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In bosonic string theory, the solutions to the string equations of motion may be expressed as two-
dimensional manifolds in a relativistic spacetime. We develop MATLAB software for the generation
of open and closed string solutions and for the convenient visualization of these solutions.

I. INTRODUCTION

String theory, at its most familiar conceptual level, is
the study of one-dimensional strings that vibrate and
move through spacetime according to relativistic prin-
ciples. This motion can be said to trace out a surface
in spacetime, called a worldsheet, which contains all po-
sitions of a string throughout time. The equations that
govern the motion of strings may be derived, as shown
in [1], from a reasonable assumption that the local rela-
tivistic area measured on the worldsheet be minimized.
The term area is used liberally here to describe the two-
dimensional manifold in spacetime that is swept out by
the string position throughout time.

In this paper we present the equations that describe
relativistic string behavior, and the development and
testing of a program which enables us to visualize this be-
havior. In order to focus on representing non-quantum
spacetime dynamics, this work did not seek to explore
the more recent and more realistic string theories, such
as superstring theory and M-theory which dominate dis-
course in the field. Classical relativistic strings were con-
sidered exclusively, analogous to a relativistic point par-
ticle such as an electron, but without inclusion of proba-
bilistic quantum effects. It should further be noted that
the light-cone gauge string solution technique, detailed in
Section II.A, is a significant step towards one string quan-
tization paradigm (known as light-cone gauge quantiza-
tion) that reflects important results from modern string
theory such as graviton states.

The mode expansion technique of string solution in-
troduced in Chapter 9 of [1], allows for the development
of MATLAB software for the generation of string solu-
tions. This software calculates the Virasaro mode coef-
ficients given input parameters and mode coefficients for
transverse oscillations, and generates data points for the
position functions of the worldsheet, which are plotted.
After an overview of relevant theory in Section II, these
developments are detailed in Section III alongside exam-
ples for demonstration of functionality. More physical
aspects of examples are detailed in a companion paper
[2].
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II. THEORY

The Nambu-Goto action action SNG, a functional of
each possible trajectory in some environment, is a path
integral of the Lagrangian for the system:

SNG =
1

2πα′

∫
dτ dσ

√
(Ẋ ·X ′)2 − (Ẋ)2(X ′)2. (1)

τ and σ are linearly independent parameters of the
string worldsheet, representing evolution of the string
and the length along the string respectively. X is a vector
function giving the spacetime location of the worldsheet
as a function of τ and σ, with derivatives denoted by Ẋ
and X ′ respectively. α′ is the slope parameter, a com-
monly used expression of the single free constant of string
theory which must be specified rather than derived from
other principles. In this paper the speed of light c is set
equal to 1 (unitless) for the sake of descriptive ease. The
above action can be shown to be proportional to the rel-
ativistic area of the string’s worldsheet [1], setting string
theory in the familiar context of a variational problem.

A very important property [1] of the Nambu-Goto ac-
tion is that it is reparameterization invariant; the pa-
rameters τ and σ may be selected as desired so long
as they remain linearly independent on the worldsheet
manifold. The chosen parameterization for τ is called
the static gauge, and simply sets τ equal to time. The
σ-parameterization is then selected so that

dX

dτ
· dX
dσ

= 0. (2)

This parameterization is also chosen so that the energy
density of the string is constant along sigma, and for this
reason is sometimes called the energy parameterization.
In this setup, the equations of motion derived from the
action [1] reduce to the wave equation:

d2X

dσ2
− 1

c2
d2X

dτ2
= 0 (3)

with additional parameterization constraint:

(
dX

dσ

)2

+
1

c2

(
dX

dτ

)2

= 1. (4)
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Together with (2), the constraint (4) may be rewritten
as:

(
dX

dσ
± 1

c2
dX

dτ

)2

= 1. (5)

General solutions of the above wave equation for open
strings with free boundary conditions take the form:

X(τ, σ) =
1

2
[F (ct+ σ) + F (ct− σ)] (6)

where F is known to be quasiperiodic (periodic with

constant translation), and Ḟ is known to be a unit vector.
Similarly, for closed strings, general solutions take the
form

X(τ, σ) =
1

2
[F (ct+ σ) +G(ct− σ)] (7)

where both F and G have the same properties of
quasiperiodicity and unit vector derivative. F and G
may be considered as independent left- and right-moving
waves on the closed string; an open string results when
these waveforms coincide.

A. Light-Cone Gauge Mode Expansion

Mode expansion refers to the general technique of solv-
ing differential equations by expressing the solution as a
sum of complex-exponential functions with coefficients to
be selected, similar to a Fourier series expansion. This
technique was found to be very useful for the generation
of a general class of string solutions.

