] and more recently in [33] where insertions of multiple operators were also
considered.

As alluded to above, these studies revealed that much of the technology and mathe-
matical structures known from amplitudes also apply to form factors, e.g. recursion rela-
tions and unitarity, integrability and Y-systems, maximal transcendentality, symbology,
colour-kinematics duality. However, there are also marked differences, in particular the
appearance of non-planar integral topologies and the absence of dual conformal/Yangian
symmetry.

In this paper we find that the result for the two-loop Sudakov form factor in ABJM
has uniform degree of transcendentality and captures correctly the infrared divergences
of two-loop amplitudes. The slightly unusual observation is that it is expressed in terms
of single non-planar integral function with a very peculiar numerator. This is different
from the story in A/ = 4 SYM, where the two-loop form factor [20] is expressed in terms



of a planar and a non-planar integral function which both have trivial numerators and
are separately transcendental. The role of this special numerator is two-fold: it removes
unphysical infrared divergences linked to internal three-particle vertices, and at the same
time makes the result transcendental. We have investigated these issues for several planar
two-loop topologies with very similar findings, i.e. choosing the numerators in such a way
to remove unphysical infrared divergences makes these integral transcendental. These
planar topologies do not appear in the ABJM form factor but are ingredients of the form
factors in ABJ which is also transcendental.

There are some parallels with AN/ = 4 SYM, namely there exist certain superficially
dual-conformal integrands which upon integration lead to divergent results even with
external massive kinematics [34]. There, this phenomenon was observed only at higher
loops and it was shown that such integrals, which could potentially contribute to ampli-
tudes, actually have vanishing coefficient. Similar observations were made in the study
of two-loop amplitudes in ABJM [13], where important constraints on integral functions
were inferred from the condition of vanishing triple cuts involving three-particle (and five-
particle) amplitudes. It is the vanishing triple cuts, involving three-particle amplitudes,
that we identify to guarantee the absence of unphysical infrared divergences and of terms
which would spoil the uniform transcendentality of the result. Furthermore, these triple
cuts give powerful constraints and cross-checks on the (numerators of) integral functions.
This observation also points to more general questions in the study of amplitudes and form
factors in three and four dimensions: what is a good basis of integral functions? What are
the physical and practical criteria for the choice? What are the properties of this basis?
Some of the desirable features would be that the expansion coefficients are e-independent
(in the case of ABJM this requires tensor integrals instead of scalar integrals) and that
the integral functions individually are transcendental®, but it would clearly be interesting
to understand better the underlying physical and mathematical criteria for any potential
choice. The ABJ(M) form factors seem to provide an interesting playground to study
such issues.

The rest of the paper is organised as follows. After reviewing some general properties
of ABJM amplitudes in Section 2, we present in Section 3 the calculation of the non-planar
part of the one-loop four-point amplitude in this theory. The complete — planar plus non-
planar — integrand of the four-point amplitude is a key ingredient in the construction of
the Sudakov form factor, which is discussed in Section 4. There, we derive this quantity
firstly at one and then at two loops, using two- and three-particle cuts at the level of
the integrand. As mentioned earlier, the result is expressed in terms of a single non-
planar integral topology with a special numerator, whose properties we discuss in detail.
In particular, we consider certain three-vertex cuts, which put strong constraints on the
form of these numerators. We also compare our result to the known infrared divergences
of ABJM amplitude at two loops, finding complete agreement. Finally, in Section 5
we introduce three planar integral topologies which contribute to the ABJ form factor.
We discuss their properties and present their maximally transcendental result. Three
appendices contain details on half-BPS operators in ABJM, on the one-loop box function
in terms of which the four-point amplitude is expressed, and on the reduction to master
integrals of the integral topologies discussed in this paper.

1See [35] for a recent proposal in four dimensions.



2 Scattering amplitudes in ABJM theory

In the following we briefly review some key facts of ABJM theory, and in particular of
its tree amplitudes, which appear in the construction of loop amplitudes and form factors
using unitarity [36-39].2

2.1 Superamplitudes

Three-dimensional A/ = 6 Chern-Simons matter theory [1] (or, in short, ABJM) is a
quiver theory with gauge group Ui(N) x U_i(N), where k and —k are the Chern-Simons
levels of the gauge fields A, and Am respectively. The matter fields comprise four complex
scalars ¢* and four fermions /%, where A = 1,...,4 is a SU(4) R-symmetry index and

a = 1,2 is a spin index. The fields (¢*)% and (¢/)% transform in the bifundamental

representation (NN, N) of the gauge group, while (&A)g and (ﬁﬁ)i transform in the (N, N),
with4,j = 1,..., N. An interesting variant of ABJM is the so-called ABJ theory, i.e. N' =
6 Chern-Simons theory with gauge group Ui(N) x U_p(N’). In this case i = 1,..., N,
j=1,...,N'. Note that in the ABJ(M) theory the gauge fields are non-dynamical because
of the topological nature of the Chern-Simons action, and hence they cannot appear as
external states.

The momenta of the particles can be written efficiently in the three-dimensional spinor
helicity formalism as
Dag = Aag, (2.1)
where )\, are commuting spinors. The states of the ABJM theory can be packaged into
two Nair superfields [40,41],

D00 1) = 6" + 1 0a(N) + geasen™ P60 0) + easer a0, (22)
(A7) = 1;40\) + TIAGBA()\) + %CABCUAWBQZC()\) + %EABCUAUBUC(E4(>\) ) (2.3)

where 1, A = 1,2,3 are Grassmann coordinates parameterising an A' = 3 superspace.
The superfields ® and ® carry colour indices <I>% and ®%. Note that ® is bosonic while
® is fermionic. This description breaks the SU(4) R-symmetry of the theory down to a
manifest U(3).

