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Abstract

An efficient three-dimensional approach for solving pile-soil interaction problems is proposed. In the approach,

the soil is modelled as an elastic half-space, and its response in the presence of the pile’s corresponding cavity is

computed by employing the singular boundary method. The pile is modelled analytically using the classic rod and

Euler-Bernoulli beam theories. For the coupling with the soil, the pile is divided in a set of rigid segments that interact

along their circumference with the soil. The methodology allows the rotational motions and reaction torques at these

segments to be accounted for and their contribution in the accuracy of the scheme is assessed. A criterion to define

the minimum number of collocation points that offers an acceptable trade-off between accuracy and numerical per-

formance is also proposed. The method is validated against well-established methodologies and using the reciprocity

principle that relates the wave radiation from the pile to the ground field with the incident wave problem due to a

load on the ground surface. Results are shown for different soil stiffnesses and different pile length to diameter ratios.

The employment of the singular boundary method is shown to provide strong computational advantages to detailed

modelling approaches such as the three-dimensional finite element-boundary element method, as well as overcoming

the fundamental limitations of plane-strain and axisymmetric methods.

Keywords: Pile-soil interaction, Single piled-foundation, Singular boundary method (SBM), Soil-structure

interaction

1. Introduction

In the last decades, public transport networks in big metropolises have grown rapidly. As a consequence, the

proximity of urban transport infrastructures to residential buildings, libraries, hospitals and other civil structures is
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rapidly increasing. Ground-borne vibration induced by, for instance, road and railway traffic or construction activities

reach these structures through their foundation, contributing to the noise and vibration pollution of their interior

environment. Although the vibration caused by these activities rarely leads to structural damage, it can be a significant

cause of annoyance for the building inhabitants or can cause malfunctioning of sensitive devices.

The structural component responsible for the transmission of ground vibration to civil structures is its foundation

system. Piled foundation systems are the preferred option among the most common foundation solutions, especially

for tall structures or poorly consolidated soils. Over the years, different approaches have been proposed for estimating

the dynamic behaviour of the piled foundation system. These approaches are generally based on three modelling

strategies: the dynamic Winkler foundation approach, the elastic continuum theory and mesh-based numerical mod-

elling methods. The reader can find a fully comprehensive review of the existing modelling strategies for pile-soil

dynamic interaction in [1]. However, to include some recently proposed methodologies and, more importantly, to

make prominent what new contribution the present work offers relative to the existing methods, the main capabilities

and assumptions of each modelling approach are briefly outlined in the following paragraphs.

Novak’s approach [2] is known as the first method that considers the dynamic soil response in pile foundation

modelling. In this approach, the pile is modelled as an elastic rod and an Euler-Bernoulli beam, and the soil around

the pile is considered as an infinite number of infinitesimally thin horizontal layers perfectly bonded to the pile. The

soil layers are dynamically uncoupled from each other, and each layer is modelled by a spring stiffness and damping

factor known as the Winkler foundation model. This pile-soil coupling method was based on previous studies on a

circular surface and embedded footings [3–6]. Novak’s approach was validated against experimental results [7] and

is widely used in the field of earthquake engineering; however, although it can predict the in-plane vertical response

of a single pile accurately, it presents significant limitations when either the response to a horizontal force applied to

the pile, dynamic interaction between piles or the ground field response are required.

To overcome the limitations of the Winkler foundation approach, elastic continuum theory has been considered

where the soil is modelled as an elastic half-space, while the pile, similarly with several Winkler-type approaches,

is modelled as an axial rod for vertical vibrations and as an Euler-Bernoulli beam for lateral vibrations. One of the

most well-known three-dimensional models for single-pile and pile-group problems was developed by Kaynia and

Kausel [8], who obtained the dynamic behaviour of pile-soil systems by using dynamic substructuring. To represent

the soil reaction, half-space Green’s functions using integral transformation techniques associated with two types of

translational loading patterns were employed: piecewise cylindrical barrel loads, associated with the soil reaction at

the surface of the pile, and circular disk loads, related to the tractions at the pile tip. In a similar approach [9], trans-

lational and rotational ring line loads at a discrete number of soil-pile interaction layers were proposed to include the
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traction moments of the coupled system. Other examples of the elastic-continuum-type formulation include Nogami

and Novak [10–12], Pak and Jennings [13], Wolf [14], Rajapakse and Shah [15, 16] , Anoyatis et al. [17, 18] and Di

laora et al. [19, 20]. While these analytical elastic-continuum formulations are more accurate than Winkler-type mod-

els to model pile foundation under harmonic loads or kinematic interactions, soil inhomogeneity can only be included

in the form of layers or varying elastic moduli. Moreover, the soil cavity is not explicitly modelled, but rather the pile

is treated as reinforcement, with density and elastic modulus equal to the difference between the desired pile and soil

values. Kuo and Hunt in [21] have included the soil cavity and proposed a single pile-soil modelling approach which

uses the mirror-image method to account for the boundary conditions at the pile head. Nonetheless, that formulation

was based on the Pipe-in-Pipe model (PiP) [22, 23] that for the calculation of the soil-pile interaction tractions con-

siders the soil medium as a full-space with a cavity, downplaying the effect of the soil surface and soil inhomogeneity.

Despite their limitations, the analytical elastic-continuum methods are quite popular, offering improved computational

efficiency over the numerical methods described in the following. Modelling strategies based on numerical methods

are suitable when the system has a significant degree of complexity, such as intricate geometries, depth-dependency of

the soil mechanical properties [24, 25], non-linear soil behaviour [26–28] or discontinuity conditions at the pile-soil

interface [29]. One of the first works on modelling piled foundations employing a numerical method is attributed to

Kuhlemeyer [30, 31], who took advantage of the finite element method (FEM) versatility to determine the dynamic

response of the system under lateral and vertical loads. Syngros [32] presented a single pile foundation model based

on an axisymmetric FE approach to deal with vertical load applied at the pile head. The model used simplified expres-

sions to represent the soil inhomogeneity in vertical and radial directions induced by, respectively, vertical overburden

and pile driving. Other examples of single pile systems using the axisymmetric FE approach to model impact pile

driving include [33, 34]. Because of the finite nature of the domains that FEM can handle, frequency-dependent [2],

or frequency-independent [35] absorbing boundaries were proposed to be included in FE models of soil-structure

interaction problems in order to represent the semi-infinite nature of the soil medium by avoiding wave reflections.

In contrast, due to its boundary-type discretisation nature, the boundary element method (BEM) can naturally deal

with infinite or semi-infinite domains. A review of different BEM-based approaches for two-dimensional (2D) and

three-dimensional (3D) elastodynamic problems in time and frequency domains can be found in [36, 37].

A model for piled-foundations entirely based on the BEM was proposed by Kattis et al. in [38], while Padrón et

al. [39] proposed a finite element-boundary element (FE-BE) approach in which the pile is modelled by employing

the FEM and the surrounding soil using BE. As an alternative for the case of dynamic pile-soil interaction, Talbot

and Hunt [40] developed an efficient approach for solving a single pile or an infinite row of piles based on periodic

structure theory. In that work, the pile is modelled using the solutions for an elastic bar and Euler beam theory for
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vertical and lateral motions, respectively, and is coupled with a BE model of the soil that uses constant rectangular

elements for meshing the ground surface and the pile cavity. In [41], Coulier varied the method in [40] by considering

a Timoshenko beam model of the pile, showing that the effect is relatively small, and considered multiple piles to

study the dynamic response of the piles due to incident wave fields induced by underground railway traffic. Extending

the original single pile model by Talbot and Hunt in [40], Edirisinghe and Talbot [42] proposed a methodology for

computing the dynamic response of pile groups at higher frequencies. In this methodology, the piles and the soil are

considered to be two independent ’weakly-coupled’ subsystems where the soil is not accounting for the corresponding

cavities associated with the piles. The response of the coupled system is computed by an iterative wave-scattering

approach, and the results agreed well with the ’strongly-coupled’ model and the model in [8].

