
1 

 

Superoscillations: Photonic Technology Beyond the Diffraction Limit  1 

1,2)Nikolay I. Zheludev and 2)Guanghui Yuan 2 

 3 

1) Optoelectronics Research Centre and Centre for Photonic Metamaterials, University of Southampton, 4 
Southampton SO17 1BJ, UK. E-mail: zheludev@soton.ac.uk 5 

2) Centre for Disruptive Photonic Technologies, The Photonics Institute, School of Physical and Mathematical 6 
Sciences, Nanyang Technological University, Singapore 637371, Singapore. E-mail: GHYUAN@ntu.edu.sg  7 

 8 

Abstract 9 

The phenomenon of optical superoscillations first introduced in 2006 (J. Phys. A 39, 6965, 2006) and 10 
experimentally identified shortly after (Appl. Phys. Lett. 90, 091119, 2007) describes the rapid subwavelength 11 
spatial variations of intensity and phase of light in complex electromagnetic fields formed by interference of 12 
several coherent waves. Its discovery stimulated the intense revision of the limits of classical electromagnetism 13 
in particular the study of structure of superoscillatory fields in free space including unlimitedly small energy 14 
hotspots, phase singularities, energy backflow, anomalously high wavevectors and their intriguing similarities 15 
to the evanescent plasmonic fields on metals. In recent years, the better understanding of superoscillatory light 16 
has led to the development of superoscillatory lensing, imaging and metrology technologies. Dielectric, metallic 17 
and metamaterial nanostructured superoscillatory lenses have been introduced that are able to create hotspots 18 
smaller than allowed by conventional lenses. Far-field, label-free non-intrusive deeply subwavelength super-19 
resolution imaging and metrology techniques that exploit high light localization and rapid variation of phase in 20 
superoscillatory fields have been developed including new approaches based on artificial intelligence. The 21 
present paper reviews the fundamental properties of superoscillatory optical fields and examines emerging 22 
technological applications of superoscillations. 23 

 24 

 25 

Introduction 26 

The phenomenon of superoscillations that we will explain below, challenges several commonly accepted 27 
wisdoms that have been living in the optics and electromagnetic research communities for generations. One of 28 
them is that a “band-limited” function spectrum of which contains no frequencies higher that 𝐵, cannot oscillate 29 
at frequencies faster than 2𝐵. The wisdom on “band-limit” has serious implications for optics, in particular to 30 
the resolution performance of optical instruments: the spot size of a perfect lens cannot be smaller than half of 31 
wavelength of light. This wisdom is also closely related to the Abbe diffraction limit: resolution of the best 32 
conventional microscope cannot exceed half the wavelength of light. 33 

Moreover, in the view of diffraction limit it is often assumed that light fields in free space cannot change 34 
significantly on a scale smaller than half of the wavelength. This observation has been used intensely to justify 35 
the importance of plasmonics that allows highly confined electromagnetic excitations with large wavevectors 36 
at metal surfaces and therefore allows controlling light on the subwavelength scale 1,2. Similarly, the diffraction 37 
limit of conventional optics has been the main stimulus to the research on metamaterial super-lens that should 38 
have allowed optical resolution beyond the diffraction limit by amplifying and conveying the large wavevector 39 
evanescent fields from the object to the image 3,4.  40 

In fact, however, the phenomenon of superoscillations implies that for any fixed bandwidth, there exist finite-41 
energy signals that oscillate arbitrarily fast over arbitrarily long time intervals, free space light can have deeply 42 
subwavelength structured features. In fact, Maxwell’s electrodynamics allows light to be focused to a hotspot 43 
of any given size and resolution of optical microscopes is not limited to half of the wavelength. In this review, 44 
we will look at the manifestation of superoscillations in optics and will examine technological opportunities 45 
provided by this phenomenon, including optical imaging and metrology. 46 
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Functions that oscillate faster than the highest frequency in their Fourier Spectrum 48 