Beginning with the general open-string solution form
of (6), the mode expansion is derived [1] to be:

Xµ(τ, σ) = xµ0 +
√

2α′αµ0 τ + i
√

2α′
∑
n 6=0

1

n
αµne

−inτ cos(nσ)

(8)
xµ0 represents the initial string position, and αµ0 repre-

sents the initial string momentum, scaled to be a unitless
quantity. All the αµn are complex coefficients of the string
oscillatory modes. These are also defined in such a way
that they are unitless, for which reason the

√
2α′ coeffi-

cient, which has units of inverse energy [1], is included.
To fully determine the general string solution in terms
of the αµn mode coefficients, the constraint given in (4)
must also be expressed in terms of the mode expansion.
This is shown in Equation (4) to be:

(
d ~X

dσ
± 1

c2
d ~X

dτ

)2

= 2α′
(∑
n∈Z

αµne
−in(τ±σ)

)2

= 1. (9)

The number of cross-terms of this equation goes as n2,
and proves very unwieldy for efficiently producing string
solutions. Turning to the Light-Cone Gauge (LCG) for-
malism for string solutions eliminates this constraint by
incorporating it into the mode coefficients which make
up the solution terms.

The light-cone coordinates, simply a rotated coordi-
nate frame for Minkowski space, are defined by:

x+ =
1√
2

(x0+x1) and x− =
1√
2

(x0−x1). (10)

To construct the LCG for string solutions, new param-
eterizations for both τ and σ are defined as follows:

X+(τ, σ) = βα′p+τ and p+σ =
2π

β

∫ σ

0

dσ̃Pτ+(τ, σ̃)

(11)
where β is a constant that is set to 1 for closed strings

or 2 for open strings, and P τ+ may be interpreted as
energy-momentum density in the x+ direction. As in the
static gauge (2), τ is inherently linear, while σ is pro-
portional to a cumulative energy density along ”slices”
of the worldsheet. The distinction is that these slices are
now orthogonal to the x+ direction rather than the x0

direction.
Applying (10) and (11) to the constraint given in (4),

the following simplification is derived [1]:

(
dX−

dσ
± 1

c2
dX−

dτ

)
=

1

βα′
1

2p+

(
dXI

dσ
± 1

c2
dXI

dτ

)2

(12)

All X+ terms have vanished from this constraint due
to the chosen proportionality of X+ to τ by (11), fully

specified by p+. Therefore, by fixing p+ and XI , all dX
−

dσ

and dX−

dτ are determined, so determining X− up to initial

position x−0 . Thus any selection of the transverse mode
coefficients αµn must produce a valid string solution. Also,
as the transverse coordinates are not changed in LCG
as compared to the static gauge, their mode-expansion
remains identical (8):

xI(τ, σ) = xI0 +
√

2α′αI0τ + i
√

2α′
∑
n 6=0

1

n
αIne

−inτ cos(nσ)

(13)
However, the mode coefficients of X− are no longer

independent, due to the constraint stated above (12).
These mode coefficients, L⊥n , instead must be expressed
in terms of the transverse mode coefficients and p+, and
in this form are known as the Virasaro modes:

L⊥n =
1

2

∑
p

αIpα
I
n−p (14)
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where the indices I are summed over. Then the func-
tional form of X− may be written as:

X−(τ, σ) = x−0 +
1

p+
L⊥0 τ +

i

p+

∑
n 6=0

1

n
L+
n e
−inτ cos(nσ)

(15)
The corresponding mode expansion for closed strings

is also derived in [1], with the only significant change in
structure being the presence of two full sets of modes,
denoting left- and right- moving solutions.

III. MATLAB IMPLEMENTATION

As has been described, all possible string worldsheets
may be described by a single set of coordinate expres-
sions, once a finite set of parameters and countably infi-
nite set of mode expansion coefficients are specified. Be-
cause of the lack of constraints upon these parameters
(any real value may be specified for the parameters, and
any complex value for the mode expansion coefficients),
this method of generating solutions lends itself well to
software implementation.

MATLAB was selected as the development platform
due to its high potential for parallelizability. In addi-
tion, MATLAB has high-level plotting and visual effects
capacity, which are valuable in the visualization of gen-
erated string worldsheets.

The MATLAB script produced is referred to as the
Light-Cone Gauge Euclidean Minimal Surface Generator
(LEGen), as the original motivation of this work was the
investigation of minimal surfaces in Euclidean space by
applying string methods. The design of the underlying
algorithms, as well as code debugging, will now be dis-
cussed in order of the flow of the LEGen script.