Even though models based on those numerical approaches are highly accurate, they present a key disadvantage;

they involve considerable computational effort, especially at high frequencies. To mitigate this problem, meshless

methods have emerged as an alternative due to their simplicity and their potential to be more computationally efficient

than mesh-based approaches. In this context, the singular boundary method (SBM), originally proposed by Chen in

[43], has gained popularity these recent years due to its robustness with respect to other meshless approaches. The

SBM can be seen as a modified version of the method of fundamental solutions (MFS). In brief, the MFS uses a set

of virtual forces, which are computed by ensuring that they satisfy a previously known boundary condition. These

boundary conditions are evaluated on a set of points called collocation points. Typically, the MFS considers the

placement of the virtual forces outside the domain, whereas the SBM proposes to locate the sources at the physical

boundary, superimposed on the collocation points. Like the MFS, the SBM employs the fundamental solutions (or

Green’s functions) of the governing equation of the problem of interest (e.g. a homogeneous full space or a layered

half-space) as the interpolation basis functions. However, singularities of the fundamental solution arise when the

collocation points are geometrically coincident with the virtual sources. In those situations, the response is evaluated

by the so-called origin intensity factors (OIFs), which overcome the singularity of the fundamental solution for both

Neumann and Dirichlet boundary problems.

Although the SBM has been extensively employed for solving problems in acoustics, few investigations are avail-

able on the application of the SBM to elastic wave propagation problems. Gu et al. [44] employed the SBM for

plane strain elastostatics and later to deal with orthotropic elastostatic problems [45]. This last work also presented a

theoretical background for the SBM formulation, stating that the SBM can be seen as a discrete version of the indirect

boundary integral equations based on the single-layer potential formulation. In [46] Sun et al. applied the SBM to 2D

dynamic poroelastic problems. Recently, Liravi et al. [47] have proposed an approach formulated in the two-and-a-

half-dimensional (2.5D) domain for modelling 3D longitudinally invariant soil-structure interaction problems which
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employ FE to model the structure while the soil domain is modelled using the SBM. Results presented show that the

SBM offers higher computational efficiency than the boundary element method (BEM) and more robustness than the

MFS.

Motivated by the aforementioned advantages of the SBM, this paper presents a new approach for computing the

dynamic response of a single pile embedded in the soil. Although the formulation presented in this article is developed

for a single-pile foundation, it can be easily adapted to deal with pile-group foundation problems by considering

multiple piles and cavities in the soil. Herein, the pile is modelled using axial rod theory for vertical and torsional

reactions and using Euler-Bernoulli beam theory for accounting for flexural motions, whilst a novel methodology

based on the SBM is adopted to model the soil as a half-space medium. A convergence criterion is also proposed to

define the minimum number of collocation points that offers an acceptable trade-off between accuracy and numerical

performance. The accuracy and computational efficiency of the proposed modelling approach with respect to other

existing methodologies are highlighted by comparing the resulting driving-point and transfer receptances of the pile-

soil system with results from three state-of-the-art models. These are the dynamic Winkler foundation approach by

Novak in [2]; the axisymmetric FE-based approach in [34]; and a 3D FE-BE approach developed on the basis of

[48]. In Section 2, the main assumptions and the formulation required for solving each subsystem and their coupling

procedure are described. The robustness of the formulation, the convergence analysis, the validation study and the

comparison of the computational efficiency with other methods are discussed in Section 3, whilst the conclusions are

summarised in Section 4.

2. Single-pile foundation modelling

The system under investigation consists of a single pile embedded in a homogeneous half-space, as shown

schematically in Fig. 1, with the origin of the Cartesian coordinate system placed on the ground surface and coin-

cident with the pile axis. In the formulation, lowercase letters denote variables in the time domain, and uppercase

letters relate to scalar variables in the frequency domain. Bold lowercase letters and bold uppercase letters denote

vectors or matrices in the time domain and frequency domain, respectively. A modelling strategy is presented that

aims to compute the dynamic response of the system, at the pile head and at the ground surface, due to loads applied at

the pile head and/or at the ground surface. The pile is assumed to be purely elastic and is modelled as a rod to account

for axial and torsional motions, whilst the Euler-Bernoulli beam theory is considered for the flexural response of the

pile. The soil is considered as an elastic homogeneous half-space; however, the proposed methodology can be applied

to layered soils as well. Non-linear effects associated with pile-soil contact interactions, high strain levels or soil liq-

uefaction are not accounted for. The coupled pile-soil model is formulated in the frequency domain and constructed
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employing the dynamic substructuring technique; the response of each subsystem is separately derived and they are

coupled considering force equilibrium and displacement compatibility conditions. The mathematical formulation of

the proposed model is presented in the following subsections.

x

z

y

Soil

subsystem

Pile

subsystem

Figure 1: Schematic drawing of the pile-soil system.

2.1. Model of the pile subsystem

As mentioned above, the pile subsystem is modelled analytically using axial rod and Euler-Bernoulli beam the-

ories. Thus, the model accounts for the 3D deformation of the pile, represented by displacements (upx, upy, upz) and

rotations (ϕpx, ϕpy, ϕpz) along the three Cartesian coordinates (x, y, z), respectively. Free-free boundary conditions are

adopted for both rod and beam models. In this section, the expressions that determine the response of the pile model

when subjected to loads applied to an arbitrary position along the pile axis z are outlined.

First, consider the differential equations of motion of a rod for axial and torsional deformations before applying

any external excitation, which are given by the expressions:

ρp
∂2upz(z, t)
∂t2 − Ep

∂2upz(z, t)
∂z2 = 0, (1a)

∂2ϕpz(z, t)
∂t2 −C2

s
∂2ϕpz(z, t)
∂z2 = 0, (1b)

where Ep is the elastic modulus of the pile. The shear wave speed of the pile is given by Cs =
√

Gp/ρp, being Gp the

shear modulus and ρp its density. For the bending motion of the pile, the differential equation of an Euler-Bernoulli

beam

ρpAp
∂2upx(z, t)
∂t2 + EpIp

∂4upx(z, t)
∂z4 = 0, (2)

is employed, where Ap is the cross-sectional area of a pile, and Ip is the second moment of area of the pile’s cross-

section. The same expression is also valid for upy(z, t) that describes the bending in the y direction.
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The pile is excited at an arbitrary position z1 along the pile axis, as illustrated in Fig. 2, by an arbitrary set of

harmonic forces and moments of the form fi(z, t) = Fi(z) exp(iωt) and mi(z, t) = Mi(z) exp(iωt), respectively, with

i = x, y, z, ω is the angular frequency and i =
√
−1 represents the unit imaginary number. The resulting displacements

and rotations of the pile take the form upi(z, t) = Upi(z) exp(iωt) and ϕpi(z, t) = θpi(z) exp(iωt), respectively, where θpi

is used to represent the rotational motion ϕpi in the frequency domain. As a result, the axial response of the free-free

pile along its neutral axis due to a unit point load can be expressed in the frequency domain as

z

x

y

Lp-z1z1

f z , mz

f x , mx

f y , my

Figure 2: Pile subsystem (illustrated horizontally for convenience) subjected to arbitrary loads at an arbitrary position along the pile axis.

Upz(z) = A1 cos(αz) + A2 sin(αz), 0 ⩽ z ⩽ z1, (3a)

Upz(z) = A3 cos(αz) + A4 sin(αz), z1 ⩽ z ⩽ Lp, (3b)

where Lp is the pile length and α2 = (ρpω
2)/Ep.