As Berry & Popescu once noticed, functions can locally oscillate faster than their fastest Fourier component of 49 
the spectrum as in the Wigner representations the local Fourier transform can have both positive and negative 50 
values, which causes subtle cancellations in the Fourier integration over all of the function 5,6. In other words, a 51 
function can oscillate fast within a limited segment in such a way that Fourier component of the function outside 52 
of the segment may cancel these high-frequency components.  53 

Careful “engineering” of functions is required to achieve perfect cancellation. However, many examples of 54 
superoscillatory functions have been identified and several techniques have been developed to construct useful 55 
superoscillatory functions 5,7-16. An example of such function with discrete spectrum 𝑓(𝑥) =56 
∑ 𝑎𝑛cos(2𝜋𝑛𝑥)
𝑛=5
𝑛=0 , where 𝑎0 =1, 𝑎1 =13295000, 𝑎2 =−30802818, 𝑎3 =26581909, 𝑎4 =−10836909, 57 

𝑎5=1762818. Near x=0, this function oscillates several times faster than its highest spectral component at 58 
frequency 10π 17. 59 

This leads to a general definition: Superoscillatory function is a function that locally oscillates faster than 60 
the highest Fourier component in the spectrum of the entire function.   61 

Superoscillatory function can also have continuous spectrum and such functions are often required for 62 
description of practical situations in optics. So-called prolate spheroidal wave functions 18 are very handy for 63 
this purpose and are often used to represent a superoscillatory function as a series of decomposition. Prolate 64 
spheroidal wave functions are band-limited in the spectral interval between -Ω and Ω, orthonormal on the 65 
interval [-x0, x0] and are exact zeros outside the boundaries of the spectral interval.  66 

Figure 1 shows an example of a function with continuous spectrum F(x)=  A(x) eiϕ(x) = 1.8126 ×S2+S3 that is 67 
constructed from just two circular prolate spheroidal functions S2 and S3 exhibiting the main characteristic 68 
features of superoscillatory functions: 69 

• Band-limited nature. The highest frequency in the spectrum of F(x) is π, see its spectrum in Fig. 1d, 70 
blue solid line.  71 

• Fast local oscillations. Around x=0 function F(x) oscillates more than two times faster than the highest 72 
frequency component of its spectrum (compare solid blue line with dashed red line), and periods of the 73 
oscillations, Fig. 1b. 74 

• Low amplitude of fast local oscillations. The amplitude of a superoscillatory function increases rapidly 75 
outside the superoscillating segment, Fig. 1a & b.   76 

• Rapid phase variations. The phase ϕ(x) of the function (solid blue curve, Fig. 1c) changes very fast near 77 
the low-intensity regions where the speed of phase variation (dashed black curve, Fig. 1c) exceeds the 78 

speed of phase variation of the highest harmonic in the spectrum, |
𝜕ϕ(x)

𝜕𝑥
| > π .  79 

• Broad local spectrum. Spectrum of the central part of the function is much broader than spectrum of the 80 
entire function, compare the dashed red line and solid blue line in Fig. 1d. Note that spectrum of the 81 
entire function in the interval [−∞,∞] is bandwidth limited to ±π, while the central part has a much 82 
broader spectrum explaining the faster oscillation in the interval [-0.52, 0.52]. 83 

Properties of superoscillatory functions have been studied intensely in particular by Kempf and co-authors 10,19-84 
21 who found that for a one-dimensional superoscillatory function the required energy grows exponentially with 85 
the number of superoscillations, and polynomially with the reciprocal of the bandwidth or the reciprocal of the 86 
superoscillations’ period.  87 

