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Abstract

Let G be a permutation group acting on a set 2. A subset of 2 is a base for G if
its pointwise stabilizer in G is trivial. We write b(G) for the minimal size of a base for
G. We determine the precise value of b(G) for every primitive almost simple sporadic
group G, with the exception of two cases involving the Baby Monster group. As a
corollary, we deduce that b(G) < 7, with equality if and only if G is the Mathieu group
My, in its natural action on 24 points. This settles a conjecture of Cameron.

1 Introduction

If G is a permutation group on a set €2 then a subset B C () is a base for G if the pointwise
stabilizer of B in G is trivial. We write b(G) for the minimal size of a base for G. This
notion dates back to the early days of group theory in the nineteenth century. For instance,
a classical result of Bochert [4] states that b(G) < n/2 if G is a primitive permutation
group of degree n not containing A,,.

In more recent years, following the seminal work of Sims [28] in the early 1970s, bases
have been used extensively in the computational study of finite permutation groups. For
example, we observe that the elements of G are uniquely determined by their action
on a base B, hence each element can be stored as a |B|-tuple, rather than a |Q|-tuple.
Consequently, small bases are particularly important from a computational point of view.
For further discussion of this topic, see, for example, [26, Chapter 4].

Base sizes for almost simple primitive permutation groups have been much studied in
recent years (see [8, 10, 11, 18, 19, 20], for example). A major motivation comes from a
well-known conjecture of Cameron and Kantor [12, 14] on non-standard actions. Roughly
speaking, if G is a finite almost simple group with socle Gy then a primitive G-set €2 is
standard if either Gop = A, and Q is an orbit of subsets or partitions of {1,...,n}, or G
is a classical group in a subspace action, i.e. €2 is an orbit of subspaces of the natural
G-module, or pairs of subspaces of complementary dimension. Non-standard (primitive)
actions are defined accordingly.
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The Cameron-Kantor Conjecture asserts that there exists an absolute constant ¢ such
that b(G) < ¢ for every almost simple group G in a faithful primitive non-standard action.
This conjecture was finally settled by Liebeck and Shalev [22, 1.3] but their proof does not
yield an explicit value for ¢. However, there has been much recent progress towards an
explicit constant. Indeed, if Go = A,, then Guralnick and Saxl have proved that b(G) < 3
for all non-standard actions, with equality only if n < 12 (see [10]). For groups of Lie
type, the main results of [8] and [11] imply that b(G) < 6.

In this paper we obtain precise base size results for primitive actions of almost simple
sporadic groups. Our main result is the following.

Theorem 1. Let G be a finite almost simple sporadic group and let 2 be a faithful primitive
G-set with point stabilizer H = G,. One of the following holds:

(1) b(G) = 2;
(i) (G, H,b(Q)) is listed in Table 1 or 2;

(iii) G is the Baby Monster, H = 22710+20 (Myy : 2 x S3) or [230].L5(2), and b(G) < 3.

The following corollary is immediate.

Corollary 1. We have b(G) < 7, with equality if and only if G = May in its natural action
on 24 points.

In the light of the results of [8, 10, 11], we deduce that Corollary 1 holds for every
finite almost simple group in a faithful primitive non-standard action. In particular, we
conclude that ¢ = 7 is the best possible constant in the statement of the Cameron-Kantor
Conjecture. This confirms an additional conjecture of Cameron (see [13, p. 122]).

Theorem 2. Let G be a finite almost simple group and let Q) be a faithful primitive non-
standard G-set. Then b(G) < 7, with equality if and only if G = May in its natural action
of degree 24.

Remark 1. We have been unable to determine the precise value of b(G) when G is the
Baby Monster group and H is one of the two 2-local subgroups listed in part (iii) of
Theorem 1; our methods only yield b(G) < 3. Since b(G) = 2 if and only if H has a
regular orbit on €2, it may be possible to use the GAP [17] package orb [25] to compute the
lengths of the H-orbits on €, or to at least account for sufficiently many ‘large’ H-orbits
to allow one to decide if b(G) = 2 or 3. We refer the reader to [24, Table 2] for the case
(G, H) = (B, Figg), and to [23, Table 1] for (G, H) = (B, 2!22.Coy).

Notation. We adopt the standard Atlas [16] notation. In particular, N.H denotes an
arbitrary extension of a group N by a group H; we write N : H if the extension is split and
N - H if it is non-split. The direct product of m copies of H is denoted H™, while we write
n for a cyclic group of order n. In particular, if p is prime then p® is the elementary abelian
group of order p®. In addition, [n] denotes an arbitrary group of order n. For classical
groups, S,(q) is the projective symplectic group PSp, (¢), while Of(gq) is the projective
orthogonal group denoted by PQ (¢) in [21]. As usual, S,, and A, are respectively the
symmetric and alternating groups on n letters, and D,, is the dihedral group of order n.
We write i,(G) for the number of elements of order r in the group G.

Layout. In Section 2 we describe the probabilistic, character theoretic and computational
techniques which we use to prove Theorem 1. In particular, in Section 2.1 we explain the
connection between base sizes and fixed point ratios which plays a key role in our proof.
Next, in Section 3 we record numerous results on the subgroup structure and representation



theory of the almost simple sporadic groups. The Web Atlas [32] and the GAP Character
Table Library [7] are our main sources here. We provide more detailed information on the
Baby Monster and the Monster in Sections 3.2 and 3.3, respectively. Finally, Section 4 is
devoted to the proof of Theorem 1.
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2 Techniques

The proof of Theorem 1 uses a combination of probabilistic, character theoretic and com-
putational methods. In this section we introduce these techniques.

2.1 Probabilistic methods

Let G be a permutation group on a finite set Q2 and let b(G) = b(G, 2) be the minimal size
of a base for GG. As observed in the introduction, if B C {2 is a base then each element of
G is uniquely determined by its action on B. This observation yields the following useful
lower bound.

Proposition 2.1. If G is a permutation group on a finite set Q, then b(G) > [log |G|/ log |Q]].