Similarly, the expressions for the torsional response are given by

θpz(z) = B1 cos(γz) + B2 sin(γz), 0 ⩽ z ⩽ z1, (4a)

θpz(z) = B3 cos(γz) + B4 sin(γz), z1 ⩽ z ⩽ Lp, (4b)

where γ2 = (ρpω
2)/Gp. The expressions for the coefficients A j in Eqs. (3) and B j in Eqs. (4) can be found in Appendix

A.

Finally, the lateral displacements induced by lateral loads or bending moments can be determined using the fol-

lowing expressions:

Upx(z) = C1 cos(βz) +C2 sin(βz) +C3 cosh(βz) +C4 sinh(βz), 0 ⩽ z ⩽ z1, (5a)

Upx(z) = C5 cos(βz) +C6 sin(βz) +C7 cosh(βz) +C8 sinh(βz), z1 ⩽ z ⩽ Lp, (5b)
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where β4 = (ρpApω
2)/(EpIp). The coefficients C j are again given in detail in Appendix A, whilst the cross-sectional

rotation induced by lateral loads or bending moments can be obtained applying θpy = ∂Upx/∂z in Eq. (5). These

expressions are associated with the bending in the y direction: analogous expressions can be used for the bending of

the pile in the x direction.

2.2. Model of the soil subsystem

The soil subsystem is modelled as an elastic half-space that includes the cavity corresponding to the pile using the

SBM [45, 47, 49]. In order to describe the SBM-based model of the soil presented in this work, consider the general

case of a 3D cavity in an elastic medium Ω ∈ R3, as shown in Fig. 3(a), where ∂Ω represents the boundary. In that

figure, x and y denote points located at ∂Ω and Ω, respectively. As a radial basis function method, the SBM assumes

that the dynamic unknown states of the medium (the displacement and traction fields for the case of the soil) can be

approximated by a linear combination of the fundamental solution or Green’s function of the medium evaluated at a

set of virtual sources placed over the physical boundary ∂Ω. Red circles in Fig. 3(b) and Fig. 3(c) represent this set of

virtual forces. This leads to a system of equations that can be expressed as

y

x

(a) (b)

Ω

cΩ

Ω

cΩ

12

3. . . Nv

Nv -1

. . .

. . .

. .
 .

Nv -th virtual force

(Nv -1)-th

collocation

point

Nv

Ω

Nv -1

1

Area of

influence AN

cΩNv
v

(c)

Figure 3: Schematic of the generic problem (a); distribution of the collocation points (marked by blue dots) and the virtual sources (marked by red
circles) over the boundary (b); and generic description of the area of influence associated with a particular virtual source (c).

U(y) =
Nv∑

v=1

H(y, xv, ω)Sv, (6a)

T(y) =
Nv∑

v=1

Hτ(y, xv, ω)Sv, (6b)
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where the vectors U(y), T(y) contain the three components of the displacements and tractions of the medium, re-

spectively, at the point y. These are induced by a set of virtual sources in which the v-th virtual force of the set is

defined by the three-component complex vectors Sv for amplitude and xv for position. The displacement and traction

elastodynamic fundamental solutions in the frequency domain evaluated at the point y caused by a point load placed at

xv are represented by the matrices H(y, xv, ω) and Hτ(y, xv, ω), respectively. Eq. (6) can be seen as a discrete version

of the indirect boundary integral equation in the form of a single-layer potential, as discussed in detail by Gu et al.

[45]. Thus, the set of virtual sources can be interpreted as a discretization of the flux discontinuity, which is used as

auxiliary sources in the indirect boundary integral equations in the form of a single-layer potential [48]. It is worth

mentioning that the fundamental solution notation in this paper is based on a function with three input variables: the

first representing the receiver location, the second the source location and the third the angular frequency at which the

fundamental solution is evaluated. In the case of the traction fundamental solution, the vector normal to the plane at

which the traction is evaluated is a variable not explicitly stated in the notation of the fundamental solutions but also

required in its calculation.

It is important to note that, as for the BEM, the SBM naturally allows for using Green’s functions of more complex

problems than the case of a full-space, for instance, homogeneous or layered half-spaces (both employed in [47]). In

this work, the soil is assumed to be a homogeneous elastic half-space, and the corresponding Green’s functions to

this problem are computed on the basis of the direct stiffness matrix method proposed by Kausel [50], although

the adoption of layered models of the soil can be carried out simply replacing those Green’s functions with the

corresponding ones of the adopted layered half-space configuration.

To determine the virtual sources due to the prescribed boundary conditions, the collocation method is commonly

used in boundary domain methods, which proposes to discretize those boundary conditions at a set of collocation

points distributed along the physical boundary. For the particular SBM approach presented in this work, a set of

collocation points, defined by the positions xc, is established for c = 1, 2, ...,Nc. This set of collocation points is

assumed to be geometrically coincident with the set of virtual sources, having Nc = Nv. Both sets of collocation

and source points are shown in Fig. 3(b). A linear system of equations results by the evaluation of Eq. (6) at all the

collocation points of the set. Due to geometrical coincidence between collocation and source sets, singularities arise

from the fundamental solutions in Eq. (6) when c = v. To overcome those singularities, the SBM proposes to employ

the origin intensity factors (OIFs) [47]. Equations of the resulting linear systems for Dirichlet and Neumann boundary

conditions, respectively, are
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U(xc) =
Nv∑

v=1,v,c

H(xc, xv, ω)Sv +HccSc, for c = 1, 2, ...,Nv, (7a)

T(xc) =
Nv∑

v=1,v,c

Hτ(xc, xv, ω)Sv +HτccSc, for c = 1, 2, ...,Nv, (7b)

where Hcc and Hτcc represent the matrices of the OIFs associated with the Dirichlet and Neumann boundary condi-

tions, respectively. Regarding the OIFs for the Neumann boundary condition, the fundamental solutions Hτ(xc, xv, ω)

behaves as a singular function of the type |xc − xv|−2 when xc tends to xv [48]. Thus, due to its hypersingular nature, its

regularization has received particular interest in the literature. To derive these OIFs, a regularization strategy similar

to the one used in standard BEM is considered. The procedure involves the application of the subtracting and adding-

back technique in Eq. (7b) and using the rigid-body identity. This procedure is thoroughly explained in [45, 47] for the

elastostatics and elastodynamic problems, respectively. Here, the formulation presented in [47] for determining the

OIFs associated with the Neumann boundary condition is adopted. A three-dimensional version of that formulation

results in

Hτcc =
1
Ac

I + Bcc −

Nv∑
v=1,v,c

AvHτ(xv, xc, 0)

 , (8)

where the terms Av and Ac represent the area of influence associated with the v-th and c-th sources, respectively, as

shown in Fig. 3(c). I is the identity matrix, Hτ(xv, xc, 0) is the matrix of static fundamental solutions for the tractions

and Bcc is given by

Bcc =

∫
∂Ωc
{Hτ(xc, x, 0) −Hτ(x, xc, 0)} dS x, (9)

where dS x is a differential of area along the boundary portion ∂Ωc, which is the portion of influence of the c-th

source, with a total area of Ac. Note that the integration in Eq. (9) is performed componentwise (i.e. the integration

is performed for each component of the matrix). For arbitrarily smooth boundaries, by assuming that the considered

source point moves gradually close to the considered collocation point along a line segment, the term Bcc becomes

zero [51, 52]. For general boundaries, Bcc is still regular and can be numerically integrated using standard Gaussian

quadrature [45].

