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Abstract 8 

This short communication identifies some inconsistencies in the numerical predictions of 9 

three advanced soil constitutive models. The chosen constitutive models are subject to simple 10 

numerical tests in the small strain range relevant to the cyclic response of soil in seismic, offshore and 11 

urban applications. The numerical tests comprise: a cyclic simple shear test in the small strain range, a 12 

simple shear test with very small strain unloading-reloading loops, and a test on the dependence of the 13 

rate of the shear stiffness degradation with increasing shear strain on changing mean confining stress. 14 

The results are briefly discussed and, in some cases, the reasons for the observed inconsistencies and 15 

potential improvements in the formulations of the investigated constitutive models are initially 16 

drafted. 17 

 18 

Keywords: constitutive modelling, small strain behaviour, elastoplasticity, hypoplasticity, shear wave 19 

propagation, offshore loading, overshooting 20 

 21 

1. Background 22 

 23 

Numerous advanced soil constitutive models have been developed for modelling soil 24 

behaviour in the small strain region. Examples of such models from various constitutive frameworks 25 

could include, for instance: paraelastic model [1], classical elastoplastic model [2], multilaminate 26 

model [3], representatives of barodesy [4] or bounding surface plasticity models [5, 6]; and many 27 
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more as listed recently in [7].  Among many constitutive approaches, the research community and 28 

practising engineers often opt for the framework of SANISAND (Simple ANIsotropic SAND) 29 

elastoplasticity [8-9] or hypoplasticity [10-11] when modelling soil and soil-structure interaction in 30 

boundary value problems, including problems related to cyclic loading in seismic, offshore and urban 31 

geotechnical engineering. In fact, numerous studies used the SANISAND model (e.g. [12-18]) or the 32 

hypoplastic model (e.g. [18-25]) to simulate various boundary value problems. Those two constitutive 33 

approaches constitute also a common basis for further developments in soil constitutive modelling 34 

(e.g. [26-28] for SANISAND models; [29-31] for hypoplastic models). In addition to those two 35 

constitutive frameworks, other promising developments with available implementations in the 36 

multiaxial space can be found in literature when considering analysing boundary value problems, for 37 

example the updated Severn-Trent model [32] or the HS-Brick model [33]. Although all these 38 

constitutive models were shown to successfully reproduce various aspects of soil small strain and 39 

cyclic behaviour, there is constant need for validation studies reporting limitations of advanced soil 40 

constitutive models (e.g. [34-37]). 41 

This short communication presents three advanced sand constitutive models, namely, the 42 

Dafalias-Manzari sand model [9], the hypoplastic sand model [10, 11] and the Severn-Trent sand 43 

model [32] regarding their performance in capturing chosen aspects of the small strain behaviour 44 

relevant to shear wave propagation in earthquakes and cyclic loading in offshore and urban 45 

applications. To this aim, the response of the constitutive models to simple shear stress path loading is 46 

analysed in simple numerical tests. The numerical tests include: cyclic simple shear tests in the small 47 

strain range (up to 0.1%), simple shear tests in the small strain range with very small strain unloading-48 

reloading loops (0.001% and 0.0001%) and verification of the ability of the constitutive models to 49 

simulate accurately the dependence of the rate of the soil stiffness degradation with increasing shear 50 

strain on changing mean confining stress. The computations of the constitutive models are compared 51 

with each other and, where available, with experimental data. Some inconsistencies in the computed 52 

responses are found and discussed in the context of the current formulations and the potential future 53 

improvements in the formulations of the models. 54 

 55 
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2. Methodology 56 

The description of the formulation of the three advanced soil constitutive models, namely the 57 

Dafalias-Manzari (DM) model [9], the hypoplastic (HP) model [10, 11] and the Severn-Trent (ST) 58 

model [32], can be found in the given references and is not repeated herein for brevity. The 59 

implementations of the constitutive models (DM model and HP model [38], ST model [39]) in a 60 

‘umat’ (User MATerial) format have been used. Note that the implementation of the ST model [39] 61 

has been simplified for the sake of the numerical efficiency and assumes no elastoplastic coupling 62 

during cyclic loading. 63 

The constitutive models are used in this study with their original calibrations for replicating 64 

Toyoura sand behaviour in laboratory tests, i.e. as per [9] for the DM model, and as per [11][40] for 65 

the HP model, whereas the ST model has been calibrated as shown in [32]. This calibration was 66 

intended mainly on Hostun sand; however, it was also shown successful when simulating laboratory 67 

tests on Toyoura sand [32]. The chosen model parameters are shown in Tables 1, 2 and 3, for the DM 68 

model, the HP model and the ST model, respectively. 69 

Note that the author also tested the three constitutive models calibrated for Leighton Buzzard 70 

sand, fraction E (as shown in [41]) and the HP model with different calibration for Toyoura sand [42]. 71 

