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Abstract

In this paper, we introduce two inertial self-adaptive projection and contraction methods for
solving the pseudomonotone variational inequality problem with a Lipschitz-continuous mapping
in real Hilbert spaces. The adaptive stepsizes provided by the algorithms are simple to update and
their computations are more efficient and flexible. Also we prove some weak and strong conver-
gence theorems without prior knowledge of the Lipschitz constant of the mapping. Finally, we

present some numerical experiments to demonstrate the effectiveness of the proposed algorithms
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by comparisons with related methods and some applications of the proposed algorithms to the

image deblurring problem.
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1 Introduction

Let H be a real Hilbert space with the inner product (-,-) and the norm || - ||. Let C be a nonempty
closed and convex subset of H and A : H — H be a continuous mapping.

The variational inequality problem (shortly, VIP) is defined as follows:

Find z€C suchthat (Az,y—x) >0, VyeC. (1.1)

We denote the solution set of the VIP (1.1) by VI(C,A). Several important applications of the
VIP (1.1) have been discussed in, for instance, [2,4, 12,22-24,28]. It is well known that a point z is
a solution of the VIP (1.1) if and only if z solves the fixed point equation:

7= Pc(Z— AAZ), YA >0,

where Fc is the projection operator from H onto C. One of the earliest projection methods for solving
VIP is the extragradient method (EGM) introduced independently by Antipin [3] and Korpelevich
[25] as follows:

Vn = Po(x, — AAxy),

Xn+1 = Pc(xn — lAyn),

where A : H — H is monotone and L-Lipschitz continuous and suitable stepsize A € (0, 7). It was
proved that the EGM converges weakly to a solution of VIP in finite dimensional spaces. However,
the EGM requires two projections onto the feasible set C which can be computationally costly if A is

not simple.

A question of interest in projection-type algorithms is how to reduce the number of projections in

the algorithm. This has led to many modifications and improvements of the EGM by many authors.
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In particular, Censor et al. [7] introduced the subgradient extragradient method (SEGM) for
solving the VIP with a monotone and L-Lipschitz continuous mapping. The algorithm is described

as follows:

n:P n_)LA n)s
yn = Felx ) (1.2)

Xnt1 = Pr, (xp — AAy,),
where
T, :={x € H: (X, — AAxy — Yn,x —yn) < 0}.

The authors proved that SEM converges weakly to a solution of the VIP provided the stepsize
Ae (O, %) . Note that the 7, in (1.2) is a half-space and Pr, can be easily calculated using the closed

form formula.

Also, Tseng [38] introduced the following single projection method for solving the VIP. This
method is known as the Tseng extragradient method (TEGM), which is described as follows:

n:P n_;LAn;
yn = Pl = A4%,) (13)

Xnt1 = Yn — A(Ayn — Axy).

It was proved that TEGM converges weakly to a solution of the VIP if the stepsize satisfies
YIS (07 %) . Note that the TEGM is more efficient than the EGM and its modifications due to its

single projection onto the feasible set C per each iteration.

Another method based on the single projection onto C for solving the monotone VIP is the
projection and contraction method (PCM) introduced by He [14] (see also Sun [33]). The algorithm

is stated as follows:

n:P n_lnA njs
yn = Felx n) (14)

Xn4+1 = Xp — yrlndna

where y € (0,2), A, € (0,1) and

<xn _)’nadn>

TEATE. dy = Xp — Yn — M (Ax, — Ayyp). (1.5)

Nn =

They proved that PCM converges weakly to a solution of the VIP under appropriate assumptions.
Recently, PCM for solving VIP has received great attention from many authors, who improved it in

various ways (see, for example, [9, 11, 15, 16]).

However, the stepsizes of the methods SEGM, TEGM and PCM depend on the prior estimate of
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the Lipschitz constant L of the cost operator which is very difficult to estimate in practice.

In order to modified the method which stepsize does not require prior estimate of the Lipschitz
constant and extend to more general class of the monotone VIPs, Thong and Vuong [36] proposed a
modification of the TEGM with a linesearch procedure for solving the VIP with a pseudomonotone
and Lipschitz continuous mapping in Hilbert spaces. To be more precise, they proposed the following
algorithm:

Algorithm A. [The TEGM for the pseudomonotone VIP]
Step 0: Given y> 0,1 € (0,1) and u € (0,1). Letx; € H be arbitrary.

Step 1: Calculate
Yn = Pe(xp — AAxy),
where A, := yI"™ and m,, is the smallest nonnegative integer m satisfying

V|| Axy = Ayn| < g2 = yall

Step 2: Calculate

Xnt1 = Yn — An(Ayn — Axy).

Update n :=n+1 go to Step 1.

They proved that, if we assume that A : H — H is sequentially weakly continuous, then the
sequence {x,} generated by Algorithm A converges weakly to a point of VI(C,A).

Very recently, Khanh et al. [21] also proposed the following SEGM for solving the VIP with a
pseudomonotone and Lipschitz continuous mapping in Hilbert spaces:

Algorithm B. [The SEGM for the pseudomonotone VIP]
Step 0: Giveny> 0,1 € (0,1) and pu € (0,1). Letx; € H be arbitrary.

Step 1: Calculate

Yn = PC(xn - )vnAxn>7
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where A, := yI"™ and m,, is the smallest nonnegative integer m satisfying

Y| Adn — Ayl < 20 =y

Step 2: Construct the half-space
T,:={x€H: (x,— AAx, —yn,x —yn) <0}
and calculate

Xnt+1 = Pr, (xn - Aanyn)-

Update n:=n+1 go to Step 1.