Regarding the OIFs for the Dirichlet boundary condition, the fundamental solution H(xc, xv, ω) undergoes a singu-

lar of behaviour of the form |xc − xv|−1 [48] when xc tends to xv. In this case, the associated OIFs Hcc can be directly

computed by averaging the fundamental solution over the boundary portion of influence where the virtual source is

applied [45, 47, 52].
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The linear systems of equations associated with Eqs. (7a) and (7b) can be written in matrix form as

Ub = HbbS, Tb = HτbbS, (10)

where Ub, Tb are the vectors that contain the three components of the displacements and tractions, respectively,

at the boundary for all collocation points. The vector S contains the source intensities of all virtual sources and

Hbb and Hτbb are the corresponding matrices of frequency response functions of the soil for the displacement and

traction, respectively. A unit vector normal to the boundary pointing outwards to the soil medium is considered when

constructing Hτbb. In a similar way, displacements Us at an arbitrary point in the soil medium can be computed using

the matrix form of Eq. (7a), which can be written as

Us = HsbS, (11)

where Hsb is the frequency response function matrix that relates the set of forces S with the responses at the particular

arbitrary point.

2.3. Pile-soil coupling formulation

The pile-soil dynamic coupling is carried out by employing the dynamic substructuring technique considering the

two subsystems presented in the previous two subsections, the pile and the soil with the pile’s cavity inclusion. When

coupling two elastic solids, this technique enforces compatibility of the strain and stress fields at their interface. In

the proposed method for pile-soil problems presented in this work, these conditions are met by ensuring displacement

and interaction forces compatibility at a set of collocation points distributed along the pile-soil interface. Interaction

forces seen by the cavity at the collocation points are determined considering a constant distribution of the traction

field in the vicinity of each particular collocation point, whilst these forces are transferred to the pile as point forces.

A detailed description of the collocation point distribution employed is presented in Fig. 4(a). A uniformly dis-

tributed set of Np ring-shaped distributions of collocation points are deployed along the lateral pile-soil interface. Each

ring-shaped distribution has a total of Ns uniformly distributed collocation points. Also, an additional collocation point

is located at its centre in the bottom circular pile-soil interface. Therefore, this implies that the dynamic fields at the

pile-soil interface are represented at Nc = NsNp + 1 collocation points. As also shown in Fig. 4(a), a set of uniformly

distributed pile centroid points constitutes the discretization scheme for the pile. Each of them is associated with a

pile segment and also with a ring of collocation points. Based on the assumption that each of these pile segments is

rigid, the corresponding responses at the collocation points at the pile-soil interface can be linked with the responses
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of the pile at the centroid points. The derivation of this relation is presented in this section. Additionally, the areas of

influence associated with each collocation point have been also depicted in Fig. 4(b). These areas are important in the

application of the SBM to model the soil, as described in the previous section, as well as for the determination of the

interaction forces applied to the pile from the tractions at the pile-soil interface.

z

(b) (c)

(a)

z

x

y

1 2 N p-1 N pn . . .. . .

1

2

N s-13

. . .

ns

N s

Additional (N s+1)-th

collocation point

associated with the N p-th

circular segment (pile tip)x

y

. .
 .

Figure 4: Discretization schemes adopted in this work (illustrated horizontally for convenience). In (a), the distribution of collocation points (blue
dots) over the pile-soil interface, together with the corresponding pile centroid points (red dots) is displayed. In (b) and (c), the four distinct types
of areas of influence are presented: In green, the area of influence of a collocation point located at the ground surface is shown; in red, the one for
a collocation point located in an intermediate position along the lateral interface is illustrated; in magenta, the influence area for one point of the
ring-shaped distribution at the pile tip is represented; and finally, in cyan, the area of influence of the collocation point located at the centre of the
bottom pile-soil interface is displayed.

The displacements at all collocation points along the pile-soil interface are collected by the vectors Us
b and Up

b

for the soil and pile subsystems, respectively. Displacement compatibility at the interface leads to Us
b = Up

b. Due

to the assumption that each pile segment acts as a rigid body, the displacements Up
b can be expressed in terms of

the rigid body translation and rotation of the cylindrical segments defined at the corresponding pile centroid points

displacements as

Up
b =WUp, (12)

where the Up vector collects the displacements and rotations at all pile centroid points, and W is the transformation

matrix that relates the six degrees of freedom of all pile centroid points with the three-component motion of all

collocation points. Details of this transformation and the definition of W are given in Appendix B. The compatibility

of the reaction forces at the interface is expressed as Ps
b = −Pp

b, with Ps
b and Pp

b being the interaction forces to which the

soil and the pile are subjected, respectively, at all collocation points. As mentioned above, the present methodology

assumes that the traction field in the pile-soil interface is constant along each influence area and equal to the value

evaluated at its corresponding collocation point. Thus, the interaction forces to which the soil is subjected are given
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by

Ps
b =WATs

b, (13)

where WA is a diagonal matrix that contains the areas of influence associated with all collocation points and Ts
b is the

vector that contains the tractions at all collocation points along the pile-soil interface. Regarding the pile interaction

forces, their summation for each pile segment results in equivalent three-component forces and moments applied to

the corresponding pile centroid point. This transformation is analogous to the one presented for the translational and

rotational motions: Pp = −WTPs
b (see Appendix B for more details). Thus, tractions at the pile-soil interface are

related with the interaction forces and moments at the pile centroid as

Pp = −WTWATs
b. (14)

As discussed above, the transformations of motions and forces from the pile centroid points to the collocation points

consider both translational and rotational motions, as well as forces and moments. A simplified approach has been

taken into consideration in previous works about dynamic pile-soil interaction, for which the rotations and the mo-

ments are neglected within the coupling procedure. This assumption can also be applied in the context of the present

formulation, as discussed in Appendix B. The efficiency and accuracy of such simplification are studied in Section 3.

The system is considered to be subjected to external forces at the pile head and at an arbitrary point in the soil,

represented by the three-component vectors Fp and Fs, respectively. Based on the superposition principle, the dynamic

unknown states of the soil can be written as the summation of the motion induced by the external load Fs and the

motion induced by the traction boundary condition at the pile-soil interface. Thus, based on Eqs. (10) and (11), the

response at the collocation points Us
b and at an arbitrary point in the soil Us can be written as

Us
b = Hbb(Hτbb)−1Ts

b +Hcav
bf Fs, (15a)

Us = Hsb(Hτbb)−1Ts
b +Hcav

sf Fs, (15b)

with Hcav
bf and Hcav

sf the receptance matrices relating the response at the collocation points and at that arbitrary point

in the soil subsystem, respectively, due to the external force Fs. The superindex cav is used to denote that these

receptance matrices of the soil should be determined by accounting for the inclusion of the cavity. They can be

expressed in terms of the Green’s functions of an elastic half-space with no inclusions as

Hcav
bf = Hbf −Hbb(Hτbb)−1Hτbf and Hcav

sf = Hsf −Hsb(Hτbb)−1Hτbf , (16)
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where the matrices Hbf and Hsf contain the Green’s functions associated with the source point of Fs and the receivers

at the collocation points or at the arbitrary point in the soil where Us is to be determined, respectively. The matrix Hτbf

is analogous to Hbf but for traction response. In the expressions in Eq. (16) the second term of the right-hand side

simulates the existence of the cavity by enforcing a traction-free field along the surface where the pile-soil interface

should be.

Similar expressions can be derived for the pile subsystem, for which its responses at the collocation points Up
b and

at the pile head Uh are given by

Up
b =W

(
HphFp −HppWTWATs

b

)
, (17a)

Uh = HhhFp −HhpWTWATs
b, (17b)

in which Hph, Hpp, Hhh and Hhp are the matrices of receptance functions that relate the response at all pile centroid

points or at the pile head (represented by p and h, respectively, as the first subscript) due to forces along the pile or at

the pile head (represented by the same nomenclature for the second subscript).

