
            

PAPER • OPEN ACCESS

Mode-mixing quantum gates and entanglement
without particle creation in periodically accelerated
cavities
To cite this article: David Edward Bruschi et al 2013 New J. Phys. 15 073052

 

View the article online for updates and enhancements.

You may also like
Quantum logic and entanglement by
neutral Rydberg atoms: methods and
fidelity
Xiao-Feng Shi

-

Universal photonic three-qubit quantum
gates with two degrees of freedom
assisted by charged quantum dots inside
single-sided optical microcavities
Bo-Yang Xia, Cong Cao, Yu-Hong Han et
al.

-

Variational quantum compiling with double
Q-learning
Zhimin He, Lvzhou Li, Shenggen Zheng et
al.

-

This content was downloaded from IP address 152.78.210.68 on 20/09/2023 at 11:57

https://doi.org/10.1088/1367-2630/15/7/073052
https://iopscience.iop.org/article/10.1088/2058-9565/ac18b8
https://iopscience.iop.org/article/10.1088/2058-9565/ac18b8
https://iopscience.iop.org/article/10.1088/2058-9565/ac18b8
https://iopscience.iop.org/article/10.1088/1555-6611/aac904
https://iopscience.iop.org/article/10.1088/1555-6611/aac904
https://iopscience.iop.org/article/10.1088/1555-6611/aac904
https://iopscience.iop.org/article/10.1088/1555-6611/aac904
https://iopscience.iop.org/article/10.1088/1367-2630/abe0ae
https://iopscience.iop.org/article/10.1088/1367-2630/abe0ae


Mode-mixing quantum gates and entanglement
without particle creation in periodically accelerated
cavities

David Edward Bruschi1,2, Jorma Louko1,3,5, Daniele Faccio4

and Ivette Fuentes1,6

1 School of Mathematical Sciences, University of Nottingham,
Nottingham NG7 2RD, UK
2 School of Electronic and Electrical Engineering, University of Leeds,
Leeds LS2 9JT, UK
3 Kavli Institute for Theoretical Physics, University of California,
Santa Barbara, CA 93106-4030, USA
4 School of Engineering and Physical Sciences, David Brewster Building,
Heriot-Watt University, SUPA, Edinburgh EH14 4AS, UK
E-mail: jorma.louko@nottingham.ac.uk

New Journal of Physics 15 (2013) 073052 (12pp)
Received 8 April 2013
Published 30 July 2013
Online at http://www.njp.org/
doi:10.1088/1367-2630/15/7/073052

Abstract. We show that mode-mixing quantum gates can be produced by non-
uniform relativistic acceleration. Periodic motion in cavities exhibits a series
of resonant conditions producing entangling quantum gates between different
frequency modes. The resonant condition associated with particle creation is
the main feature of the dynamical Casimir effect which has been recently
demonstrated in superconducting circuits. We show that a second resonance,
which has attracted less attention since it implies negligible particle production,
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produces a beam splitting quantum gate leading to a resonant enhancement of
entanglement which can be used as the first evidence of acceleration effects in
mechanical oscillators. We propose a desktop experiment where the frequencies
associated with this second resonance can be produced mechanically.
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1. Introduction

In relativistic quantum field theory, the particle content of a quantum state is affected by the
evolution of the spacetime, including the motion of any boundaries. Further, the very notion of
a ‘particle’ depends on the motion of an observer. In flat spacetime, celebrated examples are
the thermality seen in Minkowski vacuum by uniformly accelerated observers, known as the
Unruh effect [1, 2], and the creation of particles by moving boundaries, known as the dynamical
(or non-stationary) Casimir effect (DCE) [3, 4]. In curved spacetime, a celebrated example
is the Hawking radiation emitted by black holes [5]. The DCE is related to a fundamental
prediction by Fulling and Davies that a non-uniformly accelerated mirror will excite photons
out of the vacuum [6]. It was later realized that this effect may be significantly enhanced if,
instead of a simple mirror, a cavity is used in which one or both of the mirrors are in motion [7].
The simplest situation in which to observe the DCE is that of a cavity oscillating sinusoidally
with frequency ωc. The DCE is predicted to exhibit a fundamental resonance condition for the
production of quantum entangled photon-pairs, ωc = ω1 + ω2, where ω1,2 are the two entangled
photon frequencies [7]. The actual number of photons predicted for a mechanically oscillating
cavity is strongly limited (∼10−9 photons s−1) by the maximum achievable ωc. For this reason
a number of alternative systems that also exhibit a periodically varying boundary of some kind
have been proposed with the aim of enhancing the DCE. Examples are superconducting quan-
tum interference device (SQUID) mirrors, Bose–Einstein condensates (producing phonon pairs)
and cavities controlled using nonlinear optics [3, 4, 8, 9]. Notwithstanding recent breakthroughs,
the DCE remains an extremely difficult effect to observe and study experimentally.