A. LEGen Design and Debugging

LEGen is modular in design; distinct scripts provide
for the generation of open and closed strings from chosen
mode-coefficients. Additionally, string solutions may be
generated by inputting a general functional form of the
left and right travelling waves, a feature which will be rel-
evant to the study of string cusps and kinks in Paper II:
Examples and Applications. All these scripts make use
of a shared body of functions, both for calculating world-
sheet data from inputs and for visualizing the resultant
worldsheets.

1. Parameter Extraction

In order to facilitate user-input, an efficient and read-
able formatting for input text files was constructed. The
required parameters are the dimensionality D, light-cone
energy p+, initial positions x−0 and xI0, and transverse

mode coefficients αIn. These are stored row-by-row in the
text file, represented as ordered pairs of polar coordinates
for each complex value. For D > 3 string calculations,
the higher-dimensional vector for αIn is represented by
space-separated ordered pairs in the same row. An ex-
ample solution for a rotating straight string in three space
dimensions is described by the following input file:

4 dimensionality
(1,0) p+ momentum
(0,0) x- initial position
(0,0) xI transverse initial position
(0,0) (0,0) aIn transverse modes n=0
(1,0) (1,0) n=1
(1,0) (1,0) n=2

This format conveniently allows for in-line comments
without corrupting the input, which aid in easy interpre-
tation of the input parameters by users.

2. Virasaro Mode Calculation

As detailed in Section II.A, the transverse mode coef-
ficients are sufficient, in the light-cone gauge, to describe
all oscillatory string motion. The Virasaro modes L⊥n of
the x− direction may be calculated explicitly from the
transverse modes αIn (14).

An arbitrary string solution may have an infinite num-
ber of nonzero transverse modes. However for the pur-
poses of this paper, we assume that only a finite set of
modes are nonzero. As in Fourier analysis this assump-
tion serves as a low-pass filter, excluding solutions with
rapid oscillatory terms. A variety of simplifications are
set forth in [3] and [4], which identify cases wherein the
properties of the transverse modes eliminate some terms
of the above definition. These ideas were expanded into
a functioning algorithm, which forms the centerpoint of
this MATLAB script.

One essential step is the calculation of a limit to val-
ues of p which must be considered in (14) to ensure all
nonzero αIn are accounted for. Assuming that there is
some value m for which:

∀n | (| n |> m& n ∈ Z) : αIn = 0. (16)

From this, it was derived that to calculate the nth Vi-
rasaro mode L⊥n , p in the range:

n

2
− limit ≤ p ≤ n

2
+ limit (17)

need only be considered, where limit is defined by:

limit = m− | n |
2
. (18)
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3. Numerical Worldsheet Calculation and Output Plots

With the Virasaro modes identified, spacetime values
for the string worldsheet in all light-cone coordinates may
be calculated by (11), (15), and (13). Applying the light-
cone coordinate relations (10) to the resultant arrays, the
worldsheet is expressed in standard Minkowski coordi-
nates.

For a quantity of τ and σ values set by the user, where
τ may cover any desired real domain, and σ customarily
ranges between 0 and 2π, LEGen calculates the coordi-
nates of the string worldsheet using the above equations.

Plotting is then performed for a given worldsheet by
MATLAB’s native ”surf” function, which generates a
three-dimensional colorized and shaded surface. This
surface may be rotated and otherwise manipulated by
the viewer for added ease of use, and is set to include
grid lines on the surface between plotted points. These
grid lines are a very valuable feature, as they correspond
to the equivalence curves of τ and σ.

Key visualization tools which were implemented in-
clude animation of string propagation over time, plotting
of arbitrary worldsheet sub-regions for more careful anal-
ysis, and tagging of string regions of physical interest. In
particular, non-differentiable points on the string known
as cusps and kinks are identified automatically, and are
explored in Paper II: Examples and Applications.

B. Demonstration Examples

A diverse selection of test input parameters were run
on LEGen, both as a part of the debugging process and
for demonstrating various aspects of functionality. Open-
string examples which were key to confirming proper op-
eration of the model are given in this subsection; more
thorough and physically-interesting examples are devel-
oped in Paper II of this work, and demonstrate the full
capabilities of this software.

Figure 1 was generated using a sample derivation from
[3], in order to confirm correct operation of the software
for a very simple case. This is the only four-dimensional
example considered in this report, and serves to demon-
strate that the software is functional for any arbitrary
spacetime dimensions. The solution describes a static,
straight open string which rotates in the two transverse
dimensions, x2 and x3. It is defined by the following
parameters, where all transverse modes of (13) not men-
tioned (or whose conjugates are not mentioned) are set
to be 0:

p+ = 1; xI0 = x−0 = 0; αI1 = (4, 4i). (19)

FIG. 1. D = 4, rotating static string solution

In the above figure and all those to follow, x0 denotes
time.

