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UNIVERSITY OF SOUTHAMPTON
ABSTRACT

FACULTY OF SOCIAL SCIENCES

Mathematical Sciences

Doctor of Philosophy

BLACK HOLE MICROSTATE GEOMETRIES AND THEIR HOLOGRAPHIC
DUALS

by Sami Rawash

In this thesis we exploit various tools to investigate aspects of black hole microstate
geometries within the context of the “fuzzball proposal”, which follows from the string
theory construction of black holes in terms of strings and branes. This thesis comprises

three parts.

In Part I, we make use of the gauge-gravity duality to discuss the precision holographic
dictionary, that relates the asymptotic expansion of black hole microstates near the
AdS boundary with the expectation values of certain operators in the dual CFT. In
particular, we derive the dictionary for scalar chiral primary operators of dimension two

and a class of superdescendants of these operators, in the single-particle basis.

In Part II, we construct the first family of three-charge supersymmetric solutions con-
taining a shockwave and we give a proposal for their holographic duals, which passes
non-trivial checks. These gravitational solutions do not represent a single pure state in
gravity: they provide a collective description of a family of microstates whose details

are not resolved in supergravity.

In Part III, we use computer science tools to derive approximate examples of microstate
geometries. In particular, we present an optimization algorithm, based on evolutionary
algorithm and Bayesian optimization, to construct numerical multi-center solutions with

a high number of centers in generic configurations.

The research conducted in this thesis supports the ideas of the fuzzball paradigm, and
develops techniques which can prove useful to examine and test the conjecture in future

scenarios.
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Chapter 1

Introduction

1.1 Puzzles and paradoxes

In the last few years, we have witnessed a very exciting period for black hole physics.
The gravitational waves detected by LIGO [5] and the release of the first picture of
a black hole by the Event Horizon Telescope [6] not only support the idea that black
hole like objects do exist in Nature, but also show that their description in general
relativity (GR) is accurate within our experimental error. These discoveries are another
experimental example indicating the validity of GR, which add to several experimental
tests that general relativity has already passed [7]. Even though there are no empirical
motivations (and thus guidelines) to modify this theory, we have strong theoretical
arguments to believe that the description of black hole physics provided by GR. is not

the most fundamental one. This can be motivated at different levels.

First of all, a black hole in general relativity is a singular solution of Einstein’s equa-
tions in which the curvature singularity is hidden behind an event horizon, a one-way
membrane that separates those spacetime points that are connected to infinity by a
time-like path from those that are not. Singularities indicate a breakdown of the theory
in describing phenomena at certain scales, so when dealing with black holes GR predicts
its own failure and we shall look for a more fundamental theory in which the singularity

is resolved.

Deeper motivations come from a closer analysis of black holes in general relativity. The
classical phase space of a black hole is protected by uniqueness theorems, known as “no-
hair theorems” [8]. For example, they state that given a stationary, asymptotically flat
black hole solution coupled to electromagnetism that is non singular outside the horizon,
the solution is fully characterized by its conserved charges (the mass M, the charge @
and the angular momentum J). Suppose a black hole is formed by gravitational collapse:
no matter the details of the initial configuration, once the system has settled down to

a stationary state its back reaction on spacetime is described only by three parameters.

1



2 Chapter 1 Introduction

This does not imply that the information on the initial state is lost: classically, we can
think of it as hidden behind the horizon. We will see that quantum mechanically the

situation is much more puzzling.

Another important property of black holes is their thermodynamic behaviour. By using
Einstein’s equations one can derive a set of mechanical laws that look analogous to the

laws of thermodynamics [9]. These are (for a review see e.g. [10, 11]):

e Zeroth law: the surface gravity k is constant over the horizon. This is the law of

thermal equilibrium, with x playing the role of a temperature.

e First law: the variation of the mass M of a black hole is related to the change of

its horizon area A, angular momentum J and charge @) via

K

M =
81G N

0A + QpdéJ + @iQ, (1.1)

where Qg and ¢ are the angular velocity and electrostatic potential, respectively.

This is the law of conservation of energy.

e Second law: in any mechanical process the area of the event horizon can never
decrease A > 0. This is the analog of the law stating that entropy is a non-
decreasing function of time, with the area of the event horizon playing the role of
the entropy of the black hole Sgyr. The relation between these two quantities, in

units where c = h= kg =1, is:

A

S = —. 1.2

b = - (1.2
The second law has then been generalized by Bekenstein [12]:

d(SBH + SMatter) Z 0. (13)

This relation states that the total entropy, given by the sum of the entropy of the

black hole and that of the matter in the exterior of the black hole, never decreases.

Even though this analogy between thermodynamics and black hole mechanics seems
quite remarkable, it is not obvious that it should be taken seriously. Black holes, as the
name states, are objects from which nothing can escape: what does it mean to associate
a temperature to a body that does not emit radiation? Moreover, Boltzman has taught
us that the entropy of a thermodynamic system can be understood as the degeneracy of

microstates associated to the macroscopic system:
S o In(# microstates) . (1.4)

It is useful at this stage to give an order of magnitude of the entropy of a black hole:

by restoring the physical units in Eq. (1.2), one has that a Schwarzschild black hole of
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mass M has a thermodynamic entropy given by:

M
Ssety ~ 1076(—) , 1.5
Schw Mo (1.5)
which is a remarkably large number. Is this point of view compatible with the no-
hair theorems, i.e. with the triviality of the black hole’s classical phase space? Because
of these conflicts one would be tempted not to take this correspondence seriously and

interpret it as nothing more but a vague analogy.

Taking into account quantum field theory on the curved (fixed) background produced by
a black hole, Hawking showed that the physics is much more mysterious. Even though
classically black holes are black, semi-classically they emit a black body radiation at a
temperature [13, 14]

Tpg = —. 1.6
BH o (1.6)

In a nutshell, Hawking’s computation arises as follows (see e.g. [15] for a review). We
consider a black hole solution coupled with a quantum field and we remind that the
Equivalence Principle implies that a free falling observer crossing the horizon experiences
nothing out of ordinary. The vacuum state of the quantum field is observer dependent
in curved spacetime: when the free falling observer crossing the horizon experiences the
vacuum, an observer at infinity will see a flux of particles. By energy conservation, we
conclude that the particles are emitted by the black hole, which decreases in mass. This
emission process turns out to be exactly thermal, with no correlations between early
and late radiation. An heuristic but useful picture to visualise the Hawking radiation
process is as follows. We can think of the black hole radiation as due to pair production
near the horizon: one member of the entangled pair falls into the black hole, decreasing

its mass, and the other member escapes to infinity, giving rise to the radiation.

This phenomenon enforces the case for taking seriously the thermodynamic behaviour
of black holes and gives rise to puzzling questions. As we outlined above, a thermody-
namic system should be governed by an underlying statistical mechanics: in this view,
the macroscopic system with entropy S is a coarse grained description of e® microstates
which are lumped into the same macroscopic state, meaning that they cannot be dis-
tinguished by macroscopic observables. In the case of a black hole, what/where are the

eSBH microstates? This is the so called entropy puzzle.

Hawking process has another important consequence that has puzzled high energy the-
oretical physicist for over fifty years, which is the so called information paradox [16].
Hawking radiation, in the simplest setup, implies the evaporation of the black hole:
once the emitted radiation has carried away all the energy, the black hole is expected
to disappear. Let us consider the process of creation and evaporation of a black hole as
a scattering experiment. We start from an initial configuration in a pure state which,
under the gravitational interaction, collapses to form a black hole. Under time evolu-

tion, the black hole evaporates and eventually disappears so that the final state is the
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thermal radiation. This process describes the temporal evolution of an initial pure state

to a mixed state: this violates the quantum mechanical principle of unitary.

Of course, one could support the idea that the fundamental laws of nature are not
unitary: with this perspective Hawking evaporation process not only would not be a
problem, but would also provide an indication of this non-unitary behaviour. In this
thesis we will acquire the perspective (and we will give motivations for this in due course)
that quantum gravity is unitary: in this sense, Hawking’s computation is a paradox. We

refer the reader to [17-23] for further discussions on the information paradox.

It has been suggested [24] that black holes do not evaporate completely: the Hawking
process, being a semi-classical computation, should be trusted until the black hole be-

comes Planck-sizel

. Next, quantum gravity effects take over and they could stabilize
the evaporation process leaving an eternal, or simply a very long-lived, remnant, i.e. an
object which is bounded in mass and size but that can have an unbounded amount of
entanglement with a system far away. In this case, the final state, being the union of
the remnant and the Hawking radiation, is in a pure state. This proposal is problematic
for several reasons. First, this time evolution is in conflict with the Page curve [18, 25],
which states that unitary evolution requires the entanglement entropy between the black
hole and the radiation to start decreasing when about half of the degrees of freedom have
evaporated. Second, having an unbounded amount of entanglement entropy in a finite
size system is in conflict with Bekenstein’s entropy bound and the generalized second

law of thermodynamics [26, 27]. See also [28, 29] for other critics of remnants.

Another general guideline that was suggested to solve the information paradox was that
small quantum gravity effects could restore unitarity. Hawking’s computation neglects
these effects and represents the leading order contribution. We thus expect small, even
though in principle arbitrarily complicated, corrections to the Hawking process due to
unknown quantum gravity physics. Despite being small, these effects are integrated over
a very large number of evaporating bits (see Eq. (1.5)). It was argued that these small
corrections could introduce subtle correlations between the early and late radiation,
resulting in an order one correction to the final state of the evaporation process that

restores unitarity.

However, the “small correction theorem” proven in [30] (see also [20, 31] for further dis-
cussions) shows that this common lore is a misconception: small corrections to Hawking
evaporation process that are localized in the neighborhood of the horizon cannot restore
unitarity. One has either to incorporate (and justify) order one corrections to Hawking
evaporation process that are localized near the horizon or non-local effects that can be
arbitrarily small but have to extend across the full space-like slice that connects the

horizon with the observer at infinity.

These examples show that, even if we expect that a UV complete theory of gravity

! Assuming there is no new physics before the Planck scale.
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should shed light upon the information paradox, it is not obvious a priori how this may
happen. Hawking’s computation treats the gravitational field as a classical background.
At a fundamental level we believe that all physical fields should undergo the general
framework of quantum physics: gravity is no exception [32]. However, we generally
expect quantum gravity effects to become important at some fundamental scale which
we typically take to be the Planck scale [,. On the other hand, Hawking process is
sensitive to a scale (i.e. the radius of the event horizon R) which, at least while the
black hole is large, is macroscopic and we have [, < R: it is thus not obvious how
quantum gravity effects can resolve the information paradox. Why should the semi-
classical approximation fail for Hawking’s computation? And when does it cease to be

a good approximation?

It would be unfair to proceed further without mentioning some recent advances to
solve the information paradox, that go under the general framework of the “island
paradigm” [33-36] (see [37] for a review). In these papers, the entanglement entropy of
the radiation was computed via the gravitational path integral, with a method that is
similar in spirit to the computation of the entropy of an Euclidean black hole [38]. The
resulting formula prescribes that in order to compute the entanglement entropy of the
radiation, one has to take into account an “island” contribution, i.e. one has to consider
the entropy of a system that is the union of the radiation and a part of the interior of the
black hole. Since the information paradox arises from the entangled nature of black hole
and radiation, by prescribing that in order to compute the fine-grained entropy of the
radiation one has to consider also Hawking modes in the interior, the Page curve is re-
covered. Note that this is a semi-classical computation that does not require knowledge

on the UV completion of gravity.

This computation does not give the details of the actual outgoing modes, i.e. of the final
state of the evaporation process: the subsystem containing only the radiation is still in
a mixed state, and the prescription is interpreted as the “unreasonable effectiveness” of
the semi-classical limit. At a fundamental level, the meaning of this prescription and
of the statement “that the interior belongs to [...] the radiation” [37] remains quite
mysterious. In particular, it has been argued in [39] that, as a consequence of the “small
correction theorem”, the island paradigm requires the presence of non-local effects across

the full space-like slice in the quantum theory.

In this thesis we will follow a different paradigm, according to which the information
paradox is solved because of order one corrections to the evolution of Hawking modes
at the horizon. In the next section we will discuss how this can be realised in a theory

of quantum gravity, string theory.
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1.2 The fuzzball proposal

As it is well known, the canonical quantization approach to GR fails because it is a non-
renormalizable theory. The attempts to define a consistent theory of quantum gravity
have led in the past decades to different approaches, guided by different underlying ideas:
string theory, loop quantum gravity, asymptotic safety (just to name a few). String
theory is one of the most promising attempts, and we will work within this framework.
The fundamental objects of the theory are not point-like particles, but one dimensional
objects - the strings - whose different modes of oscillation give rise to a spectrum that
contains, among others, a spin-two massless particle (the graviton). A black hole in string
theory is a bound state of the fundamental objects of the theory: namely strings and
D-branes. To be more precise, changing the string coupling constant gs, which controls
the strength of the gravitational coupling (g2 ~ Gy), one can interpolate between the
bound state description of the system, when there is no gravitational interaction, and the
black hole regime, when gravity is turned on. Using this paradigm, remarkable progress

has been made in the last decades.

To start with, for a class of supersymmetric black holes, it is possible [40] to reproduce the
Bekenstein-Hawking entropy via a microscopic computation? (see e.g. [43] for a review).
In fact, one can compute the degeneracy of the microstates at vanishing coupling, exploit
the fact that it is protected by supersymmetry as one moves in the moduli space and

compare it with the black hole entropy?.

The agreement between these two quantities not only implies that the Bekenstein-
Hawking entropy has a statistical origin, but also that, at least for certain classes of
black holes, string theory captures correctly the microscopic degrees of freedom of the
gravitational system. This result can be interpreted as a first indication that the black
hole evaporation process is unitary: string theory is a unitary theory and it seems to be
able to describe black holes at the microscopic level. However, since this computation
is based on an extrapolation from weak to strong coupling, it does not give us insight
on the gravitational properties of the microstates: understanding how the microstates
manifest themselves in the black hole regime would be important to shed light upon the

unitary process that replaces Hawking evaporation process at the microscopic level.

One of the ideas in this direction has been motivated by the explicit construction of mi-
crostate solutions of the supersymmetric D1-D5 black hole [44-47]. The D1-D5 system is
connected via a set of string dualities to the F1-P system: a fundamental string carrying
momentum. Indeed, these solutions were first constructed in the F1-P frame and then
dualized to D1-D5. The different microstates of the black hole correspond to the different

See e.g. [41, 42] for examples of microscopic entropy counting of non-extremal black holes.

3To be precise, the protected quantity is an index that counts the difference between bosonic and
fermionic degrees of freedom. One then exploits the fact that the index and the absolute degeneracy
agree at leading order.
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ways in which the string carrying momentum can vibrate. The common lore before the
explicit solutions were constructed was that, by increasing the gravitational coupling,
the string configuration would shrink until its characteristic size becomes smaller then
the associated Schwarzshild radius: at that point a horizon would form and the resulting
geometry would be that of a conventional black hole [48]. The resulting geometries, in-
stead, turned out to be different: they are smooth (in the D1-D5 duality frame [49]) and
horizonless. In particular, a microstate is indistinguishable from the classical black hole
solution asymptotically, but start to differ from it already at the characteristic scale set
by the string vibrations, which is the scale of the would-be horizon. These microstates
include both low curvature solutions which are well described in supergravity and limits
in which the curvature is string scale. All of them together reproduce the black hole
entropy. A typical microstate is a superposition of these solutions and, thus, is highly

quantum in nature.

This result motivated the fuzzball proposal [30, 50-52]: according to this conjecture,
there are strong quantum gravity effects already at the horizon scale due to the size
of the underlying bound state. At the fundamental level, a black hole solution should
be replaced with e“BH microstates, which are indistinguishable from the black hole
asymptotically, but start to differ from it at the horizon scale: in particular, they are
horizonless and non-singular. Importantly, typical microstates are expected to be highly
quantum in nature and to be solutions of the full string theory: only a subset of these are
low curvature supergravity solutions. According to this paradigm, the (naive) black hole
solution represents the coarse grained description of the system, which is not accurate

enough to describe the evaporation process.

Some comments are in order. First, the fact that the black hole microstates do not
have an horizon enables to interpret them as pure states of the ensemble. If they
had an horizon, we could have associated an entropy to each them. But does it make
sense to associate an entropy to a microstate? A microstate is any of the possible
microscopic description of the system which gives rise to the same thermodynamics:
in this sense, entropy is hidden information. However, since a microstate provides a
complete description of the system, we shall not associate an entropy to it. Secondly,
it is commonly accepted that quantum modifications to GR should become important
at some fundamental microscopic scale and, in particular, that the quantum gravity
effects that resolve the singularity would be localized in its neighborhood. The fuzzball
proposal conjectures that the classical black hole solution should be modified long before:
corrections occur already at the horizon scale. This paradigm has the potential to solve
the information paradox: the generic microstate is a very non-trivial quantum bound
state in the region where the horizon would have been, instead of the smooth vacuum

as Hawking assumed.

Let us now briefly review the status of the fuzzball proposal. We have a good under-

standing of all the microstates responsible for the entropy of the D1-D5 extremal black
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hole [46, 47, 53-55] and they all satisfy the properties conjectured by the fuzzball pro-
posal. The D1-D5 black hole, however, is microscopically small, i.e. its horizon area is
zero in supergravity. The next challenge is to study how much of this physics is carried
over by the microstates of a macroscopic black hole: the main playground in this direc-
tion has been the study of microstates of the supersymmetric D1-D5-P black hole. T'wo
main classes have been constructed (and we will review both of them in this thesis): one
goes under the name of “superstrata” solutions (see e.g. [56—66]) and the second one is
given by a subset of the multi-center solutions (see e.g. [51, 67-75]). Again, the structure
of these microstates are compatible with the fuzzball proposal, but it has been shown

that these alone are not enough to account for the entropy of the black hole [66, 76, 77].

Last, it is important to develop further our understanding of microstates of non-extremal
black holes, as this could give further insight on the unitary process that replaces Hawk-
ing evaporation at the microscopic level. An important progress in this direction has
been the example provided in [78]: these microstates, that go under the name of JMaRT
solutions, do not have a horizon but do have an ergoregion. In this context, Hawk-
ing evaporation has been reinterpreted as a process of ergoregion emission [79-85]: this
process produces entangled pairs, but in this case the inner particle stays in the ergore-
gion, affects the evolution of the later quanta and can itself evaporate at a later time.
The resulting evaporation process is unitary, in the very same way in which a piece of
coal burns in a unitary way. See also [86-89] for further examples and discussions on

non-supersymmetric microstates.

The fuzzball proposal has been also discussed in the context of the AdS formulation
of the information paradox [90]. Large AdS black holes do not evaporate completely:
the AdS boundary is reflective, so that the radiation bounces at the boundary and falls
back into the black hole. For this reason, the formulation of the information paradox
that we have introduced in the previous section does not hold in general. However, one
can characterize the loss of information for AdS black holes by looking at the late-time
behaviour of two-point functions of light boundary operators [90]. In the naive black
hole geometry (see e.g. [91] for the result in a BTZ) the two-point function decays at late
Lorentzian time: this is an indication of information loss. An intuitive interpretation
of this behaviour is that the more the boundary operators are separated, the deeper
the dual gravitational excitation probes the bulk of spacetime: when the probe crosses
the horizon, its correlation with the exterior decays and the information gets lost in the
black hole.

It was suggested in [92] that, in order to restore unitarity, higher order corrections in G x
had to be included. By following the fuzzball paradigm, the authors in [93] (see also [94,
95]) proposed a different conclusion: they analyzed the late time behaviour of a two-point
function on a fuzzball geometry background and found no signal of information loss.
This provides an example that black hole microstates are not accurately described by

the naive black hole geometry. In this perspective, the full higher dimensional geometry
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contributes to the correlator and the traditional black hole does not have enough degrees

of freedom to restore unitarity.

It is fair to say that, despite these examples, the fuzzball proposal is a conjecture at the
present state of things. In order to further explore the validity of the proposal the tools
provided by the AdS/CFT duality come at hand, as we shall now discuss.

1.3 The role of holography

In order to introduce the role that holography can play within the context of the fuzzball
proposal, let us briefly introduce the setup that will be used throughout this thesis (we
will provide a more detailed description in Chapters 2 and 3). We consider Type IIB
string theory in RV x S x M, where M is either T* or K3. We take the S! to be large
and the characteristic size of the internal manifold M to be microscopic. Even though
working in four non-compact direction is more interesting for phenomenological reasons,
the spacetime topology we chose simplifies the problem: in five non-compact dimensions
three charges are enough to construct a macroscopic black hole. Had we chosen to work
in four non-compact dimensions, we would have needed to add a fourth charge [96] (and,

of course, the fewer the number of charges the simpler the system).

The black hole under consideration is a bound state of N; D1 branes that extend along
S, N5 D5 branes that wrap the compact directions and possibly n, units of momentum
P along S'. The resulting geometry has a near horizon region which is asymptotically
AdS3xS? x M, so holography is applicable: the gauge side of the duality involves a two
dimensional CFT, known as D1-D5 CFT. The basic rules of holography in its mature
formulation were described in [97-99]. The duality relates the spectrum (and the dy-
namics) of string theory in a spacetime that is asymptotically AdS with that of gauge
invariant operators in the dual CFT. In particular, holography provides a map between
states in the bulk and states in the CFT. Note that, since holography conjectures an
exact equivalence between the bulk and the boundary theory, and the latter is unitary,
holography is another indication that the microscopic dynamics of black hole should not
lead to information loss. Our main interest is in black hole microstates: supersymmetric
D1-D5(-P) microstates are understood to be dual to CFT states |H) in the RR sector,
which break 1/4 (1/8) of the supercharges and have a conformal dimension of order of
the central charge ¢ = 6N1 N5 = 6N [52, 100, 101]. We work in the best controlled limit
of the AdS/CFT duality: when the supergravity approximation is a good description of

the bulk physics and 1/N and o' corrections are ignored.

On the gauge side, this regime is dual to a strongly coupled point in the moduli space,
which makes it difficult to gain a complete understanding of the gravitational physics
from the CFT side of the duality. However, one can focus on quantities which, being

protected by supersymmetry, are moduli independent: they can be computed at the
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free orbifold point of the CFT (where the theory reduces to a collection of free bosons
and fermions) and reliably compared with the bulk duals. Quantities of this type are
the expectation values of chiral primary operators (and descendants) on 1/4 or 1/8-BPS
states [102, 103]: on the gravity side these quantities are encoded in the asymptotic
expansion of the bulk solution around AdS3xS3. Roughly speaking, expectation values
of such operators on the state |H) characterize the deviation of the dual microstate from

the vacuum.

In general, a complete description of the CFT state |H) is determined by the expectation
values (H|O;|H), where O; denotes all operators in the theory (not only the chiral
primary ones). On the bulk side, the equivalent statement is that the deviation of one
microstate from another is encoded in the different deviation of the fields from pure
AdS: these fields are generically those of the full string theory. Restricting our attention
to chiral primary operators (and descendants) means probing a microstate at the level

of its supergravity modes [100].

A general result of statistical mechanics implies that most of the pure states of an ensem-
ble, when probed with simple operators of the theory (i.e. with operator whose dimension
does not scale with the central charge), are indistinguishable from each other and from
the thermal state up to exponentially suppressed terms in the large N limit [104, 105].
This means that, according to the fuzzball paradigm, a black hole microstate is a so-
lution of the full string theory which is typically not reliably distinguishable from the
corresponding black hole solution in the low energy approximation. Restricting our-
selves to the supergravity regime means dealing with atypical states which fill a very
small volume of the phase space, but, nonetheless, might be valuable to gain insight on

the typical structure of the microstates.

An analysis of the map between expectation values of operators in a CFT state and
asymptotic expansion of the dual geometry was pioneered in [54, 55, 106, 107], where it
was applied to D1-D5 configurations. A complete study of the dictionary for operators
of (total) conformal dimension one, and its extension to 1/8-BPS black hole microstates

was given in [103].

1.4 Outline of the thesis

This thesis collects the results presented in [1-4]. The fil rouge of this work is to extend
our current understanding of black hole microstates in the black hole regime by exploiting
holographic, supergravity and computer science tools. The thesis is organized in three

parts, as follows.

In Part 1 we review the precision holographic dictionary for chiral primary operators of

dimension one, and extend it to two other sectors: scalar chiral primary operators of
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dimension two and superdescendants of such operators. In doing this, we will present
the dictionary in the single-particle basis, applying to the AdSs case some recent devel-

opments occurred in the context of AdSs holography.

In Part 2 we will derive the first family of three-charge supersymmetric solutions con-
taining a shockwave in their core region, and propose a holographic description for these
gravitational solutions. We will discuss that this new geometries do not describe a single
pure state in gravity, but rather provide a collective description of a family of microstates

as the microscopic details of the shockwave are not resolved in supergravity.

In Part 3 we will discuss why obtaining analytic multi-center solutions with a high
number of centers (> 4) in generic configurations is a hard task. This is mainly because
physical consistency - smoothness, charge quantization and absence of closed time-like
curves (CTCs) - impose several constraints on the equations that have to be solved.
We present an optimization algorithm, based on evolutionary algorithm and Bayesian
optimization, to construct numerical multi-center solutions with a high number of centers
in generic configurations that satisfy all the flux quantization conditions and are free of
CTCs.






Part 1

Precision holographic dictionary
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Chapter 2
AdS3 holography at dimension 2

This chapter reports the work presented in [1]. The aims of this project are to construct
a fully explicit holographic dictionary for chiral primary operators (CPOs) of dimension
(1,1) and use it to perform new precision holography tests on the class of three-charge

microstate solutions constructed in [56, 58, 62].

Holographic studies involving expectation values of operators of total dimension higher
than one present some interesting complications. As pointed out in [107], the map be-
tween CFT operators and supergravity fields cannot be uniquely fixed by the quantum
numbers, because of degeneracies present in the CFT: first of all, single-trace operators
O; with the same quantum number can mix, which means that the dictionary proposed
in [54] needs to be rotated by a mixing matrix M, whose explicit form has been iden-
tified in [107]. Moreover, for some time it has been understood that the identification
of supergravity fields and single-trace operators (or a linear combination of single-trace
operators) fails to give a consistent result for all observables [107-109], even at leading
order in large N. An example of this are extremal correlators, i.e. correlators in which
the conformal dimension of the heaviest operator equals the sum of the conformal dimen-
sions of the other two. To fix these inconsistencies, one needs to take into account the
mixing between single-trace and multi-trace operators with the same quantum numbers.
Aside from extremal correlators, the correct dictionary must be used also in certain
(non-extremal) heavy-light-heavy correlators, which are the observables we will focus
on in this work. Even though multi-trace operators naturally involve powers of 1/N,
their Wick contraction with heavy operators can produce other factors of N: as a result,
multi-trace operators can contribute to the value of the correlator at leading order in

large N.

The holographic dictionary involves an identification between expectation value of oper-
ators in the CFT state and expansion of the dual gravitational solution around AdSsx
S3: the geometric quantities relevant for CPOs at dimension (1, 1) have been computed

in [54, 55]. We will compute the the precise linear combination of single and multi-trace

15
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operators relevant for the holographic dictionary in this sector of the theory, by apply-
ing the following strategy. After imposing a consistent normalization of both the CFT
operators and the asymptotic expansion of the gravity solution, we consider the most
general linear combination of single and multi-trace operators allowed by the quantum
numbers. Next, we fix the numerical coefficients that define the operators mixing by
matching the CFT predictions with some reference D1-D5 geometries, whose dual CFT
states are already well-established. This procedure determines the single-trace oper-
ators mixing matrix M, in agreement with the result in [107], and the admixture of

multi-trace operators.

Consistency of the holographic dictionary imposes some stringent requirements on its
explicit form. First, the numerical coefficients defining the operators admixture have
to be independent of the state. Second, they have to respect invariance under the R-
symmetry group, which implies that the coefficients defining the holographic map should
be the same for all the operators in the same R-charge multiplet. Beside analysing these
general features, consistency of the dictionary has been checked by performing several

tests both on two-charge and three-charge microstates.

This Chapter is organized as follows. We review the correspondence between 1/4-BPS
coherent states of the orbifold CFT and the family of D1-D5 supergravity solutions in
Section 2.1. The holographic map for chiral primary operators (CPOs) of dimension 1 is
summarized in Section 2.2; this is mostly a recollection of previous results [54, 55, 103,
106], however we clarify some minus signs that are needed to make the dictionary for
the SU(2)r x SU(2)r R-currents consistent. In Section 2.3 we describe all the CPOs
of dimension (1,1), including single and double-trace operators, and we first work out
the holographic dictionary for the simpler subsector of operators, which does not involve
mixing between different single-traces. The more complicated subsector is analyzed in
Section 2.4, in which we fix in turn each of the coefficients defining the holographic
dictionary, and then make some non-trivial tests on 1/4 BPS states. In Section 2.5 we

apply our results to perform new precision holographic tests of D1-D5-P superstrata.

2.1 Holography for D1-D5 black hole microstates

In this section we give a brief review of holography for D1-D5 black hole microstates,

with the main purpose of setting up notation that is needed in the rest of the chapter.

The dual gravitational description of the Ramond-Ramond (RR) ground states of the
D1-D5 CFT is well known [46, 47, 55, 101, 106, 110]. There is a family of supergravity
solutions that can be associated with coherent RR ground states of the D1-D5 CFT,
in the sense that protected correlators involving such states agree, as discussed in the

Introduction.
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The states of the D1-D5 CFT have a simple description at the free orbifold locus in
moduli space, where the CFT is the (4,4) sigma-model with target space M /Sy, with
M either T* or K3 (recall N = nins). A review of the orbifold CFT can be found
for example in [111]. We will use the notation and the conventions of [60, 103]. A
generic state of the orbifold CFT is described by a collection of “strands” involving
spin-twist operators; the ground state of each strand is characterized by a spin s and
a winding number k£ and is denoted by |s),. We will consider bosonic ground states,
and excitations thereof, that are insensitive to the structure of the internal manifold
M, so that our results apply when M is either T* or K3 (the generalization to more
general states is straightforward). For this class of ground states, there are five possible
spin configurations: s = (0,0), (&, %), (&, F), where (j,7) denotes a state with SU(2)r
charge j and SU(2)g charge j; SU(2)L x SU(2)g is the R-symmetry of the (4, 4) theory,
which corresponds on the gravity side to rotations in the four spatial directions. A RR

(s)

ground state with IV, strands of type |s), is denoted by

Yooy = [090™ (2.1)

,S

and is an allowed state if the total winding number sums up to N:
S kNP =N. (2.2)
k,s

It will be convenient to work with non-normalized states; for later use we record the
norm of the states (2.1), which was derived in [103]:

N!

= ~. (2.3)
[Ty, NN

%) ’2

States of the form (2.1) are eigenstates of the SU(2)z, x SU(2)g currents (J3,.J%); we

are interested in coherent states that are linear combinations of R-symmetry eigenstates

labeled by complex coefficients A,(:),

(AP = STLALY 1)) (2.4)

{Nlig)} k,s

where the sum ) ( N(g)} is restricted by the constraint (2.2). The states that admit a

good supergravity description are those for which this sum is peaked over large values

of N. ,55): as shown in [103], in this semiclassical limit the parameters Al(f)

(s)

average numbers N, of strands of type |s),, via

determine the

kN = A2, (2.5)
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The constraint (2.2) then implies

S AP =N. (2.6)
k,s

The supergravity solutions describing coherent bound states of large numbers of D1 and
D5 branes are well-known and are given in terms of a profile function g;(v") (parametrized
by a null coordinate v') in R® [47, 55, 110]. For configurations invariant on the internal

manifold M, the profile function takes values in R?:

(_1(++) 2mik s a(__) 2mik s
g1 (V") +iga(v)) :Z kk e LV + kk e~ LV,

k>0
=(+) (=)
a ik ./ a mik ./

g3(v) +igs(v') = Z ( kk: T Lk e TTY > , (2.7)
k>0
/ al(cOO) 2mik o/
g5(v") = —Im ZTe L :

k>0

The map between the CFT states in (2.4) and the supergravity solutions parameterized

by the profile g;(v') which will be described in more detail below, is given by relating

the Fourier modes a,(:) to the coherent state parameters A(S), vial

N N
A R (2 0 _p (00) 2.8
k Q1Q5 “ k 2Q1Qs Uk (2:8)

The curve g;(v') arises because the D1-D5 system is U-dual to a fundamental string

(F1) carrying momentum (P): in the F1-P duality frame, the curve (2.7) represents the
oscillation profile of the string in the five transverse directions that are U-dual to D1-D5
states invariant on M. The D1-D5 supergravity solution associated with a curve g;(v’)
is as follows. The 6D Einstein metric of this solution is given by
ds2 = ——* (dv + B) <du b+ D (dv+ ﬂ)) +VPds (2.9)
‘ NG 2 ’
with
P = Z17Zo— 73, (2.10)

The 4D metric ds? describes the four spatial non-compact directions z;, and, for all the

solutions considered in this article, is the flat R* metric

ds? = dxidz; . (2.11)

1We note that in Eq. (2.7), the minus sign in front of a,(jﬂ and the complex conjugations differ from
those given in [103]. We will see in due course that these details in Eq. (2.7) are needed for consistency
of the holographic map (2.8) and the rest of our conventions.
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The v and v coordinates parametrize time ¢ and the S' direction y, which we take to

have radius R,:

uzt_2y , v5t+2y. (2.12)
The D1 and D5 charges of the solution are given by
2m)4 ny gs o/
Q1 = ()—195’ Qs = nsgs (2.13)

Vi

where g is the string coupling, and Vj is the coordinate volume of M. The periodicity
L of the curve g;(v') is L = 2wQ5/R,,. The solution is specified by the scalar functions
Z1, Za, Z; and F and by the 1-forms with legs along R, 3 and w. The solutions dual to
RR ground states have F = 0 and all the other scalars and 1-forms are only functions

of x;, specified by the curve g;(v') as follows:

L . /\12 . N2 L
i 1
21:625/ gy 1P+ 1) ZQZQB/ d’ —
L Jy lzi — gi(v')] L Jy [z — gi(v')]
Qs /L ;o g5(0) Qs /L , gi(v)dz;
Zy = -2 | q —LL A= -2 g 2 0 (2.14)
L Jy |33i—gi(?1/)|2 L Jy |xz—gi(v’)\2
—A+B A+B
dB = — s, dA g=_2td Lo AT

V2 V2

where the dot indicates the derivative with respect to v' and %4 is the Hodge dual with
respect to the flat metric dsj. Besides the 6D metric dsZ in (2.9), the solution contains
all other NSNS and RR fields of type IIB supergravity: their form is entirely specified
by the curve g;(v’) through the above functions, and is recorded for completeness in
Eq. (C.1).

In summary, the geometry dual to the RR ground state (2.4) is completely specified
by the curve g;(v') (2.7), through Egs. (2.9)—(2.14). Given the identification between
gravity and CFT parameters in Eq. (2.8), the CFT constraint (2.6) becomes

— - - L (00 @10
3 <\a§€++)\2+\a,(€ Pt lag P e P+ Sl )\2> - 2 (1)
k>0 Y

which, on the gravity side, is the regularity condition for the solution (2.9)—(2.14).

Let us note that the holographic map does not relate D1-D5 supergravity solutions that
have generic classical profile functions with individual basis states of the usual basis of
RR ground states of the D1-D5 CFT, as originally suggested in [47], but with coherent
superpositions thereof [54] (see also [106]). The reason being that, because of charge
conservation, expectation values of charged operators on RR ground states are trivially
zero, while, as we will see in various examples in this chapter, holographic one-point

function of charged operators on D1-D5 microstates are generically non zero.

The holographic map can also be extended to a subset of the BPS states carrying D1, D5
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and momentum (P) charge, which in CFT terms are states with Ly > Ly = 57- There
is not yet a general understanding of the full class of D1-D5-P states, however there has
been much recent progress in constructing large families of explicit solutions known as
“superstrata” [56-63, 112-114]. There is an explicit proposal for the dual CFT states of
these solutions [56-58, 60, 62]. This family of solutions, and the proposed map to states
of the orbifold CF'T, will be reviewed in Section 2.5. Their 6D metric can still be written
in the form (2.9) with a flat ds3, but now F # 0 and the scalars and 1-forms specifying
the solution are functions of v as well as x;. Given the similarities of the supergravity
description of this class of D1-D5-P states with the D1-D5 states, one can formulate a
unified recipe to extract expectation values of operators of dimension one and two from

the geometry. We proceed to do this in the next three sections.

2.2 Expectation values of operators of dimension one

In this section we review the holographic map for expectation values of operators of
dimension one, making precise some details that will be important in the following

sections.

We start by setting up some notation for the field content of the D1-D5 orbifold CFT. We
label the N copies of the CFT on M by the index r =1,..., N. The orbifold CFT has
R-symmetry group SU(2);, x SU(2)g, whose spinorial indices we denote by «, & = =+,
and there is also an SU(2); x SU(2)2 group of rotations on the tangent space of M that
is useful for labelling operators, whose spinorial indices we denote by A,A =1,2. On

each copy of the CFT, the fundamental fields are four bosons X (%4, and four left-moving

plus four right-moving fermions 1/)%‘, 1/3(0;;;‘

The theory also contains spin-twist operators, that change the boundary conditions of
the fields, and that are labelled by permutations of Sy. For example, the ‘bare’ twist
operator oy, joins or splits the copies  and s. When acting on untwisted strands in
their respective NS vacuum state, o, creates the state that is the lowest state on a
twist-two strand, which is the NS vacuum of the two-fold covering space. A brief review
of covering space methods and a more general definition of spin-twist operators is given
in Appendix B. We also have left and right-moving spin-fields S, S% in each twisted

sector, that map NS ground states to R ground states.

Though this description in terms of free fields ceases in general to be useful away from
the orbifold point, there are physical quantities that are guaranteed to be independent
of the moduli, and hence can be quantitatively described by the free orbifold CFT.
We will focus on the expectation values of chiral primary operators (CPOs) and their
(global) SU(2)r, x SU(2)r descendents in states preserving eight or four supercharges
[102]: the first class of states are the RR ground states described in the previous section

and the states in the second class include the D1-D5-P states that will be considered in
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Section 2.5. Note that in both classes, the states are “heavy”, in the sense that their
left and right dimensions i and h are of order of the CFT central charge ¢ = 6N: one
has h = h = ¢/24 for the D1-D5 states and h > h = ¢/24 for the D1-D5-P states. The
CPOs we will consider are instead “light”, having h, h of order ¢°. In particular we will
restrict to CPOs with h + h < 2. The purpose of the next two sections is to formulate
and test a recipe to compute the expectation values of light CPOs in heavy states from

the asymptotic expansion of the geometries dual to the heavy states.

Expectation values of CPOs with total dimension A = h + h = 1 have already been
considered in [54, 55, 103]. The only operators with h = +j = 1, h = j = 0 are the
SU(2);, generators J*:

+ _ + _ +1,,4+2 .
JE=YJ5 =Y v (2.16)
analogously one has the SU(2)r generators J=, with h = j =0, h = +j = 1:
7t _ £ _ 71 742
TE= 2 d = £ 2009 (2.17)

We define J? to be normalized according to the standard commutation relation [J*, J~] =
2J3 and such that the eigenvalue of J3 on the RR ground state |++) is £1/2; similarly
for J 3; see Appendix B for more details. We normalize the corresponding vector spher-
ical harmonics in the same way, see Appendix A for details. Note that this convention
means that the normalized affine descendant of J7* is %[J —,J*] = —/2J3, which

means that some factors of v/2 will show up in equations such as (2.25).

Next we have the operators with h = j = h = j = 1/2. The first of these is the twist-two
operator
++ _ ++ ++ _ ot &+
22 - Z U(rs) ’ U(rs) - S(rs) S(rs) O(rs) (218)
r<s

where the operator o, is the ‘bare’ twist operator that joins or splits the copies r and
s, and S(ts), St ) are spin fields. When acting on untwisted strands in the NS vacuum

(rs
state, J(J:) creates the twisted RR vacuum state |[++),.

The second chiral primary with h = j = h = j = 1/2 is the untwisted operator

++ _ ++ _ A T+B

O = > 00 = 2 5canviy v - (2.19)
T T

More generally, one has operators like in (2.19) for each of the h!'(M) elements of the

(1,1) cohomology of M: we focus on the unique SU(2); x SU(2)3 operator O™ because

it is the only one that has non-trivial expectation values on the M-invariant class of

states introduced in Section 2.1.

For any CPO one also has the whole multiplet of (global) SU(2), x SU(2)r descendants,
obtained in the usual way by acting on the CPO with J; and/or jo_ . We denote the
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generic elements of the multiplet by J¢, Jo with a = +,3,—, and O%%, ©*¢ with
o,& = =+. For later use we record our convention that O~~ = (O**)! whereupon
consistency with the SU(2); x SU(2)gr algebra implies that O~+ = —(O*7)T, since
(Ot = ([Jy, 0t = —[J,0~"] = —~O~*. Analogous expressions hold for ¥*.

The expectation values of the CPOs and their descendants in a heavy state are encoded in
the asymptotic expansion of the dual geometry near their AdS3 x S3 boundary. Roughly
speaking, given a radial coordinate r, operators of increasing dimension correspond
to terms of higher order in 1/r. The precise map involves identifying gauge-invariant
quantities [54, 115]; having done so, in practice it is convenient to choose a particular
gauge in which to work. Though there is, in general, no canonical choice for r, for the
class of geometries of the form (2.9) with a flat ds? one can canonically identify r with

the radial coordinate of R* in standard polar coordinates:
ds? = dr? + r?(d6* + sin? 0 dp* + cos® 6 dy?) . (2.20)

Similarly we can use the 6, ¢, coordinates to define spherical harmonics on S2. This
leaves us with the only ambiguity of choosing the origin of polar coordinates, which will

be fixed shortly. One can then define the following asymptotic expansion? [54, 55]:

k/2 Ymk,mk

Q1 _
Zy == 1+Z Yo iy SO0 ]

712
k=1my,mr=—k/2

QS k/2 Ymk,mk
_ 5 k -3
Z27r72 1+Z Z fk(mkvmk) rk +0(0r™) |,
k= lmk,m;;;;k/Q _ (221)
JW y e _
A= VBT (S S o)
k= 1mk,mk7—k/2
3
V 2
A=V S Y i) 100, F= 2 06),

1

2
Il

where Y,"*"™* are S3 scalar harmonics of degree k and Ylai are vector harmonics of
degree one; we list our definitions and conventions regarding the spherical harmonics in

Appendix A.