In this paper we consider the general case of a rigid cavity undergoing an arbitrary
(mechanically induced) acceleration. In the specific cases of a linear sinusoidal or a uniform
circular motion, we show that a mode-mixing resonance condition, ωc = |ω1 − ω2| [10],
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for which no photons are generated, can be brought significantly below the DCE photon
generation resonance condition, to apparently experimentally accessible frequencies. We show
how this low-frequency resonance leads to the generation of entanglement between existing
and previously non-entangled cavity modes. The oscillating cavity can be shown to behave
like a generalized beam splitter, thus performing an essential quantum gate functionality.
This demonstrates that relativistic effects, in this case non-uniform relativistic acceleration,
can be exploited for quantum information. There are many proposals to generate gates in
non-relativistic quantum information. Our scheme pioneers on how to implement quantum
gates in relativistic quantum information. We then discuss the possibility of performing actual
experiments with mechanically oscillating optical cavities.

2. Cavity in (1 + 1) dimensions

2.1. Preliminaries

We first consider the simplified case of a cavity in (1 + 1)-dimensional Minkowski spacetime.
The cavity is assumed mechanically rigid, maintaining constant length L in its instantaneous
rest frame. The proper acceleration at the centre of the cavity is denoted by a(τ ), where τ is
the proper time. To maintain rigidity, the acceleration must be bounded by |a(τ )|L/c2 < 2 [11].
From now on we set c = h̄ = 1.

The cavity contains a real scalar field φ of mass µ0 > 0, with Dirichlet boundary
conditions. We assume that the cavity is initially inertial, and we denote by un, n = 1, 2, . . .,

a standard basis of cavity field modes that are of positive frequency ωn =

√
µ2

0 + (πn/L)2 with
respect to the cavity’s proper time before the acceleration. We also assume that the cavity’s final
state is inertial, and we denote by ũn, n = 1, 2, . . ., a standard basis of cavity field modes that are
of positive frequency ωn with respect to the cavity’s proper time after the acceleration. Because
of the acceleration at intermediate times, the two sets of modes need not coincide, but the
completeness of each set allows the sets to be related by the Bogoliubov transformation [12, 13]

ũm =

∑
n

(αmnun + βmnu∗

n), (1)

where the star denotes complex conjugation. The Bogoliubov coefficient matrices α and β are
determined by solving the field equation in the cavity during the acceleration.

In the initial and final inertial regions the field operator φ has the respective expansions
φ =

∑
n(anun + a†

nu∗

n) and φ =
∑

n(ãnũn + ã†
n ũ∗

n), where the non-vanishing commutators of the
early (respectively late) time creation and annihilation operators are [an, a†

m] = δnm ([ãn, ã†
m] =

δnm). The early and late time creation and annihilation operators need not coincide, but it
follows from (1) that they can be expressed in terms of each other in terms of the Bogoliubov
coefficients [12, 13]. In particular, the transformation mixes creation and annihilation operators
if and only if some of the β-coefficients are non-vanishing.

Now, working in the Heisenberg picture, the quantum state of the field in the cavity
does not change in time. However, given a state |9〉, we interpret its particle content at early
times in terms of the early time vacuum |0〉, which satisfies an|0〉 = 0, and the early time
excitations created by a†

n . At late times, we similarly interpret the particle content of |9〉 in
terms of the late time vacuum |0̃〉, which satisfies ãn|0̃〉 = 0, and the late time excitations
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created by ã†
n . The acceleration hence affects the particle content of the cavity whenever the

Bogoliubov transformation (1) differs from the identity transformation. The β-coefficients are
responsible for creation and annihilation of particles, while the α-coefficients are responsible
for mode mixing. In particular, the vacua |0〉 and |0̃〉 coincide if and only if all the β-coefficients
vanish [12, 13].