The weak convergence of the sequence {x,} generated by Algorithm B was established under
assuming the weak sequential continuity of A, which often assumed in many recent works related to
the pseudomonotone VIP (see, for example, [5,8,17,21,26,36,41]). In most cases, the strong conver-
gence is also preferable to the weak convergence in many problems that arise in infinite-dimensional

spaces because the weak convergence of algorithms does not allow to enable efficient.

On the other hand, the inertial method has been a technique of interest and has received a lot
of attention from many researchers. Recently, the inertial technique is often used to accelerated the

convergence rate of algorithms to solves many kinds of optimization (see, for example, [1, 8,9, 16,

b b b K ’ ])'

Motivated and inspired by the above work, in this paper, we propose two modified inertial pro-
jection and contraction methods with self adaptive stepsize rules to the solve pseudomonotone vari-
ational inequality problem in real Hilbert spaces. This adaptive stepsize rules are more efficient
and flexible in computations without any linesearch procedure which can be time-consuming and
expensive. Also we prove some weak and strong convergence theorems for the proposed methods
without any prior knowledge of the Lipschitz constant of the mapping and without assuming the

weak sequential continuity of the mapping.

The rest of the paper is divided as follows: In Sect. 2, we provide some preliminary results
which are need for our work. In Sect. 3, we prove some weak and strong convergence theorems for
the proposed methods. Finally, in Sect. 4, we give some numerical experiments including compar-
isons with other algorithms and the applications of the proposed algorithms in the image debluring
problem.
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2 Preliminaries

Let H be a real Hilbert space. For a sequence {x,} in H, we write x, — z to indicate that the
sequence {x,} converges weakly to a point x € H and x, — x to indicate that the sequence {x,}
converges strongly to a point x € H. A point x € H is called a weak cluster point of a sequence {x;, }

in H if there exists a subsequence {x,, } of {x,} converges weakly to a point x € H.
For each x,y € H and o € R, we know the following inequalities:
eyl < Jlxl® +20nx +3) 2.1
and

lecx+ (1 = 00)y||* = er[|x]|* + (1 = @) y* — ex(1 — ) |x — y|*. (2.2)

Let A: H — H be a mapping. Then A is said to be:
(1) L-Lipschitz continuous if there exists a constant L > 0 such that
|[Ax—Ay[| < Llx—yl, Vx,y€H,

and, if L € [0, 1), then A is called contraction;

(2) monotone if

(Ax—Ay,x—y) >0, Vx,y€H,

(3) pseudomonotone if

(Ax,y—x) >0 = (Ay,y—x) >0, Vx,y€H;

(4) sequentially weakly continuous if, for each sequence {x,} € H, x, — x implies Ax, — Ax.

Remark 2.1. Tt is observe that every monotone mapping is a pseudomonotone mapping. Indeed, let
A : H — H be a monotone mapping such that (Ax,y —x) > 0 for all x,y € H. It follows that

(Ay,y —x) = (Ay—Ax,y—x)j%—\(Ax,y—x) >0

>0 >0
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for all x,y € H. Hence A is a pseudomonotone mapping, but the converse implication is not true.

Several examples of a pseudomonotone mapping which is not necessarily monotone can be found

in [5,20,32].

Let C be a nonempty closed and convex subset of H. For each x € H, there exists a unique

nearest point in C, denoted by Pc(x), such that

lx = Pe(x)|| = inf{[lx —y[| : y € C}.

Such a mapping Fr is called the metric projection of H onto C. The following is well known:

(x—Pc(x),y—Pe(x)) <O0. (2.3)

Let A be a mapping of C into H. Then we know the following property [34]:

Z€VI(C,A) < 7="Pc(z—AAz), VYA >0. (2.4)

The following are explicit formulas of the metric projection on various feasible sets [6]:

(1) A half-space in H has the form H, g):={x€ H : (a,x) <}, wherea€ H,a#0and § € R.
Then the projection of x onto H(, gy is given by

x—max{<a|’|);>|‘zﬁ,0}a if {(a,x) > B,
X if (a,x) <p.

Pr ) (%) =
(2) Aball Blp,r|:={x € H : ||x— p|| <r}, where r > 0. Then the projection of x onto B[p, | is
given by

P+m(x—l7) if |lx—pl>r,

Py (x) =
lp7] X if |x—p| <r.

(3) A box constraints in R” have the form Box|a,b] := {x € R" : a < x < b}, where a,b € R"
and a < b. Then the projection of x onto Box|a, ] is given by

PBox[a,b} (x)i = min{bi,max{x, ai}}'
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We need the following lemmas and facts, which will play an important role in proving our main

results.

Lemma 2.2. [29] Let C be a nonempty set of a real Hilbert space H. Let {x,} be a sequence in H
such that the following two conditions hold:

(i) limy_e ||x, — x| exists for each x € C;

(ii) every weak cluster point of {x,} is in C.

Then {x,} converges weakly to a point in C.

