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This paper investigates a railway vehicle-electromagnetic energy harvester coupling system subject to 
external excitations to provide a modelling for designing effective suspensions to harvest energies and 
reduce vibrations. Following the proposed generalised mathematical model with solution method, a beam-
like vehicle system is solved. The results of track and aerodynamic excitations show that with increasing 
energy harvesting parameter, vibrations are reduced while the harvested power increased, so that a com-
fortable ride performance is reached. The paper provides a means to design effective suspension units for 
high-speed trains to reduce vibrations and harvester energies. 
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1. Introduction 
Environmental concerns and energy price increases have accelerated the global trend toward two re-

search directions. One is seeking green energies harvested by energy converters [1-4]. Papers [3,4] 
provide details of various energy harvesters with references. Another is to develop designs to reduce 
energy waste by harvesting vibration energies in transports. There have been papers dealing with dif-
ferent designs to harvest vibration energy [5,6]. Regenerative suspensions in harvesting energies while 
reducing vibrations are reported, of which details can be referred in the review papers [7~10]. Electro-
magnetic energy harvester is an electric system, which is connected into a vehicle results a mechanical 
– electrical coupling system. For effective designs, an interdisciplinary study is necessary. Paper [11] 
investigated this type of system to reveal its coupling effects. This paper investigates a railway vehicle-
electromagnetic coupling system to provide a modelling for effective vibration reductions and energy 
harvesting in high-speed trains. 

2. Mathematical Modelling 
Figure 1 (a) shows a railway vehicle as an elastic body 𝛺	of length 𝐿, width b, height 𝐻 and mass 

density 𝜌, subject to an aerodynamic force 𝑓(𝑿, 𝑡). At mass center 𝑂, a vehicle system 𝑂 − 𝑋𝑌𝑍 is fixed. 
The system 𝑜 − 𝑥𝑦𝑧 is fixed at point 𝑜 in space, where the train moves in velocity 𝑉 in y direction. The 
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vehicle is supported by 4 electromagnetic suspension units (Fig. 1b) at points 𝑿!(𝑋! , 𝑌! , 𝑍!), (I = 1,2,3,4). 
We assume that the front and tail bogies are two rigid bodes only allowing vertical motion, so that there 
is two degrees of freedom for each bogie, modelled by two rigid masses 𝑚!

" of displacement 𝑍! ,	con-
nected to the wheel through spring 𝑘! and damper 𝑐!. The wheel is considered as a rigid mass subject to 
track excitation ℎ(𝑥! , 𝑡). To reduce vibrations, there are 4 suspension units to support the vehicle, each 
consisting of spring 𝐾! and damper 𝐶!, connected to a magnetic body of mass 𝑚! 	fixed on the bogie.  
An electric coil of mass 𝑚!

# is rigid connected to vehicle at point 𝑿!, moving with the vehicle cross the 
magnetic field, so that an induced voltage produced on the two coil terminals connected to an energy 
collector 𝑅! . Therefore, there is an electric current flowing in the coil producing an electromagnetic 
force against vehicle motion to reduce vibrations and harvest energy. 

 

 
 
Figure 1: A railway vehicle-energy harvester interaction system with 4 electromagnetic suspension units fixed at 

points  𝑋! ,	: (a) integrated arrangement; (b) details of a suspension unit at 𝑋! . 
 

 
 

Figure 2: A half-integrated railway beam-like vehicle-energy harvester interaction system. 
 

2.1 Dynamic Equation of Elastic Vehicle 
Vertical displacement 𝑈(𝑋$ , 𝑡), (𝑖 = 1,2,3) as tensor index, of a free-free vehicle satisfies 

𝐸%&%'𝑈,'& −∑ 𝐹!)
!*+ ∆(𝑿 − 𝑿!) + 𝑓(𝑿, 𝑡)∆F𝑿G − 𝑿H = 𝜌 ,

!-
,.!
,   𝑿 ∈ 𝛺; 𝐸%&%'𝑈,'𝜈& = 0, 𝑿 ∈ 𝑆,        (2-1) 

where ()/,' = 𝜕()/ 𝜕𝑋'⁄ , 𝐹! is a supporting force at 𝑿!, and 𝐸$&/' is elastic tensor, ∆() is a Delta function.  
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2.2 Motion of Bogie and Magnetic Body 
Force 𝐹! in Eq. (2-1) is a suspension force at point 𝑿!, of which the positive value is defined as a 

pulling force of body, 
𝐹! = 𝐾![𝑈%! − 𝑍!] + 𝐶!Q𝑈̇%! − 𝑍̇!S + 𝐹T! +𝑚!