2.2. Bogoliubov coefficients for general time-dependent acceleration

We shall express the Bogoliubov coefficients as a time-ordered integral, allowing both the
magnitude and the time-dependence of the acceleration to remain general within the rigidity
bound |a(τ )|L < 2.

We encode α and β into the matrix U =

(
α β

β∗ α∗

)
, so that the composition of Bogoliubov

transformations amounts to matrix multiplication of the corresponding U -matrices. The

Bogoliubov identities [12] are then encoded in the matrix equation
(

1 0
0 −1

)
= U

(
1 0
0 −1

)
U †.

When the acceleration between the initial and final inertial regions is uniform and lasts

for proper time τ̄ , we have [11] Uh(τ̄ ) = K −1
h Z̃h(τ̄ )Kh , where Kh =

(
oαh oβh

oβh oαh

)
, Z̃h(τ̄ ) =(

Zh(τ̄ ) 0
0 Z∗

h (τ̄ )

)
, Zh(τ̄ ) = diag(ei�1(h)τ̄ , ei�2(h)τ̄ , · · ·), �n(h) are the angular frequencies during the

acceleration, oαh and oβh are the Bogoliubov coefficient matrices from the initial inertial
segment to the uniformly accelerated segment, and the acceleration has been encoded in
the dimensionless parameter h = aL . The field modes and the angular frequencies during
the acceleration have elementary expressions for µ0 = 0 and are given in terms of modified
Bessel functions for µ0 > 0. The coefficients encoded in oαh and oβh do not have elementary
expressions, but they can be written as integrals involving the inertial and accelerated mode
functions over the constant time surface where the acceleration begins.

For accelerations that may vary arbitrarily between the initial time τ0 and final time τ ,
U (τ, τ0) is given by the limit of UhN (τ̄N )UhN−1(τ̄N−1) · · · Uh2(τ̄2)Uh1(τ̄1) as N → ∞, such
that τ − τ0 =

∑N
k=1 τ̄k is fixed and each τ̄k → 0. As an infinitesimal increase in τ amounts

to multiplying U (τ, τ0) from the left by Uh(τ̄ ) with infinitesimal τ̄ , U (τ, τ0) satisfies the
differential equation

U̇ (τ, τ0) = iK −1
h(τ )�̃h(τ )Kh(τ )U (τ, τ0), (2)

where �̃h(τ ) =

(
�h(τ ) 0
0 −�h(τ )

)
, �h(τ ) = diag(�1(h(τ )), �2(h(τ )), . . .), and the overdot denotes

derivative with respect to τ . The solution is

U (τf, τ0) = T exp

(
i
∫ τf

τ0

K −1
h(τ )�̃h(τ )Kh(τ ) dτ

)
, (3)

where τf denotes the moment at which the acceleration ends and T denotes the time-ordered
exponential.

To summarize: the Bogoliubov transformation between the inertial initial segment ending
at proper time τ0 and the final inertial segment starting at proper time τf is given by (3). h(τ )

may vary arbitrarily for τ0 6 τ 6 τf, within the rigidity constraint |h(τ )| < 2: in particular, no
small acceleration approximation has been made. For piecewise constant h(τ ), (3) reduces to a
product of the matrices Uh(τ̄k) from each constant h segment.

New Journal of Physics 15 (2013) 073052 (http://www.njp.org/)

http://www.njp.org/


5

A direct consequence of (3) is that the Bogoliubov coefficients evolve by pure phases over
any time interval in which h is constant. Particles in the cavity are hence created by changes
in the acceleration, not by acceleration itself, as can be argued on general adiabaticity grounds
[14, 15]. The cavity is in this respect similar to a single accelerating mirror, which excites
photons from the vacuum only when its acceleration is non-uniform [6].

2.3. Small acceleration limit

At small accelerations, �n(h), oαh and oβh have the expansions [11]

�n = ωn + O(h2), n = 1, 2, . . . , (4a)

oαh = 1 + hα̂ + O(h2), oβh = hβ̂ + O(h2), (4b)

where

α̂nn = 0, (5a)

α̂mn =
π2 mn(−1 + (−1)m+n)

L4 (ωm − ωn)
3 √

ωmωn

for m 6= n, (5b)

β̂mn =
π 2 mn(1 − (−1)m+n)

L4 (ωm + ωn)
3 √

ωmωn

. (5c)

Note that α̂mn and β̂mn depend on µ0 and L only via the dimensionless quantity µ0L .
Formulae (5) are obtained from equations (7) in [11] by an elementary rearrangement.