Colour-ordered partial amplitudes were introduced in [42], and we denote them as
A(Py, @y, ..., ®,). An important feature of ABJ(M) is that any amplitude with an odd
number of particles vanishes, as a simple consequence of gauge invariance. Invariance un-
der translations and supersymmetry transformations ensures that amplitudes are propor-
tional to 6©) (P)§©)(Q), where Q4 and P, are the total momentum and supermomentum
of n particles, respectively:

Paﬁ = ;)\i,a)\i,ﬁ ) Qé = Zl)‘i,anzA' (24)

%In this paper we follow the conventions of Section 2 and Appendix A of [17] for the ABJM superam-
plitudes and the three-dimensional spinor helicity formalism, respectively.
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Figure 1: The one-loop box function in (2.7).

The first non-vanishing amplitude of the theory occurs at four points, and is the basic
building block of higher-point amplitudes. At tree level it is given by the following compact
expression [43],

09(Q)aP (P)

(12)(23)

As usual, component amplitudes can be obtained by extracting the coefficient of the ap-
propriate monomial in the 7; variables. For instance, in order to pick the component
amplitude A((f) A(D1), 04 (p2), da(ps), ¢A(p4)) we need to expand the fermionic delta func-
tion 6% (Q) and keep the term (17;)!(12)°(n3)3(4)3(13)(34)2.

(2.5)

The one-loop colour-ordered four-point superamplitude® was constructed in [11], and
is equal to?

AW(1,2,3,4) = iA(1,2,3,4) N1(1,2,3,4) , (2.6)
where s;; = (p; + p;)*. The one-loop integral (1,2, 3,4) is defined by

D 2
1(1,2.3.4) = /d ¢ s12Tx(Cpypy) + € Tr(p1pspa) (27)

i P2 02(0 — p1)2(0 — p1 — p2)?(L + pa)?’
with D = 3 — 2e. Note that Tr(abc) = 2€(a, b, ¢) = 2¢,,,,a"b"c".

Explicit evaluation of the right-hand side of (2.6) shows that A™M(1,2,3,4) is of O(e),
and hence vanishes in three dimensions [11]. This is consistent with the fact that all one-
loop amplitudes in ABJM can be expanded in terms of one-loop triangle functions [16],
as expected from dual conformal invariance. The vanishing of the four-point amplitude
then follows since one-mass (and two-mass) triangles vanish in three dimensions. Very
interestingly, the box function with the particular numerator in (2.7) is also dual conformal
invariant, as was demonstrated in [11] using a five-dimensional embedding formalism.
Furthermore, the expression for AM(1,2,3,4) given in (2.6) is correct to all orders in the
dimensional regularisation parameter €. In the following, the integrand of (2.7) will be a
crucial ingredient in applying unitarity at the integrand level.

3 Here, and in what follows, we use the normalisation 1/(i7”/2) per loop. In [11], the normalisation
: D
is 1/(2m)".

4We suppress the Chern-Simons level k, which will be reinstated at the end of our two-loop calculation.



Figure 2: The two possible colour orderings [1,2,3,4] and [1,4, 3, 2] appearing in the four-
point tree-level amplitude (2.10).

2.2 Colour ordering at tree level

As is well known from experience in N' = 4 SYM, starting from two loops, cuts of form
factors receive contributions from non-planar amplitudes which are as leading as those
arising from the planar amplitudes (see for example [44,25]). For our present purposes,
we will need the complete (planar and non-planar) one-loop amplitude in ABJM at four
points. We recall that complete tree amplitudes, denoted here by A, are given by [42, 7]

A1,2,...,n) = Z sgn(0) A0 (o(1),0(2),0(3),...,0(n)) [0(1),0(2),0(3),...,0(n)],
Pn

(2.8)
where P, := (S,/2 X Sp/2)/Cn/2 are permutations of n sites that only mix even (bosonic)
and odd (fermionic) particles among themselves, modulo cyclic permutations by two sites,
and the function sgn(co) is equal to —1 if ¢ involves an odd permutation of the odd
(fermionic) sites, and 41 otherwise. A®(1,2,3...,n) are colour-ordered tree amplitudes,
and we have also defined

[1,2,3,...,n] = 660262 gir. (2.9)
In the following we will just write [1, 2,--- ,n] without specifying if a particle is barred

(i.e. fermionic) or un-barred (bosonic), with the understanding that the first entry in the
bracket always represents a fermionic field.

As an example, we consider the complete four-point amplitude at tree level. It includes
the two colour structures [1,2,3,4] and [1,4,3,2] (see Figure 2) and is given by the
following expression:

AO(T,2,3.4) = AO(T,2, ,4)([1,2,3,4} - [1,4,3,2]) . (2.10)

We have also used that
AO(1,2,3,4) = AO(3,2,1,4), (2.11)

a fact that follows from (2.5).
2.3 Symmetry properties of amplitudes

It is useful to recall the following general relations for colour-ordered amplitudes [16]:

A(l)(iv 27 ?) e 7”) = (_>%_1 A(l)(gu 47 Ty L 2) ) (212>
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and
n(n—2)

AV1,2,3-- n) = (=) s HTAYA,n,n—1,n—-2,---,3,2) . (2.13)

We note that complete amplitudes should behave under exchange of any two particles as
the spin-statistics theorem requires. In particular we expect

AV(1,2,34) = — AD(3,2,1,4) , (2.14)

at any loop order. This requires this explains the presence of the crucial minus sign
between the two possible colour structures in (2.10).

