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A B S T R A C T   

The development and application of wheelset models that realistically incorporate both flexibility 
and rotation, constitutes a topic that has recently been active in the literature regarding high- 
frequency railway dynamics. The main application of these models is the simulation of the rail-
way vehicle-track dynamic interaction, which justifies the fact that most of them are formulated 
using coordinates that do not rotate with the solid (Euler coordinates). Wheelset models based on 
rotating coordinates are scarce, although they have some practical applications when the vi-
bration response at points fixed in the material is required (e.g., to simulate the signal of a 
transducer that is fixed at a point on the wheelset). The present work provides a global method in 
the modelling of a flexible and rotating railway wheelset, independent of the coordinates used 
(fixed or rotating). To achieve this, a compact formulation is developed adopting axisymmetric 
coordinates through both Lagrangian and Eulerian approaches, which are related by means of a 
coordinate transformation. The equations of motion that are deduced for both reference frames 
are linear, which allows the natural frequencies to be obtained as seen from a fixed frame as well 
as the ones observed for a system that rotates with the wheelset. The relationship between the 
natural frequencies obtained from both equations of motion is expressed as a closed-form formula 
that depends on the angular velocity of the wheelset. The model is applied to simulate the 
response measured by the strain gauges used in load-measuring wheelsets, in which a vertical 
force is acting in the wheel-rail contact. The results can contribute to establish limits on the use of 
the instrumented wheelsets based on the angular velocity and the frequency of the force applied 
in the wheel-rail contact.   

1. Introduction 

Within the dynamic problems that affect rail transport, those that correspond to the coupled dynamics of a vehicle and the track are 
of special relevance for the operating costs and the environmental impact. Although this type of study is carried out frequently through 
wheelset models that are considered rigid, certain problems are potentially sensitive to the effect of the wheelset flexibility and its 
rotation. This would be the case for studies realised through flexible and rotating wheelsets on rolling noise [1,2], polygonal wear of 
the wheel tread [3–5], corrugation of rails [6], the response to rail irregularities [7] and the fatigue life of railway axles [8] due to 
stresses induced by the aforementioned wheel and track imperfections. This interest justifies the special emphasis that researchers have 
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placed in recent years on the development of advanced models for the wheelset, among which most have focused on the use of non- 
rotating coordinates due to their capability to study the interaction of the wheelset with non-rotating systems, in particular the track. 
This approach, adopting Euler coordinates, allows the forces that are transmitted from the non-rotating structures to the rotating 
wheelset (through the wheel-rail contact and the axle boxes) to be applied at fixed spatial points. In turn, non-rotating coordinate 
models facilitate certain calculations, e.g. acoustic radiation due to the wheel vibration (enabling the use of air-conforming finite 
element (FE) meshes and boundary element models) and avoid certain problems associated with classical FE models such as the 
parametric excitation that occurs when a moving load is applied to the three-dimensional mesh (shifting the contact point on the 
element for each instant). 

Following this approach, one of the first developments for the wheelset model is presented in Ref. [9]. Taking advantage of its 
geometry of revolution, the mode shapes in a non-rotating frame of reference can be used as a basis to represent any displacement of 
the solid. Similar developments of a rotating wheelset model defined in Eulerian coordinates are presented in [8]. As a step forward in 
the wheelset modelling, Refs. [10,11] consider the dynamics of the wheelset in curves. To do this, a non-rotating trajectory frame of 
reference is defined following the geometry of the track. A significant advance in railway wheelset modelling was the use of 
axisymmetric coordinates [12], which considerably reduces the computational cost associated with the simulation and the numerical 
calculation of the equation of motion matrices. Although axisymmetric models assume the separation of variables and a truncated 
Fourier approach, they reduce the numerical errors associated with the FE discretisation in the circumferential direction in most 
practical cases. The wheel rotation was replaced by a moving load in [13], to calculate the response of a rotating railway wheel from a 
non-rotating axisymmetric FE model, but excluding gyroscopic and centrifugal effects. Refs. [14–16] present FE models of beam-like 
and axisymmetric rotors in both rotating and non-rotating coordinates. They were used for the analysis of rotating shafts, or disc-shaft 
assemblies, that bear similar features to railway wheelsets. In [17] a waveguide FE model was adopted for modelling circular rotating 
structures and applied to broadband vibration analysis of a rotating tyre. The models in Refs. [14–17] account for the inertial gyro-
scopic and centrifugal effects induced by the rotation. Geometric stiffening effects like stress stiffening or pre-stress were included in 
[16,17]. Two axisymmetric models for railway wheelsets based on fixed coordinates have recently been published, differing in terms of 
the principles of dynamics on which they are based (D’Alembert’s principle [18] or Euler–Lagrange equations [19]). 

Lagrangian models, which describe the motion through a reference frame that rotates with the solid, are more scarce even though 
they are able to provide more information about the basic nature of the wheelset vibration. These models are also more suitable when 
the vibration response is required at material points of the wheelset, for example, when calculating the signal measured by a transducer 
that is fixed to the wheelset. One practical example of these measurements corresponds to so-called instrumented, or load-measuring, 
wheelsets, which are used in the homologation tests of railway vehicles following the UIC 518 leaflet [20]. Instrumented wheelsets are 
conventional ones that are instrumented with strain gauges at points on the wheel web and/or the wheelset axle. Through the signals of 
the different Wheatstone bridges, the position of the wheel-rail contact point, the vertical force Q and the lateral force Y are obtained. 
The UIC 518 leaflet establishes various limit values through quantities derived from Y and Q forces, such as the Nadal single-wheel Y/Q 
limit criterion [21]. To estimate the UIC 518 limits, it is sufficient to measure the signal content below a fairly low frequency limit 
(depending on the magnitude, below 20 Hz). However, some manufacturers of instrumented wheelsets claim to be able to measure 
contact forces in a range up to 3 kHz; measuring the force in the contact at such a high frequency would allow monitoring of the railway 
track. It should be noted that an instrumented wheelset is essentially a load cell, and standard load cells measure below their first 
natural frequency. Refs. [22,23] develop methodologies to measure vertical wheel-rail contact forces using instrumented wheelsets 
that includes a compensation for the frequency response of the wheelset to extend the range to 2 kHz. However, neither these nor other 
related works include the effects associated with the rotation. 