We seek U (τf, τ0) in the form

α = eiω(τf−τ0)(1 + Â + O(h2)), (6a)

β = eiω(τf−τ0) B̂ + O(h2), (6b)

where ω = diag(ω1, ω2, . . .), Â and B̂ are of first order in h, and τf again denotes the moment
at which the acceleration ends. Using (2), (4) and (5), we find

Âmn = i(ωm − ωn)α̂mn

∫ τf

τ0

e−i(ωm−ωn)(τ−τ0) h(τ ) dτ, (7a)

B̂mn = i(ωm + ωn)β̂mn

∫ τf

τ0

e−i(ωm+ωn)(τ−τ0) h(τ ) dτ. (7b)

To linear order in h, the Bogoliubov coefficients are hence obtained by just Fourier transforming
the acceleration.

Two comments are in order. Firstly, while the perturbative solution (7) assumes the
acceleration to be so small that |h| � 1, the velocities, travel times and travel distances remain
unrestricted, and the solution remains valid even when the velocities are relativistic. Our
perturbative treatment is hence complementary to the small distance approximations often
considered in the DCE literature [3, 4], while of course overlapping in the common domain
of validity.
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Secondly, Âmn and B̂mn scale linearly in h, but their magnitudes depend also crucially on
whether h changes slowly or rapidly compared with the oscillating integral kernels in (7). In the
limit of slowly varying h both Âmn and B̂mn vanish, in agreement with the adiabaticity arguments
of [14, 15]. In the limit of piecewise constant h, the changes in the magnitudes of Âmn and B̂mn

come entirely from the discontinuous jumps in h [11, 16, 17]. The limit of piecewise constant
h may be difficult to realize experimentally with a material cavity, and we emphasize that no
such rapid changes in the acceleration are involved in the experimental scenario considered in
section 4. This limit can however be simulated by a cavity whose walls are mechanically static
dc SQUIDs undergoing electric modulation [8, 18].

2.4. Resonances

Suppose now that |h| � 1, so that the solutions (6) and (7) are valid. Suppose that h is sinusoidal
with angular frequency ωc. For generic values of ωc the integrals in (7) are oscillatory and have
no net growth as τf increases. However, when ωc equals the angular frequency of an oscillating
integral kernel in (7), there is a resonance and the corresponding Bogoliubov coefficient grows
linearly in τf. These resonance conditions read

Âmn : ωc = |ωm − ωn|, (8a)

B̂mn : ωc = ωm + ωn, (8b)

where in each case m − n needs to be odd in order for the coefficient to be non-vanishing.
The particle creation resonance (8b) is well known in the DCE literature [3, 4, 7, 10,

19–27]. The mode-mixing resonance (8a) has been noted [10, 19–24] but seems to have received
attention mainly in situations where it happens to coincide with a particle creation resonance.
As the case of interest in the experimental scenario of section 4 will be mode mixing without
significant particle creation, we recall here some relevant properties of mode mixing in quantum
optics.

Mode mixing without particle creation is known in quantum optics as a passive
transformation [28], implemented experimentally by passive optical elements such as beam
splitters and phase plates. While mode mixing is present already in classical wave optics, its
significance in quantum optics is that the mixing can be harnessed to quantum information
tasks. The entangling power of passive transformations is well understood: for example,
the mixing generates entanglement from an initial Gaussian state only if this state is
squeezed [17, 29–31].

These entanglement considerations are directly applicable to mode mixing in our cavity,
and the entanglement can be determined experimentally by measurements on quanta that are
allowed to escape from the cavity [32–35]. We emphasize that while the particle creation
resonance (8b) can be used to implement two-mode squeezing gates [30, 31, 36] and other
multipartite gates [37], the mode-mixing resonance (8a) can be used to implement mode-mixing
gates even when no particle creation is present.