3 The complete one-loop amplitude

3.1 Results

In this section we present our result for the complete four-point amplitude at one loop
in ABJM. As mentioned earlier, this amplitude will be needed in order to construct the
two-particle cuts of the two-loop form factor. The one-loop four-point amplitude is given
by the sum of a planar and non-planar contribution:

AN(L,2,3.4) = AV (1.2.3.4) + Ap(1.2.3.4) (3.1)
where
AP (1,2,3,4) =i N AO(1,2,3,4) 1(1,2,3,4) ([1,2,3,4) + [1,4,3,2)), (3.2)
and

AR (1,2,3,4) = — 20 A9(1,2,3,4) | (1(1,2,3,4) - 1(4,2,3,1) ) [1,2][3,4] s
Note that the double-trace structure [1, 2] is
[1,2] = 8267 . (3.4)

The complete one-loop amplitude can also be written in the following way,

>:z{1(1,2,3,4) [N([1,2,3,4] +11,4,3,2)) — 2[1,2][3,4] — 2[1,4][3,2]}

+9 [1(4, 2,3,1)[1,2][3,4] — I(1,3,4, 2)[1, 4][3, 2]} } (3.5)



3.2 Symmetry properties of the one-loop amplitude

Before discussing the derivation of (3.1), it is instructive to prove that A](Pl ) and Al(\h—l are
antisymmetric under the swap 1 <+ 3 (see (2.14)). In order to show this one needs to use
(2.11) and the following relations satisfied by the one-loop box (2.7):

I(a,be,d) = —I(be,d,a),  I(a,be,d)=—I(c,ba,d). (3.6)

These relations state that by cyclically shifting the labels of the external legs of the box
function (2.7) by one unit one picks a minus sign; and similarly if one swaps two non-
adjacent legs. Both relations are straightforward to prove using the definition (2.7) of the
box function. One then finds,

1(3727174)_1(4?271a3):](2?37471)_1(173a472) s
1(2,1,4,3) — 1(3,1,4,2) = [(1,2,3,4) — 1(4,2,3,1) . (3.7)

Using (3.7) we get

AR (1,2,3,4) = —AG(3,2,1,4) . (3.8)

Notice the presence of a minus sign between the two non-planar colour structure [1, 2][3, 4]
and [1,4][3, 2] appearing in the non-planar one-loop amplitude (3.3).

3.3 Derivation of the complete one-loop amplitude from cuts

We now briefly outline the strategy for the derivation of the complete one-loop amplitude
(3.1), which is very similar to that in N' = 4 SYM, see for example [45]. We consider
the two-particle cuts of the complete one-loop amplitude, which are obtained by merging
two tree-level amplitudes summed over all possible colour structures and internal particle
species. We will see that each cut can be re-expressed in terms of cuts of sums of box
functions (2.7). The sum over internal species is (partially) performed via an integration
over the Grassmann variables 7,, and 7, associated to the cut momenta. If one of the
particles crossing is bosonic and the other is fermionic we also have to add to this the
same expression with ¢; <> f5 — this is necessary only for the s- and t-cuts. For instance,
the s-cut integrand of the one-loop amplitude is®

AN,2,3,4)|sccus = %/d?’mld?’% AOT, 2, 05, —1) x AO(3,4,01,05) + {1 > {5
(3.9)

SFor convenience we include here a factor of % in the definition of the (symmetrised) cuts. In practice
it means that we take the average of the two contributions in the s- and ¢-cuts, and multiply the u-cut
with a symmetry factor as two identical (super)particles cross the cut.



The one-loop amplitude has cuts in the s-, t- and u-channels, for which we find the
following integrands:

A(l)(1a273>4)|5—cut - %A(O)(L2>374) Cs 3121(1>2a3>4)|5—cut )

i(1.2.3 L A0(1.2.3
"4 (172’3’4)|t—CUt 5*’4 (1a27374) Cy 823](1a273a4)|t—cut ’
A(l)(ia2>g>4)|u—cut %A(O)(L27374) Cu3131(371a274)|u—cut ) (310)

where the colour factors cq, ¢, ¢, are

N[1,2,3,4] + N[1,4,3,2] — 2[1,2][3,4],
N[1,2,3,4] + N[1,4,3,2] — 2[1,4][3,2]
2[1,2][3,4] — 2[1,4][3,2], (3.11)

Cs
Cy
Cy

and we recall that by A©)(1,2,3,4) we denote the colour-ordered four-point amplitude.
Furthermore, we indicate by Su1(a, b, ¢, d)|s,,—cut, the sqp-cut of the one-loop box function
I(a,b,c,d) in (2.7), symmetrised in the cut loop momenta ¢; and ¢y, which are defined
such that ¢ + o = p, + ps,

sTr(¢1p1pa)
(61 = p1)*(6r + pa)
(—t)Tr(l1p1p2)
(61 = p1)*(6 + p2)
uTr(lopsps)
(€2 — p3)?(l2 + pa)

812[(1a 27 3) 4)|8—Cut = P + gl <~ EQ )

Sa31(1,2,3,4)|t—cur = >+l by,

813](37 17 27 4>|u—cut =

S+l o L. (3.12)

We should stress here that despite the simplified notation the cut momenta ¢; and ¢y are
different for the three distinct channels under considerations. For instance, £1+/05 = p1+po
for the s-cut, while 1+ = pa+p3 in the t-cut and ¢+ = p;+p3 in the u-cut. Recall that
the symmetrisation in the cut momenta in the s- and ¢-channel coefficients originates from
summing over all possible particle species that can propagate on the cut legs, while in the
u cut there is a single configuration allowed, and the result turns out to be automatically
symmetric in ¢, and /5.

Next we merge the cuts into box functions. For the planar structures [1,2,3, 4] and
[1,4, 3, 2] this is immediate as the only function consistent with the s- and ¢-cuts in (3.10)
and vanishing u-cut is 1(1,2,3,4). Hence, the corresponding planar amplitude is

i A9(1,2,3,4) N([1,2,3,4] +[1,4,3,2]) I(1,2,3,4) , (3.13)

thus arriving at the expression (3.2) for the planar part of the full one-loop amplitude.®
For the non-planar terms [1, 2][3, 4] and [1, 4][3, 2] we need to use the results of Appendix
B.2 and in particular (B.13), which we reproduce here,

Sabl(a'> ba ¢, d) |sab—cut = Sabl(a'> ba d> C) |sab—cut . (314)

6Note that at the level of the integral we can simply replace S121(1,2,3,4) by 21(1,2,3,4).