#𝑈̈%!,                                                (2-2) 

F𝑚! +𝑚!
0H𝑍̈! + (𝐶! + 𝑐!)𝑍̇! 	+ (𝑘! + 𝐾!)𝑍! − 𝐾!𝑼%! − 𝐶!𝑈̇%! − 𝐹T!	 = 𝑘!ℎ(𝑥! , 𝑡) + 𝑐!ℎ̇(𝑥! , 𝑡). 

2.3 Energy Harvesting Converter 
The energy harvesting converter I consists of a magnetic body of intensity 𝐵! 	and an electric coil 

with its effective length 𝑙!, electrical inductance 𝐿!, resistance 𝑟! and capacitance  𝐶!Z . The coil moves 
cross the electromagnetic field producing the induced voltage 𝑒! at the two ends of power resistance 𝑅!, 
so that an electric charge 𝑄! with current 𝐼! is generated in the moving coil, from which an electromag-
netic force 𝐹T! against the motion is produced. Laplace theorem and electrical equilibrium principle give 

𝑒! = 𝐵!𝑙!F𝑈̇%(𝑿! , 𝑡) − 𝑍̇!H,					𝐹T! = 𝐼!𝐵!𝑙! = 𝑄̇!𝐵!𝑙! ,						𝑈! =	𝑈%(𝑿! , 𝑡),                               (2-3) 

𝑒! = 𝐿!𝑄̈! + (𝑅! + 𝑟! 	)𝑄̇! + 𝑄! 𝐶̂! 	⁄ = 𝐿!𝐼!̇ + (𝑅! + 𝑟! 	)𝐼! + ∫ 𝐼!d𝑡 𝐶̂! 	⁄ ,						𝐼! = 𝑄̇! ,                (2-4) 

𝐿!𝑄̈! + (𝑅! + 𝑟! 	)𝑄̇! + 𝑄! 𝐶̂! 	⁄ − 𝐵!𝑙!F𝑈̇! − 𝑍̇!H = 0,                                          (2-5) 

which is coupled with Eq. (2-1). Considering that the capacitance 𝐶!Z  of coil is quite large, and the in-
ductance 𝐿! is small, we approximate Eqs. (2-3~4) into  

(𝑅! + 𝑟! 	)𝑄̇! =	(𝑅! + 𝑟! 	)𝐼! = 𝐵!𝑙!F𝑈̇! − 𝑍̇!H,                                              (2-6) 

from which, when using Eq. (2-3), it follows the electromagnetic force 

𝐹T! =
(3"'")!

5"67"
F𝑈̇! − 𝑍̇!H = 𝐶!8F𝑈̇! − 𝑍̇!H,							𝐶!8 =

(3"'")!

5"67"
.                                            (2-7) 

Here, 𝐶!8  is the energy harvesting coefficient of energy converter. The collected power of converter I is 

𝑃T! = 𝐼!9𝑅! =
:"
#5"

5"67"
F𝑈̇! − 𝑍̇!H

9 = :"
#5"

5"67"
[𝑈̇! 𝑍̇!] b

1 −1
−1 1 c d

𝑈̇!
𝑍̇!
e,						𝑃T = ∑ 𝑃T!)