Specifically, the oscillating cavity can be tuned to act as a beam splitter—a well-studied
quantum gate in continuous variable systems [38]. In the following we apply our results to the
special class of Gaussian states, characterized by positive Wigner functions, which allow elegant
and powerful analytical results [39]. Gaussian states, including coherent and squeezed states,
are routinely prepared in the laboratory. For example, two-mode squeezed states are commonly
produced by parametric down conversion [40].
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In order to calculate the entanglement generated by the mode-mixing gate we have
introduced, we adopt the covariance matrix formalism. We consider a family of harmonic
oscillators with position and momentum operators qi , pi , where i = 1, 2, . . .. We collect these
operators in the vector X= (q1, p1, q2, p2, . . .). The canonical commutation relations take the
form [Xi ,X j ] = i�i j , where the only non-vanishing components of the symplectic form � are
�2i−1,2i = −�2i,2i−1 = 1. The covariance matrix is defined by

σi j =
1

2
〈XiX j +X jXi〉 − 〈Xi〉〈X j〉. (9)

This formalism is suitable for Gaussian states since all the relevant information about the state
can be encoded in the first moment 〈Xi〉 and the covariance matrix. In fact, the quantification of
Gaussian state entanglement requires only its covariance matrix [39].

An initial pure state remains pure to first order in the acceleration [36]. This implies that
the reduced state σred of two modes will depend only on the Bogoliubov coefficients that mix
these two modes. The contribution of coefficients mixing with other frequencies is negligible to
linear order in the acceleration.

From now on we specialize to two-mode Gaussian states for which σred is symmetric.
In the covariance matrix formalism, the entanglement for such states is fully quantified by
the smallest symplectic eigenvalue of the partial transpose of the covariance matrix [39]. The
partial transpose is given by σ̃red = PσredP, where P = diag(1, 1, 1, −1), and its symplectic
eigenvalues are the eigenvalues of i�σ̃red. The eigenvalue set has the form {−ν̃−, ν̃−, −ν̃+, ν̃+},
where 06 ν̃− 6 ν̃+, and therefore the quantity characterizing the entanglement is ν̃−. Within
our perturbative small acceleration expansion, it is shown in [30] that ν̃− = 1 − ν̃

(1)
− + O(h2),

where ν̃
(1)
− is linear in the acceleration.

While the von Neumann entropy would be a natural measure of entanglement for the
reduced two-mode state σred when the initial state is pure, its small acceleration expansion does
not take the form of a power series because of the logarithms involved in its definition [36, 38].
Measures of entanglement based on the partial transpose criterion however do have a power
series expansion in the acceleration. We consider the negativity [41], which is in the covariance
matrix formalism given by N = max{0, 1

2(ν̃
−1
−

− 1)} [39], and which hence has the small
acceleration expansion N = max{0, 1

2 ν̃
(1)
− } + O(h2).

Suppose now that the state is a separable state of two modes, m and n, in which each mode
is squeezed with the same squeezing parameter s > 0. When B̂mn is negligible compared with
Âmn, it follows from the expression of ν̃

(1)
− given in [30] that the leading order contribution to

the negativity is linear in the acceleration and given by

N = |Im( Âmn)| sinh s. (10)

Figure 1 shows a plot of the negativity (10) as a function of the total oscillation time 1τ =

τf − τ0 and the acceleration angular frequency ωc, assuming purely sinusoidal acceleration with
phase chosen so that h(τ ) is proportional to cos(ωc(τ − τ0)), for fixed ωr = |ωm − ωn| and
squeezing parameter s. The linear growth of N at the resonance, ωc = ωr, is evident from the
plot. The scale of the vertical axis depends on m, n and s but also on µ0L , in a way that we shall
address in section 4.
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Figure 1. The negativity N (10) as a function of the cavity oscillation angular
frequency ωc and the total oscillation time 1τ = τf − τ0, for fixed ωr = |ωm − ωn|

and squeezing parameter s.

3. Cavity in (3 + 1) dimensions

Let now φ be a real scalar field of mass µ> 0 in a cavity in (3 + 1)-dimensional Minkowski
space, with Dirichlet conditions. The inertial cavity is a rectangular parallelepiped with
fixed edge lengths L x , L y and L z, and a standard basis of orthonormal field modes is
indexed by triples (m, n, p) of positive integers, such that the angular frequencies are ωmnp =√

µ2 + (πm/L x)2 + (πn/L y)2 + (πp/L z)2.
Acceleration in the cavity’s three principal directions can be treated as (1 + 1)-dimensional,

with the inert transverse quantum numbers just contributing to the effective mass. Acceleration
of unrestricted magnitude and direction would require new input regarding how the shape of
the cavity responds to such acceleration [42]. To linear order in the acceleration, however,
boosts commute, and we can treat acceleration as a vector superposition of accelerations in
the three principal directions in the cavity’s instantaneous rest frame. Defining Â and B̂ as
in (6), and denoting the acceleration three-vector in the cavity’s instantaneous rest frame by
(ax(τ ), ay(τ ), az(τ )), equations (7) generalize for changes in the quantum number m to