By applying the compatibility of displacements and using Eqs. (15a) and (17a), the tractions at the pile-soil

interface can be determined and subsequently substituted to Eqs. (15b) and (17b) to find the final expressions for the

coupled pile-soil system which allow for calculating the responses of an arbitrary point in the soil or the pile head,

respectively. These responses of the coupled system can be written as a function of the external loads as

Us = Hc
shFp +Hc

sfFs, (18a)

Uh = Hc
hhFp +Hc

hfFs, (18b)

where Hc
sh, Hc

sf , Hc
hh and Hc

hf are the receptance matrices of the coupled system that provide the relationship between

the response of an arbitrary point in the soil or the pile head (identified in the first subscript by s and h, respectively)

due to forces applied to the soil at another arbitrary point or forces applied to the pile head (identified by the second

subscripts f and h, respectively). These matrices are given by the following expressions

Hc
sh = Hsb(Hτbb)−1ΥWHph, (19a)

Hc
sf = Hcav

sf −Hsb(Hτbb)−1ΥHcav
bf , (19b)

Hc
hh = Hhh −HhpWTWAΥWHph, (19c)

Hc
hf = HhpWTWAΥHcav

bf , (19d)
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with

Υ =
[
Hbb(Hτbb)−1 +WHppWTWA

]−1
. (20)

Eqs. (18a) and (18b) inherently contain the solution to both radiation and scattering problems for the system under

study, which can be extracted by enforcing Fs = 0 or Fp = 0, respectively.

Finally, note that the formulation of the proposed model is not limited to single piles and/or homogeneous soils.

While the case of a multi-pile foundation can be directly considered by considering displacement compatibility and

force equilibrium on each pile, considering horizontally layered soils instead of homogeneous ones only requires

using the corresponding Green’s functions in the calculation.

3. Numerical assessment of the proposed approach

A numerical assessment of the proposed approach is presented in this section. For this purpose, a convergence

study is initially performed to define suitable values for Np and Ns that ensure an acceptable degree of convergence

that allows for defining a general criterion to select the number of collocation points required for a specific problem.

Although the study presented in Section 3.1 only focuses on the convergence of the method itself, it is worth mention-

ing that the accuracy of the converged results has also been verified for each one of the calculation cases considered.

The accuracy of the proposed method is discussed in detail in Section 3.2 in which the method is compared with

other existing state-of-the-art methodologies. The aim is to demonstrate the accuracy of the method and discuss its

numerical efficiency in the framework of two problems: the radiation problem, for which the response of the pile-soil

system due to the force Fp on the pile is calculated; and the scattering problem, in which the system response to a load

Fs on the soil is evaluated. These numerical studies are performed in the context of three different pile-soil systems:

a short pile embedded in soft soil (Case 1); a short pile embedded in stiff soil (Case 2); and a long pile embedded in

soft soil (Case 3). The soil is modelled as a homogeneous elastic half-space for all these cases.

The specific geometrical and mechanical parameters considered for the three cases are presented in Table 1.

The dimensions of the piles and the soil properties have been selected to assess the performance of the proposed

methodology in very different situations rather than attempting to represent realistic scenarios. Therefore, while

the pile aspect ratio of the short pile case (Lp/rp = 33.4) is similar to those considered in other works in the field

[42, 53], the long pile Lp/rp = 100 has been chosen to assess the performance of the method for a very slender

pile. The material damping is introduced in the soil by considering complex Lamé constants λ∗ and ν∗ given by

λ∗ + 2ν∗ = (λ + 2ν)(1 + i2D) and ν∗ = ν(1 + i2D) for positive-valued frequencies, where D represents the hysteretic

material damping ratio of the soil. The frequency range of interest is selected to be 1 − 100 Hz in accordance with

the frequency range in which ground-borne vibration is typically significant [54]. For the comparison of results,
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three observation points are considered: O1, O2 and O3, located at positions (0, 0, 0), (5, 0, 0) m and (20, 0, 0) m,

respectively; the first one is collecting the pile head response and the other two are collecting the response of the

soil surface at the near and far field. Furthermore, the results are presented in terms of magnitude of the free-field

and pile-head frequency response functions receptances in dB with 1 m/N as reference. This form of presentation is

particularly adequate to compare the performance of various numerical models, as it does not involve any additional

assumption or source of inaccuracy, such as the ones that could arise when dynamic stiffness results are normalised by

their static counterparts [21]. Moreover, as the free-field and pile-head responses depend on the pile-soil interaction

forces, the obtention of accurate results strongly suggests that the model adequately captures any dynamic unknown

state at the pile-soil boundary.

Description Units Soft soil Stiff soil Short pile Long pile
Density (ρ) kg/m3 1950 2000 2860 2860
Young’ modulus (E) MPa 151.2 445.5 40000 40000
Poisson’s ratio (ν) - 0.35 0.40 0.25 0.25
Hysteretic damping ratio (D) - 0.05 0.02 0.01 0.01
Speed of the P-waves (Cp) m/s 352.8 703.6 - -
Speed of the S-waves (Cs) m/s 169.5 287.2 - -
Pile length (Lp) m - - 10 35
Pile radius (rp) m - - 0.3 0.35

Table 1: Pile and soil parameters used in the considered numerical examples.

Regarding the computation details, the elastic half-space Green’s functions required in the proposed approach as

well as for the 3D FE-BE approach employed for verification purposes, are computed with the EDT toolbox [55].

Algorithms for all methods have been implemented in MATLAB, and the simulations have been carried out on a

40-core high-performance cluster with 2 GHz Intel® Xeon® Gold 6138 CPU.

Finally, the term Bcc presented in Eq. (9) has been neglected from the calculations to enhance thus the computa-

tional efficiency of the proposed method since, as discussed in Section 2.2 and reported in [47, 51, 52], this term has

almost no impact on the accuracy of the results in the case of smooth boundaries. This fact has been also verified

numerically for each one of the considered examples; however, a detailed analysis of the importance of this term for

arbitrarily shaped cavities is beyond the scope of this work and will be addressed in future studies

3.1. Convergence analysis of the semi-analytical approach

This subsection aims to provide a criterion for defining Np and Ns values that ensure an acceptable trade-off

between accuracy and numerical performance. In the context of the BEM, it is usually stated that element size should

be between six and ten times smaller than the minimum wavelength of the problem [56]. This statement may not be

representative of the SBM, taking into account the meshless nature of the method. In this sense, a convergence study
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to determine appropriate Np and Ns values is presented in this section. For this analysis, only the radiation problem

for the Case 1 is presented; however, similar results have been derived for the other two cases (not included here). The

response of this case has been computed for values of Np ranging between 5 and 60, and for Ns between 4 and 40.

The excitation frequency is set to the maximum of the frequency range, being 100 Hz. The convergence analysis is

performed by comparing the results obtained for the different values of Np and Ns with those obtained for a reference

case with Nref
p = 70 and Nref

s = 40. The discrepancies between each case and the reference one are presented in terms

of a relative error, which is given by

εi j =

∣∣∣∣Hc,i j
kh − Hc,i j

kh,ref

∣∣∣∣∣∣∣∣Hc,i j
kh,ref

∣∣∣∣ , (21)

where εi j is the relative error of the receptance component Hc,i j
kh with respect to the reference one Hc,i j

kh,ref. The first

superscript i denotes the response direction, while j is referred to the force direction. The subscript k is defined as

k = h or k = s according to whether the response is evaluated on the pile head or at the ground surface, respectively.

Fig. 5 shows the convergence analysis results at the three observation points. For clarity, the results are presented

in logarithmic scale. As expected, the relative errors decrease as the values of Np and Ns increase. Very small relative

errors are observed for values of Np and Ns above 50 and 18, respectively, suggesting that the results of the proposed

method have numerically converged. The vertical driving-point response at the pile head (associated with εzz) in Figs.

5(a-i), 5(b-i) and 5(c-i) converges for smaller values of Np and Ns than the lateral driving-point response (associated

with εxx, εyy). Moreover, the lateral driving-point responses are more sensitive with respect to Ns than the vertical

driving-point responses, which are almost insensitive to changes in Ns. These trends are less prominent for soil

response.