!*+ ,                 (2-8) 

of which the percentages of energy collection and its time average	are given by 
𝜆! = 𝑃T! 𝑃!⁄ ,						 𝜆̅! = 〈𝑃T!〉 〈𝑃!〉⁄ ,						𝜆 = 𝑃T 𝑃⁄ ,						 𝜆̅ = 〈𝑃T 〉 〈𝑃 〉⁄ .					                (2-9) 

2.4 Mechanical-Electric Coupled Equation 
2.4.1 Mode equation of railway vehicle body 

Modes and frequencies of vehicle obtained by finite element analysis are used in a mode summation 
approach to express displacement 𝑈%(𝑿, 𝑡) = 𝑈(𝑿, 𝑡) in the matrix form 

𝑈(𝑿, 𝑡) = 𝜱𝒒,													𝜱 = [𝜙+ 𝜙9 ⋯ 𝜙;]	,								𝒒 = [𝑞+ 𝑞9 ⋯ 𝑞;]<,                   (2-10) 

where 𝜱 is a mode matrix of  𝜙=, and 𝒒 generalised coordinate, and N is retained mode number. Substi-
tuting Eq. (2-10) into Eq. (2-1), pre-multiplying both sides by 𝜱< we obtain                                         

(𝑴 +𝒎#)𝒒̈ + 𝑪𝒒̇ + (𝜦 + 𝑲)𝒒 − 𝑲+>𝑍+ −𝑲9
>𝑍9 − 𝑪+>𝑍̇+ − 𝑪9>𝑍̇9 +𝑩+𝑄̇+ +𝑩9𝑄̇9 = 𝑭,      (2-11,12,13) 

𝑴 = 𝑰;×; = ∫ 𝜱@𝜌𝜱d𝛺A ,    𝜦 = ∫ 𝜱,&
@𝐸%&%'𝜱,'d𝛺A ,     𝑭 = ∫ 𝜱<𝑓(𝑿, 𝑡)d𝛺,A  𝑲!

> = 𝜱@(𝑿!)𝐾!, 

𝑪!> = 𝜱@(𝑿!)𝐶!,    𝒎# = ∑ {𝜱@(𝑿!)𝑚!
#𝜱(𝑿!)})

!*+ ,					𝑲 = ∑ {𝜱@(𝑿!)𝐾!𝜱(𝑿!)})
!*+ , 

𝑪 = ∑ {𝜱@(𝑿!)𝐶!𝜱(𝑿!)})
!*+ ,    𝑩! = 𝜱@(𝑿!)𝐵!𝑙!,     𝜦 = diagF𝜔B9H,				𝐽 = 1,2,⋯ ,𝑁. 

The first three frequencies 𝜔+,9,% = 0 are three rigid modes    
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Pitching:   𝜙+(𝑿) = 2√3𝑌 F�𝐽+𝐿H,�     Rolling:  𝜙9(𝑿) = 2√3𝑋 F�𝐽9𝑏H,� 			Heave:		𝜙%(𝑿) = 1 √𝑀,⁄        (2-14) 

where the vehicle as a center-symmetrical structure of total mass 𝑀 has its pitching and rolling inertia 
𝐽+and 𝐽9. Similarly, we obtain the equations of bogie and electric circuit  

F𝑚! +𝑚!
0H𝑍̈! + (𝐾! + 𝑘!)𝑍! + (𝐶! + 𝑐!)𝑍̇! −𝑲!

>@𝒒 − 𝑪!>@𝒒̇ − 𝑄̇!𝐵!𝑙! = 𝑘!ℎ(𝑥! , 𝑡) + 𝑐!ℎ̇(𝑥! , 𝑡),	    (2-15) 

𝐿!𝑄̈! + (𝑅! + 𝑟! 	)𝑄̇! + 𝑄! 𝐶̂! 	⁄ − 𝐵!𝑙!𝜱(𝑿!)𝒒̇+𝐵!𝑙!𝑍̇! = 0.                               (2-16) 

2.4.2 Matrix form of coupled equation 
Equations (2-11~16) can be re-written in a matrix form 

�
𝑴 +𝒎# 𝟎 𝟎

𝟎 𝒎 𝟎
𝟎 𝟎 𝑳

� �
𝒒̈
𝒁̈
𝑸̈
� + �

𝑪 −𝑪> 𝑩𝑻
−𝑪>@ 𝒄 −𝑩>
−𝑩 𝑩> 𝑹

� �
𝒒̇
𝒁̇
𝑸̇
� + �

𝜦 + 𝑲 −𝑲> 𝟎
−𝑲>@ 𝒌 𝟎
𝟎 𝟎 𝑪Z

� �
𝒒
𝒁
𝑸
� = �

𝑭
𝒇
𝟎
�,                (2-17) 