The D1, D5 charges @1, @5 have been defined in (2.13); @, represents the momentum

charge and is quantized in terms of the integer n, as

(2m)* np g2 o
R2V,

Qp= (2.22)

2This equations has been changed compared to the one in [1]. The expression reported in [1] is valid
when the Z;s are harmonic functions, which is true only for a 1/4-BPS microstates. When the P charge
is not vanishing, the second equation in (C.8) shows that the Z;s satisfy a Laplace equation with a source
term.
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By an appropriate choice of the R* origin, one can choose
fll(a,d) + ff(a,d) =0 for Q, a ==+ ; (223)

which completely fixes the coordinate system (for notational convenience we use the
indices (a, &) = (&£,+) instead of (my,my) = (£1/2,£1/2) for k = 1). At the first

non-trivial order, one thus has the independent coefficients fll( Ai(a,a) and aqx, and

a,q)?
these encode the expectation values of the dimension one operators X%, O“*, J%, and
Je.

In the CFT we will mostly use null coordinates on the cylinder, which we also denote by
(u,v), and which are related to the CFT time and spatial coordinates analogously to the
corresponding spacetime coordinate relations (2.12). All the CFT one-point functions
in this work will consist of a light operator O; inserted at a generic point (u,v) in the

background of a heavy state:
(0;) = (H|O;(u,v)|H) . (2.24)

The dependence on the insertion point (u,v) is determined by conformal invariance,
and in fact the expectation values of the operators we consider in RR ground states are
independent of (u,v) and are controlled solely by the zero mode of the light operator O;.
For the superstratum states that we shall study in Section 2.5, some of the one-point

functions will however have non-trivial v dependence.

When the expectation value is taken in the heavy state dual to the geometry corre-
sponding to (2.21), the precise map? is [54, 55, 103]

5 . N

Y2 (mge) = (1) 2 0@ o ficoa)
1 ad\ _ (_ 1\ad N .

ﬁ<0 ) = (=1)*¥2 Q1Q5Ry At(—a,—a) s

Loy e [N g
N(J ) =2 1Q5Rya¢,+, = _
Loy N BN W
/77'7<J > - Q1Q5Rya07+7 /77‘7<J> QlQE’)RyaO’_’

where the numerical factors have been chosen in such a way that the operators on the
left-hand side have unit norm in the large N limit. As anticipated below Eq. (2.17), our
(standard) choice of normalization of J%, J® introduces different coefficients for J* and

J3 in this dictionary. Taking into account that the correctly normalized descendant of

3The term (—1)*®* gives a minus sign when (o, &) = (&, F). This is required by SU(2)r, x SU(2)r
invariance: the scalar product between two operators Ol and O with indices in the fundamental of
SU(2)r x SU(2)r is given by O1 - O3 = €ape, s0705".
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JT is —v/2J3, and likewise for J¢, the above expressions indeed respect the SU(2),, and
SU(2)g R-symmetries.

2.2.1 An example

Several non-trivial tests of the map (2.25) have already been performed in [103]. We
present here one further example, which concentrates on the expectation values of J¢
and J%, because it will justify the choice of sign for a,(;r) in (2.7); this sign will be

relevant in testing the map for dimension two operators.

Consider the state
S A+ )YV PUB [+-),)P (C |—+))°. (2.26)
P,q

From Eq. (2.7), the profile function associated to this state has the following components:

g1 (V) +iga(v) =aeT V| g3(v)+iga(v') = be’ TV —ce B g5(v") =0. (2.27)
This profile encodes the data needed to generate the dual geometry through Eq. (2.14):

since we are interested in the expectation values of the left and right currents, it follows

from Eq. (2.25) that the coefficients we need are

a4+ = i iéa a—t = fy _ac
VQ1Q5 /2 V@Q1Q5 V2’
o -t b ay_ = By ab (2.28)
VQ1Qs5 V2’ VQ1Qs5 2’
Ry laf® +[b* — |e? Ry lal® = |b* + |c]?

o+ = V@Q1Q5 2 ’ 0= VQ1Qs5 2

The zero-mode of the CFT operator J3, i.e. JS’, has eigenvalue 1/2 on the strands
|++); and |[+—); while it has eigenvalue —1/2 on the strands of type |—+),. Since each
component of the superposition in (2.26) is an eigenstate of Jg , its expectation value is

controlled by the average number of strands of each type:

B 1 RN
C2Q1Qs5

(J3) = %(Kﬁ+ LN N (1al + 1512 ~1ef?) (2.29)

where we have used Egs. (2.5) and (2.8). Analogously one can compute the expectation

value of the operator J?, which gives

- 1, L 1R2N
(J) = S(NFH = N7 4 N7 = 5@?76250@'2 —P+leP) . (230

Let us now consider the operator JT. Its zero-mode, JJ , maps a strand of type |—+),
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into |[4++);; the strand [+—), is annihilated, so is just a spectator. Thus the expectation
value is determined by the following process (here and in similar expressions, to lighten
the notation we suppress the subscript 0 and it should be understood that we are con-
sidering the zero mode of the operator, since this is the only mode that contributes to

the correlator for RR ground states):
N—p— N—p—q+1 -
T (TP =R 1 =1) = (N=p—g+1) (|40 7 =) =07 L (2.31)

Here the factor N — p — g + 1 arises from observing that J* can transform any of the
g strands of type |—+); and imposing that the total number of terms on the left and
right-hand sides of the equation match. (We will explain similar steps in more detail in
Section 2.3.1). Thus we obtain

W_C o RIN_
() = W —p—1) = Glaac.

1 (2.32)

As in Eq. (2.5), the bar over p and ¢ denote the average number of strands of each type.
Using J~ = (J )T, we have

e BYN
(J7)=(JT) —7621@50,0. (2.33)
Analogously we obtain
i _ B _____R?%N_ - e REN
(7 =5 (N=p Q)—Q1Q5ab, (J7)y = (J") = 5.0 (2.34)

Comparing the gravity coefficients in Eq. (2.28) and the CFT results in Egs. (2.29)-
(2.34), one can verify the consistency of (2.7), (2.8) and (2.25).

2.3 D1-D5 holography at dimension two

Deriving the holographic map for operators of total dimension two involves two new
levels of complication. First, as pointed out in [54], not all operators are distinguished
by their quantum numbers, and the map between the operator expectation values and the
coefficients obtained from the asymptotic expansion of the geometry (2.21) may involve
a non-trivial mixing matrix. The mixing matrix was subsequently derived in [107],
and our explicit tests confirm this result. Second, single-trace dimension-two operators
can also mix with “double-trace” operators given by sums of products of dimension-one
operators evaluated on different CFT copies. This possibility was also discussed in [107],

however the precise structure of the mixing was not worked out in full detail.

In this section we derive the full explicit holographic dictionary for all single and double-

trace operators of dimension (h, h) = (1,1). We choose to study operators of dimension
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(1,1) as it is for these operators that the mixing is most non-trivial, and because these

operators enable us to perform new precision holographic tests of superstrata.

Single-trace operators in a symmetric product orbifold CFT are operators that involve
a single sum over copies of the CFT (the ‘trace’ is over the discrete gauge group Sy).

We begin by describing the single-trace CPOs of dimension (1,1), which are as follows:

e An operator of twist three,

E;Jr = Z( (rst)+0(rts)) O-(t;rt) = Jj%Jj%O-(TSt) (235)

r<s<t

where it should be understood that the fractional moded operators in the definition
of the chiral primary a(++t) are those associated with the permutation (rst); more

details can be found in Appendix B.

e An operator of twist two,

4 ++ o (OF+ e
03" = ;O(rsw Oy = (06 +0) o) (2.36)

Here Oz;j) is the operator (of unit norm) that joins or splits the copies r and s
and raises the spin by (1/2,1/2); for example, when acting on copies 1 and 2:

O—H—

SR =00, . Of [00), = [+ . (2.37)

(12)

As we discussed for the operator O™+ below (2.19), there are h!'(M) similar
operators, and we focus on the one that has non-zero expectation values in the

states we consider.

e An operator in the untwisted sector,

o 142 T+ T2 + +
Q = Z¢(r)¢(7)¢(r)w(r ZJ J (2.38)

As usual one can also consider the global SU(2), x SU(2)r descendants of these CPOs:
the multiplet of Egr+ will be denoted by ng with a,a = +,0, —, and analogously for the

other operators. We define the descendants to have the same norm as the highest weight
state, thus for example Q0% = % [y, ] =—v2 >, J(?’T)J(t) and Q0 =23 J(3T)J(3T).

As mentioned above, double-trace operators also play an important role: they are defined

by taking products of single-trace operators acting on disconnected subsets of the N
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copies. The double-trace operators with dimension (1, 1) are

2

++ — E ++ + E
(22 . 22) = m U(TS) (pq) ° (J J JT ;
("“<5)7§(P<‘1) Tyﬁs ( )
2.39
1
++ — E ++ ++ ++ — E ++++
r<s r#s
t#r,s

and descendants thereof; we have chosen the N-dependent factors to normalize the
operators. The constraints in the sum defining the double-trace (X3 - 32) mean that we
are summing over all couples of pairs that have no indices in common and where, in

each pair, the first entry is smaller than the second one.

On the gravity side, the asymptotic expansion of the bulk quantities in (2.21) gives,
at the next order in 1/r, the set of coefficients f};, f5; and Asj, where for brevity
I = (a,a) with a,a = +,0,—. These coefficients are related to the expectation values
of the three single-trace CPOs in (2.35), (2.36), (2.38) [54, 55], eventually mixed with
the double-traces in (2.39). Since the operator O is in fact part of a set of h1 (M)
operators, it is natural to assume that it does not mix with the other two, and that the
associated gravity coefficient is As; the quantum numbers related with M-rotations
suggest that Oy may mix with the double-trace (3g - O). We will examine this simple
subset in the next subsection. A more intricate and interesting structure involves Xg,
Q and the remaining double-traces (X2 - £3), (J - J), (O - O) in (2.39). This will be the

focus of Section 2.4.

2.3.1 The operator O,

On the gravity side, the only relevant coefficient in this sector is A, (a,d) [55]; on the CFT
side, this should be mapped to the expectation value of O‘Qm, with a possible mixing with
the double-trace (22 - O):

Y2 (085) + a1 (B2 0)%) = (~1)"* 9 Ay (q ). (2.40

where the sign (—1)%*% is needed for SU(2), x SU(2) g invariance, as one can understand
following the same logic explained in Footnote 3. We will determine the coefficients
and ¢; by calibrating the map (2.40) using some appropriately chosen RR ground states.
Tests of this map will be performed in Section 2.5, by comparing with some three-charge

superstratum states.

A set of states in which O, ~ and O3 * have a non-vanishing expectation value is

N/2
D (Ar[++))N T (B1]00),)” (2.41)
p=1
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This expectation value can be computed following the general logic explained in [103],
which we now briefly review. Acting on two chosen strands of type |++);, (the zero

mode of) O, ™ joins them into the strand |00),:
0, [++)] = [00), . (2.42)

When acting on the full state (|++),)" ~2P(|00),)?, there are (pr) ways to choose two

out of N — 2p strands |++);; one should also take into account that the states v (N

2 2
defined in (2.1) are composed of ‘1/) () ‘ terms, with ’@Z) () ‘ given in (2.3). This
{NV,7} V)
leads to
07~ (1401 7% 1005) = (p+1) |++)) > jo0)*" | (2.43)

where the factor p+ 1 is the one needed to match the number of terms on the two sides

of the equation, since

(N—2p

) >»<|++>1>N—2p<oo>2>p!2:<p+1>\<|++>1>N—2p—2<|oo>2>P+l12. (2.44)

The expectation value of O, in the state (2.41) then follows from (2.43) and the
definition of the state (2.41):

(P+1) = ip = : (2.45)

__ A
<02 > - B1 Bl 2

where we have taken the large N (and large p) limit and used (2.5). On the gravity side
the state (2.41) is dual to the D1-D5 geometry associated with the profile
g (V") +iga(v) = ay T g3(v') = g4(v') =0, g5(¢v') = —Im <b21 eTUI> )
(2.46)
with the a;, by parameters linked to A1, By by (2.8). Using the definition of Z4 in (2.14)

it is immediate to extract from the expansion (2.21) the coefficients Ay (4 4):

Ity 27 Qi1Qs Al By

Arr) = (A2o )" = 3 (@052 " by = NPR G (2.47)

Note that A; (o,4) = 0, consistently with the fact that the expectation value of O%% in
the state (2.41) vanishes. Comparing the CFT (2.45) and gravity (2.47) results with the
general map (2.40), one determines the parameter :
1/2 p2
N'/2R?

v = ﬁm. (2.48)

To fix the coefficient ¢; we must consider a state with a non-vanishing expectation value
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for the double-trace (X2 - O)Tt. An example is

N/2 N—2q
D7D (Aaf44)) NP2 B2]00), )P (Ca [++),)" (2.49)

q=1 p=1
The geometry associated with this state is sourced by the following profile:

g1 (V") +ige(v') = ag e%”,—l—%2 et ;o g3(V) =g4s(") =0, g5(v) =—Im (l_)g e%”)
(2.50)

Choosing coordinates in which (2.23) is satisfied and using (2.14), we obtain that the

coefficient encoding the expectation value of (X2 - O) takes the following value for this

microstate:
A . RZ?; @g(b% Co + 8@% by 62)
2(L1) (Q1Q5)3/2 16V3 ‘
We now consider the action of (X3 -0)+t* = \/2N~3/257 7O+ on the state (2.49). The
operator O™ contributes via the basic process O11]00); = [++);, so that we have:

(2.51)

(Z2- O) T ([++H)7 P 2100)} [++)%)

V2 ot N—p—2¢+1 |\ p—1 q (2.52)
= N>z (N=p=2¢+1)(++) 00)7 " [++)5)

where the factor (N —p —2¢g + 1) arises from imposing that the number of terms on the
two sides of the equation match, after taking into account that the operator O™ can
act on any of the p strands of type |00),. The action of the operator Z;‘ * is slightly
more complicated: its expectation value receives a contribution both by the splitting a
strand of type |[4++), into two |[++), and from the joining of two |++), to form a |[++),.
We thus have to consider the following basic processes (as before, the zero mode should

be understood):

1
S5y = [t )y L Z5TI00),100) = Sy . (253)

where the coefficient of the latter process is computed in Appendix B, see Eq. (B.32).
Continuing from Eq. (2.52), we obtain

V2
N3/2
1 —p— - -

SN = =20+ 2)(N = p—2¢+3)(|++)1 7 P00 [+4)87)

(Z2- O) F(J+H)Y P727000)] [++)8) =

(N—-p—2q+1)

q+1

N—-p—2q+1 -3 1
+ S (000 H+HET |

(2.54)

where the combinatorial factors again arise from matching the norms of the states on
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both sides of the equation. In the large N limit, this gives rise to the one-point function:

((Z2-0)") =

\/i (f_lg By Oy n AQ Bg’ Cg) . RZN (CL% by co a2 b% EQ)

N3/2 2 8 (@Q1Q5)52\ 2 16/’
(2.55)

where we have used Egs. (2.6) and (2.8). By comparing the results in Egs. (2.51)

and (2.55) and the map (2.40), we determine the unknown coefficient to be

1

The holographic map in this subsector can then be summarized as

\/5 - N1/2 R2
W(og% = (-1)*T V33— 0,0- As(—ar—a) s (2.57)
where
N+ — ++ )t++
02 = Z ol (rs) Z g TS)O(t) : (258)
r<s r<s
t#r,s
Note that the extremal three-point functions containing the operator 5;+ vanish [54

107-109, 116]. The only extremal correlator that is not trivially zero because of the
quantum numbers is
N2 N?

<O(+1;) (Oq) +0) a@} -, (2.59)

(OFTO0 ;) = 5

where the first term on the right-hand side comes from the single-trace part of 6; * and
the second term is produced by the double-trace part. The definition of Oa;r), Eq. (2.37),
implies that

<O(+1§) (Ony + 04 ) (*1;)> =1, (2.60)

and thus the extremal correlator (2.59) vanishes.

2.4 The operators X3 and €2

In this section we turn to the sector of dimension (1,1) operators that contains X3 and
), in which the mixing is more involved. We begin this section by importing the results
of [54, 55] that for a metric of the form (2.9), with the choice of coordinates defined by
(2.20) and (2.23), the geometric quantities dual to the operator expectation values in
this sector are linear combinations of the following gauge-invariant quantities (evaluated
in this gauge) [54, Eq. (6.4)],[55, Eq. (5.27)]:

gr = \/6(f211—f§)1)7 g = ﬂ(—(f211+f5)1)+8aa+ab* f1a) (2.61)
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where the coefficients fr,, are defined by the overlap between a scalar S spherical
harmonic of degree two and the scalar product of two vector spherical harmonics of

degree one, and are given in Appendix A.

A first guess for the holographic dictionary might have been that g; should be dual
to the expectation value of ¥ T and gr should be dual to the expectation value Q~71,
however in [54] it was pointed out that this guess was inconsistent with the structure of
known CFT correlators, and a modified map was proposed in [107]. In what follows we
shall not assume any previous results on the holographic dictionary beyond (2.61), and
we shall simply start with the most general map, allowing for generic mixings with the
double-traces that can mix with X3 and :

V350 g (- )+ ay((S2 - £)) + ag((0 - )

N32 3 1 2( (22 * 222 3

= (_1)a+{1 |:O‘ 9(—a,—a) + dg(—a,—d):| ’ (2 62)

(Q00) 4 b1((J - T)) + ba((Z2 - £2)°%) + b3((0 - 0)*)

= (—1)0te [B Y(~a,—a) T 59(—%—&)]‘

N1/2

As usual the numerical factors in front of X3 and 2 have the purpose of normalizing the

operators, and the sign (—1)%* is required by SU(2) x SU(2)g invariance.

In the following, we shall determine in turn the unknown coefficients «, &, £, B, a;
and b; by applying the holographic map to an appropriate set of D1-D5 RR ground
states. Note that we have implemented SU(2)r, x SU(2)r invariance by requiring that
coefficients be independent of the R-symmetry indices (a, a). (The real coefficients «, 8
should not be confused with the one-form 3 or the spinorial indices of the R-symmetry
group SU(2)r x SU(2)r used elsewhere.) We will then perform a set of non-trivial
checks of the resulting dictionary by testing it on a wider class of states. Further tests

involving D1-D5-P superstrata will be performed in Section 2.5.

2.4.1 Determining the first set of coefficients

To determine the values of the coefficients «, &, 3, 3, we consider states in which Y3
and ) have non-zero expectation values, and in which the expectation values of the

double-traces in (2.62) vanish. Two simple choices are

N/3
YA B = 3 (Ar[++),) TP (B ++)5)7, (2.63)

p=1

and N
YO (Ay,Ba) = 3 (A |++),) (B |--), )7, (2.64)
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which, according to the map in Section 2.1, correspond respectively to the profiles

T, b T,/
g +igN ) =areT? + 51 e gV =gM) =g ) =0, (2.65)
and
g2 W) +igP (W) = ar T +bye B, gD ) = gP(v) = ¢ () = 0. (2.66)

The computation of the gravity parameters g; and g; follows straightforwardly from
Eqgs. (2.14), (2.21) and (2.61); for the state 1»(!) one obtains

; 146 R
g(((l)v)o) - _6\/> |CL1’ ‘b1|2’ gEé,)O) = 27 Q Q ’ 1|2|b1|27
Rz V2 R
CONNAN Y * () _ =) * _
) = (9(—1,_1)) a \/iné/k b day = @) = fQ1Q5 @b,
(2. 67)
and for the state ¥(2) one obtains
2 _ 2\/5 RZZJ b 2 ~(2)  _ 2\/6 RZQJ 2 b 2
900) = Q Os Jasf” bl 90,0 = m\aﬂ 62|, (268)
@ _ 7 ~(2) ~(2) * _ 7
g(]_,]_) - ) 2(12 b27 (1 1) — (g(_]_’_l)) = — 6@2 bQ.

On the CFT side, X5~ and {27~ have non-vanishing expectation values respectively in
w(l) and ¢ while the expectation values of all the double-trace operators in (2.62)
with spin (=1, —1) are zero, as can be easily seen from the fact that the action of the
dimension-one operators 5, J, J~ or O™~ on either ¥ or @ would produce

strands of a type that is not present in the state itself.

The expectation value of 35~ in (1) arises from the process in which three strands of
winding one are joined into a strand of winding three. In general one has (as before the

zero mode should be understood here and in similar equations that follow)
Oy [k [0k, [F ks = Chikoks [FH )k 1kt o (2.69)

where (3) denotes a permutation that joins together the three strands [++), and where
Chy ko kg = % [117]. We first focus on three particular strands of winding one and

one particular permutation, say (123), of the three strands, for which we thus have
—— 3
0(123)( [++)1)" = [++)3 - (2.70)

When considering the action of the full operator X3~ on the state [N 3P |++)%, one
must also include the appropriate combinatorial factors, as follows. The twist operator
can act on any three of the N —3p strands of winding one, and for each choice of the three

strands there are two inequivalent three-cycles (c.f. Eq. (2.35)). Thus X5~ can act in
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2(V3%) ways on (|++);)V 3P (J4++),)P to produce the state (|++);) V773 (|4+4) )Pt
Moreover one has to take into account that the initial and final states have a non-trivial
norm given by (2.3). Matching the norm of the states on both sides of the following

equation, one finds
S5 ((HHD)Y2(H4)5)P) = 0+ 1) (H+) )V P73 (+4))P (2.71)

The above result and the definition of the state ¥)(!) in (2.63) imply that, in the large
N limit, the expectation value of ¥5 ™ in the state P is:
5 2 P2
’ﬁ = A% By N Ry

J— _ o _ 37
& h = BT T3 T 3@y M (2.72)

where we have used p = |B|?/3 (from (2.5)) and the relation (2.8).

Next, the expectation value of 27~ in the state 1/1(2) arises from the basic process where
1™~ maps |[++); to |—=—);. There are N — p choices of strand for 27~ to act on the
state (|[++);)V"P(|]—=),)P to give (|[++);)VP~1(]——);)P*!. Matching the norms of left
and right-hand sides gives

Q7 (0 )Y P(==)0)7) = (o + 1) () )V P (==) )Pt (2.73)

and thus the expectation value of Q== on ¢?) is

__ Ay _ _ NR?
Q7)) = szp = Ay By = Q1QZ) as by, (2.74)

where we have again used (2.5) and (2.8).

(%)

Comparing (X3 7)1 and (Q277)2 with the gravity data g5 _y, g_)l _, (i =1,2) uniquely

fixes a, &, @Bto be

1/2 p2
V3 NV2R?
42 Q1Qs

1/2 p2
1 NYV2R?

“s e T Qs

a =0 = (2.75)
These values agree precisely with the results of [107]. The expectation values of E;}LJF
and Q7 are simply the complex conjugates of the ones considered above, and do not
add new information. The expectation values of Ego and Q% are also non-vanishing,
and should be compared with g(()f)o. For this value of the spin, however, double-trace
operators play a role and so we will return to this comparison in Section 2.4.6, where

we will perform some non-trivial consistency checks of the full dictionary.
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2.4.2 Determining the coefficients a, by

The coefficients a1, by in the general map (2.62) correspond to the double-trace operator
(J-J). An RR ground state in which (J-J)*™ is the only operator with j = j = 1 to have
non-vanishing expectation value is the state given in Eq. (2.26). It is straightforward
to compute this one-point function in the orbifold CFT, where J* can map any of the
p strands of type |[+—); into |++);, and likewise JT can act on any of the ¢ |—+),

strands. Taking into account the normalization (2.3) of the states, one finds

(- Iy (I =) =)

2.76)
N—-p—qg+1)(N—-—p—q+2 e _ _ (
= v G I BT
and, in the large N limit,
- BC (N-p—¢q* A*BC NR!
. = = = (,_7/ C. .
J- )y (V=p=4) b a2 2.77

A2 N N (@1Q5)

Notice that, up to the normalization factor N~!, the expectation value of (.J - J )t is

just the product of the expectation values of J* and Jt, at large N.

On the gravity side, the relevant coeflicients extracted from the metric associated with
the profile (2.27) are

R2 _ R? _
gi1=(9-1-1)"=V2 ngk a*be, Gi1=(§-1-1)" =6 ngk a*be, (2.78)

which, taking into account the values of «, &, 3, 3 derived in (2.75), implies that

. N1/2 ga
ag-1-1+ag-1-1 =0, Bg-1,-1+Bg-1,-1 = —W- (2.79)

Then comparison with (2.62) yields

1

_W . (2-80)

ar=0 , b=

Using the above value of b1, one sees that the combination appearing in the holographic
map is

! QH—iZﬁﬁ =

Ve ~ ot (2.81)
r#s

N1/2

We note that the operator QO+ has the property that its extremal three-point function
with J~ and J~ vanishes,
Qg J)=o0. (2.82)
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2.4.3 Determining the coefficients a5, b2

The coefficients ag, bo in the map (2.62) correspond to the operator (X3 - X2). An
RR ground state in which (33 - Y¥3)~~ is the only operator with j = j = —1 to have

non-vanishing expectation value is

N/2
D A+ )N (B [+4),)" (2.83)
p=1

The CFT expectation value follows from the relation

N—-2p—4

VP +2) 0 +H)52: (2.84)

(22 22) 7 (+00 % [+ 4) = 2

the combinatorial factor is derived by noting that the first o, ~ in the double-trace can

act in (N ;27’) ways on the N —2p strands |[++), and similarly the second o, ~ can act in

(N—gp—Q

the numbers of terms composing the states on the two sides of (2.84) and multiplies by

) ways on the remaining N — 2p — 2 strands |++),; one then, as usual, equates

the normalization factor 2/N2. The expectation value in the coherent state (2.83), for
which 2p = | B|?, is then
At 2p%  AAB? NR] ot b’

= BN T AN G0 3 (2.85)

((B2-%2)77)

We note that, in the large N limit, the expectation value of the double-trace (3q-¥9)™~
is given again by the square of the normalized single trace (v2/v/N)%; ~, which was
computed in Eq. (4.14) of [103].

The geometry dual to the state (2.83) is generated from the profile

7 2
g1(v") +iga(v) = aet? + ée%”/ _ My a’b,
2 2Q1Qs
(2.86)

where we have shifted the profile centre in order to implement the gauge condition

fi+ f2 = 0. From this geometry one derives

g11 = (91 1)*2—\/§R7‘;1a4l32 G11 = (G 1)*:LR7§G452
’ o (Q1Q5)? e T /6 (Q10Q5)2 -
(2.87)
Comparing with (2.62) and using the values (2.75), one deduces
71 1 1
(2.88)

az:—mm, 2:1W.
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2.4.4 Determining the coefficients as, b3

The coefficients as, bg in the map (2.62) correspond to the double-trace operator (O-O).
A set of RR ground states in which (O - Q)™ is the only operator with j = j = —1 to

have non-vanishing one-point function is

N
> (A [++))V (B [00),)", (2:89)

p=1
which is just a particular case of the state (2.49) with C2 = 0 and Ay = A, By = B. The
expectation value ((O-O)~7) is, as usual, proportional to the square of the single-trace

expectation value (O~~) = A B, as computed in [118]. We obtain

A2B” NR} a2b°
0-0)7) = = L . 2.90
(©0-077) = 75 = G s (2.90)
The relevant gravity coefficients are
V2 Ry 5o V2 R )
— (g1 1) = Y% a’b” 11 = (31 _4)F = — Y= yaQb’
911 = (9-1,-1) 1 0.0 g1 = (g-1,-1) V3000
(2.91)
which determines ag and b3 to be
1 1
az = ﬁm s b3 =0. (292)

2.4.5 The holographic dictionary at dimension (1,1)

We can now summarize our results and write the explicit holographic map in the 3, Q

sector as:
\/g aa 1 1 aa aa a+ta
N ) + e |~ (2 2 ) #2001 = (1) o),
1 aa 1 T7\aa 1 aa ata 1
]\71/2<Q ) — N2 [<(J'J) >—Z<(E2'22) >} = (1) " h_a—a)
(2.93)
where (recall that g, § were defined in (2.61))
N1/2 R2
haa = 7y\/§gad _gad )
(a,a) 4\/5612/12Q52|: (a,a) (7)i|
- NY*R
haiy = ~ s |San T V3T - 2.94
(a.0) 4\@@1@5[(,) <,>] (2.94)

We also repeat for the reader’s convenience the results from the Og sector, (2.57) and

(2.58):
2 - . . N1/2 R2
\]§<062La> = (_1)a+a \/g QlQBy A (—a,—a) > (295)
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where
N+ — ++ H++
03" =) 00—~ Z ol 0L (2.96)
r<s r<s
t#r,s

For the class of M-invariant supergravity solutions with a flat four-dimensional base

space, Eqgs. (2.93)—(2.96) comprise the holographic dictionary at dimension (1,1).

One can check that not all extremal three-point functions of the operator combinations
dual to g, g vanish. Based on general expectations, there should be an appropriate field
redefinition such that all extremal three-point functions vanish [54, 107-109, 116]. We
will discuss this further in Chapter 3.

2.4.6 Tests of the holographic dictionary on two-charge states

Having determined all the coefficients in the holographic map (2.93), we can now use the
map as a non-trivial consistency check on the correspondence (2.8) between the 1/4-BPS
RR ground states (2.4) and the supergravity solutions (2.14). We re-emphasize that the
SU(2)r x SU(2)r symmetry requires the coefficients in (2.93) to be independent of the
spin (a,a); thus, even if the most efficient way to fix the coefficients is to focus on the
highest (or the lowest) spin component, as we have done in the previous subsections,
the same coefficients must necessarily reproduce the expectation values of all other

components. A relatively involved example is given by the operators

~ 1 o~
00 — 9 Z Tog Tty and 350 = o [J5 [Jg, B5) (2.97)

We will next work out a couple of examples that demonstrate how the one-point functions
of these operators are correctly reproduced by the map (2.93). More examples involving
1/8-BPS D1-D5-P states will be examined in the next section.

N
3

e First, consider the state (A |[+4),)* with k € N.
The dual geometry is generated from the profile

a 2rnik v’

g1 (V") +iga(v') = %€ v g3(v") = ga(v') = g5(v') = 0, (2.98)

and from the asymptotic expansion of the geometry one deduces that

Maye) = Maa) = 0 for all (a,a). (2.99)

This is a reflection of the fact that the geometry is a Z; quotient of AdS3 x S2, with

non-trivial constant gauge fields mixing S® and AdSs.
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Given the simple structure of the geometry, one would naively expect that on the CFT
side only the R-symmetry currents, which couple to the S? gauge fields, have non-trivial
expectation values; the situation is however a bit more interesting. While it is true that
to leading order at large N all expectation values appearing in the first line of (2.93)
vanish?, the expectation values of the single-trace 2°° and of the double-trace (.J - .J)%
are non-trivial; consistency with the map (2.93) requires that the two expectation values

precisely cancel. To compute the expectation value of Q% one notes that
00 1
QY [44), = o [+ (2.100)

The 1/k factor in this equation is not a-priori obvious and can be understood as follows.
Consider the action of the zero-mode of the SU(2),, current J§ on a strand of winding k,
such as |+4),. Since there are identical copies of the SU(2), algebra in any twist sector
of the orbifold theory, the value of J§ cannot depend on k: J§ |++), = 1/2 |[++),; on the
other hand Jg’ = Zf 1 J3) =k J(3r) with J(?’ .0 the zero-mode of the operator acting
on a single copy of the CFT. One deduces that, in the k-twisted sector, J( =1/k J}
and analogously J( = 1/k J3. This implies that QJ° = 2 ZT ek J =2/k J3J3,

r),0%(r)
from which (2.100) 1mmed1ately follows.

N
3

The action of Q% on the full state (|++),)* is then given by multiplying by the number

of strands N/k:

N N
k k

QO (|++), )~ = Tkg(

[+ ) (2.101)

This immediately implies

() = (2.102)

YRR
As for the expectation value of the double-trace (J - J)%, one should first note that the
correctly normalized affine descendant of (J - J)™+, which is what appears in the map
(2.93), is given by
(J-J)° Z Ty T - (2.103)
r;és

When acting on the state (H—+>k)%, J3 can be applied on any of the N/k strands, and
it has eigenvalue 1/2. The same happens for J3 on the remaining N/k — 1 strands. In

the large N limit one finds
o (0t = 28 0t = Dot oy
“Naively one could think that the expectation value of the double-trace (52 - ¥2)" ~ Yot Hor o+

U(J;;)U(;Z) could receive a contribution, for example, from the process in which a ¢~ ~ joins two strands
|[++),, into [++),, and a o splits the newly created |++),, strand again into two |[++), strands. One
can however see that this expectation value, unlike the one computed in (2.85), does not grow with N,
and hence it does not contribute to the holographic map at the leading order in the large N expansion.
The origin of the difference with (2.85) is that in the present situation the second twist operator can
only act on a particular strand, while in (2.85) it could act on O(N) strands. This observation confirms
the general rule that the expectation value of a double-trace operator is given by the product of the
expectation values of the single-trace components at leading order in N.
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and thus

(D) = .

The two expectation values (2.102) and (2.105) are equal, as required by the holographic

(2.105)

map.

e Second, let us consider the state

N/k
Z(A ) VR (B+4) )P, keN, k>3. (2.106)
p=1

The supergravity analysis is done along the usual lines: starting from the dual profile

S

27,/ 2ni k o'

g (V) +igp()=aeTV + eV, g3(v") = g4(v') = gs(v) =0, (2.107)

ol

(where for simplicity we take a,b € R) one extracts the supergravity data defined in
(2.94):

1 (k-1 N'?R) , ,
= — . 2.1
h0,0) 5 2 (01052 a“b (2.108)

VA1 NR
0.0) = 5

2
k2 (Q1Q5)2a o

Note that in the following manipulations the regularity constraint a?+ b = Q}%—g‘" (2.15)

will be used.

The second line of (2.93) works in a way that is qualitatively similar to the previous
example. We take k > 3 for simplicity, where the non-vanishing expectation values are
(Q9Y and ((J - J)%) (for k = 2, one would also need to include ((Z3 - £2)%)). The

one-point functions can be computed by applying the rules already explained:

@ — 1 NR, K%'+ (K +1)a’ +b
2 (@iQs)° ke | (2.109)
(- Ty — 1 NR, Ka' + 260’ + bt
2 (Q1Q5)? K

One can verify that substituting these expectation values in the second line of (2.93)

reproduces the value of iL(070) given in (2.108).

The first line of (2.93) introduces a novel ingredient: the expectation value of X3° (the
other double-trace operators clearly do not play a role in this example, at large N).
The mechanism by which $3° acquires a non-zero expectation value in the state (2.106)
for any £ > 1 is as follows. Take for example £ = 3 and consider the action of Ego
on the strands [4++); and |++)5 corresponding to the permutation (1) (234); when the
twist 3 operator acts with the permutation (132) it produces a state described by the
permutation (2) (341), which represents again two strands of type |[++); and [++)5. In
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other words, the operator X3° maps the state (2.106) into itself, permuting the copy
|++); with one of the copies forming the strand |[++);. To compute the expectation

value associated with this process we need to know the coefficient C) éfk(l)’f defined by

ol 1+)1 [+ = Cioat ™ 1) [+ (2.110)

where (3) denotes any three cycle that maps the state on the left to the state on the

right. This coefficient is equal to C5 ,gllz’_’_, corresponding to a three-point function that

differs from the one giving C, z’;k(l)’f by the ordering of the operators. One can see that

the coefficients are equal using e.g. [119, Eq. (2.2.48)]. The coefficient Cg,glg’f’f was
computed in [120, Eq. (6.28)] using the techniques reviewed in Appendix B, giving

ey~ (E+1)?
Cran _ (k17 sz) . (2.111)

The full expectation value of X" is given by dressing C,; éjk(l)’_ by the appropriate
combinatorial factors: the twist operator can act on any of the (N — kp)p pairs of
strands |[++), |[++), and can cut the |++), strand in k different positions (note that
only one of the two permutations (rst) and (rts) that appear in the definition of X3
(2.35) contributes to the present process, and thus one does not have an additional
factor of 2). We thus find

N—k ——(1),— N—-k
SP T R = Coad T (V= kp)pk [T L, (2112)

which gives

(k+1)?

k+1)2 N?R}
<Eg0> — 6k2 A2B2 — ( ) Y 2b2

a
6k%  (Q1Q5)°
The CFT prediction agrees, via the map (2.93), with the gravity coefficient h ) in
(2.108).

. (2.113)

2.5 Precision holographic tests of superstrata

We now perform new precision tests of the proposed holographic dictionary for a re-
cently constructed set of superstratum solutions and proposed dual CFT microstates.
The term ‘superstratum’ refers to a large class of supergravity solutions describing black
hole microstates [56-63, 112-114]. The key property of superstrata is that the isometries
preserved by the black hole are explicitly broken (apart from the single null isometry
guaranteed by supersymmetry). These solutions include sub-classes whose proposed dual
CFT states display momentum fractionation [57], and include solutions that have para-
metrically long AdSs throats (in full, the throats are approximately AdSyx St xS3xT*)
[58, 60], which have potentially important implications for AdS; holography [112]. Some

special sub-families have the remarkable property of having completely integrable null
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geodesics [61]; for some recent studies of superstrata, see [114, 121-123].

We will perform tests on a couple of specific sub-families of superstrata, including some
of the most recently constructed solutions [62]. In all cases the proposed CFT description
passes these new precision tests, which lends strong support to the proposed families of
holographically dual CFT states.

2.5.1 Key properties of superstrata

We now briefly summarize the elements of the superstratum construction that will be
relevant for our studies. The main purpose will be to introduce the necessary notation for
the holographic tests that follow. For a more comprehensive introduction to superstrata,

we refer the reader to [60].

The superstrata that have been constructed to date are six-dimensional solutions where
the four-dimensional base is flat R*. The six-dimensional metric, four-dimensional base
and relation between ¢,y and u,v coordinates are as given in Egs. (2.9)-(2.12). The

one-form (3 takes the value
Rya2
V2%

The remaining quantities in the supergravity ansatz (C.1) are organized by the almost-

8 =

(sin2 0 d¢ — cos® 0 dip) . (2.114)

linear structure of the six-dimensional BPS equations. For completeness we give the
full Type IIB ansatz and BPS equations in Appendix C, and we summarize the content
here. The four-dimensional base and the one-form 3 are referred to as the data of the
“zeroth” layer of equations. Then the first layer of BPS equations involves the scalars
Z1, Zy, Z4 and two-forms ©', ©2, ©*. By convention Z3 is related to F, and ©3 = dg.

Finally, the second layer of equations determines the scalar F and the one-form w.

In the class of superstratum solutions that we will consider, Zs has the simple form

_ @

Zy 5

(2.115)

The first important feature of the solutions is encoded in the function Z; which enters
directly into the Type IIB NS-NS two-form Bs, and the RR forms C'(® and C'¥, and
also into the metric via the combination P = Z1Z5 — Zf. The function Z, takes the

general form (more generally a phase could also be introduced in the definition of Z)

A

k: 2oy k» ) i

Zy = Ry Y 640 b4m"q7£nncosvk7m7n, (2.116)
k7m7n7q

k7m7n7q
b4

where are real coefficients (the inclusion of ¢ in the indices is somewhat super-
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fluous because of the J, o, however we choose to keep the notation general), and where

k n
a r
Apn = cos™ 0 sin* " 4,
e (\/7"2+a2> (\/r2+a2>
V20
Ry

(2.117)

Ukymm = (M +n) + (k—m)p —my, Y = r?4a’cos’h.

The ansatz for Z; involves a linear combination of terms similar to those appearing in
Zy4, with coefficients chosen to facilitate the construction of smooth solutions without
horizons. This procedure is known as “coiffuring” [56, 124, 125]. In practical terms,
this means making the combination P = Z;Z, — Z3 have desired properties, which in
the simplest cases means arranging that P is independent of 0y, ,, . Several families of
asymptotically AdSs solutions have this property, and in fact have the property that
the full metric is also independent of the phase 9y, , and all explicit dependence on
this phase is in the matter fields. We will discuss the explicit form of Z; that exhibits
“coiffuring” once we specialize the discussion to the solutions that we consider in this

section.

The proposed CFT interpretation of the superstratum solutions involves coherent su-
perpositions of several strands of the following type. The states are labelled by integers
(m,n, k,q) with> ¢ = 0,1; n > 1; and k¥ > 0,k — ¢ > m > 1. For ease of notation
it is convenient to define the states in the NS-NS sector, where they are given by [56—
58, 60, 62]

! (JHmaL"t (atiat? + Lo ' |0~
I R G e R s
(2.118)

with |O~7)® the NS-sector anti-chiral primary corresponding to the RR ground state

|k) m,n, Q>NS =

|00),. Then the states we are interested in are the RR states obtained by performing
left and right spectral flow transformations with parameters (1/2,1/2), and for ease of
notation we shall denote the resulting RR states by |k;, m;, n;, ¢;), where i runs over the
different types of superstratum strands that are present in a given state. Our spectral
flow conventions are recorded in Eqgs. (B.14)—(B.16) and are such that spectral flow with
parameters (1/2,1/2) on an individual copy of the CFT maps the NS-NS vacuum to the
RR ground state |++).

We are interested in coherent superpositions of the states involving N; copies of the above
superstratum-type strands |k;, m;, n;, ¢;) and N ]58) copies of the bosonic RR ground state

strands |s), introduced around Eq. (2.1):

4
_ N N;
w{N;is),m} = HH|S>kk H|ki,mi,ni,qi> . (2.119)

s=1 k

®We use the notation of [63] which differs from that of CRS [62] by (m—q)nere = Mmcrs and (n—q)here =
NCRS-
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The resulting family of (non-normalized) CFT states gZ)({A(S), Bi}) is defined, in a way
similar to (2.4), as

4 (s) )
1/)({14’(:)’ Bl}) = Z [ H H (Al(j) |5>k)Nk H (Bl |k‘i,m¢, n;, ql-> )NZ] . (2.120)

s=1 k 7

where the prime on the overall sum indicates that it is a restricted sum (as in Eq. (2.4))

over all states whose total number of copies adds up to N:
STEND + 3 kN = N (2.121)
k,s A

Having defined the general class of superstratum states, we now specialize to those that
we will consider in this chapter. We consider states with one type of ground state
strands, with winding k¥ = 1 and polarization s = ++, and one type of superstratum

strand:

2

/p N
—pk p
$(A1 Bemg) = D (A1) (Bronng homin,a) ) (2.122)

3
Il
—

This class is both sufficiently tractable and sufficiently interesting to enable the new

precision holographic tests that follow.