The convergence analysis shows that discrepancies smaller than the difference between the reference results and

the results obtained when considering at least eight collocation points per wavelength in the longitudinal direction are

below −1.25 in the logarithmic scale used in Fig. 5, which corresponds to differences below 0.2 dB with respect to

the reference solution. Thus, Np is suggested to be defined based on this criterion. For the specific problem under

investigation, where the minimum wavelength is λmin = 1.695 m, this criterion indicates that Np should be at least

47 (see vertical dashed green lines in Fig. 5). Regarding the discretization scheme for the collocation points within

the ring-shaped distributions along the perimeter of the pile segments, the convergence study demonstrated that a

practical rule for defining an appropriate value for Ns is Ns ⩾ 32πrp/λmin, in which λmin stands for the minimum

wavelength of the problem. Consequently, the minimum number of collocation points per wavelength along each

ring-shaped distribution is 16. This rule is especially important to be complied when the lateral driving-point response

at the pile head is computed. Following this criterion, the suggested value for Ns is 18 (see horizontal dashed green
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Figure 5: Relative errors (depicted in logarithmic scale) εxx (a), εyy (b) and εzz (c) associated with the response at the observation points O1 (i),
O2 (ii), O3 (iii), respectively, for the case of a short pile embedded in soft soil.

lines in Fig. 5). When only the vertical response due to vertical loading is computed, this criterion can be significantly

relaxed and a value Ns ⩾ 16πrp/λmin is found to be working well in this situation. For the specific problem under

investigation, the Ns value suggested for computing εzz is 9, (see horizontal dashed red lines in Fig. 5(c-i), (c-ii) and

(c-iii)).

Furthermore, the efficacy of the proposed discretization rules has been studied by comparing the results for four

discretization schemes, which are: Np = 70 and Ns = 40; Np = 50 and Ns = 32; Np = 35 and Ns = 8; and Np = 15,

Ns = 8. The resulting frequency response functions (FRFs) are presented in Fig. 6 and show that, as suggested by

the relative error results, there is almost no difference between the cases that consider Np and Ns values that comply

with the previously stated criteria. It should be noticed that, as shown by the relative errors, vertical responses due to

a vertical load on the pile head are predicted with reasonable accuracy by the proposed approach, even for low Np and

Ns values, as shown in Fig. 6(c-i), (c-ii) and (c-iii), where differences of less than 1 dB are found, occurring at 100

Hz. On the contrary, the responses related to lateral motions and/or loading are more sensitive to such changes.
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The proposed criterion for defining the Ns and Np values has been tested in other scenarios proving its correctness

in all those situations. The mechanical and geometry parameters employed for testing these criteria ranged between

the ones described for piled foundation Case 1 and Case 3. Therefore, for the sake of brevity, only the convergence

analysis for the case associated with the minimum wave speed (Case 1) is shown since it is the one requiring the

highest density of collocation and source points.

3.2. Comparison with existing approaches

In this section, the proposed modelling approach is compared with other well-established approaches in terms

of its accuracy. This study serves to verify the approach and to test the discretization criteria discussed in the pre-

vious section. Furthermore, the need to account for rotational motion and torques when coupling both pile and soil

subsystems has been also assessed. This study is performed for the radiation problem of Case 1, Case 2 and Case 3

scenarios.

The methods considered for comparison in this validation study are Novak’s approach [2]; an axisymmetric FE-

based approach that uses perfectly matched layers (PML) to avoid wave reflections at the borders of the model referred

to as aFE-PML [34]; and a 3D FE-BE approach consisting of a 3D BE-based approach developed on the basis of

[48]. Table 2 summarises the discretization schemes adopted for the proposed method, the aFE-PML and the FE-

BE methodologies, particularly defining the number of nodes per wavelength (NPW) considered and the resulting

discretization or mesh parameters. Additionally, Table 3 provides the number of collocation points or nodes, as

well as the number of elements NE, used in the different numerical models considered in this study. The 3D FE-

BE approach has been implemented using four-noded quadrilateral BEs and eight-noded hexahedral FEs, whilst the

aFE-PML method uses six-noded triangular elements to construct its meshes.

Although a detailed description of the aFE-PML approach is not in the scope of the present paper, it is worth men-

tioning some general information about the PML formulation. For the three pile cases computed with the aFE-PML

approach, a stretching function with a constant value of 20 for the attenuation function is considered, as suggested in

[57, 58], the thickness of the PML layer has been set to be 1 m in the radial and vertical direction, dividing the layer

into six sub-layers. Regarding Novak’s approach, the soil lateral reaction equation described in [2] does not corre-

spond to the one proposed by Baranov in his original work [4]. This imprecise transcription of the original Baranov’s

formula could lead to inaccurate results for lateral driving-point responses. Corrected closed-form expressions for

the soil reaction, originally proposed by Baranov, have been revisited in Appendix C. Additionally, the equation for

obtaining the lateral response of the pile proposed in [2], which considers either the pile with both ends fixed or the

pile head fixed and the pile tip pinned, is adapted to the case where both ends are free.
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Figure 6: Displacement FRFs (receptances) for the radiation problem in the context of Case 1 scenario considering different discretization schemes.
Components of the FRFs matrices shown are xx (a), yy (b), zz (c), xz (d) and zx (e) and observation points considered are O1 (i), O2 (ii), O3 (iii).
Results in dB using 20 log10(|H|), with 1 m/N as reference.
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Although Novak’s approach is generally a suitable and extremely efficient approach for modelling pile driving

cases, the method does not perform well at low frequencies and cannot predict the free-field response. Additionally,

due to its axisymmetric nature, the aFE-PML approach can only be used to predict the system’s dynamic vertical and

radial responses to vertical excitations applied on the pile axis. However, both methods are included in the comparison

study to highlight the proposed method’s potential and increase the validation process’s merit. Regarding the latter,

since the FE-BE model was developed within this study to validate the proposed method and assess its computational

efficiency, it was also considered necessary to verify the FE-BE results by including the comparison against results

from other available tools. It is worth mentioning that although there are several alternative pile-soil interaction

models based on analytical elastic-continuum formulations to deal with single pile foundations [17–20], these models

have not been considered in the presented comparisons since they involve assumptions that are not considered in the

presented numerical approaches, as discussed in Section 1 and reported in [1].

Description Proposed approach 3D FE-BE aFE-PML
Case study NPW d [cm] Np Ns NPW d [cm] NPW d [cm]

Case 1: Short pile - soft soil 8 21 47 28 9 20 7 25
Case 2: Short pile - stiff soil 9 32 32 18 14 20 6 45
Case 3: Long pile - soft soil 8 21 165 32 4 50 7 25

Table 2: Discretization schemes adopted for the proposed 3D FE-BE and aFE-PML approaches. The variable d represents the distance between
collocation points along the longitudinal direction of the pile in the proposed approach and the element size in the mesh-based approaches.

Description Proposed approach 3D FE-BE aFE-PML

Case study SB points FE mesh BE mesh FE mesh
Nc Nodes NE Nc NE Nodes NE

Case 1: Short pile - soft soil 1317 3723 3000 1273 1260 125685 62464
Case 2: Short pile - stiff soil 577 3723 3000 1273 1260 85890 42605
Case 3: Long pile - soft soil 5281 5183 4200 1740 1753 125685 62464

Table 3: Number of collocation points (or nodes) and elements used in the different numerical models considered in the numerical assessment.