Probabilistic methods, based on fixed point ratio estimates, play an important role in
the proof of Theorem 1. Recall that the fized point ratio of x € G, which we denote by
fpr(z, ), is the proportion of points in Q which are fixed by x. In other words, fpr(z, )
is the probability that a random « € ) is fixed by x. If 0 is a transitive G-set, then it is

easy to see that

26N H
fpr(x,Q) = ”xG”a (1)

where H = G,, is the G-stabilizer of a point a € €.

Definition 2.2. Let G be a permutation group on a finite set (2, with point stabilizer
H = (G,. For ¢ € N define

k
Q(G,c) = |af| - fpr(z;, Q)
i=1

where x1, ...,z represent the distinct G-classes of elements of prime order in H.

Proposition 2.3. Let G be a transitive permutation group on a finite set 2. Let ¢ be a
positive integer and let Q(G, c) be the probability that a randomly chosen c-tuple of points
in Q is not a base for G. Then Q(G,c) < Q(G,c¢).

Proof. As observed in the proof of [22, 1.3], a c-tuple in € fails to be a base for G if and
only if it is fixed by x € G of prime order, and the probability that a random c-tuple is
fixed by z is at most fpr(z, Q)¢. Since G is transitive, fpr(z, Q) = fpr(y, Q) for all y € z¢
(see (1)) and thus

k
Q(G,e) < Y fpr(z, Q)" =Y [2f] - fpr(z;, Q)° = Q(G, ),
=1
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Table 2: Primitive actions with b(G) > 2, Part II



where &2 is the set of elements of prime order in GG, and x1, ..., x; represent the distinct
G-classes of elements of prime order in H = G, (note that fpr(z,Q) = 0 if 2 N H is
empty). O

Corollary 2.4. Let G be a transitive permutation group on a finite set ), with point
stabilizer H = G, and let ¢ be a positive integer. If Q(G,c) < 1 then b(G) < c.

We use the next result to derive an effective upper bound for @(G, c).

Proposition 2.5. Let G be a transitive permutation group on a finite set 2, with point sta-
bilizer H = G. Suppose x1, ..., xy, represent distinct G-classes such that ), 28 N H| <
A and \xZG\ > B foralll1 <i<m. Then

> laf| - tpr(z;, Q)° < B(A/B)°

for any positive integer c.

Proof. For 1 < i < m—1set a; = |2¢ N H| and b; = |2§| — B. Since G is transitive,

fpr(z;, Q) = |2¥ N H|/|z¥|, hence
m A— Z a -1 ) c
G c i=1 % i
el I i,Q NS B bz
DEARECEE ( >+H< w0 (5%

m—1 m—1
<5 <A S0+ )
=1 1

1=

m
a

and the result follows. O

Corollary 2.6. Let G be a transitive permutation group on a finite set , with point
stabilizer H = G. Let R be the set of distinct prime divisors of |H|, let S C R and let
X be a set of representatives of the distinct G-classes of elements of order r € S. Let ¢ be
a positive integer. Then b(G) < ¢ if

Z|xG] fpr(z, Q)¢ Z br(a,/by)¢

zeX reR\S

where i,(H) < ay, and |x%| > b, for all x € G of order r.

Corollary 2.7. Let G be a transitive permutation group on a finite set {2, with point
stabilizer H = Go. If |H|? < |zC| for all x € H of prime order then b(G) = 2.

Proof. Set A = |H| and B = min |z%|, where the minimum is over all z € H of prime
order. Proposition 2.5 yields Q(G,2) < A?/B. O

2.2 Character theoretic methods

We begin with a classical result of Frobenius (see [2, 10.1, p. 43] or [27, 7.2.1], for example).

Lemma 2.8. Let G be a finite group, let z be a fixed element of G, and for 1 < i <t
let C; be a conjugacy class in G with representative x;. The number of solutions to the
equation ngl y; = z with y; € C; is equal to

9

|01 |Gy x(@1) - x(@e)x(z7)
G 2 X(l)t_1

x€lrr(GQ)

where Irr(G) is the set of ordinary irreducible characters of G.



Definition 2.9. Let G be a finite group and let X and C' be conjugacy classes in G with
representatives x and z, respectively. For t € N define

X" x(@)'x(z™)
m(Xa C, t) = -1
’G‘ x€lrr(G) X(l)

where Irr(G) is the set of ordinary irreducible characters of G.

Let G be a transitive permutation group on a finite set {2, with point stabilizer H =
Go. Suppose H = Cg(x) for some x € G. Then the action of G on ) is equivalent
to the action of G on X = 2% by conjugation. Let C be a conjugacy class in G, set
Xco ={y € X | zy € C} and note that X¢ is a union of H-orbits. Fix z € C' and observe
that

[ Xc| =1C1X[7" - [{(a,b) € X x X | ab= 2},

hence Lemma 2.8 yields
|[Xo| = |ClIX]7m(X, C,2),

where m(X, C,2) is defined as in Definition 2.9.

Proposition 2.10. With the notation established, if | Xc| < |H| for each conjugacy class
C in G, then b(G) > 2.

Proof. Observe that b(G) = 2 if and only if there exists a conjugacy class C such that H
has a regular orbit on X¢. Of course, if H has a regular orbit on X¢ then |[X¢o| > |H|. O

Proposition 2.11. Let G be a transitive permutation group on a finite set (), with point
stabilizer H = Go. Assume H = Cg(x) for an involution x € G. Set X = 2% and suppose
there exists a conjugacy class C = ¢ with m(X,C,t) > 0, where t = 2 or 3, and c is
self-centralizing of order r. Then b(G) < 2 if t = 2 and r is odd, and b(G) < 3 if t = 3
and r is an odd prime.