In order to overcome the boundary between rotating and non-rotating coordinates approaches, this paper aims to provide a 
comprehensive modelling approach for the rotating railway wheelset by means of axisymmetric coordinates. No damping is intro-
duced in the model since its value is mostly much smaller than 1% for conventional wheelsets. This modelling approach is independent 
of the type of reference system adopted, which can also help to facilitate understanding of the phenomena underlying the coupling 
between the vibration response of a solid and its rotation. To do this, two kinematic formulations, in fixed and rotating axes, 
respectively, are presented in Section 2. In Section 3.1 the equation of motion in rotating axes (Lagrangian model) is derived, from 
which the expression in fixed axes (Eulerian model) is derived in Section 3.2 by means of the transformation between coordinates 
justified in Section 2. Results are presented in Section 4 to illustrate the effects of rotation on wheelset dynamics. With this in mind, the 
influence of rotational speed on the natural frequencies of the wheelset observed in rotating and non-rotating axes, and the relationship 
between them, are obtained and analysed. Next, the proposed method is applied to calculate the wheel-rail contact force measured 
through instrumented wheelsets. This study considers the influence of the angular velocity and the frequency of the wheel-rail contact 
force. The findings offer new insights into the precision of instrumented wheelsets when vehicles operate at high speeds, and the nature 
of measurements taken through these devices when the bandwidth is expanded to several kilohertz. These advancements will enhance 
the accuracy of measurements during very high-speed train homologation tests and aid in the development of track monitoring 
methods using instrumented wheelsets. 

2. Kinematic model of the flexible rotating wheelset 

The kinematics of the rotating wheelset are first formulated through a Lagrangian approach making use of a reference frame xyz 
rotating with the solid, in which the z-axis is the axis of revolution of the solid. Intrinsic coordinates are used for defining the 
displacement p = {p1, p2, p3}

T of a material particle of the wheelset depicted in Fig. 1. The position of the particle in the undeformed 
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configuration of the solid is defined by u = {r, 0, z}T and the angle θ. The absolute velocity of the particle can be deduced as 

v = ΩJ(u + p) + ṗ, (1)  

where Ω is the constant angular velocity of the wheelset, and 

J =

⎡

⎣
0 − 1 0
1 0 0
0 0 0

⎤

⎦. (2) 

By separation of variables, the displacements due to the deformations of the axisymmetric solid can be expressed through a Fourier 
series: 

p(r, z, θ) =
∑H

h=0
p̃h(r, z) cosθh +

∑H

h=1
ph(r, z) sinθh, (3) 

h being the harmonic index or the number of nodal diameters, H the number of spatial harmonics considered, and p̃h and ph the 
amplitudes of each harmonic. 

Considering Euler coordinates now, let w be the displacement of a particle that is in its undeformed configuration in the angular 
position with respect to the non-rotating frame x0y0z given by angle φ. Assuming separation of variables, the dependence of the 
displacement due to the deformation on the angle φ can be written through a Fourier series as 

w(r, z,φ) =
∑H

h=0
w̃h(r, z)cosφh +

∑H

h=1
wh(r, z)sinφh. (4) 

By imposing the condition that the Eulerian and Lagrangian displacements coincide at a certain time instant, then the following 
relationship is obtained 

p(r, z, θ) = w(r, z,Ωt + θ), (5) 

and from the Fourier series defined in Eqs. (3) and (4) 
∑H

h=0
p̃hcosθh +

∑H

h=1
phsinθh =

∑H

h=0
w̃hcos(Ωht + θh) +

∑H

h=1
whsin(Ωht + θh). (6) 

By first multiplying both terms of the last equation by cosφh and then integrating with respect to θ between 0 and 2π (and secondly 
following an analogue procedure multiplying by sinφh), the following equations are obtained 

p̃h = w̃hcosΩht + wh sinΩht, (7)  

ph = − w̃hsinΩht + whcosΩht, (8) 

formulae that correspond to a transformation from Euler to Lagrange coordinates. 

3. Equations of motion 

3.1. Lagrangian approach 

From the particle velocity expression in Eq. (1), the kinetic energy of the system can be expressed as 

T =
1
2
Ω2
∫∫∫

V
rρ(u + p)TE(u + p)dθdrdz +

1
2

∫∫∫

V
rρṗTṗdθdrdz + Ω

∫∫∫

V
rρṗTJ(u + p)dθdrdz, (9) 

where V is the undeformed volume of the axisymmetric solid, ρ is the material density, and 

Fig. 1. Reference frame and coordinates: a) cross-section area of the wheel, b) visualisation of the geometry of revolution of the wheel.  
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E = JTJ =

⎡

⎣
1 0 0
0 1 0
0 0 0

⎤

⎦. (10) 

Substituting the previous Fourier series Eq. (3) 