Fig. 7 to Fig. 9 show the displacement FRF (receptance) at each one of the observation points to forces applied on

the pile head obtained by the different approaches mentioned above. An alternative version of the proposed approach

that does not account for rotations and torques in the coupling between the pile and the soil is also included in

the comparison. It can be seen that the responses due to vertical loads simulated by all the considered methods

demonstrate a good agreement between them. Some differences between the methods can be seen in the results of the

responses due to lateral loading. This is particularly clear for the Novak approach, which is found to be inaccurate at

low frequencies for the lateral driving-point responses. Results show that the Novak method underestimates the lateral

stiffness of the pile in a range of frequencies that mainly depends on the mechanical properties of the soil rather than

the pile geometry, having inaccurate results arising below 20 Hz for the soft soil cases and below 40 Hz in the stiff soil
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case. On the contrary, a good agreement over the whole frequency range is observed when comparing the results of the

proposed methodology with those obtained with the other two numerical approaches. The results also show that when

rotations and bending moments are not included in the coupling procedure, the proposed methodology may predict

inaccurate responses to lateral loads. This effect can be observed in Figs. 7 to 9, that show discrepancies between

the two coupling assumptions for the x and z soil responses due to lateral forces in the x-direction, especially at high

frequencies. However, the impact of neglecting rotations and bending effects is much smaller for the remaining lateral

loading responses.

Overall, the results from the comparison study presented in this section demonstrate the high accuracy of the pro-

posed approach due to the agreement of its corresponding results with the ones delivered by the 3D FE-BE methodol-

ogy, which is expected to provide highly detailed results.
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Figure 7: FRFs for the radiation problem in the framework of Case 1 (short pile & soft soil) scenario considering different approaches. Components

of the FRFs matrices shown are xx (a), yy (b), zz (c), xz (d) and zx (e) and observation points considered are O1 (i), O2 (ii), O3 (iii). Results in dB

using 20 log10(|H|), with 1 m/N as reference.
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Figure 8: FRFs for the radiation problem in the framework of Case 2 (short pile & stiff soil) scenario considering different approaches. Components

of the FRFs matrices shown are xx (a), yy (b), zz (c), xz (d) and zx (e) and observation points considered are O1 (i), O2 (ii), O3 (iii). Results in dB

using 20 log10(|H|), with 1 m/N as reference.
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Figure 9: FRFs for the radiation problem in the framework of Case 3 (long pile & soft soil) scenario considering different approaches. Components

of the FRFs matrices shown are xx (a), yy (b), zz (c), xz (d) and zx (e) and observation points considered are O1 (i), O2 (ii), O3 (iii). Results in dB

using 20 log10(|H|), with 1 m/N as reference.

25



3.3. Verification of the dynamic reciprocity of the proposed approach

In the context of ground-borne vibration problems, the response of the pile due to a dynamic load applied on the

ground is the most interesting problem to study since it allows for determining the response of buildings or structures

with piled foundations to the action of incident elastic wave fields. This problem can be referred to as a scattering

problem where, instead of determining the response of the soil, the vibration of the pile is what is required. However,

employing the dynamic reciprocity theorem, this result can be obtained by solving the radiation problem for the case

that the response is determined at the position where the load in the original scattering problem is intended to be

placed.

In this section, a numerical study to verify that the proposed approach fulfils the dynamic reciprocity theorem

is presented, which states the following property of the fundamental or Green’s function of an elastic system as

H(x, y, ω) = HT(y, x, ω), which also applies for any FRF of the system. Due to the special assumptions taken into

consideration in the proposed approach, it is worth checking the correctness for the proposed approach and for the

alternative version that only considers translational coupling when dealing with the pile-soil interaction. Thus, the

radiation problem of a force applied at the pile head and the response evaluated at the point O2, governed by Eq. (19a),

is compared to the scattering problem where the force is applied at the point O2 and the response is evaluated at the

pile head, governed by Eq. (19d). Results are shown in Fig. 10, from which it can be observed that the reciprocity

for the proposed approach is satisfied. Therefore, it can be deduced that the dynamic reciprocity is fulfilled over

the frequency range of interest in all situations for both studied coupling strategies employed within the proposed

approach.

3.4. Summary of the computational efficiency of the proposed approach

In the cases studied in the previous subsections, it was shown that the proposed approach offers several advantages

over the other methods. Compared with Novak’s method, although significantly more computationally demanding,

it can perform with better accuracy and include the results in the free field. Similarly, compared with the aFE-PML

method, the proposed method overcomes the fundamental limitation on obtaining the results due to excitations at the

free field (incident wave fields) and lateral excitations at the pile. Also, it avoids the high computational cost of dealing

with far evaluation points and the requirements for a large mesh of the soil (a similar issue can be extrapolated for the

3D FE-PML model).

The 3D FE-BE methodology can provide accurate results in all directions; however, an inherent disadvantage of

this method is associated with the computational effort. This is because the 3D FE-BE model requires a significant

number of Green’s function evaluations for solving the numerical integration over each of the BEs of the constructed
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Figure 10: Response of the radiation and corresponding scattering problems in the context of the Case 1 (i), Case 2 (ii) and Case 3 (iii) scenarios.
Components of the FRFs matrices shown are xx (a), yy (b), zz (c), xz (d) and zx (e). Results in dB using 20 log10(|H|), with 1 m/N as reference.

mesh. This computational effort increases rapidly when the mesh density increases, either to fulfil high-frequency

range requirements or to include multiple piles. The current work does not include a detailed computational efficiency
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comparison, particularly against the FE-BE approach, because such an effort would depend (to some extent) on the

programmer’s skill in the computational implementation of the two methods. Furthermore, as described in Table 3,

the SBM and BEM have modelled the pile cavity with different numbers and arrangements of collocation points so

that a quantitative comparison of the computational times between them appears to be unfair. However, a general

overview of the computational benefits of the SBM over the BEM is included here. Previous work in the fields

of elastostatics [45] and acoustics [59] showed that the SBM can outperform the BEM in terms of accuracy when

considering the same number of collocation points. Having that in mind, consider, for instance, a generic BE mesh

consisting of NE boundary elements and Nc collocation points and assuming a moderate number of Gaussian points

GP = 2 × 2 for a bilinear interpolation function of elements that are not severely distorted, as suggested in [48]. The

BEM would require at least n = GP × NE × Nc Green’s functions evaluations to obtain the unknown states of the

system. In contrast, a corresponding SBM model considering the same number of collocation points would require

n = N2
c computations. Therefore, considering the BEM and SBM employing the same collocation point distribution

to characterize the unknown states of the cavity, the inequality N2
c < GP × NE × Nc holds and demonstrates the

SBM to be more computationally efficient than the BEM, generally speaking. Moreover, although different numbers

and arrangements of collocation points are employed to model the soil sub-system with the BEM and the SBM, the

differences in computational requirements between these two approaches were observed when computing the results

included in this paper. This difference was particularly significant for the pile foundation Case 3 when, even utilizing

a discretization scheme incorporating six NPW, considerable computational efforts in terms of processor speed and

rapid access memory was required for calculating the response of that pile-soil system. For these reasons, only four

nodes per wavelength were employed in the modelling, as reported in Table 2, which has induced some inaccuracies at

higher frequencies in the semi-analytical response, as shown in Fig. 9(a-ii), (a-iii), or (e-iii). Due to the meshless nature

of the proposed approach, a significantly smaller number of Green’s function evaluations are required to obtain the

response of the targeted pile-soil system using the proposed method, resulting in a large reduction of the computation

resources employed in the simulation.

4. Conclusions

A computationally efficient 3D approach for predicting pile-soil interaction problems is presented in this paper.

The proposed method models the soil as a half-space and represents the pile as an Euler-Bernoulli beam to capture its

flexural motion and as a rod to account for axial deformations. Regarding the coupling, the soil reaction is modelled

using the SBM, an emerging meshless numerical method with computational efficiency and formulation simplicity

merits exploited in the proposed scheme. The pile is divided into circular segments, each of them involving a set of
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collocation points, placed at soil-pile interface, in which the compatibility of displacements and tractions between the

two sub-systems is enforced. A transformation matrix is introduced to relate the pile response at the collocation points

in the pile-soil interface with the pile response computed at the pile’s centroid. This matrix is constructed assuming

each pile segment to be rigid and considering both translational and rotational motions of the pile segments, as well

as forces and bending moments.

