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Analytical solution of a double-well Bose-Einstein Condensate
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We introduce a microscopic computation which shows that the Hamiltonian of a Bose-Einstein
Condensate can be analytically solved in the two-mode approximation, in particular, in the case
of an asymmetric double-well condensate in the dilute regime. Our model is exactly diagonalisable
when the overlap of the quasilocalized modes in each well is small enough with respect to the trap
asymmetry. For larger overlaps or highly symmetric traps, our diagonalisable Hamiltonian acquires
extra terms that we treat within perturbation theory.
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The Hamiltonian of a two-mode Bose-Einstein conden-
sate (BEC) has been extensively studied in the litera-
ture [IH5] due to its relative simplicity and application
to double-well [4] or spin-1/2 [5] condensates.

In spite that the two-mode BEC corresponds to the
most simple multi-mode situation, canonical models em-
ployed, such as the Bose-Hubbard Hamiltonian [I], can-
not be solved analytically. Therefore, common tech-
niques to study this system involve numerical meth-
ods, approximations (such as the use of Bethe ansatz)
and semiclassical analysis (mean-field theory) where the
modes are treated classically. However some of the au-
thors of this paper have introduced a model which Hamil-
tonian can be diagonalized analytically [6l[7]. The model
is a generalization of the Bose-Hubbard Hamiltonian
which includes mode-exchange and coherent tunneling
interactions previously ignored or neglected. Interest-
ingly, physical effects produced by such interactions have
been experimentally observed [§]. Since our model in-
volves certain constraints among the different terms of
the Hamiltonian, the question of to what extent it de-
scribes a realistic BEC remains open. This is the ques-
tion that we address here.

In this paper we show that the exactly solvable model
of the two-mode BEC introduced in [0, [7] can be de-
rived from the microscopical description of a double-well
BEC. Showing this simply involves a generalization of
the modes commonly employed in the two-mode approx-
imation. The microscopic calculation we carry out here
yields directly the diagonalizable model plus extra-terms
that can be treated perturbatively as long as the overlap
between the quasi localised modes in each well is much
smaller than the trap asymmetry. We find that this is
indeed the case in a wide variety of experiments involv-
ing double-well BECs. The behaviour of the diagonaliz-
able model under generic perturbations has already been
studied in [9]. Exploiting these results we compute the
relevant corrections of the eigenstates within perturba-
tion theory. Thus, we provide a complete toolbox for
the analytical description of a wide range of double-well
BECs, which includes not only the ground state of the

FIG. 1: An asymmetric double-well BEC consisting of wells
A and B with energy offset Ai. ¢, ¢p are almost-localised
modes with a small overlap characterised by € (see the text).
In the Bose-Hubbard model, the two-mode approximation
considers two equally balanced superpositions of ¢, and ¢y.
Here, we consider a more general superposition (see Eq.
which allows to treat the Hamiltonian analytically, as long as
€ << Ay

system but all the eigenvalues and eigenvectors.

Let us discuss our results in more detail. We start
with the microscopic description of a BEC. Consider
the many-body energy functional for bosonic particles of
mass m trapped in a potential V' (r) undergoing two-body
collisions with s-wave scattering length a:

H = ﬁ1+H27

R o o .
Hy = /dr(—%\llTVQ\IJ+\IJTV(r)\IJ),

- / dri H,
i, = 4 / i, (1)
where g = % is the coupling strength and H; is the

Hamiltonian of the trap. The wavefunction ¥ can be
expanded in terms of the eigenfunctions ¢; of the total
Hamiltonian H and their corresponding annhilation op-
erators ¢; as

U= Z ®iCi- (2)



At absolute zero temperature and in the absence of par-
ticle collisions, all particles occupy the ground level of
the single-particle Hamiltonian H, producing a BEC. In
this case, the ground-state wavefunction ¢g is symmet-
ric. However, in the case that particles collide with inter-
action energy small compared to the single-particle en-
ergy, we can consider that particles occupy the two low-
est eigenstates of the Hamiltonian, i.e the antisymmetric
mode ¢4 is also populated. In this case, a two-mode
approximation is valid and the total wavefunction of the
system is well described by

U = $161 + ¢oio. (3)

The real wavefunctions ¢; and ¢- are orthonormal modes
[dréi¢; = &;; with i,j = 1,2 which have a small tran-
sition amplitude such that

Fis = / drin Hid. (@)

Typically, the modes in terms of the symmetric and an-
tisymmetric solutions are written as,

1 = %((ﬁs L éa),

1

¢2=\/§

(ps — da).
(5)