T =
1
2
Ω2
∫∫∫

V
rρ
(

u +
∑H

h=0

(

p̃hch + phsh

))T

E

(

u +
∑H

h=0

(

p̃hch + phsh

))

dθdrdz  

+
1
2

∫∫∫

V
rρ
(
∑H

h=0

(
˙̃phch + ṗhsh

))T(
∑H

h=0

(
˙̃phch + phsh

))

dθdrdz  

+Ω
∫∫∫

V
rρ
(
∑H

h=0

(
˙̃phch + phsh

))T

J

(

u +
∑H

h=0

(

p̃hch + phsh

))

dθdrdz, (11)  

where ch = cosθh and sh = sinθh are defined for simplicity. At this point, FE methodology is adopted in order to derive the numerical 
model of the rotating solid. The cross-section of the wheelset is discretised in a 2D FE mesh. Let pe be the displacements at the nodes of 
the e-th element of the FE mesh. The h-th harmonic displacements p̃h and ph in the e-th element domain can be approximated as 
follows: 

p̃h(r, z) ≈ Ne(r, z)p̃e
h, (12)  

ph(r, z) ≈ Ne(r, z) pe
h, (13)  

where Ne(r, z) contains the FE shape functions for the 2D cross-section mesh. Introducing this approach in Eq. (11) and performing the 
first integral with respect to the angular coordinate θ on the interval [0,2π], the kinetic energy for the e-th element can be rewritten as 
follows: 

Te = Ω2
(

p̃e
0

Tce
0 + pe

0
Tce

0

)

+
Ω2

2
p̃e

0
Tbep̃e

0 +
˙̃p

e
0

T
me ˙̃p

e
0 + 2Ω ˙̃p

e
0

T
gep̃e

0 +
1
2
∑H

h=1

[

Ω2
(

p̃e
h

Tbep̃e
h + pe

h
Tbepe

h

)

+

(
˙̃p

e
h

T
me ˙̃p

e
h + pe

h
Tmepe

h

)

+ Ω
(
˙̃p

e
h

T
gep̃e

h + ṗe
h

T
gepe

h

)]

+ πΩ2
∫∫

Ae
rρuTEudrdz (14)  

where the integrals over the surface of each finite element area Ae result in the following matrices and vector: 

me = π
∫∫

Ae
rρNeTNedrdz, (15)  

ge = 2π
∫∫

Ae
rρNeTJNedrdz, (16)  

be = π
∫∫

Ae
rρNeTENe drdz, (17)  

ce
0 = 2π

∫∫

Ae
rρNeTEu drdz = 2π

∫∫

Ae
r2ρNeT

{ 1 0 0 }T drdz. (18) 

These matrices are computed numerically through Gauss quadrature as in the standard FE method. Following the Lagrange 
equation procedure, the terms from the equation of motion that are obtained from the kinetic energy (14) are, for the harmonic h = 0, 

d
dt

⎛

⎜
⎝

∂T
∂ ˙̃p

e
0

⎞

⎟
⎠

T

−

⎛

⎝ ∂T
∂p̃e

0

⎞

⎠

T

= 2me ¨̃p
e
0 + 2Ωge ˙̃p

e
0 − 2Ω2bep̃e

0 − Ω2ce
0, (19) 

and, for the remaining harmonics 

d
dt

⎛

⎜
⎝

∂T
∂ ˙̃p

e
h

⎞

⎟
⎠

T

−

⎛

⎝ ∂T
∂p̃e

h

⎞

⎠

T

= me ¨̃p
e
h +Ωge ˙̃p

e
h − Ω2bep̃e

h. (20) 

The corresponding expression for the anti-symmetric terms pe
h is analogous. External forces are applied at wheelset points that do 

not rotate with the solid. Let fe be an external force that is applied at a fixed point of the e th-element domain. The virtual work is 
calculated as follows 
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δW = δpe(rF , zF , − Ωt)T fe, (21) 

with (rF, zF, − Ωt) being the cylindrical coordinates of the point at which the force is applied. Substituting Eqs. (3), (12) and (13) in 
Eq. (21), the virtual work becomes 

δW =

(
∑H

h=0
δp̃eT

h Ne(rF, zF)
TcosΩht −

∑H

h=1
δpeT

h Ne(rF , zF)
TsinΩht

)

fe. (22) 

From this last equation, the generalised forces associated with the coordinates p̃e
h and pe

h are, respectively 

Q̃
e
h = Ne(rF , zF)

TfecosΩht, (23)  

Qe
h = − Ne(rF , zF)

TfesinΩht. (24) 

Let ̃Ph and Ph be the global coordinate vectors that contain the nodal coordinates of the FE mesh. The element matrices me, ge, be and 
ce

0 in Eqs. (14)-(17) are assembled into global matrices following the standard FE procedure, giving the mass matrix M, skew-symmetric 
gyroscopic matrix G, stiffening matrix B and centrifugal force vector c0. The generalised force term Ne(rF, zF)

Tfe in Eqs. (23) and (24) 
can be also assembled in a global force vector F. The resulting equation of motion for the rotating solid can be written as 

2M¨̃P0 + 2ΩG ˙̃P0 +
(
K0 − 2Ω2B

)
P̃0 = F + Ω2c0, (25)  

[
M 0
0 M

]
⎧
⎨

⎩

¨̃Ph

P̈h

⎫
⎬

⎭
+ Ω

[
G 0
0 G

]
⎧
⎨

⎩

˙̃Ph

Ṗh

⎫
⎬

⎭
+

(

Kh − Ω2
[

B 0
0 B

]){

P̃h
Ph

}

=

{
FcosΩht
− FsinΩht

}

, h > 0, (26)  

where Kh is the standard stiffness matrix in the axisymmetric FE method [24]. The resulting equation of motion is linear since the 
angular velocity of the solid is assumed to be constant and the constitutive relationship is linear. As will be studied in the following 
section, the equation of motion also allows the eigenvalue problem to be solved, which provides the equivalent natural frequencies and 
mode shapes of the rotating solid. 

The influence of the rotation on the results can be explained mathematically by the terms in the equation of motion that contain Ω. 
The gyroscopic term (involving G) contains the product of the generalised-velocity vector and Ω, i.e. the Coriolis acceleration that 
couples radial and circumferential vibration of the flexible wheelset. In addition, there is one term that contains the product of Ω2 and 
the generalised-displacement vector, the centripetal acceleration, thus producing the total stiffening matrix due to rotation, which in 
fact reduces the wheelset stiffness, sometimes referred to as spin softening [25]. 