These calibrations resulted in the same trends as those reported herein but were omitted in this work 72 

for brevity with the original calibrations of the constitutive models being preferred in order to limit 73 

the potential uncertainties related to the author-derived calibrations. 74 

The numerical predictions of the constitutive models for a cyclic simple shear test compared 75 

with laboratory data on Toyoura sand [43] are shown on Figure 1 proving that the calibrations chosen 76 

in this paper are able to simulate with satisfactory accuracy cyclic response of sand in simple shear 77 

under intermediate strain levels. In short, it can be observed that all the constitutive models predict 78 

compressive volumetric response and, generally, slight increase in stiffness with increasing number of 79 

loading cycles, thus in agreement with the laboratory data. Note that the predictions of the DM model 80 

with e0=0.756 result in dilative response, thus the initial void ratio was increased to 0.86 to ensure 81 

volumetric compression and to adjust the obtained results to those observed in the experiments. 82 

 83 
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Table 1 Input parameters for DM sand model as derived in [9]. 84 

Parameter [unit] Description Value 
G0 [-] Shear modulus constant in the elastic law 125 
υ [-] Poisson’s ratio 0.05 
m [-] Size of yield surface 0.01 
e0 [-] Void ratio on CSL at p=0 0.934 
λc [-] Slope of critical state line 0.019 
ξ [-] Critical state line parameter 0.7 

Mc [-] Slope of critical state line in q:p plane, 
triaxial compression 

1.25 

c [-] Control of shape of yield and bounding 
surfaces in deviatoric section 

0.712 

h0 [-] Plastic modulus constant 7.05 
ch [-] Plastic modulus constant 0.968 
nb [-] Plastic modulus constant 1.1 
A0 [-] Dilatancy constant 0.704 
nd [-] Dilatancy constant 3.5 

zmax [-] Fabric index constant 4 
cz [-] Fabric index constant 600 

 85 

Table 2 Input parameters for the hypoplastic sand model as derived in [40] and [11]. 86 

 Parameter [unit] Description Value 
Basic hypoplasticity [40] φc [°] Critical friction angle 30 
 hs [MPa] Granular hardness 2600 
 n [-] Stiffness exponent ruling pressure-sensitivity 0.27 
 ed0 [-] Limiting minimum void ratio at p’=0 kPa 0.61 
 ec0 [-] Limiting void ratio at p’=0 kPa 0.98 
 ei0 [-] Limiting maximum void ratio at p’=0 kPa 1.1 
 α [-] Exponent linking peak stress with critical stress 0.18 
 β [-] Stiffness exponent scaling barotropy factor 1.1 
Intergranular strain concept [11] R [-] Representation of elastic range size 0.0001 
 mR [-] Stiffness multiplier of the initial stiffness and after 

180° change in strain path  
5.0 

 mT [-] Stiffness multiplier after 90° change in strain path 2.0 
 βR [-] Control of rate of evolution of intergranular strain 0.5 
 χ [-] Control on interpolation between elastic and 

hypoplastic response 
6.0 

 87 

Table 3 Input parameters for the Severn-Trent sand model as derived in [32]. 88 

Parameter [unit] Description Value 
νΔ [-] Intercept for critical-state line in ν-ln p’ plane at p’=1Pa 2.176 
Δ [-] Slope of critical-state line in ν-ln p’ plane 0.03 

φcv [°] Critical-state angle of friction 32 
m [-] Parameter controlling deviatoric section of yield surface 0.8 
k [-] Link between changes in state parameter and current size of 

yield surface 
3.2 

A [-] Multiplier in flow rule 0.75 
kd [-] State parameter contribution in flow rule 1.3 
B [-] Parameter controlling hyperbolic stiffness relationship 0.016 
α [-] Exponent controlling hyperbolic stiffness relationship 1.8 
R [-] Size of yield surface with respect to strength surface 0.01 

 89 
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 90 

 91 

 92 

 93 

Fig.1 Comparison of numerical simulations with digitalised experimental data from [43] for a cyclic torsional 94 

drained simple shear test on Toyoura sand at constant vertical stress of 98kPa and initial isotropic consolidation: 95 

a) experimental (e0=0.756), b) DM model (e0=0.86), c) HP model (e0=0.756), d) ST model (e0=0.756).  96 