The computations in the following subsections make use of a number of technical results,
such as the norm of the states ¥y, | Newmng}? the average numbers N; of strands in the
coherent state (2.120), and the map between the CFT parameters A, By .4 and the
coefficients a, bi’m’”’q that define the supergravity solution. For the examples considered

below, it will be sufficient to present these results for ¢ = 0, whose derivation can be

found in [60]:
2 Nk,m,n,O
) <” k= >] . (2.123)

‘¢{N1: Nk,m,n,()}

B N! H 1 1
- Ny! Nimno! |k
k,m.n T

(o
("

— k\ (n+
= |A1|2 ; ka,m,n,O = <m> )’Bkmn0|2 (2124)
N B n—i—k—l k.m.n.0
A = Ry ——a, Bimmol = plimin0
| 1‘ ) Q1Q5 ‘ k,m, 70‘ \/; n > 4
(2.125)

2.5.2 Holographic tests of superstrata with the operator O,

We now make the first precision holographic test of superstrata at dimension two, focus-

ing on the expectation value of the operator Os. Since the one-point function of Oy is
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extracted from the metric function Z4, which is the basic ingredient in the construction
of the superstrata solutions, these are the most direct tests of the identification between

superstrata and CF'T states.

Superstrata with k =2, m =1

We now consider the following set of states:

Mw\z

(A1), ) (B@—lzﬂﬁl)"ﬁl |oo>2>p , (2.126)

1

p

To begin with we will set n = 0, before extending to general n. We thus first consider
the states

(Al++),) ¥ (BJ*100), )" . (2.127)

[M] =

1

P
In the CFT, of the operators Oy and (X2 - O) entering in the holographic dictionary
(2.40), only the single-trace O2 has a non trivial expectation value: the expectation

value of the operators O and Yo are zero on this state, thus also that of the double-trace
(32 - O) is zero.

Moreover, since the strands [++); and J, [00), carry spin (1, 1) and (1,0) respectively,

by angular momentum conservation we conclude that only Og* and its hermitian con-
jugate have non-vanishing one-point functions. The basic process is that in which Og_
links two strands |++), into a strand J, [00), and the corresponding amplitude is

— A0— P2
(12) <00‘ J+102 ('U,U) |++>(1) ’++>(2) = \/56 Ry . (2128)

In deriving this result we have used the fact that the ground state is annihilated by the
positive modes of the current operator to replace J;lng(v, u) by their commutator®

iV3u
[T51, 05 (v,u)] = V2e w05 (v,u), (2.129)

and the hermitian conjugate of the second relation in (2.37). Note that it is important to
insert the operator ng at a generic worldsheet point (v, u) to obtain a non-trivial result:
had we inserted it at past infinity, it would have killed the initial state [++) ) [+4) )

We must now dress the result (2.128) with the proper combinatorial factor: the operator

09~ can act on any of the (N;2p) pairs of |[++), to produce the state J,|00),. Using

(2.123) and requiring that both sides of the equation contain the same number of terms,

5The factor /2 in the commutator (2.129) ensures, as usual, that all components of O5% have unit
norm.
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we obtain
_ N—2 p+1 ;2 N—2(p+1 41
OF ()™ (51007 = S5 () TR 00 )
(2.130)
This implies that
2 Z‘\fv 2775Q NéRS _,L‘\fv
(OF () = “2_pefir = 2D - 2 2p R (2as)
V2B V2 4(Q1Qs)2

where we have used (2.124) to compute p and (2.125) to express the final result in terms

of the gravity parameters.

On the supergravity side, we require the first non-trivial terms in the large r expansion
of the function Z4 given in (2.116) where k =2, m =1, n =0, ¢ = 0 and bi’l’o’o =b:

Zy

2 Z-\/§v —i@
~ m Rya b (_e Ry }/’2071_’_6 Ry Y207_1> . (2132)

rt 2v6/Q1Q5

Comparing the result (2.131) with (2.132) using the dictionary in (2.57) and (2.58), one

obtains exact agreement.

It is now straightforward to generalize the n = 0 computation to the general set of states
(2.126). On the CFT side the computation proceeds along the same lines as before, with
the only difference that the correlator (2.128) should be replaced by

Li—J3" _ i(n41)¥2e
(12) (00| (lml)J+1Og (v, u) [++) @y [+ = Vae' R (2.133)

i, Y2V
The extra factor e Ry is produced by commuting the operator (L;—J})™ with Oy ~ (v, u),

using
in2v
(L1~ 7). 07~ (v.u)] = nle™™ 055, (2.134)

where O, denotes the zero-mode of Oy ~, which is the only one contributing to the
correlator after having eliminated the momentum-carrying operators. On the gravity

side, it follows immediately from (2.116) that the only modification to Z; at order r—*

in Y2v
is an extra factor ¢’ v . We thus see that the exact agreement persists for any value

of n.

Superstrata with k = 2, m = 2

As a further consistency check, we consider the set of superstratum states with k = 2,

m = 2:

Mw\z

(2.135)

(Al++),)N 2 (B Lo B !00>2> |

|
- n! 2

p
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We follow the same presentation and first set n = 0, before extending to general n.

Thus, we first consider the coherent state

[M]1=

p
(Al++) )N 2P (B (J?Z \00>2> . (2.136)

1

p

The strand (J1)%|00), carries spin (2,0), thus, by conservation of angular momentum,
we conclude that only the operator O;r = % [(j(; )2, O;r +] and its hermitian conjugate
will have non-trivial expectation values; the expectation value of the multi-trace (32 - O)
is trivially zero. This operator carries out the fundamental process

+ )2

ei% 7(J_1

03~ (v,u) [++); [++); = 100), (2.137)
Z‘M

where we have used the commutation relation [(J; )2, 05 (v,u)] = 2¢e R O; (v, u),

the relation defining O™, given by the hermitian conjugate of (2.37), and the fact

that

is obtalned implementing the appropriate combinatorial factor (which follows, as usual,

|00) has unit norm. The complete action of the operator O ~ on the state

noticing that OJr can choose among (N p ) pairs of |++); and imposing that the norms

on the two sides of the equation are equal). We obtain

CADSIAY
O3~ (v,u) [ ([+-4))" 7 | === 100),
2.138
28 (J*+)2 P (2.138)
= e M (p+ ()Y S5 100), )
This gives rise to the expectation value

_ 28 A2 B A2B 2 N3RS,

<O;’ (v,u)) = e p— =¢ My = — Y __4%p. (2.139)
B 2 2v2(Q1Q5)2

Expanding the Z; function of the dual geometry (2.116) (with k =2, m =2, n=¢g =0,

bi’Z’O’O = b) for large r up to the first non-trivial order, we obtain

e 2 ’ v
Q}LQS By ab <e2Rny L i )
rt 2y/3/Q1Q5

Egs. (2.139) and (2.140) are in exact agreement with the dictionary given in Egs. (2.57)
and (2.58).

Zy ~ (2.140)

As explained around Eq. (2.134), it is straightforward to extend this result to the states

with general n given in Eq (2.135): both the CFT and the gravity results are simply
/20
multiplied by the factor e’ Rv .
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2.5.3 Holographic tests of superstrata with the operators Q% and 32°

We now consider the class of states with m = 1, n = 0, ¢ = 0 and general (positive

integer) k:
N/k

Do (Al4)) (B 00), )" (2.141)
p=1
The one-point function of Oy in the state with £ = 2 has already been considered in the
previous subsection; here we concentrate on the other dimension-two operators, with the
purpose of testing the dictionary (2.93). This enables us to check some features of the

dual geometry other than 74, and in particular the metric function Z;. Setting for ease

of notation bi’l’o’o = b, for this class of metrics Z; is given by (see e.g. [60, Eq. (4.3)]):
Q1 R2b* Apaig N
Z = — L 2.142
1 S + 20, % COS V2k,2,0 » ( )
where ) )
R b
y (2
= = — . 2.143
@ Qs <a " 27{) ( )

The term proportional to 7 is the standard term encoding the dependence on the D1
charge; the term proportional to b? is more subtle, since it cannot be inferred simply on
the basis of the global charges or of the supergravity equations, which would be satisfied
also in the absence of that term. Its presence is however crucial for the smoothness of
the solution. The general mechanism by which regularity is ensured in the superstratum
construction has been dubbed “coiffuring” [124, 125], and in this example it amounts
to choosing the ansatz for the function Z; such that the combination P = Z1Z5 — Z42 is

independent of v.

The holographic dictionary can provide a more direct CF'T understanding of the coiffur-
ing construction: we will show that the b2 contribution to Z; originates from the mixing
of both © and ¥3 with the double-trace operator (O - O).

We first consider the second line of the holographic dictionary (2.93), which involves the
expectation values of Q% and (J-J)% (in these states the one-point function of (Xq-3)%
is trivially zero for any k). Since these operators act in a way that has essentially already
been explained in Section 2.4.6, we will be brief in the following. The operator Q% acts
non-trivially only on the |[++), strands, for which Q% |++), = 1/2 |[++),, so we obtain

A2 1 NR2 1 NR! 2
oy M INE LV B
2 2 Q105 2 (Q1Q5)? 2k

where we used (2.125) and, for later convenience, the regularity constraint (2.143). The

expectation value of the double-trace (.J - J )% can be expressed, as usual, as the product
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of the expectation values of J* and J3:

~00_23~3_@& 2_1NR;1 2@
<(J'J) >_N<']><J>_ N ( 2 +’B‘)—2(Q1Q5)2G2<a +k2()2'145)

Substituting in the second line of (2.93), we find a value of B(QO) in exact agreement

with the one extracted from the geometry:

3 N2 RA 4. _
ho0) = N ko
) (Q1Q5)2 4k2

a’b?. (2.146)

The first line of the holographic dictionary (2.93) works in a more interesting way, and
it requires us to distinguish the states with & = 1 from the ones with & > 1. For k =1
we have (33) = 0, however the following components of the double-trace (O - O) play a
role:
1 1
00 _ ++—— L Ot—-0—+ +— _ +—)+—
(0:0) = 5> (0570 +O7 0L ) (007" =5 D> 00+ (2.147)
r#s r#s

as well as the hermitian conjugate (O-O)~*. On the CFT side the expectation values are
straightforward to compute as the product of the expectation values of the single-particle
operators OT~ and O™, which were derived in Egs. (4.38), (4.39) of [103]:

[A?|BJ”
N )

23 A2 B2
{(0-0)T) = o A8 (2.148)

(0-0)) = e

On the gravity side the term responsible for ((O - O)"~) is the term quadratic in b in

the metric function Z; (2.142), from which one extracts

Nl/ZRg Z-Q\R(Z) a2b2

N2R} q2p2
h _ p— h _ * = —_—
(=) ( (+, )) Q%Q% e 4\/§

QRQ2 4B’
(2.149)
which agree precisely with the CFT results. As we discussed below Eq. (2.142), the

and h(o}o) =

term contributing to A_ 1) is the one deduced, quite indirectly, from the “coiffuring”
method. It is satisfying to see that holography provides a sharp CFT explanation of

this supergravity construction.

When k£ > 1 the relevant operator is Zgo, which, as we have already seen, has to be
analyzed with some care. The non-trivial part of the computation is in the derivation
of the coefficient nglimzl)’ which captures the action of the twist-three operator on a

particular pair of states [++); and J, |00),:

o (|++>1 Jh |00)k) = oWm=1) <|++>1 Jh |00>k). (2.150)

Similarly to our explanation of the process (2.110), the twist operator 0???) can cut the

strand |00), and join it with the strand |+4),, while at the same permuting the spins of
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the two copies involved in the process. To our knowledge the coefficient C’,Sg,imzl) does

not appear in the literature, and we thus derive it in Appendix B.2, by evaluating the
three-point function (B.17). The result is

00(m=1) _ k—2

3k = or (2.151)

When acting on the full state, the twist operator Ego can act on any of the N —pk strands
|[++), and on any of the p strands J 7, |00),, and can cut the latter in k positions (after
this choice is made, the permutation by which the twist operator can act is completely

fixed); this translates, according to the usual logic, into the identity

N—k 00(m=1 N—k
S (0 (75 100),)7) = G (N = ko) pk [+0)Y 7 (2[00}, )7
(2.152)
and thus, using the result (2.124) to compute p and the CFT-gravity parameter map
(2.125), one arrives at
k—2 N?R;

212
% [0 b2 (2.153)

(58) = it -

From the dual gravity solution one extracts:

kE—2 Nl/? R4
hoo = Y a?v?, 2.154
%0 4Bk (Q1Qs)? (2154

which agrees precisely with the prediction of the map (2.93).

Let us note that Eq. (2.154) reduces to the second term in Eq. (2.149) when k = 1.
This is quite a non-trivial result: as we have just discussed, the geometric term hg is

sourced by different CF'T operators depending on the value of k.

2.5.4 A holographic test of supercharged superstrata

A more recently constructed, and therefore less-studied, class of superstrata is that of
[62], where some of the momentum is carried by the CFT supercurrents G. We will
focus here on the simplest state in that class, the one with k =2, m =1, n=0,¢=1

in the notation of (2.118), which we rewrite in the Ramond sector as:

N/2 P

1
So(lY |5 (GHER 4 Gt - 2 )0, (@as)
p=1

We now verify the important feature of the supergravity solution dual to this state,
namely that Z4 = 0 (as indicated by the 040 in Eq. (2.116)). For consistency with the
holographic dictionary (2.57)—(2.58), one expects that the expectation values of Oy and
(X9 - O) vanish. While this is obvious for the double-trace (X3 - O), at first sight one
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could have a non-vanishing expectation value for Og+, generated by the correlator
L e O3 (2) (G164 4 LT (L = ) 00),. (2.156)
It is simpler to perform the computation in the NS sector, where this correlator becomes
Z xs (0] O9F (2, 2) <Gj}/2Gf§/Q + ;J(TL_1> 07—))°, (2.157)

with yg (0] the NS vacuum and |O~7)5> = O, ~(0,0) |0)™° the anti-chiral-primary state
with h =h =1 and j = j = —1 introduced after Eq. (2.118). One can write

0%+ (2.2) = 5,05 (2.2)] = Uy, 03 (o) + 2 [y, [L0. [0F (o)) 4.
(2.158)
where the dots represent terms with higher powers of L or L1, which cannot contribute
to the correlator. Inserting (2.158) in (2.157), one finds that the correlator is proportional
to
(07| Iy (61,6 + 5T Le) [0y 2159
= %(07 [ Jg (=I5 + I Lo) [077);" =0,

where we have used the chiral algebra commutation relations and the fact that
Lo|O™7)5° = |077)5%, as in [62, Eq. (2.7)]. The vanishing of Z, for the state (2.155) is

thus in exact agreement with the CF'T prediction.

2.6 Discussion

The main result of this chapter is the derivation of the holographic map relating the
expectation values of chiral primary operators of dimension (1,1) in a 1/4 or 1/8-BPS
state of the D1-D5 CFT with the geometric coefficients extracted from the asymptotic
expansion of the supergravity solution dual to the state. The precision holographic
dictionary in this sector is consistent with the requirements coming from the R-symmetry
and has passed non-trivial tests performed on two-charge geometries, whose CFT duals

are well understood.

The usefulness of this dictionary for the development of the fuzzball program can be
justified at different levels. First of all, it is a powerful tool to perform high precision
test on three-charge microstate solutions and dual CFT states. Given a gravitational
solution, the identification of the dual CFT state is generically a difficult task, the reason
being that the point in the moduli space where CFT states can be easily described (i.e.
the free orbifold point) is far from the supergravity regime. By focusing on protected

quantities, the holographic dictionary provides a bridge between the two description and
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might simplify this task.

Despite the tests we have performed, the precision holographic dictionary we have con-
structed cannot prove that the proposed holographic description of superstrata con-
ducted in [56-63, 112-114] is correct in all its details; the limitation being the one
discussed in Section 1.3: there can be many states with the same one-point function of
low dimensional chiral primary operators. Nonetheless, the fact that the candidate CFT
duals have passed the tests performed in Section 2.5 is non-trivial and provides strong

and stringent evidences on its validity.

This holographic description, moreover, shows that the coefficients in the geometry are
sourced by the operators in the CFT; this point of view might turn valuable in con-
structing new gravitational microstates: evaluating correlators in free CF'T may in cer-
tain contexts be easier than solving the supergravity equation of motion. In particular,
it has been shown in this work that certain terms entering in the gravitational solution
that were determined using the so-called ”coiffuring” technique (i.e. by requiring the
smoothness of the geometry) could in principle have been predicted simply by comput-
ing correlators in the orbifold CFT: their CFT interpretation is simply a consequence of

the mixing between single and multi-trace operators.






Chapter 3
Supercharged AdS3 holography

This chapter contains the work presented in [2]. The main goal is to construct the
precision holographic dictionary in a novel sector of the theory and use it to perform
tests of supercharged superstrata [62] and of a family of multi-mode superstrata derived
in [63, 64]. The novel sector is given by superdescendants of chiral primary operators of

conformal dimension (1,1).

As discussed in the previous chapter, the identification of the precise CFT operator
dual to a supergravity excitation is a non-trivial task, as it usually involves mixing
between single-trace and multi-trace operators that are degenerate in their quantum
numbers. In this chapter we resolve this mixing in the sector of interest by exploiting a
different strategy with respect to the one presented in Chapter 2. In particular, it has
been proposed in the context of AdS5xS® holography that single-particle supergravity
excitations are dual to N' =4 SYM operators (in short multiplets) that are orthogonal
to all multi-trace operators [126, 127]. This property, in AdSs, uniquely fixes (up to a
normalization constant) the admixture between single and multi-trace operators in the

single-particle basis, and it has passed recent checks [127].

In this chapter we will consider this perspective in the context of AdS3xS? and we
will discuss that in this case the situation is more complicated than in AdSsxS®. In
the AdS3 case, in fact, while orthogonality between single-particle operators and multi-
trace operators provides constraints, one must resolve additional operator mixing. Such
mixing has been studied previously in [107]. We will resolve this point fully in the sector
in which we work, by combining and improving upon the results of [1] and [107]. As we
will discuss in more detail later, this residual ambiguity in the AdSs case is due to the
fact that there are degeneracies between single-trace operators, which are not present in
the AdS5 case.

We will construct the holographic dictionary in the single-particle basis as follows. First,

we recast the dictionary in Section 2.4.5 in the single-particle basis. On the CFT side,
53



54 Chapter 3 Supercharged AdSs holography

this requires taking slightly different admixtures of single and multi-trace operators,
such that all extremal three-point functions involving these operators vanish; on the
bulk side, we have to consider the expansion of different geometric quantities. Having
derived the mixing for chiral single-particle operators of dimension (1, 1), we generate
their superdescendants by using the supercharges of the small NV = 4 superconformal
algebra: by construction, the resulting operators will be orthogonal to all multi-trace

operators.

Next, we use the method introduced in [115] to construct the gauge-invariant combina-
tions of supergravity fields that describe the single-particle excitations of interest. We
then determine the proportionality coefficient between the asymptotic expansion of these
gravitational quantities and the expectation values of the dual single-particle operators
by calibrating the holographic dictionary on some reference states. We finally check that
this proportionality coefficients is universal, i.e. depends only on the charges and moduli

of the theory, but not on the precise details of the microstate chosen for calibration.

Having derived the dictionary, we make two non-trivial holographic tests of super-
strata: first we test the coiffuring proposal of general non-supercharged superstrata
of [63, 64]. Second, we test a ‘hybrid’ superstratum involving both supercharged and
non-supercharged modes. These tests also represent further cross-checks on the holo-

graphic dictionary itself.

The structure of this chapter is as follows. In Sections 3.1 we report some technical
results relevant for the holographic description of supercharged superstrata. Section 3.2
is a review of relevant aspects of the supergravity theory, superstrata, and precision
holography. In Sections 3.4 and 3.5 we begin the construction of the dictionary in both
gravity and CFT. In Section 3.6 we fix the normalization coefficients in the dictionary
and perform tests of two distinct families of superstrata. In Section 3.8 we discuss our
results; technical details are recorded in four appendices.

To avoid confusions with other quantities, in this Section we will denote by k, m, n, q the

CFT paramenters that in the previous section were denoted by k, m,n, q.

3.1 Supercharged superstrata: some technical results

One of the aims of this project is to extend the tests on the recently constructed su-
percharged superstrata. Thus, let us resume the discussion in Section 2.5.1 in order to
derive and develop the technical results summarized in Eqgs.(2.123) , (2.124) and (2.125)

for supercharged superstrata.

Chiral primary operators (CPOs) are the top components of the short multiplets of the
SU(1,1]2)r x SU(1,1|2)g symmetry. These operators, together with their descendants

under the generators of the anomaly-free part of the small N = (4,4) superconformal
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State J3 Lo J3 Lo SU(2)1
|CP) h h h h 1
G?|CP) h—1 h+1 h h 1
G?|CP) h h h—1 h+1 1
GG|CP) |h—1/2 | h+1/2 | h—1/2 | h+1/2 | 1®3
G?G?|CP) | h—1 h+1 h—1 h+1 1

Table 3.1: Bosonic structure of the short multiplets. The group SU(2); is introduced at the
beginning of Section 2.2.

algebra, i.e. {J;, L1, G:’lf/lQ} and {J; , L_1, @:3?2}, play a central role in the construc-
tion of the holographic dictionary, because of their relation to single-particle excitations

in supergravity [128-130].

The bosonic structure of the SU(1,1|2)r x SU(1,1|2)r short multiplets is sketched in
Table 3.1. In Table 3.1, G? is a short hand for the combination

1
GHGY: + —JfL 4, (3.1)
2

5 2h
where h is the eigenvalue of Ly for the CPO we act upon; similarly for G?. By work-
ing with this linear combination, one obtains a state that is orthogonal to the other
descendants of the CPO, which is then dual to an independent supergravity fluctua-
tion [62, 76, 111]. Moreover, this combination gives a state that is an eigenstate of the
Casimirs of SU(2);, x SU(2)g and SL(2,R) x SL(2,R), as one can check making use of
the anomaly-free part of the chiral algebra in the NS-NS sector, composed of Ly, L+1,
Jg, Gi?/? Setting temporarily m,n =1,0,—1 and r,s = j:%7 the anomaly-free part of
the chiral superconformal algebra is

(L, Ln] = (m —n)Lin, [J§, J§] = ieJs (L, J§] =0,
1 m
A A A
[J5,G54] = G2 (0")5 = (5 —s)cat,

{GfA, GfB} = PBABL L+ (r—5)eP (UC‘T);VEWJ,?+S ,

[Lim, G& (3.2)

where a,b,c = {£, 3} are indices in the adjoint of SU(2);. When discussing superstrata,
it will be convenient for our conventions to work with anti-chiral primary operators
(ACPOs): these are descendants of CPOs obtained acting the maximal number of times

with the generators Jj, j(; and are characterized by h = —j, h = —J.

The momentum-carrying building blocks of the 1/8-BPS states dual to superstrata are
s» Which

corresponds to the RR ground state |00),, with the holomorphic generators of the small

the descendant states obtained by acting upon the anti-chiral primary ‘O; *>

N = 4 superconformal algebra Jar, L_1 and th. We will denote these by |k, m,n,q),
2
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and one has [56-58, 60, 62, 63]

1

lk,m,n,q) = (m—q)!(n—q)!

—_ n— 1 q L
L (GG 4 L ) 10 D (3

where the parameters can take valuesq=0o0r 1, n>q, k>0, andq < m < k—q [62]
(our notation follows [63]). We describe states with g = 1 as supercharged states. We are
interested in superstrata whose CFT dual state is made up of strands of type |k, m,n,q)
and the NS-NS vacuum |0),: a basis for these states is given by the following eigenstates
of the SU(2)r x SU(2)g currents

VN, N;} = |0>]1V0 H ki, mi, ng, gq) ™ (3.4)

subject to the constraint that the total number of copies must saturate the strand-
budget:

(2
The black hole microstates that are well described in supergravity limit are coherent

states [52] that are linear combinations of the ¥ x, n,1, weighted by complex coefficients
A, B;

v{ABY) = Y

{N07Ni}

NO Ni
i

where the prime symbol denotes that the sum is subject to the constraint (3.5). In the
large N limit, the sum is peaked over some average numbers { Ng, N;} of strands, which

are related to the complex coefficients A, B;.

In Section 2.5.1 we reported the results of [103] and [60] concerning non-supercharged
superstrata (i.e. concerning the state (3.6) with ¢; = 0). We now generalize this dis-
cussion to the states (3.6) with generic g;: this will enable us to determine the norm
of (3.4), the average numbers {Np, N;} and the relation between the CFT coefficients
A, B; and the supergravity one a, b;. These results will be used in the following sections.
The state 1y, n,} is univoquely determinated by the distribution of strands {No, N;}
(which define a conjugacy class of the permutation group Sy), and the quantum num-
bers (k;, m;, n;,q;) carried by each strand. Following [103] (see in particular Section 3),
we assign to ¥y, ;) @ norm given by the product of the number of ways one can gen-
erate the desired distribution of strands starting from the identity element of Sy times

the norm of each strand |k;, m;, n;,q;). The former is given by

N!

_ 3.7
No! TT,; NalkNi (3.7)

In order to determine the norm of a single strand |k, m,n,q), we will make use of Eq.

(3.2), the fact that an anti-chiral primary is killed by G~

1/2 and Jg- (beside all pos-
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itive modes of the anomaly-free subalgebra) and the following relations on hermitian

conjugation:

n

(GO = —eqpeapG’l (IO =T (L) =1L, (3.8)

We start by considering m = n = q = 1, which gives:
(k,1,1,1]k,1,1,1) = k* —1. (3.9)

In order to compute the contribution to the norm coming from the contractions of the

JJ insertions, it is useful to consider the following state, using the shorthand m = m—q:

% 1
Jy ()" (611612 + L) o)
1
k
JELa) o)

= (—20m - D+ k=204 Iy ) ()" (66 +
1
k

JiLa) o)

= m(k—m+1-2q) ()" (¢T3 +
2 2
(3.10)
Here we have used the relations Jg |k, q,q,q) = (—%—Fq) lk,q,q9,q) and J; |k,q,q,q) = 0.

Iterating this procedure and using (3.9) one obtains

k—2
<k7maq7q|k7m7q7q> = < q>(k2_1)q (311)
We proceed similarly for the Virasoro generators, using i = n — q:

f 1 __
(L) (66t + L) o)
(3.12)

:fﬂk+ﬁ-1+2@(cﬁﬁc+%+}JJL_Qqu_>.
-3 “3 k

Here we have used the relations Lg |k,q,q,q) = (% +4q)|k,a,9,q) and L4 |k,q,q,q) = 0.

Iterating this procedure and using (3.9) one obtains

k+n+qg—1
(k;q,n,qlk,q,n,q) = ( g )&2—UW (3.13)

Since the Virasoro generators commute with J(;—L, we can directly combine the results
in (3.9), (3.11) and (3.13) to obtain

k—2q\ [k —1
Wmumﬂkmmn)z( cﬁ( o >&2—UW (3.14)
m—q n—q

This result, along with (3.7), gives the norm of the building-block state (3.4),

N! 1 (k2 =1D% (ki — 295\ (ki +ni +q; — 1\ N
2 7 7 ) ) % %
A= — —_— . 3.15
‘w{NO’NlH N()' 1:[ Nz' [ kz (mi — qi> < n; —q; >:| ( )
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This implies that the norm of the full coherent state (3.6) is

_ PN o 1 (k2 = 1)% /k; — 24, (ki +ni +q; — 1\ Vi
({4, B} = Z_WAF"HNZ.![B?'&( )( _ )} .

m; —q n; —q;
(3.16)
We now determine the average number of strands in the coherent state by requiring that

the variation of the summand of (3.16) with respect to Ny, IV; vanishes [103], obtaining

N G ki —2q;\ (ki +ni+aq; —1
No = |AP? kiNi:(kf—l)q< q)< Fmta )yBin. (3.17)

PAmM; —q; n; —q

This equation, combined with the strand budget constraint (3.5), implies

(ki — 24\ (ki +ni+ai—1
|A[2+Z(k§1)ql< q)( +n+q, >|Bi|2:N. (3.18)

m; —q; n; —q

3.2 Supergravity and Superstrata

In this section we briefly review the supergravity theory in which we work, the su-
perstratum solutions we study, and the Kaluza-Klein spectrum of the six-dimensional

supergravity theory reduced on S3.

3.2.1 Six-dimensional supergravity fields

The D1-D5 system admits an AdSs decoupling limit leading to configurations that have
AdS3xS3 x M asymptotics [97]. In the limit in which the internal manifold M is mi-
croscopic, dimensional reduction of the 10-dimensional theory on M gives a D = 6
supergravity theory with n tensor multiplets!, whose equations of motion were first de-
rived by Romans in [131]. The bosonic field content of the theory is as follows: a graviton
gun (M,N =0,...,5 are curved 6D indices), 5 two-forms whose field strengths H™ are
selfdual (m =1,...,5 is a vector index of SO(5)), n two-forms whose field strengths H"
are anti-selfdual (r = 6,...,n+5 is a vector index of SO(n)) and 5n scalars ¢"". Dimen-
sional reduction on the 7% also gives rise to 16 vectors: their CFT duals, however, belong
to the short multiplets of fermionic CPOs and we shall not consider them further in the
present work. The scalars live in the coset space SO(5,n)/(SO(5) x SO(n)), which can
be parametrized by vielbeins (V/™,V]") where I = (m,r) is an SO(5,n) vector index.
We also introduce field strengths G! which are related to the selfdual and anti-selfdual

1Some details of the theory change depending on whether the internal manifold is 7% or K3. In the
first case the number of supersymmetries is N' = (2,2), while in the other one has N' = (2,0). Note
that this is the 6D supersymmetry counting. Let us take the case of T*: N = (2,2) supersymmetries in
6D means that we have 32 supercharges. The addition of D1 and D5 branes leaves unbroken 1/4 of the
supercharges; moreover, when performing the near horizon limit the supercharges get enhanced to 16,
which is exactly the number of supercharges of the D1-D5 dual CFT. Moreover, n = 5 when the internal
manifold is 7% while n = 21 when M = K3.
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field strengths through the vielbeins via H™ = G! V" and H" = G! V7. In order to
support the global AdS3x S? vacuum, one must turn on one of the fluxes, which we will
take to be H™=5. We parametrize fluctuations of the six-dimensional supergravity fields

around the AdSzx S? background as follows:

G = g0 4 g - ym — gm oy gmr)gr oy gry g(mr) gm
(3.19)

The explicit expression for the background fields gg/[ N and g% is given in Eq. (3.29)

gMN = gyN+huN

below.

3.2.2 Superstrata

In this subsection we briefly review certain aspects of superstrata that will be relevant

to the remainder of the chapter.

Superstrata are supersymmetric supergravity solutions in which the isometries preserved
by the corresponding black hole solution are broken by momentum-carrying waves, see
e.g. [56-64, 132, 133]. These include the first families of smooth horizonless solutions with
large BTZ-like AdSy throats, general angular momentum, and identified holographic
duals in the AdSs limit [58, 60]. In the D1-D5-P frame, these are typically constructed
in the context of the general 1/8-BPS ansatz of Type IIB supergravity that carries D1,
D5, P charges and is invariant on M. This was derived in [134] and is reproduced in

Appendix C for completeness.

Upon reduction to 6D, this ansatz gives rise to minimal 6D supergravity coupled to
n = 2 tensor multiplets, which we will take to be labelled by » = 6, 7. The main interest
of this work will be the holographic dictionary involving the field strength G% and G”.
Let us therefore discuss the relation between these fields and those given in Appendix
C. The 6D metric takes the form

2

JP

We first define the following three-form field strengths (here and until the end of the

subsection we use a,b =1,2,4)

dsg = (dv + B)(du +w + g(dv +B)) + VPds} . (3.20)

1 nabe

G =d| -
2 P

1 1
(du + w) A (dv+ B)| + inab *x1 DZy+ 5(dv+B) A O (3.21)

where
ma=nn=-nmu=1, P=7Z1Z-27}. (3.22)

The field strengths G® respect the self-duality condition:

ZuZ

*6 Ga - abi, Mab - P

— MNab- (3.23)
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The G® arise from the dimensional reduction of the type IIB field strengths of C'y, Cs and
B, see App. C. The relation between these three-forms and the field strengths G°, G, G”

introduced above was derived in [55] and in our conventions is given by

Q1G4+ QsG?

a5 _ QG = Q5G? 7 1
2Q1Q5

20:1Q5 V105
The scalar fields ¢(°®) and ¢®7) arise from the dilaton, Cj, and the component of Cy with
all legs on M. These can be obtained from the vielbein matrix in [55, Egs. (3.33), (B.20)],
along with Eq. (3.19). In our conventions they take the form

(56) _ 1 71 — QsZ2> 67 _ 2
o= 2V Qs < V212 ’ o= . (3:29)

,  Gb= GY. (3.24)

The general structure of superstratum solutions is as follows. The construction begins
with a seed solution which is usually taken to be a circular supertube [44, 45] with
characteristic length-scale a. Momentum-carrying waves are added by a linear superpo-
sition of terms within the linear system of BPS equations, specifically at the level of the
“first layer” recorded in Eq. (C.8). These momentum-carrying waves come with a set of
dimensionful Fourier coefficients b;. This construction is designed to correspond to the
structure of the CFT states in Eq. (3.6). For further details, see e.g. [60, 63].

Smoothness of the supergravity solutions imposes the relation [63, Eq. (4.13)—(4.14)]

by ki—2¢;\ (ki+ni+gq—1 _
0 3= T T (i) [ (Rt (GRS I CED

R? mi — ¢; n; =G

which has the same form of the CFT strand budget constraints (3.5), (3.18), and in-
deed this is no accident. By comparing the two, the proposed superstratum holographic
dictionary involves the following map between the CFT coefficients A, B; and the su-

pergravity coefficients a b;:

1
=R a = a,
V Q1Q5
1 k; —2qi> (ki—kni—kqi — 1> 9 -1
= R k*—1)¢ b; 3.27
V 2Q1Q5(<mi_Qi n; — q; ( ) ) (3:27)
Lof(ki=2qi\ (ki+ni+aqi—1\ 5 -1
= 5 — 1)1 I
\/;(<mz_(b>< n; — q; >(k ) ) °

where we have also defined the quantities a, b which will be used later in the chapter.

= 5

2
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3.3 Kaluza-Klein spectrum

In order to discuss the Kaluza-Klein spectrum of the 6D theory compactified on the
S3 [128, 130] (see also e.g. [54, 62]), we must expand the six-dimensional fluctuations in
harmonics of S3. Before doing this, however, it is convenient to perform the following

rescalings:

r—ag?, t—Ryt, y—R,4, B—R,B, w— R, Z¢—>—2i, (3.28)
Qg

with ag = 995 We then reabsorb the overall scale factor VQ1Qs in the metric? to

obtain

0 dr? _ . .
91(\/1)1\/ =@ (7 + 1)df* + 72dj* + do* + sin’ d¢? + cos? Ody? (3.29)

¢"1=5) = cos Osin 0dg A dip A df — Fdi AdE NG, " AP =0,

We now introduce a multi-index I for the S? harmonic degree k and (j3,j3) quantum
numbers, I = (k, m,m). In some places we will write k explicitly, and continue to use I
for the remaining quantum numbers (m,m). Harmonics on S* and AdS3 are reviewed
in Appendix A. We split the 6D curved indices into AdSs indices pu,v = 0,1,2 and S3
indices a,b = 1,2,3. The subscript (ab) denotes the symmetric traceless component
of the field. Then expanding the six-dimensional fluctuations in harmonics of S3, one
obtains [54, 128]

hw = b, Y!

fpa = Z h(Iv)uYaI * h%S)uDaYI
Ty = p1Y Ly + oLy DaYy + ply Diu Dy Y

hg = Z iyt

Gy =D 3D[ub£ﬁ]ﬂyl (3.30)
Gha = D 0T DY! + 2D, 2 Y]

Ghiar = D DU M e DV! + 22" DyyY
Tabe = — Y _ €ape A UNTYT

qur _ Z ¢(m7")[y[ )

In what follows, the main focus will be on the AdSs vector fields Z,SAZG)I = Z,(f)l and

ZLAZ?H = ij)l, obtained by expanding in S® harmonics the field strengths G® and G7

introduced in (3.24).

2This step allows us to use Eq. (3.44) in the form given.
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3.4 Constructing the supercharged holographic dictionary

In this section we review the single-particle basis and use it derive the correspondence
between the operators of interest and their dual bulk fields. In Section 3.4.1 we discuss
how the single-particle basis can be used to determine most, but not all, of the mixing
between single and multi-trace operators from CFT arguments alone. In Section 3.4.2
we compute the gauge-invariant fluctuations of supergravity fields that are dual to the
CFT operators of interest. In Section 3.5 we derive the holographic map in the sector
we study, in the single-particle basis. This involves resolving the operator mixing by
combining and refining the results of [1] and [107]. In Section 3.5.1 we then generate the
superdescendants within this supermultiplet that we use in the remainder of the work.
In Section 3.5.2 we record the explicit holographic dictionary in the single-particle basis

for convenient reference.

3.4.1 Single-particle operator basis

AdS/CFT duality relates AdS fields and boundary CFT operators through a matching
of the observables of the theories; we shall focus on protected correlation functions,

which can be compared between supergravity and the orbifold CFT.

On the bulk side, correlation functions can be computed by dimensionally reducing the

6D Lagrangian on S: the AdSs action takes the schematic form

Sadss ~ /Ads (ﬁz + L3+ ) (3.31)
3

where £,, contains the interactions between n KK modes and is relevant for computing

n-point functions and higher.

The first ingredient in the holographic dictionary is the identification of the quantum
numbers of the fields and the dual operators. With linear field redefinitions one can
diagonalize the quadratic term Lo, and thus identify the quantum numbers that the

CFT operators dual to each supergravity field must carry.

On the CFT side, however, there are degeneracies: in general there are single and multi-
trace operators with the same quantum numbers. A further complication in the AdSs
case (which is absent, for example, in the long-studied case of AdSs5) comes from the
fact that there are degeneracies also between the single-traces: as discussed in Section

2.4, the chiral primaries Y3 and 2 cannot be distinguished by their quantum numbers.

In order to identify the mixing matrix, one must analyze the three-point functions on
both sides of the duality [120, 135-137]. On the gravity side, these are generated by con-
sidering the cubic Lagrangian £3. The cubic Lagrangian was derived in [137] and a priori

involves derivative couplings. It was shown, however, that the derivative couplings can
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be reabsorbed via a non-linear redefinition of the fields. While this transformation does
not change non-extremal three-point functions, it has been emphasized in [108, 109, 116]
that extremal three-point functions require special attention. An important fact is that
non-derivative extremal cubic couplings vanish. This is no coincidence: in the extremal
case, the spacetime integral that occurs in the Witten diagram diverges, so the extremal
coupling must vanish in order to avoid a divergence in the value of the correlator. The
extremal correlator can still gain contributions from the derivative couplings in the La-
grangian, since they give rise to boundary terms upon partial integration [108]. The
field redefinition, however, removes the derivative terms and thus all extremal three-

point functions vanish.

The bulk field redefinition is interpreted on the CFT side as a change of basis [109],
since it amounts to forming an admixture between the operator dual to the original
field and certain multi-trace operators. By AdS/CFT, in this basis all CFT extremal
three-point functions vanish. Let us denote by ®* the AdS field with respect to which
the Lagrangian contains derivative terms, and let us denote its CFT dual by ©O?¢. Then
the operator O2 dual to the redefined field ®* will take the form:

~ 1
ORi = 0B 4 =) O 20 ¢ 3.32
T -
where the ellipses denote other double-traces or higher multi-trace operators, the only
constraint being that they must have the same quantum numbers as the operator O,
Note that the operators OiA and @ZA coincide if A; = 1, as at dimension one the spectrum

of the theory consists only of single-trace operators.

In generic correlators, the contribution of the double-trace operators to the correlator is
subleading in the 1/N expansion (see e.g. the discussions in [107, 108]). This is the CFT
version of the bulk statement that the field redefinition ®° — &’ leaves non-extremal
correlators unchanged. However for certain correlators, the double-traces contribute at
leading order in large N. This happens in extremal correlators and also in certain (non-
extremal) mixed heavy-light correlators. In this work we are interested in precisely such

mixed heavy-light correlators.

In recent work it was proposed that single-particle supergravity excitations around global
AdS5xS? are dual to CFT operators (in short multiplets) that are orthogonal to all multi-
trace operators [126]. This was then extensively used in [127] to discuss the properties

of the single-particle operator basis in free N' =4 SYM.?

We now argue that the redefinition that removes cubic couplings gives rise to precisely
the same set of single-particle CF'T operators defined as those that are orthogonal to all
multi-trace operators. We follow in part the discussions in [108, 139]. First of all, we

recall that conformal symmetry implies that a two-point function can be non-zero only

3See also [138] for further discussion.
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if the two operators have the same dimension. To show that an operator with dimension
k1 is a single-particle operator, we must therefore show that it has vanishing two point
function with all multi-traces ((9,%2 Ok3) (z) such that k; = ko + k3. The first non-singular
term in the OPE O, (22)Ok, (23), with coefficient one, is the multi-trace (O, O,)(22).
Now consider the extremal (k1 = k2 + k3) three-point function (the coefficient ¢ is zero

in this basis however we keep it for convenience)

Cc

(Oky (21) Ok, (22) Oky (23)) = R e (3.33)
By taking the zo — 23 limit (which is smooth at extremality) one obtains
¢
<Ok1(21)(0k20k3)(zz)> = m (3.34)

This shows the equivalence of the single-particle CFT basis of [126, 127] and the CFT
basis dual to supergravity fields with derivative cubic couplings removed. The vanishing
of the three-point coefficient ¢ in (3.33) implies the orthogonality between the operator

Oy, and all multi-particle operators in Eq. (3.34), and vice versa®.