Proof. Since m(X,C,t) > 0, there exist z1,...,2; € X such that [[,z; = z € C. Set
K = );Cq(z;). Then K < Cg(z) and Cg(z) = (z) since z is self-centralizing in G.
Suppose t = 2 and assume 2! € K, for some 1 <i <7 — 1. Then (2122)'z1 = z1(z122)" =
(xgxl)iflxg, so z' = 2% and thus 2% = 1, a contradiction since r is odd. Therefore K is
trivial. Similarly, if ¢ = 3 and z € K then (z1zex3)z; = x;(x12973), hence z = x1x9w3 =
Tox3x1 = xr3x1x2 and [x1x3, x2] = 1, S0

23 = (x12223)(T32122) (T2w321) = X1 (T2T123)T1 = T3X2X] = 271

a contradiction since r is odd. Therefore K is a proper subgroup of (z), hence K is
trivial since r is prime. We conclude that b(G) < t since there exist g; € G such that
Ca(z;) = HY. O

2.3 Computational methods
2.3.1 Random search

Let G = (z1,...,z) be a finite group and let H be a core-free subgroup of G, so
ﬂgeG H9 = 1. Assume that we have an explicit faithful permutation representation p
for G. We can now construct G = (p(z1),..., p(zx)) as an explicit permutation group on
n letters. Further, let us assume that H = (y1,...,y;), where each y; is a known word in
the given generators for GG, and so we know H as an explicit subgroup of G.

Let Q be the set of right cosets of H in G. We can now view G as a transitive
permutation group on 2, with point stabilizer H = G, (the fact that H is core-free



implies that Q is a faithful G-set). As before, let b(G) = b(G, Q) be the minimal size of a
base for G with respect to €. If ¢ € N, then b(G) < cif and only if there exist g2,...,9. € G
such that (;_; H% = 1, where g; = 1. We can try to find such elements by a random
search, using our explicit constructions of G and H. If this procedure terminates, then
b(G) < c. In particular, if it terminates with ¢ = [log |G|/ log |2]] then Proposition 2.1
implies that b(G) = c.

We exploited this random search approach using MAGMA [5]. For practical reasons, we
limit its use to those groups which admit a faithful permutation representation of degree
at most 2 x 106.

2.3.2 Stabilizer analysis

Suppose G, H, p and () are as before, so G and H are explicit permutation groups on n
letters. We can explicitly construct G as a permutation group on 2. One can then compute
the size of all possible c-point stabilizers, for any ¢ > 2, and the precise value of b(G) quickly
follows. Here we only need to consider stabilizers corresponding to a suitable system of
orbit representatives. More precisely, we note that the size of any c-point stabilizer is of
the form |Ga, .. a.] With oy = « fixed, while a; represents a Gy, ..., ,-orbit on Q for
2<i<e

We implemented this technique in MAGMA using the command CosetAction. For
practical reasons, we only use this technique if [Q] < 3 x 106.

2.3.3 Double coset enumeration

Again, G, H, p and Q are as before. Suppose we want to show that b(G) > 2. Observe
that b(G) = 2 if and only if H has a regular orbit on Q. Further, the H-orbit of the
coset Hx € €) can be identified with the double coset HxH in G. Therefore, in order to
show that b(G) > 2, it is sufficient to find a set T C G of distinct (H, H) double coset
representatives such that:

(i) |[HzH| < |H|? for all z € T}; and
(i) Y, er |HzH| > |G : H| — |H|?.

We have implemented this technique in MAGMA. First, we find a set S C G of
‘large’ (H, H) double coset representatives; S is chosen at random, noting that |HzH| =
|H|?/|HNH?|. Next we attempt to find a subset T' C S of distinct double coset representa-
tives, satisfying (i) and (ii) above. To do this, we use the fact that HxH = HyH if and only
if yh~In~"lz~! € H for somen € Ny(HNH?"), where h € H satisfies (HNH*)" = HNHY.
(Note that if H N H* and H N HY are not H-conjugate then HxH # HyH.)

3 Almost simple sporadic groups

3.1 The Web Atlas

Let G be an almost simple group with socle Gy, a sporadic simple group. A great deal
of information on the maximal subgroups and representations of G is available in the
Atlas [16], the Web Atlas [32] and the GAP Character Table Library [7]. For example, the
ordinary character table of G is in [16], and is available in GAP-readable form in [7].

The maximal subgroups of each almost simple sporadic group have been determined
up to conjugacy, except for the Monster group M. Lists of the known maximal subgroups
can be found in the Web Atlas.



It is well-known that every almost simple sporadic group is 2-generated, and the Web
Atlas provides a black-box algorithm to construct an explicit pair of standard generators
for each group. For details of these algorithms, see [31].

The Web Atlas also provides various permutation and matrix representations for the
sporadic groups and their maximal subgroups. In particular, if G ¢ {Ly, J4, Th, B, M},
then an explicit faithful permutation representation of G on n(G) letters is available, where
n(G) is defined in Table 3. Here a = 2 if G = Gy.2, otherwise @ = 1. In addition, if
Go ¢ {Fias3, Fiby, Co, HN, B, M}, then explicit generators for each maximal subgroup of G
are presented in [32] as words in the standard generators of G.

GO M11 M12 M22 M23 M24 Jl JQ J3 HS MCL SUZ He
n(G) 11 12- a0 22 23 24 266 100 6156 100 275 1782 2058

COl COQ 003 Figg Figg Fl/24 Ru O,N HN
98280 2300 276 3510 31671 306936 4060 122760 -« 1140000

Table 3: Degrees of some permutation representations

Proposition 3.1. Let G be an almost simple sporadic group with socle Go, where Gy €
{Figg, Fiy,, Coy, HN}. We can construct each of the mazimal subgroups H of G listed in
Table 4.

G H

Fizz  2.Figg, Of (3).53, [31°].(L3(3) x 2), Sia2, (22 x 21F%).(3 x U4(2)).2, 2678 : (47 x Ss)
Fi/24 Figg, 211.M24, 22.U6(2) : Sg, 21+12.31.U4(3).2

Fisy  any maximal subgroup

COl 211 ZM24, 0037 22+12 : (Ag X Sg), 24+12 : (Sg X 3-S6)7 32U4(3)D8

HN 21+8.(A5 X A5).2, 26.U4(2), (A6 X Aﬁ).Dg

HN.2 any maximal subgroup

Table 4: Some ‘constructible’ maximal subgroups

Proof. Suppose G = Fizs. By inspecting the Web Atlas [32], we may assume H =
[319].(L3(3) x 2) or 26+8 : (A7 x S3). In the first case, H contains a Sylow 3-subgroup
S of G, so the subgroup [3'°] is normal in S. Therefore, in order to construct H as a
subgroup of GG, we take a Sylow 3-subgroup of G, determine its normal subgroups of order
310 (of which there are 13) and then consider the order of the G-normalizer of each of these
subgroups. We find there is a unique normalizer of order |H| and so this is the desired
subgroup H. The other case is very similar: H contains a Sylow 2-subgroup of G which
normalizes the subgroup 26+8.