 97 

The performance of the constitutive models has been inspected in three simple numerical tests 98 

carried out in Abaqus [44]. The ability of the constitutive models to deal successfully with the chosen 99 

aspects of the small strain behaviour is important when modelling in a reliable manner boundary value 100 

problems involving shear wave propagation and cyclic loading in offshore and urban applications.  101 
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Note that as the numerical tests are carried out assuming drained response, all the reported 102 

stresses in this work should be considered as effective, thus the apostrophe is dropped, and the 103 

notation is simplified. 104 

 105 

3. Results 106 

 107 

Test 1: Cyclic simple shear test in the small strain range (maximum strain of 0.1%) 108 

 109 

Figure 2 presents results for a cyclic simple shear test with the same initial conditions as 110 

shown for the simple shear tests on Figure 1; however, on this occasion the maximum shear strain is 111 

reduced to 0.1% to be representative of the shear strains likely experienced in boundary value 112 

problems, for example those dealing with seismic loading conditions.  113 

The results reveal that although the compression is observed in terms of the volumetric 114 

response, all the constitutive models predict stiffness reduction with subsequent shearing cycles. It 115 

appears that in line with the computed compression, the three constitutive models predict reduction in 116 

horizontal stress (Fig. 3) and consequently in mean confining stress (Fig. 4), which apparently may 117 

lead to soil stiffness reduction with consecutive load cycles, even though the sample densifies.  118 

Typically, the stress state, including lateral stresses and mean confining stress, is not known 119 

in simple shear testing. No experimental data, directly relevant to the comparisons with the carried out 120 

numerical test, could be found. However, generally experimental tests suggest that the accumulation 121 

of volumetric compressive strain leads to the increase in shear stiffness, as shown for example in 122 

[43,45], thus apparently the constitutive models used herein yield less intuitive predictions when the 123 

strain level is reduced from 3.0% to 0.1%. Relevant experimental tests could be carried out in the 124 

future to explicitly verify these numerical predictions. 125 
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 126 

 127 

 128 

Fig. 2 Comparison of the numerical simulations for cyclic simple shear test in the small strain range: a) DM 129 

model, b) HP model, c) ST model.  130 

 131 

 132 

Fig. 3 Changes in the ratio of the horizontal in-plane stress σh to the vertical stress σv predicted by the three 133 

constitutive models: a) DM model, b) HP model, c) ST model. 134 
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 135 

 136 

Fig. 4 Changes in mean confining stresses predicted by the three constitutive models: a) DM model, b) HP 137 

model, c) ST model. 138 

Test 2: Simple shear test in the small strain range with unloading-reloading loops 139 

 140 

A simple shear test is carried out within the small strain range (i.e. maximum shear strain of 141 

0.15%) with very small strain unloading-reloading loops (i.e. 0.001% and 0.01%), to simulate soil 142 

response to erratic non-regular shear deformation as likely to happen, for example, under real 143 

earthquake loading conditions, due to dynamic disturbance [46], or when modelling in a simplified 144 

manner the release and reflections of soil elastic waves in soil dynamic response [47]. The initial 145 

conditions for this test are as for Test 1. 146 

The results are shown on Figure 5 and reveal that the ST model strongly overestimates the 147 

stiffness on the reloading path when comparing to the predicted monotonic stress path. On the other 148 

hand, the HP model slightly overestimates the reloading stiffness and only the DM model is capable 149 

of returning to the previous loading path without any noticeable overshooting in the computed 150 

stresses. Apparently, the reported trends of overshooting depend on the magnitude of the unloading 151 

shear strain. Figure 6 shows the numerical predictions when the unloading-reloading strain cycle is 152 

increased to 0.01%. In such case all three models show potentially overshooting response. Note that 153 
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parametric studies on the vertical stress and density, not shown for brevity in this short 154 

communication, confirmed that the general conclusions are independent on those characteristics. 155 

To the best of the author’s knowledge, there is no experimental data which could be used as 156 

benchmark for the actual direct verification of the speculated herein problem of overshooting of the 157 

constitutive models. Some previous experimental works (e.g. [48]) looked at the influence of 158 

unloading cycles on the reloading stress path in the intermediate and large strain ranges highlighting 159 

that such unloading cycles result in soil densification, thus the increase in soil stiffness and strength 160 

on the reloading path could be justified for relatively large unloading-reloading cycles. Nevertheless, 161 

excessive overshooting in the reloading path, especially following very small strain unloading (e.g. 162 

such as shown by the ST model in Fig. 5c), is rather unexpected and can be deemed as a limitation of 163 