Before proceeding to our analysis let us make a few comments on the derivation of
the holographic dictionary for scalar operators of dimension two in Chapter 2. In that
chapter we did not use the single-particle basis, however we shall use the single-particle

basis in the present work, so let us describe the difference in the two approaches.

The method used in Chapter 2 was as follows. First, the most general linear combination
of single and double-trace operators allowed by the quantum numbers was worked out
(higher multi-trace operators are trivially absent at dimension two). Then a set of
different backgrounds were considered, for which there was already a well-established
holographic description (the two-charge Lunin-Mathur solutions [47]). CFT expectation
values of these light fields in a selection of these heavy states were then matched to the
expansion of the dual bulk fields identified in [54] and [55]. By considering an exhaustive
set of examples, the combinations of single and multi-trace operators in the CFT dual to
certain supergravity fluctuations were fixed, as were the overall normalization coefficients

of the holographic dictionary in this sector.

In the present project we work in the single-particle basis. In this basis, the identification

of the single-particle operators partially reduces to the identification of the operators

4Following this discussion, in order to make contact with the AdSs literature, we find it useful to
modify the definition of the multi-trace operators given in Eq. (2.39). In this section we will define scalar
multi-trace operators of dimension two as follows:

2 . 1 .
(B2 3" = 5 Y oGy I = 5 DI
(r<s),(p<q) )8
(3.35)
(35 0)FF = V2 S ot h ot 0.0y = i20++0++
N3/2 (rs)~(t) » N (r) ~(s)

r<s
t
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that have the property that all their extremal three point functions vanish. This is
purely a CFT computation, which works as an input in constructing the holographic

dictionary. Importantly, this does not resolve all the mixing, as we shall discuss shortly.

3.4.2 Gauge-invariant combinations of supergravity fields

We now determine the gauge-invariant combinations of supergravity fluctuations that

are dual to the operators we consider.

Not all the fluctuations in the KK harmonic expansion (3.30) are independent: some
of them are connected to the background fields or to other fluctuations through small
coordinate transformations. For instance, consider the vacuum state, which corresponds
to empty global AdSzx S3. If one performs a change of coordinates that dies off at
infinity, one can turn on some of the AdSs fields in the KK harmonic expansion (3.30).
Of course these are not physical excitations and there are no boundary operators that

source them.

In the study of the KK spectrum in [128], the authors dealt with this redundancy by
fixing the (de Donder) gauge. Here we follow instead the gauge-invariant KK reduction
method developed in [115]. The strategy is to organize the AdSs fields in combinations

that have the correct transformation properties under a gauge transformation.

The coordinate transformation
M M = M _ M (3.36)

generates a perturbation of the metric and three-form which, up to linear order in the

gauge parameter, reads

Shavn = Duén + Dnéur + Dy&fhpy + DnéRhpy + €8 Dphyn

(3.37)
Sgrnp = 3D[M§RQJOVAP]R + 3D[M§Rg§?rp]R + % Drgiinp -

In order to deal with the non-linear terms, one must project onto the basis of S* har-

monics.

As we will discuss in Section 3.5.2, to study supercharged superstrata we will need to
construct the holographic dictionary for the AdS3 vector fields Z,le and Z,Zzl. The
operators dual to Z©%=1 and Z(Mk¥=1 have dimension 3: in principle, we would need
the transformation up to second order in the gauge parameter [140, 141], namely the
terms quadratic in € and linear in ¢°Y. However, since ¢%4) = 0 for A # 5, these terms
do not contribute in the analysis of the vector fields in the tensor multiplets and so the
gauge-invariant combinations up to the order we are interested in can be obtained using
Eq. (3.37). Using the KK spectrum (3.30) together with the decomposition of £ in
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harmonics,

o= &y &= v+ Dby, (3.38)
I 1,J

one obtains that under a small diffeomorphism, the second order transformation of
ZOk=1 and Z(Mk=1 reads (here A # 5, so for us A =6,7):

0ZVE = D UM [el(nfjxc + ¢ yx) + ELWY sk + 9Y i)

E ALE
B ;\HK (D, DU 4 ¢ D, D, U] - %ewpgf”DpU(A)J
& 3
AU
— JT [D,ugzl;fIJK + Dugs]EIJK] )

(3.39)
where the degree k associated with the multi-index K must be equal to 1 in order for
the equality to hold. The triple overlap coefficients nY ;. ¢y, Pl 977K E17K are
defined in Appendix A.1.3.

The gauge-invariant combination associated with the (A # 5) field Z&A)’kzl will take
the form ZLA)’kzl = Z,SA)’kzl + ..., where the ellipses represent fields and product of
fields such that their transformation properties compensate those on the right-hand side
of (3.39), such that the redefined field has the correct transformation properties. With

this aim, we consider linear-order variations of

hiap) = Z piYo + P;]D(aYz{)] +pE DDy Y™,
1K

ror 5 ; (3.40)
v, s,
hpa = Y W'Y+ 15 D.Y7
1,J
where (ab) denotes symmetric traceless. The transformations read:
Shayy = Dap + Dila = 26, D(oYy) + 26 D Dy Y7, (3.41)
Ohya = Db + Da& = Du€iYy + (Dt +§)DaY”.

We thus obtain

spl=2¢b,  opl=2¢l,  on'=¢l,  ony'=Dgl, (3.42)

where we have defined hi’ = hi' — $D,pl. One can further check that the fields

UA#D)k=1 are gauge invariant, so one has (again for A # 5)

JIK

AVK __ AVK 78,1,v A)J 78,1v A)J
ZVE =z 5 D,D,UY 4+ D, a5t D, UMW)
EXL AU 1
+ Tie,wph Lvp, A7 jT(iDupifUK + iDungUK) (3.43)

1 1 1 1
A
- DuU( )J(§P£”?JK + §P£P11]JK + §p£61[}JK + 5:01[197[}JK) .
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In the following sections, we will also review the holographic dictionary for CPOs of
dimension one and scalar chiral primaries of dimension two. Discussing this dictionary
in an explicit gauge-invariant fashion requires studying the gauge-invariant combinations
associated to other fields. In practise however, it is often convenient to partially fix the
gauge and use the holographic dictionary in a preferred system of coordinates, and we

will do this explicitly in Appendix E.

3.5 Refining the existing holographic dictionary

The action for the AdSs fields is obtained by substituting the KK harmonic expan-
sion (3.30) into the six-dimensional Lagrangian. This procedure leads to a three-
dimensional Lagrangian which has a non-diagonal mass matrix. The duality between
3D fields and operators prescribes that the dimension of the operator corresponds to the
energy of the bulk excitation. Thus in order to identify the AdS fields dual to the oper-
ator of the D1-D5 CFT, one must perform the linear field redefinition that diagonalizes

the mass matrix.

Moreover, as discussed in Section 3.4.1, by performing quadratic field redefinitions it
is possible to recast the cubic Lagrangian into a form with no derivative couplings:
this corresponds to the basis of single-particle excitations. For a general discussion we
refer to [128, 137]; here we just discuss the AdS fields that will enter the holographic
dictionary we are going to construct. Recall that in [128, 137] the KK spectrum has been
studied in de Donder gauge, while we are interested in a gauge independent discussion.
It follows from [115] that this can be obtained by simply replacing the fields with the
corresponding gauge-invariant combination: in the following, unless explicitly stated,

this replacement will be understood.

The field redefinitions that diagonalize the linearized field equations are (r = 6,7)

(r)k \/E

(5r)k (r)k
= 2(k +2)U ,
Sr ﬁk—kl( r A 2(k+2)UFT)
k(k—1) (3.44)

k

(Bk _ (5)(£)k (£)k (r)k (r)k
Alu = ﬂ:2ZIM _th , ZIu —>4\/k—|—1ZIM )

where the superscripts (+) are used to distinguish the fields that couple to left (+)
and right (—) SU(2) vector harmonics. The overall k-dependent factors are needed to

canonically normalize the quadratic Lagrangian [137]. These fields have masses:

mi(r)k = mik = k(k‘ — 2) s ma)e = k—1 s Mgk = k+1. (3.45)
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Restriction to fields with low k

We focus on the low-order fields, in particular we shall restrict to s("* with k& = 1,2;
of with k = 2; A®F with k =1; and Z"* with k = 1. Among these fields, only

o%=2 has a cubic coupling involving derivatives: the equation of motion reads®

(k=2) k=1 r(k 1) (k: 1) oy r(k=1)
O = E — D,s D“ i 3.46
o 12fr =, ws )a” ( )

where ar;; is defined as the following triple overlap in Eq. (A.9).

Following the discussion in Section 3.4.1, we wish to remove the derivative couplings,

which can be done with the following field redefinition:

(k=2) S(k=2) _ (k=2) 57k r(k g,
o; — 0 =0; E i (3.47)
24\f
r=6,7

We now identify the single-particle operators of the D1-D5 CFT that are dual to the
fields in Egs. (3.44) and (3.47). At dimension one there are no multi-trace operators, nor
there are degeneracies among the single traces, so the basis of single-trace and single-
particle operators coincide. The explicit dictionary for these fields was derived in [103]

and is recorded in Table 3.2 below.

For dimension two operators the situation is more complicated, as follows. The spectrum
of single-trace CPOs discussed in Section 2.3 splits into two subsectors, according to the
quantum numbers. The supergravity theory has an SO(n) symmetry that acts on the
tensor multiplets. However, in the full string theory theory, only an SO(n — 1) subgroup
is preserved [107]. From a CFT point of view, the symmetry breaking to SO(n — 1)
is related with a marginal deformation (see e.g. [142] for a discussion on the marginal
deformation of the D1-D5 CFT) that connects the orbifold point with the supergravity
point in the moduli space. This means that the dimension two operator Oz can only
mix with the double trace (X3 - O). By contrast, since X3 and 2 are scalars under this
SO(n — 1), they mix with each other and with the multi-traces (X - X2), (J - J) and
(O - 0). This has been explicitly verified in [1] (see Chapter 2).

We have already observed around Eq. (2.59) that all extremal three-point functions
involving the operator Oy introduced in Section 2.3.1 vanish. This implies that the

single-particle CPO in the first of these subsectors is [1]

O+t — (‘/iOSML 1
2 N \/N

The coeflicient in front of O+Jr is chosen such that this first term on the right-hand side

(8- 0)++). (3.48)

is a unit-normalized operator in the large N limit. Since (X2 - O) is unit-normalized at

"This is [54, Eq. (5.8)] with implemented SO(h**(M) + 1) invariance.
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large N, the full operator O; * also has unit norm at large N. We observe that the
mixing coefficient between the unit-normalized operators scales as 1/v/N. We will see
that this is a general feature of all the examples we study.® As noted above, in generic
correlators the multi-trace contribution is subleading at large IV, however in extremal
or certain heavy-light correlators it can contribute at leading order in large N. We
note that for this operator, all coefficients are fixed from CFT considerations: this is a
consequence of the fact that there is no degeneracy among single trace operators in this

sector.

In the second subsector, ¥3 and 2 mix among themselves, and also with the multi-
traces (X2 - X2), (J - J) and (O - O). CFT considerations alone are not sufficient to
identify the two individual single-particle CPOs: if one imposes orthonormality and
orthogonality with all multi-traces, one is left with a one-parameter family of possible
pairs of candidate single-particle operators. We discuss this and the following steps
in more detail in Appendix D. To proceed, we fix the mixing among the single-traces
Y3 and ) using additional information from comparison with supergravity, using the
mixing matrix derived in [107]. Once we incorporate this single-trace mixing, imposing
orthonormality and orthogonality with all multi-traces determines all the remaining

admixture coefficients, resulting in the single-particle operators:

- 3/t ot 1 2 1 1 -
E—H_:f 3 _ 2% .3 ++ 70.0++ 7J-J++
’ 2[(N3 3Né>+N%< R R )}

5 3 E++ Q++
O+ = \2[ [( 3§ s ) .
N2 N2

(—(22 SYg) T — %(0 LO)ytt — (7 J)++> '
(3.49)

1
2

Let us make a similar comment on the factors of N and numerical coefficients in
Eq. (3.49). The linear combinations of the single-particle operators inside X3 and
QT ensure that these single-trace combinations (and thus the full single-particle oper-
ators) are orthonormal in the large N limit, as we discuss in more detail in Appendix D.
Again the admixture coefficients between the unit-normalized single-traces and multi-
traces are of order 1/ VN ; in generic correlators the contributions from the multi-traces
are subleading; but in extremal or certain heavy-light correlators, the multi-traces con-

tribute at leading order in large N.

We now make two observations. We note that in this work, the coefficients of the
multi-traces have been derived from a purely CFT calculation of orthogonality with
all multi-traces. The only direct supergravity input here is the mixing between 2 and
Y3 derived in [107]. This contrasts with the method of [1] which fixed the multi-trace

coefficients holographically. The fact that these two methods agree is non-trivial, and is

5The scaling of 1/v/N per additional trace for the mixing coefficients of multi-trace operators has
appeared before in discussions of extremal correlators [107]. Note that in the case of a bound state of
N3 D3 branes giving rise to SU(N3) N =4 SYM, the analogous scaling of such admixture coefficients
is 1/N3 per additional trace (see e.g. [127] and references within).
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Table 3.2: This table shows the duality between AdSs fields and the CFT operator. We denote
with (js1, j) the quantum numbers associated with the Casimirs of the two copies of SL(2, R)
and with (jsu,js,) those associated to the Casimir of the two copies of SU(2)

explored further in Appendix E.

Secondly, let us emphasize that the non-trivial mixing between 2 and Y3 demonstrates
that there is no one-to-one correspondence between k-cycles in the CFT and single-
particle supergravity excitations, even at the level of single traces: single-particle states
in the bulk are dual to a linear combination of single cycles of the symmetric group
(c.f. the discussions in [62, 107]).

3.5.1 Supercharged CFT operators

In the following, we will construct the holographic dictionary for the bosonic 1/8-BPS
supercharged descendants of the single-particle operators Oy and 3. We denote these
by GGOy and GGY3 respectively, and we obtain:

0,a) 1 =~ _a
(GGO,) ™ = 7(G+1 G" + 50 L) 0y
1 V20 1 -
T(G’-I-l G+2 + = JJL ){ ¥ 2 — 5 (T2 O)] , (3.50)
(GGSs) " = T(G“ G+ fJJL_l)i;
V3

@67+t (B o) - (G 2500 0))]

2 N3 3N3) N3 \3

The overall numerical coefficients follow from Egs. (3.9), (3.48) and (3.49) and are re-
quired to normalize the operators to one at large N. Being descendants of single-particle
operators, they are orthogonal to all multi-trace operators. They carry quantum num-
bers (jg1,7s1) = (2,1) associated with the Casimirs of the two copies of SL(2,R) and
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quantum numbers (jsu, jo,) = (0, 1) associated to the Casimirs of SU(2)y, x SU(2)g (we
refer the reader to Appendix A for explicit definitons).

Using the relation between the mass m of a field in AdS;y; and the dimension of the
dual operator (see for example [100]) one can identify the map between single-particle

(6)k=2 ~ k=2

operators and AdSs fields. The residual degeneracy between s and & can be

fixed by comparing non-extremal three-point functions [107]: s©®*=2 is dual to >3 and

5%=2 is dual to €. These results are recorded in Table 3.2.

3.5.2 Refined holographic dictionary at dimension one and two

For convenient reference we now record the holographic dictionary for CPOs of dimension
one and scalar CPOs of dimension two derived in [1, 54, 55, 103], after having recasted
it in the single-particle basis. The dictionary relates the asymptotic expansion of the
AdSs3 fields in a non-trivial background with the expectation value of the dual operators
O in the dual heavy CFT state |H),

(0) = (H|O(t,7) |H) , (3.51)

where (¢, 7) is a generic insertion point on the CFT cylinder. We remind the reader that

the coordinates 7,t and §j are defined in Eq. (3.28).

For scalars, the holographic prescription relates the expectation value of a scalar operator
of dimension A with the coefficient of 7~ of the large 7 expansion of the dual scalar
field. The mass of the scalar fields s(* and o* in Eq. (3.45) implies that their dual
operators have dimension A = k. This motivates introducing the following asymptotic
expansion of scalar fields: we denote with [@k] the first non-vanishing term” of the

expansion of the scalar field @y,

o]

), = [,:k + O(F kD) (3.52)

()

~, we expand as [54, 143]

Similarly, for the one-forms AZ

A — [Az(jl)}(df +dj) + OGF Y. (3.53)

"Here we are restricting our attentions to solutions describing heavy states within the same holo-
graphic CFT, rather than deformations of the holographic CFT, i.e. when there are no non-normalizable
modes.
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We then have the dictionary

f< 34y = <—1>adg s jﬁwaéw = ( 1)&@“2 [se9),
=g L), = )
=Sl g
03 = Com s S = cor ]
@08) = (1Y E o)

(3.54)
The numerical coefficients and factors of N on the left hand side of each equality are
such that the operators are unit-normalized at large N. With this choice, we note that
the coefficients in the first and fourth lines of the dictionary respect the SO(n) symmetry

between the n tensor multiplets of the supergravity theory.

3.6 Supercharged holographic dictionary

In this section we construct the precision holographic dictionary for the single-particle
operators GGO&O’Q) and GGfJéO’a) defined in (3.50). We saw in Table 3.2 that the
expectation value of these operators corresponds to the bulk asymptotic expansion of
the vector fields Zz(f)kzl and Zﬁ(f)kzl
fields is [137]

. The linearized equation of motion for these

xdz{M) = —(k+ 12 (3.55)

for A = 6,7. We note that this is the equation obeyed by the left AdS3 harmonics
Béil)l’l in Eq. (A.28), with the identification | = k + 3. Left vector harmonics on AdSs

are discussed in Appendix A.2.2: their large 7 expansion reads

()T dt + dy 1
BL,l ) + O(ﬁ) . (3.56)

This motivates, for k = 1, the following asymptotic expansion of the bulk fields, where
we use the same square bracket notation introduced in the previous subsection for the
leading term:

77 = [20e0) EW of

]
o

We consider the following ansatz for the dictionary involving supercharged operators
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dual to vector fields in the tensor multiplet:
~(0,a 7(a,—
(GGOP™) = a|Z]7)],

. (3.58)

(GGEPY) = 8l247].
where a and § are unknown coefficients that we will determine by evaluating the ansatz
(3.58) on some reference heavy states. Consistency of the dictionary requires that o and
B are universal, i.e. they depend neither on the SU(2)z quantum number a nor on the

heavy state considered.

Moreover, based on the SO(n) symmetry between the tensor multiplets of the super-
gravity theory, one expects to find a = §, and we shall verify explicitly that this is the

case.

3.6.1 Normalizing the supercharged holographic dictionary

In this section we fix the coefficient « in the supercharged holographic dictionary in
Eq. (3.58) by looking at one of the simplest examples of supercharged superstrata:
the one sourced by the mode (k,m,n,q) = (2,1,n,1). This supergravity solution was
constructed in [62]. Since we work in the conventions of [63], a slightly more convenient
reference for the explicit form of the supergravity quantities we need in the following®
is [63, Egs. (2.4), (4.1),(4.4), (4.13), (4.14)].

The CFT state that is proposed to be dual to this bulk solution is

Z<A|O>1>N2P<B(nLi i (GH6 + 5 Sy os)) . (359)
p

The single-particle operator GGOs has a non-vanishing expectation value on this state,
sourced by its single-trace constituent. In order to compute the correlator, we first

consider the basic process described by the correlator

I N JiL- i
(o*| (-¢r'er + 02“)( =] (¢riat + 2= 1)02 E9) 0052 (3.60)
JO_L+1> L?

2 (n—1)!

2

= 2205+ (- aplay + (67167 + Loy j0)s2
2 2 2 2

where we have mapped the one-point function from the cylinder to the plane and inserted

the appropriate conformal factor.

Upon expanding, we obtain four terms. The one with four supercharge modes evaluates

8In what follows we will label with b the supergravity coefficient that is denoted by c4 in [63].
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to
Ln—l
IOl —2 1
05 l(e;'e ) oy
1

= — <O;‘+’ (G?GTQ) (n2 o 3n)G1-2G1-1LI11—3 + (n . 1)G1_2Gi_1lLrl1_2
(n - 1)! 2 5 3 L 1

(GT1GT1)077(2,2)[0)7”

+(n—DGHEGT LI+ GTLGH LY 05 (2,2) |0)F
2 2 2 2

n?+2n+1 Ml e B
= ((nl)') (O L1705 (2,2) [0)(? (3.61)

where we have used the anomaly-free algebra (3.2). By similar standard manipulations
the other three terms evaluate to
1 n(n+1)

o1 (O3 [ LIL0; 7 (7 2) [0) = mw;ﬂm—l();—(z,z)\m??.
(3.62)

We note that the commutation relation between LT and a primary with left dimension
h is .
n! (2h +n—1)!
LY,0h) = nm MOy, . 3.63
L1, Ol Z (n—m)!m!w (2h +m —1)! " (3:63)

m=0

Collecting all terms and using (3.60) and (3.63) we obtain

1 Ln—l
(OFF|(= GG + 5 d L) 2

_ n(n 4 1)(n + 2) 6i((n+2)t~+ng)

1 .
1 L (3.64)

This basic process describes the contribution to the expectation value of the single-
particle operator when it acts on two copies of the CFT vacuum. We now use this to
compute the effect of the single-particle operator acting on the full state (3.59). To do
so, we must compute a combinatorial factor, as we shall describe momentarily. Com-
bining the amplitude in (3.64) with this combinatorial factor, the relevant contribution

is represented by

6aof (107 7) (2 erert + br) jor))' (3.55)

n—1
= LD oo (o) (6 + i) o))
The factors in (3.65) arise as follows (c.f. [103]). The norm of the states on each side
of the equality must match. The factor of v/2/(v/3N) comes from the normalization
of Oy, (3.50). The factor of (p + 1) is a combination of a combinatorial factor and the
n-dependent factor in (3.64). The norm of the state on the left-hand side (LHS) of the
equation is given by the norm of the state in square brackets (on the LHS) multiplied

by the number of ways in which the single-particle operator can act on any two of the
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N — 2p vacua, namely (N ;27’). The norm of the states in square brackets on both the

LHS and RHS are given in Eq. (3.15). These factors all combine with the n-dependent
prefactor in (3.64) to give (3.65).

When we compute the amplitude with the full coherent state (3.59), we obtain an ad-
ditional factor of A%2/B due to the fact that the process annihilates two A-type strands
and creates one B-type strand (c.f. [103, Eq. (4.19)]). Furthermore, we work at large
N and with coherent states in which the average p is of order IV, so we approximate
(p+ 1) ~ p. We then obtain the amplitude

~(0.— \/5]5 A? . P
GGO(O’ N H((n+2)t+ng) 3.66
(GC0) = AN B (3.66)
From Eq. (3.17), p is of order B2. Using Eqgs. (3.17) and (3.27), we obtain the final

result for the correlator,

L 2y . S
GGOY )Y = VN2 ei(nt2)itng) 3.67
< 2 > 2\/3 ( )
Since GGO&O”L) = (GGO&O’_))T, the expectation value of the operator GGO&O”L) must

also be non-vanishing. We thus obtain

~ ~ 2h . o
GGOVY N — (GO IV = /N a0 —i((n+2)i+nj) 3.68
< 2 > < 2 > 92 \/g ( )
In order to evaluate the coefficient a in Eq. (3.58), we must perform an asymptotic ex-
pansion of the gauge-invariant combination Z!_,, given in Eq. (3.43). The supergravity
solution with modes (k,m,n,q) = (2,1, n,1) is characterized by UlZ:l = 0, which implies
that the field lezl that appears in the Kaluza-Klein reduction (3.30) coincides with the

gauge-invariant combination Z]_,. We thus obtain (recall n > 1)

~n—1
7(—— T(—— —i((n+2)i+ng r -1 g ~
2o = 757 = et y)(r~2+1)n/2+2(“d7"+’“(7“2“)(d”dy)>’
) L ~n—1 ~

(3.69)
where we recall that the rescaling in Eq. (3.44) has been performed, and where the
superscript (+—) indicates that the field couples to the Y (==) harmonic respectively.
The large 7 expansion of (3.69) gives

[ZZ(:—I—)] — _a%hei((nH2)F+ng) {ZZ(:JE_)} — _32p i((n+2)F+ng) (3.70)

Using the ansatz for the holographic dictionary in Eq. (3.58), along with Eqgs. (3.67),
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(3.68) and (3.70), we obtain

N1/2
a=—5 (3.71)

We observe that the value of « is independent of the quantum numbers that specify the

state, as required.

3.6.2 Holographic test of general non-supercharged superstrata

We now compute the coefficient 8 defined in Eq. (3.58) and find that o = 3, verifying
the expectation discussed below Eq. (3.58). In doing so, we will also test the coiffuring
proposal for general multi-mode superstrata developed in [63, 64]. In the present subsec-
tion we test the non-supercharged part of this proposal, and in the following subsection

we shall test the hybrid supercharged plus non-supercharged part.

Recall that “coiffuring” refers to imposing a set of algebraic relations on the parameters
in the supergravity solution, required for smoothness [124, 125, 144]. A significant
achievement of [63] was a proposal for particular families of multi-mode superstrata
that had proven impossible to construct with previous methods, as we describe in more
detail below. This came as part of a more general proposal for the coiffuring of multi-
mode superstrata, where the modes could be either of supercharged or non-supercharged

type. This was expressed in a more general holomorphic formalism in [64].

From the supergravity point of view, coiffuring relations are often not easy to give an
interpretation to, beyond being a consequence of requiring solutions to be smooth. By
contrast, holographic calculations can give a microscopic interpretation to coiffuring
relations, as has been done in [1, 103]. We will now test the new type of coiffuring

relation proposed in [63, 64], and we will find perfect agreement.

We focus on the family of (1, m, n) muiltimode non-supercharged superstrata constructed
in [132, App, D]. This family of solutions is given in terms of two holomorphic func-
tions Fy, F1 of a complex variable £ which is related to the standard six-dimensional

coordinates in Eq. (3.3) via

r Lo
g = ﬁel(t+y). (372)

We consider the two-mode solution in which both Fy and F} consist of a single mode,

Fo(§) = bg™,  Fi(§) = d&™. (3.73)

The explicit supergravity solution is given in full detail in [132, Egs. (D.15)-(D.29)] and

we shall not reproduce it here.
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The proposed family of dual CFT states is

> (40, )Nﬁpiq <Bnlb!L"”1 0-) )p<Dnt!JO+L”d1 o) )q. (3.74)

p.q

The supergravity mode parameters (b,d), the CFT parameters (B, D), and the conve-
nient parameters (b,d) are related as before by Eq. (3.27), which in this specific case

takes the form

B R b p R, d
VN  V2Q1Q5 V2 VN  V2ZiQs V2

(3.75)

When nj, # ny, this is a class of multimode superstrata where (kymg—kgmy)(kyng—kgnp) #
0. This is the class of superstrata that had evaded construction since [60] until the
proposal of [63]. We have taken k; = kg = 1, since higher values of k;, and/or kg would
require extending the holographic dictionary even further beyond the sector of conformal
dimensions that we consider in this work. With k, = k; = 1, this family of states
essentially contains the full class of states in which (kymg—kgmp)(kpng —kgnp) # 0: since
m < k, we must have one excited strand with m = 0 and one with m = 1. Furthermore,
once one has control over the general two-mode family (3.73)-(3.74), adding further
modes of the same type is a straightforward generalization in both supergravity and
CFT.

We start from the CFT side. We shall see that when nj # ng, the operator GGfJ:(}O’a) has

a non-vanishing expectation value in this state. Expanding the definition of GGf]g)’a),

we have
elehiE <%(Gf1%(¥f2% - %JJL_1)2;7“> = (3.76)
V3 i1 2 L X3 Q2 1 2 1 1 _\]
<7(G7%G7% + §J0 L_1) KNg - 3Né) +E (—3(22 . 22)+6(0 . O)—Fg(J- J))} > .

This expectation value is sourced only by the double-trace term (we suppress overall

factors and restore them at the end)
1 1
GGO-0) = (GHL G + 30 L) Y 07705 (3.77)

Expanding this product, the GG combination of modes can act either on strand r or
strand s, giving rise to eight terms. Two of these terms give rise to fermionic strands,

and so do not contribute to the correlator. The remaining terms can be written as

1 1 _ 1 __ __
5 [_2@ (I Lr077) + 1 (L0077) (5077 | (3.78)
where we have used the relation (Gfllei + J(}LL_l)O** = 0, which holds because
2 2

O~ is a scalar operator of dimension one.
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The operator in Eq. (3.78) transforms two copies of the vacuum into one strand of
type |1,0,np,0) and another of type |1,1,n4,0). We now compute the contribution
of this fundamental process. After doing so, we will again dress it with the appro-
priate combinatorial factor. The initial state is given by two copies of the vacuum
|0),_110),_o, which can be transformed into the state |1,0,n4,0),_;|1,1,n4,0),_, or
11,0,n4,0),_4]1,1,n4,0),_,: the two processes contribute with equal amplitudes, so we
compute only one of them, and multiply the result by two. For ease of notation (and
to avoid confusion with the twist-two operator O3), we shall abbreviate the subscripts
r=1,2to (1), (2).

We proceed to compute

ng

L 1 T -
(07| =5 9 (07| - L T [(GJ_FI%G?% + 570 L1)0g) O } (€, 9) 10)(1) 10)2)

_ 1 ., Ly __ _
= ZQZ[— 3 (07 %O(n (:2) 10y @ (07| 70 (J5 L-100)) (2.2) [0) )

l\')\v—l

W (0" 7( 104y )(2,2)10) 1) (2 (O] ﬁjJO_(J Op ))(2 z) |0>(2)] -
(3.79)

Using standard manipulations, together with the commutation relation in Eq. (3.63)
and the anomaly-free algebra (3.2), one can rewrite this amplitude as

1 T~
(1) <O++’ 2 (0" 71<] [(GJ:%GJ_FQ% + §J0 -1)01) Oy ](t,y) 10)1y 10)(2)

= % [ —(ng+ 1)+ (ny + 1)} eimotnat2)iinytna)g
i _ i(np+ng+2)t+i(ny+ng)g
2(nb ng)e .

(3.80)

Already we see that the expectation value is non-zero only when ny # ng.

We now dress this with the combinatorial factor as before. The relevant contribution

can be represented as

(66(0-0)".0) [(10577) (552107 ) (7 L2410 )]

= <(nb _ nd)ei(nb+nd+2)£+z'(nb+nd)g> w
N

() G0 ) (o).
(3.81)
The first term on the RHS is the contribution of the fundamental process, given by
twice the result in Eq. (3.80). The second term comes requiring that the normalization
of the two sides of the equality are the same. The expectation value of the single-particle
operator is then obtained by combining Eq. (3.81) with the normalization factors we sup-

pressed from Eq. (3.76), along with the relation between the CFT and the supergravity
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coefficients in Eq. (3.75). This gives

1

o 0—
<GGZ§ > = W<(GG(O‘0)) >
_ 2 -
- 4\1/3]\2;332 ;D (np — nd)ei("”+nd+2)t+i(nb+nd)g

= VN aZbd (ny — ng) et (Motnat2)iti(nyna)y (3.82)

33 (np — ng) ,
(Gasgh) = ((66zy7))”

_ VN a2bd (np — ng) efi(nb+nd+2)ffi(nb+nd)g ]

These CFT expectation values are holographically encoded in the expansion of the
gauge-invariant vector field Zgzl. The supergravity solution is obtained combining [132,
Egs. (D.15)-(D.29)] with the holomorphic functions F and F; in Eq. (3.73). One can
check that, as in the example studied in Section 3.6.1, the AdSs scalar field Ulle van-
ishes on this background. Eq. (3.43) then implies that Z¢_, = Z%_,. The vector fields

are given by

Fnetna—1 ei((nb+nd+2)f+(nb+nd)@)

_ 2bd -
700 _ @ hd —idi + 7(7F + 1) (di + dg) ) ,
= e ( (7% +1)(d + 7))
e a2bd Fretna—1 efi((nb+nd+2)t~+(nb+nd)?]) o B ~
Z,?(Zl ) = 1 (ng — np) ey (zdr + 7 (7 + 1) (dE + dy)) ,
1+72)" =2

(3.83)
where we have used the normalization in Eq. (3.44) and the relation between the CFT

and the supergravity modes in Eq. (3.75).

The coefficient 5 in Eq. (3.58) is obtained performing the asymptotic expansion (3.57) of
the three-dimensional vectors (3.83) and comparing it with the CFT result in Eq. (3.82).

We find that
N1/2

6: 2\/37

(3.84)

thus explicitly verifying that o = .

We emphasize again that this amplitude is non-vanishing only when ny # ng. This can
be interpreted as the CFT telling us that for the set of states (3.74), when n; # ng the
bulk solution must involve an extra field that is not turned on when n;, = ng. This is
precisely the field that was introduced in the more general coiffuring proposal of [63].
So we have seen that a very non-trivial holographic test of this more general coiffuring

is passed.
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3.6.3 Holographic test of hybrid supercharged superstrata

At this point we have fixed all coefficients of the holographic dictionary in the sector
in which we work. We now use the dictionary to make a precision holographic test
of a “hybrid” superstratum solution that combines non-supercharged and supercharged
elements. Our computation tests both the proposed holographic dictionary for hybrid
superstrata and the supergravity coiffuring procedure for combining non-supercharged
and supercharged modes of [63, 64]. This test also serves as an additional non-trivial
cross-check of the operator mixing in the dictionary. Note that this operator mixing
has already passed thorough holographic tests [1]. The tests in [1] were performed
in a different basis to the single-particle basis, however our results are equivalent, as
demonstrated in Appendix E. The test that follows involves a non-trivial and delicate

cancellation between a set of terms.

We consider the multi-mode hybrid superstratum composed of modes (ky,my,ny,q1) =
(2,1,0,0), and (k2, ma,n2,q2) = (2,1,1,1), constructed in [64, App. (B.1)]. There, the
solution was given in terms of two holomorphic functions F' and S of the complex variable

¢ defined in Eq. (3.72). In our conventions, we have

(3.85)

The supergravity solution is given explicitly in [64, Egs. (6.8), (6.9), (B.1)—(B.12)] and
so we shall not reproduce it here. Performing the Kaluza-Klein reduction of this back-
ground, one obtains that the gauge-invariant field Z2:1 in Eq. (3.43) vanishes. The
holographic dictionary in Eq. (3.58) then predicts that the expectation values of the
single-particle operator (GGig)Oa on the dual CFT state must vanish. We will now
explicitly check that this is indeed the case.

The proposed dual CFT state is

> (4l0) )N_QHq (BJ3 1057) )”(D(Gjlécjé + %JJL,l) 0;7))". (350

pq

The CFT coefficients (B, D) and the supergravity Fourier coefficients (b, d) in (3.85) are

again related via Eq. (3.27), which in the present example becomes

B R D R

VN 2\/2Q1Q5b’ VN 3\/2Q1Q5d.

The only SU(2)1, x SU(2) g component of the single-particle operator (GG%3)% that can

have a non-vanishing expectation value is (GGig)OO. Indeed, this single-particle operator

(3.87)

contains three operators that have non-zero expectation values in the state (3.86): the
single-trace operators (GGY3)%, (GGN)? and the double-trace operator (GG.JJ).

First, we compute the expectation value of (GGX3), which arises from the basic process
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in which one B-type strand plus one A-type vacuum strand are converted into one D-

type strand plus one A-type vacuum strand:

1 e 1 _ 1 _ —
(s oo (=6pe + ) ) (@767 + oo =s®) (7l ) o )

= 31001 (03] %57 |03 7) 1oy,

= —3(V21(0[(0F |05 ) [0) =1 (01 {05 *| I =505 7) 0}y )
= —3v21 (0] (057 =5 [077) [0},
1
-1
(3.88)

In the equation above, following the prescription after Eq. (2.39), the descendant is

normalized so that it has the same norm as the highest weight state, that is $3° =
1
V2
operator on the cylinder. The last equality follows from

[ 25 0. This three-point function is independent of the insertion point of the light

LOLOFH 5 05 ) 0, = (389

which can be derived using the covering-space method of Lunin-Mathur [120, 145] anal-

ogously to the computation in B.2.

We now use the basic amplitude in Eq. (3.88) to compute the expectation value of the
single-trace operator (GGX3)" on the full coherent state (3.86). The relevant contribu-

tion can be represented by

(GGss)®[(10)22) (s 103) ) (611672 + 5L ) 057))]

_ 22

=——-(N=2p+a)a+1)

< (1037209 (o5 ) (e + garra jo5)) ]

© (3.90)
The overall factor on the RHS is obtained as before by requiring that the norms on the
two sides of the equality sign are the same. In doing so, we combined Eq. (3.88) with a
combinatorial factor that represents the number of ways in which the operator (GGX3)%
can act on the state on the LHS. In particular, it can act on any of the (N — 2p — 2q)p

pairs of strands |0), (J;” |0~ "), ) and can cut-and-join these in two inequivalent ways.

We now use Eq. (3.17) to express the average number of strands in a coherent state with
the CFT coefficients A, B, D. We obtain that, in the large N-limit,

22

B
5 (V=20 -20)3 5 = —V2A?BD. (3.91)

(66%:)") = a

Second, we compute the expectation value of the single-trace operator GGS2, which arises
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from the basic process in which a B-type strand is converted into a D-type strand:

1 1
(05 l(- 663 + g ) (6167 + par ) (7105 )

= 3(05793°) |0;7) (3.92)
= —3v2(057 Q% |0;7)
= —3v2.

The last equality follows from [1, Eq. (5.40)]. To compute the expectation value of the
operator on the full coherent state we again combine the above result with a combina-

torial factor. Doing so, we obtain

(Geo)™ [ (I =>=2) (s o) ) (671622 + S 1) [057) )]
= -2v2(q+1)

X [( \0>iv_2p—2q> (Jar |057) )p—l ((G;H%Gf?% + %JSLL—Q 0;7) )q+1] ‘

(3.93)
Here we have used the fact that the operator (GGS?) can act on any of the p strands of
type JO+ |O~7),, and we have matched the norms on the two sides of the equation. The

expectation value on the full coherent state then follows from Eq. (3.17). We obtain

(Ga)™) = —Mi;’B = —?"]fBD(A2+3D2+2B2). (3.94)

For later convenience, in the last equality we have used the strand budget constraint (3.18).

The final operator that contributes to the expectation value of (GGX3)% is
_ 1 _
(GGII™ = Va((GHhGH + iJgrL,l)J_>J3, (3.95)
2 2

where the factor of v/2 follows from the normalization of the SU(2)r descendant. This
operator contributes through the basic process in which a B-type strand is converted
into a D-type strand. This process is mediated only by the holomorphic part of the
operator (GGJJ)%. Both B-type and D-type strands are eigenstates of J3, so we treat
this contribution separately below. Focusing for now on the holomorphic part, we have

the amplitude

1 1
(i1~ 66+ yas e ) (€764 + garzan) ) (a7 o) )
— 6 (0% /|07
=6.

(3.96)

We now compute the expectation value of the multi-trace operator in the full coherent

state (3.86). We include the antiholomorphic part at this point. The relevant contribu-



Chapter 3 Supercharged AdSs holography 83

tion can be represented by

e (o) o5 (4 + o o)
=42 (p+a)(a+1) (3.97)

X [( ’0>J1V_2p—2q) (Jar ‘02——> )p_l ((G—F%sz% N %JJL_Q ‘02__> )q+1} |

The prefactor on the RHS is a combination of the basic amplitude (3.96), the action of
J, and a combinatorical factor. The combinatorics has two parts: first, the operator J
can act either on one of the p strands of type JOJr ‘02_ _> or on one of the ¢ strands of type
GG |0277>. Second, the operator GGJ can only act upon strands of type GG }O;7>.
Using Eqgs. (3.17) and (3.18) we obtain

- 4v2q¢(p+ q)B 3
(GG = —‘[‘](f;q) = —6V2BD(5D*+ B?). (3.98)
Finally, we combine the three contributions in Eqgs. (3.91), (3.94) and (3.98) using the
definition of the single-particle operator GGY. in Eq. (3.50) to obtain the anticipated

cancellation:

(GGEY%) = 0. (3.99)

This result agrees with the vanishing of the dual AdS;3 field Z2:1 in the proposed dual
supergravity solution. Thus we see that the proposed holographic dictionary for hybrid
superstrata has passed a non-trivial test. This computation also represents a non-trivial
cross-check of the operator mixing involved in the single-particle operator dual to the
AdS3 vector field ZS_,.

3.7 Summary of precision holographic dictionary

For convenient reference we record here a summary of the precision holographic dictio-

nary for single-particle scalar operators of dimension one and two given in Eq. (3.54),
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together with our new results for the superdescendant operators GGX3, GGOs.

1 VN _ VN T -
w1 =g A
1 VN 1 VN T o=
7w = A w = A

3.8 Discussion

In this Chapter we have derived the precision holographic dictionary in a new sector
of the theory, which involves superdescendants of scalar chiral primary operators of
dimension two. In doing so we also expressed the existing dictionary in the single-

particle basis. Our results are summarized in Eq. (3.100).

We translated into AdSs holography the proposal that single-particle supergravity fluc-
tuations are holographically dual to half-BPS operators that are orthogonal to all multi-
trace operators [126, 127]. We observed that this property is not sufficient to determine
the single-particle basis in the D1-D5 CFT. We thus combined this proposal with the
mixing between single-trace operators worked out in [107] to obtain the refined dictionary
for scalar operators of dimension two summarized in the first five lines of Eq. (3.100).
We then derived the new part of the dictionary in the last line of Eq. (3.100).

Let us note that the structure of the dictionary in Eq. (3.100) is quite robust: it is con-
strained by the SO(n) symmetry of the supergravity theory, the feature that the single-
particle states are orthogonal to all multi-particle states and the mixing between single-
trace operators mentioned above. Furthermore, the overall normalization of each subsec-
tor of the dictionary has been calibrated successively on the well-established holographic
description of two-charge microstates with R* base polarizations, and non-supercharged
superstrata, in [1]. Our computation of the coefficient 8 in Section 3.6.2 can also be
regarded as a calibration on a non-supercharged superstratum, and is consistent with
the value of « that we obtained by comparison with a supercharged superstratum. We
used the new dictionary for superdescendant operators to perform tests of a special set

of non-supercharged superstrata, and a set of ‘hybrid’ superstrata involving both su-
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percharged and non-supercharged elements. We find precise agreement between gravity
and CFT.