Âmnp,mnp = 0, (11a)

Âmnp,m′np = i
π2 mm ′(−1 + (−1)m+m′

)

L3
x

(
ωmnp − ωm′np

)2 √
ωmnpωm′np

∫ τf

τ0

e−i(ωmnp−ωm′np)(τ−τ0) ax(τ ) dτ for m 6= m ′,

(11b)

B̂mnp,m′np = i
π 2 mm ′(1 − (−1)m+m′

)

L3
x

(
ωmnp + ωm′np

)2 √
ωmnpωm′np

∫ τf

τ0

e−i(ωmnp+ωm′np)(τ−τ0) ax(τ ) dτ (11c)

with changes in the quantum numbers n and p given by similar formulae involving respectively
ay and az.
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For sinusoidal acceleration with angular frequency ωc, the resonance condition of linear
growth is

Âmnp,m′n′ p′ : ωc = |ωmnp − ωm′n′ p′|, (12a)

B̂mnp,m′n′ p′ : ωc = ωmnp + ωm′n′ p′, (12b)

where in each case only the quantum number in the direction of the oscillation may differ and
this difference needs to be odd.

4. Desktop experiment

The particle creation resonance angular frequency (12b) is always larger than the frequencies of
the individual cavity modes. The mode-mixing resonance angular frequency (12a) can however
be lower. In (1 + 1) dimensions, mode-mixing resonances occur significantly below the fre-
quencies of the individual cavity modes if µ0L � 1, as then (1ωn)/ωn ≈ π 2(µ0L)−2n1n � 1
whenever n and 1n are small compared with µ0L . In more than (1 + 1) dimensions, a simi-
lar lowering can be arranged to occur even for a massless field by storing in the cavity quanta
whose wave vector is highly transverse to the acceleration, as the transverse momentum then
gives rise to a large effective (1 + 1)-dimensional mass. We now outline a (3 + 1)-dimensional
experimental scenario that optimizes this lowering of the mode-mixing resonance.

Setting µ = 0, we assume that the quanta in the cavity have wavelength λ �

min(L x , L y, L z) and have their momenta aligned close to the z-direction, so that (2/λ)2
≈

(p/L z)
2
� (m/L x)

2 + (n/L y)
2 and ωmnp ≈ 2π/λ + 1

4πλ[(m/L x)
2 + (n/L y)

2]. We let the cavity
undergo linear or circular harmonic oscillation orthogonal to the z-direction, with amplitude
dx (dy) in the x-direction (y-direction). For motion in the x-direction, the mode-mixing
resonance angular frequency (12a) between modes m and m ′, with m − m ′ odd, is

ωc ≈
1

4
πλL−2

x |m2
− (m ′)

2
| (13)

and it follows from (11b) that the mode mixing growth rate is

d

dτ
| Âres| ≈

1

2
πmm ′dxλL−3

x . (14)

The lowest resonance occurs for m = 1 and m ′
= 2. Similar formulae ensue for the y-resonance,

and for circular motion both resonances are present.
As the experimental setup, we first trap one or more quanta in the cavity, in modes whose

momenta are aligned close to the z-direction. After a period of linear or circular oscillation
perpendicular to the z-direction, a measurement on the quantum state of the cavity is performed,
by suitable observations of quanta that are allowed to escape. We assume that the resonance
mode mixing dominates any effects due to the initial trapping and the final releasing of the
quanta.

A careful choice of the cavity geometry would need to be considered in order to guarantee
the success of an experiment. A particular concern would be the mechanical stability of the
cavity itself. There are options for creating mechanically very robust cavities based on a
monolithic geometry. Examples could be a Bragg grating cavity in an optical fibre. These are
mechanically very robust and are a very well developed technology. Another example, closer to
the parameters specified below, would be a monolithic Fabry–Perot cavity or etalon filter cavity.
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Such cavities can be made with extremely high finesse and are made out of a single solid block
of material and hence inherit the robustness of the material itself (typically, glass).