Firstly, we note that an immediate consequence of this result is that
8231(2, 3, 4, 1)|t—cut - 823[(2, 3, 1, 4)|t—cut - 0 5 (315)

in other words the combination 7(2,3,4,1)—1(2,3,1,4), symmetrised in the loop momenta
{1 and (5, with ¢1+/05 = ps+p3, has a vanishing ¢-channel cut as expected for the coefficient
of the [1,2][3, 4] colour structure (see (3.11)). For the same combination we find, using
1(2,3,4,1) = —1(1,2,3,4), the symmetrised s-cut

—S121(1,2,3,4)|s—cut (3.16)
and similarly, for the symmetrised u-cut we obtain
813[(3a ]-7 47 2)|u—cut = 8131(37 17 27 4)|u—cut ) (317)

where we have used 1(2,3,1,4) = —1(3,1,4,2) and (B.13), which allows us to swap the
last two legs on the symmetrised u-cut. Comparing with (3.10) and (3.11) we can uniquely
fix the coefficient of the non-planar structure [1,2][3, 4]:

2i A0(1,2,3,4) [1,2][3,4] [1(2,3,4,1) - 1(2,3,1,4)] , (3.18)
or, using the first relation of (3.6),
— 20 A9(1,2,3,4) [1,2][3,4] [1(1,2,3,4) - 1(4,2,3,1)} . (3.19)

One can proceed similarly for the coefficient of the other non-planar structure [1, 4][3, 2],
arriving at the result quoted earlier in (3.3). Note that in that result we use the freedom
to rename loop momenta in order to eliminate the various symmetrisations introduced by
the operation S, above.

4 The Sudakov form factor at one and two loops

We now move on to the form factors of gauge-invariant, single-trace scalar operators
O =Tr (6" ¢p, 0" ¢p, ... 0" d5,) Xﬁijjjiﬁ : (4.1)
where A and B are indices of the 4 and 4 representation of the R-symmetry group SU(4).

The operators (4.1) are half BPS if x is a symmetric traceless tensor in all the A; and B;
indices separately (see for example [5,6]). For L = 2, the relevant operator is”

O4p =Tr (¢A¢B — (S%BM@) . (4.2)
In the rest of the paper we will focus on the Sudakov form factor
(B2 () (62 (02) Te(B46Y) O)]0) = [1,2] F(g?) . (4.3)
where ¢ := p; + pe and A # 4, and we recall that [1,2] := 5% 5:2. At tree level,

FO@2) = 1. (4.4)

We will now derive this quantity at one and two loops.

"More details on half-BPS operators, as well as conventions are discussed in Appendix A.
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'l da(p1)

Figure 3: The ¢* cut of the Sudakov form factor. Note that the amplitude on the right-hand
side of the cut is summed over all possible colour orderings.

4.1 One-loop form factor in ABJM

At one loop it is possible to determine the integrand of the form factor from a single
unitarity cut in the ¢? channel. As shown in Figure 3, on one side of the cut there is the
Sudakov form factor and on the other side the complete four-point amplitude, both at
tree level. The colour-ordered tree amplitude is given in (2.5). Let us work out the colour
factor first. It is given by

-fQ — 0 5?257.215-2) = (N' = N)§1s2 . (4.5)

1
19 12 Uy 1 ? 2 1 "1 1 12 U1

51251 (51162 5115
1 f2 Lo

Obviously, the one-loop form factor vanishes identically in ABJM theory, because in this
case N' = N.

We now consider the kinematic part. Since the operator is built solely out of scalars,
only the four-point scalar amplitude can appear in the cut. To match the particles of the
tree amplitude in Figure 3, we pick the (1) (ne,)?(1¢,)%(12)° component from the §°(Q)
to write the ¢ cut of the one-loop form factor as:

(6)
OOy, 00 _ (66 (n)  (12)(06) _ Tr(hpips) (4.6)
(12)(241) (12)(24) (241) 2001 -p2) '
which can be immediately lifted to a full integral as it is the only possible cut of the form
factor. Thus we get,

dPe, Tr(€1p1p2)
im P2 03 (0 — p2)?(by — p1 — pa)?

The integral in (4.7) is a linear triangle and is of O(¢). Hence, we conclude that the one-
loop Sudakov form factor in ABJ theory vanishes in strictly three dimensions. Moreover,
the three-dimensional integrand vanishes in ABJM theory but is non-vanishing for N # N’
and can (and does) participate in unitarity cuts at two loops in ABJ theory. Note, that the
vanishing of the one-loop form factors in ABJ(M) is consistent with the infrared finiteness
of one-loop amplitudes in ABJ(M).

FO(g) = (N — N) / (4.7)

4.2 Two-loop form factor in ABJM

Next, we come to the computation of the two-loop Sudakov form factor. In order to
construct an ansatz for its integrand we will make use of two-particle cuts, and fix potential
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remaining ambiguities with various three-particle cuts described in detail in Sections 4.2.2
and 4.2.3.

Three-particle cuts are very useful because they receive contributions from planar as
well as non-planar integral functions at the same time, and thus are particularly con-
straining. A special feature of ABJM theory is that all amplitudes with an odd number
of external particles vanish and, as a consequence, all cuts involving such amplitudes are
identically zero [13]. In our case this observation will be important for triple cuts, where
three- and five-particle amplitudes would appear.

A particular type of such cuts, first considered in [13] in the context of loop amplitudes
in ABJM, involves three adjacent cut loop momenta meeting at a three-point vertex. The
vanishing of these cuts imposes strong constraints on the form of the loop integrands.
We will discuss and exploit this later in this section, where we will also make the intrigu-
ing observation that integral functions with numerators satisfying such constraints are
transcendental and free of certain unwanted infrared divergences.

4.2.1 Two-particle cuts

We begin by considering the cut shown in Figure 4, which contains a tree-level Sudakov
form factor merged with the integrand of the complete one-loop, four-point amplitude.
The internal particle assignment is fixed and is determined by the particular operator we
consider. The integrand of this cut is schematically given by

F(O)(@,fl)[«gz,fﬂ /I(l) (Q;A(pl),¢4(l92),¢_54(—51),¢A(—€2)) ) (4-8)

where we picked the relevant component amplitude of the complete one-loop amplitude
AW given in (3.1), and we recall that the colour factor [a, b] is defined in (3.4).