It is worth remarking that the agreement we find in this work does not prove that the
proposal for the dual CFT states of supercharged superstrata is precisely correct. The
reason is simply the standard limitation of precision holographic studies: for a given
superstratum solution in supergravity, and a given precision involving a finite set of
expectation values of light operators, there can be other CFT states that have the same
values of those correlators. Having made this standard caveat, our results support the
proposed holographic description of both non-supercharged and supercharged super-
strata and demonstrate that this existing proposal for the dual CFT states passes all

available state-of-the-art tests.

Let us now discuss the possibility of extending the present precision holographic dic-
tionary to higher dimensional operators. While we do not expect that such extension
requires novel conceptual ingredients, we note that the various sources of non-linearities
in the dictionary imply considerably more involved computations as one analyzes oper-
ators of higher dimension. First, the operators mixing will involve multi-trace operators
with a higher number of traces. Analogously, the identification of the single-particle
basis on the supergravity side (i.e. the identification of the quadratic field redefinitions
that remove derivative couplings in the cubic lagrangian) will be more involved. Last, a
gauge invariant formulation of the dictionary would require retaining higher order terms
in the perturbation of the metric and three-forms in Eq. (3.37). Despite these compli-
cations, the recipe that we have followed in this work is general, and can be applied to

operators of increasing dimension.
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Chapter 4

Shockwaves in black hole

microstate geometries

4.1 Introduction

This chapter reports the work presented in [3], where the first family of three-charge
black hole microstates containing a shockwave in their core region was constructed.
Shockwaves are gravitational solutions describing the backreaction of high-energy mass-
less point particles [146]. These solutions have attracted recent interest in the context
of black hole physics: for example, shockwave collisions near black hole horizons have
been used to probe its absorptive nature and give insights on black hole chaotic be-
haviour [147-149].

Shockwaves have been also considered in the context of black hole microstates. In
particular, a two-charge solution describing the backreaction of a shockwave located in
the core of a supertube was constructed in [101, 150]. This is a deformation of the
circular supertube that represents the backreaction of a uniform distribution of high-
energy massless point particles that does not break supersymmetry and whose details
are not resolved in supergravity. It can be derived as a coarse-grained limit of the general
family of two-charge microstate solutions [47, 53, 55, 110], as we will describe in due

course.

This solution containing a shockwave has proven useful in the analysis of black hole
microstates instability. In recent years, several studies of perturbations of black hole
microstates have been conducted. In the context of two-charge microstate solutions and
three-charge spectral flowed supertubes (also known as GLMT solutions) [78, 85, 151—
159], a classical perturbation analysis was performed in [160]. These microstates do not
have an ergoregion and are linearly stable: indeed, being extremal solution, they belong

to the ensamble of a black hole at zero temperature, which does not evaporate. However,

89
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they present an evanescent ergosurface [161]: this is a surface of infinite redshift with
respect to infinity where a killing vector ceases to be time-like and becomes null. On
this surface, the geodesics are trapped, meaning that they remain confined in a finite

region of space.

It was suggested in [160] that the presence of the evanescent ergosurface leads to a non-
linear instability. The heuristic argument is as follows. Consider a massive particle near
the evanescent ergosurface of the GLMT background. If the backreaction of the particle
is taken into account (i.e. if one couples it to the supergravity fields), the particle will
radiate energy. Due to this process, it will follow a trajectory that minimizes its energy,
approaching the evanescent ergosurface. Even though the energy measured at infinity
will be very small, the energy measured by a local observer will be large, which implies
that the backreaction on the microstate will be large. This suggests an instability at
the non-linear level, in the sense that the instability requires taking into account the

interaction between the massive particle and the supergravity fields.

The implication of this process for the fuzzball program depends on the endpoint of
the instability. It was argued in [162] that the deformed supertube of [101, 150] can be
used to describes the backreaction of massive probe particles approaching the evanescent
ergosurgace in the adiabatic limit. It was suggested that the endpoint of this instability is
not a near-extremal black hole or black ring as proposed in [160], but that the instability

drives the evolution from less typical to more typical microstates.

In this chapter we construct the first family of three-charge microstate solutions contain-
ing a shockwave. By starting with the AdS limit of the deformed supertube containing
a shockwave, we apply a spectral flow transformation to construct the near horizon limit
of a GLMT solution containing a shockwave in the core regions. Next, we exploit the
multi-center formalism developed in [67, 68, 163-165] to extend these solutions to new
asymptotically flat BPS solutions. Beside the physical singularity due to the shockwave,
our solution is everywhere smooth (up to possible orbifold singularities), horizonless and
free of closed time-like curves. By refining the proposal of [101] for the CFT states dual
to the two-charge configuration containing a shockwave, we identify the CF'T states
dual to the solutions constructed in this work and show that the proposal passes a pre-
cision holographic test. In these new configurations the shockwave is not located on the
evanescent ergosurface, thus we cannot make direct contact with the discussion in [162].
Nevertheless these new solutions might provide a useful guide for the construction of

more general smooth microstate geometries describing pure states.

As already mentioned, the shockwave describes the backreaction of massless particles
whose details are not fully resolved in supergravity. As a result, the solutions derived
in this chapter do not describe a single gravitational pure state, but rather provide an
approximate description of a family of microstates. On the CF'T side, the dual statement

is that any CFT pure state within a family of CFT pure states that we identify is
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approximately described by our bulk solution at the resolution of supergravity.

This chapter is organized as follows. In Section 4.2 we review the two-charge BPS
supertube solutions with shockwaves. In Section 4.3 we construct new three-charge
microstate solutions containing shockwaves. In Section 4.4 we refine the proposal for
the CFT states dual to circular supertube solutions with shockwaves, propose a family
of CFT states dual to our new solutions, and perform tests of this proposal. We discuss

our results in Section 4.5.

4.2 Shockwaves in supertube backgrounds

In this section we review the supergravity solution that describes a shockwave in a
circular supertube background [101, 150], and make a straightforward generalization to

introduce an orbifold parameter k.

As in the previous chapters, we consider Type IIB string theory compactified on M x S1,
where M is T* or K3. We take T for concreteness. We consider the 7 to be microscopic
and the S! to be macroscopic. We consider bound states of D1 branes wrapped on S*
and D5 branes wrapped on S x T%. We work in the supergravity limit, with D1 and
D5 supergravity charges (1 and Q5 respectively. We consider configurations that are
invariant on the 7%, and mostly work in six dimensions. Furthermore, we work in the
truncation that corresponds to minimal 6D supergravity coupled to one tensor multiplet;

the corresponding Type IIB ansatz and BPS equations are recorded in Appendix C.

We begin in the AdS3xS? decoupling limit, in which the original asymptotic S!, coor-
dinatized by y, has become the angular direction of AdSs. We consider the background
obtained by taking a Z; orbifold of the global AdS3 x S3 vacuum, supported by the

self-dual two-form potential Cy:

1 k2 2 k2
dsg = /Q1Qs <—+k2rdt2 + WdTQ +r2dy* + d6? + sin® 0dp* + cos® 0d¢2> ,
Cy = m<cosz 0do A dp + r2dt A dy) .

(4.1)

In this limit the dilaton is a fixed scalar, e2® = Q;/Qs. One can deform this back-
ground to add a shockwave while preserving supersymmetry [101, 150]. Let us consider
a distribution of massless quanta at the center of AdS (r = 0) and at § = 7 on the S3,
moving in the ¢ direction. We take the energy of each quantum to be large such that we
can treat the quanta as massless point particles, and we consider a uniform distribution

of such quanta along the ¢ coordinate.

The backreaction of this distribution of quanta can be described by a stationary solution

involving an Aichelburg-Sexl type shockwave on the above background. For k = 1 this
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solution was constructed in [150] and further studied in [101]. The generalization to
k > 1 is straightforward and is given in terms of a parameter ¢ with 0 < g < 1 that

parametrises the strength of the shockwave:

1+ k22 k2
ds® = \/Q1Qs [_ +k2 T+ T dr? + r2dy* + d6* + sin? 0d¢* + cos® Ody)?

(k% + 1/k)dt + sin? 0d¢)” — (kr2dy — cos edw)Ql
q )

k2r2 4 cos? 0

Cy = \/O1Qs [cos2 0dp A d + rdt A dy

q
k(k2r2 + cos? 0)

(k sin® 0( — cos® 0 A dyp + kr®de A dy)

+ (1 + k*r?) (cos® Ody A dt + kr?dt A dy)ﬂ :
(4.2)

Near the locus (r = 0,60 = 7/2), the metric is approximately

ds? ~ m[— Cg—l—kZdrz—l—rzdyQ—l—dHZ—l—cosQ 0d¢2+d¢2+m (%+d¢) 2]

(4.3)
which has a shockwave singularity at (r = 0,6 = 7/2). For k = 1 this is an Aichelburg-
Sexl-type shockwave generalized to 5+1 dimensions and smeared along the shockwave
locus [150]. For k£ > 1 the shockwave singularity is located at the Zj orbifold singularity
of the solution in Eq. (4.1).

Upon spectral flow to the Ramond-Ramond (RR) sector, this solution gives an approx-
imate description of a family of RR ground states of the dual CFT, as we shall review
in Section 4.4.2. The relevant spacetime (fractional) spectral flow coordinate transfor-

mation is as follows: .
6= ot w—>¢+%. (4.4)

The result of this coordinate transformation is a 1/4-BPS two-charge microstate solution
describing the backreaction of a shockwave on a circular supertube geometry, still so far

in the AdS3 decoupling limit.

We now extend the AdS solution to an asymptotically flat (R** x S') solution. For k = 1
this was done in [101] and we make the straightforward generalization to k£ > 1. To do
so we introduce the scale R, that will become the asymptotic radius of the y circle, and
a scale a defined in the following equation. We define dimensionful coordinates via the

rescaling

o Qs
T BR

r—>f, t—tR,, y — yRy, a (4.5)
a

The extension of this solution to an asymptotically flat one was obtained, for k = 1,

in [101], generalizing the two-charge circular supertube solutions (without shockwaves)
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of [44, 45]. The straightforward generalization to arbitrary k gives the following solution:

1 . k2 dr?
ds* = —=—(dt* = dy*) + h() fo) <d92 + )

(0) k?f? + d2
=2 2
2V (2 gy dy 1 sin? 0dt dg) + T G 5%) cos? 0 i
Fho) (o) k2h) £
—2 —2 2
+ (P45 - gMﬂM) sin? 0.dg?|

R*hio) /(o)
_Qudtndy  aéV@1Qs

foyhioy ko)l
N (c‘qu Q1Qssin? 0 Qs(k*Q1 + k> f() + a®sin?6)

Cy =

<6082 Odt A de + sin® Ody A dgb)

) cos? Odé A di

K21y Pao) k2 f0) (o)
h
28 — 10 :
hs(0)
(4.6)
where £ = 1 — ¢ parametrises the strength of the shockwave, and where
_ _ . 5 a?
71:\/5717 CL:\/EG, f(O):é.(r +ECOS 6)7 ( )
4.7

_ 0 _ 0 _ —
hi) = 1+ f71’ hs) = 1+ fia hy = \/h1(o)hs(0) -

(0) (0)

The subscript (0) denotes supertube quantities and we use it to distinguish the above
functions from those that characterize the new solutions that we will report in the next

section.

4.3 Shockwaves in fractionally spectral flowed supertubes

In this section we first review the three-charge, 1/8-BPS, fractionally spectral flowed su-
pertube solutions constructed and studied in [78, 151-154], as well as their decomposition
into two-center solutions of the multi-center formalism of [67, 68, 163-165]. We then
proceed to construct a novel family of BPS solutions involving shockwave deformations

of these solutions.

4.3.1 Fractionally spectral flowed circular supertubes

Fractionally spectral flowed circular supertubes are a family of 1/8-BPS microstates of

the D1-D5-P system. In addition to their D1 and D5 charges, they carry momentum
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charge along y that we denote by @),,. The solutions take the form [152-154]

1 Q dr?
ds? = — —(dt® — dy?) + L2 (dt — dy)* + h ( d92>
S h( y)+hf( y)* +hf 7“2—|—a2(71+’72)277+
2, 2 Q1Q5a* (7] — 73)ncos? 0 2002
+ h(r +a v +y2)n — h2 2 ) cos™ fdy)
2 2 Q1Q5a2(’Y% _’Y%)Usmza ) 2
+ h(r + a1 (v +y2)n + 12 f2 ) sin” fd¢
2 2.2
+ Qpa (72;_72) n (C082 de—i-SiHQ 9d¢)2
2 a .
— W('yl cos? Odyp + 2 sin? Bde) (dt — dy) (4.8)
_ QWZ;% T 72)77(cos2 Odi) + sin® 0do)dy ,
29 /0- 0= a sin? 0
Oy = — VQ1Q5 acos (yadt + 71dy) A dib — M(’yldt+’)/2dy) N dg
Hlf Hlf
(1 +72)anQy 2 )
+ (Q1dt + Qsdy) A (cos” Odyp + sin” 0dep)
V1 Qs Hy f
Q1 Qscos? 0
H
20 1
—_ — 4:
e T (4.9)

where the parameters 71, y2 are determined by integer parameters s and k through

s s+ 1
= = = 4.10
71 L ; Y2 L ) ( )
and where
_ V@O Qp = a*7172 n = 910
R 7 P ’ Q1Q5 + Q1Qp + Q5Q,
f =7+ a*(y +2)n(ysin® 6 + 72 cos” 0) (4.11)
lel—l—?fl, H5:1—|—?f5, h:\/H1H5.

In the limit s — 0 these solutions reduce to the two-charge circular supertube solution
of [44, 45].

One can decompose these solutions into the form of the general BPS ansatz for such
solutions [134, 166]; this was done in [163, 165] (see also [164]). We will use this formal-
ism to construct our solutions, so we now briefly review it and introduce appropriate

notation.

The relevant supergravity ansatz is recorded in Appendix C. Supersymmetry and the

U(1) x U(1) isometries along ¢ and v imply that the base metric ds3(8) introduced in
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the second line of (C.1) is of Gibbons-Hawking form,
ds3(B) = V7 (dpy + A)?* + Vds? (4.12)

where ds3 is the flat metric on R3, V is a harmonic function on R?, A is a one-form
related to V' via x3dA = dV, and where ¢1 = ¢ — 1. On such a base metric, solutions
can be constructed in terms of a set of multi-center harmonic functions on R? [67, 68],

which have poles (centers) at the same points z* on R® (here I = 1,2, 3):
(@) FQ;
q I
V = —_— Kr = —
;xw’ ! ;rxw’

. (4.13)
Qf;) m(@
L[—ﬁ[—i-zi:‘x_xi’, M—zl:’m_le

The relations between these harmonic functions and the quantities Z;, ©f, 8, w and F

that appear in the BPS ansatz in Appendix C are given by (see e.g. [51, 59, 154])

K;K K

T ©r=dBr,  Br=(dei+ A)+é,

e (4.14)
F=-Zs, f=TUn+A)+6,  w=pdn+A)+a,

1
Zr = L+ §CIJK

where M KL 1 K K K
*3dK] = —d&[, n = ?‘i‘ 2IVI +EC]JK%7
(4.15)

1
xadio = 5 (VdM — MdV + K;dL; — lem) .

Asymptotically flat solutions are obtained by setting ¢; = 1 V I, while in the AdS;
decoupling limit we have instead ¢; = ¢ = 0, ¢3 = 1. Furthermore, in smooth hori-
zonless solutions, the set of coefficients q(i),d?), y),m(i) in (4.13) must obey certain
constraints [164, 165]. Firstly, flat R1*xS! asymptotics and at most local orbifold sin-
gularities require that ¢ e Z and > ¢'9 = 1. Next, the coefficients dgi) are quantized

in terms of integers k:gi) as (see e.g. [154])

3
(@) _ 959 () 0 _ 959° ) 0 _ By 0
diy’ = k dy’ = k dy’ = —k 4.16
1 2Ry 1 > 2 2‘/4Ry 2 3 2 3 > ( )
where the volume of T* is (27)*V;. Regularity of the solution (up to possible orbifold

singularities) requires a cancellation of the poles in the harmonic functions (4.13): this

is ensured if

() _ _lers] dy'did o ddyd) (4.17)
I 2 PO (g2 ’

Moreover, a necessary condition for absence of CTCs partially constrains the positions
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of the poles z*, via by the so called “bubble equations”, which are given by:

o g FIONN ()
(@)1 w) q : G _ % 95
E# IT; i =] x1| g d] , with II;* = e ROk (4.18)
VE

Fractionally spectral flowed supertubes are two-center solutions [154, 163]. Indeed they
are the most general asymptotically flat such solutions that are regular up to orbifold
singularities (which in turn are known to be resolved in the string theory description of
these backgrounds [155-158]). We introduce spherical polar coordinates centered on the
locations of the two centers, (14,604, p2) and (r—,0_, ¢2), where po = —(¢ + ¢). The
poles in the harmonic functions (4.13) are then located at r; = 0 and r— = 0. The flat

ds3 base takes the form

ds3 = dri +r3(d0% +sin® 04dp3) = dr? + 72 (d9> + sin® 0_dyp3) (4.19)
where
72 + a?(y1 +y2)%nsin? 6 2 cos 20 — a®(y1 + v2)%nsin? 0
ry = , cosfy = 5 5 5 3
4 12 + a?(y1 + 2)?nsin” 0 (4.20)
72 + a%(y1 + y2)*ncos? 0 72 cos 20 + a®(y1 + y2)%n cos? @ '
r_ = ) cosf_ = 5 5 5 .
4 r2 4+ a?(y1 + y2)?n cos? 0

In our conventions the functions L; for I = 1,2, 3 correspond to the (electric) D1, D5
and P charges respectively. Writing in = Qg[, Q? = Q;,t, the coefficients of the poles in

the decomposition of the fractionally spectral flowed solutions (4.8) are

- - +1) _ s(s+1)
=— tost1 dy = —df = 5(s dy = —df =
q S, q s+ ) 1 Q5 2Rk’ ) 2 Ql 2Rk 3
3 R,k _ Qi(s+1) Q1 _ Qs(s+1)
dy =—dy ===, Qi="—7—, Qi=-——F, Q=" ",
+_ _5Qs __ QiQss(s+1)° + . QiQs5*(1+s)
Qo =——"> Q=" =" 5
4 4Rk 4K2R2
_ QiQs(s+1)? " Q1Q55>
e T = - =1 VI.
" sk, 8kR, !
(4.21)

We note that the relations (4.17), (4.18) are satisfied.

In the AdS3 decoupling limit, the solution (4.8) is related via a fractional spectral flow
large coordinate transformation to the vacuum solution (4.1). In order to exhibit this,
we first take the limit in which the R, is much larger than the scale set by the @1 and
Q5 charges:

_ (Q1Q5)/4

R <1 = Qp < V1@, nx~1. (4.22)
Y
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Physically, this regime implies that the geometry (4.8) has an AdS throat whose proper
length is large in AdS units (see e.g. [167]). The AdS throat is the region of spacetime
where r < /Q1(5. To take the decoupling limit, we rescale coordinates as

t
- , t— — , —_ —, 4.23
r—ar R, Yy R, (4.23)
and send R, — oo holding fixed the rescaled dimensionless coordinates (r,t,y) and the
charges @1, Q5. From (4.11) this sends a — 0, and likewise € — 0. We then obtain the

decoupled metric

2 1+ k*r? k? 2, 2,9 2
ds® = \/Q1Q5| — g dr® oy’ 4 df o

+ sin? 0(de — yadt — y1dy)* + cos? O(dip — yody — y1dt)?] .

The fractional spectral flow coordinate transformation

¢ — ¢+ vt +my, Y=Y+t + vy, (4.25)

maps the geometry in Eq. (4.24) into the k-orbifolded global AdS3xS? solution given in
Eq. (4.1).

4.3.2 Shockwaves in fractionally spectral flowed supertubes

We now construct three-charge solutions involving shockwaves using a straightforward
two-step procedure. In the first step we take the solution involving a shockwave on
global AdS (4.2) and apply the inverse of the fractional spectral flow coordinate trans-
formation (4.25) to obtain a shockwave deformation of the AdSs limit of the fractionally

spectral flowed circular supertubes. For later use we record the resulting metric:

1+ k202 2 7.2
ds® =/Q1Q5 [ _ wdﬂ + r2dy? + _k%dr® + d6?

k2 1+ k?r?
+ cos? O(—vy1dt — vyody 4 dip)? + (—yodt — y1dy + dp)? sin® 6
¢ (4.26)

2
52r2 + cos2 0 ( — (kr?dy — (—yidt — yady + dip) cos® )

(1 + k22

2
i dt + (—vy2dt — y1dy + do) sin? 0) )] .

In the second step we extend this solution to an asymptotically flat solution. The
method is again straightforward, however the calculation is more involved than the
trivial first step. The method is to decompose the solution obtained in the first step into
the harmonic functions of the multi-center formalism, and then “add back the 1” in the

relevant harmonic functions.

To write the decomposition of the solution obtained in the first step, we rescale the
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location of the two poles of the harmonic functions of the undeformed solution as
N (4.27)

The coefficients of the two poles are then

== t= 1 diy = —df = 8(87 e

' voor T ! r=0s 2Rk » =@ 2Rk

_ R k _ Ql(s + ) SQ]_ _ Q5(S + 1)
d3:—d;:%, Q1 1 , QT:_T’ Q: - ’

po % g QO T e Gt

5 4 p 4R§k‘2 ) P 4/625’% ,

_ QiQs5(s*+2s+8) L QuQss?
" Bty o skr, LT T B

(4.28)

Having expressed the AdSs3 solution in this form, we trivially extend the solution to

asymptotically flat space by replacing ¢y =1 V I.

To generate the closed-form solution describing a shockwave on the fractional spectral
flowed supertube background, we use Egs. (4.14) and (4.15) to obtain

as? = VIuhsJdi® g g CAC )

G fhs
+C‘)S20[§h1h5f (r? —sb®) + b Q1Q5 (25 + 1) £* cos® 0
F2V/hihs
— (Vs (~@1Qs +72 (s + 1)(@1 + Q) €+ Q1Qs 1 (€ — M))]W

2a,/Q1Q5 sin? 0(r? — b? s)(dt — dy)do N a? s(dt — dy)?(f + s (r? + b?sin® 0))
kf\/hihs(r? + b2 cos? 0) k2f\/hihs(r? + b2 cos? 0)
+ % (h1h5f2( 2002 (s 4+ 1))¢ — b2 Q1Qs(25 + 1) € sin® 6 + qiffgf;;n; 9)d¢2
~ 2aV/1Q5nédy (cos? Odyp + sin Qd(b) a* s (1 + s)n? £2(cos? Odyp? + sin® 0dp?)
N N
3 2a+/Q1 Qs (12 + b2€ cos? 0) (dt — dy) (1 cos? Odyp + o sin? Hdg)

F\/ hihs(r? + b2 cos? ) ’

C _7th/\dy Qs cos? 6 B2Qugsin®6.
o nf nf 72 4+ b2 cos? 0
qam(rz—i—bQ)cosQ&dt/\d N qa/O1Q5 r2sin? 0
khyif (12 + b2 cos? 0) Y khy f(r2 + b2 cos? 0)
_in? ~ qab*QiQs cos® 0 (v dt + o dy) A do

sin G(Clm 2 1 b2 cos2 0 ) T

qab?/Q1Q5 sin® 9> (h2dt + 1 dy) Ady
r2+ b2 cos? 6 hif

(Qldt A (sin2 0d¢ + cos® 9d1/}) + Qsdy A (sim2 0d¢ + cos® 9d¢)) ,

+4q

(4.29)
b2Qq¢sin’ 0

(@ + 72+ 125+ 16 + )do Ay

dy A d¢

— cos? G(a Q1Q5 +

ab’s(1+s)¢
kvQ1Qs b f



Chapter 4 Shockwaves in black hole microstate geometries 99

20 — @
hs
where )
~ a
f=¢f, v==4. (4.30)

We note that in the limit s = 0, this solution reduces to that in Eq. (4.6); in this limit
f,h1 and hs reduce to f(o)jh(o) and 55(0).

In our new solutions the regularity constraints (4.17) are satisfied only by the coefficients
of the pole at r; = 0 and not by the coefficients of the pole at r_— = 0 in (4.28). This
is as it should be, since the solution has a shockwave singularity at f(o) = 0, i.e. at
(r=0,0=m/2).

We now analyse the absence of CTCs for the solutions we have constructed. First, we
note that Eq. (4.18) is not satisfied. This condition, however, is a necessary condition for
absence of CTCs when the solutions are smooth [51]. For the case at hand the solutions
are not smooth because of the shockwave singularity located at f(o) = 0; therefore, we
investigate the conditions for absence of CTCs directly. We do so by completing the
squares in the periodic coordinates (y, ¢, 1) and by checking that the overall coefficient
is globally non-negative. We first analyze the solution (4.29) in the decoupling limit,
where the form of the metric is simple enough to perform an analytic analysis. Since the
9es and gy are not affected by the spectral flow transformation (4.25), we complete the
squares in the following order: first ¢, then 1, and finally y. In doing so, the conditions
for absence of CTCs are independent of the spectral flow parameters v1,v2. We obtain
the conditions
gsin* @

k2r2 +cos2f ~
¥ coordinate:  k2r? cos? 6 4 (1 — ¢) cos* 6
(1 — q)(k*r? + cos? 0)
k?r2 4+ (1 — q) cos?

¢ coordinate: sin® 6 +

\%
o

(4.31)

y coordinate:

which are always satisfied for 0 < g < 1.

For the full asymptotically flat solution (4.29), as is often done we have performed a

numerical analysis, based on which we can rule out CTCs with a high level of confidence.

Note that in our spectral flowed supertube solutions with shockwaves, Eq. (4.29), the
evanescent ergosurface is located at f = 0, where f is given in Eq. (4.11). By contrast,
the shockwave is located at (r = 0,6 = m/2) which is not on the evanescent ergosurface
for s # 0. Correspondingly, for s # 0 the addition of the shockwave does not come
at zero cost in energy, and indeed we will now see that the momentum charge @, is
modified.

We now record the conserved quantities of our solutions (4.29). As usual we wish to
compare with five-dimensional D1-D5-P BPS black holes [40, 168], so we are interested
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in the five-dimensional conserved mass and angular momenta obtained after dimensional
reduction along the y direction. These quantities are computed in Appendix F and are

given by Egs. (F.2) and (F.5), which we record here as

™ Q1Q5 s(s + )
M - P TS)
ADM = T <Q1+Q5+ Rz 2 ;
1 1¢N sN
3 _ Logo_ guy _ LEN SN (4.32)
J (J JY) 2 % + o
1 16N
s _ Yoo oy 1
J= Sy = 5

The condition 0 < ¢ < 1 has a natural interpretation in the holographically dual CFT,
as we shall see in the next section. Although the value ¢ = 1 is excluded, and the
natural regime is small (but not infinitesimal) ¢, let us comment here on the form of
the solutions as they approach the singular limit ¢ — 1 (£ — 0) with 7 = /&r fixed.
As ¢ — 1, our solutions approach small rotating D1-D5-P (BMPV [168]) black holes,
where here ‘small’ means zero horizon size in supergravity. In the AdSs limit, the
fractional spectral flow transformation (4.25) relates these solutions to the AdSs limit of
the two-charge D1-D5 BPS (non-rotating) small black hole solution. Similarly, this two-
charge black hole solution is approached in the ¢ — 1 limit of the two-charge solutions
with shockwaves (4.6). It is known that the two-charge black hole solution does not
correspond to a microscopic profile function (or superposition of such functions), as
discussed in [47, 49, 50]. These small black hole solutions are approached here because
the ¢ — 1 limit is a singular limit which effectively coarse grains over all the microscopic
details of the bound state; we shall elaborate on this in the next section once we have

proposed the holographic description of these solutions.

4.4 Holographic description of shockwave solutions

In this section we identify a family of states of the D1-D5 orbifold CFT and propose that
these are holographically dual to the AdS3xS? limits of the supergravity solutions (4.6)
and (4.29). We perform tests of this proposal, including a precision holographic test,

finding agreement.

4.4.1 D1-D5 CFT

Let us briefly recall some facts about the D1-D5 CFT that we have already introduced
in Chapters 2 and 3, highlighting the aspects that will be useful for the discussion in
the remainder of this chapter. Moreover, for ease of presentation, we also report some
general aspects of the covering space formalism and of the spectral flow transformation

(we refer the reader to Appendix B for a complementary discussion).
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Being a symmetric product orbifold CFT, the D1-D5 CFT contains twisted sectors.
The twist operators are in one-to-one correspondence with the conjugacy classes of the
permutation group Sy. These operators change the boundary conditions of the fields:
for example, the boundary conditions corresponding to the permutation (12...k) are

given (on the cylinder) by

(4.33)
Yy = Yy = - = Yw) = TPy

and analogously for the right-moving fermions. The + boundary conditions in (4.33) on
the cylinder correspond respectively to the R and NS sectors of the theory on a local
covering space [120, 169]; the lowest-dimension (‘bare’) twist operator corresponds to
the NS-NS vacuum in the covering space. For a more detailed discussion of this point,
see [85]. In the full symmetric product orbifold theory, twist operators are obtained by

symmetrizing over all permutations in a given conjugacy class.

Given a state involving a collection of twist operators of cycle lengths k;, it is common to
describe the state as a collection of effective ‘strands’ of lengths k;. Strands of length k;

can occur with multiplicity N;, subject to the ‘strand budget’ constraint ), N;k; = N.

As a first example, consider the state consisting of N/k identical strands of length k,

each in the lowest dimension state in the k-twisted sector. We denote this state by

N/k 1 2 N/k
Y=o el e e oM (4.34)

10)
and we refer to it as the k-twisted NS vacuum. This state is an eigenstate of the left
and right Virasoro modes Lo, Ly with eigenvalues h = h = 57(1 — k%), it is a singlet
under the SU(2);, x SU(2)g R-symmetry group and it is holographically dual to the
k-orbifolded global AdS3xS? solution given in Eq. (4.1).

Upon mapping twisted states into the local k-fold covering space [120, 169], there are
no longer any twist operator insertions and the original & copies of the fields in (4.33)
are mapped into single-valued fields. In the k-fold covering space, the dimension h. and
central charge c. are related to those in the physical CFT via h = h./k and ¢ = kec.
Moreover, the k-twisted sector of the physical CFT contains fractional modes n/k (and
(n+1/2)/k), which correspond to integer modes n (half-integer modes n + 1/2) in the

covering space.

Our main interest is in black hole microstates in the RR sector of the theory, which
arises directly from the AdSs decoupling limit of asymptotically flat configurations (see
e.g. [100]). One can map the NS sector of the CFT into the R sector using spectral
flow [170]. Starting with a state of left scaling dimension h and SU(2); J3 charge m

and acting with a left spectral flow transformation with parameter v, we obtain a state
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in the same twist sector with left dimension and charge (h',m’) given by

2
h’:h+2um+%, m' =m+ —. (4.35)

6
When v is half integer, a spectral flow transformation maps a state in the NS sector
to a state in the R sector. When considering spectral flow of the full CFT, we have
¢ = 6N. If we consider an individual strand of length k, we have ¢ = 6k. A similar

transformation holds for the right sector of the theory, with parameter v.

When (v,v) = (%, %), the untwisted NS vacuum \0>{V is mapped into a RR state with
h = h = N/4, which is therefore a RR ground state. It carries R-symmetry charge
m = m = N/2 and we shall denote it with \—H—)iv. The other RR ground states can be
obtained from spectral flow of other anti-chiral primaries (i.e. operators satisfying the
bound h = j = —m, h = j = —m) by applying the same spectral flow transformation.
For a given twist k there are (anti-)chiral primaries of dimension h = k/2, h = (k—1)/2

and h = (k+1)/2.

Let us now consider the sector of the full CFT composed of N/k strands of length k.
In this sector, there is an enhancement of spectral flow known as fractional spectral
flow [85, 154, 171, 172]. This operation is naturally thought of as ordinary spectral flow
in the k-fold covering space and means that the values v € Z/k give rise to physical
states in the same (R or NS) sector of the theory, while the values v € (Z + 1)/k map
from R to NS in the k-fold cover.

The backgrounds to which we add shockwaves in this work are the heavy BPS RR states
obtained by chiral fractional spectral flow of the state H——i—)iv/ ¥ studied in [154]. Specifi-
cally, we consider |++>g/ ¥ as our reference state and perform left fractional spectral flow
with parameter v = s/k. These states were proposed to be holographically dual to the
bulk configurations in Eqgs. (4.8)—(4.11) in [154] and this proposal has passed non-trivial
holographic tests [93, 154]. We shall exhibit these CFT states in more detail in Section

4.4.4.

4.4.2 Holographic description of shockwaves in supertube backgrounds

The first shockwave solution we reviewed, in Eq. (4.2), for £ = 1 describes a shockwave
on the global AdS3xS? vacuum. As we have discussed, the shockwave describes the
backreaction of a distribution of high-energy massless particles. Supergravity excita-
tions on the vacuum are holographically dual to CFT states in short multiplets whose
top (bottom) component is a chiral (anti-chiral) primary, see e.g. [2, 100]. In our con-
ventions, the shockwave of (4.2) is holographically dual to a set of several anti-chiral
primaries of the dual CFT with large conformal dimension and R-charge, and therefore
high twist [101].
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Upon spectral flow to the RR sector, (anti-)chiral primaries transform into RR ground
states. Recall from Chapter 2 that suitably coherent RR ground states of the D1-D5
system can be described in terms of eight profile functions g;(v') in R®, where v/ is a null
coordinate, with periodicity L = 27Qs/R, [47, 55, 110].

Let us consider the twisted circular supertube geometry that is generated by a circular
profile of radius a/k in the z1-x2 plane,
a 2mik o

g1 (V') +iga(v') = PR giz12=0. (4.36)

The CFT state dual to the microstate generated by the profile (4.36) is

N/k
P

|++) (4.37)

Let us now consider the AdS3xS? limit of the solution with shockwave in Eq. (4.6).
If we switch off the shockwave excitations by setting ¢ = 0, this solution is the one
corresponding to the profile (4.36) and CFT state (4.37). For non-zero ¢, this solution
can be generated by an approximate profile function by performing two steps (see [101,
Fig. 2] for a pictorial representation). The first step is to consider a profile which
initially traverses, k times, a circle of radius a/k = &a/k in the xi-z2 plane on the
interval v' € [0,£L], and which then remains in the same x-location for the remainder
of its length (recall £ =1 — q):

g1(V) +iga(v) = ¢ @Y 0<u <éEL
gi(v) +iga(v') = %, EL<V <L (4.38)
giz12 = 0.

The constant segment represents the high-twist chiral primaries, corresponding to profile
Fourier modes with high mode numbers and small amplitudes that are not resolved by

supergravity.

The second step is to break this constant segment into several smaller segments and
smear over their locations within the overall profile to obtain a uniform distribution
(subject to additional conditions described in detail in [101]). The resulting approximate
profile reproduces the supergravity solution with shockwave given in Eq. (4.6) [101]. This

procedure is most natural when ¢ is small compared to 1 (but not infinitesimally small).

We now discuss the holographic description of these solutions, refining the discussion
in [101] given for k = 1. The circular segment of the profile function (4.38) corresponds
to a set of strands of type |[++),. The constant segment that is smeared corresponds
to some collection of RR ground state strands whose strand lengths are large in a sense
that we will make precise shortly. The polarizations of the RR strands are not resolved

in supergravity; for concreteness we will take them to be the five bosonic RR ground



104 Chapter 4 Shockwaves in black hole microstate geometries

states that are invariant on the 7%, commonly labelled by their R-charges as |e&) =

|££),|£F),]00). As a first pass, we write this family of CFT states as follows (and

arbitrary superpositions thereof):

No i - \di _ \dn ki ki =
R leaE)g e En )il . €2, o> 1. Nok+ Zdiki =N.

- (4.39)

Here Np is the number of strands representing the supertube background, d; is the

degeneracy of the various strands making up the shockwave and ng is the number of

types of strands that do not represent the supertube background. We work at leading

order in large N. We take the parameter k not to scale with N, so that Ny ~ N. We

also take ¢ and £ to be independent of V. For ease of terminology we shall refer to the

strands of length k; as the long strands, and to those of length k as the short strands.

In the long strand sector, neither the parameters k;, d;, ns, nor the distribution of
polarizations are fixed. This is the CFT analog of the fact that in the bulk the total
energy of the shockwave is known, however it is not known how this energy is distributed

among the high-energy supergravity quanta making up the shockwave.

Each segment of the supergravity profile (4.38) corresponds to a component of the dual
CFT state that contributes a finite fraction of the total strand budget at large N.
Considering the overall strand budget of the set of all long strands, we must also have
> dik; ~ N.

We will shortly refine the above to derive that at leading order in large N we must have
kNo = €N and thus ), d;k; = ¢N. Thus £ will be the fraction of the total strand budget
taken up by the short strands, and ¢ will be the fraction of the total strand budget taken
up by the long strands.

The supergravity profile does not explicitly include any Fourier modes higher than &
with finite amplitude. From the two-charge dictionary as made precise in [103] (see
Eq. (2.7)), this means that the CFT state cannot contain any long strands with both
ki ~ N° and d; ~ N. Therefore no d; can scale as N. We shall derive a stronger

condition shortly.

We now refine the condition k; > k stated in [101] (for £ = 1). Our main analysis
will involve a precision holography calculation. However it is instructive to make a brief
crude first pass by temporarily making the simplifying assumption that the length of
all the long strands scales in the same way, which we write as k; ~ N°, where a priori
0 < b < 1. Similarly we temporarily assume that all the degeneracies of the long strands
scale as d; ~ N¢ with 0 < d < 1, recalling that we have excluded d = 1 in the previous
paragraph. Then the condition ), d;k; ~ N requires that n, ~ N Awithb+d+A=1
and a priori 0 < A < 1.

Now, in order for there to be enough different integers k; to have order N4 types of long
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strands, we must have b > A. Combining this with the constraint b+d+ A = 1, we find

b> —— =  b>0. (4.40)

So in this simplified analysis, we see that the length of the long strands must scale with
a positive power of N. Furthermore,

Ns

d di ~ N'" with b>0. (4.41)
i=1
This relation will be important for matching the conserved charges. Using precision

holography we will shortly establish it in general, with no assumption on the scaling of
the different ;.

As a side comment, let us note that when we allow the different k; to scale as different
powers of N, it is possible for some strand lengths to scale as k; ~ N9 with degeneracies
that scale as d; ~ N with d < 1, provided that k; > k. Since such strands individually
account for a vanishingly small strand budget at large N (of order N?), one would
discard them unless the same is true for all the other long strands present, for instance
if all d;k; ~ N% and ny ~ N'=¢ However in such a CFT state, the vast majority of

types of strands will have lengths that scale as some positive power of N (at least N'~%).

4.4.3 Precision holography analysis

In this section we shall use the holographic dictionary derived in Chapters 2 and 3 to
perform our precision holography analysis, in which we will prove for general k; that
the condition (4.41) holds in general. This condition will also be sufficient to ensure
agreement between gravity and CFT to the precision we probe. On the bulk side,
we work in the AdS3 decoupling limit. We expand fluctuations in S? harmonics and
consider a single-particle excitation that is a scalar in AdSs. Since we are considering
a two-charge configuration, the four-dimensional base space of the supergravity ansatz

(C.1) is flat R*. We work in spherical polar coordinates in which it takes the form
ds? = di? + 72 (df? + sin® Bd¢? + cos® Odi)?) , (4.42)

where we have labeled the radial coordinate by 7, for consistency with the notation used

in the two-charge solution with shockwave in Eq. (4.6).

In these coordinates it is useful to expand the harmonic functions Z, Zs that appear in
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my,Mk

the BPS ansatz in Appendix C in scalar S* harmonics Y, and for large 7 as follows:

Ql k/2 Ymk,mk
Z = (1 + Z ST al e St 0(r3)) ,
k=1 my,mx=—k/2

k/2 Ymk ,mk

Ly = Q5 <1 + Z Z ) f5mk’mk T + 0(7’_3)> )

k=1 mk7mk7—k/2

— V@iQs
where ag = R
The particular AdS3 scalar we consider is the field s(ki)ga’d) defined in (3.44)'. We use
the notation introduced in Section 3.5.2 and denote the coefficient of #=2 in its large 7

mi, m1 + f ml ml)

expansion by |:S(6)( )] Choosing the gauge f1 = 0, one then has (see

Appendix E)
20 = \/g (75 = 1557 (4.44)

The explicit values of the harmonic functions characterizing the backreaction of shock-
wave on a supertube background were obtained in [101, Eq. (3.18)]. Changing coordi-
nates to recast the base metric into the form (4.42), performing the asymptotic expansion
in (4.43) and using the linear combination in (4.44), one obtains that the AdSs limit
of the solution describing a two-charge supertube with shockwave in Eq. (4.6) has the

property that
6)(a,a
2] = 0. (4.45)

By examining Table 3.2, we see that the CFT operator dual to sl(f:);a’d) is the single-

particle operator ¥4% introduced in Eq. (3.49). For convenience, we record below its

explicit form

Sad 3 Zad Qad 1 2 aa 1 T\aa 1 aa
P 52[( 5 — 1)+(—3(22-22) +§(J-J) +6<O'O) )]

N: 3Nzi/ N3
(4.46)
In this sector, the dictionary reads (3.100)
- . VN —a,—d
(Sga) = (4)@“@[5(& b (4.47)

Combined with the result in Eq. (4.45), this implies that the dual CFT state (4.39) must
have a vanishing expectation value of the operator igd. This requirement will yield the

claimed constraint (4.41).

For ease of presentation, we shall make two simplifications: first, we take the twist

parameter in (4.39) to be k£ = 1 for the remainder of this subsection, and second, we

'For consistency with the notation in Chapter 3, we indicate with a, @ the SU(2)r x SU(2)r charges
that are denoted with mg, mk, with £ = 2, in Eq. (4.43).
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focus on CFT states involving only strands of polarization type |+4). The computation
and result for generic k£ and generic long strand polarizations are entirely analogous. A
more general case involving both |++4) and |——) polarizations for the long strands is
described in Appendix G.1.