We choose λ = 600 nm and L x = L y = 1 cm. The lowest resonance angular frequency is
then ωc ≈ 1.4 × 10−2 m−1

≈ 4.2 × 106 s−1, corresponding to an oscillation frequency 0.7 MHz.
For linear oscillation, we choose the amplitude dx = 1 µm, which may be achievable by

using ultrasound to accelerate the cavity. From (14) we then have d
dτ

| Âres| ≈ 6 × 102 s−1, so that
the mode mixing coefficient grows to order unity within a millisecond. For the squeezed states of
section 2.4, the negativity (10) grows to order unity at the same timescale provided the squeezing
parameter s is not much less than unity. Storing the quantum in the cavity for a millisecond could
be challenging although recent achievements indicate that it may be feasible [43].

For circular motion, we choose the amplitude dx = dy = 1 mm. At the threshold angular
velocity ωc ≈ 4.2 × 106 s−1

≈ 4 × 107 rpm, the mode mixing coefficient then grows to order
unity within a nanosecond, and for squeezed states similarly for the negativity (10) provided the
squeezing parameter s is not much less than unity. The threshold angular velocity exceeds the
angular velocity of medical ultracentrifuges by a factor of 200 [44], but this gap could possibly
be bridged by a specifically designed system of sub-centimetre scale. We note that the centripetal
acceleration at the threshold angular velocity equals 1.5 × 106 m s−2, which is already reached
in ultracentrifuges that combine a smaller angular velocity with a larger radius [44].

As ωc in these scenarios is much below the particle creation resonance (12b), particle
creation in the cavity is not cumulative in the duration of the oscillation and is highly sensitive
to the manner in which the acceleration is switched on and off. While this is a consequence
of the idealized, fully confining character of our cavity, we may obtain an upper limit for the
predicted particle creation by noting that in the extreme case of sharp switch-on and switch-off
B̂mnp,m′np (11c) has the order of magnitude

π 2 mm ′(1 − (−1)m+m′

)|ax |L x

L4
x

(
ωmnp + ωm′np

)3 √
ωmnpωm′np

. (15)

The number of particles created in a mode with fixed m, n and p, each near their lowest value 1,
can hence be given an upper bound by summing the square of (15) over m ′. The result is a purely
numerical factor times (ax L x)

2, which is of order 10−24 for our linear oscillation figures and of
order 10−18 for our circular motion figures. At the mode-mixing resonance, the mixing hence
overwhelmingly dominates over any particle creation effects. This is consistent with the usual
estimates of 10−9 photons created per second [7] for experimentally less idealized cavities.

5. Conclusions

We have quantized a scalar field in a rectangular cavity that is accelerated arbitrarily in (3 + 1)-
dimensional Minkowski spacetime, in the limit of small accelerations but arbitrary velocities
and travel times. The Bogoliubov coefficients were expressed as explicit quadratures. For linear
or circular periodic motions, we identified a configuration in which the mode-mixing resonance
frequency is significantly below the frequencies of the cavity modes.

Our scalar field analysis adapts in a straightforward way to a Maxwell field with perfect
conductor boundary conditions [45]. The mode mixing effects appear hence to be within
the reach of a desktop experiment with photons, achievable with current technology in its
mechanical aspects, if perhaps not yet in the storage capabilities required of a mechanically
oscillating optical cavity.
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We anticipate that the particle creation and mode mixing effects are not qualitatively
sensitive to the detailed shape of the cavity, and this freedom could be utilized in the
development of a concrete laboratory implementation. The experimental prospects could be
further improved by filling the cavity with a medium that slows light down [46]. A laboratory
implementation would also need to develop an experimental protocol for measuring the
field within the cavity, and the data analysis would need to account for any experimental
imperfections. A full detailed evaluation of these experimental issues would need to be carried
out case by case for any proposed concrete implementation, but the frequency and lifetime
estimates given in this paper do suggest the mode mixing effect to be at the threshold of current
technology.

We underline that our experimental scenario does not involve significant particle creation.
Nevertheless, it involves significant mode mixing. This mixing acts as a beam splitter quantum
gate, creating or degrading entanglement in situations where particles are initially present.
Finally, it is also worth underlining that although we have discussed the specific case of a
mechanically oscillating cavity, the low-frequency resonance can be found whenever the quanta
can be made highly transverse to the acceleration, and may therefore be similarly adopted
to perform quantum gate operations also in other analogue systems, based e.g. on SQUID
mirrors [8] or nonlinear optics [47, 48] that have been proposed to date. We anticipate that
observations of entanglement will generally provide opportunities for experimental verification
of both particle creation and mode mixing effects that are complementary to observations of
fluxes or particle numbers [8].
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