Next assume G = Coj. In view of [32], we may assume H = 22F12 : (Ag x S3),
24412 . (83 x 3.56) or 32.U4(3).Dg. In the first two cases, H contains a Sylow 2-subgroup
of G and we proceed as before. If H = 32.U4(3).Dg then H = Ng(K), where K is an
elementary abelian subgroup of order 32 (see [16]). Now, if S is a Sylow 3-subgroup of G,
then a MAGMA calculation reveals that S has 580 elementary abelian subgroups of order
32; precisely four of them have a G-normalizer of order |H|, and these normalizers are
pairwise G-conjugate so we can take H to be any one of them.

Now, if G = Fig4 or HN.2 then explicit generators for each maximal subgroup of G are
in the Web Atlas. Finally, if G = Fi5, or HN then each of the listed subgroups is of the
form H = GN M, where M is a maximal subgroup of L = Fiyy or HN.2, respectively (see
[16]). Therefore, we can construct L and M as permutation groups on 306936 or 1140000
points (see [32]), and then set G = Socle(L) and H = M N G. O



Proposition 3.2. Suppose G € {Fias, Fib,, Co1, HN, Th, J4, Ly}. Both the character table
of every maxzimal subgroup H of G and the fusion of H-classes in G are known. The same
is true if (G, H) is one of the cases listed in Table 5.

G H

HN: 2 5127 4HSQ7 U3(8) . 6, 26.U4(2).2

B 2.2F(2) : 2, Fiaz, Th, HN : 2, OF (3) : Sy, (22 x Fy(2)) : 2, 31+8.2146.U,(2).2,
5:4x HS: 27 (53 X Figg) : 2, S4 X 2P’4(2)7 (55 X Mgg) : 2, 52 : 454 X 55

M 23, 21+24.001, 3.Fi24, 22.2E6(2) : Sg, 31+12.2SUZ.2

Table 5: Some cases for which the fusion of H-classes in G has been determined

Proof. All of this information is available in [7], unless (G, H) = (B, (22 x Fy(2)) : 2) or
(M, 31712.2Suz.2). In the former case, only the character table of H is in [7]; the fusion of
H-classes in G were calculated directly using the GAP command PossibleClassFusions.
The character table of 3!1712.2Suz.2 < M, together with the fusion of H-classes in G, were
calculated by Barraclough and Wilson [3]. O

3.2 The Baby Monster
Proposition 3.3. Let H be one of the following maximal subgroups of B:

(1) 22F10HF20 (Myy : 2 x S3)  (2) [2%°].(S5 x L3(2)) (3) (3% : Dg x Uy(3).2.2).2
(4) [3M].(Sy x 2S4) (5) 51421t A4 (6) (Se x Lz(4):2).2
(7) 5°-Ls(5) (8) (S x Sg).4 (9) L2(49).23

Then H has an explicit faithful permutation representation on n(H) points, where n(H)
1s defined in Table 6.

If H is one of the following subgroups
(10) 29F16.55(2) (11) [2%0).L5(2)

then there is an explicit faithful matriz representation of H into GLyy, gy (2), where m(H) =
180 and 144, respectively.

# OH 2 G @ 6 6 1) &) )
n(H) 6144 21504 3024 26244 3250 52 3875 24 50

Table 6: Degrees of some permutation representations of maximal subgroups of B

Proof. The representations for (3)-(5) and (7) were constructed by An and Wilson (see
Section 3 of [1]). Cases (6), (8) and (9) are straightforward. For example, (9) is the
unique subgroup of index 2 in Aut(L2(49)) which has only one class of involutions, and
has a natural action on the 50 points of the projective line over Fy9. Case (8) is the unique
subgroup of index 2 in K = Aut(Sg x Sg) = (S¢ x Sg).Dg which maps onto the cyclic
subgroup of Dg, and we can easily construct a permutation representation of degree 24 for
K. In case (6), there is a subgroup S5 x L3(4).2 which is also in the maximal subgroup
S5 X Mo9.2, so H is the unique subgroup of index 2 in Sg.2 x L3(4).22 which has shape
(Se x L3(4) : 22).2. Thus it can easily be constructed as a permutation group on 10 + 42
points. John Bray (personal communication) provided the relevant representations for (1),
(2), (10) and (11).

]
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Proposition 3.4. Let H be one of the following maximal subgroups of B:

(1) 29+16.54(2) (2) 22F10+20 (Myy : 2 x S3)  (3) [239].L5(2)
(4) [2%°].(S5 x L3(2)) (5) (32 : Dg x Uy(3).2.2).2

(i) The ordinary character table of H is known.

(ii) If C' is a conjugacy class in B containing elements of order 2 or 3 then |C' N H| is
given in Table 7.

2ANH| 2BNH| [2CNH| [2DNH]| 3ANH| 3B N H|
(1) 473400 18580575 3956490240 11549737576 17825792000 3354101022720
(2) 182584 6022239 638533632 1444090472 3238002688 103347650560
(3) 125240 2696287 383467520 880456206 1300234240 58250493952
(4)
(5)

51512 1172575 131022848 313463400 142606336 18790481920
804 4356 121392 302535 78408 350000

Table 7: Some class fusion data relating to B

Proof. By Proposition 3.3 we have an explicit faithful permutation or matrix represen-
tation of H. The character tables can now be constructed directly using the MAGMA
implementation of the algorithm of Unger [29].