We begin by working out the colour structures that will appear in the result. Firstly
we consider the planar amplitude (3.2) and combine it with the part of the non-planar
amplitude (3.3) containing I(1,2, —¢;, —¢5). Intriguingly, by contracting this with the
tree-level form factor (given in (4.3) and (4.4)) we obtain a vanishing result:

<N([1,2,£1,£2] + 16, 00,2]) — 2[1,2][61,62]>[£2,£1] ~ 0. (4.9)

We now consider the remaining contributions arising from the non-planar one-loop am-
plitude (3.3). There are two possible colour contractions to consider,

p = 2[1,2][01, bo][s, 1] = 2N?[1,2] (4.10)
and
cop = 2[00, 2)[1, ][6e, 0] = 21[1,2] . (4.11)

Note that (4.11) is subleading in the large N limit, and can be discarded in the large- N
limit. Moreover, the corresponding coefficient actually vanishes which implies that the
two-loop form factor does not have non-planar corrections.

We now need to determine the coefficient of cl(\}l),. On the two-particle cut (3 = (3 =0
its integrand is given by the appropriate component tree-level amplitude (4.6) times a
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Figure 4: Tree-level form factor glued to the complete one-loop amplitude.

particular box integral (3.3):

(12)(14,)

(NP) _ 1
¢ 2 (2t)

1 ‘s—cut L

](—62,2,—61,1) +£1 < 62 . (412)

Recall that we have to symmetrise in order to include all particle species in the sum over
intermediate on-shell states. Since I(—/s,2, —¢1, 1) is antisymmetric under ¢; <> (5 the

complete cut-integrand can be written as®
(NP) 1 (12)(147) B (12)(14s) B B
Cyo seut = 5 ( o0 20y I(—05,2,—04,1) (4.13)
1 / aPe, @*[Tr (pip2tals) — ¢* 3]
2 ’i?TD/2 €§ (61 — 63)2(])1 — 63)2(63 - 61 +p2)2

Summarising, the two-particle cut indicates that the two-loop form factor is expressed in
terms of a single crossed triangle with a particular numerator, represented in Figure 5,

XT(g) — /dDeldeg ¢*[Tr (pip2tals) — ¢°3] (4.14)
(imP/2)2 2365 (0 — L3)2(p1 — €3)* (63 — b1 + p2)? .
so that ]
c\NP) = —5XT(). (4.15)

For future convenience we will define

2T 0103) — q* 0>
S p—— q [ 1"(];1]92 103) _ q 3] . (4.16)
R 0505 (6 — £3)%(p1 — l3)2 (s — {1 + p2)

The result of the evaluation of XT(¢?) is quoted in (4.25) and shows that this quantity
has maximal degree of transcendentality. Before evaluating X'T(¢?), we use triple cuts in
order to confirm the correctness of the ansatz obtained from two-particle cuts.

8Similarly as done earlier for the complete one-loop amplitude, we include a factor of 1/2 in the
symmetrisation.
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Figure 5: The crossed triangle integral arising from gluing a tree form factor with the
complete one-loop four-point amplitude. The arrow in the middle denotes the location
where the momentum q = py + py is injected. We call these integrals “crossed triangles”
because they have the topology of the master integral (C.4). Note however that the latter
integral is non-transcendental, while the particular numerator in (4.14) makes this integral
transcendental.

4.2.2 Three-vertex cuts

To confirm the uplift of the two-particle cut to the integral (4.14), we will study addi-
tional cuts. We begin by considering three-point vertex cuts involving three adjacent legs
meeting at a three-point vertex. These cuts were first examined in [13|, where it was
observed that they must vanish since there are no three-particle amplitudes in ABJM
theory. Calling k;, ks and k3 the momenta meeting at the vertex, we have

ki + ko + ks =0, k2 =ki=ki=0. (4.17)

The conditions (4.17) imply that all spinors associated to these momenta are proportional,
thus
<l{31 ]{52> - <]€2 ]{53> == <]€3 ]{71> == O . (418)

As an example consider the three-point vertex cut of XT(¢?) with momenta ¢y, £, and
lg := Uy — U4 (see Figure 5 for the labelling of the momenta). Importantly, the form factor
is expected to vanish as the three momenta belonging to a three-point vertex become null.
By rewriting the numerator of (4.14) using only cut momenta, it is immediately seen that
it vanishes, since

Tr[pipa(pr — L) (01 — )| — ¢ (01 — L6)* = —Tr[pipa(pr — €2)ls] — ¢*(p1 — Cs)?
= —Tr(pipapils) +4(p1 - p2)(p1-ls) = 0, (4.19)

where we have used (l30g) = 0 to set Tr(pipalals) = 0. It is easy to see that all other
three-vertex cuts of the integral (4.14) vanish in a similar fashion because of the particular
form of its numerator.

Important consequences of these specific properties of the numerator of the integral
function (4.14) are that the result is transcendental as we will show below and is free of
unphysical infrared divergences related to internal three-point vertices. These divergences
appear generically in three-dimensional two-loop integrals with internal three-vertices even
if the external kinematics is massive (unlike in four dimensions) and it appears that master
integrals with appropriate numerators to cancel these peculiar infrared divergences are a
preferred basis for amplitudes and form factors in ABJM. Related discussions in the
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context of ABJM amplitudes have appeared in [13,46]. Note that for form factors we do
not have dual conformal symmetry, which gives further constraints on the structure of
the numerators of integral functions appearing in amplitudes.

4.2.3 Three-particle cuts

‘ ¢ (p2)
‘@8 -
¢
‘ 4

(p1)

Figure 6: The (vanishing) three-particle cut of the two-loop Sudakov form factor.