By substituting the two-mode approximation Eq. in
the Hamiltonian we obtain,

H1 = Ech{Cl + EQC$C2 + Elg(CICQ + C;Cl)
Hy, = U11110120% + U2222C;20§ + +4U12120J{C§C102
+ 2U1112(CI26102 + hC) + 2U2212(C£20102 + hc)
+ Ujio9 (01265 + hC)
where
E, = /dr¢1Ht¢1 , By = /dr¢2Ht¢27
Ui = /drqﬁd)f, Uaooo = /drqﬁ%qﬁ

U212 = /dr\¢1|2\¢2\2, Uii12 :/dmﬁ%(ﬁz
Uigoz = /dr¢§¢1¢>z, Uii22 :/dﬂf)?éﬁ% (6)

The Hamiltonian Eq. (15])describes a constant number
of particles N = ny + ny where

ni2 = 61281,2 (7)

of them occupy mode 1 » with corresponding energy E ».
The number of particles in each mode change with prob-
ability amplitude F15. In addition to this, particles un-
dergo same-mode collisions with scattering lengths Uy111

and Usass, elastic collisions between particles in different
modes Uj122 and mode-exchange collisions Ui112, Uig92,
U1122. While the latter terms are usually neglected, their
effects have been observed in the laboratory [§] and they
have been extensively discussed theoretically [7].

Let us now focus in double-well BECs and distinguish
two cases of interest, namely symmetric and asymmetric
potentials. We label the symmetric and antisymmetric
solutions of the single particle Hamiltonian correspond-
ing to the symmetric well as ¢%, ¢ and ¢%, ¢ the solu-
tions in the asymmetric potential. Therefore, in the case
of the symmetric potential the two-mode approximation
corresponds to two almost-localized modes

1
¢ = ﬁ(% + ¢%)

65 = %Ws Y. (8)

In the literature of double-well BECs [I], these modes are
commonly labeled

¢i:¢a;¢§:¢b (9)

to emphasize that they are almost localized modes in well
A and B respectively. We will use this notation here as
well.

In the asymmetric potential case, we can write the
modes ¢¢ and ¢§ in terms of the symmetric quasilocal-
ized modes,

¢7 = cos(6/2)pa —sin(0/2)dy
@5 = cos(0/2)dy + sin(6/2) ¢,

It is easy to see that in terms of the symmetric and anti-
symmetric solutions of the symmetric potential we obtain

¢y = cos Q¢ + sin Qg
¢5 = —sinQe + cos QP
(10)
where Q0 = (04 Z). Note that we recover the symmetric
case when 6 = 0.

We have introduced the set of quasilocalized modes
because the integrals in the Hamiltonian are easily eval-
uated in the ¢, and ¢, basis. They are nearly normalized
modes with [droq¢, = 1+¢€, [dréppp =1 — €, where
the amplitude of transition between them

= / dr ¢uHidy (11)

is assumed to be very small. Therefore, all the fourth-
order integrals containing both modes, such as :

I, = /dr¢§¢3, I = /dr¢2¢>b, , I3 = /dr¢§’¢a (12)

are of order O(e?).



Relaxing the notation, the modes of the asymmetric
potential are related with the quasilocalized modes by
the transformation:

1 = cos(0/2)p, — sin(0/2)¢y
$2 = cos(0/2)pp + sin(6/2)pa. (13)

Note that for the case § = 0, the two-mode approxi-
mation becomes

U = ¢a + yb, (14)

which yields a Hamiltonian which describe two non-
interacting well-localised modes,

H = E,a'a+ Eb'b+ Uygat?a® + Uyb™?6?

with
&:/W%M%Jm:/W¢
Ey :/dr¢th¢b7 Ubb:/dﬂbﬁ- (15)

In this case the modes ¢, and ¢, become orthonormal.
Another case of interest is that of § = 7/2. In this case
we obtain the two-mode approximation commonly used
in the literature for a symmetric double well potential
which leads to the well known Hubbard-Bose Hamilto-
nian after neglecting the terms corresponding to mode-
exchange collisions U1212, U1112, U2212 and U1122.

Here we consider a more general mode decomposition
parametrized by the angle . However, this simple change
has strong consequences. After evaluating the integrals
in this new set of modes and adding the constant —N we
obtain the Hamiltonian,

H=Ho+H +H (16)
where H, is diagonalizable: [6], [7]