3.2. Eulerian approach 

From Eqs. (7) and (8), the displacements in the global Lagrangian coordinates and their derivatives can be easily calculated from 
those in the global Eulerian coordinates as follows 

P̃h = ĉhW̃h + ŝhWh, (27)  

Ph = − ŝhW̃h + ĉhWh, (28)  

˙̃Ph = ĉh
˙̃Wh + ŝhẆh − hΩŝhW̃h + hΩĉhWh, (29)  

Ṗh = − ŝh
˙̃Wh + ĉhẆh − hΩĉhW̃h − hΩŝhWh, (30)  

¨̃Ph = ĉh
¨̃Wh + ŝhẄh − 2hΩŝh

˙̃Wh + 2hΩĉhẆh − h2Ω2 ĉhW̃h − h2Ω2 ŝhWh, (31)  

P̈h = − ŝh
¨̃Wh + ĉhẄh − 2hΩĉh

˙̃Wh − 2hΩshẆh + h2Ω2 ŝhW̃h − h2Ω2 ĉhWh, (32)  

where ĉh = cosΩht and ŝh = sinΩht. Eqs. (27) to (32) are substituted into Eq. (26) (in the first block), which yields 

cosΩht
(

M ¨̃Wh + 2hΩMẆh − h2Ω2MW̃h + ΩG ˙̃Wh + hΩ2GWh − Ω2BW̃h − F + FE
1

)

+sinΩht
(

MẄh − 2hΩM ˙̃Wh − h2Ω2MWh + ΩGẆh − hΩ2GW̃h − Ω2BWh + FE
2

)

= 0, (33)  

where FE
1 and FE

2 contain the elastic forces (the terms of the equation of motion that are multiplied by Kh). Bearing in mind that the 
equation must be fulfilled for any instant, each of the expressions between brackets multiplied by cosΩht or by sinΩht must be equal to 
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zero independently. Consequently, Eq. (33) can be separated in two, and combined in matrix blocks, giving 

[
M 0
0 M

]
⎧
⎨

⎩

¨̃Wh

Ẅh

⎫
⎬

⎭
+ Ω

[
G 2hM

− 2hM G

]
⎧
⎨

⎩

˙̃Wh

Ẇh

⎫
⎬

⎭
+

(

Kh − Ω2
[

B + h2M − hG
hG B + h2M

]){

W̃h
Wh

}

=

{
F
0

}

. (34) 

It must be highlighted that the matrix Kh is independent of the approach (Lagrangian or Eulerian). The equation for harmonic 0 is 

2M ¨̃W0 + 2ΩG ˙̃W0 +
(
K0 − 2Ω2B

)
W̃0 = F + Ω2c0. (35)  

4. Results 

The results shown in the present section are intended to provide understanding of the effects of rotation on the dynamics of the 
railway wheelset through the analysis of the rotating natural frequencies and the strains at wheel web positions. This analysis will also 
allow simulation of the measurements made by instrumented wheelsets at high frequency and speed. The wheelset and FE mesh shown 
in Fig. 2 are adopted, with nominal wheel diameter of 860 mm. In this model, the nodes that correspond to location of the axle boxes 
have been clamped as a boundary condition. While this boundary condition may result in a reduced accuracy of the model, particularly 
in the frequency bands where the wheelset axle modes are present, it is a common kinematic constraint used in instrumented wheelset 
studies (e.g., Ref. [26]). This is because it enables the use of a positive-definite stiffness matrix, which is essential for performing static 
calculations. Given that this study aims to compare both static and dynamic calculations, it was deemed preferable to apply the same 
conditions to all calculations for consistency. Alternative, constraints can also be considered within the current modelling approach, 
such as the free wheelset or the addition of elastic supports at the axle boxes. However, the combination of very high stiffnesses in the 
wheelset with very low support stiffnesses of the primary suspension can lead to numerical errors. 

4.1. Natural frequencies and equivalent natural frequencies 

Table 1 presents information associated with the natural frequencies of the wheelset. These frequencies are obtained by solving an 
eigenvalue problem from the Lagrangian formulation (26) and the Eulerian formulation (34), obtaining the frequencies indicated in 
the table as ωL and ωE respectively (all the results in the table are expressed in Hz). In order to make the rotation effects more 
noticeable, the speed of the wheelset has been chosen to be sufficiently high (300 km/h, which corresponds to Ω = 195.39 rad/s =
31.10 Hz). The modes have also been calculated for the non-rotating case by setting Ω = 0 (these frequencies are identified as ω0, and 
they are listed in the third column of the table). The wheelset mode shapes of the first eight modes obtained for the non-rotating case 
are shown in Fig. 3. 

The second column of Table 1 shows the number of nodal diameters of the non-rotating wheelset. The fifth and sixth columns 
contain the corresponding frequencies of the rotating wheelset obtained through the Lagrangian and Eulerian models, respectively. 
The non-rotating modes with h > 0 split into two frequencies when the angular velocity is non-zero; the difference between the split 
frequencies is more noticeable for the Eulerian model. In column 4 the whirl direction of the rotating modes is identified as forward 
(fw) and backward (bw) waves. 