Let {a,} be a real sequence. Then we have

liminf(—a,) = —limsup(ay).
n—eo n—sco

In particular, if {a,} and {b, } are bounded sequences, then we obtain the following:

(1) limsup,_...(an+by) < limsup,_,.(a,)+limsup,_,..(by);
(2) liminf, w(a, +by,) > liminf, . (a,) +liminf, e (by,).
Lemma 2.3. [1] Let {¢,}, {a,} and {B,} be three nonnegative real sequences such that
On+1 S(Pn‘i‘an((Pn_(Pn—l)_“an Vn > I,

with Y| Bn < oo and there exists a real number o such that 0 < o, < & < 1 for all n € N. Then the
following results hold:

(D) X1 [®n— Qu—1]+ < oo, where [t], :=max{t,0}.
(2) There exists @* € [0,00) such that limy,_,e @, = @*.
Lemma 2.4. [27] Let {a,} and {c,} be two nonnegative real sequences such that
ant1 < (1 —ay)ap+by+cyn, Vn>1.

where {0, } is a sequence in (0,1) and {b,} is a real sequence. Assume that} . _;c, < . Then the

following results hold:
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(1) Ifb, < ayM for some M > 0, then {a,} is a bounded sequence.
) If Ly o = oo and limsup, ., 2 <0, then lim, ,e0a, =0.

Lemma 2.5. [31] Let {a,} be a nonnegative real sequence, {0y} be a sequence in (0,1) with

Y 0y =o0and {b,} be a real sequence. Assume that
an+1 < (1 —a)an+ apb,, Yn>1.

If limsupy_,.. by, < 0 for every subsequence {ay } of {an} satisfying liminfy_,e(an,+1 — an,) > 0,

then lim,,_.a, = 0.

3 Main results

In this section, we introduce two new modified inertial projection and contraction algorithms with
adaptive stepsize rule for solving the psuedomonotone VIP. In order to prove the convergence results
of the proposed algorithms, we need the following conditions:

Condition 1: The feasible set C is a closed and convex subset of a real Hilbert space H.
Condition 2: The mapping A : H — H is L-Lipschitz continuous and pseudomonotone on H.

Condition 3: The mapping A : H — H satisfies the following condition:

whenever {g,} C C, g, — g one has ||Agq|| < liniianAan.
n—oo

Condition 4: The solution set of VIP is nonempty, that is, VI(C,A) # 0.

Remark 3.1. (1) If H is a finite-dimensional space, then it suffices to assume that the mapping A is

continuous pseudomonotone and the Condition 3 is not necessary to assume.

(2) The Condition 3 is weaker than the sequential weak continuity of the mapping A. Indeed,
let A : ¢, — ¢, be a mapping defined by Ax = x||x|| for all x € ¢,. Let {g, } C ¢, such that g, — g. By
the weak lower semicontinuity of the norm, we have ||¢|| < liminf,_,||¢gx|| and so

2
I

2 .. 2 .. ..
IAgll = llgll? < (liminf | g,])> < limin |, | = liminf [ Ag, |

To show that A is not sequentially weakly continuous, choose g, = e, + ¢;, where {e,} is a
standard basis of /5, that is, e, = (0,0,---,1,---) with 1 at the n-th position. It is clear that g, —
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e; and Ag, = Ae, +e1) = (en +e1)|len +e1]| = V2e; but Ae; = eq||er|| = e;. However, if A is
monotone, then the Condition 3 is not necessary to assume.
3.1 The weak convergence

In this subsection, we propose a modified inertial projection and contraction algorithm for solving

the psuedomonotone VIP.

Algorithm 1:
Initialization: Given A, >0, 1 € (0,1) and y € (1 , g), where & € (1,2). Choose

{6} C[0,1).
Iterative Steps: Let xo,x; € H be arbitrary and calculate x| as follows:
Step 1. Given the iterates x,_; and x,, (n > 1). Compute

Uy = Xp+ Op(Xp — X5—1)-
Step 2. Compute
Yn= PC(un - )LnAun)~

If u, =y, or Ay, = 0, then stop and y, is a solution of VIP. Otherwise, go to Step 3.
Step 3. Compute
Xn+1 = Up — ynndna

where 1), and d,, are defined as follows:

2

u —
Nn = (1_“)%7 dy = un_yn_z‘n(A”n_A)’n% (3.1

n

and update stepsize by
wfutn — yal| }
y— min{—,/l . (3.2)
b Aty — Ay

Set n:=n+ 1 and return to Step 1.

Lemma 3.2. [42] The sequence {A,} generated by (3.2) is nonincreasing and limy,_ o A, = A >
min{%, 4, }.

Lemma 3.3. Let {u,}, {y,} and {d,} be the sequences generated by Algorithm 1. If there exists
n > ng € N such that u, =y, ord, =0, then y, € VI(C,A).
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Proof. By the definition of d,,, we have

||dn|| = ||”n_}’n_ln(Aun_Ayn)aMn_)’nH
> Jun = yull — Anl| Ay — Ayn||
Z Hun_ynH _‘uﬂ, t Hun_ynH
n—+1
A
= (1 )l =l
Since s .
lim (1-;1 " ):1—u>i>0,
n—ee n+1 (o
there exists ng € N such that
- 1—u
1— >——>0, Vn>nyp
‘ukn+l o
and so
l—p
HdnH > o ”un_YnH’ Vn > ny.

It is observe that ||d,| > O for all n > ny. Indeed, if there exists n > ngp such that ||d,| = 0 or,
equivalently, d,, = 0, then u,, = y,. Therefore, y, is a solution of the VIP. This completes the proof.
O

Lemma 3.4. Suppose that Conditions 1-4 hold. Let {x,} be the sequence generated by Algorithm
1. Then, for each p € VI(C,A) and n > ng, we have

1,2
s =PI < lltn = pI* = (=)l = P
Proof. For each p € VI(C,A), we have
Pt =PI = lltn = lucds = p?