The information theory studies show 19,22 that for any fixed bandwidth, there exist finite energy signals that 88 
oscillate arbitrarily fast over arbitrarily long-time intervals, but these localized superoscillatory transients can 89 
only occur in signals that possess amplitudes of widely different scales. The existence of superoscillations and 90 
the possibility of encoding arbitrary amounts of information into an arbitrarily short segment of a low-bandwidth 91 
signal do not contradict the basic laws of information theory according to the Shannon theorem 23, as the 92 
superoscillatory information compression demands that the signal power grows exponentially with the amount 93 
of compressed information, i.e., with the length of the superoscillatory part of the message.  94 

 95 
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Superoscillatory focusing of light 96 

In quantum physics, phenomena relevant to superoscillations have been discussed theoretically by Aharonov et 97 
al. from 1988 who noticed that the weak measurement of a quantum system can result in expectation values 98 
much higher than the spectrum of the operator 24,25. Superluminal velocities in evanescent optical fields 26,  99 
random waves 27 and displacement of beam resulting from a slight change of polarization state due to spin-hall 100 
effect of photons 28 are manifestation of this phenomenon.  101 

However, most importantly in optics the phenomenon of superoscillations offers the opportunity to focus light 102 
into a two-dimensional sub-diffraction hotspot smaller than ever possible with a conventional lens, focusing 103 
ability of which are limited by the Abbe “diffraction limit”. According to Abbe, size of the hotspot of 104 
conventional lens δ is limited by δ= λ/(2NA), where NA<1 is the numerical aperture of the lens (see definition 105 
of NA below) and λ is the light’s wavelength in the propagation medium. Therefore the smallest possible hotspot 106 
created by a lens is δ= λ/2.  107 

Similarly, the phenomenon of superoscillations allows achieving resolution higher than Rayleigh limit 108 
prescribed to conventional microscopes, a distance Δ=0.61λ/NA at which two points can be distinguished as 109 
individuals. At this distance, the first dark ring of the Airy disk of the first point overlaps with the maximum of 110 
the other and the minimum intensity on the line between the points is 26% lower than the maximum. 111 

The ability to focus light into a hotspot smaller than the “diffraction limit” was first noted by Toraldo Di 112 
Francia29 with reference to earlier work on super gain (super-directive) antennas 30. The focusing and imaging 113 
capabilities using Di Francia’s phase masks were explored in the earlier works by the Technion group 31,32, but 114 
their relevance to the phenomenon of superoscillations discussed by Aharonov et al. 24,25 was not identified at 115 
that stage.   116 

In a paper published on 16 May 2006, M. V. Berry and S. Popescu theoretically predicted that superoscillations 117 
can be realized in classical optics when a periodic diffraction grating produces superoscillations in a propagating 118 
beams without evanescent waves 5. The first work that linked experimentally observed small light localizations 119 
and linked them to superoscillations was reported by Southampton University group in a paper published in 120 
2007 33. It demonstrated that the quasicrystal array of nanoholes in a metal screen can “focus” light at distances 121 
of several tens of wavelengths from the screen, where subwavelength spots were formed without evanescent 122 
waves. This was a peculiar realization of Superoscillatory Lens, or SOL. The array produced superoscillatory 123 
foci of energy concentration in the “focal plane”, harvesting light with a variety of transverse wavevector 124 
components emerging from a large number of holes in the array with a continuous spatial spectrum. These 125 
hotspots were mapped by scanning across the “focal plane” with a field probe, a tapered fibre probe with 126 
subwavelength optical aperture at its end. Colourful ‘photonic carpets’ were observed with a conventional 127 
optical microscope focused at different heights above the quasi-periodic nanohole array illuminated with a white 128 
light source 34. 129 