𝒁@ = [𝑍+ 𝑍9 𝑍% 𝑍)], 𝑲> = [𝑲+> 𝑲9
> 𝑲%

> 𝑲)
>], 𝑪> = [𝑪+> 𝑪9> 𝑪%> 𝑪)>], 

𝑸@ = [𝑄+ 𝑄9 𝑄% 𝑄)],									𝒇@ = [𝑓+ 𝑓9 𝑓% 𝑓)],      𝑓! = 𝑘!ℎ(𝑥! , 𝑡) + 𝑐!ℎ̇(𝑥! , 𝑡),         (2-18) 

𝒎 = diagF𝑚! +𝑚!
0H,			𝒄 = diag(𝐶! + 𝑐!), 𝒌 = diag(𝐾! + 𝑘!),				𝑩 = [𝑩+ 𝑩9 𝑩% 𝑩)]@ , 

𝑩> = diag(𝐵!𝑙!),    𝑳 = diag(𝐿!),    𝑹 = diag(𝑅! + 𝑟!),						𝑪Z = diagF1 𝐶̂!⁄ H.		𝐼	 = 1,2,3,4, 

of which the damping matrix is non-symmetrical. By considering that the capacitance 𝐶!Z  of coil is quite 
large, and inductance 𝐿! is very small, electric equation in Eq. (2-17) vanishes and current 𝑰 is given  

									𝑹𝑸̇ − 𝑩𝒒̇ + 𝑩>𝒁̇ = 𝟎,               𝑰 = 𝑸̇ = 𝑹D𝟏𝑩𝒒̇ − 𝑹D𝟏𝑩>𝒁̇,                                      (2-19,20) 

which, when substituted into Eq. (2-17), gives 

b𝑴 +𝒎# 𝟎
𝟎 𝒎c �

𝒒̈
𝒁̈
� + {𝑪F + 𝑪8} �𝒒̇

𝒁̇
� + b𝜦 + 𝑲 −𝑲>

−𝑲>@ 𝒌 c b𝒒𝒁c = �𝑭𝒇�,                                     (2-21) 

𝑪F = b 𝑪 −𝑪>
−𝑪>@ 𝒄 c,				𝑪8 = b 𝑪

G −𝒄8
−𝒄8@ 𝒄> c,	   𝑪

G = 𝑩@𝑹D𝟏𝑩,				𝒄8 = 𝑩@𝑹D𝟏𝑩>,				𝒄> = 𝑩>𝑹D𝟏𝑩>,			 

a symmetrical matrix equation, where 𝑪F is mechanical damping, while 𝑪8 is an energy collect matrix. 

2.5 Energy Flow Equation 
Pre-Multiplying Eq. (2-21) by [𝒒̇" 𝒁̇"] gives the energy flow equation of system [12], 

𝑇̇ + 𝐷̇ + 𝛱̇ = 𝑃,    𝑇 = +
9
[𝒒̇@ 𝒁̇@] b𝑴 +𝒎# 𝟎

𝟎 𝒎c �
𝒒̇
𝒁̇
�,								𝐷̇ = [𝒒̇@ 𝒁̇@]{𝑪F + 𝑪8} �𝒒̇

𝒁̇
�,      (2-22) 

𝛱 = +
9
[𝒒@ 𝒁@] b𝜦 + 𝑲 −𝑲>

−𝑲>@ 𝒌 c b𝒒𝒁c ,							𝑃 = [𝒒̇@ 𝒁̇@] �
𝑭
𝒇�,					𝑃

T = [𝒒̇@ 𝒁̇@]{𝑪8} �
𝒒̇
𝒁̇
�.  