Now consider (ii). First, let H be the subgroup labelled (2). By inspecting the char-
acter table of H, we deduce that

X | H = @3+ p25 + 076 + ©120,

where y is the complex irreducible character of B of degree 4371 and the ; are irreducible
characters of H with ¢2(1) = 1, pa5(1) = 66, w76(1) = 1232 and ¢120(1) = 3072. The
entries in Table 7 are easily obtained since x takes distinct values at each class of elements
of order 2 and 3. The cases (1), (3) and (4) are similar. For case (5), the fusion of H-classes
in B were computed by Thomas Breuer. O

Remark 3.5. The character tables identified in Proposition 3.4 are now available as part
of the GAP Character Table Library [7].

3.3 The Monster

Proposition 3.6. Let H be a mazimal subgroup of M. Fither H belongs to one of 43
known conjugacy classes of mazimal subgroups, or |H| < 99283968.

Proof. Suppose H is a maximal subgroup of M which is not in one of the 43 known
conjugacy classes. According to [6, Section 1], H is an almost simple group with socle
Ly(13), Us(4), Us(8) or Sz(8), and thus |H| < |[Aut(Us(8))| = 99283968 as claimed. [

Proposition 3.7. Let H be one of the following mazximal subgroups of M:

(1)  23F6FI2HI8 ([4(2) x 3S6)  (2) 3%.0g(3).23 (3) (3%:2x 0OF(3)).S4
(4) 3324646 . (L3(3) x SD1g) (5) (7:3xHe):2 (6) 5'16:2J5:4

(1) 32F5H10 (Myy x 2Sy) (8) (A5 x A12):2 (9) 5373.(2 x L3(5))
(10) 221422 (My, x S3)

Then H has an explicit permutation representation on n(H) points, where n(H) is defined
in Table 8.

11



g (1) (2) B @ 6 6 7 (8 (9 (10)
n(H) 1032192 805896 3369 85293 2065 78125 34992 17 7750 294912

Table 8: Degrees of some permutation representations of maximal subgroups of M

Proof. See the Web Atlas [32]. We refer the reader to [6] for details on how these repre-
sentations were determined. O

Proposition 3.8. Let Hy = 2!19716.07,(2) and Hy = 25T10720,(G5 x L5(2)). Let r be a
prime divisor of |H;|. Then i,(H;) < ay;, where a,; is defined in Table 9.

i G2 as, as i azi

1 486009339903 237937664983040 220 .78512308224 218.93251174400
2 76880543743 2284253609984 228 . 666624 2.230.238080
ar asy

2-22%4.460770508800 5 - 22° - 758041804800

0 6 - 235 . 322560

Table 9: The bounds i,(H;) < ar;

Proof. First consider H = H;. Let Vog be the 26-dimensional OTO(Q)-module Vio ® Vig
over 9, where Vi is the natural O{%(Z)—module7 and Vig is one of the two irreducible
spin modules for Of;(2). Using a combination of MAGMA and the Web Atlas [32], we can
determine the GLagg(2)-class of each z € O,(2) of prime order. By [9, 6.1] we have

4
+
in(H) < 210416 _ 1 4 Z 226—m(xi)|x?1o(2)|7
i=1

where 21, ...,x4 represent the distinct classes of involutions in Of,(2) and m(z;) is the
number of Jordan 2-blocks in the Jordan form of z; on Va6. We calculate that m(2A4) = 6,
m(2B) = m(2C) = 10 and m(2D) = 12, hence i2(H) < 486009339903 = ay ;. Similarly, if
r is an odd prime, then [9, 6.1] gives

kr

+
i (H) < 30 220wy 0@
i=1
where n(y;) = dim Cy,,(y;), and y1, ..., yx, represent the distinct classes in O7;(2) con-

taining elements of order r. (In fact, it is easy to see that equality holds here.) In this
way we obtain the a; 1.

The case H = H, is very similar. Let V7 and V5 denote the trivial and 2-dimensional
irreducible FyS3-modules, respectively. In addition, write V5 for the natural Ls(2)-module
and Vg for one of the two 10-dimensional irreducible FoL5(2)-modules. Now let V35 be
the 35-dimensional Fy(S3 x L5(2))-module (V; ® V5) @ (V1 ® Vig) @ (Vo ® Vig). As before,

we deduce that ;

ir(H) < 95+10420 _ 1 4 Z 235—m($i)|$?‘,
i=1
where 1, ..., x5 represent the distinct involution classes in H = S3 x L(2), and m(x;) is

the number of Jordan 2-blocks in the Jordan form of z; on V5. It follows that io(H) <
76880543743 = a2 2 as claimed. Similarly, if 7 is an odd prime then

ki

in(H) =y 255 wijyfl],
1=1
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where n(y;) = dim Cy. (y;) and y1, ..., yx, represent the distinct H-classes which contain
elements of order r. This gives the remaining a, 2 terms. O

Proposition 3.9. Let H be one of the following maximal subgroups of M

(1) 22+11+22.(M24 % 53) (2) 23+6+12+18-(356 % L3(2))
(3) 210—&-16_01&-0(2) (4) 25+10+20.(L5(2)XS3)

and let C be a conjugacy class of involutions in M. Then |C'N H| is given in Table 10.

2ANH| [2BNH]
(1) 47220432 43521572863
(2) 3573456 4026530095
(3) 76973776 < 485932366127
(4) 5932752 < 76874610991

Table 10: Some partial fusion data for involutions in M

Proof. In cases (1) and (2) we use the explicit permutation representations from Proposi-
tion 3.7 to calculate the exact number of involutions in the group. Therefore it suffices to
calculate the number which fuse to class 24 in M. In cases (3) and (4) we again calculate
the number of 2A-involutions in the subgroup, but we do not have an explicit representa-
tion of the group with which to count the total number of involutions, so instead we use
the bounds given in Proposition 3.8.