We shall focus on a particular SU(2);, x SU(2)g component of the single-particle op-
erator, specifically igo_ Among the operators that mix in Eq. (4.46), there are three
operators that have a non vanishing expectation value on the class of states (4.39): the
single-trace operators %3°, Q% and the double-trace (J -J ) % The contribution of the

other double-trace operator is subleading in IV, so we shall ignore it.

First, we analyze the contribution from the twist-three operator Zgo. This operator ac-
quires a non-vanishing expectation value by mapping two strands of different length into
themselves, permuting the copies [1] (see the discussion above Eq. (2.110)). The fusion
coefficient of the process can be computed holographically; we describe the computation

in Appendix G.2. The result is:

(k1 + k2)?

o3 [+ [+ = e
172

(1= Oy ks) [+, [0k, - (4.48)

The expectation value of ©3° on the full state (4.39) arises from the process

2 2
300 ( ) Vo H )8 ) _ (Z (k%;:;)didj + Z WNOdi> ( [+ H [++) ¢ ) .

Z w Z l (4.49)
The two terms in the first parenthesis after the equality sign correspond respectively to
the processes in which the twist-three operator acts on two long strands, and on a long
and a short strand. Let us consider the first contribution: it is given by combining (4.48)
with the fact that X3 can act on any of the d;d; pairs of strand of different length and
can cut each of them in k; and k; different positions. The second contribution works

analogously.

Second, we analyze the operator Q%°. The states |++) ;. are eigenstates of this operator
with eigenvalue described in Eq. (2.100)

1
QP +4), = %Hﬂk. (4.50)

Therefore the operator Q% acquires a non-vanishing expectation value via the process

(et Ient) = (3 S ) (o Tient). oo

Third, we consider the double-trace operator (J -J ) 0 Tts expectation value arises from



108 Chapter 4 Shockwaves in black hole microstate geometries

the process

700 N d; N§ did; N d;
e (el k) = 7 (23 ST ) (ene Tt
7 7
(4.52)
The three terms after the equality sign correspond respectively to: (i) the action of both
the left and the right current on a short strand; (ii) one current acting on a short and
one on a long strand; and (iii) both currents acting on a long strand. By combining

Egs. (4.49)—(4.52) we obtain the expectation value of the single-particle operator:

() = 2N3/2[ Nozd +de kGZ: de (7 )]

k2 + 3kik,
- N3/2[N02d +D_ did; dkik; ]

i i#]

(4.53)

where the last equality follows by noticing that the ¢ = j parts of the last term of the

first line vanish.

With our normalization of the holographic dictionary, the contribution of an operator is
visible in the supergravity approximation if its expectation value is of order N'/2 in the
large N limit. Therefore the expectation value of igo will agree with Eq (4.45) if and
only if its large N scaling is subleading with respect to N1/2.

We note that Eq. (4.53) is the sum of two positive terms, so no cancellation can occur.

Let us thus consider the first term. We have Ny ~ N and therefore we require that
Ns
Zdi ~ Nl for some « > 0. (4.54)

We emphasize that we have now established that this condition is necessary in general,

for any set of long strand lengths k;.

Next we consider the second term. Again as a crude first pass, suppose that all the
various k; scale as the same power of N. Then an upper bound on the scaling of this
term is N2~ with o > 0, from squaring (4.54). Then this term, and thus the total

expectation value, are subleading compared to NV 1/2 s required.

More generally, suppose instead that there are different values of k; scaling as different
powers of N. The term corresponding to 3k;k; in the numerator of the second line of
(4.53) is subleading compared to N 1/2 1y the same argument as in the last paragraph.

An upper bound on the remaining term is given by adding in the ¢ = j terms into the

wr(Sm) (35 o

The first sum is of order NN, while the second is bounded above by > . d; ~ N I—a

sum, obtaining
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So (4.55) is also subleading compared to N'/2. Therefore the condition (4.54) is also

sufficient to ensure that the precision holographic test is passed.

We now use the condition (4.54) to determine Ny, the degeneracy of the twist-k strands,
in the large N limit. The analysis of the conserved charges of the metric (4.6) in [162]
established that the angular momentum carried by the solution describing a shockwave
on a supertube background is suppressed by a factor of £ with respect to that of the

supertube solution:

N

<J3>Supertube+SW = §<J3>Supertube = 5% ' (456)

The same value is obtained upon setting s = 0 in the conserved charges in Eq. (4.32).

The CFT state (4.39) is an eigenstate of the current operator .J3, with eigenvalue:

sy _ Mo §h,
(/%) = 5 +;@2. (4.57)

Recall that we have taken k ~ N? and Ny ~ N. We have just shown that >di~N I—a
with a > 0. So at large IV the contribution of the long strands to the expectation value
of J3 is subleading. As anticipated above, we thus conclude that at leading order in
large N,

Ny =& % (4.58)

Therefore, as claimed, ¢ is the fraction of the total strand budget taken up by the long
strands, and £ = 1 —q is the fraction of the strand budget taken up by the short strands.

For convenient reference we now record the more refined version of the family of CFT
states in Eq. (4.39) as

_ _ \dn k; ks
N R - il i €z, i > 1,
Ns Ns
kNo = §N, Zdikiqu, Zd@'NNl_O‘, a>0.
i=1 i=1

(4.59)

We remind the reader that while the presence of the shockwave decreases the angular

. . . 7 _ N
momentum, the total energy of the system is left unchanged and is given by h = h = 7.

Let us return to the condition 0 < ¢ < 1 derived in Section 4.3. We make two brief
observations here that shed further light on the condition ¢ < 1. First, the string pro-
file (4.38) would become a straight line in the limit ¢ — 1, which is microscopically
inconsistent with the fact that the configuration carries two charges (see e.g. [50]). Sec-
ond, the family of CFT states (4.39) involves long strands of winding k; > k whose
details are not resolved by supergravity relative to the short strands of length k. In the

limit ¢ — 1, the short strands are no longer present, so the approximation of a smeared
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profile is no longer valid. For such CFT states a more refined bulk description is re-
quired, and is given by the extrapolation of the general two-charge microstate solutions
into the stringy regime [47, 53, 55, 101].

As a final comment on these microstates, we note that the proposed holographic de-
scription of the & = 1 supertube background with shockwave is similar to the proposed
holographic description of small two-charge BPS black rings of the D1-D5 system [173—
175], where again here ‘small’ means zero horizon area in supergravity. It would be

interesting to further investigate this similarity.

4.4.4 Holography of fractionally spectral flowed supertubes

In this section we review in more detail the holographic description of the fractionally

spectral flowed supertube solutions [154] and discuss some of their physical properties.

As mentioned at the end of Section 4.4.1, the dual CF'T states to the fractionally spectral
flowed supertube solutions given in Eq. (4.8) are 1/8-BPS microstates obtained by left
fractional spectral flow of the 1/4-BPS state H—+>f€wk by an amount v = s/k with s € Z.
The spectral flow adds left-moving fermionic excitations, while leaving the right movers
in the ground state; this results in a non-zero momentum charge n, = h — h. The state

of each strand takes the explicit form

ettt ), s>
k k Tk Tk
[+, =
Ve - 0 ) = [ - 9T TR | -4 s -1

(4.60)
Recall that in the k-twisted sector the level spacing of the excitations is in units of 1/k.
This means that spectral flow is the energetically most convenient way to add charge,
corresponding to filling a Fermi sea of excitations up to the fractional level s/k for s > 1,
or the level —(s+1)/k for s < 1. Fractional spectral flow has an entirely analogous effect
on the other RR ground states with polarizations |——), |£F), |00); for further details
see e.g. [57].

Let us record the charges of the state (4.60). The spectral flow transformation involves
only the left sector of the theory, so the right charges are the same as those of the

two-charge circular supertube. The left charges follow from Eq. (4.35) and are

N N 1 N
hzi_,_%, h=—,
4 k 4 (4.61)
_E(+1) =N
m=3p 0Ty, LT

Importantly, not all values of s, k are allowed. The momentum per strand p is required
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Figure 4.1: Quantum numbers (J3 n,) for fractional spectral flowed supertube states with
k <12 and |s| < 12 satisfying the condition (4.62) and for which |J*| < 2N. All points lie
outside the parabola, even though some appear very close to it.

to be an integer:

p= 8(8;1) € Z (4.62)

In Figure 4.1 we display the (J3,n,) phase diagram for the D1-D5-P system in the RR
sector. The black polygon represents the unitarity bound: allowed CF'T states exist only
on and above this threshold. The parabola n, = (J3)?/N delimits the region of existence
of finite-size BMPV black holes, which exist only inside the parabola. Note that inside
but very close to the parabola, the small BMPV black holes are sub-dominant to either
a BMPYV plus supertube or black ring [176]. The fractionally spectral flowed supertube
solutions live in the region bounded by the black polygon and the purple parabola. We
represent with dots the solutions with £ < 12 and |s| < 12.

Note that the dots in the corners of the unitarity bound polygon are the states with

k = 1. In our conventions the interval 0 < J3 < N/2 with n, = 0 contains the RR
ground states with & > 1 and s = 0, i.e. the states \++>,iv/k. Dots in the interval
~N/2 < J3? < 0 with ny, = 0 correspond to £ > 1 and s = —1, which are the two-charge
states [++)par_y = |—+)p'"

to spectral flowed states that have s/k € Z or (s +1)/k € Z.

. Dots on the remaining lines of the polygon correspond

The remainder of the states are the most interesting physically. These lie closer to the
BMPYV parabola, and have k > 1 and neither s/k € Z nor (s + 1)/k € Z. These were

the states of primary interest in [154].

J3
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4.4.5 Holography of shockwaves in fractionally spectral flowed super-
tubes

We now propose the holographic description of the AdS3xS? limit of the solutions
describing fractional spectral flowed supertubes with shockwaves in Eq. (4.29). The
AdS3xS? limit of the metrics are given in Eq. (4.26).

Recall that the spectral flow large coordinate transformation (4.25) maps the AdSs
decoupled metric in Eq. (4.26) into that of the supertube with shockwave in (4.2); the

same holds for the two-form potential.

Therefore the natural candidate family of dual CFT states is the family obtained by
fractional spectral flow with parameter v = s/k of the family of two-charge states in
Eq. (4.59), subject to the condition of integer momentum per strand. We shall show
that this condition is non-trivial, but that it is satisfied by an arbitrarily large number of
states in the large N limit. Recall that the lengths of the long strands k; are required to

be multiples of &, in order that we can make this fractional spectral flow transformation.

To describe this family of states in more detail, let us introduce integer parameters s;

which label the amount of spectral flow performed over the strands of length k;. One
has

v==2"=2 v, 4.63

: (463)

Our proposed dual CFT states of the bulk solutions involving a shockwave on a frac-

tionally spectral flowed supertube background in Eq. (4.29) are the following states (and
their superpositions):

~ . k. kL

[0 o), lenn)e ez, T> 1

ngiSng
Ns Ns
kNo = €N, ) diki=qN, ) di~N"%  a>0,
i=1 i=1
(4.64)
subject to the condition that the momentum on each CFT strand be an integer.

Let us now examine the condition of integer momentum per strand. For the strands

corresponding to the background, recall that we have the condition p = % € Z,

Eq. (4.62). Similarly, for the strands corresponding to the shockwave, we require

Si(Si + Ei)

ez Vi (4.65)

pi =

This condition is quite non-trivial, because we have noted that the candidate dual CFT

states contain strands of parametrically large k;, and because the numerator is con-

strained by s; = STI“’ Therefore, given an allowed pair (s, k), it is important to ensure
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that there is a set of allowed values of k; that extend to arbitrarily large positive integers.

We now prove that this is indeed the case.

Let us assume without loss of generality that s > 0, and present the proof first for
g; = 1. Recall that & > 0 by definition. Since s and (s+ 1) share no common factors and
@ € 7, when we decompose k into its prime factors, a subset of these must divide

s, and the rest must divide (s + 1). We can then write the prime factorization of k in

the form
E = kg6t — an(s) H”;SH)’ k) — an@’ L+ — Hn§s+1)’
i J % i
(4.66)
where ngs) are primes that divide s, and similarly for ngsﬂ). Repeated primes can of

course occur in this decomposition, and ngs) %+ n§s+1) for all 7,j. We can then factorize
sand (s+1) as
s = §k0) s+1 =tk (4.67)

where § and ¢ are positive integers but are not necessarily prime. We recall that the k;

are multiples of k, such that we can write k; = k;k for positive integers k;. By using
5 = s% and the decompositions in Eqgs. (4.66), (4.67), we have that the momentum

carried by the i-th type of strand is given by
si(si+1)  s(ski+1)  §(sk; +1)

Let us define p; = p;/$ and show that there is an infinite sequence of k; such that p; is

a positive integer. Rearranging, we have

pikCTH — sk =1. (4.69)
Since none of the n§s+1) divide s, we have ged(s, k1)) = 1. Bézout’s identity (and the
extended Euclidean algorithm) then imply that there is an infinite sequence of positive

integer pairs (k;, p;) such that (4.69) is satisfied, and therefore there is an infinite set of
k; such that p; € 7.

More generally, the right-hand side of Eq. (4.69) is ;. When ¢; = —1, Bézout’s identity

~

again ensures the required infinite sequence of positive integer pairs (k;,p;). When

s+1)

g; = 0, one can simply take k; to be a multiple of & to obtain such an infinite

sequence.

The upshot is that there is an infinite family of states of the form (4.64) that obey the
non-trivial condition that the momentum on each strand is an integer, including strands

with arbitrarily large values of k; in the large N limit.

Let us compute the charges of the CFT states (4.64) and compare them with the gravity
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np

3N/4
N/2

N/4

R
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-N —3N/4 -N/2 -N/4 N/4 N/2 3N/4

Figure 4.2: Quantum numbers (J3,np) of spectral flowed supertubes without shockwaves
(dots) and corresponding solutions with shockwaves, for ¢ = 0.2 (crosses). Colour coding
and proximity indicate corresponding solutions. Plotted are states with k£ < 12, |s| < 12,
satisfying (4.62) and with |J?| < N. All plotted points lie outside the parabola, even though
some appear very close to it.

result in Eq. (4.32). The scalings in the second line of Eq. (4.64) will again ensure
agreement. There is no spectral flow in the right sector, so the right charges (h,m) are
the same as those for the two-charge states dual to supertubes with shockwaves (4.59).
For the left sector, we compute the charges using Eq. (4.35), and derive their large-N
behaviour using the second line of Eq. (4.64). Recalling that s; = s% and denoting

subleading terms with ellipses, we obtain

k? +4s(s+1) k? + 4si(s; + &) N N
= D 5 B EE) - S B+ e
N N
= h = k2 (S+§) )
sN N d;
e o ) ) = Bl e
= N+SN+
m = &—+ —
2k k

(4.70)
Comparing with the gravity charges given in Eq. (4.32) we see that the angular momen-
tum eigenvalue J3 = m explicitly agrees. We note in passing that in Eqgs. (4.32), (4.70)
the s-dependent part of the angular momentum eigenvalue (J3) = m does not depend
on &; when s # 0, the long strands contribute a finite fraction of the angular momentum

of the configuration.

To show agreement between the momentum charge ), and the value of h, we extract
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the quantized CFT y-momentum charge
- N
n, =h—h= ?S(S+£). (4.71)

We then translate this CFT charge into supergravity normalization using the general
relation between the supergravity charge @), and the quantized charge n, (see e.g. [60,

Eq. (6.26)]),

@Q1Q @Q1Q + ¢
@ = RIZJ\I5 "= ;%ZSS(SW 3 (4.72)

This value, derived from the CFT, is in precise agreement with Eq. (4.32). The agree-
ment of conserved charges supports our proposal for the holographic description of our

solutions.

In Figure 4.2 we plot both the fractionally spectral flowed supertube solutions without
shockwaves (dots) and the microstates obtained adding a shockwave in their core region
(crosses). In all examples, the backreaction of the shockwave drives the fractionally
spectral flowed supertube solutions toward the BMPV parabola, without ever reaching
it except asymptotically in the limit ¢ — 1, which as we have already discussed is a

singular limit.

Let us make some observations on the set of solutions with shockwaves and their con-
served charges. First, let us consider the right-hand side of the n, = 0 line, i.e. the
range 0 < J® < N/2. Upon backreaction of the shockwave, the microstate remains
on the same line. The shockwave reduces the angular momentum, corresponding to a

transition from less typical to more typical two-charge microstates [162].

On the left-hand side of the n, = 0 line, when —N/2 < J? < 0, the behaviour is
quite different: upon adding the shockwave, the momentum charge of the microstate
increases. The difference between the two sides of the n, = 0 line can be understood
by first noticing that in all points plotted, the shockwave adds a negative amount of J3.
When the background has positive J2, the shockwave decreases |J?|. However when the
background has negative J3, the shockwave increases both |J3| and the average winding
of the strands in the CFT, so it is not possible for the solution with shockwave to remain
on the n, = 0 line. A more direct understanding can be obtained by tracing the spectral
flow orbits of the points on the right-hand side of the n, = 0 line (by fractional spectral
flow with v = —1/k).

Note that there exists a similar set of configurations with shockwaves in which the
shockwave adds a positive amount of J3. These can be obtained by interchanging ¢ < v
in the solutions we constructed in Eq. (4.29). Their charges are obtained by reflecting
Fig. 4.2 in the n, axis. So in fact for each background, there exist two solutions with

shockwaves of the type we have constructed, only one of which is plotted in Fig. 4.2.

The behaviour on the diagonal lines is similar to the respective halves of the two-charge
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line n, = 0. Specifically, the behaviour of the states on the left-most diagonal line is
similar to that on the right-hand side of the n, = 0 line, being related by (integer)
spectral flow with parameter v = —1. The configurations with shockwaves remain on
the diagonal line. In the same way, the behaviour on the right-most diagonal line is
similar to that on the left-hand half of the n, = 0 line. Recall that the dots on these
lines include all states that have k = 1 and all states that have s/k € Z or (s+1)/k € Z.

The final set of dots are those that already lie close to the parabola, for which k£ > 1
and neither s/k € Z nor (s + 1)/k € Z. These are the states that involve ‘genuinely’
fractional spectral flow, in the sense that they cannot be obtained from any two-charge
state by spectral flow with parameter v € Z [154]. The shockwave drives these states to

be closer to the parabola, though in many cases it is not easy to see this from the plot.

We conclude this subsection by returning to the point that for the states with shockwaves
that remain on the two-charge line, the process of adding a shockwave is a process that
drives the system from less typical to more typical two-charge microstates [162]. For our
fractionally spectral flowed supertubes with shockwaves, making a similar interpretation
is complicated by the fact that the conserved charge n, in general changes when the
shockwave is added. However in both cases the solutions with shockwaves describe a
family of microstates involving strands with unspecified twists k;, corresponding to the

high-frequency quanta making up the shockwave that are not resolved by supergravity.

Typical microstates of the supersymmetric two-charge black hole are those composed
of strands with winding k& ~ v/N; for the three-charge supersymmetric black hole, the
typical microstates involve strands with length k ~ N [50]. Indeed, our proposed dual
CFT states in Eq. (4.64) involve strands with windings that generically are of different
lengths, including lengths scaling as positive powers of N. Therefore, relative to other
microstates with the same respective values of n,, the states with shockwaves are nat-
urally thought of as being more typical than the states dual to the fractionally spectral

flowed supertube solutions without shockwaves.

4.4.6 Interpolating between different microstates

We now observe that the class of CFT states that we have studied, given in Eq. (4.64),
contains some simple examples of states that have attracted recent interest as families
that interpolate between different microstate geometries [177, 178]. Those works studied
sub-families of states of the general form

)R [++) (4.73)

k1,01 0

where the pair (k, v) is not equal to the pair (k1,1 ), and coherent superpositions of such
states. We caution the reader that in this subsection we are parameterizing spectral flow

with the rational parameter v = s/k rather than the integer s.
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This family of states is interesting because in the separate limits in which d; = 0 or
Ny = 0, the state reduces to a spectral flowed supertube state (or a two-charge supertube
state). In [177] the sub-family k = k1 = 1,v = 0,11 > 0 was studied (spectral flowed
further to the NS-NS sector). In [178] a general discussion was given, as well as an
explicit analysis of the sub-family in which v; = v — % It was found that the bulk
description of these states involves codimension-2 sources corresponding to an extra

KKM dipole charge in the D1-D5 frame.

The family of states we have analyzed includes another distinct sub-family of states of
the form (4.73), namely that in which k; ~ N° with 0 < b < 1, and either v; = v or
1 :V+%—%, i.e.
N d N d
) ko [+ ++) ks |++>ki,u+%—ﬁ : (4.74)
The first of these values of v is obtained directly by taking the limit of our general family
of CFT states (4.64) in which there is only one type of long strand, of polarization |++).

The second value of for v; arises because we have the freedom to flip the sign of the left
angular momentum J? while keeping the right angular momentum J2 invariant. This can
be implemented by the coordinate transformation (¢, ¢) — (¢, ) in our solutions (4.32),
as discussed below Eq. (4.72). This gives the bulk solutions dual to a set of CFT states
similar to those in Eq. (4.64) but with [++), — |—+), and all ¢; = —¢;. This includes
states of the form

=N |y, (4.75)

By shifting v — v+1/k, we can rewrite these states as the second type of state in (4.74).

Note that setting v = 0 in the second type of state in (4.74), we obtain a set of states

of which one is a RR ground state and one is a fractional spectral flowed state,

R ) (4.76)
kT Ry

In our setup, the bulk configurations with ¢ = 0 correspond to CFT states with all

strands of one type (of the shorter winding k). Dialling ¢ larger, we obtain solutions

that describe states of the form (4.73) with ky ~ N? and either vy = vor v = v+ % — 1711

For these states, g controls the fraction of the total strand budget accounted for by the

long strands, as discussed around Eq. (4.58).

In the analysis of [178], emphasis was placed on the ability to interpolate from states
involving strands of all one type to states involving strands of all the other type. On
this point, let us note that there are two limitations to our construction: first, we
cannot interpolate all the way to having only long strands, as this would invalidate the
shockwave approximation we have made; the approximation relies on both long and

short strands contributing an order-one fraction of the overall strand budget. Second,
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our bulk solutions do not differentiate between the polarizations of the long strands, so
the same bulk solutions describe interpolations between different pairs of fractionally
spectral flowed states. In this sense our bulk description is more coarse-grained than
that of [178]. Nevertheless, we have found the bulk description of interesting examples of
states of the general form (4.73), allowing us to describe a partial interpolation between

strands that have different amounts of spectral flow.

4.5 Discussion

In this chapter we have derived the first family of asymptotically flat BPS three-charge
black hole microstate geometries containing a shockwave. We have done so by starting
with the solution that describes the backreaction of a shockwave on an AdS background.
We then exploited the spectral flow transformation together with the multi-center for-

malism of supersymmetric solutions. The result is reported in Eq. (4.29).

The solution is singular at the location of the shockwave and this is a physical singularity.
Besides this, the microstate is smooth everywhere, it is horizonless and free of closed
time-like curves. We have analytically checked this last property in the decoupling limit

and performed a numerical analysis in the full asymptotically flat solution.

We have proposed a family of CFT states dual to the supergravity solution constructed,
refining the proposal in [101]. This identification is supported by computing protected
quantities in supergravity and at the free orbifold point in the dual CFT and by matching
them. We have found perfect agreement in comparing the conserved charges. Further-
more, we have exploited the holographic dictionary, that relates the expectation value
of some CFT operators with the fall off of the dual supergravity fields. Also in this
case perfect agreement has been established. We also noted that in a certain limit our
new solutions provide a partial interpolation between different three-charge microstate

geometries, expanding the class of states discussed in [177, 178].

The new solution describes the backreaction of highly energetic supergravity quanta
on a fractionally spectral flowed supertube background. While the total energy of the
shockwave is fixed, the solution does not contain information about how the energy is
distributed among the supergravity quanta. The dual statement in the CFT is that
the number of single copies involved in the long strands in the state (4.64) is fixed, but
the length and the number of each long strand is not. In this sense, the shockwave
provides a coarse grained description of the high energy quanta. While we know that
in the supergravity approximation we do not have access to highly quantum degrees of

freedom, the shockwave is able to capture a coarse grained description of the physics.

We also observed that in our asymptotically flat solutions, the location of the shockwave

is not on the evanescent ergosurface. As a result, the addition of the shockwave does
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not come at zero cost in energy, and instead changes the momentum charge n, along
the y-circle. This is a physical difference from the two-charge solution containing a
shockwave [101], discussed in [162] in the context of an evolution from less typical to
more typical states, related to the perturbation process described in [160]. Nevertheless,
we have argued that the CFT states dual to the solutions constructed in this work are
naturally thought of as more typical than the solutions without shockwaves, when each

is compared to other microstates with the same respective values of n,.

Our analysis suggests possible generalizations. One is to generalize this shockwave con-
struction to other supersymmetric two and three-charge microstates. In particular, it
may be possible to compute the backreaction of a shockwave that lies on the evanescent
ergosurface of a fractionally spectral flowed supertube background: this result would
directly connect with the analysis of the non-linear instability of [160]. Second, it would
also be interesting to study the backreaction of a shockwave on the ergoregion of a
JMaRT background [78]: this would provide the evolution of a non-supersymmetric,
linearly unstable microstate solution and might shed light over the unitary evaporation

process that should replace Hawking’s pair production at the microscopic level.
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Chapter 5

Evolutionary algorithms for

multi-center solutions

5.1 Introduction

This chapter contains the work reported in [4]. We will present an optimization algorithm
to construct new approximate multi-center solutions with a high number of centers in

generic configurations.

The multi-center formalism has been introduced in Chapter 4 in the context of two cen-
ters solutions. We remind the reader that multi-center solutions (also known as bubbling
solutions) are described by a set of harmonic functions on a three dimensional euclidean
space and the four dimensional base space is of the Gibbons-Hawking form. While this
set up might seem simple, deriving physically sensible solutions with several centers is
a hard problem. The reason being that asymptotic flatness, charge quantization, regu-
larity and absence of CTCs impose constraints (e.g. the bubble equations introduced in
Eq. (4.18)) that make the positions of the centers and the coefficients of the poles of the
harmonic functions interdependent. Moreover, only a subset of such solutions share the

same asymptotic charges of a macroscopic black hole.

We have a good analytic control of multi-center solutions with a low (< 4) number
of centers (see e.g. [72-75, 154]), but less examples with higher number of centers are
known [69] and they usually take all centers to lie on a line, so that the configuration
is axisymmetric. An important step forward to construct multi-center solutions with a
high number of centers was provided in [71]: by taking the fluxes, instead of the distances
between the centers, as dependent variables, the authors wrote the bubble equations as
a linear system of the form M,gIlg = B,, where M is a symmetric matrix. They also
conjectured that a solution satisfying such equation does not contain CTCs if and only

if M is positive definite. While such perspective simplified the task of finding physically
123
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relevant solutions, it relies on the requirement that the distances between the centers
shall be rational. Such a requirements ensures that the resulting fluxes are rational,

consistently with flux quantization.

While two-center bubbling solutions have a well-established holographic description [78,
85, 151-154] (which we have reviewed in Section 4.4.4), multi-center solutions with a
higher number of centers do not have a proposed holographic dual. It has been suggested
in [179] that these configurations are not part of the phase space of a supersymmetric
black hole, but they should rather be thought of as microstates of other black objects.
Nonetheless, these class of configurations are interesting examples of gravitational solu-
tions that closely resemble black holes. This is especially true in the so called “scaling”
regime, in which all the centers are localized deep inside a long-black-hole like throat. For
example, multi-center solutions have been used to study potentially observable signatures

of fine-grained structure of black holes in gravitational wave observations [180-182].

In recent years, an increasing domain of String Theory and Particle Physics problems
have been address with the aid of optimization algorithms and machine learning (see
e.g. [183-190]). In this chapter we propose an algorithm, based on Bayesian optimization
and evolutionary algorithm, to generate approximate solutions to the bubble equations
that are free of CTCs, respect all quantization conditions and describe a high number

of centers in a generic configuration.

The starting point is a set of centers in a three dimensional Euclidean space. We use
a Bayesian optimization algorithm to assign charges to these centers that give rise to
solutions with D1 and D5 charges greater than a desired threshold Q (Q1,Q5 > Q).
While doing so, we focus on geometries that are in the scaling regime. With this aim,
following [73], we solve the AdSgxS? version of the bubble equations: these equations are
scale invariant and are relevant to construct scaling solutions, which have the property
that the separation between the centers can be made arbitrarily small while keeping the
asymptotic charges practically constant. The fluxes resulting from this procedure are
in general irrational. In accordance with the flux quantization condition we round the
fluxes and obtain an approximate solution to the bubble equation. Such a solution is
approximate for two reasons: first, the fluxes have been rounded; second, we obtained
this solution by solving the AdSs version of the bubble equations, rather then the fully

asymptotically flat ones.

We improve on this approximate solution by implementing an evolutionary algorithm
(EA) that changes the positions of the centers to maximize a fitness function (i.e. a
function that measures how well the bubble equations are solved). The evolutionary
algorithm works by generating a population of individuals starting from the aforemen-
tioned approximate solution and making these individuals evolve following the principles
of the Darwinian theory: selection, heredity and variation. This algorithm, iterated over

several generations, leads to new individuals with higher fitness. Once an individual with
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the desired fitness is generated, we check the absence of CTCs by computing the eigenval-
ues of the matrix M. Our algorithm is designed to generate solutions with an arbitrary
number of centers in a generic configuration. We test it explicitly for configurations of
three, five and seven centers and will provide explicit examples in due course. Gener-
ating solutions with a higher number of centers or higher fitness is feasible, although

computationally more expensive.

This chapter is structured as follows. In Section 5.2 we revise the construction of multi-
center scaling solutions with the formalism introduced in [71]. In Section 5.3 we describe
the Bayesian optimization algorithm and the evolutionary algorithm designed for our
task. In Section 5.4 we describe explicit examples of a five-center and a seven-center
configuration obtained with our method. In Section 5.4.3 we discuss the performance of

the algorithm and compare it with a random search. Section 5.5 contains the conclusions.

5.2 Multi-center scaling supergravity solutions

5.2.1 Multi-center solutions

We begin by resuming and extending the review in Section 4.3.1 on multi-center solutions
(also known as bubbling geometries), highlighting the feature that are relevant for the

discussion in this chapter.

For concreteness, we shall primarily have in mind 5D N = 1 Super-Einstein-Maxwell-
Yang-Mills supergravity, whose bosonic field content is given by the metric, three Abelian

vector multiplets, and an SU(2) triplet of non-Abelian vector multiplets.

Multi-center solutions are specified by a set of harmonic functions on a three-dimensional
Euclidean “base” space, which have poles at the location of the centers. The index
a =0,1,...,n — 1 labels the centers, and r, = | — 7| is the distance from the a-th
center in the three-dimensional base. In the Abelian sector the harmonic functions are
(1=0,1,2):

n—1 q n—1 k‘l n—1 4 n—1 m

H = - K = —a Lt =1 . M = —2 (51
> >t IO, mot > (5.1)
a=0 a=0 a=0 a=0

where g, € Z. In the non-Abelian sector [191], denoting the gauge coupling by g, we

have . .
- Ay = T\
P=1 — = 2

The harmonic function H defines a four-dimensional Gibbons-Hawking metric via

dsj = H ' (dy + A)* + Hds3 , (5.3)
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where dsg is the flat metric on R3, and A is a one-form related to H via +3dA = dH.

For the full five-dimensional fields, we refer the reader to [71].

Only certain subsets of possible coefficients of the poles in Egs. (5.1) and (5.2) lead to
physically sensible solutions: one needs to impose further constraints. First, asymptotic
flatness requires ) |, g, = 1. Second, upon uplifting to Type IIB supergravity compacti-
fied on S x T*, the coefficients k! are quantized in terms of integer flux parameters n’,
as follows [154],

= B Sl a2 = T (5.4)
Yy 41y

where the coordinate volume of T* is (27r)*V, and that of the S* is 27 R,,.

We focus on smooth horizonless supersymmetric solutions.! The following relations are
imposed by absence of event horizons and singularities (the first three relations) and
asymptotic flatness (the last two relations), see e.g. [71, App. A.3],

|7k Kkl o0 kS K

i _ kg _ ke 1
a 9 Ta +2g2’ Oa qa’ Mq 2(]3( aa 2)’

1 o
RIS =1,  mo = —52%%.
a,t

The absence of Dirac-Misner singularities imposes the so-called “bubble equations” [51,

191, 194], which constrain the relation between the positions of the centers and the local

charges:
Qaqb 1 o
Z ey, (HclLbH?Lb - 72—|]—ab) = Z qaqoloIgp , (5.6)
ab 29 -
b#a b,i
where ' '
; ky k! 1 1
7 b a
=———  Ta=—5+-—. 5.7
“T g ga Y@ g (5:7)

Here rg, is the R? Euclidean distance between centers a and b, sz are the magnetic
fluxes, and we will refer to the coefficients k! as flux parameters. The bubble equations
are a set of n equations among which only (n — 1) are independent: summation over a

leads to a trivial identity, due to the antisymmetry of the II? .

!The supersymmetric multi-center formalism can also be used to construct solutions with physical
singularities such as shockwaves [3], which give collective descriptions of families of pure states. Similar
but different multi-center formalisms exist for non-supersymmetric solutions [86, 87, 192, 193].
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The asymptotic charges of the multi-center solutions are [51]:2

Z Q@ g 1T + = 25 Z —

a,b,c

Qs = — Z QaQbQCnng?Lc )

a,b,c

Qp = - Z QaQbQCnng}m )

a,b,c

1 1 Ay
JL=—3 Z abdeqallop o og + *22 “,
ab,e,d ab da

1 ’I“ — 771,
> anlly, (Hibﬂib - ﬁﬂab) Tk
a,b,a#b g “ b

5.2.2 Scaling solutions and their construction

Of particular interest are solutions to the bubble equations (5.6) in which the distances
between the centers can be made uniformly parametrically small by scaling ., — Argp
with A < 1, while keeping the asymptotic charges approximately constant. These
solutions are known as “scaling” solutions [51, 69, 70]. Note that the rescaling r,, — Argp
is equivalent to multiplying the RHS of (5.6) by A, with A < 1. It will be useful for us
to note that in the limit A — 0, one obtains the homogeneous bubble equations [70] (see

also for instance [73]),

1
Qoo 0, (Hle 22%) = 0. (5.9)
bta Tab g

Therefore, in the scaling regime of small A, solutions to the full inhomogeneous bub-
ble equations (5.6) are also approximate solutions to the homogeneous bubble equa-
tions (5.9), up to terms of order \. We will exploit this to construct new scaling solu-

tions.

The full inhomogeneous bubble equations (5.6) have typically been considered as equa-
tions in which the variables to be solved for are the distances 7, see e.g. [51]. This
perspective has two disadvantages [71]. First, it is generically difficult to find solutions
for r4. Second, after solving the equations, one often finds that the resulting r,, do
not represent possible distances between points in 3D Euclidean space; for example, the

triangle inequality might not be respected.

A recently developed alternative approach is to exploit the feature that the bubble
equations (5.6) are linear in the flux parameters k2. Thus, instead of solving for the

distances, one can first specify the positions of the centers, and then solve for the flux

2We use conventions in which J, and Jg are interchanged with respect to [51].
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parameters k2 with a = 2, 3,...n [71]3. While this procedure is general and not restricted
to scaling solutions, let us now review it in the context of scaling solutions. We introduce
a scaling parameter A that rescales the position of the centers while keeping the shape
of the distribution fixed: i.e. we write the distance between the centers as rq, = Adg,

where d,; remain constant in the scaling process. We define?

Agb - qC;quObHaba Aib = —SQalega

a

_ n—1 (510)
5 Qaqp 1 :
ng = Z - ) 29 5 9 Tap 21) ) Bg = SZQQQb(lgngb + l(l)ngb),

=0 da b=0

where we have introduced the constant s which takes values 0 or 1. These values cor-
respond respectively to the homogeneous and inhomogeneous bubble equations, as we

shall see momentarily. We then introduce (a,8 = 1,....,n — 1)°

2 A2 72
MG = Aoy = 9 2 Aases
- (5.11)

M2 A2 3 — %)
Mg = Alsnypan) =08 D Afaryes
c=0

in terms of which, we write the following linear system of equations in the fluxes Hgb:
2 _ — 2 ‘2 2 —9 =9
aﬂnl(a—f—l) = (Maﬁ + )‘Maﬁ)ﬂl(a+1) = Bﬁ + >\Bﬁ . (5.12)

For s =1 this linear system is equivalent to the inhomogeneous bubble equations (5.6),

while for s = 0 the system is equivalent to the homogeneous bubble equations (5.9).

Although this perspective has simplified the task of solving the bubble equations, it re-
mains a fact that generic solutions obtained in this way will not respect the quantization
conditions in Eq. (5.4). This can be seen as follows. If we choose generic locations of the
centers, generic relative distances will be irrational numbers. Then generic solutions will
give irrational values of the flux parameters k‘i, which is in conflict with the quantization

conditions in Eq. (5.4).

Using this method one can construct exact solutions with quantized fluxes by arranging
a set of non-generic locations of centers, such that all relative distances are rational. For
instance one can take all centers to lie on a line, or on a circle, as discussed in [71].5 While
these constructions provide interesting and valuable exact solutions, the requirement to

work with non-generic locations of centers is a significant limitation.

3The bubble equations are also linear in k2!, so a similar analysis can be carried out for them.

*A numerical typo in [71, Eq. (3.22)] has been corrected.

5To be clear, the ‘2’ are superscript labels for the value of the index 4, not exponents. To avoid
potential confusion on this point, we have suppressed the superscript ‘2’ on the matrix M? in the
Introduction and Discussion sections.

SFor earlier examples of solutions with all centers on a line, see e.g. [69].
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To proceed further, an alternative approach is to give up the idea of pursuing exact
solutions and construct approximate solutions to the bubble equations. One can do so
with an iterative approach, as follows. One first chooses a set of center locations, then
solves for k2, generically obtaining irrational values. One then rounds the k2 to nearby
rational numbers to a desired precision, obtaining an approximate solution, as discussed
in [71] and done in [72, 73].

A further step is to take the rounded flux parameters k2, re-solve the bubble equations
(in the traditional way) to obtain a new set of distances r,,, and then arrange center
positions to have the resulting relative distances. If this could be done analytically, one
can obtain exact solutions, however typically this is hard, for the reasons discussed below
Eq. (5.9). More realistically, one can employ this method to improve the precision of
the approximate solution, as done in [73]. However, for more than four centers, doubt

has been expressed as to the feasibility of this method [71].

In our approach, we first round the flux parameters k2 as above. However, for the
next step, we introduce our new method of varying the positions of the centers using
an evolutionary algorithm. The resulting method can be used to construct numerical
solutions with any number of centers, and with no symmetry imposed on the locations
of the centers. The algorithm constructs numerical solutions whose precision improves
by several orders of magnitude on that of a given seed solution (obtained by simply
rounding irrational quantities). Since we work with the positions of the centers, by

construction the distances between them are always well-defined.

Our primary interest is in scaling solutions, and so we tailor the algorithm to construct
scaling solutions, which have Jr < 1, see e.g. [112]. We also ensure that the dimensionful
D1 and D5 charges are sufficiently large that the supergravity approximation is valid.
We do this by introducing a hyperparameter ) and requiring the algorithm to select

only solutions satisfying @1, Qs > @, using a Bayesian optimization algorithm.

Following the discussion below (5.9), given a generic set of locations of the centers, we

can obtain a configuration in the scaling regime by first solving the homogeneous bubble
2

equations (5.9) for the flux parameters k7,

and then rescaling rq, — Argp with A < 1,

as done in [73]. Let us consider the homogeneous bubble equations (5.9) for a =n — 1:

dn—14b 0 1 2 1
—1II II 11 — —=T =0. 1
2 T (n—l)b< (n-1p 10 ~ 5.2 (n—l)b) 0 (5.13)

Let us further examine the generic case in which all the terms in this sum are non-zero.
Then a necessary condition to have a solution is that not all of the terms in the sum
have the same sign.

Since the distances are positive, the expressions qnflQbH(()n—l)b(H%n—1)bH%n—1)b_ﬁw(n—l)b)

should not all have the same sign.
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The next step in the procedure is to round the flux parameters, k2 — /2:3, to a certain
precision, which is a hyperparameter of the algorithm, and which we call k_rounding.
From here onwards, tildes denote rounded quantities. After rounding, Eq. (5.9) will
no longer be exactly satisfied for the same configuration of centers. Our strategy will
be to keep the rounded fluxes I12, and change the location of the centers, to construct
a high-precision numerical scaling solution. Based on the above discussion, we shall
impose that not all of the following expressions have the same sign (note the presence
of the rounded fluxes I12):

-~ 1
4101001y, <H%n—1)bn(2n—1)b - Qgﬂ(n—l)b> : (5.14)

The condition Eq. (5.9) for scaling solutions, and the scaling limit rq, — Argp, correspond
to “zooming in” to the core of the solutions, such that the asymptotics become AdSs
fibered over S3; for a general discussion, see [112]. In order to “undo” this limit and
construct solutions with R*! asymptotics, which requires restoring the inhomogeneous
part of the bubble equations (5.6), we will implement an evolutionary algorithm that

moves the positions of the centers in space.

The solutions must also satisfy the absence of CTCs. Let us first review the case in
which only Abelian fields are turned on. To rule out CTCs, two algebraic combinations
of the harmonic functions (5.1) must be globally positive. Generically, the stronger
of these conditions is that the quartic E7(7) invariant, as a function of the harmonic
functions (5.1), is globally positive [164]. Investigating this condition is non-trivial, and
typically done numerically. The generalization to configurations with both Abelian and
non-Abelian fields was discussed in [71, 191]. The authors of [71] conjectured that the
condition for absence of CTCs is equivalent to requiring that the matrix M? defined
in (5.12) is positive-definite. We will thus investigate absence of CTCs in the solutions

found by the algorithm by examining this condition on M?.