The pair of frequencies that are split in the Eulerian model are known as forward and backward frequencies, and their respective 
value can be estimated through the formulae ω0 + hΩ and ω0 − hΩ (see seventh column), which were developed for wheels with a 
rotating force in [13], ω0 being the non-rotating natural frequency. The error of the estimate ω0 ± hΩ with respect to the exact fre-
quency for the rotating system (Eulerian frequency ωE) is listed in column 8. The formulae ω0 ± hΩ as an estimation of the Euler 
frequencies can also be deduced through Eq. (26) when rotating effects are neglected by setting Ω = 0 (except in the force term), 
deducing the following equation: 

[
M 0
0 M

]
⎧
⎨

⎩

¨̃Ph

P̈h

⎫
⎬

⎭
+ Kh

{

P̃h
Ph

}

=

{
FcosΩht
− FsinΩht

}

. (36) 

Fig. 2. Wheelset FE mesh (two wheels and axle). Mark ⨂ shows the nodes where the wheel-rail contact force is applied, and the strain is measured. 
Mark Δ shows the nodes that are constrained. 
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Assuming that the excitation is sinusoidal with frequency ω, the previous equation becomes 

[
M 0
0 M

]
⎧
⎨

⎩

¨̃Ph

P̈h

⎫
⎬

⎭
+ Kh

{

P̃h
Ph

}

=

{
F cosωt cosΩht
− F cosωt sinΩht

}

. (37) 

From basic trigonometry relationships, the force term can be rewritten as follows 

[
M 0
0 M

]
⎧
⎨

⎩

¨̃Ph

P̈h

⎫
⎬

⎭
+ Kh

{

P̃h
Ph

}

=
1
2

{
F(cos((ω + Ωh)t ) + cos((ω − Ωh)t ) )

F( − sin((ω + Ωh)t ) + sin((ω − Ωh)t ) )

}

. (38) 

From the previous expression, it can be deduced that the system enters into resonance when some non-rotating natural frequency 
coincides with ω+ hΩ, or ω − hΩ, which justifies the estimation of the natural frequencies according to [13]. Consequently, the natural 
frequencies calculated through the formulae ω0 + hΩ and ω0 − hΩ will have a higher error relative to the frequencies provided by the 
Euler model in those cases in which the inertial effects associated with the rotation are significant. 

The forward and backward frequencies from the Eulerian model correspond to those at which the rotating solid vibrates in its free 
response, as seen from a non-rotating observer. The corresponding free response consists of waves that rotate in either forward (co- 
rotating with the wheelset) or backward directions (counter-rotating). The natural frequencies of the Lagrangian model are associated 
with the wheelset free response viewed from a reference that rotates with the solid. Therefore, the Lagrangian model provides intrinsic 
information of the rotating solid. The difference between the non-rotating frequencies ω0 and those calculated by the Lagrangian 
model ωL indicates the influence of the inertial effects due to the wheel rotation. The Coriolis force, which acts perpendicular to the axis 
of rotation, causes changes in the speed of the two rotating waves relative to the moving frame for mode pairs with h > 0. Changes in 
the kinetic energy or inertia of the rotating solid due to the work done by the inertial Coriolis force cause the divergence of the natural 
frequencies associated with these waves. The centrifugal effects, from the term containing Ω2, alter the frequencies of both modes 
equally, but these changes are usually small for conventional railway speeds, as also found in [18]. 

Consequently, the forward and backward modes calculated by the Eulerian model are actually composed of motions corresponding 
to the vibration of the solid and its rotation. Furthermore, the Eulerian frequencies ωE can be calculated more precisely from the 
Lagrangian frequencies ωL through the following equation: 

ωE = ωL ± hΩ. (39) 

This result is reflected in columns 9 and 10 of Table 1. The error associated with Eq. (39) is negligible for all calculated modes (the 
maximum error obtained is 5.32 × 10-11). The mathematical proof of Eq. (39) is presented below. 

Table 1 
Natural frequencies and equivalent natural frequencies of the rotating wheel.     

Natural frequencies [Hz] 

Nodal diameters (h) Ω = 0 Ω = 195.39rad/s = 31.10 Hz; V = 300km/h 

ω0 Whirl Lagrange ωL Euler 
ωE 

ω0 ± hΩ ω0 ± hΩ(error) ωL − hΩ ωL + hΩ 

1 0 73.089 –  66.129  66.129  73.089  +10.52%  66.129 
2 1 104.456 fw  88.713  119.810  135.553  +13.14%   119.810 

bw  115.809  84.712  73.359  − 13.40%  84.712  
3 1 152.493 fw  149.986  181.083  183.590  +1.38%   181.083 

bw  154.364  123.267  121.396  − 1.52%  123.267  
4 1 230.074 fw  214.224  245.321  261.172  6.46%   245.321 

bw  249.599  218.501  198.977  − 8.94%  218.501  
5 0 266.987 –  266.977  266.977  266.987  0.00%  266.977 
6 0 269.917 –  269.907  269.907  269.917  0.00%  269.907 
7 1 373.129 fw  344.594  375.691  404.226  7.60%   375.691 

bw  402.001  370.904  342.031  − 7.78%  370.904  
8 2 411.364 fw  409.358  471.552  473.558  0.43%   471.552 

bw  413.227  351.033  349.170  − 0.53%  351.033  
9 2 411.762 fw  409.751  471.946  473.956  0.43%   471.946 

bw  413.630  351.436  349.568  − 0.53%  351.436  
10 1 560.531 fw  529.884  560.981  591.628  5.46%   560.981 

bw  591.151  560.054  529.433  − 5.47%  560.054  
11 1 890.444 fw  860.848  891.945  921.541  3.32%   891.945 

bw  919.960  888.863  859.347  − 3.32%  888.863  
12 3 1103.894 fw  1100.65  1193.94  1197.18  0.27%   1193.94 

bw  1107.04  1013.75  1010.60  − 0.31%  1013.75  
13 3 1105.029 fw  1101.78  1195.07  1198.32  0.27%   1195.07 

bw  1108.18  1014.89  1011.74  − 0.31%  1014.89  
14 0 1144.283 –  1144.27  1144.27  1144.28  0.00%  1144.27 
15 0 1242.254 –  1241.85  1241.86  1242.25  0.03%  1241.86  
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Let P*
h be an eigenvector corresponding to the Lagrangian model and ωL the corresponding natural frequency. From the coordinate 

transformation in Eqs. (27) and (28) and extending the previous equations to the complex domain, the eigenvector P*
h expressed 

through Eulerian coordinates Wh is 

P*
heiωLt =

[
eihΩt − i eihΩt

i eihΩt eihΩt

]

Wh (40) 

or 

Fig. 3. Mode shapes of non-rotating wheelset corresponding to the first eight natural.  
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P*
heiωLt =

[
1 − i
i 1

]

Whei(ωL+hΩ)t, (41) 

from which it follows that the eigenvector in the Eulerian model is 

W*
h =

[
1 − i
i 1

]

Wh, (42) 

and the natural frequency is exactly ωL + hΩ. Hence, it is proved that the natural frequencies of the Eulerian model are calculated 
accurately from those of the Lagrangian model through Eq. (39). 