First observe that there are exactly two classes of 2B-elements in the 2A-element
centralizer 2.B, and therefore there are exactly two classes of 2A-elements in the 2B-
element centralizer 2'+24.Co;. Moreover, the orders of the centralizers of the 22-groups
can be read off from the character table of 2.B. Thus it is easy to deduce that one of these
classes is a class of 196560 involutions in the normal subgroup 2724, while the other is a
class of involutions mapping to elements of Co;-class 2A: each such coset of 21724 contains
exactly 2% such, related to each other by elements of the 2'72* corresponding to Leech
lattice vectors in the 8-dimensional eigenspace of the corresponding involution in Co;.

Now consider case (1). We restrict from Coy to 211 Myy. The orbit of length 196560
splits into three orbits, corresponding to Leech lattice vectors of shapes (42,022), (28, 01°)
and (—3,1%%), and therefore of lengths 1104, 97152 and 98304 respectively. The first of
these lies inside the normal subgroup 22+ of (1): there are four such elements corre-
sponding to each of the 276 duads under the natural action of My4. Thus this orbit is
fixed by the whole of (1). The elements in the other two orbits lie in just one of the three
groups 21724 corresponding to the three involutions in the normal fours-group, so under
the action of (1) the orbits become three times the size. In the first case, the remaining
194304 involutions in the orbit lie in the Og-subgroup of (1), and therefore map to ele-
ments of the normal subgroup 2!' in 2. My,. It is well-known that there are just 759
such involutions in Coj-class 24, so they account for exactly these 759 x 256 = 194304
2 A-involutions in M.

There is just one other conjugacy class of elements of Coj-class 2A4 in 2'1.May, rep-
resented by permutations of cycle type (182%) in Mas. Notice that the 8-dimensional
eigenspace of this element contains no vectors with odd coordinates in the Leech lattice,
so all these 2A4-elements lie in the subgroup 2211422 My,. Since there are 759 x 15 such
involutions in My, each lifting to 24 elements of Coj-class 24 in 21 .My, it follows that
there are 46632960 involutions in this conjugacy class. Adding up the four class sizes 1104,
291456, 294912 and 46632960 gives the total 47220432 as claimed.

For future calculations it is useful to know the exact number of 2A-involutions in a
Sylow 2-subgroup of M. It is easy to calculate that the Sylow 2-subgroup of Moy contains
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exactly 89 involutions of cycle type (1828). Therefore the Sylow 2-subgroup of 2!*.Ma4 (and
therefore Coq) contains 759+89.2% = 2183 involutions of Co;-class 2A. Similarly the Sylow
2-subgroup of 2'%24.Co; (and therefore M) contains exactly 196560 + 2183.2% = 755408
involutions of M-class 2A.

Now we are ready to consider case (2). We use the result for (1), and first restrict
to the intersection of (1) and (2), which is a group of shape 22711422 (26355 x S3) =
23+6+12418 (364 x Sy4). Thus we restrict from May to the sextet stabilizer 26 : 355. By
easy calculations in Myy we see that 1104 splits as 1444960, according as the two non-zero
coordinates lie in the same part of the sextet or not; and 291456 splits as 5760 + 138240 +
147456, according as the octad splits across the sextet in the pattern (420%) or (2402) or
(31%). The class of size 294912 does not split at all. Finally, the involutions of Mayy-class
2A in 26 : 355 are of three types: 45 inside the normal 2%, and 180 mapping to involutions
of cycle type (1?22) in Sg, and 360 mapping to transpositions of Sg. Since each of these
lifts to 2'2 involutions of M-class 24, we obtain three orbits of lengths 184320, 737280 and
1474560 respectively.

For the second part of the argument we need to consider what happens to these orbits
when we extend from Sy to L3(2). Now the orbit of length 144 consists of the 2A-elements
which are in all seven of the groups 2!72?* corresponding to the seven involutions in the
normal 23 of (2), so this is fixed by (2). The orbit of length 960 consists of those in the
three of these groups corresponding to the involutions in the normal 22 of (1), and so it
fuses with the orbit of length 5760 corresponding to the other six subgroups 22 in the 23.
Similarly the orbit of length 138240 fuses with the orbit of length 184320.

The orbit of size 147456 corresponds to the three involutions in the normal 22 of Sy,
while that of size 294912 corresponds to the other six involutions of Sy. Thus they fuse
with a further 589824 involutions corresponding to the other twelve involutions in L3(2)
to make an orbit of size 1032192 in (2). This leaves just the orbits of size 737280 and
1474560, corresponding respectively to the involutions in Ag and the transpositions of
Se. Since these elements are not diagonal in the quotient Mgy x S3 of (1), they are not
diagonal in the quotient Sg x S5 of the intersection of (1) and (2), and therefore they are
not diagonal in the quotient Sg x L3(2) of (2). In other words these orbits are invariant
under (2). Adding up the orbit lengths we have calculated, we obtain the total figure of
3573456 involutions of M-class 24 in case (2), as claimed.

Now consider case (3). First we work inside its intersection with the involution cen-
tralizer 21724.Co;. This is a group of shape 214242148 .0 (2) = 210416 28 OF(2). Since
the subgroup 2! of Co; contains exactly 271 involutions of Co;-class 24, the total num-
ber of involutions of M-class 24 in the Oy-subgroup is 196560 4 271.2% = 265936. It is
well-known that in the orthogonal group action on 2!°, just the 496 non-isotropic vec-
tors are in M-class 2A. Moreover, the group 2'+16 is the centralizer in this Os-subgroup
of any 2A-element corresponding to the central involution of the quotient 21+8.05 (2) in
Coy. Thus one can calculate that there is a further orbit of 73440 = 2295.2° involutions
of M-class 24 in 210+16,

Next we study the embedding of 28.0¢(2) in Of,(2). The normal 2% contains 135
elements of Ofo(2)—class 2A and 120 of class 2B. In both cases, representatives can be
chosen inside 21124, and thus it is possible to deduce that the former each lift to 2° elements
of M-class 24, while the latter each lift to 20 such. This accounts for all the 265936 2A-
elements in the Oz-subgroup. Now we claim that no other Of(2)-class contains elements
of M-class 2A4. For a Sylow 2-subgroup of Of;(2) contains exactly 547 elements of class
2A and 392 of class 2B, which already accounts for the full number 496 + 73440 + 547.2° +
392.210 = 755408 of 2A-elements in the Sylow 2-subgroup of M. Since in Of(2) there are
23715 elements of class 24 and 63240 of class 2B, the total number of elements of M-class
2A in case (3) is 96 + 73440 + 23715.2% + 63240.2!0 = 76973776, as claimed.