= Nlun— p* = 29M0(un — p,da) +¥15 > (3.3)

11
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By the definition of d,,, it follows that

<”n _pydn> = ”un _ynH2 - AWz(”n — Yn,Aup _A))n> + <yn _pvdn>
>ty = yull* = Aulttn = yu || Att — Ayl + (v — Py )
Ay
> (1= 15 ) =yl + (5 = o).
n+1
Since
An 1—u
I (1 _ ) —1—u>—H<o,
”gl"l° H n+1 = 9 ~
there exists ng € N such that, for all n > ng,
An 1—u
1— >—>0.
‘uln+1 o
Thus we have
1—p 2
<Mn—p,d,,> > p ||un—yn|| +<dn7yn_p>7 VﬂZl’lo (34)
Since y, = Pc(u, — AyAuy,), it follows from (2.3) that
(ty — MAuy — Y, yn — p) > 0. (3.5)

Using the fact that (Ap,y, — p) > 0 and the pseudomonotonicity of A, we have

{Ayn,yn —p) > 0. (3.6)
It follows from (3.5) and (3.6) that
<dn7yn - p> = <”n —Yn— Afn(Aun _Ayn)ayn _p>
= <un — MAuy, —YnyYn _p> +)Ln<A)7m)’n _p>
> 0. 3.7
Combining (3.4) and (3.7), we obtain
1—
(= prd) = —E =3 %, ¥ 2 o

By the definition of 1,,, we have

1
<un _padn> > E”n”dnuza Vn > ng. (3.8)
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Combining (3.3) and (3.9), we get

2
o1 = 21 < laa = pIP = (= =) nldal®, = mo.

Since x,4+1 = up — YNpdy,, we have

1
2 2 2
nn”dnH = ?Hxn-kl_”nn .

Therefore, it follows that

1/2
vt = pIP < llan = pIP = (2 = 1) Iowss =l ¥ > o

This completes the proof. u

Lemma 3.5. Suppose that Conditions 1-4 hold. Let {x,} be the sequence generated by Algorithm

1. Then we have N

14+ p=\2
Hun—ynH2 < <}/(1——;I)1) [[26n-+1 —unHZ.
Proof. By the definition of 7, we have
=3l = —— -l
1—p
1 1
= 124 7n CauHIEAS
n
1 1 5
= 1o 7n [ 7| (3.9)
n
Since [|dy||* < (14 p722-)?|un — v, it follows that
1 S 1
5> .
ldnll> ™ (14 p22)2 |t — 32

Hence we have

H’f‘n_)’nH2 l—u
= (- > :
|, |I? (14 p22)2

}Ln+l

(3.10)
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Combining (3.9) and (3.10), we obtain

An

14+ p=\2
||t —ynH2 < <Y(1——:L+)1> %01 — unH2.

This completes the proof. O

Lemma 3.6. Suppose that Conditions 1-4 hold. Let {x,} be the sequence generated by Algorithm
1. If{6,} is a nondecreasing sequence, then the following estimate holds: for each p € VI(C,A) and

n = no,
2 1—-6
1_‘n+1 <I,— <<5_y>< y n) _én+1>||xn+l_xn||27
where
Ty = [ — plI* = Bullta1 = pII* + Eulltn — 201 |
and

(i (29 (5%)

Proof. Let p € VI(C,A). From (2.2), we have

H“n_PHZ = Hxn‘i‘en(xn_Xn—l)_PH2
= (14 64)(xn — ) — Ou(xn—1— p)|I?
= (1+9n)|‘xn_l9||2_9n||xn—l_p||2+6n(1+9n)||xn_xn—l”2- (3.11)

It follows from Lemma 3.4 and (3.11) that, for all n > ny,

||xn+1 _P”2 < (1 + en)Hxn _PH2 - Gonn—l _P||2+ 0, (1+ 9n>||xn —Xn—1 ||2

1,2
()t =l (3.12)

On the other hand, from the equality ||a — b||> = ||a||> — 2(a,b) + ||b||> > 0, we have 2(a,b) <
l|a||> + ||b||>. Hence we have

||Xn+1_’/tn||2 = ||xn+1_xn_9n(xn_xn71)||2
= Jour1 =Xl 67 00 — X1 1* = 26 (%1 — X Xn — 1)
> nst = %all® 4 65 120 = X1 1P = Oa (g1 —xall> + 10 — 201 ])
= (1= 6,) || xns1 —Xul|?+ (07 — 6,) |0 — x01|*- (3.13)
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Combining (3.12) and (3.13), we obtain

2 1—6
i1 =P < (148l =PI = Bullvat = pI2 = (5 =7) ( y")\|xn+l—xn\|2

+en(1+9n+<%—y>(1_]/9”>>\|xn—xn_1\|2 (3.14)

for all n > ng. We put

&= 9,,<1+9n+(%_y><1—y9n>)

for all n > ny. Since the sequence {6,} is nondecreasing, it follows from (3.14) that

”xn—H _pH2 — Opt1 ||xn _PH2 + §n+1||xn+1 _anz

< bn =PI = Oallxa—1 = plI* + Galbn — 5011

(&= (5-7) (57)) b =l (3.15)

o

By the definition of I';;, we can write (3.15) as

Lo <D= ((Z-7) (2 ‘y"") &) o~ V>

This completes the proof. ]

Lemma 3.7. [37] Suppose that Conditions 1-4 hold. Let {u, }and {y,} be the sequences generated
by Algorithm 1. If there exists a subsequence {uy, } C {u,} such that {u,, } converges weakly tov € H
and imy_e ||ttn, — yn, || = 0, then v € VI(C,A).