Here, 𝑇, 𝐷 and 𝛱 are kinetic, dissipated / collected, and potential energies, 𝑃 total input power by exci-
tations, and 𝑃1  collected power. Mechanical designs use damping matrix 𝑪F  to reduce vibrations by 
dissipating vibration energy. In this proposed research, we replace the mechanical damping 𝑪F by elec-
tro-magnetic energy harvesting converters with matrix 𝑪8 to collect this part of energy and reduce vi-
brations. For period 𝑇T 	of track excitation in [13,14], time averaged energy flow equation is  

〈𝑇̇〉 + 〈𝐷̇〉 + 〈𝛱̇〉 = 〈𝑃〉,  〈𝐴(𝑡)〉 = +
@H ∫ 𝐴(𝑡)d𝑡@H

I .                                     (2-23) 
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3. Solution Approaches 
3.1 Generalised Integrated Mechanical-Electric Coupling System 

Equation (2-17) is an integrated coupling equation, of which the solution reveals its coupling mech-
anism. The oscillation frequency of LC circuit is in order 1 �𝐿𝐶̂⁄ , much higher than frequencies of ve-
hicle, so that it is neglected. 

3.2 Approximate Vehicle – Energy Harvester Coupling System 
3.2.1 Numerical integrations 

In general, time histories of loads are various forms [13,14]. In finite element codes, mode summa-
tion and direct integrations are used to solve this equation. Since the damping matrix in Eq. (2-17) is 
not satisfied normalised conditions, numerical integrations are chosen, such as available program [15]. 

3.2.2 Analytical solution 
For a harmonic excitation of frequency 𝛺, Eq. (2-21) can be written 

b𝑴 +𝒎# 𝟎
𝟎 𝒎c �

𝒒̈
𝒁̈
� + {𝑪F + 𝑪8} �𝒒̇

𝒁̇
� + b𝜦 + 𝑲 −𝑲>

−𝑲>@ 𝒌 c b𝒒𝒁c = 𝑭G𝑒DJA.,                      (3-1) 

where 𝑭G  denotes a complex amplitude. The physical force is the real part of complex force,  

Re�𝑭G𝑒DJA.� = Re�𝑭Z𝑒DJK𝑒DJA.� = 𝑭Z cos(𝛺𝑡 + 𝜗).                                                 (3-2) 

The complex dynamic response of forced vibration can be expressed as 

b𝒒𝒁c = b𝒒𝒁c
~
𝑒DJA. ,                                                                           (3-3) 

which, when substituted into Eq. (3-1), gives 

𝑲G b𝒒𝒁c
~
= 𝑭G,       𝑲G = b𝜦 + 𝑲 −𝑲>

−𝑲>@ 𝒌 c − 𝛺9 b𝑴 +𝒎# 𝟎
𝟎 𝒎c − i𝛺

{𝑪F + 𝑪8}.               (3-4) 

Here, 𝑲G  is a complex stiffness matrix. The complex vector of response and its real one are obtained  

b𝒒𝒁c
~
= 𝑲GD+𝑭G ,																	 b𝒒𝒁c

^
= Re ¢b𝒒𝒁c

~
𝑒DJA.£,											�𝒒̇

𝒁̇
�
^
= Re ¢−i𝛺 b𝒒𝒁c

~
𝑒DJA.£.             (3-5) 

The instant input power and harvesting power can be calculated by Eq. (2-22), 

𝑃 = [𝒒̇@ 𝒁̇@]^Re�𝑭G𝑒DJA.�,					𝑃T = [𝒒̇@ 𝒁̇@]^{𝑪8} �
𝒒̇
𝒁̇
�
^
 .                                            (3-6)                                    

The time averaged power is calculated by the complex variables with their conjugates ()∗ as [12] 

〈𝑃〉 = Re ¢�𝒒¤̇@��𝑭G�∗£ , 〈	𝑃T〉 = Re ¢�𝒒¤̇@�{𝑪8}𝒒¤̇∗£,          [𝒒̇@ 𝒁̇@]~ = 𝒒¤̇@ .                              (3-7)                         