The amount of the frequency split in the Lagrangian frame due to inertial effects depends on the shape of the wheelset mode and its 
rotational velocity. When comparing two modes that originate from the same non-rotating mode (with h > 0), one of the two 
Lagrangian mode shapes is associated with a lower and the other with a higher natural frequency. The trend of the Lagrangian modes 
listed in Table 1 is as follows: The forward waves have a lower natural frequency, meaning the frequency decreases with increasing 
rotational velocity, while for the backward waves the frequency increases. The absolute velocity of the wheelset particles is greater in a 
deformation that rotates in the same direction as Ω (the absolute velocity is the sum of the relative velocity and velocity due to Ω). As a 
result, these Lagrangian modes have more kinetic energy, meaning they have more equivalent mass, and their natural frequency is 
lowered. Conversely, the natural frequency is increasing for the Lagrangian modes where the deformation rotates in the opposite 
direction to Ω and has less equivalent mass associated. If the rotation speed of the wheelset remains subcritical (Ω < ωL), a forward 
mode in moving axes obtained from the Lagrangian model remains a forward mode obtained with the Eulerian model in fixed axes 
(and vice versa). This is even true for high-speed railway vehicles. Nevertheless, the Eulerian forward mode has a higher frequency 
than the backward mode. This is because the wave speed seen from fixed axes is the sum of the wheelset rotation speed Ω and the speed 
of the Lagrangian forward wave (c = ωL/h), which is co-rotating with the wheelset. The backwards mode is observed at a reduced 
frequency as the direction of wheelset rotation is opposite to the Lagrangian backward wave. Modes with h = 0 are observed at the 
same frequency in both frames. 

In Fig. 4 the Campbell diagram of the wheelset modes listed in Table 1 is presented for both models. It can be seen that the var-
iations between forward and backward frequencies are generally smaller for the Lagrangian model (Fig. 4a). The modes that present 
greater divergence in this frame are more affected by the inertial effects due to rotation, as observed in Table 1 at 300 km/h (maximum 
speed of the diagram) for modes 4, 7, 10 and 11. All of them are 1-nodal-diameter modes and have a radial component due to the axle 
bending, which is coupled with the wheel vibration. The divergence of these modes in the Eulerian model (Fig. 4b) is smaller, while 
axial modes have a larger frequency split in this frame, especially the axial 2-nodal- and 3-nodal-diameter modes. 

4.2. Strain gauge configurations for instrumented wheels 

The response that would be measured by an instrumented wheelset is studied for different types of excitation, which correspond to 
the vertical force transmitted through the wheel-rail contact; cases with constant and sinusoidal forces are evaluated for different 
wheelset angular velocities. The calculated response will correspond to the combination of the strains at some specific points on the 
web wheel, as these are added (or subtracted) in the instrumented wheelset. This calculation is carried out through the post-processing 
of the results of the Lagrangian formulation. The applied vertical force and the measured strain are associated with the nodes marked in 
Fig. 2. 

The location of these measurement points is determined by the instrumentation strategy presented in Ref. [26], which is adopted in 
this work for the analysis of instrumented wheelsets. The objective of the instrumentation is to obtain pairs of measurement channels 

Fig. 4. Campbell diagram calculated for the Lagrangian (a) and Eulerian (b) model.  
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that provide, for a constant applied load, pure (tonal) harmonic signals as a function of the angle rotated by the wheelset. To this end, 
two strain gauge bridges like the ones shown in Fig. 6 are used, rotated one from the other by 90◦. The signal amplitude of each channel 
will be proportional to the force applied to the wheel-rail contact, and the arrangement of the instrumentation in the wheel web will 
cause the sinusoidal signals from the two channels to be out of phase by 90◦, that is 

S1 = QGcosθ, (43)  

S2 = QGcos
(

θ+
π
2

)
, (44) 

Sc being the signal of channel nr. c, G the circuit gain, Q the wheel/rail contact force and θ the wheel angle. According to this 
strategy, the combined modulus of the two signals is proportional to the transmitted force, regardless of the angular position of the 
wheelset 

Q =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

S2
1 + S2

2

√

G
. (45) 

According to Ref. [26], the strain gauges are mounted on the wheel web to measure the radial strain. Fig. 5 shows the static 
measurement (Ω = 0) from a Wheatstone bridge with a single strain gauge, when a constant vertical load Q = 100 kN is applied in the 
wheel/rail contact. This result is obtained as a function of the wheel rotation angle. In this figure, it can be seen that the measurement 
provided by a single strain gauge on the wheel web is far from being purely harmonic. However, this signal as a function of the angle of 
rotation of the wheelset can be considered 2π-periodic and can be expanded as a Fourier series. By combining two strain gauges fixed 
on the same diametral line on opposite radii (at 0◦ and 180◦, see Fig. 6a), the resulting signal removes the even harmonics of the Fourier 
series, including the 0-harmonic. In this way, it also suppresses the centrifugal forces (the term Ω2c0 of Eq. (25)) and temperature 
effects (thermal drift) are compensated. When the previous assembly is duplicated by rotating it by 60◦ (180◦/3) as shown in Fig. 6b, 
the 3rd harmonic is also eliminated. If the assembly in Fig. 6b is duplicated again by rotating it by 36◦ (180◦/5), the 5th harmonic is 
also removed, obtaining the layout represented in Fig. 6c. Finally, the configuration adopted in this work uses 16 strain gauges, the 
position of which is obtained by duplicating the assembly of Fig. 6c and rotating it by 25.71◦ (180◦/7) to suppress the 7th harmonic. 
The different signals for a constant force at very low speed are shown in Fig. 5 for the different layouts. It is observed how the 
configuration with 16 strain gauges allows a practically pure sinusoidal signal to be measured, so that it is possible to establish the 
value of the transmitted force accurately from the amplitude of the measured strain. 