Now, we prove the weak convergence theorem of Algorithm 1.

Theorem 3.8. Suppose that Conditions 1-4 hold. Let B := %(l — y). Suppose, in addition, that {6, }

(e}
V1+8B—2p—1

is a nondecreasing sequence such that 0 < 6, < 6,1 < 0 for all n > ngy, where 60 < 201=F)
Then the sequence {x,} generated by Algorithm I converges weakly to a point in VI(C,A).
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Proof. Since 0 < 6, < 6,1 < 8 with & < Y- 2F=2P=1 it follows that

(1=6)B=8&ut1 = (1=6,)B = 0ps1(1+40pp1+ (1= 60,11)P)
2 (l_911+1)B_611+1(1+9n+1+(1_6n+1)ﬁ)
> (1-6)B—0(1+6+(1—0)pB)

—(1-p)6*—(2B+1)6 +8B.

Let § := —(1—)0%— (2B +1)6 +B. It is easy to see that § > 0. Then it follows from Lemma 3.6
that

Lhi1 =Ty < =0]|xn41 —anz, Vn > no. (3.16)

This implies that I, | — I, <0 for all n > ng and so {I',} is nonincreasing. Thus, by the definition
of I'},, it follows that, for all n > n,

||xn _P||2 = I+ en”xn—l _pH2 - éonn _xn—IH2
< 1—‘n‘i‘enHXn—l_pHZ
< Du+0)x—1 —pl
< 0"y — pIP AT (14 6+ 6%+ + 0"
r
< 0MT|xy — pl|P (3.17)
1—-6
‘We also observe that
r _ 2 2 2
n+l = ||xn+1—p|| _9n+1||xn_p|| +§n+1||xn+l_xn”
> —Opt|xa—p|
> =0, — pl*. (3.18)

Combining (3.16), (3.17) and (3.18), we have

k k
6 Z ”anrl—an2 < é Z (T = Ts1)
n=ny n=ny
- Fno _Fk+1
< Ty + 0] —plI?
or
< T 050 gy — plf 4 8

1-6
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Thus we have

oo k
8 Y et =l = lim (8 Y w1 =) <o

n=ny n=nqo

This implies that
Jim 41—, = 0.
Consequently, we have

1% — tn|| = Oul|xn — xn—1|| < Ojxn —xn—1|| = 0 as n— eo.

Now, we see that

Xni1 =l = %01 — X0 — 6n(2n — xp—1) ]

IN

||xn+1 _an + en”xn —Xn—1 ”

< [l = Xl + O[xn — xn—1]]
and so
i |1 — | =0.
Also, by Lemma 3.5, we obtain

T [, — v, = 0.

17

(3.19)

(3.20)

(3.21)

Since {x, } is bounded, without loss of generality, we assume that there exists a subsequence {x, } of

{xx} such that Xy, — v for some v € H. From (3.20), we also get u,, — v. This together with (3.20)

and Lemma 3.7 concludes that v € VI(C,A).

On the other hand, from (3.12), it follows that, for all n > n,

[Fons1 = PIP < la = I + Ou[in = pII* = lxa—1 = pII*) + O(1+ 6) b — 51 1>

(3.22)

From (3.19) and Lemma 2.3, we can show that lim,, . ||x, — p||? exists. In summary, we have shown

that

e lim, . ||x, — p|| exists for each p € VI(C,A);
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e cvery weak cluster point of {x,} is in VI(C,A).

Therefore, by Lemma 2.2, we conclude that {x,} converges weakly to a point in VI(C,A). This

completes the proof. a

3.2 The strong convergence

In this subsection, we propose another inertial algorithm which combines the viscosity approxima-
tion method and the projection and contraction algorithm with adaptive stepsize rule for solving the

psuedomonotone VIP.

In order to obtain the strong convergence, we assume that f : H — H is a contraction mapping
with constant & € [0,1). Suppose, in addition, that

. 0
r}grt}oa_’:len —Xn-1]| =0,

where {a,} C (0,1) with lim,, e 0, =0and )| &, = oo.

The algorithm is formulated as follows:

Algorithm 2:

Initialization: Given A; >0, u € (0,1) and y € (0, %), where o € (1,2). Choose
{6,} C[0,0) for some 6 > 0.

Iterative Steps: Let xo,x; € H be arbitrary and calculate x,,, | as follows:

Step 1. Given the iterates x,_; and x,, (n > 1). Compute

Up = Xp + O (xn —xp—1).
Step 2. Compute
Yn = PC(un - }LnAun)

If u, =y, or Ay, = 0, then stop and y,, is a solution of VIP. Otherwise, go to Step 3.
Step 3. Compute

X1 = O f(Xn) + (1 — ) (tty — YNndn),

where 1), and d,, are defined in (3.1), and update the stepsize by (3.2).
Set n :=n+ 1 and return to Step 1.