4. Example 
4.1 Governing Equations and Mode Functions 

Figure 2 shows a half-integrated beam-like vehicle-energy harvester interaction system, subject to 
aerodynamic force 𝑓(𝑋, 𝑡), of mass density 𝜌, length 𝐿, cross section area 𝑆	and bending stiffness  𝐸𝐽. 
Using mode summation, its deflection  𝑊(𝑋, 𝑡) is in Eq. (2-10), where the mode functions are 

𝜙+(𝑋) = 1 2,									𝜙9(𝑋)⁄ = √3𝑋 𝐿⁄ ,      ∫ 𝜙=(𝑋)
O 9⁄
DO 9⁄ 𝜙F(𝑋)d𝑋 =

OQ$%
)
,                       (4-1) 
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𝜙=(𝑋) = ¦
+
9
{sinh(2 𝜇=𝑋 𝐿⁄ ) sinh 𝜇=⁄ + sin(2 𝜇=𝑋 𝐿⁄ ) sin 𝜇=⁄ }, 𝑛 = 4,6,⋯	

+
9
{cosh(2 𝜇=𝑋 𝐿⁄ ) cosh 𝜇=⁄ + cos(2 𝜇=𝑋 𝐿⁄ ) cos 𝜇=⁄ }, 𝑛 = 3,5,⋯

	,              (4-2) 

The parameter 𝜇+ = 0 = 𝜇9 and the rest 𝜇# are positive real roots, given in Table 1, of equation 
tan 𝜇= + tanh 𝜇= ,				𝑛 = 3,5,⋯ ;             tan 𝜇= − tanh 𝜇= ,													𝑛 = 4,6,⋯,                       (4-3) 

from which, frequencies 𝜔=  of beam are calculated by 𝜔=9 = 𝐸 𝐽𝛼=) (𝑀𝐿%)⁄ , 𝑀 = 𝜌𝑆𝐿.                                                          
Now, for this example, the matrices and vectors in Eq. (2-17) can be obtained for simulations. 

Table 1: The parameter  𝛼= = 𝜇=𝐿  of free-free beam 

n 1 2 3 4 5 6 7 
𝛼= 0 0 4.7300 7.8532 10.9956 14.1371 17.2787 

Table 2: Fundamental frequencies of track excitations with different track lengths (V=300km / h). 

𝜆				(m) 25 50 100 500 1000 
𝑓I						(Hz) 3.33 1.67 0.83 0.167 0.083 

𝛺I = 2𝜋𝑓I	(sD+) 20.94 10.47 5.24 1.05 0.52 

4.2 External Loads 
4.2.1 Case I: Track excitation 
     Based on [13], a road surface excitation is formulated by 

ℎ+ = ℎ(𝑥, 𝑡),			ℎ9 = ℎ(𝑥 − 2𝑎, 𝑡).				ℎ̇ = ¦
RS
R.
+ (𝐴𝑡 + 𝑉I)

RS
RT
,					𝑥 = +

9
𝐴𝑡9 + 𝑉I𝑡,					𝐴 ≠ 0,

RS
R.
+ 𝑉 RS

RT
,																				𝑥 = 𝑉𝑡,				Constant	Speed,

 ,        (4-4) 

where positive or negative value implies convex or concave on track,  𝐴 and 𝑉I are acceleration and 
initial velocity of train. An uneven track surface at joint of two tracks of length 𝜆 is modlled by a 
periodical excitation  

ℎ = −cos 9UT
V
,					𝑥 = 𝑉𝑡,              ℎ̇ = 9U

V
𝑉 sin 9UT

V
,				                                             (4-5) 

ℎ+ = −cos 9U
V
𝑉𝑡,     ℎ̇+ =

9U
V
𝑉 sin 9U

V
𝑉𝑡,    ℎ9 = −cos 9U

V
(𝑉𝑡 − 2𝑎),    ℎ̇9 =

9U
V
𝑉 sin 9U

V
(𝑉𝑡 − 2𝑎). 

Table 2 shows the fundamental frequencies of track excitations of different track lengths.  