Finally we consider case (4). Again we work first in the involution centralizer, which
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means we have to study the embedding of the maximal subgroup 22712.(Ag x S3) in
Co;. We refer to [30] for details of this embedding. Certainly the three involutions in
the normal fours-group are in Coj-class 24. We find 420 = 3.35.22 such involutions in
2212\ 22 and 3.105.2° = 10080 corresponding to the 105 fixed-point-free involutions in
Ag, and 3.27 = 384 corresponding to the three involutions of S3. Now we claim there are no
more 2A-elements in this group, since in the Sylow 2-subgroup we have already accounted
for 3 + 420 + 17.3.2° 4+ 27 = 2183. In particular, notice that there are no 2A-elements
mapping to diagonal involutions in the quotient Ag x Sj3.

Lifting to 21+24.22+12 (Ag x S3), the orbit lengths are multiplied by 2% as usual, giving
768, 107520, 2580480 and 98304. It is also easy to calculate that under the action of this
group the 196560 2A-elements in 2'+2% fall into three orbits, of lengths 720, 11520, and
184320. The final step is to consider the fusion of these orbits when we extend from 2. Ag
to L5(2).

It is not hard to deduce that the orbits of lengths 720 and 768 fuse to one of length 1488.
Similarly, 11520 and 107520 fuse to one of length 119040. The orbits of lengths 184320
and 2580480 correspond respcetively to the 15 involutions in 2%, and the 210 transvections
in 24.Ag \ 2*. They therefore fuse with a further 16.184320 involutions, corresponding to
the 240 transvections in L5(2) \ 2%.Ag, to make an orbit of size 5713920. Finally the orbit
of length 98304 is fixed, since these involutions are not diagonal in Ag x S3, so cannot be
diagonal in L5(2) x S3. Adding up these numbers gives the total number of 2A-elements
in (4). O

4 Proof of Theorem 1

Proposition 4.1. The conclusion to Theorem 1 holds if
GO S {Mlla M12, MQQ, Mgg, M24, J1, Jg, Jg, HS, MCL, COg7 COQ, He, Suz, Ru, Fi22, O/N}.

Proof. Let G be an almost simple permutation group on a set €} with point stabilizer
H = G, and socle Gy, a sporadic simple group in the above list. We use MAGMA to
construct G and H as explicit permutation groups on n(G) letters, where the integer n(G)
is given in Table 3. We claim that b(G) = c. In each case we use random search to check
that b(G) < ¢ (see Section 2.3.1). Furthermore, if [log |G|/ log|Q|] = ¢, then Proposition
2.1 yields b(G) > ¢ and thus equality holds. Therefore, it remains to deal with the cases
listed in Table 11.

Let (G, H) be one of the cases in Table 11. First assume (G, H) ¢ A, where
A = {(Figg, 3170 : 23 : 32 . 2) (Figp.2,3'70: 2371 : 32.2.2), (Fin.2,G2(3) : 2)}.

Then || < 3 x 10° and stabilizer analysis reveals that all (¢ — 1)-point stabilizers are
non-trivial (see Section 2.3.2).

Finally, suppose (G, H) € A. The random search method yields b(G) < 3. To deduce
that b(G) = 3, we use the double coset enumeration method described in Section 2.3.3. [

Proposition 4.2. The conclusion to Theorem 1 holds if
Gy € {Figg, Fi,24, Co1, HN, Th, Jy, Ly}

Proof. Suppose (G, H) is one of the cases for which the fusion of H-classes in G has been
determined (see Proposition 3.2). Let ¢ be a positive integer and define Q(G, ¢) as in
Definition 2.2. We compute @(G, ¢) precisely. By applying Propositions 2.1 and Corollary
2.4 we deduce that, with few exceptions, b(G) = [log |G|/ log |Q|].

The only exceptions with G € {Th, J4, Ly} are (G, H) = (Th, 278 Ag) and (Ly, 2.A411).

In both cases, we observe that H = C(z) for an involution = € 2A. In the former case,
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G H G H G H

M12 A6.22 HS M22 He.2 Sp4(4) 14
2 X 55 HS.2 M22.2 Suz (A4 X L3(4)) 12
21+4 : 53 L3(4)22 22+8 : (A5 X Sg)
42 : Dlg Sg X 2 Suz.2 22+8 : (S5 X 53)
M12.2 21+4 : 532 (2 X A622)2 M12 12X 2
4% : D152 McL  Uy4(3) Ru (22 x Sz(8)) : 3
31+2 : Dg M22 23+8 : L3(2)
M22 24 : A@ McL.2 U4(3) 12 U3(5) 12
Lg(ll) M11 X 2 21+4+6.S5
M23 L3(4)2b 003 McL.2 Figg 2U6(2)
24 : A7 HS O;(Z) : Sg
M24 24.A8 31+4 : 4-56 31+6 : 23+4 : 32 12
L2(23) 24, Ag Fige.2 2.Ug(2).2
JQ U3(3) CO2 U6(2) 12 O;(?) : S3 X 2
A4XA5 2102M2232 2102M2222
A5 X Dl() McL 31+6 : 23+4 : 3222
Jp2  Lg(2):2x2 2148 1 Sp, (2) G5(3) : 2
J3.2 (3 X MlO) 12 He Sp4(4) 12 O'N.2 4L3(4)22

Table 11: Some cases with [log|G|/log |Q|] < b(G)

by inspecting the character table of G, we calculate that m(X,C,2) > 0, where X = 2A,
C' = 19A and m(X, C, 2) is defined as in Definition 2.9. Therefore Proposition 2.11 implies
that b(G) = 2 since every ¢ € C' is self-centralizing in G. The same argument applies in
the other case, with C = 67A.