Theorem 3.9. Suppose that Conditions 1-4 hold. Then the sequence {x,} generated by Algorithm 2
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converges strongly to z = Pyyc a)f (2)-

Proof. For each n > 1, let z, :== u, — yNud, and p € VI(C,A). Following the similar argument in
Lemma 3.4, it follows that, for each n > ny,

1/2
e =PI < lhaw = pI* = (=) len = P (3:23)
This gives
120 =PIl < llun = pl- (3.24)
Moreover, we have
lun =pll = [[%0+ On(xn —x0-1) = Pl
< b = pll + Bnlln — xna ] (3.25)

It follows from (3.24) and (3.25) that

[Xnr1 =Pl = llaa(f(xn) —p) + (1 —an)(zn—p)|
< 0| f(xn) = pll 4 (1 = o) |20 —
< 0llf () = f(P) I+ 0l f () = Pl + (1 = o) |za — pl]
< optflxy —pll+ ol f(p) — pll 4+ (1 = &) |[xn — Pl + (1 — 04) Bn| 0 — X1 ]
_ 1 (p) =PIl | (1= 06)6nllxn — Xn 1]l
= (1= (1= a@)o) o — p (1 = o) | P et
Put

_If ) =pll, (1= 00)nllxn —xu—1]l

Ho * -« (1—o)ay,

It is easy to see that lim,_s. i, exists. So there exists M > 0 such that yu, < M for all n € N. By
Lemma 2.4, we know that {||x, — p||} is bounded. Moreover, we see that ||x,|| < ||x, — p|| + || p||.
This implies that {x, } is bounded and so are {u,}, {y,} and {d,}.

Now, let z = Py(c,4)f(z). From (2.1), we have

1560 — 24 6 (X0 — x0-1)|?
< % — 2|2 4260, (tn — X1y 1ty — 2)

< o — zlf* 4264 Jx0 — X1 ||K, (3.26)

lutn — 2]

19
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where K = sup,~{||un —z||}. By the convexity of | - ||* and (3.23), it follows that, for all n > no,

”an_ZHZ = ||O‘n<f(xn)_z)+(1_an)(zn_p)Hz
< @l o) =2l + (1= ) en 2l
< an”f(xn)_ZH2+”Zn_Z”2
< sl ~ P =P ()l G2D)
> n n n y\o n nll~ - .

Combining (3.26) and (3.27), it follows that, for all n > ny,

1,2
ot =P < el Gon) =l + a2l 426 o =t 1K = (=) e =l

which implies that

1,2
(G 7)ol < w21 = s =21+ ol o) 212+ 260 5o [K. - 328)

On the other hand, from (2.1), (3.23) and (3.26), it follows that

| 0t (f () —2) + (1 — 0) (2n )Hz

)+ (1= ) (20— 2) + 0 (f(2) — 2)||?
)

2

[Pene1 =21

I
£
=
=
<
\
la\l

—f(
[0 (f (xn) — f(2

)+
< )+ (1= 06,) (20 = 2) 1>+ 206 (f (2) — 2, Xns1—2)
<00l f (o) = FRIP+ (1= ) |20 — 2lI* + 206 (£ () — 2, X1 —2)
< O‘na||xn_zl|2+(1_O‘n)[Hxn_Z||2+29n||xn_xn71||lq

+2an<f(z) —Z,Xn+1 _Z>
= (1= (1= 0) )|l — 2> +2(1 = 0s) B |y — x,1]|K
+20,,(f(2) — 2,Xn+1 — 2)- (3.29)

Now, we show that the sequence {||x, —z||*} converges to zero. In order to do this, using Lemma
2.5, it is sufficient to show that

limsup(f(z) —z, X1 —2) <0
k—roo

for every subsequence {||x,, —z||} of {||x, —z]||} satisfying

liminf [|lxy, 1 —2l| = [, —2[|] > 0.
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Let {||x,, —z||} be a subsequence of {||x, —z||} such that

timint |15, 1 — 2] = 1, —2[] 2 0.

Thus we have

.. 2
timinf [l 41 —z[* — |

From (3.28), it follows that

) 1/2
timsup (=) e — o

k—yo0

Hence we have

[, = 2I1?]

IN

IA

= timinf [ (|1 =2l = 0, = 2) (a1 = 2+ [l =211

0.

A%

imasp [, =12 = =1+ 0 5) =21
—>00

+260 ||, — -1 [|K]

timsup [ [y, — 2l|* = [ 41 — 2l|*] +limsup o, || f (xn,) — 21>
k—so0 k—roo

, 0
+limsup 204, —= || %, — X, —1||K
k—roo O‘nk

o 2 2
—lllfglol;lf[||xnk+l = zl|” =[x, — 2] }

0.

Tim [Jz, — un, || =0. (3.30)

As in the proof lines of Lemma 3.5, we can deduce that

Ay

I+

H7—=7\2
o, =g 12 < (5725 ) Mg =

Thus it follows from (3.30) that

y(1—u)

1im v, | =0. (3.31)
Moreover, we see that
|, — X, || = O || Xn, — Xnp—1 | = G —|%n, — X—1|| = O. (3.32)
(07

M

21
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It follows from (3.30) and (3.31) that

||an _xnkH < Han - unkH + ||unk _xnkH —0 (3.33)
and so
||xn/<+1 _xnk” = Hankf(xnk) + (1 - ank)znk _xnk”
< ank”f(xnk) —XnkH + (1 - ank)Han _xnkH
- 0. (3.34)

Since {xp, } is bounded, without loss of generality, we assume that there exists a subsequence {x,, }
J
of {xy, } such that x,, — v for some v € H and
J

limsup(f(z) — 2, %, —2) = lim (f(2) —2,xn, —2).
k—yo0 J—o J

From (3.32), we also get U, — vy. This together with (3.31) and Lemma 3.7 concludes that v €

VI(C,A). Hence we have

limsup(f(z) —z,%,, —2) = (f(z) —z,v—2) <O0. (3.35)

k—>o0

Combining (3.34) and (3.35), we obtain

lim sup(f(z) - Zaxnk+1 - Z) S hmsup<f(z> - Z7-xnk+1 _xi’lk> + thHp(f(Z) - Z7-xnk - Z)
k—oo k—voo k—vo0

< 0. (3.36)
From (3.29), we can write it as

”xnk—i-l _ZHZ < (1 - (1 - a)ank)Hxnk _ZHZ

2(1_ank)enka”k_xnk*lHK 2

(1—ot)o, + 1_a<f(Z)—Zyxnk+1—z>].