The outcomes of the present work can be summarised in the following list of findings:

• The convergence analysis conducted for the proposed approach has provided a criterion for defining the number

of pile segments and the number of collocation points per segment that ensures an acceptable trade-off between

robustness, accuracy and numerical performance of the scheme.

• The proposed methodology has been verified against a 3D FE-BE methodology, an axisymmetric aFE-PML

approach and compared with the Novak’s method. Moreover, the reciprocity principle has been also verified

for the proposed methodology in order to assess the correctness of the formulation presented. In the calculation

examples considered, the method is found to yield a comparable level of accuracy with respect to the FE-BE

approach when employing a similar number of collocation points for both methods. This, combined with the

fact that SBM typically involves less Green’s function evaluations with respect to BEM per collocation point,

allows for concluding that the method is more computationally efficient than a standard 3D FE-BE.

• The verification study also shows that the rotational motions and bending moments must be considered in the

pile-soil coupling scheme to obtain accurate results, especially when estimating the lateral response of the free

field due to lateral or vertical loading patterns. The discrepancies appearing when the only translational motions

and forces are considered to establish the coupling conditions are more pronounced at high frequencies.

Given the robustness of the proposed method as well as its computational efficiency merits, it conforms a interesting

alternative to deal with ground vibration problems involving single piled foundations, but also to pile groups or other

types of flexible foundations embedded in homogeneous or layered soils.
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Appendix A. Values of the unknown constants for a pile with free-free boundary conditions

This appendix presents the expressions for the constants A j (for j = 1, 2, 3, 4), B j (for j = 1, 2, 3, 4), and C j (for

j = 1, . . . , 8) associated to the pile model adopting free-free boundary conditions and under external unitary point

loads and bending moments located at z = z1, as shown in Fig. 2. The coefficients A j are given by

A1 = −
cos(αz1) cos(αLp) + sin(αz1) sin(αLp)

αApEp sin(αLp)
,

A2 = 0,

A3 = −
cos(αz1) cos(αLp)
αApEp sin(αLp)

,

A4 = −
cos(αz1)
αApEp

.

(A.1)

The coefficients B j associated to the torsional response due to a unit torsional moment are given by

B1 = −
cos(γz1) cos(γLp) + sin(γz1) sin(γLp)

γJpGp sin(γLp)
,

B2 = 0,

B3 = −
cos(γz1) cos(γLp)
γJpGp sin(γLp)

,

B4 = −
cos(γz1)
γJpGp

.

(A.2)

Finally, the expressions for the coefficients C j associated with the flexural response of the pile due to a unit point load

are

C1 = C3 = b1[a4 sinh (βz1) + a3 cosh (βz1) + a5 sin (βz1) + a3 cos (βz1)],

C2 = C4 = b1[a2 sinh (βz1) + a5 cosh (βz1) + a2 sin (βz1) + a4 cos (βz1)],

C5 = b1[a4 sinh (βz1) + a3 cosh (βz1) + a4 sin (βz1) + a3 cos (βz1)],

C6 = b1[a2 sinh (βz1) + a5 cosh (βz1) + a2 sin (βz1) + a5 cos (βz1)],

C7 = b1[a5 sinh (βz1) + a3 cosh (βz1) + a5 sin (βz1) + a3 cos (βz1)],

C8 = b1[a2 sinh (βz1) + a4 cosh (βz1) + a2 sin (βz1) + a4 cos (βz1)].

(A.3)
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where b1 = (a1β
3)−1 and

a1 = 4EpIp[cos (βLp) cosh (βLp) − 1],

a2 = sin (βLp) cosh (βLp) + sinh (βLp) cos (βLp),

a3 = sin (βLp) cosh (βLp) − sinh (βLp) cos (βLp),

a4 = cos (βLp) cosh (βLp) − sin (βLp) sinh (βLp) − 1,

a5 = − cos (βLp) cosh (βLp) − sin (βLp) sinh (βLp) + 1.

(A.4)

In the case that the flexural motion is induced by a unitary external bending moment, the coefficients C j (for j =

1, . . . , 8) become

C1 = C3 = b2[a3 sinh (βz1) + a4 cosh (βz1) − a3 sin (βz1) + a5 cos (βz1)],

C2 = C4 = b2[a5 sinh (βz1) + a2 cosh (βz1) − a4 sin (βz1) + a2 cos (βz1)],

C5 = b2[a3 sinh (βz1) + a4 cosh (βz1) − a3 sin (βz1) + a4 cos (βz1)],

C6 = b2[a5 sinh (βz1) + a2 cosh (βz1) − a5 sin (βz1) + a2 cos (βz1)],

C7 = b2[a3 sinh (βz1) + a5 cosh (βz1) − a3 sin (βz1) + a5 cos (βz1)],

C8 = b2[a4 sinh (βz1) + a2 cosh (βz1) − a4 sin (βz1) + a2 cos (βz1)],

(A.5)

where b2 = (a1β
2)−1.

Appendix B. Pile-soil transformation matrix

The pile-soil interaction modelling strategy is based on the assumption that the pile is divided in Np segments, each

one of them behaving as a rigid solid. Therefore, the displacement of one of these segments at the collocation points lo-

cated at its perimeter can be defined in terms of the translational and rotational motions of the segment centroid. Thus,

the response at the ns-th collocation point of the n-th segment, located at the position xn,ns =

{
xn,ns yn,ns zn,ns

}T
, can
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be written as a function of the pile centroid point motion of the corresponding segment Un
p as

Up,n,ns
b =


Un,ns

bx

Un,ns
by

Un,ns
bz


=


1 0 0 0 0 −yn,ns

0 1 0 0 0 xn,ns

0 0 1 yn,ns −xn,ns 0





Un
px

Un
py

Un
pz

θnpx

θnpy

θnpz



=Wn,ns Un
p. (B.1)

The matrix that relates the displacement at all collocation points with the six-component motions of all pile centroid

points is given by

W =



W1,1

W1,2

...

W1,Ns

W2,1

W2,2

...

W2,Ns

. . .

WN,1

WN,2

...

WN,Ns

WN,Ns+1



. (B.2)

It can be demonstrated that the transpose of this matrix can be also used to determine the equivalent forces applied at

the segment centroid as a result of the forces at the collocation points, giving

Pp = −WTPs
b. (B.3)

In the case that neither the rotations nor the bending and torsion moments associated with each segment are

included in the coupling procedure, the right-hand 3 × 3 matrix of Wn,ns should be replaced by a null matrix.
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Appendix C. Vertical and lateral soil reaction equations

In the approximate formulation presented by Baranov [4], the soil reactions are described by

Nx = GS xu(z),

Nz = GS zw(z),
(C.1)

where Nx and Nz are, respectively, the soil reactions to lateral and vertical motions, G is the shear modulus of the soil

and S x and S z are given by

S x(a0, ν) = 2πa0

1
√

q
H(2)

2 (a0)H(2)
1 (x0) + H(2)

2 (x0)H(2)
1 (a0)

H(2)
0 (a0)H(2)

2 (x0) + H(2)
0 (x0)H(2)

2 (a0)
,

S z(a0) = 2πa0
J1(a0)J0(a0) + Y1(a0)Y0(a0)

J2
0(a0) + Y2

0 (a0)
+

4i
J2

0(a0) + Y2
0 (a0)

,

(C.2)

where H(2)
n is the Hankel function of the second kind and order n, J0 and J1 are the Bessel functions of the first kind

of order zero and one, respectively, and Y0 and Y1 are the Bessel functions of the second kind of order zero and one,

respectively. The dimensionless frequency a0 and the parameters q and x0 are given by

a0 = rpω

√
ρ

G
, q =

(1 − 2ν)
2(1 − ν)

, x0 = a0
√

q, (C.3)

where rp is the pile radius, ω the angular frequency, ρ is the density of the soil and ν its Poisson’s ratio.
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