5.3 The algorithm

In this section we will describe the algorithm developed in this work, which is composed
of two main parts. In the first part, we use a Bayesian optimization (BO) algorithm to
find points in parameter space that lead to solutions with Q1,@s > Q. Upon rounding
the flux parameters k2, this procedure leads to a approximate solution of the homo-
geneous bubble equations (5.9). The second part of the algorithm makes use of an
evolutionary algorithm to find numerical solutions to the full inhomogeneous bubble

equations (5.6), by varying the positions of the centers.
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5.3.1 The Bayesian optimization algorithm

In the first part of the process, we generate solutions of the homogeneous bubble equa-
tions (5.9), in the form (5.12). We do so by taking the position of the centers 7, and
the coefficients ¢y, 6, k2! and k:g to be independent variables, and solving for k2 (re-
call « = 1,...,n — 1). However, generically the resulting global charges will not satisfy
Q1,Q5 > Q. To construct solutions such that Q1,Qs > @, in principle one could max-
imise the first two expressions in (5.8) as functions of both k2 and the full set of kot
However in practice, it is neither computationally efficient, nor necessary, to maximize
Q1,5 with respect to a substantial fraction of the flux parameters kot it suffices
to focus on the flux parameters of a small number of the centers. We thus introduce a
hyperparameter ny and maximize @)1, Q5 only with respect to the flux parameters of ng

of the centers. In our examples, it will suffice to take ng to be equal to 1 or 2.

The centers whose flux parameters are dependent variables of the optimization process
will be labelled with the index a = 0,--- ,ngz — 1, and the remainder will be labelled
with the index @ = ng,---,n — 1. In other words, we will fix the value of the flux
parameters kg’l when initializing the algorithm and we then maximize the value of the

global charges with respect to k% and kg’l.

In order to maximize the value of the global charges we use a Bayesian optimization
algorithm. The reason for this choice is that the global charges Q1,Q5 in (5.8) are
computationally expensive to evaluate: for any given trial configuration, one must first

solve the homogeneous bubble equations for k2, and then use the result to compute

Q17Q5-

Let us now provide an intuitive description on how the Bayesian optimization algorithm
works. The Bayesian optimization algorithm is an approach to find the global maxi-
mum (or minimum) of a black-box function, called the objective function. By black-box
function we mean either a function over which we have no analytic control (for example
a stochastic function) or a function that is computationally expensive to evaluate, as
in the case at hand. As a result, we do not have a global knowledge of the function,
i.e. we do not know its value on every point of the domain, but we have the freedom
to evaluate it on a finite set points. With this perspective, the Bayesian optimization
algorithm is a strategy to obtain the maximum of such functions that works better
than a random search. It works as follows, for a review see e.g. [195]. First, a Gaus-
sian process prior is placed on the objective function. Then, the objective function
is evaluated on a set of points [z, - ,2Zn,| of the domain. At this stage, the data
{lx1, -, Zng), [f(x1), -+, f(xng)]} represent all our knowledge on the objective func-
tion. Of course, there are infinite functions whose value is [f(x1),- -, f(Zng)]} When
evaluated on [z1, -+ ,Zp,], but, by assuming that the objective function follows a Gaus-
sian process model, these are not all equally probable. Thus, the next step is to obtain

the surrogate function, which, among the infinite functions that have the same value of
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the objective on the points [z1,- -, Zn,], has the highest probability of representing the
objective: as such, it is our best estimate of the objective based on the knowledge we
have so far, and has the advantage of being much quicker to evaluate. The last ingredi-
ent of the algorithm is the acquisition function, also known as acquisition strategy. By
evaluating the surrogate function on a finite set of points of the domain, it chooses the
next sampling point of the objective (i.e. the point of the domain that is more likely to
pay off when the objective is evaluated on it), according to some specified strategy (there
are many different possible acquisition strategies, we refer to [195] for further reading on
this topic). By evaluating the objective on this new point we increase the knowledge we
have on the objective, thus after each additional sampling point the surrogate is updated
and the acquisition function is iteratively used to choose the next sampling point, until
an acceptably good approximate maximum (in our case, Q1, Q5 > Q) of the objective
is found, or a previously set computational limit is reached (in our case, a maximum

number of iterations N).

We now explain this first part of our algorithm in more detail. We initialize the inde-
pendent variables as follows. The g, must all sum to 1. If n is odd, we use alternating
values £1, starting and ending with 1. If n is even, the first n — 1 use alternating values

41, starting and ending with —1, while ¢, = 2:

1,-1,1,...,-1,1) n odd . ,
da = ; lh=1 Vi. (5.15)
(-1,1,-1,...,—-1,2) n even

Furthermore, we choose the position of the n centers so that they lie inside a cube with
edge length equal to two. We set up the coordinate system in such a way that the first
center is at the origin, the second is at y = 0, z = 0 and the third center is at z = 0, so
that we have a total of 3n — 6 free coordinates. We sample the remaining non-zero ¢,

from the following uniform distribution:
rh o~ U(=1,1). (5.16)

In practice, this sampling is obtained from a discrete distribution whose step-size is
controlled by the hyperparameter prec_pos. Similarly, the coefficients k:do’l are sampled
with the discrete uniform distribution U ( — 1Qpreck, 10Pr“4‘), with step-size equal to 1.

In the following we will set the parameter prec_k = 2.

Having initialized all the parameters we are not optimizing over, we now maximize the

objective function

Jopy = min (Qla QE)) ) (5.17)

as a function of the variables {ko', k2}, which (having set prec_k = 2) we also allow to

"This is why this optimization algorithm is called Bayesian: given the knowledge on the objective,
the prior is used to obtain a posterior, which in this case is the surrogate function.
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take integer values in [—100, 100]®(2%+1)  The evaluation of fos; works as follows. We
first solve the homogeneous bubble equations (5.9). Next, we round the flux parameters

k2 — I;:i Last, we use (5.8) to compute @1, Q5 and select the minimum of the two.

We evaluate the objective function on ng points in the (2ng + 1)-dimensional space of
{kg’l, k3} sampled from the discrete uniform distribution U ( —102, 102)®(2n3+1). Assum-
ing a Gaussian process prior with a Radial Basis Function as kernel, we use knowledge of

fosy evaluated at this set of points to generate the surrogate function. We use ng = 200.

We then evaluate the surrogate function on a much higher number (of order 10%) of
randomly sampled points, with discrete uniform distribution U( — 102, 102)®(2n“+1) and
step-size 1. We use an acquisition function based on the Probability of Improvement
method (see e.g. [196]) to choose the next point of the domain that is most worth evalu-
ating with the objective function. The knowledge of fog; at this new point is then used to
update the surrogate function. This process is iterated until a point {l{:g’l7 k2} such that
fom({kg’l,k%}) > @ is found, or a previously set computational limit (the maximum

number of iterations N) is reached. This procedure is summarized in Algorithm 1.

Algorithm 1 BO algorithm
function fOBJ({k‘U’l, k:g})

a
k2 « Solve the homogeneous bubble equations (5.9)
k% «+ Round k2

Compute Q1, Qs via (5.8)

return min (Ql, Q5)
Assume Gaussian process prior
Evaluate fop; on ng points {kzg’l, k2} sampled with U( — 102, 102)®(2n3+1)
(Qmax < The maximum output of fop; found so far
Generate the surrogate function using the available data
while n < N or Qmax < Q do
Let {kg’l, k3}, be the point returned by the acquisition function
Evaluate fo ({kg', k3}n)
Quax < if fons ({ka" k3 }n) > Qumax, update Qmax
Update the surrogate function with the new data
n++

While this algorithm is not guaranteed to find a solution, we found that in practice this

approach is much more successful than a random search.

After a successful run of the BO algorithm, we have an approximate solution to the
homogeneous bubble equations, with charges Q1,Q5 in the desired range. We next
generate another approximate solution by rescaling the positions of the centers obtained
in Eq. (5.16):

s o= Al Ak, (5.18)

where for concreteness we take A = 107°. We wish to use the resulting configurations

as inputs to the evolutionary algorithm that will find numerical solutions to the inho-
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mogeneous bubble equations. However, before proceeding, we examine two conditions

to check whether the configurations are indeed good seed solutions.

The first condition is the condition that the expressions in Eq. (5.14) do not all have the
same sign, so that it is possible that there is a nearby scaling solution to be found. Next,
we check that the matrix M? is positive-definite. Even if M? depends on the positions
of the centers (and thus will be modified by the EA), we have observed that small
modifications of the distances do not tend to change the eigenvalues much. Of course,
after the evolutionary algorithm, one must recheck the condition on M2. However,
checking the condition at this stage provides a good indication of whether the condition
will be respected in the final solution. If both conditions are satisfied, we use this

configuration as a seed for the evolutionary algorithm.

5.3.2 The evolutionary algorithm

A successful run of the Bayesian optimization algorithm outputs an approximate solu-
tion to the homogeneous bubble equations (5.9) with the desired characteristics. The
approximate nature of this solution is due to the rounding of the flux parameters k2. Our
task is now to obtain a numerical solution of the inhomogeneous bubble equations (5.6)

by moving the positions of the centers in the R? base space.

We shall do so by using an evolutionary algorithm (EA), which is an optimization
algorithm inspired by Darwin’s theory of evolution. The starting point is a population,
i.e. a set of individuals that are approximate solutions to the problem we wish to solve.
The properties of each individual are called genes. We measure how good an approximate
solution is via the fitness function, which is the function we want to maximize. The
fittest individuals are selected to reproduce, by passing some of their genes to their
offspring and in the reproduction process some mutations are implemented, i.e. random
modifications of the genes of the offspring. Then the offspring take the place of the
less fit individuals, which die, such that the population size is constant. This process
is iterated until a sufficiently good solution is found, or a previously set computational

limit is reached.

For the case at hand, each individual is an approximate solution to the bubble equa-
tions (5.6) and is characterized by the positions of the centers and a set of strategy
parameters, whose role will be described shortly. After implementing the translational
and rotational symmetry, the number of free coordinates is 3n — 6, while the number
of independent bubble equations is n — 1. Implementing a genetic algorithm on all the
3n — 6 coordinates would be computationally expensive. Thus, we select a subset of
the coordinates to be fixed to the values of the BO algorithm output, 7% of Eq. (5.18).
We observed that fixing approximately one coordinate on each of the last n — 3 centers

provides a good balance between effectiveness and computational cost, and we shall give
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explicit examples of this in Section 5.4. We shall denote by d the number of degrees of

freedom, i.e. the number of unfixed coordinates over which we run the EA.

To describe the algorithm further, we introduce the multi-index A = (a,4) combining
the center label a and the three Euclidean coordinates i. For the p*™ individual in the
population, we denote the set of coordinates to be varied by rff). As noted above, we
work directly with the positions of the centers as genes, so the distances between the
centers are always well-defined. In the reproduction process random mutations can occur
and the magnitude of the mutations is controlled by a strategy parameter ag)). Each
direction has an independent strategy parameter, which is a gene of the individual that
undergoes variation and selection itself. As we will describe in the following, we will
initialize the positions of the individuals in the population by sampling from a Gaussian
distribution with fixed standard deviation, which will be taken as the initial value of the

strategy parameter for every individual and every direction.

The genes of the p-th individual in the population are then

(r® oWy A= (a,i). (5.19)

All genes 'rff), UX)) undergo variation and selection. An individual whose genes are likely

to survive in the evolutionary process will have a good set of positions rff), that will be
quantified by having high fitness, and a set of strategy parameters aff) that are likely
to give rise to fit offspring, as will become clearer when we discuss reproduction and
mutation. The evolutionary mechanism is iterated over a certain number of generations
controlled by the hyperparameter generations; in each new generation a number of
offspring is generated, specified by the hyperparameter offspring per_generation.
The optimal values of these hyperparameters depend on the number of degrees of freedom

of the problem, i.e. the number of centers of the configuration, as we shall see in examples.

Fitness function

We now define the fitness function, i.e. the function the EA algorithm seeks to maximize.
We seek solutions to the inhomogeneous bubble equations (5.6), so we use these to

construct the fitness function. By rearranging the bubble equations, we write:

qa Qb 1 o
Z - Hgb (Hcllbngb - gvab) - Z Qaleéﬂflb = €q, (520)
Tab 29 -
#b b,i
where if ¢, = 0 Va then the solution is exact. We seek configurations {r4} that minimize

> o l€al. We thus define our fitness function to be

1
2aleal”

flra) = (5.21)
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It will also be useful to define the following inverse fitness function:

finv(rA) = Z |6a’- (522)

a

Population initialization

We initialize a population of pop_size individuals by starting with the configuration
of centers obtained in (5.18), and adding to it a random variable 57"5? sampled from
the Gaussian distribution N (0, var_pos) with mean 0 and standard deviation var _pos,

where var_pos is a hyperparameter of the algorithm:
rff) = 7a+ 57“%) forp=1,---  pop-size. (5.23)

The optimal value of var_pos depends on the number of centers. If var_pos is too small,
we generate a population that is too similar to the seed solution; if var_pos is too large,
we obtain a large number of unfit individuals in the initial population. It is not practical
to compute optimal value of var_pos directly from the bubble equations Eq. (5.6), so we
optimize it via a simple grid search. Concretely, we examine the populations generated
by a set of candidate values of var_pos, and use the population fitness to select the

optimal var_pos.

Once an individual is generated, we implement the opposition-based technique [197, 198],
i.e. we compare this individual with the one obtained through reflection symmetry with
respect to the initial configuration (5.18), and keep the one which has the highest fitness.

In other words, given the individual with position rff), we consider the individual with

position rigp ) given by:

PO _ g, ) (5.24)

and add to the population (only) the fitter of the two individuals. We initialize the

strategy parameter as aff) = var _pos for all p, A.

Selection

The selection mechanism of the evolutionary algorithm dictates which individuals pass
their genes to the offspring, and which individuals are replaced in the new generation.
Recall that the number of new offspring per generation is a hyperparameter of the
algorithm. To produce an offspring, the algorithm selects two parents that reproduce
and one individual that will be replaced. This selection process occurs probabilistically,
favouring potential parents with highest fitness, and where those with highest inverse

fitness are most likely to die off.

Our algorithm implements two different selection mechanisms, amongst which the user

can choose. The two methods are (see e.g. [199] for more details):
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e Fitness proportional selection. The probability of an individual to be chosen as a
parent is:
pw) BGUN
INICON
where f is the fitness function (5.21). The probability of an individual to die off is
governed by the same equation, with the fitness function replaced by the inverse
fitness function, defined in Eq. (5.22).

(5.25)

e Sigma scaling. The probability of an individual to be chosen as parent is given
by a modified version of Eq. (5.25), with the fitness function being replaced by
the following auxiliary fitness function f’, which involves a shift controlled by the

mean f and standard deviation o ¢ of the fitnesses of the population:

f’(rff)) = max (f(rg’)) - (f- caf),0> , (5.26)

where c is a constant which is usually set to 2. Similarly, we also apply this method
to the selection of the individual that dies by replacing the fitness function with

the inverse fitness function.

The first method is less computationally expensive, however it can be less effective due
to the following disadvantages. It is sensitive to adding a constant shift to all f, and
depending on this shift there can be too much or too little selection pressure. For
instance, if there is too much selection pressure, the best individuals tend to dominate

the population very quickly, which can lead to premature convergence.

By contrast, the second method is more computationally expensive, but tends to produce

an appropriate amount of selection pressure.

Reproduction and mutation

Once two parents {TS),US)} and {7“512),01(42)} are selected, their offspring {ra,o4} is
generated as follows. First, separately for each gene, i.e. for each element of the multi-
index A, we assign equal probability to one of the following three reproduction methods
to occur. Before possible mutation, this gene will be set equal to the gene of a parent,

or the average of the two parental genes:

D Afraoal = {0V}

2)  {raoa} = {0} (5.27)
1) 2 (1) (2)
Ty try oy to

) faoa) = (AT 70

Next, we implement a mutation mechanism to enable the population to escape from

local minima of the fitness function. Recall that each offspring has a total of d genes
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(A=1,...,d). For each gene of an offspring, we assign a probability of order 2/d for the
gene to mutate away from the value assigned in (5.27). So on average, approximately

two genes of each offspring will mutate.

We implement uncorrelated mutation with different step sizes for different genes (see
e.g. [199]). If a gene is selected for mutation, first 04 mutates, then the mutated o’
sets the scale for the mutation of the position r4. The mutation of o4 is controlled by
two Gaussian random variables: do is sampled only once for each offspring, while do 4
is sampled separately for each gene. Both are sampled from the Gaussian distribution

N(0,1). The mutation strength of o 4 is controlled by the parameters 7" and 7 as follows:

oA — 0y = UAeXp{<T/60—I—T(50A)}. (5.28)

The motivation behind this choice is to treat different dimensions differently: while the
mutation exp(7’ do) is common to all direction and allows for an overall change of the
mutation step-size that preserves all degrees of freedom; the term exp(7do4) provides
the flexibility to use different mutation strategies in different directions. Following [199],
we set 7/ = 1/v/d and 7 = 1/% Then the position r4 mutates with a Gaussian

random variable 074 drawn from N (0, 1), with mutation strength set by the new o’,:

rA =Ty = TA+ 00T (5.29)

As the fitness of the population improves, and the algorithm explores narrower regions
of the phase space, we improve upon the mutation mechanism (5.28) to achieve a set
of goals. The mutation should enable an appropriately fine exploration of the narrower
region, while not becoming too small in magnitude. Separately, the mutation should
be able to jump outside local minima. To enable this, we introduce a hyperparameter
generation update. After generation update generations, we update the strategy pa-
rameter of the individuals according to the following prescription. After this update, the
algorithm returns to the mutation (5.28) for the next generation_update generations.
The algorithm contains two different methods to update the strategy parameter, among

which the user can choose. These are:

e Random update. We introduce the hyperparameters percentage random update
and factor_random update, randomly select (percentage random update)% of
the individuals and rescale 04 — 04/factor_random update, while rescaling the

strategy parameter of the remaining individuals as 0 4 — (factor_random_update) o4

e Variance update. We update the strategy parameter according to the variance of
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the positions, as follows. For each A, we define the average position

1
Pa = Sp, (5.30)
q

N pop-size

and reset the strategy parameters in direction A of all individuals to have the same

value,

(p) o) _ 1 @~ \?
AT oA \/Popsize Zq: (TA TA) P (5.31)

The variance update method works as follows. If, for instance, the whole popula-
tion is concentrated in a particular region of parameter space, it tends to enable
finer exploration of the local region. By contrast, if for instance the population is
concentrated in two or more separate regions, the variance update tends to enable

the population to explore a larger region of the parameter space.

We performed several runs with both Random and Variance updates. The Variance
update has the advantage that it does not depend on the number of centers, while in the
Random update we are introducing two new hyperparameters that could in principle
be optimized over, depending for instance on the number of centers. Of the two meth-
ods, typically the Variance update is more computationally expensive, and typically
the performance of the algorithm is better than or comparable to the Random update,

depending on the other parameters of the configuration.

For the sake of clarity, suppose we have chosen the variance update method and let us
make an example. Suppose we set the evolutionary algorithm to run for 1000 generations
and generation_update = 100. The evolution of the strategy parameter will work as
follows. For the first 100 generations, the o4 of each individual will evolve via Eq. (5.28),
then at the 100*" generation we will transform the strategy parameters of each individual
in the population by using Eq. (5.31). Next, from the 101*" generation we get back to
Eq. (5.28), and we do so until the 200*" generation, when we impose Eq. (5.31), etc. We

do so until the 1000*" generation, when the algorithm ends.

5.4 Results

In this section we present two explicit examples of numerical scaling solutions obtained
with the algorithm described above, which have five and seven centers respectively.
In both of these examples we use the fitness proportional selection method and the
variance update mechanism described in Section 5.3.2. We discuss the performance of
the algorithm, showing that its performance is several orders of magnitude better than
a random search algorithm. In the examples that we present, the non-Abelian coupling

constant g will be set equal to 1.
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5.4.1 A five-center scaling configuration

As a first application of our algorithm, we provide an example of a five-center configu-
ration. We first optimize the hyperparameters of the EA for a five-center configuration.

We do so with a grid search and obtain the values reported in Table 5.1.

pop-size off _per_gen generations var_pos generation_update

2000 50 10000 3.34 x 107° 666

Table 5.1: Hyperparameters of the algorithm optimized for five-center configurations. In this
table the hyperparameter off_per_gen is a shorthand for offspring per_generation.

We then follow the procedure described in Section 5.3.1. We use the BO algorithm to
obtain initial positions and flux parameters, recorded in Table 5.2, that give a solution
with global charges @1 ~ 2938 and Q5 ~ 2015.

1st 2nd 3rd 4th 5th
r 0 0.3314 0.7491 —0.6923 0.4644
y 0 0 05648 —0.684 0.4799
z 0 0 0 —0.0792  0.549
q 1 1 —1 —1 1
KO 17 —18 63 47 29
Kt —61 66 25 72 80
k2 60 - - - -

Table 5.2: Input parameters of the solution. For ease of notation, the rescaling in Eq. (5.18)
with A = 107° is understood: in the first three rows of this table the coordinates of the
centers are in units of 1075, i.e. 73 = 0.3314 x 10~°. The underlined coordinates are those
that are genes of the EA, i.e. the coordinates over which the evolution process occurs.

By solving the homogeneous bubble equations (5.9), we obtain the (n — 1) remaining
k% parameters. After rounding to a precision of k_rounding = 10~%, we report their

values in Table 5.3.

1st 2nd 3rd 4th 5th

k* - 56.0815 —48.5265 —51.1402 47.9087

Table 5.3: Solution of the homogeneous bubble equations, with the input parameters given in
Table 5.2, after rounding.

The parameters in Tables 5.2 and 5.3 define a numerical solution to the inhomogeneous
bubble equations (5.6) with fitness f(Ffl) ~ 4.26. The configuration respects the con-

dition discussed around (5.14), and the matrix M? is positive-definite. Therefore we
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Figure 5.1: Fitness of the fittest five-center configuration, and average fitness of the population
over the generations.

proceed to use the configuration as a seed configuration in the EA. We use as genes the

coordinates underlined in Table 5.2.

We plot in Figure 5.1 how the fitness of the fittest individual and the average fitness
of the population change over the generations. By starting with a seed solution with
fitness ~ 1 we obtain, after 10000 generations, a numerical solution with fitness ~ 10°.
This means that the EA generated a numerical solution that solves each bubble equation

with a precision of at least 1077.

The associated matrix M? is positive-definite, thus we can have confidence that the
geometry does not contain any CTCs. We report in Table 5.4 the coordinates of the

centers of this numerical solution.

1st 2nd 3rd 4th 5th
x 0 0.3314021729760 0.7491065875679 -0.6923 0.4644006034503
y 0 0 0.5648006365055 -0.6839943823786 0.4799
z 0 0 0 -0.0792018993574 0.549

Table 5.4: Output of the EA with highest fitness. Similarly to those in Table 5.2, these
coordinates are in units of 107°.

We compute the global charges of this solution using Eq. (5.8), obtaining:

Q1 ~ 2938, Qs ~ 2015, Qp ~ 3 x 10,

(5.32)
Jr ~ 4 x10°, Jr ~ 0.0015.
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Figure 5.2: Fitness of the fittest seven-center configuration, and average fitness of the popu-
lation over the generations.

We note that Jr < 1 as desired. We emphasize that the highest fitness value of order 10°

is an improvement of eight orders of magnitude from the fitness of the seed configuration.

5.4.2 A seven-center scaling configuration

We now present a seven-center example configuration. We report in Table 5.5 the

hyperparameters of the EA optimized for seven-center configurations.

pop-size off _per_gen generations var_pos generation_update

2200 90 10000 1074 666

Table 5.5: Hyperparameters of the algorithm optimized for seven-center configurations. In
this table the hyperparameter off_per_gen is a shorthand for offspring per_generation.

After running the BO algorithm, we obtain an initial configuration with global charges
Q1 =~ 736 and @5 =~ 410, which is described in Table 5.6.

The homogeneous bubble equations (5.9) give the n — 1 remaining flux parameters k2;

we round them to a precision of 1075, and report the result in Table 5.7.

The coeflicients in Tables 5.6 and 5.7 provide an approximate solution to the inhomoge-
neous bubble equations (5.6) with fitness f(7%) ~ 3.21. As in the five-center example,
only the underlined coordinates in Table 5.6 are taken to be genes of the EA. As shown
in Figure 5.2, we obtain, after 10000 generations, a numerical solution with fitness of
order 107.



Chapter 5 Evolutionary algorithms for multi-center solutions 143

1st 2nd 3rd 4th 5th 6th 7th

0 0.8409 0.3858 -0.0195 0.2188 -0.6853 -0.6294
Y 0 0 -0.4476 -0.8449 -0.2569  -0.82 0.8284

0

1

z 0 0 -0.2854 -0.9864 -0.3303 -0.9516
q -1 1 -1 1 -1 1
KO 66  -38 56 38 86 85 15
Kt 99 57 39 30 48 37 72
k2 39 - - - - - -

Table 5.6: Input parameters of the solution. Similarly to those in Table 5.2, the coordinates
in the first three rows are in units of 107°, and underlined coordinates are genes of the EA.

1st 2nd 3rd 4th 5th 6th 7th

k* - -37.2187 38.5597 -38.568 38.4874 -38.6549 38.8499

Table 5.7: Solution of the homogeneous bubble equations, with input parameters given in
Table 5.6, after rounding.

The coordinates of the centers of the fittest configuration discovered by the EA are
reported in Table 5.8.

1st 2nd 3rd 4th 5th 6th 7th

z 0 0.84089461 0.38578914 0.0195 0.21881058 -0.68529754 -0.62943306
y 0 0 -0.44760652 -0.84485779 -0.2569 -0.82006997  0.82837416
z 0 0 0 -0.28533642 -0.98638654 -0.33036306 -0.9516

Table 5.8: Output of the EA with highest fitness. Again, coordinates are in units of 1075,

The matrix M? is positive-definite, and thus we can have confidence that the configu-

ration is free of CTCs. Finally, we record the global charges of the solution:

Q ~ 736, Qs ~ 410, Qp ~ 8.9 x 10,

(5.33)
Jp ~ 1.6 x 10°, Jr ~ 0.007.

We observe that Jr < 1 as desired.

5.4.3 Performance of the algorithm

We now make some general comments regarding the algorithm’s performance. We have
run the algorithm in detail for configurations of three, five, and seven centers. As the
number of centers increases, naturally the runtime increases. This is primarily due to

two factors. First, the number of bubble equations that need to be evaluated increases
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linearly with n. Second, a higher number of centers means a higher number of degrees
of freedom of the evolutionary algorithm, thus the population size and the number of
offspring per generation should be increased accordingly, to optimize the algorithm’s

performance.

When run on a three-center configuration, the algorithm typically found of order 10
numerical solutions with fitness > 10° in around 10 hours (all run-times refer to a high-
specification mainstream desktop machine). For a five-center configuration, typically
around 13 hours runtime produced two solutions with fitness > 10°. For a seven-center
configuration, in 40 hours runtime the algorithm produced two solutions with fitness

> 10°, including the one reported above.

In light of the No Free Lunch Theorem, we have compared our algorithm with a ran-
dom search on several examples, and observed it is always preferable, as follows. The
random search is obtained by generating offspring per_generation new individuals
via Eq. (5.23) for generations generations, and evaluating their fitness. We did so for
different values of the standard deviation var_pos. For large values of var_pos, the rel-
evant sampling space is too big, and the probability of finding good solutions is low. As
we decrease var_pos, the performance of the random search increases until an optimized
value. Decreasing var_pos further results in a loss of performance, as the individuals

are too close to the seed solution 74, and thus their fitness is of the same order of f (77 A).
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Figure 5.3: Random search over the initial configuration described in Tables 5.2 and 5.3. We
repeat the analysis for four different values of var_pos, which are denoted with o in the plot’s
legend.

In all the examples we analysed, the random search provided an approximate solution
with fitness no higher than around 10%. For completeness, in Figure 5.3 we present an
example of such a random search for the five-center configuration discussed in 5.4.1,

with the values of generations and offspring per_generation given in Table 5.1.
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This contrasts with the far superior performance of the evolutionary algorithm.

5.5 Discussion

In the present work we developed an optimization algorithm, based on Bayesian op-
timization and an evolutionary algorithm, to find multi-center solutions with a high

number of centers in generic configurations, satisfying all flux quantization constraints.

The Bayesian optimization algorithm enables to focus on a region of the parameter
space with high D1 and D5 charges and provides an approximate solution to the bubble
equations (5.6). Such solution contains two approximations: first, we derived it from
the homogeneous version of the bubble equations; second, we have rounded the flux
parameters to satisfy all flux quantization conditions. The evolutionary algorithm uses
this solution as a seed to generate individuals with improving fitness. In Section 5.4 we
reported two examples of solutions found. In the five center case, by starting with a
seed solution of fitness of order ~ 1, we obtained an approximate solution with fitness
~ 10°. In the seven-center case, the algorithm improved the fitness of the seed solution
by a factor of ~ 107. This is much better than any example we analyzed with a random

search, and we gave example of this in Section 5.4.3.

Given a seed solution the evolutionary algorithm may fail to give a good enough approx-
imate solution. On the one hand, this is a limitation of evolutionary algorithms: they
not always find optimal solutions and might get stuck in local minima. On the other
hand, given a seed solution a corresponding exact solution not always exist: for instance,
by rounding the flux parameters, one could access a region of parameter space that does
not admit solutions. It is thus possible that the EA fails in giving a sufficiently good
solution simply because such a solution does not exist. Indeed, we found three-center
examples in which the evolutionary algorithm could not improve the fitness above a
certain value: a detailed analysis of one such example then revealed that a nearby exact
solution did not exist. Despite these inherent limitations, most of the time the algorithm

is very successful at finding high-precision solutions.

As the number of centers grows, naturally, more computational resources are required.
Let us note that the task of finding a good seed configuration to pass on to the evo-
lutionary algorithm becomes more computationally expensive as the number of centers
increases. The reason being that, as the number of centers grows, the Bayesian algorithm
has to be run an increasingly number of times before it finds a solution with appropri-
ately large @1, @5 charges and such that the matrix M is positive-definite (for absence
of CTCs). In particular, apart from choosing the flux parameters that we initialize to
have the same sign, as suggested in [71, Footnote 17], finding a good M is otherwise left
to a random search. Note that the probability of randomly selecting initial parameters

that lead to an M with all positive eigenvalues decreases as the number of centers, and
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thus the dimension of M, increases. It would be interesting to explore more efficient
ways to select parameters that lead to absence of CTCs; we leave this task to future

work.

While we have tested the algorithm for configurations with three, five and seven centers,
it is designed to generate more generic configurations, upon tuning the hyper-parameters
accordingly (this is of course subject to the available computational resources and the
desired fitness of the final solution). The code is publicly available at: https://github.

com/SamiRawash/Multicenter-Scaling-Solutions.

To conclude, we have implemented a novel application of evolutionary algorithms and
Bayesian optimization to the study of multi-centered solutions to supergravity, and have
presented in detail two state-of-the-art high-precision numerical solutions. The prospects
for harnessing the power of computer science algorithms to solve physically interesting
problems in String Theory and related fields appear bright, with an exciting future
ahead.
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Conclusions and Outlook

In this thesis, we have developed various tools to corroborate the Fuzzball proposal,
which conjectures that strong quantum gravity effects occur already at the horizon scale
due to the size of the underlying quantum bound state. As a consequence, a classical
black hole solution represents a coarse-grained representation of the system which is
not detailed enough to correctly describe fine-grained processes, such as the Hawking

evaporation process.

The main playground for analysing this proposal is the D1-D5 system. We have a com-
plete understanding of the microstates responsible of the entropy of the two-charge, su-
persymmetric D1-D5 black hole: these microstates are well understood in term of smooth
supergravity solutions and limits thereof, and their CFT dual states are known. Of more
interest are the microstates of the three-charge supersymmetric D1-D5-P black hole: this
black hole is macroscopic (unlike the two-charged one, it does not have zero horizon area
in supergravity) and it is important to understand how much of the physics learn in the
two-charge context is carried over by the microstates of this black hole. The two main
classes of such microstates constructed so far are represented by superstrata [56—66, 89],
smooth geometries obtained by backreacting a coherent combination of (conventionally)
left-moving excitations in the CFT, and multi-center geometries [51, 67-75], solutions
specified by a set of harmonic functions on a three-dimensional Euclidean space that
involve a non-trivial topologies supported by fluxes in their core region. Despite this
advances, it has been shown that these solutions can account only for a small fraction
of the entropy of the supersymmetric D1-D5-P black hole [66, 76, 77].

Last, we should extend our understanding of microstates on non-supersymmetric black-
hole, for which much less is known. Beside the JMaRT solution [78] and the set of works
in [86, 87] which describes a non-extremal generalization of multi-center solutions, recent
advances in this direction are provided by the construction of “microstrata” [88, 200],
a non-extremal generalization of superstrata where the backreaction of both left and

right-excitations are taken into account.

147
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Let us now summarize the results discussed in this thesis and outline some future research

directions, in the light of the above discussion.

In Chapters 2 we have refined the precision holographic dictionary pioneered in [54, 55]
that relates the fall off of supergravity fields in the bulk with the expectation value
of chiral primary operators of dimension (1,1) in the dual CFT state. The relevant
operators in the CFT involve a mixing between single and double-trace operators and
this mixing has been interpreted as the holographic origin of the coiffuring relations, i.e.

relations that arise in the bulk after demanding smoothness of the geometry.

In Chapter 3 we have recasted the holographic dictionary in the single-particle basis:
this choice has the advantage that the CFT operators mixing relevant for the dictionary
can be predicted by (almost) only CFT computations. By exploiting this basis, we have
extended the holographic dictionary to a new sector of the theory: superdescendats of

chiral primary operators of dimension (1,1).

After performing consistency checks of the dictionary, we have used it to test proposed
CFT dual states to families of recently constructed superstrata solutions. As already
discussed in Chapter 2, this tests cannot prove that the holographic description of these
geometries is correct in all its details: given the holographic dictionary for a finite set
of light operators, there can be many CFT states with the same expectation value of
such operators. Despite this limitation, the checks we have conducted provide a strong
indication of validity of the holographic description. Let us briefly discuss the current

status of precision holographic tests:

e General classes of superstrata with a single-mode, such as the family (2,m,n,0)

and (k,1,0,0), passed the precision holographic tests reported in Section 2.5.

e The family of single-mode supercharged superstrata (2,0,n — 1,1) has been ana-
lyzed in Section 3.6.1

e Among the families of multimode (k1,m1,n1,0)-(k2, ma,n2,0), non-supercharged
superstrata, the class of solution for which (kyme — komy)(king — kany) # 0 is of
particular interest: this family evaded construction since [60] until the proposal
of [63]. The work of [63] showed that to construct such solutions a novel type of
coiffuring relation is required, which turns on an extra supergravity field that is
not present when (kymgo — komy)(kine — kany) = 0. We give a CFT interpretation

of this phenomenon in Section 3.6.2.
e A family of hybrid supercharged superstrata has been analysed in Section 3.6.3.

e The precision holographic dictionary has been used in [200] to identify the CFT
state dual to a non-BPS solution and perform some checks on the proposed holo-

graphic description.
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A detailed analysis of more recently constructed, supersymmetric, three-charge mi-
crostates, such as those reported in [65, 89], is still lacking. As for multi-center so-
lutions, their CFT interpretation is not well understood: it has been suggested in [179]
that, when the number of centers is > 3, the resulting configurations should not be
thought of as part of the phase space of a supersymmetric black hole, but they should

rather be interpreted as microstates of other black objects.

The recipe outlined in Chapter 3 can be used to extend the present holographic dic-
tionary to higher dimensional operators. This will be technically more involved due to
the non linearities coming from: i) the mixing between the single and the multi-trace
operators, ii) the identification of the single-particle basis in supergravity and iii) the
identification of the gauge invariant combination of the supergravity fields. Nonetheless,

we do not expect such extension to involve conceptual novelties.

It is perhaps more interesting, however, to generalizie the present dictionary to novel
sectors of the theory. The linearized supergravity spectrum studied in [128] suggests
that there are other excitations that should lead to new smooth superstrata solutions.
Of particular interest are the excitations that lead to a deformed base space (roughly
speaking, the operators dual to these excitations are GG.J and GG.J): these solutions
are computationally harder to construct and it is possible that building an holographic
dictionary for these sectors could inform and guide the construction of the corresponding

bulk solutions.

In Chapter 4 we constructed the first family of three-charge supersymmetric solutions
containing a shockwave in their core region and we made a proposal for their holographic
duals, which passed a set of non-trivial precision holography tests. These solutions
represent a collective description of a family of microstates whose details are not resolved
in supergravity. While not representing a single pure state in gravity, this coarse grained
description has the advantage of being relatively simple: the equations of motion have a
simpler form than those for generic single pure states and this could open up the analysis
of several generalizations of our construction. First, it would be interesting to place the
shockwave on the evanescent ergosurface of the of the GLMT solution: this would enable
a discussion of the non-linear instability for this class of solutions on the line of the one
made in [160] for the supertube. Second, it could be possible to use this set up to study
the properties of non-extremal solutions, for example computing the backreaction of a
shockwave on a JMaRT background or considering shockwave configurations that break

all the supersymmetries of the theory.

Last, in Chapter 5 we developed an optimization algorithm, base on Bayesian opti-
mization and the evolutionary algorithm, to construct new approximate multi-center
solutions with a high number of centers in generic configurations. We provided two
examples of such numeric solutions with five and seven centers, that solve each bub-

ble equation up to orders of 1072 and 10~7 respectively. This work pioneers the use
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of computer science tools to find new approximate black hole microstates and opens
different research directions. First, one could optimize the code using techniques of par-
allel computing: this would enable the use of greater computer resources by exploiting
the power of modern High Performance Computers. As a consequence, it would be
feasible to obtain solutions with a higher number of centers and fitness then those of
the examples presented in 5. Second, it would be interesting to adapt the code to let
the algorithm solve the non-extremal generalization of the multi-center configurations
developed in [86, 87].

To summarize, the work presented in this thesis supports the ideas of the fuzzball
paradigm, develops techniques which can prove useful to examine and test the con-
jecture in future scenarios and opens different research directions. Despite the progress
made in the last 20 years, the fuzzball conjecture is still a proposal at the present state
of things. It is reasonable to expect that a deeper understanding of the theoretical
framework beyond supergravity will be necessarily to fully understand and resolve the

entropy puzzle and the information paradox.



Appendix A

Harmonics on S3 and AdS;

A.1 Harmonics on S3

A.1.1 Spherical harmonics

The spherical harmonics on S? are a representation of the isometry group of the three-
sphere SO(4) ~ SU(2) x SU(2)g. We will use spherical coordinates in the R* base

space that are related to the Cartesian coordinates via

z! =rsinfcosé , z? = rsinfsing,

z3 =rcosfcost , zt =rcosfsiny,

(A1)

where 6 € [0,%] and ¢, ¢ € [0,27). With this coordinate choice, the S line element
ds? is given by ds% = df? + sin® 0d¢? + cos? Odip?. We use conventions in which €gpp=1.
The generators of the isometry group of S, written in terms of the standard SU(2)

generators, are

JE = %eﬂ@ﬂ@( £y +icot00s —itanddy), JP = —%(a¢ +9y) , )
Jt = %eﬂ(‘ﬁ_w(:F@g—icotG%—itan@@w), J? = —%((%—8@, '
which satisfy the SU(2)r x SU(2)r algebra:
[T, 07 =2J°, [J3, 0] =Jt, (3,07 =—-J, (A3

g =2, [P =0, [P =-J.

The left quadratic Casimir operator is J? = %(J+ JT+J- J*) + (J3)2, and likewise for
J%. A state in a representation with principal quantum number jg, has J? eigenvalue
Jsu(Jsu +1).
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Degree k scalar harmonics live in the (jsu, jsu) = (k/2, k/2) representation of SU(2), x
SU(2)r. We denote these by Ykm’m, and (m,m) are the spin charges under (J3,.J3).
They satisfy the following Laplace equation:

Dg, Y™™ = —k(k + 2)Y,"™2. (A.4)

Denoting the volume of S? by Q3 = 272, we use normalized spherical harmonics

/Yk*lml,mlykr;zg,mg — QS 5k1,k25m1,m15mhﬁm . (A5)

One can generate the degree k scalar spherical harmonic wavefunctions acting with the

lowering operators in (A.2) on the highest-weight wavefunctions, which are

SIS

k 4
Y,j[2 +2 VE + 1sin® ge®*9 (A.6)

We make use of the degree k = 1,2 normalized scalar spherical harmonics, given by:

1.1 . 11 A
Y1+2’Jr2 =+/2sinfe? | Y;r2 2 =2cos0e,

141 , 11 , (A7)
Yy 27 = —V2cosfe™™ | Y, 22 =2sinfle;

Y, = VBsin? 0¥ v, = VBsinfeos XY vt = /B eos? 0P

Y0 = _\/6sinfcosf ) , YQO’O = —v3cos20 YO 1 = V/6sinfcosf e Y
Y_1 = VBcos? e | YQ_LO — —V6sinfcos e OHY) YQ_I’_1 = V3sin?fe %7,
(A.8)

We also define the triple overlap:

(m1,m1)(ma,m2)

/YMk,MkYmhnu (Ylglz,ﬁw)* = Qs aMkka B (A.g)

A.1.2 Vector harmonics

Degree k left vector harmonics live in the (g'su,jsu) = (%,%) representation of
SU(2)r, x SU(2)r. We denote these by Y, where 1 stands for left; we shall sup-
press the label L when we write explicit S? vector indices (which will be denoted by a, b).

k=1 k+1
(*3=, %5~) and we denote

Similarly, degree k right vector harmonics have (jsu, jsu) =
them by Yf:n k,m_ We shall use Yﬁgm to denote a vector harmonic which can be either

right or left. Vector harmonics satisfy

VY™ =—(*+2k - 1Y, DYY,™Ma=0, (A.10)
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where Vgg = gabDan and D, is the covariant derivative with Levi-Civita connection.

One could generate the (1,0) and (0, 1) vector harmonics by dualizing (A.2), i.e. through

Vi = gapV?. We choose a different normalizion for these harmonics by imposing
Joinmoe = agstots, (A11)

where d,lA) = 4,0 denote the range of m and A, B = + denotes left /right vector harmon-
ics. With this choice, the degree one vector spherical harmonics expressed as one-forms

are
1 .
Y1++ ﬁel(‘f"w) [—idf +sinfcosOd(p — )],
1 .
Yf+ ﬁe—z(qﬁﬂﬁ) [idf + sinfcosOd(p — )] ,

YT = —cos?0dyp —sin® 0 dg,
! (A.12)

1 .
Y = ﬁezw—w) [idf —sinfcosfd(¢ + )] ,
- _%e—iw—zﬁ) [idf + sinfcosOd(p+ )],

Y™ = cos? 0 dip — sin® O dg.