The remaining exceptional cases (G, H) appear in Table 4. Following Proposition 3.1,
we use MAGMA to construct G and H as permutation groups on n(G) letters, where n(G)
is defined in Table 3. A combination of Proposition 2.1 and random search (see Section
2.3.1) yields b(G) = [log |G|/ log|€?|], with the exception of the following cases (G, H):

(Fi/24,211.M24), (001,22+12 : (Ag X Sg)), (001,24+12.(S3 X 3.56)), (COl,COQ).

(If (G,H) = (Figs, Og (3) : S3) or (Fihy, Fizg) then it is easier to use stabilizer analysis,
rather than random search, to show that b(G) = 4 or 5, respectively (see Section 2.3.2).) In
the first three cases, the previous fusion calculations yield Q(G, 3) < 1, hence b(G) < 3 and
double coset enumeration implies that b(G) > 2 (see Section 2.3.3). If (G, H) = (Coy, Cos)
then stabilizer analysis yields b(G) = 5.

To complete the proof of the proposition, we may assume G = Figq or HN.2, and H is
not one of the subgroups listed in Table 5. Following Proposition 3.1, we use MAGMA to
construct G and H as permutation groups on n(G) points, and then the usual combination
of random search and Proposition 2.1 yields b(G) = [log |G|/ log|€|], unless G = Fiyy and
H =22 My, or (2 x 22.U(2)) : S3). (If (G, H) = (Fig4, Figg x 2), then it is easier to use
stabilizer analysis to show that there is a trivial 5-point stabilizer.)

For these two cases, random search gives b(G) < 3. If H = 212 My, then double coset
enumeration yields b(G) > 2. In the other case, H = Cg(z) for € 2D and, by inspecting
the character table of G, we deduce that b(G) > 2 via Proposition 2.10. O

Proposition 4.3. The conclusion to Theorem 1 holds if G = B.

Proof. From the character table of G, we calculate that |2¢| > 13571955000 for every
x € G of prime order, hence Corollary 2.7 yields b(G) = 2 if |H| < 116498. This deals
with the 6 smallest maximal subgroups of G. For the remainder we assume |H| > 116498.

Next lft H be one of the subgroups listed in Table 5. By Proposition 3.2, we can
compute Q(G, ¢) precisely and we deduce that b(G) = [log |G|/ log |2]], with the exception
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of the case H = (22 x Fy(2)) : 2. Here the same method yields b(G) < 3 and one can
check that equality holds via Proposition 2.10 since H = Cg(x) for an involution z € 2C.
If H = 21422 Cogy, then H = Cg(x) for an involution 2 € 2B and from the character table
of G we calculate that m(X, C,3) > 0, where X = 2B, C' = 47A and m(X, C, 3) is defined
in Definition 2.9. A combination of Propositions 2.1 and 2.11 yields b(G) = 3.

Next suppose H is one of the subgroups labelled (1)-(5) in the statement of Proposition
3.4. Let R be the set of distinct prime divisors of |H| and set S = {2,3}. From the entries
in Table 7 we can compute fpr(z, Q) precisely for every = € G of order 2 or 3. Further, it
is straightforward to calculate i,(H) for every prime r > 3 from the character table of H
(see Proposition 3.4(i)). A combination of Proposition 2.1 and Corollary 2.6 implies that
b(G) = [log |G|/ log |2[], unless H = 22710420 (M : 2 x S3) or [230].L5(2); here the same
approach only yields b(G) < 3. These are the two cases stated in part (iii) of Theorem
1. It is worth noting that if x1,...,z4 represent the distinct involution classes in G then
Proposition 3.4 implies that Y, [z§| - fpr(z;, Q)2 > 1, hence Q(G,2) > 1 in both of these
cases.

To complete the proof, we may assume H is one of the following subgroups;

(1) 5°-Ls(5) (2) L2(49).23 (3) (S6 x Se).4
(4) [3M].(S4 x 2S4) (5) (Sex L3z(4):2).2 (6) 54214 A54

In each case it is easy to compute i,(H) for every prime divisor r of |H|. Indeed, we use
the permutation representation for H cited in Proposition 3.3, and compute its conjugacy
classes directly using the MAGMA implementation of the algorithm of [15]. In all six cases,
we get b(G) = 2 via Corollary 2.6 (setting S = (). O

Proposition 4.4. The conclusion to Theorem 1 holds if G = M.

Proof. The character table of G indicates that |z¥| > 97239461142009186000 for all z € G
of prime order, hence Corollary 2.7 yields b(G) = 2 if |[H| < 9861007105. By Proposition
3.6, this deals with all of the ‘unknown’ maximal subgroups of G, together with the
24 smallest cases listed in the Web Atlas [32]. By Proposition 3.2, we can compute
@(G,c) precisely if H = 2.B, 2'724.Coy, 3.Figy, 22.2E4(2) : S3 or 3'712.2Suz.2. This
yields b(G) = [log |G|/ log |2|], unless H = 2'+24.Co,. Here H = Cg(x) for an involution
x € 2B, and we calculate that m(X,C,2) > 0, where X = 2B, C'= 1054 and m(X, C, 2)
is defined in Definition 2.9. Therefore Proposition 2.11 gives b(G) = 2.

Next let H be one of the maximal subgroups labelled (1)-(9) in the statement of
Proposition 3.7. We use MAGMA to construct H as a permutation group on n(H) points,
where n(H) is defined in Table 8. Moreover, if r is a prime divisor of H, then we can
compute i,(H) directly in MAGMA using the algorithm of [15]. In each case, the reader
can check that Corollary 2.6 yields b(G) = 2 (we set S = (). If H = S3 x Th or
(D10 xHN).2, then we can compute i, (H) directly and the same argument yields b(G) = 2.
Similarly, we set S = {2} and apply Proposition 3.9 if H = 22+11+22 (My, x S3). Finally,
if H = 210+16.0{,(2) or 25710420 (S5 x 15(2)), then a combination of Corollary 2.6 and
Propositions 3.8 and 3.9 gives b(G) = 2. O

This completes the proof of Theorem 1.
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