+(1 - a)ank

This together with (3.36) and Lemma 2.5 yields that limy_,.. ||x, — z||> = 0. Therefore, x,, — z. This
completes the proof. O
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4 Numerical experiments

In this section, we give some numerical experiments in two parts. In the first part, we provide
a comparison the numerical behaviour of the proposed algorithms and their algorithms with non-
inertial terms to illustrate the efficiency and advantages of the proposed algorithms and also compare

them with the following:

e Algorithm A: The TEGM for the pseudomonotone VIP [36];

e Algorithm B: The SEGM for the pseudomonotone VIP [21].

In the second part, we apply the proposed algorithms to solve the image restoration problem and
compare the computational results with Algorithm A and Algorithm B. In the following, we denote

“iter.” and “time” by the number of iteration and the running time in seconds, respectively.

4.1 Numerical results

Problem 4.1. The variational inequality problem in infinite-dimensional spaces

Cons1der a Hilbert space H := {» = {x = (x1,x2,x3,--+) : Yoo |xi|> < oo} with the norm ||x|| =

< Yoo |l ) and the inner product (x,y) = Y7 | x;y; for all x = (x1,x2,x3,--- ),y = (y1,¥2,¥3,--*) €
lr. Let A : ¢, — {> be a mapping defined by

A(x17x27x37"') = (xle_x%70707"')'

It was shown in [5, Example 2.1] that A is pseudomonotone, Lipschitz continuous and sequentially
weakly continuous (hence A satisfies the Condition 3), but not monotone on ¢,. The feasible set is
C = {x=(x1,x2,x3,---) € {5 : ||x|]| < 1} and then the projection onto C is easily calculated by the
following formula:

Al > 1,

Pe(x) =4 ¥
X otherwise.

In this experiment, for Algorithm 1, we take 4| = 0 36,u=0.54,0 = 2, Y= 7 , O, = 0 and,
in addition, for Algorithm 2, we take f(x) = Z’ Oy = 5 +1’ 0, = OC2 More so, for Algorlthm A and
Algorithm B, we take y = 3,1 = 0.68, 1 = 0.34. We perform numerical test of all algorithms with
three different cases of the starting point as follows:

23
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Case A: xg = (%7%74_1“...) and x; = (1,2,3,---);
Case B: XO:(575,57...)andx]:(2,1,2,...);
Case C: XO:(17%’%’...)andx1:(17%7%1,...).

We use TOL, = ||x,+1 — x,|| < 10~* as the stopping criteria in each algorithm. The numerical
results are shown in Table 1 and Figure 1.

Table 1: Numerical results for Problem 4.1.

X0, X1 Alg 1 Alg 1(6,=0) Alg 2 Alg?2 (6,=0) Alg A Alg B
iter. time iter. time iter. time iter. time iter. time | iter. time

Case A | 14 0.0065 28 0.0122 10 0.0024 14 0.0031 55 0.0193 | 87 0.0256
Case B | 14 0.0057 33 0.0119 10 0.0041 20 0.0076 56 0.0129 | 64 0.0229
Case C | 13 0.0048 37 0.0097 10 0.0022 20 0.0088 84 0.0209 | 76 0.0241

——Alg 1 —-Alg 1

B I e

Alg 2 (6 =0) Alg 2 (9 = 0)

Alg A \ Alg A

—~AlgB —~Alg B

0 20 40 60 80 0 10 20 30 40 50 60 70
Iteration number (n) Iteration number (n)

—~Alg 1
—Alg 1(6 = 0)
--Alg 2
Alg 2 (0 = 0)
Alg A
~Alg B

m°\

0 20 40 60 80
Iteration number (n)

Figure 1: Example 4.1, Top Left: Case A; Top Right: Case B; Bottom: Case C.

Problem 4.2. The quadratic fractional programming problem
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Consider the following quadratic fractional programming problem:

min f(x),

xeC

where f(x) = L Oxtalxic g = {xeR*:1<x,<10,i=1,2,3,4}. Let

bT x+d
5 -1 2 0 1 2
-1 5 -1 3 -2 1
0= ,a= , b= ,c=—-2,d=4.
2 -1 3 0 -2 1
0O 3 0 5 1 0

It is easy to see that Q is symmetric and positive definite on R* and so f is pseudoconvex on R*. Tt
is known that this problem is equivalent to the VIP [13,23] with

(bTx+d)(20x+a) —b(x" Qx+a’x+c)

Ax:=Vf(x)= (Tx+d)?

It was shown in [19] that Vf is continuous pseudomonotone. The VIP has unique solution is z =
(1,1,1,HT ec.

In this experiment, for Algorithm 1, we take A; = 0.28, u = 0.45, 6 = %, Y= %, 6, = % and, in

addition, we take f(x) = g, 0, = ﬁ, 0, = n_}rl for Algorithm 2. Also, for Algorithms A and B,

we choose Y= 0.33,/ =0.66 and u = 0.64.. We perform numerical test of all algorithms with three

different cases of the starting point as follows:
Case A: xo = (2,2,2,2)" and x| = (4,4,4,4)7;
Case B: xo = (3,3,3,3)" and x| = (5,5,5,5)7;
Case C: xp = (2,0,0,4)" and x; = (3,1,3,1)7.