The remaining cut we will study is a triple cut of the type illustrated in Figure 6. These
cuts may potentially detect additional integral functions which have no two-particle cuts
at all, and are thus very important. Moreover, such cuts are sensitive to both planar and
non-planar topologies. In this triple cut, a tree-level amplitude is connected to a tree-level
form factor by three cut propagators. Due to the vanishing of amplitudes with an odd
number of external legs in the ABJM theory, the triple cut in question vanishes. We will
now check that the triple cut of the two-loop crossed triangle XT of (4.14), which we
have detected using two-particle cuts, is indeed equal to zero.

To this end, we note that there are two possible ways to perform a triple-cut on XT,
shown in Figures 7a and 7b. The cut loop momenta are called ¢, /5 and /3 and satisfy

€2+£5+£3:p1+p2, £§:£§:€§:O (420)

We observe that these two cuts cannot be converted into one another by a simple rela-
belling of the cut momenta because of the non-trivial numerators. The A-cut depicted in
Figure 7a of the non-planar integrand is:

12)
XT =—¢ < : 4.21
‘3—p cut A q (03 05) (€5 2) (1 03) (4.21)
After a similar calculation, the B-cut of this integral, depicted in Figure 7b, turns out
to be identical to the A-cut:

2 (12)
XT e = XTlay i n =~ a7 2
A quick way to establish the vanishing of the triple cuts consists in symmetrising in the
particle momenta p; and ps, which is allowed since the Sudakov form factor is a function
of ¢?. This symmetrisation gives
(12 1 _ q (4.23)
(l365) [((:2)(1L3)  (€51)(245) (1]6512) (1165]2) - '
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(a) The A-cut. (b) The B-cut.

Figure 7: The two triple cuts of the crossed triangle, with {5 + €5 + {5 = q. In the second
figure we have relabelled the loop momenta in order to merge the two contributions.

This expression is symmetric in /5 and /3. In evaluating the triple cut one has to introduce
a jabobian proportional to €(fs, (3, ¢5) [13| which effectively makes this triple cut vanish
upon integration. This implies that the complete answer for the two-loop form factor in
ABJM is proportional XT(¢?) and no additional integral functions have to be introduced.

4.2.4 Results and comparison to the two-loop amplitudes

Combining the information from the unitarity cuts discussed above, we conclude that the
two-loop Sudakov form factor in ABJM is given by a single non-planar integral

P’y = 2 (V) (-3) x1@). (120

where XT(q?) is defined in (4.14) and we have reintroduced the dependence on the Chern-
Simons level k. The integral XT(¢?) can be computed by reduction to master integrals
using integration by parts identities. The details of the reductions are provided in Ap-
pendix C. The expansion of the result in the dimensional regularisation parameter ¢ can
then be found using the expressions for the the master integrals (C.1)-(C.4). Plugging
these masters into the reduction (C.5), we arrive at

e 21 log 2
q ) {WJr?Tg

2 3
M2 5 — 4rlog?2 — % +0(e)], (4.25)

XT(q") = (

where g is the Euler-Mascheroni constant. One comment is in order here. We have
derived (4.25) in a normalisation where the the loop integration measure is written as
dP1/(iwP/?). This should be converted to the standard one d”l/(27)P. At two loops,
this implies that (4.25) has to be multiplied by a factor of —1/(47)”. The result in the

standard normalisation is then

1 N\° —q*eE [r 2 log 2 273
fABJM(qz) = - (471‘)3 (%) (W) |:6—2 + c — 47 log2 2 — ? + O(E)}
(4.26)

We note that F(¢?) can be expressed more compactly by introducing a new scale

12

W= 8me E 2 (4.27)
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in terms of which we get

1 N 22\ 1 27’(‘2
Fas(q®) = 12 (—) < ?2) [—6—2 + 6log”2 + 5 + O(e)| , (4.28)

which is our final result.

We now discuss two consistency checks that confirm the correctness of (4.28). Firstly,
we recall that the Sudakov form factor captures the infrared divergences of scattering am-
plitudes. We now check that (4.28) matches the infrared poles of the four-point amplitude
evaluated in [11,12]. Here we quote its expression as given in [12]:

2\ —92¢ 12\ —2¢
@) 1o [(=s/u7) (=t/u") L2 (=8 2
- - %)~ 4G — 310g22
Ay 167?2“44 42 + 4€2 9 %8 t G2~ 3log ’
(4.29)

where p' is related to p in the same way as in (4.27). Hence, the Sudakov form factor
(4.28) is in perfect agreement with the form of the infrared divergences of (4.29). Secondly,
we have also checked that the expansion of our result in terms of master integrals (i.e. the
expansion of the two-loop non-planar triangle X'T defined in (4.14)) is identical to that
obtained from the Feynman diagram based result of [47]. This implies that the cut-based
calculation of this paper and the Feynman diagram calculation of [47] agree to all orders
in € — even though we have been using cuts in strictly three dimensions.

5 Maximally transcendental integrals in 3d

As discussed in section 4.2.2, the integrand xt that appears in the Sudakov form factor
in ABJM has a particular numerator such that all the cuts which isolate a three-point
vertex vanish. We have observed in this example that this property ensures that the
integral XT has a uniform (and maximal) degree of transcendentality — failure to obey
the triple-cut condition, for instance by altering the form of the numerator, would result
in the appearance of new terms with lower degree of transcendentality. In this section we
present further integrals that vanish in these three-particle cuts and have maximal degree
of transcendentality. These integrals are expected to appear in the form factor of ABJ
theory where cancellations between colour factors such as that in (4.9), do not occur.