One can generate a degree k vector harmonic using the SU(2) tensor product decompo-
sition k k k k k k k k

(§,§)®(1,0):(§+1,§)@(5,§)@(§—1,§). (A.13)
The highest weight state of (% +1, %) is obtained just by multiplying the highest weight
states of (%, %) and that of (1,0) (the Clebsch-Gordan coefficient in this case is always
one). Omne can then generate all the descendants by acting with the lowering operator
J 7. In order to satisfy the generalized normalization condition

/(le,m1)*(ym2,m2)a = O3 §krsk2 gmi,ma g1 ma , (A.14)

v,k1 a\" v,ko

one can use the SU(2) algebra to write

Bkt g (k4 1—m)! [(k—1—m)l[, o R
v,7 "M = mJoy Y, 2 Al
Lk \/(k—i—l)!m! ¢ G )T } (A.15)

All the previous discussion proceeds analogously for right vector harmonics. We define

the following triple integral:

Jyire ), () = aurly) (A.16)

my,mg)ab

The explicit value of the components of f((k) defined in (A.16), that have been

mk,T’ﬁk)CLb7
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used in this work are

1 (2) 1 )
f(oo - V3’ f(l,l)ff - /3’ f(il,il)OO =0. (A.17)
One also has eabCDb(YgEm)c = (k- 1)(YL7”;€’77‘)G and eabcDb(ng’m)c — (k- 1)(Y$€,m)a'

A.1.3 Useful definitions

Due to the non linearity of the gauge-invariant combinations at higher order, one has to
project products of harmonics into harmonics of higher order. The following definitions

are useful:

EIJK

(YI)/,LyJ D/‘YK + fIJK(YK)

€upD?Y DoDpY7 = ¢ ey DPY R + ¢ 51 D Y Y

Yo E/“/PD D? Y —gIJKENVpD Y +g[JKD[l/ N]

2D, D?Y €, D7Y7 =y c€up DPYE + iy Dy Y

2D[N(Y ) elz]poD Y/ _pIJKEHVPD YK —l—pIJKD[V 4l

where I, J, K are the multi-indices defined above, and where on the right-hand side the

index K is summed over.

A.2 Harmonics on AdSs

A.2.1 Scalar harmonics

The scalar harmonics are a representation of the AdSs isometry group SO(2,2) ~
SL(2,R) x SL(2,R). We use coordinates where the line element reads:

dr

41

ds%gs, = — (7 + 1)dt* + + #2dj? . (A.18)

In our conventions €j;;=1. The generators of the isometry group are given by:

e/ 1 1W i

— ;oTi(t+Y) il R 2 d
Ly = ie® 00 (- st ity \/ +10;), = 595+ )

7 giiegy, LT 172 —|— — - i
Ly = ie™ =0 (— Wz Ot Ok \/2+ 5) Lo = 5(0; — 9)

(A.19)
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They respect the algebra

[Lo,L+] = FL+ [L1,L_1] = 2Ly [Lo,L+] = FL+ [L1,L_1] =2Lo
(A.20)
The quadratic Casimirs are L? = %(LlL_1 + L_1L1) — (L0)2 and the corresponding

antiholomorphic operator L2. For a state of L? quantum number jg, we have L? |jq) =

_jsl(jsl - 1) |jsl>-

Scalar harmonics have jgq = jq. We introduce for convenience [ = 2jq. We introduce

scalar harmonics Bl(i), where the superscript + denotes the positive and negative fre-

BZ(JF)O0 is the lowest-weight state in the discrete series representation

quency modes.
D, and Bl(_)00

ease of language we refer to these both as highest-weight states. These harmonics solve

is the highest-weight state in the discrete series representation D_. For

the following Laplace equation:

Oaas, BT = 1(1—2)B™ (A.21)
We then have i
Filt _ l
B = LB = LyB{* =+ B (A.22)
21 2

The fact that this is the highest-weight state can be seen as follows:

(L1, B = [L.,BM] =0 [L1,B7]=[L-1,B] =0 (A.23)

A.2.2 Vector Harmonics

We now introduce vector harmonics on AdSs: these live in the representation labeled by
L? quantum numbers (jq, js1) = (1*727 é) and will be denoted with Bg),
for right. Analogously, there is also the left representation with quantum numbers

(Js1, Js1) = (4,52), and we will denote it by BS;),

following Laplace equation

where r stands

The vector harmonics satisfy the
+ +
(6 +6d)BSY = (1 - 2)2B%) (A.24)

Here the subscript v stands for vector, meaning that the formula applies to both left

and right vector harmonics. The [ = 0 vector harmonics are the killing one forms, which
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can be obtained can be obtained dualizing Eq. (A.19)

Lo = —%((52 + 1)di — 7#dy)

2\/%(; % +i(72 4+ 1)(dE — df))

Lo = —5 (7 + 1)di + 7dj)

Ly = o TiE+D)

(A.25)

- (g T dr -
Ly =P (3 — +i(7 + 1)(df + dy
s (F 5 i+ 1) + )
One can generate degree [ vector harmonics, as in the S case, by multiplying scalar
harmonics with the one forms in Eq. (A.25) exploiting the SL(2,R) tensor product
decomposition. For concreteness, let us consider right vector harmonics, which live in

the representation in the first term of the direct sum

I -2 1 1 I+2 1
Lo (F ool o
(22)®( 0) 22@22EB 2’2 ( )
Let’s focus on the positive modes: it is important to note that Bl(Jr) is a lowest weight

state; in order to obtain the lowest weight of the vectorial representation we need to

take the product with Lq, and one has:

gk " ! (A.27)
_ l _ :
Zo.B()) = LB, (LB = (LB =0

-2
By =Bl @L,  [LoBy)] = "B

R,l

Analogous relations hold for the left vector harmonics. Vector harmonics on AdS3 are

also eigenstates of the following operator:

caBS <D wan® = - nB a)

R, R, L,



Appendix B

Computations of CFT correlators

In this appendix we compute the CFT correlators (B.17) and (B.27), which are used
in Egs. (2.151) and (2.53) respectively, using the method developed in [120, 145]. In
order to do so, and for reference in the main part of the thesis, we also record some

conventions and notation.

B.1 Conventions and notation

We introduce on the CFT cylinder Euclidean coordinates 7 = it/R,, o = y/R,. With
coordinate w = 7 + 40, the bare twist operator o, corresponding to the permutation
(12---k) is defined to introduce the following boundary conditions on the fields X (ir),
wgf)‘, r=1,2,...k as they circle the insertion point w, (see e.g. [201, Eq. (2.12)]):

X(l) — X(Q) — s = X(k) — X(1)7
Yay = ) = = Yy — TPy, (B.1)

where the + boundary condition correspond to R and NS sector as in Eq. (4.33), and
an analogous relation holds for the right-moving sector. We have of course suppressed

some indices to lighten the notation here.

In the full symmetric orbifold CF'T, a bare twist operator is obtained symmetrizing over

all the copies. We define:

Sk = Y ok (B.2)

k-cycles
The conformal dimension of oy is h = h = $(k — 1) and it is neutral under SU(2), x
SU(2)g.
The insertion of a twist operator o allows the existence of fractional modes of the
operators. Switching to the CFT plane with coordinate z = €%, for a primary operator
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O with conformal dimension h, these are defined by [120]:

O-m E/dz-ZO<r)(2)e‘2”?(“l)z_%h_l- (B-3)

To construct a chiral primary operator starting from the bare twist o, we must raise its
charge until A = j and h = j. This is achieved by using fractional modes of the current
operators and, for even k, spin fields S* , S+ [120]. A set of twist-k chiral primary
operators is given by [120] (see also [111, 201])

gl Jj(k_z)/k...le/kjj(k_2)/k...le/kak(z) k odd (B.4)
K ) 5 At + (gt 1 '
J—(k—2)/k'"J—Q/k‘]—(k—Z)/k"'J—2/k( Jor(z) even
These operators have dimension and charge h=h =j =j = %

The covering-space method of [120, 145] for computing correlators of twist operators
involves mapping to a local covering space (with coordinate t), given by a map that is
locally of the form

Zz— 2, ~ byt —t,)k. (B.5)

The k sets of fields X Z?")’ w(o‘r‘;‘, which had untwisted boundary conditions in the absence
of the twist operator, are mapped to one set of single-valued fields in the covering space,
and in the ¢-plane there are no twist operator insertions; the only parts of the z-plane
operator (B.4) that survive in the covering t-plane are the currents and spin fields.
When the operator is inserted at the origin of the ¢-plane, the spin fields in (B.4) for
even n create the RR vacuum H——H(t) . For more discussion and recent related work, see
e.g. [83, 201-209].

Passing to the ¢-plane via the map (B.5), one obtains the following relation between the

modes in the z-plane (given in Eq. (B.3)) and those in the covering space:

O(Z) — /Ch % 7h+10(t) (b tk)_%"’_h_l — bf%klth(t) (B 6)
% 2mi \ dt ! ot - '
where the superscripts (z) and (¢) distinguish the operators in the z-plane from those in

the t-plane.

We are interested in (normalized) three-point functions in the z-plane of the following

form:

(0](20)02(a)03(0))
(0](00)01(0))

where O; is an operator that is composed of a bare twist contribution oy, with conformal

dimension h; = %(k‘Z — ki) and a spin contribution which we denote schematically by .5;,

ie. O; = Sior, . As discussed in [120, Eq. (3.18)], the contributions of the twist fields

(B.7)
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and the spin fields in the correlator (B.7) factorize as follows:

12‘a’*2(h1+h2*h3) <SI(OJ?)SQ(G)S3(O)> (B.8)
(51(00)51(0))

= [Ci23

(0](00)02(a)03(0))

(01 (00)01(0))
where the a dependence is given by conformal invariance and C 23 is the fusion coeffi-
cient of a bosonic theory with ¢ = 1. The exponent 12 appears because we have ¢ = 6

on a single copy. The coefficient C 2 3 was computed in [145]; we will thus focus on the

spin field correlator, which can be computed using bosonization [120].

We introduce holomorphic (antiholomorphic) bosonic fields ¢5(z) and ¢g(2) (@5(2) and
&6(2)). We write only the holomorphic expressions for brevity. We bosonize the fermions

as
Pt =, gt =T T =, T = T (BY)

Normal ordering is implicit as usual, and we shall suppress cocycles as these will not be

important for our purposes. We also introduce the notation

b = b5 — ¢ = a9 (2)ifo-(w)  iag—(2)+ifo—(w) (z — w)%éﬁ.
(B.10)
In terms of ¢_, the SU(2) currents are

JT(z) = ei*-(), J () = e -G B(2) = %aqb,(z) . (B.11)
We will also need the expression for the operator O~ ~:
0~ (2,7) = % (e—i¢5<z>+w36<z> _ ewﬁ(z)—z'&s(z)) ' (B.12)

Using Egs. (B.6) and (B.11) we obtain the following expression for the twist-k primaries
in Eq. (B.4) lifted to the covering space:

k-1 k-1

LA 2 . . e
o2 2 (1) = ‘b’—%ew¢—(t)elp¢f@’ »

T
L

~ ‘

(B.13)

We conclude this section by recording our conventions for spectral flow. Spectral flow

acts on states and operators as
6) = |¢') = Ul¢), O =0 =U,0U], (B.14)

where U, = e??- in the z-plane, and where on the covering t-plane of a strand of length
k, U, = e"*%- . Analogous expressions hold in the antiholomorphic sector. The spectral

flow transformations for the modes of the SU(2)r, currents are (for the rest of the chiral
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algebra, see e.g. [111, App. A]):!

cv

I3 = Iy - 5 om0 T = Ty - (B.15)
The weight and SU(2) charge (h, j) of states transform as
cv? cv

for example, spectral flow with parameters (v, 7) = (3, 3) maps the NS-NS vacuum to
the RR ground state |++).

B.2 Expectation value of Ego on a three-charge state
We are now ready to compute the following normalized three-point function, for use in
Egs. (2.151):

1 (4], (00] J7,090(a) J 5, |00), [+4), C00(m=1
00 JJ T 100 = Tkk
1 {(++|;, (00] J 1y I [00) [+4)

|a| 2. (B.17)

In order to exploit the machinery worked out so far, we map the correlator Eq. (B.17)
to the NS-NS sector using spectral flow with parameters (—4, —3). This is a unitary
transformation (B.14) that leaves invariant the value of the correlator.

This spectral flow transformation maps the RR vacuum |++), to the untwisted NS-NS

vacuum. From (B.15), the operator J, becomes J; in the NS sector.

Next, 03 is defined by 0§° = 3[J;, [J; . 03!]]. Using Egs. (B.4) and (B.13), we see that
in the covering space 030 — 2|b|72/3.J3J3, so this operator is invariant under spectral

flow.

To derive the spectral flow of the state |00),, recall that it is defined by:

—1

ﬂeABwaAzEaB ), - (B.18)

00), = Op ™ [++)y, =

In the z-plane, v, A g spectral flowed to w:f, which is related to the corresponding
2
covering-space mode through Eq. (B.6), giving

. _l H
w:;‘ — b, VEky 1O (B.19)
2

Under spectral flow with parameters (—%, —%), the RR ground state |++), is mapped

to an anti-chiral primary state; moving to the covering ¢-plane gives (normal ordering

'The convention map to the spectral flow parameters of [111] iS Gtthere = 2Vhere-
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of exponentials should be understood; we leave this implicit to lighten the notation)

k-1

_k=1 k1 2 s
H+), — op 2 2 08 = |k e o0 0) |0) O (B.20)

where |0>I(\2 is the NS-NS vacuum of the covering ¢-plane and again p = % Then from
Egs. (B.12) and (B.18) we obtain

vk 2t - = —i —ipd
00), — frb| E(y 00T — T OG- Oemind-0) o)1)
2 2

_ @m—%‘l / (dtdtt—’“?t—k?l (e 9ol i000) — oo i05(0) mivd- (01 00-0) o) ()

V2 271)?
_ vk, dbdt | 17y ( —igs(t)—ipé— (0)+ido(D)—ipd—(0)

VL N C

™
_eiass(t)—ipw<0>—w35<t‘)—z‘p<£f(0>) 10y
— Z\\;|b| < — i858 65(0)+i85E 96 (0) —i %51 65 (0) 1§ 46 (0)
o175 05(0)+i 55 96 (0) =i L §5 (0)+i 5 66 (0 ) |0> (B.21)

so we obtain
Jt ik —2? o~ 1557 95(0)+i 552 ¢6(0) —i %51 65 (0) +i 41 66 (0)

_1 |00>k — \[ |b| 2 2 2 2

_ o150 #5(0) i 51 66 (0)—i "5t d5(0) +i B3 g6 (0) ) |0>
(B.22)

Before computing the spin correlator in Eq. (B.8), we recall the value of the twist fusion
coefficient we require [145, Eq. (6.25)],

(k+ 1)
2§3§k;§(k;— ) -3

2
12 _ B
[Crapl ™ = g

(B.23)

The map from the z-plane to the covering space used to compute this is given in [145,
Eq. (4.34)]. Since it will be needed in the following, we report here the behaviour of this
map near the insertion points z = 0, a, 0o, as given in [120, Eq. (6.18)-(6.20)]%:

k+1
z ~ bott = ariltk near z = 0,
kE+Dk(k—1
Z ~ a+b1(t—1)3 = a—i—a( + )12( )(t—1)3 near z = a, (B.24)
k—1
z ~ bootk = amtk near z = 00.

Note that the map has been chosen so that the point z = a is mapped to ¢t = 1. Because of

the normalization in (B.8), the spin field correlator in the case of (B.17) arises from con-

*We note a typo in [120, Eq. (6.20)]: (d — 1 — d2) — (d1 — d2).
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: . 2 3% _2 =7
tracting the covering-space operator ago(t)(l) = 2lby| "3 J3J3(1) = —3|b1| 30¢_0p_(1)
with the operator in Eq. (B.22). The result reads:

S1(00)S2(a) S5(0 k(k=2), 2 4. 2. % _
(LS S0) _ K2y 2y B B,
(51(00)51(0))
(B.25)
Using Eqgs. (B.8), (B.23) and (B.24) we find
00(m=1 k—2
cpm=h - 2 (B.26)

6k

B.3 Expectation value of 7T in the state |00), |[++),

In Eq. (2.53) we make use of the relation o3 [00), [00); = %|++),, which we now

derive. The coefficient corresponds to computing the following correlator:

2 (++|0o3 " [00), |00),

2 (++|++), (B.27)
We lift this correlator to the covering space with the map (c.f. [201])
z=1t—-1). (B.28)
The point z = 0 corresponds to the points t = 0, 1, where we have the insertions
(O~=8tSM)(0), (O ~5t8H)(1). (B.29)

Writing only the holomorphic expressions, the operators ST take the following form in
the covering space:
SE(t) = |by| Tet2o-(). (B.30)

The operator o5 * is inserted at the point ¢+ = 1/2 in the covering space (see e.g. [201,
Sec. 4]). The asymptotic behaviour of the map (B.28) at the insertion points t =
0,1/2,1,00 is given in [201, Eq. (C.45)]. Factorizing the correlator as in (B.8), we

compute the spin contribution

((87857)(00)(SF51)(3)(0~~S*8H)(1)(0~~S5+5%)(0))
((5787)(00)(S+57)(0))

= [bool by |~ [br] ~2bo| -
2

(B.31)

The remaining contributions to the correlator are given in [201, Egs. (C.5), (C.39)].

Combining these results with (B.31), we obtain the value of the desired coefficient,

1
oy 100), [00), = 1 [++), - (B.32)
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Type 1IB supergravity ansatz and
BPS equations

The general solution to Type IIB supergravity compactified on T4 that is 1/8-BPS, has
D1-D5-P charges, and is invariant on the T* directions is [134, Appendix E.7]:

ds?y = ﬁds%—kﬂ?dﬁ, (C.1a)
2
2 F
2 v 2
dsg = Nz (dv+ B) [du—kw—i— 2(dv+,3) +VPds?, (C.1b)
Z2
€2<I> = 51, (ClC)
Z
B = —%(du—kw)/\(dv+,@)+a4/\(dv+ﬁ)+’y4, (C.1d)
Zy
2 1
C() Zl, (C e)
Z
Cy = —%(du—kw)/\(dv—k,@)%—al/\(dv—i—ﬁ)—kw, (C.1f)
Zy ~  Zy
Cy = ZVOM—572/\(du—l—w)/\(dv—i—,@)—i—xg/\(dv—i-ﬁ), (C.1g)
—~ Z
Cs = volg A f%(dquw)/\(dv+,@)+a2/\(dv+[3)+vl : (C.1h)
where 7.7
142 2
= 172 = 217y — 73, 2
Q TiZs - 23 P 122 4 (C.2)

In the above, d3 denotes the flat metric on T*, and \7514 stands for the corresponding
volume form. This ansatz contains all fields known to arise from worldsheet calculations
of the backreaction of D1-D5-P bound states invariant on M [210].

The BPS equations have the following structure. The base metric, ds, and the one-
form 3 satisfy non-linear equations. Having solved these initial equations, the remaining

ansatz quantities are organized into two layers of linear equations [134, 211].
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We denote the exterior differential on the spatial base B by d, and introduce [166]

o 9

In the present thesis we consider only solutions where the four-dimensional base space
is flat R, and in which B does not depend on v. Then the BPS equation for 3 is

dB = %,dB3, (C.4)

where *4 denotes the flat R* Hodge dual.

To write the remaining BPS equations in a covariant form, we rescale (Z4,a4,v4) —
(Z4,a4,74)/V/2 for the remainder of this appendix (and only here). We introduce the
SO(1,2) Minkowski metric 74 (a = 1,2,4) via

me = na1 = 1, e = —1. (C.5)

This is used to raise and lower a, b indices. We introduce the two-forms O!, ©2, ©% vial

0’ = Dab + P4, . (C.6)

We now have
P = 2,2, = 712, 17}. (C.7)

The first layer of the BPS equations then takes the form
*4DZ = T]abD@b s Dxy Dz, = — T}ab@b/\ dg, 0% = x40°%, (CS)
The second layer becomes

Dw + x4Dw + FdB = Z,0%,
] . (C.9)
*4D *q (w — %D.F) = P - %nabZaZb — inab *4@a A @b .

!The relation to the notation of [60] is that O, = O™ ©2Z . = O (1/v/2)04r = aftere,



Appendix D

Extremal three-point functions

In this appendix we derive the scalar chiral primary operators of dimension two in
the single-particle basis. The vanishing of extremal three-point functions built with the
operator Oy in (3.48) was discussed in Section 2.3.1; here we shall focus on the operators
Q and X3 defined in Eq. (3.49). These operators involve a mixing between the single-
trace operators X3, 2 and the double-trace operators (Xg-X3), (J-J) and (O-0O). Let us
first discuss the mixing matrix between the single-traces: the single-particle operators
take the form

N > 0 ~
Q ~ a 3+a2—1, Y3 ~ by

3 1 3
2 2 2

» 0
4+ be—r, (D.1)

2

where ~ means that we are retaining only the single-trace contributions and we have
arranged the factors of IV so that each term contributes at order N° to the norm of the
single-particle operators. As we shall discuss below, at large N, the multi-trace contri-
bution to norm of the single-particle operator is subleading. Thus, the orthonormality

conditions

<i§—+23__> = <Q++Q__> =1, <i§—+Q__> =0, (D.2)

give three constraints on the four coefficients a1, as, b1 and by. In order to completely
fix the mixing matrix in Eq. (D.1) we need a fourth constraint, which was derived in

[107] from comparison with non-extremal supergravity correlators. The result is

- 3/% Q0 - 3/ Q0
- (B B) s 3(Bo0)
2 \N2 Nz 2\ N2 3Nz

We now focus on the mixing of multi-trace operators in the single-particle basis: as we
shall see, it can be completely fixed by CFT computations. Let us consider the most
general linear combination allowed by the quantum numbers that can give rise to the
single-particle operators:

s Q

asrs + 057 T1(E2 - B2) +6(J - ) +€(0-0). (D.4)
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The coefficients o and [ are given by the single-trace mixing matrix in Eq. (D.3). We
now fix the coefficients v, 6 and € by imposing that all extremal three-point functions
built with this operator and two operators of dimension one vanish. For ease of notation

we will suppress the standard space-time dependence in the following correlators.

e The first constrain comes by imposing that the three-point function obtained in-
serting the operator in (D.4) with two O™~ vanishes. Since the latter belongs to
the untwisted sector of the theory, the contributions coming from the twist opera-
tors in (D.4) are trivially zero; moreover the contribution of the multi-trace (J.J)

is subleading at large V. We obtain:

O+t
<(5W+e(0~0)++)0”0:> = BNY2 42N = 0. (D.5)

where we have used the definitions in Egs. (2.19), (2.38) and (3.35).

e Let us now consider the currents insertions: again, since they carry no twist, the
twist operators in Eq. (D.4) do not contribute to the correlator; the contribution
of the double-trace (O - O)*T is subleading in N and we shall ignore it. The

computation leads to

++

(Boris +0( - D)) J7T7) = N2 46N = 0. (D-6)

where we have used the definitions in Egs. (2.16), (2.38) and (3.35).

e The last constraint comes from inserting two twist operators 3, ~. Leading order
contributions to the extremal three-point function come from the twist operators
and the Q** in (D.4). The contraction with 33 gives the large-N result

(S (ot i) o o) = 2 (D.7)
T(rst) T 9 (rts) 9(ab) 22 9 (cd) 4 :

r<s<t a<b c<d

The combinatorics works as follows. The choice of the copies r, s,t gives (]?\f ) and,
for each choice, there are two inequivalent cycles so that the twist-three operator
can glue three strands out of NV in 2(];[ ) ways. To fix the ideas, let us suppose that
the orientation of the 3 copies r, s,t is chosen to be (123): we can still choose the
first o9 to be the two-cycle (12), (23) or (13) (this fixes the second o3 to be (23),
(13) and (12) respectively): this gives a factor of three. Eq. (D.7) follows from

combining this combinatorial factor with the building block

<a("i'2~'3)0(_1;)0(_2_)) = 3/4,, (D.8)
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derived in [120, Eq. (5.25)]. The double-trace (o2 - 02)™ " contributes with

2 — — 2
<ﬁ Z O'?;—;)O'E;;_) Za(ab) Za(cd)> = N*,. (D.9)

(r<s)#(p<q) a<b c<d

The computation goes as follows: the choice of the copies r, s and p, g gives the
combinatorial factors N(N — 1)/2 and (N — 2)(N — 3)/2 respectively; moreover,
one can perform two inequivalent Wick contractions, which give an extra factor of
two. Taking into account the normalization of the multi-trace operator, one gets
Eq. (D.9). The last contribution comes from the operator Q7+. One could evaluate
it using the techniques developed in [120, 145], or exploiting Ward identities that
relate different n-point functions in the same R-symmetry multiplet together with
some results obtained in [1]: we are going focus on the latter method. We write
the operator ¥, as [J jo_ , E;Jr] and make use the permutation property of the
correlator (e.g. [119, Eq. (2.2.48)]) . Moving the current modes on the other

operators we obtain

QT s TR ) = (2t )
N2 (D.10)
= (S5 (209) 5, 7) = —.
< 2 ( ) 2 > 4
The last equality is obtained spectral flowing the correlator to the R sector, noticing
that € carries no twist so that the twist operators need to act on the same copies

carrying a combinatorial factor of (];[ ) and using eq. [1, Eq. (5.40)].

Eq.s (D.5), (D.6), (D.7), (D.9), (D.10) imply that all three-point functions in which the

operator (D.4) is the one with highest dimension vanish if

3 B B _ B
V= TANZ T ANLZ 5*_]\71/2 €T ToNI2 (D.11)

Combining this result with the single-trace mixing matric in Eq. (D.3) one obtains

Sit =3 [<E3++ - Q++> L <_2(22 CS) T+ %(0.0)+++ ;(J.j)ﬂﬂ

2\ N3 3Nz/ Nz \ 3

B \/g E++ O+t 1 1 _

Q++ = — 3§ —+ T —i—T —(22-22)++—f(O-O)++—(J'J)++ .
2 N2 N2 N3 2

(D.12)
Note that while the factors of N that go with the single-trace operators are such that they
contribute at order N° to the norm of the operators, since the double-trace operators
are already unit normalized, they are naturally suppressed by a factor of 1/v/N. This
implies, in particular, that the double-trace contribution to the norm of the single-

particle operators is subleading in the large N limit.






Appendix E

Gauge-fixed holographic

dictionary

In Section 3.5.2 we provided the holographic dictionary that relates the expectation
value of single-particle operators at dimension one and scalar single-particle operators
at dimension two in terms of gauge-invariant combination of KK fields. This formulation
has the advantage of being general and manifestly gauge invariant: it can be used to
probe any microstate solution in any coordinate system. From a practical point of view,
however, it is useful to formulate the dictionary in a preferred gauge, as it makes it more

manageable to use.

We choose coordinates such that the four-dimensional metric ds in (3.20) takes the
form:
ds3 = dr® 4 r*(d6* + sin® 0d¢? + cos® Odip?) . (E.1)

Note that this choice is always possible for the class of solutions discussed in Section
3.2.2, namely for geometries whose base space is flat R*. One can consider, however, con-
structing superstrata with a non-flat base: for example, solutions that carry excitations
of the field p! in (3.30) do not fall in this category (on the CFT side, they correspond
to states for which, roughly speaking, the operators GGJ and GGJ have a non trivial
expectation value [62]). For this class of geometries one should apply the gauge-invariant

formulation of the dictionary in Eq. (3.54).

From Eq. (C.8) one can see that for 1/4-BPS solutions, charactered by ©; = 0y =
©4 = 0, the functions Z1, Z and Z4 are harmonic. For 1/8-BPS solutions, they obey
a Poisson-type equation, where the ©; play the role of sources. For the superstrata
solution discussed in Section 3.3, the first term in the large r expansion of the sources is

> 7. Again, it is convenient to perform the transformation in Eq. (3.28) and reabsorb the
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overall factor v/Q1Q5 in the metric. Thus, we define the following expansion! [54, 55]:

Ql k/2 M, M

mg,m Y, ~
7y = 7;72 1_|_Z Z fl(k: kM) k,':k +O(T 3) ’

k=1my,mr=—k/2

> Qs & e (mposing) Yo o
Zy = 2 1+ Z Z f5kmk’mk k,,:k +0(F ) |,

k=1 my,mp=—k/2 (E2)

V@105 S Y

~ mE,mk k ~—3
Zy="03 Z > A — torT) |,

k=1my,mr=—k/2

3 20
A “ Y(l+ aiyaf O ~—3 — _ p -3
ZaJrl +aq-Y ")+ 07, F o (r=),

where we have denoted with Ykm’“’m’“ the scalar harmonics on S? of degree k and with
Ylai the vector harmonics of degree one (see Appendix A). We are still left with the
freedom of choosing the origin of the coordinate system on the flat base. We fix this
redundancy by requiring

A9+ £ = (E-3)

which corresponds to placing the origin in the center of mass of the D1-D5 system. The
choices in Egs. (E.2) and (E.3) imply that all the unphysical fields in (3.30) at order k = 1
vanish [54]. With these choices, the expansion of the bulk quantities in the dictionary

(3.54) in terms of (E.2) yields the gauge-fixed single-particle fields in supergravity:

6)(a,c)] 2v/9 o,k 6)(a,a 3 a,a a,a
[Sl(c——(l )_ fj 5(1 ) ’ |:‘Sl(~c_—)(2 )] \/g( 1(2 ) JEEZ )) )
()] a,é (a,a a,a

~(a,a)] 1 a,a a,a a,& o,0 .

[012:2)_ :—ﬁ(flg )+f( )+2\f2(f5§1 )f5(1 +-’4 )Aﬁﬁ) (oéa))(ﬁg) (E4)
_’_4\[ac+ - faacd’

48] = e

where aE ,a)) B5) and f Jea are triple overlap coefficients defined in (A.9) and (A.16).
Let us compare the dictionary for operators of dimension two given in Eq. (3.54) with
the one given in Chapter 2 . To do so, we first note that the dictionary for the operator

O, given in Eq.s (2.95) and (2.96) is already formulated in the single-particle basis.

Next, we take Eq.s (2.93) and (2.94) and rotate them to express them in terms of the
geometric quantities gq.q, Ja,o- We note that the operator dual to g, coincides with f]g,

thus this sector of holographic dictionary is already given in terms of single-particles.

'Note that this equation is more general than [1, Eq. (3.6)], which applies only to two-charge solutions
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The resulting dictionary for g, reads:

ga,d = \/i( - (fl(g’d) + fég@)) + 8ac+ad_ f(la,(z)cd>

— _(_1)a+d\/6( 1 1

N3/2 <Ega> + N3/2

(190) - 3((%2 - $2)) (E5)
(- 7)) + (0 0))

We observe that the right-hand side of the first line of (E.5) differs from the second-last
line of Eq. (E.4) through the (gauge-invariant) terms of fs; and A;. The holographic
dictionary for fs5; and A; is obtained by combining Eqs. (E.4) and (3.54). We can thus
improve on the dictionary (E.5) by adding the terms in f5; and A; to both sides of the
equation. Doing so results precisely in the dictionary given in Eq. (E.4). We note that
this shift corresponds to Eq. (5.30) of [54]: in that paper the authors used the basis of
Chapter 2; in that basis the precise dictionary is given by Egs. (2.93) and (2.94). In
the light of the present work, Eq. (5.30) of [54] should be interpreted as follows. First,
the CF'T operator on the left hand side is not a single trace, but the linear combination
of single and multi-trace operators reported in the right hand side of Eq. (E.5). The

2

momentum 7r(22[) is proportional to the right hand side of the third line of Eq. (E.4),
1 g1

while the product ajijw(sf)ﬂ(f) corresponds to the shift that links Eq.s (E.5) and (E.4).
Note that, as discussed in Section 5.4.2 of [54], Eq. (5.30) does not have an analog for
the operators Y3 and Os: this is consistent with the fact that for these two sectors, the

dictionaries in Chapters 2 and 3 coincide.

This demonstrates the consistency of the results in Chapters 2 and 3 (i.e. in [1] and [2]),

and is a non-trivial check of the independent methods used in the two works.






Appendix F

Conserved charges of three-charge

solutions with shockwaves

In this appendix we compute the five-dimensional conserved ADM mass and angular
momenta carried by our three-charge microstate solutions with shockwaves, given in
Eq. (4.29). The asymptotic metric to leading order has sphere radius 7 = /¢r in the
presence of the shockwave. With this in mind, we use [212, Eqgs. (2.17), (2.18)] (see also
[213, Egs. (3.3), (3.5)]) to calculate the ADM mass of the solution in (4.29),

Q3L
M = — F.1
ADM = fea (3ct —¢y) (F.1)
m Q1Q5 s(s +¢§)
- F.2
1G- <Q1 + Q5 + R ; (F.2)
where G¢ = LG5, L = 2R, and {13 = 272 is the area of the unit sphere S2, and where
we have used a = 7%2@5.

To calculate the conserved five-dimensional ADM angular momenta, we dimensionally
reduce on the y-circle. Following the discussion around [214, Eq. (1.58)—(1.65)] and

again using the coordinate 7, we compute the angular momentum along v, finding

T asy Q15 _ Snimns

Jb = - _ s F.3
4G5 k k7 (F-3)
where in the second equality we have used a = 7%;%, Gs = %1@0(%’ G1o = 87%g218,
/3
Q1 = 55— and @5 = gsnsa’. Similarly the angular momentum along ¢ is
76— ma(s + &)vV0Q1Qs _ (s +&nins (F.4)

4G5k k
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Therefore the left and right angular momenta for our new solutions are

J3 = 1<J¢_J¢) _ 1&mns | smns
2 ey B (F.5)
J3 = 1(J¢+J¢) _ 15“1”5 .
2 2 k

We note that to compute the ADM mass, we could equally well have used dimensional
reduction combined with [214, Eq. (1.65)].



Appendix G

Precision holographic

computations

In this appendix we record several details of our precision holographic computation of
Section 4.4.2. We refer the reader to Sections 2.2 and 2.3 for the definitions of the
single-trace operators and to Eq. (3.35) for the definition of double-trace operators that

we will use in this appendix.

G.1 Precision holographic test for more general states

We now describe the computation of the expectation value of the single-particle operator
igo on the following class of states, which is more general than that considered in
Section 4.4.2.

nd Ng nd Ng
S d+ S d_ S S _ _
|4 o (Hy++>k3> (H ——>kj__> : No+> dfki +> dik; =N. (G.1)
i=1 =1

i=1 j=1

Here the superscript + refers to the strand polarizations |++) and |——); for ease of
notation we introduce the index m = £ which we shall use in some of the following

expressions.

Let us first consider the contribution from Ego. Proceeding as explained after Eq. (4.49),
and using Eqgs. (G.22) and (G.23) in the following subsection, one obtains that the
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expectation value of $9° on the full state (4.39) arises from the process

nj Ng
N, df d;
E§°<!++>1° [T+ 1] |——>,;__> =
i=1 % j=1 J

(kF+12% +6k 1 (kP + kM2

> o+ 32 Nodi' + > '

¢ myi#£j LI
24 6kTk; + (k)2 Lo .
J + - N
+ Z karkj— d;’ d; (1 - 5kjkj—) <|+—|— 0 1_[1 |++ k+ 1—11 |——>k;> ,
1 i ]
(G.2)
where the indices 4, j run from 1 to n (n;) when m = + (m = —).

Second, we consider the operator Q%. By using Eq. (4.50), it acquires a non-vanishing

expectation value via the process

+ —
. a1 d; N
(i T 108 ) = (3 ) (o T 112 )
i=1 b=l ! i,m
(G 3)

Third, we consider the double-trace operator (J -J ) 0 1ts expectation value arises from
the process described after Eq. (4.52),

+

7 = + iz d;
(J-J>°O(\++>¥OH|++>Z’.+H|——>,;_) - G
i=1 bj=1
nd Ng
: + ds
*+N02d* Nod d; P Y <l++>iVOH|++>Z@H\——>;>'
m,i,] %7 =1 ¢ j=1 J

By combining the definition of the single-particle operator £3° with Eqs. (G.2)—(G.4),
we obtain the expectation value of the single-particle operator. We find cancellation of

all terms that are clearly of order N'/2, leaving the following remainder:

(K"™)2 + 3Kk

<igo> _ N3/2 [Noggdm_,_mzz:#dmcim J kzmk]m Zd+d ( 25kj,kj>]‘
(G.5)

We must ensure that this remainder is subleading compared to N'/2. When the long

strands were all of polarization |++), this condition led to the constraint y_, d; ~ N7
with @ > 0. We will obtain the analogous constraint, however to do so we must take

care since now (G.5) is not the sum of positive terms, due to the final term.

Let us therefore examine the final term. Without loss of generality, let us assume
ny > n,. To obtain a bound on this term, let us consider the worst-case scenario in

which k:‘ =k, foralli=1,...,n;. The magnitude of the negative contribution to this
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term is then given by

1o
a7 > dfd; (G.6)
i=1

Since no d;" can scale as IV, and since Ny ~ N, the magnitude of this term is subleading
with respect to the first term in (G.5). Therefore these terms cannot cancel each other,
and so the first term in (G.5) must by itself be subleading with respect to N'/2. This
implies that:

n;r Ng
dodf+> di | ~ N, a>0. (G.7)

Upon imposing this condition, the other terms in (G.5) are also subleading with respect
to N/2, using similar reasoning to that used in the main text. We thus find that the
condition (G.7) is necessary and sufficient for the precision holographic test to be passed
for this more general class of states. The completely general case, i.e. the one in which

the long-strands can have any RR polarization, is analogous.

G.2 Fusion coefficients for X3

In this final section we compute the fusion coefficients cy,, for the following processes:

o9 [0 0 = (1= G) ), ),
e T e T A L T I (G:8)

+7
o ) =Dy = i (1= G) )i, =i, -

The factor (1 — 6, x,) can be explained as follows. The operator ago corresponds to a

three-cycle that, when acting on two permutations of length k1 and ks, produces another
pair of permutations of length k; and ks by shuffling the copies (see the discussion around

Eq. (2.110)): this process can occur only if ki # ko.

We now give an explicit derivation of the coefficient c,(e—f,; ). The derivation of the coeffi-
cients c,(gk; ) and cg,; ) is analogous, and we simply report their values at the end of the
appendix.

We compute the coefficient c,&fg ) by requiring that the precision holography dictio-

nary (4.47) for the single-particle operator X3 holds on the two-charge CFT state:
Ny N-N;
S (A ) (Bl) (G.9)

1

where, for concreteness, we take ki # ko. Here A, B are coefficients that we take to be
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real; they are related to the average number of strands N; and N — N; via [103]
k Ny = A?, kao(N — Ny) = B?. (G.10)
Let us first compute the bulk quantity [sg({a’*a)} defined in Eq. (4.44). We do so

by generating the harmonic functions Z; and Z as in Eq. (2.14), making use of the

following profile functions:

2miky b 2miky
g () = kﬂle LY —|—k—26 atl giz1(v') = 0. (G.11)

The supergravity Fourier modes a, b are related to the CFT coeflicients A, B via

| N | N
A = Ry @a, B = Ry mb, (G12)

and satisfy the usual relation

2

2 — Q1Q5

R

(G.13)

Upon performing the asymptotic expansion in Eq. (E.2), one finds that the spin com-
ponent (0,0) is non-vanishing, with value
a’b? Rfj

(6)(0,00] _
|:8k:2 i| = ﬁ%m (G14)

The holographic dictionary in Eq. (4.47) then predicts that the single-particle scalar
CPO %9 has the following expectation value on the CFT state (G.9):

(s90y = LT _N1/2, (G.15)

We now fix the fusion coeflicient ¢y, , by requiring that this is indeed the case. The CFT
operators in the linear combination (4.46) that contribute at leading order at large N to
the expectation value of the single-particle operator igo are the single-trace operators
Ego and Q% and the double-trace (J- j)oo.

First, we consider the operator Ego. Its expectation value is obtained by multiplying the
fundamental process (G.8) by the number of different ways the twist operator can act
on the coherent state, as we shall describe momentarily. When the operator Zgo acts on

a term in the coherent state sum (G.9), the contribution is
N N-N- ++ N N-N-
590\ ) [+ +H)m, 1} = c,ﬁle)Nl(N = N)kika | [+4)5) [++)5, 1} . (G.16)

The numerical factor N1(IN — Np) follows from the fact that the twist operator can act
on any of the Ni(N — Ny) pairs of [++), , [++);,, while the term k1k2 occurs because
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each strand can be cut in k; and ko different positions respectively. Using Eqgs. (G.10)

and (G.12) we find
R4N2
_ D)
<2g0> = Cklk’g a2 bQ(QfW (Gl?)

Second, we consider the operator Q0. The relevant contribution to the expectation

value of Q% then follows from Eq. (4.50) via the basic process

Nle} _ (Nl N — N

Q[ |00 [+ e | LR I LR Ml R (BT

It follows from Egs. (G.10)—(G.13) that

00\ _ (.2 2 a? b? R,N

Third, we consider the double-trace operator (J -J ) 00 _ % Er, s J(Q’r)j(?; ) When acting
on a member of the coherent state (G.9), this operator produces three terms, which
correspond to: (i) both left and right currents acting on a strand of twist k1, (ii) both
currents acting on a strand of length ko, and (iii) each current acting on a different type
of strand. This produces the following contribution:

= 00 N N-Ny] _ 2 (NP  Ni(N—Np)  (N—Np)? N N-N;
(DO [0 o] = (G + ) [ ++>k2(G 21))
which implies

4 212 4 4
= 00 a a“b b RyN
J-J = (— P e -— G.21
( ) (2k% + k1ko + 2kg) (Q1Q5)?’ ( )

where we have used Eqs. (G.10) and (G.12). By using the definition of the single-particle
operator X3 in Eq. (4.46), we have that the holographic prediction in Eq. (G.15) holds

provided that
(++) (k1 4 k2)?

Chiky = W : (G22)
With similar computations, one obtains
(——) _ (k1 +ko)? (=) _ K2+ 6kiks + k2
Chaky — G Chaky — 61212 : (G.23)
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