Figure 2 shows one of the most fundamental strings as
described using the light-cone mode expansion, with only
the first transverse mode being nonzero. It is defined by
the following parameters:

p+ = 1; xI0 = x−0 = 0; αI1 = 4. (20)

FIG. 2. D = 3, single transverse-mode string solution

Figure 3 shows a solution which is enriching because
of its many asymmetries despite being composed of only
two transverse mode oscillations. Its aesthetic beauty is
also noted to be striking. This solution is defined by the
following parameters:

p+ = 1; xI0 = x−0 = 0; αI1 = 4, αI2 = 4i.
(21)
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FIG. 3. D = 3, asymmetric string solution, top view

C. Parameter Analysis

After examining some arbitrary but simple examples,
the string solution input parameters were further exam-
ined for their correlation with the shape properties of
the worldsheet. The most trivial of these were the initial
position parameters: x−0 and xI0, which impact only the
translated position of the worldsheet.

A much more intriguing parameter is p+, referred to
in [1] as the light-cone energy. Simulations with LEGen
showed a qualitative correlation between p+ and the
”speed” of the string, visibly recognizable in many of
the above plots as a linear slope between the x1 and x0

coordinate directions. To investigate this further, the
momentum slope p’ was defined as:

p′ =
p0

p1
=
p+ + p−

p+ − p−
. (22)

In the light-cone gauge, p− is not treated as an inde-
pendent parameter, as it is dependent on the p+ and the
zeroth Virasaro mode by the expression:

2p+p− =
1

α′
L⊥0 . (23)

The two plots shown in Figure 4 are the same bimodal
string solution, with only the value of p+ varied (set to 1
on the left and 2 on the right). The right plot was trans-
lated for visual comparison effect; otherwise the world-
sheets would have identical initial positions.

It was postulated that by further increasing p+, a
string solution must be able to be generated which
”points” directly in the x0 direction. This may be more
physically interpreted as being a string which does not
translate over time, but statically oscillates. Repeated
guesses of p+, with full resimulations, seemed to place

FIG. 4. D = 3, double-mode solution, with p+ varied

the desired value near 5, but no worldsheet produced
was precisely vertical.

By setting p’ to a desired value of∞, corresponding to
vertical slope, and substituting (22) into (23), the nec-

essary value of p+ was found to be
√

32. A plot of the
resultant worldsheet, which was indeed a static oscillat-
ing string, is given in Figure 5.

FIG. 5. D = 3, non-translating single-mode solution
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The zero-transverse mode αI0 was also observed to have
a characteristic effect upon worldsheet shape. This pa-
rameter is constrained to be real, due to the reality condi-
tion upon (13), in which it contributes to a term linearly
with τ . Indeed, from this term, it was predicted that
the value of αI0 would correlate with the ”slope” of the
worldsheet in the transverse directions perpendicular to
its overall momentum. The three plots shown in Figure
6 are the same unimodal string solution, with only the
value of αI0 varied (set to -1 on the left, 0 in the middle,
and 1 on the right). Viewed from the side (along x2),
these worldsheets align perfectly, and so the observed
leaning occurs only in x2 and x0.

FIG. 6. D = 3, single-mode solution, with aI
0 varied

Lastly, the effect of complex rotation of a single mode
coefficient was observed. The six plots shown in Figure
7 are the same unimodal string solution, with only the
value of αI1 varied (set to 4 on the left, and rotated in
the complex plane by π

10 for each subsequent plot). It is
clear that this complex angle corresponds to the phase
angle of the string solution; for the rightmost plot, a
mode coefficient of 4i corresponds to exactly a quarter-
wavelength phase shift, as would be expected.

FIG. 7. D = 3, single-mode solution, with ∠aI
1 varied

IV. CONCLUSION

In this paper, we present the development of the
LEGen software using the light-cone gauge mode expan-
sion technique for visualization of string solutions. Test
outputs of LEGen were evaluated as proof of valid op-
eration, and were analyzed for the properties of their
input parameters, the coefficients of the mode expan-
sion. Prospects for further development of LEGen in-
clude extending it for the visualization of superstring so-
lutions, as well as strings winding around compact di-
mensions. The examples detailed in Section III.B serve
only as an overview of LEGen’s capabilities, which are
demonstrated more fully in Part II of this work.
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