We begin by considering the following planar integral function:

LT(¢*) = /dDgldDgg —¢* [Tr(p1 3 p2 1) — (6 — p1)*(6s — p2)’]
(iWD/2)2 g% (Pl +p2 — 61)2 @ (Pl +p2 — 53)2(51 — 53)2(53 - p2)2

(5.1)

—g%ere\ T log 2 5
[~ 7 7log 5 s
—( e ) {—P— ; + 27 log 2—?+O(e) ,

which is shown in Figure 8a. It is easy to see that the three vertex cut {¢1, (3, (5} vanishes,
since on this cut the numerator can be placed in the form

(0 1) (63 2)(12) (L5 0,) | (5.2)

after using a Schouten identity. (5.2) vanishes because (¢3¢;) = 0 on this cut.
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4 s

a \
P2 D1 P2 D1 P2
(a) The LT topology (b) The CT topology (c) The FAN topology

Figure 8: The three maximally transcendental integrals considered in (5.1), (5.6) and
(5.7).

A further property of (5.1) emerges when we consider particular triple cuts involving
two adjacent massless legs, which in three dimensions are associated with soft gluon
exchange [13]. With reference to Figure 8a, we cut the three momenta /3, ¢g and ¢4. The
cut conditions /2 = (2 = (% = 0 together with the masslessness of p; and p, can only be
satisfied if /5 becomes soft, that is

EG—)O, €4 — D1, €3—>p2. (53)

In this limit, the second term of (5.1) vanishes since 5 — ps = g — 0. The first term
becomes

o Tr(py £z py (1) 5 (2[61]1)
—————" = —q ,
86(537]917]92) 4<12>

(5.4)
where 8¢(l3, p1, p2) is the Jacobian.® After restoring the remaining propagators we are left
with

2€(€1>P1>P2)
, 5.5
B - o) (g— O (5:5)

which reproduces the one-loop integrand of the one-loop form factor, given earlier in (4.7).

Other examples of integrals with different topologies that satisfy the three-particle cut
condition are depicted in Figures 8b and 8c. The definitions of the integrals as well as

9This Jacobian arises from re-writing the d-functions of the cut momenta, £3 = ¢3 = (2 = 0, in terms
of p1,p2 and /.
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their values are listed below:

dDgldD£3 Tl'(pl P2 63 61)
CT 2 _ / : ) ’ ’ 56
(@)= | Grm Bt im0 B (6 — 6 (G~ pa)? (56)
_2erE\ "€ 73
_ [ —T¢c T
(7)) | o).
dPe,dPe Tr(p1, p2, l3, 1)
FANQ:/,13 5.7
(q ) (“TD/2)2 5% g% (P1 +py— b — 53)2 (51 - p1)2 (53 - p2)2 ( )

_2erE\ "€ 73
q‘e T b
= —+—+0 )
(5) e gron
Note that the e expansion of (5.6) and (5.7) agree up to O(1). It is simple to show that
these integrals satisfy the properties discussed earlier, for example by setting {¢1, (3, {5}

on shell in CT and {¢1,p1,¢5} in FAN and similarly for all other possible three-vertex
cuts.

The reductions of the integrals considered in this section in terms of scalar master
integrals through IBP identities can be found in Appendix C.
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A Half-BPS operators

In this appendix we briefly recall how half-BPS operators are introduced in ABJM theory.
Consider the variation of operators of the form Tr (¢I 10) J) with I # J. Setting for example
I =1 and J = 4, this expands to

OTr (¢'da) = Tr (8¢ Pa + ¢*5¢4) . (A.1)
Following [48], we use the transformations:

st = 1wy, (A.2)
5¢r = ivlwry. (A.3)
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The wy;’s are given in terms of the (2+ 1)-dimensional Majorana spinors, ¢; (i =1,...,6)
which are the supersymmetry generators:

Wrg = ei(Fi)U, (A4)
wll = ¢ ((Fi)*)U, (A.5)

that are antisymmetric in I, J. The 4 x 4 matrices I'* are given by:

IM=0y®1,, IM'=-0,®o0,, (A.6)
Fzz—’i0'2®0'3, F5:O'3®O'2, (A?)
Fg == iUQ X g1, FG = —112 & 09, (AS)

and satisfy the following relations,

{r', 71} =20, (I"),, =—(T"),, . (A.9)
1 i 1T NN
§€UKLFKL = — ()" =(T))", (A.10)
leading to
@)= (i) )e s WM = e b (A1)

Explicitly, wrs is given by the following matrix:

0 —1€5 — €g —1€] — €y €3+ i€y
O i LT L R D PR
—€3 — 164 161 — €9  —l€5 + €5 0
The term ¢'0¢4 yields
9'00s = ¢' [~ (€3 + ies) + iU (€1 + i€x) — it)® (€5 + i€g) + 0] . (A.13)

Therefore, requiring ¢'d¢, = 0 the conditions are:

€ + iEg = 0 s
€3 + i€4 = 0 s (A14)
€5 + i€6 =0 y

which relate half of the generators with the other half by constraining the components
Wyeg = 0.

Note that because of the relations (A.11) which set components of the form wyy, to zero,
the entries w!’ with I, J € (1,2, 3) automatically vanish implying that ¢! =0 < I €
(1,2,3). This procedure may be iterated to show that generally the operators Tr (ngfgb‘] )
for I # J are indeed half-BPS. In the present work the operators under consideration are
of the type

O =T (¢"¢4), (A.15)

where A # 4.
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B Properties of the box integral

glt 162

Uy
4 3

Figure 9: Four-point one-loop bozx.

The box integral function (2.7) was constructed and used in [11], and has several inter-
esting properties that have been exploited in the present work. This section presents and
proves (some of) these properties.