Since we know the solution of the problem, we use TOL, = ||x, —z|| < 10~* as the stopping
criteria in each algorithm. The numerical results are shown in Table 2 and Figure 2.

Remark 4.3. From the above experimental results, we can summarize in the following points:

(1) Algorithm 1 and Algorithm 2 have less iteration numbers and computation times than algo-
rithms without the inertial. It is remarkable that by adding the inertial 6, (x, —x,_1) makes conver-
gence faster. This is main advantage of adding inertial term to algorithms in solving the problem.

(2) Algorithm 1 and Algorithm 2 with adaptive stepsizes have a better performance in terms
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Table 2: Numerical results for Problem 4.2.

L.O. Jolaoso et al.

X05 X1 Algl |Algl(6,=0)] Alg2 |Alg2(6,=0)] AlgA Alg B
iter. time iter. time iter. time iter. time iter. time | iter. time
Case A | 7 0.0038 13 0.0046 8 0.0044 12 0.0059 28 0.0138 | 37 0.0317
Case B | 8 0.0036 14 0.0049 8 0.0038 12 0.0049 25 0.0145 | 37 0.0220
Case C | 8 0.0036 16 0.0083 8 0.0030 12 0.0043 27 0.0132 | 37 0.0155
—-Alg 1 —~-Alg 1
e B
Alg2 (0=0) \ Alg2 (0 =0)
Alg A Alg A
. ~AlgB . ~AlgB
é 102 é 102
107 10
0 10 20 30 40 0 10 20 30 40
Iteration number (n) Iteration number (n)
—~Alg 1
! g
\\ Alg 2 (6 = 0),
Alg A
. —AlgB
é 1072 \
0 10 20 30 40

Iteration number (n)

Figure 2: Example 4.2, Top Left: Case A; Top Right: Case B; Bottom: Case C.

of convergence speed than Algorithm A and Algorithm B with Armijo linesearch procedures. This
shows that the proposed algorithms have higher superiority and efficiency than Algorithm A and
Algorithm B in solving the pseudomonotone VIP. It is due to the fact that Armijo linesearch proce-

dures use an inner-loop until some stopping criterion is reached. This may takes time-consuming in

evaluations of the projections on the feasible set in each iteration.
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4.2 Applications to the image restoration problem

The image restoration problem is one of the interest topics in image processing and computer vision.
This problem has been extensively studied by many authors because of its applications in almost
every field such as film restoration, image and video coding, medical and astronomical imaging (see,
for example, [10,40]). Image restoration is a process of recovering images from blurring and noise
observation which is to improve the quality of the image. Recall that the image restoration problem

can be formulated as the following linear inverse problem:
b= Bx—+v, 4.1)

where x € R is the original image, b € R¥ is the degraded image, B € RY*V is the blurring matrix
and v is an additive noise. An efficient method for recovering the original image is the ¢;-norm

regularized least square method given by

1
min < = ||Bx—b||3+AJx]|; ¢ . 4.2
min {3 13— bl + A1l @2

Our main task is to restore the original image x given the data of the blurred image b. The least
square problem (4.2) can be expressed as a variational inequality problem by setting A := BT (Bx—b).
It is known that the operator A in this case is monotone (hence it is pseudomonotone) and Lipschitz
continuous with L = ||BT B||. We consider the grey scale image of M pixels wide and N pixel height,
each value is known to be in the range [0,255]. The quality of the restored image is measured by the

signal to noise ratio (SNR) which is defined by

SNR = 201og;, (—”tz ) ,

where x is the original image and x* is the restored image. Note that the larger the value of SNR,
the better the quality of the restored image. In our experiments, we use the grey test image Tire
(291 x 240) and Cameraman (256 x 256), each test image is degraded by Gaussian 7 x 7 blur kernel
with standard deviation 4 and the maximum iteration is set to be 1000. We choose A; = 0.5, u =
08,06=157=1,6,=0.99, a, = m,f(x) =21=03,4=06,x0=0cRPandx; =1€
RP where D = M x N.

Figures 3 and 4 show the original, blurred and restored image by using Algorithm 1, Algorithm
2, Algorithm A and Algorithm B. Also, Figure 5 shows the graph of the SNR against number of
iterations for each test image using the algorithms. Then we report the time for each algorithm in
Table 3.

27
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Original image Blurred image

Algorithm 1

Figure 3: Top shows original image of Cameraman (left) and degraded image of Cameraman (right);
Bottom shows recovered image by Algorithm 1, Algorithm 2, Algorithm A and Algorithm B.

Table 3: Computational results for Deblurring the images

Algorithms Cameraman Tire

SNR time SNR time
Alg 1 34.2083 42.0504 31.4482 31.3819
Alg?2 38.7060 38.6614 30.4481 29.7643
Alg A 27.5191 91.8467 26.3005 64.4750
Alg B 29.7150 94.2898 28.9397 64.5418

Remark 4.4. From the obtained computational results, we show that both the quality of the restored
images and running times of Algorithm 1 and Algorithm 2 are good as compared with Algorithm
A and Algorithm B. This shows that the proposed algorithms are more efficient for restoring the
degraded image than Algorithm A and Algorithm B.
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Original image Blurred image

Algorithm B

Figure 4: Top shows original image of Tire (left) and degraded image of Tire (right); Bottom shows
recovered image by Algorithm 1, Algorithm 2, Algorithm A and Algorithm B.
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