4.2.2 Case II: Aerodynamic force function 
       Paper [14] reported train aerodynamics of different environments, and aerodynamical force 
distribtution descreasing from vehicle head to tail. The distribuition of pressure on beam in Fig. 3 (a) is 
adopted. Reference [16] presented an aerodynamic pressure curve by field test [17] in Fig. 3 (b),  which 
shows that the pressure period about 8s, frequnecy 0.125Hz, and its amplitude about 1kPa = 1000NmD9. 
Based on this result, we assume an aerodynamic force in the form 

      𝑓(𝑋, 𝑡) = 𝛽𝑓(𝑋)𝑇(𝑡),         𝑇(𝑡) = cos𝛺9𝑡, 										𝛽 = 1000NmD9,						𝛺9 = 𝜋/4,		                        (4-6) 

4.3 Retained Modes and Results 
 Considering the track length 1000m with a fundamental frequency 0.083Hz in Table 2, and the fre-

quency of aerodynamic force is 0.125Hz, much less that the first elastic frequency of beam 8.43Hz 
[18], we retain two rigid beam modes for numerical analysis, and have 
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Figure 3: (a) Spacial distribution 𝑓(𝑋) = 𝑋 𝐿⁄ + 1 2⁄  of aerodynamic pressure on the beam in equation (4-1);  

(b) Aerodynamic pressure at a tunnel entry obtained by simulation [16] and field test [17]. 

𝜱 = [𝜙+ 𝜙9]	,				𝒒 = [𝑞+ 𝑞9]<,   𝑭 = 𝛽 �𝐹+𝐹9
� cos𝛺9𝑡,  𝐹+ =

O
)
,   𝐹9 =

√%O
+9
,                     (4-7) 

𝜙+ = 1 2⁄ ,					𝜙9 = √3𝑋 𝐿⁄ ,      𝜙+(𝑋+) = 1 2⁄ = 𝜙+(𝑋9),									𝜙9(𝑋+) = √3𝑎 𝐿⁄ = −𝜙9(𝑋9), 

𝑴 = X
)
𝐈,				𝒎 = 𝑚0𝐈, 		𝜦 = 𝟎,     𝑲 = 𝐾 �

1/2 0
0 6𝑎9/𝐿9�,   𝑲

> = 𝐾 �
1/2 1/2
√3𝑎 𝐿⁄ −√3𝑎 𝐿⁄

�,   𝒌 = (𝐾 + 𝑘)𝐈,  

  𝑪F = b𝟎 𝟎
𝟎 𝑐𝐈c , 𝑪

8 = 𝐶8 b 𝑪
G −𝒄8

−𝒄8@ 𝐈 c,	 𝑪G = �
1/2 0
0 6𝑎9/𝐿9�,  𝒄

8 = �
1/2 1/2
√3𝑎 𝐿⁄ −√3𝑎 𝐿⁄

�, 	𝐶8 = 3!'!

567
, 

𝑀 = 19000kg, 𝑚0 = 2500	kg, 𝐾 = 1.016 × 10YNmD+, 𝑘 = 4.935 × 10Y, 

𝑉 = 250 3	m⁄ sD+,					𝑐 = 5.074	 × 10)	NsmD+	,									𝐿 = 22m,												𝑎 = 9.3m,					λ = 1000m. 

Here, 𝐶8 is a paramter controled to check the perfomance of system. Figs. 4 and 5 give the results for 
Cases I and II, which shows that with 𝐶8 increasing, harvested power increases and vibrations reduced. 
 

 
Figure 4: Case I track excitation: left time histories (𝐶8 = 50000);  right amplitudes for the displacement at 

point 𝑋+, input power and harvested power. 

5. Conclusion and Discussions 
A mathematical model governing a railway vehicle-electromagnetic energy harvester coupling sys-

tem is developed and investigated, providing a means to design suspension units in high-speed trains to 
reduce vibrations and harvest energies. The example shows that with increasing energy harvesting pa-
rameter, vibrations are reduced while harvested power is increased. The paper is a theoretical and nu-
merical work, based on which real designs involving practical cases need to be further addressed. 
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Figure 5: Case II aerodynamic excitation: left time histories 𝐶8 = 50000; right amplitudes for the 
displacement at point 𝑋+, input power and  harvested power. 
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