the constitutive models. 164 

The problem of overshooting in soil constitutive modelling was acknowledged by some 165 

researchers (e.g. [37]). In case of hypoplasticity models, [34] explained that for some reloading paths 166 

overshooting effects were encountered. On the other hand, the problem of overshooting in one of the 167 

elastoplastic models was critically reviewed in [33, 46]. In this study, the source of the overshooting 168 

response in the ST model can be attributed to the constitutive feature of smoothening the stress-strain 169 

response between the elastic and plastic stiffnesses. Currently, this constitutive feature depends 170 

strongly on the elastic stiffness parameters, and to lesser extent on the plastic stiffness parameters, 171 

thus the effect of overshooting will be visible in a stronger manner for a smaller unloading strain (i.e. 172 

0.001%). On the other hand, the case of overshooting response in the DM model may potentially be 173 

explained by the well-known characteristic of bounding surface models of an increasing distance to 174 

the bounding surface if the unloading strain is large enough to reach the opposite contour of a yield 175 

surface. This situation may not happen for a smaller unloading strain (i.e. of 0.001%) when the stress 176 

point remains inside the yield surface during the unloading (thus the distance to the bounding surface 177 

is not updated) but can happen for a larger unloading strain (i.e. of 0.01%). Finally, it is reminded that 178 

there are research works showing constitutive approaches with remediation techniques to overcome 179 

overshooting effects (e.g. [1, 49, 50]) thus being potential inspiration for improvements in the tested 180 

constitutive models. 181 
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 182 

 183 

 184 

Fig. 5 Comparison of numerical results for simple shear test in small strain range with very small strain 185 

unloading-reloading loops (0.001%): a) DM model, b) HP model, c) ST model. 186 

 187 

 188 
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 189 

Fig. 6 Comparison of numerical results for simple shear test in small strain range with very small strain 190 

unloading-reloading loops (0.01%): a) DM model, b) HP model, c) ST model. 191 

 192 

Test 3: Verification of the dependence of the rate of stiffness degradation on changing mean 193 

confining stress 194 

 195 

Test 3 investigates the ability of the constitutive models to simulate the rate of the soil shear 196 

stiffness degradation with increasing strain level and changing mean confining stress, thus applicable 197 

also in monotonic loading scenarios. Figure 7a presents the experimental data on Toyoura sand [51] 198 

which showed that the rate of the stiffness degradation strongly depends on the mean confining stress, 199 

with the fastest rate of stiffness degradation for lower confining stress (20kPa), and the slowest rate of 200 

stiffness degradation for higher confining stress (300kPa). Note that [51] evaluated G/G0 from triaxial 201 

tests however the general trends are the same in other laboratory tests (e.g. [52, 53]) thus can be 202 

deemed as applicable to simple shear conditions.  203 

The simulations of the shear stiffness degradation with the increasing strains and under a 204 

range of mean confining stresses are shown in Figure 7b-7d. The results reveal that the stiffness 205 

degradation curve of G/G0 computed by the HP model (Fig. 7c) remains practically fixed for the full 206 

range of the analysed mean confining stresses. Note that this is not the case of the initial stiffness G0 207 

which is pressure dependent as explained by others (e.g. [54]). The performance of the ST model and 208 

the DM model is apparently more accurate in this respect, which in case of the ST model was also 209 

shown in [32] before.  210 

The current formulation of the HP model may affect predictions in boundary value problems 211 

where modelled soil is subjected to a wide range of mean confining stresses. In order to improve the 212 
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predictions of the HP model, modifying the model formulation in such a way that chosen parameters 213 

of the intergranular strain concept change with changing mean confining stress could be a simple way 214 

to improve the model predictions in the future. Some very initial trials were attempted [41] and are 215 

currently being further investigated regarding potential improvements in the formulation of the HP 216 

model.  217 

 218 

 219 

 220 
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 221 

Fig. 7 Stiffness degradation curves G/G0: a) experimental data [51], b) simulation by the DM model, c) 222 

simulation by the HP model, d) simulation by the ST model.  223 

 224 

Summary  225 

 226 

The performance of three advanced soil constitutive models in chosen aspects of soil small 227 

strain behaviour of high relevance to accurate soil modelling in seismic, offshore and urban 228 

applications has been shown in this work through simple numerical tests. Some remarks regarding 229 

inconsistencies in the predicted responses and limitations of the constitutive models have been 230 

highlighted and followed, for chosen cases, by drafting briefly ideas on the reasons of the indicated 231 

limitations and the potential improvements in the formulations of the constitutive models for yielding 232 

more accurate predictions in the future. 233 
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