4.3. Response to a vertical constant force 

Next, the response is computed to a constant vertical force Q applied to the wheel-rail contact point at different speeds. The dis-
placements are calculated through the Lagrangian formulation using Eq. (25) for the harmonic h = 0 and Eq. (26) for the remaining 
harmonics as follows 

P̃0 = D0(0)− 1( F + Ω2c0
)
, (46)  

Fig. 5. Simulation of the signal at very low speed for the strain measured along one wheel rotation by five instrumentation layouts: 1, 2, 4, 8 and 16 
strain gauges. The applied force is 100 kN (constant) and the angular velocity Ω is 0. 
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{

P̃h
Ph

}

= Dh(hΩ)
− 1
{

F
iF

}

eihΩt, (47) 

where 

D0(ω) = K0 − 2Ω2B + 2iωΩG − 2ω2M, (48)  

Fig. 6. Three strain gauge configurations. Layout in the wheel web (upper) and the corresponding Wheatstone bridge (lower): a) two strain gauges, 
b) four strain gauges, c) eight strain gauges. 

Fig. 7. Simulation of the signal for the strain measured along one-wheel rotation for three different speeds through the 16-gauge configuration. The 
applied force is 100 kN (constant). 
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Dh(ω) = Kh − Ω2
[

B 0
0 B

]

+ iωΩ
[

G 0
0 G

]

− ω2
[

M 0
0 M

]

(49) 

In Fig. 7, the combination of strains corresponding to the 16-gauge Wheatstone bridge is shown, calculated at very low speed, at 
150 and at 300 km/h. The results suggest a very small influence of the speed for constant forces, once the centrifugal effect has been 
suppressed. This is indicative of the robustness of the force measurement method regardless of the wheelset angular velocity. 

4.4. Response to a vertical sinusoidal force 

Extending the study from the previous section, a force is considered with a sinusoidal component at frequency ω (added to the 
constant value) that is applied to the rotating wheelset. As seen in Eqs. (26) and (38), the equation of motion for the h-th harmonic 
associated with a sinusoidal excitation is 

[
M 0
0 M

]
⎧
⎨

⎩

¨̃Ph

P̈h

⎫
⎬

⎭
+ Ω

[
G 0
0 G

]
⎧
⎨

⎩

˙̃Ph

Ṗh

⎫
⎬

⎭
+

(

Kh − Ω2
[

B 0
0 B

]){

P̃h
Ph

}

=
1
2

{
F (cos((ω + hΩ)t ) + cos((ω − hΩ)t ) )

F ( − sin((ω + hΩ)t ) + sin((ω − hΩ)t ) )

}

(50) 

This result implies that, when a sinusoidal non-rotating force acts on a rotating solid, the solid is excited at frequencies ω+hΩ and 
ω − hΩ. From this, the response due to a sinusoidal force is obtained as 

{

P̃h
Ph

}

=
1
2
Dh(ω + hΩ)

− 1
{

F
iF

}

ei(ω+hΩ)t +
1
2
Dh(ω − hΩ)

− 1
{

F
− iF

}

ei(ω− hΩ)t, (51)  

where Dh is defined in Eq. (46). 
In order to evaluate the effect of the application of a sinusoidal force on the wheelset, a force defined as Qa(t) = Q0 +Q1cosωt is 

applied, with a mean value of Q0 = 100 kN, a variable amplitude of Q1 = 25 kN and an excitation frequency ω of 20 Hz, which is the 
highest frequency at which instrumented wheelsets are usually required to measure [20]. Fig. 8 compares the actual applied force, 
Qa(t), and the one measured through the instrumentation used, Qm(t). The abscissa axis gives the rotation of the wheelset directly in 
revolutions. At 150 km/h (Fig. 8a), the simulation provides a measured force very similar to actual one. Fig. 8b shows that the error 
considerably increases at 300 km/h, although it remains at a deviation of 4.03 kN (3.2%) for the maximum peak. It is concluded that at 
high speeds, the measurement procedure underestimates the value of the force, thus not being on the side of safety. 

Changing the excitation frequency, results are shown in Fig. 9 for 100 Hz and 1000 Hz at a speed of 150 km/h. Applying an 
excitation frequency of 100 Hz, Fig. 9a shows that the measured force is now overestimated as a result of a dynamic amplification 
phenomenon. The opposite effect (mechanical filtering) is observed in Fig. 9b when the force is applied with a frequency of 1000 Hz, 
providing a strong underestimation of the measured force. Moreover, the phase of the measured force is reversed compared with the 
actual one. 