Ho = Ajcos 9(6161 - C;CQ) + A sin G(CJ{CQ + C;Cl)
+ Ay(1 +cos? ) (CJ{QC% +ci?c2) + 44, sin? 901020102
+ 2A5 cosfsin 9(01;20102 — 0520162 + h.c)
+ Aysin?0(cl?cE + h.c) (17)

and H', H are of order O(e), O(e?) respectively. Here
1
Ar= 3 (Ba— B) (18)
and
1
Ay = U (19)

for U = U,, = Uy, assuming that the scattering length
of particles in each mode is equal. Close attention must

be taken in evaluating A; and As since the wavefunc-
tions must be renormalized before the integration is car-
ried out. Hg describes a BEC in an asymmetric double-
well potential. cJ{cl and cécz correspond to the number
of particles in each well. The wave functions ¢; and
¢o overlap giving rise to tunneling of particles through
the potential barrier. Particles undergo on-site colli-
sions CI,QCLQCLQCLQ and in the overlapping region of
the wavefuntions particles of different wells can collide
c}cgczcl. Two other interesting effects are present in
the Hamiltonian. One of them in coherent tunneling in
which two particles collide and tunnel as a single particle
01,201,202,102,1. These effects has already been observed
in laboratory. A less known effect is collision assisted
tunneling in which a particle tunnels thanks to energy
gained during a on-site collision c];cJ{clcg.
The eigenstates of the Hamiltonian # are

0
[®0,.,) = exp(5(cfez — exch))lnana) - (20)

with corresponding eigenenergy
En17n2 = Al (77,1 - ng) + AQ(’I’Ll - n2)2. (21)

Note also that the two-mode approximation requires that
on-site interactions are much stronger than the interac-
tions between particles in different wells. This is possible
if we restrict ourselves to small values of 6 such that

sinf ~ 0 << 1, cosf ~1. (22)

Let us consider the term 7—[/7
/ 0
H o= —e(5( Ter — ched) + clea +cher),  (23)

where we have already assumed the approximation in Eq.
22).

By comparing Egs. and (23), we see that we can
treat ‘H as a perturbation, as long as € << A;0. This is
indeed the case in a wide variety of experiments involv-
ing double-well condensates [I0H12]. The tunnelling rate
E15 ~ A0 + € takes experimental values ranging from
5-107* Hz xh [11] to 2 Hz xh [10], while the energy off-
set between the wells can be as high A; = 530 Hz xh [12].
Even if the wells are intended to be perfectly symmetric,
the uncertainty in the trap depth leads us to assume a
minimum trap asymmetry of A; ~ 20 Hz x h [I0].

Using the results in [9], we find the following non-
vanishing matrix elements in perturbation theory:

' 3
<(I)711 n2|H |<Dn1 n2> - —569 (nl — ng)
(Pn, 11 n2*1|H/|(I>n1 ny) = —€y/nz(ng+1)

<(I)n1—1n2+1|H’|(I)n1nz> = —eyni (ng+1). (24)

Now let us discuss the term ’H”, which includes all the
fourth-order integrals containing both modes:

1"

H = 4[101020102 + 212(0120102 + h.c)
+ 215(c}Pereo + hoe) + I (c1?¢E + h.c) + O(0]25)



where the O(€?) integrals I, I, I3 are defined in Eq.
The leading contributions to the non-vanishing matrix
elements of the perturbation are:
<¢n1n2|H/|(I)n1’ﬂ2 = 4dnina Iy
Oy g1myt [H @y ) = 2(I2+ I3)y/na (n1 + 1)

nq (712 + 1)

)
)
(I)nl—lnz+1|H/|(I)n1nz> = 2(L2 + I5)
Bryt2na—2|H |y ny)
o )

(
(
(
< n1—2n2+2|H, |(I)n1 no

The behaviour of several physical quantities of interest
in a model described by a Hamiltonian Hg under generic
perturbations with the same mathematical structure as
H' and H" was thoroughly discussed in [9].

In summary, we introduce a toolbox for the analytical
description of a two-mode BEC. Our results are found by
means of a generalisation of the modes commonly used in
the two-mode approximation. The Bose-Hubbard model
corresponds to a particular case of the modes we intro-
duce here. An important advantage of our scheme is
that it includes mode-exchange and coherent tunnelling
interaction terms that have been observed experimentally
and are typically neglected. Moreover, while the Bose-
Hubbard hamiltonian is commonly solved numerically,
our model can be fully treated with analytical methods.
We not only find the ground state but the full spectrum
and the eigenstates. We believe that this will be of great
benefit for quantum information and metrology applica-
tion with BEC setups. As a first example of interest, our
discussion has been focused on the asymmetric double-
well BEC. However, the theory we have here developed
can be applied to a more general situation since the only
assumptions we have made are that the condensate wave-
function can be approximated by two modes and that the
transition amplitude between them is very small. For in-
stance, a case of interest is a single-well Bose-Einstein
condensate consisting of atoms in two hyperfine levels
[B]. In such case, mode-exchange collisions have been
predicted by microscopic calculations [I3]. The exactly
solvable model can be generalized to the multi-mode case
(including optical lattices) and many-body interactions.
It is therefore of great interest to explore as well the mi-

= Il\/(nl +1) (ﬂl +2)n2 (7’L2 — 1)
= Il\/(nngl) (n2+2)n1 (n1 — 1)

croscopic derivation of those cases.
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