B.1 Rotation by 90°

The first property we wish to discuss is what could be called a 7/2 rotation symmetry.
Focusing on the numerator of the box integrand,

N = sTr(tipips) + €5 Tr(pipapa), (B.1)

we can eliminate ¢; in favour of /3 and arrange to have only the external legs po, p3, p1
appear in the numerator. Using momentum conservation, we can re-write N as

N = (=t —u) Tr (({3+ 1)p1(—=p1 — p2 — p3)) + (ls + p1) Tr (p1p2(—p1 — p2 — p3)) (B.2)

= — [t Tr(spapr) + €3 Tr(papspa)] + R,
where
R = 5 Tr(lspsp) — uTr(Cspapr) — 2(Cs - pr) Te(papsps) (B.3)

In three dimensions the loop momentum /3 can be expressed as a function of the external
momenta pi, pa2, P3 as

U3 = apy + Bp2 + Vps, (B.4)

where «, 8,7 are arbitrary coefficients. When this identity is used in the expression for
R, we find that R vanishes identically zero in three dimensions. Hence

s Tr(6yp1ps) + 03 Tr(pipaps) = —t (Tr(fspzpl) + 03 Tr(p2p3p4)> : (B.5)

It is also interesting to write down explicitly the s- and ¢-cut of the one-loop box. Starting
from the expression of the box integral

1(1,2,3,4) = /dDE N (B.6)
T JamP2 2(0— pi)2(C— pr — p2)? (€ + pa)?’ .

21




with N given in (B.1), we first consider the s-cut of this function. This gives

I(L 2a 37 4)|S—cut = ° Tr(51€1p4) ) (B7)
344
which upon using ¢35 = ¢; — p; and ¢4 = —(¢; + p4) becomes
s(41)
1(1,2,3,4) |sccut = 77— - B.8
123 Bleen = Ty ()
Similarly the t-channel expression of the full integrand is
2
1(1,2,3,4) = t Tr(C3pap1) + 03 Tr(papsp1) ‘ (B.9)

QGGG
The t-cut of I(1, 2, 3,4) is immediately written using the three-dimensional identity (B.5),

t Tr(¢3papr)

I(1>2a3>4)|t—cut = — 2 2 (B]_O)
05 6
__ t(12)
(1€3)(€52)
Finally, if we re-introduce the tree-level amplitude prefactor A©)(1,2,3,4) = 1/({12)(23)),
we can write down the two cuts of the one-loop amplitude,
o 34)
AO(T,2.3.4) % I(1,2,3,4)|oog = — 30 B.11
(1,2,3.4) X (1,23, oo = ~ T (B11)
AO(T,2.3.4) x 1(1,2,3,4) o = —22_ (B.12)
5 Ly Iy ) Ly Dy cu <1€3><€32>

B.2 An identity for the s-channel cuts of 1(1,2,3,4) and I(1, 2,4, 3)

Here we discuss an intriguing property of the three-dimensional cuts of 1(1,2,3,4). We
consider the s-channel cut of this function and symmetrise it in the cut loop momenta ¢,
and (5, where {1 + {5 = p; + ps. The result we wish to show is that the symmmetrised
three-dimensional cuts of 1(1,2,3,4) and I(1,2,4,3) are in fact identical:

1(1727374)‘s—cut + 61 <—>€2 = 1(1727473)‘s—cut + 61 <—>€2 . (Blg)

In order to do so, we use (B.8) to write

1(1,2,3,4) e + 01 ¢ b = s(41) (<4‘€11|1> + <4|£12‘1>) (B.14)

_ (461 + £o[1)
= st <<4wl|1><4|e2\1>)
s (41)(4]2]1)
UAREDE
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where in the last step momentum conservation was used. Again using (B.8) this time for
the s-cut of I(1,2,4,3) one can write,

o s(31)
I<172747 3)‘s—cut - ma (B15)
and hence
_ (3|1 + £5|1)
0,248 + 0 2= 5080 s ) (210
IRNCITGIE
(3161]1)(3[€2[1)
Next we compare (B.14) to (B.16):
I(1>2a374)|s—cut 41><4|2|1> <3|€1|1><3|€2|1> (Bl?)

1(1727473)|s—cut 31><3|2|1> <4|€1|1><4|€2|1>

|
(

_{1412) (4]3)60)
(

=1

1]3[2) (€1]4]¢2)

)

thus proving (B.13).

C Details on the evaluation of integrals

The integral in our result (4.24) can be reduced to a set of four scalar, single-scale, master

integrals using integration by parts identities and the FIRE package [49] for Mathematica.In
this appendix we present the details of this reduction as well as the values of these master

integrals.

C.1 Two-loop master integrals in three dimensions

The master integrals that appear at two loops, in particular in our result appear in the
reduction of our result (4.24), are given in D = 3 — 2¢ dimensions by the following
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expressions:

SUNSET(¢?) = @ _— <_u—q22) T (1% (_361332)(26) (C.1)

TRI(¢*) = @ — (=) (‘f) T (3 —e) T(=20)T (2 +€)I'(2+2¢)

e(1+2€)°T (3 — 3¢)
(C.2)

cassie) =) = (G5) TUZITEE oy
TrianX (¢?) = << () (‘M—q) {%M (C.4)

2
- g (81 + 47> + 6log2 (41og2 — 9)) + %(—7?2(7+4010g2)

+8(69 + 61log 2 + 21og® 2(8log 2 — 27) — 113g3))e + 0(6)] :

where we use the conventions of [50] for the integration measure. The first three of these
integrals are planar and their expressions in all orders in € can be easily obtained by first
computing their Mellin-Barnes representations most conveniently using the AMBRE pack-
age [51] and then performing the Mellin-Barnes integrations using the MB tools, in par-
ticular MB.m [50] and barnesroutines.m by David Kosower. The expansion around € = (
of the TRI and GLASS topologies has uniform degree of transcendentality, while this is
not the case for the SUNSET and TrianX topologies.

C.2 Reduction to master integrals

Here we present the reductions of the integral (4.14) that appears in our result (4.24) in
terms of the master integrals (C.1)—(C.4) of the previous section:

7(D — 3)(3D — 10)(3D — 8)

XT(¢%) = 2D 12D _7) SUNSET(¢?) (C.5)
) g O TRIG) + () TrianX().

Note that the GLASS topology does not appear in XT(¢?). Two other integrals we have
considered are:

LT(4?) = SD__?’? SUNSET(¢?) + ¢* (GLASS(¢*) — TRI(¢%)) , (C.6)
CT(¢) = FAN() = (i _ g) SUNSET(g?) . (.7)
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