Table 2 shows the maximum, minimum and mean values and the amplitudes of the forces measured for the cases presented in 
Figs. 8 and 9. In the calculations presented for Fig. 8, which correspond to a type of measurement associated with UIC leaflet 518, the 
measured force is underestimated and the error increases as the rotation speed increases. Moreover, the error is also found to increase 
as the force variation frequency increases. This is due to the dynamic impedance associated with the wheelset’s inertia, which reduces 
the wheelset response and consequently, the strains. In the measurements presented in Fig. 9, the analysed frequencies are in the band 
where resonances and anti-resonances of the wheelset appear, which can produce amplification or filtering in the wheelset’s response 

Fig. 8. Comparison between the applied force at 20 Hz (input) and the simulated force measured for the 16-gauge configuration for a vehicle speed 
of: a) 150 km/h, b) 300 km/h. 
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that respectively produce overestimation or underestimation of the applied force through the measurement. 
In order to show the relation between the levels (amplitudes) of the measured force Qm and the actual one Qa, a sweep over the 

excitation frequency is made for three speeds: 0, 150 and 300 km/h. In these calculations, the actual force is sinusoidal with frequency 
ω. Fig. 10 shows the diagram for the ratio Qm/Qa, giving a constant value of 1 at low frequencies, which indicates that the instrumented 
wheelset measures satisfactorily the level of force applied. According to this result, the procedure guarantees the precision of the 
measurements up to the maximum frequency required for instrumented wheelsets, independent of the wheelset rotation speed. As the 
speed increases, however, measurement inaccuracies occur earlier and appear from 20 Hz at 300 km/h (at 300 km/h and 30 Hz, the 
error is 3.7%; at very low speed and 60 Hz, the error is 5.53%). As seen in Fig. 9a and Fig. 9b, it is observed that the level of force 
measured at 150 km/h is slightly above the actual one for 100 Hz (force amplification), while the ratio Qm/Qa is significantly smaller 
than 1 for 1000 Hz (force filtration); at other frequencies the differences can be larger. 

The splitting of the non-rotating peaks from the 0 km/h curve when rotation is introduced is consistent with the Campbell diagram 
(Fig. 4b) for the Eulerian model at 150 and 300 km/h. As a consequence of the rotation, a sinusoidal force applied at frequency ω can 
produce resonance if ω ± hΩ coincide with a natural frequency of the rotating solid calculated for the h-th harmonic through the 
Lagrangian model. This effect can be seen in Fig. 10 through the resonance splitting in the rotating cases. 

It is remarkable that Fig. 10 contains fewer resonances than might be expected from the Campbell diagram (Fig. 4b) and the 
frequencies listed in Table 1. This is the case for the mode with non-rotating natural frequency at 411.36 Hz that, as shown in Fig. 3, 
corresponds to a wheel mode with two nodal diameters, and also for the various modes with 0 nodal diameters. This is a consequence 
of the instrumentation adopted in this work (according to the proposal presented in [26]), which cancels the response of the even 
harmonics and the contribution of these modes to the measured signal. 

5. Conclusions 

A global formulation for the equation of motion of a rotating railway wheelset through axisymmetric coordinates has been 
developed. The modelling is initially based on a rotating reference system from which the Lagrangian representation of the wheelset 
vibratory dynamics is obtained. Next, by employing a coordinate transformation to Eulerian coordinates, the corresponding equation 
of motion is derived with respect to a non-rotating coordinate frame. From either of these formulations, the corresponding free- 
response frequencies at which the rotating solid vibrates are calculated: they are the frequencies seen from a system that rotates 

Fig. 9. Comparison between the actual force and the simulated force measured for the 16-gauge configuration for a vehicle speed of 150 km/h with 
an excitation frequency of: a) 100 Hz, b) 1000 Hz. 

Table 2 
Maximum, minimum, mean and amplitude of the forces plotted in Figs. 8 and 9. The table includes the error in the measurement of both the mean and 
the amplitude of force, which is indicated in parentheses as a percentage.   

Actual force Measured force  

All figures 150 km/h 
20 Hz 

300 km/h 
20 Hz 

150 km/h 
100 Hz 

150 km/h 
1000 Hz  

Fig. 8a Fig. 8b Fig. 9a Fig. 9b 

Maximum 125 kN 124.07 kN 120.98 kN 168.93 kN 106.06 kN 
Minimum 75 kN 74.09 kN 73.27 kN 30.07 kN 92.94 kN 
Mean 100 kN 99.50 kN (0.49%) 97.13 kN (2.87%) 99.50 kN (0.49%) 99.50 kN (0.49%) 
Amplitude 25 kN 24.56 kN (1.75%) 23.85 kN (4.58%) 69.43 kN (177.72%) 6.56 kN (73.76%)  
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with the wheelset (from the Lagrangian approach), or the frequencies observed from a non-rotating system (from the Eulerian one, 
corresponding to the forward and backward waves). A formula is proposed for calculating the natural frequencies in fixed axes as a 
function of the frequencies in rotating axes and the wheelset angular velocity. 

The analysis of the natural frequencies in a rotating frame ωL shows a generally small influence of the angular velocity. According to 
Eqs. (25) and (26), the dependence of the angular velocity Ω is produced through matrices B and G. The equation of motion term where 
B appears contains centripetal forces, while the term in which the matrix G appears corresponds to the Coriolis forces. Both effects can 
be considered as inertial effects associated with the wheelset rotation. When the vibration of a mode is observed from a fixed reference 
frame, the frequency ωE corresponds to ωE = ωL ± hΩ, where h is the number of nodal diameters. The term hΩ corrects for the ob-
server’s point of view, and does not introduce any inertial effect. Consequently, the moving load models (formula given by ωE =

ω0 ± hΩ, where ω0 is the non-rotating frequency) are accurate only when the inertial effects associated with the rotation in a given 
mode are negligible. 

The model is applied to a case with practical utility to study the response that is measured by the strain gauges used in instrumented 
wheelsets. This has been calculated by means of the Lagrangian formulation. Adopting a commonly used strain gauge configuration 
that compensates for temperature and centrifugal effects, the response to a constant vertical force acting in the wheel-rail contact is 
shown to be practically independent of the angular velocity. Nevertheless, in the case with a sinusoidal variation of the wheel-rail 
contact force with frequency ω, the wheelset responds at several frequencies that are multiples of the angular velocity above and 
below the frequency of the external force (that is ω ± hΩ). This effect notably complicates the development of precise instrumented 
wheelsets able to measure at high frequencies as any compensation applied would have to be speed-dependent. 
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