The next significant step in the experimental study of superoscillations was the realization that superoscillatory 130 
hotspots can be directly imaged by a conventional optical microscope with high amplification 34. Indeed, as the 131 
superoscillatory features are formed by free-space waves away from the diffraction mask, their spatial spectrum 132 
contains no evanescent components and is band-limited to the free-space wavevector. Consequently, imaging 133 
of these features can be achieved with a conventional optical instrument whose angular spectrum bandwidth is 134 
higher than that of the superoscillatory field generator. The numerical aperture of the optical instrument (NAi) 135 
should be higher than that of the superoscillatory field generator (NAS). The latter can be evaluated from the 136 
size D of the mask generating the superoscillatory hotspot and the distance F at which the hotspot is created as 137 

follows NAS = sin𝜃 =
𝐷

√4𝐹2+𝐷2
 (see Fig. 2b). This work also predicted that superoscillations “may provide a 138 

new way to achieve subwavelength imaging in the far-field, different from the approaches based on the recovery 139 
of evanescent waves”. 140 

It was later shown that a subwavelength focus of any size and shape in an area beyond the evanescent fields can 141 
be created by diffracting a plane coherent wave on a dedicated mask with continuous variation of optical density 142 
and phase retardation 9. An explicit recipe for the mask design includes the following steps: a) To decide on the 143 
desired hotspot size and profile in the focal plane. In principle, any size of the hotspot is possible (bear in mind 144 
that proportion of energy that can be focused into the hotspot reduces polynomially with the hotspot size 20); b) 145 
To approximate the desired hotspot by a series of prolate spheroidal wave functions within a limited interval 146 
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known as the field of view (this is possible as the functions make an orthonormal set); c) To back-propagate the 147 
hotspot field from the focal plane to the plane of the mask (this is possible since the functions of the series are 148 
band-limited); d) The required spatial variation of the field intensity and phase are now known in the plane of 149 
the mask after back-propagation. Therefore, the spatial profile of its optical density and phase retardation of the 150 
mask can now be defined accordingly, to accommodate for structure of the incident wavefront.  151 

An elegant method of constructing a range of superoscillatory hotspot by interference of only two prolate 152 
spheroidal wave functions is described 35. We will illustrate the main characteristics of scalar two-dimensional 153 
superoscillatory hotspots at wavelenghth λ constructed by two prolate spheroidal wave functions F(r) =A(r)eiϕ(r) 154 
= 0.2291*S4(r)+S5(r) and formed by a mask with numerical aperture NA=0.9, Figures 1(f-i). The main 155 
characteristics here are similar to that of a one-dimensional superoscillatory function, Figure 1(a-e): The 156 
superoscillatory hotspot is smaller than focus of a conventional lens, but only a fraction of light’s energy is 157 
concentrated in the superoscillatory hotspot,  Figure 1(f); The hotspot is surrounded by concentric zones of rapid 158 

phase variation of phase 𝜑 where the local wavevector 𝑘𝑙𝑜𝑐 =
𝜕𝜑

𝜕𝑟
 is larger than the amplitude of the wavevector 159 

in free space 𝑘0 =
2𝜋

𝜆
, Figure 1(g); The spatial spectrum of the entire hotspot including “halo” (the area 160 

surrounding low-intensity zone near the hotspot) is band-limited, Figure 1(h), while the hotspot itself has a much 161 
broader spectrum, Figure 1(i). 162 

On account of polarization properties of light, the structure of superoscillatory hotspot becomes more complex, 163 
which is especially noticeable for superoscillatory fields with high numerical aperture (see Supplementary 164 
Materials Fig.1S). To mitigate for polarization conversion during focusing, in metrology and imaging 165 
applications of superoscillatory detectors, polarization filters are often used.   166 

Here it should be noted that, superoscillatory focusing into the hotspot of arbitrary small size is only possible 167 
for the central hotspot of the intensity distribution. If the full extent of the light intensity distribution at the focal 168 
plane is taken into account, the generalised “common sense” Abbe criterion still stands in terms of the spot size 169 
into which 50% of the incident power can be focused 36. Superoscillatory focusing is also compatible with the 170 
limitations of the uncertainty principle 37, when the broadened spectrum of the central hotspot is taken into 171 
account. However, we will see below that bandlimited nature of the hotspot and rapid phase variation in its 172 
vicinity open opportunities for high-resolution optical metrology and deeply subwavelength imaging.   173 

Technologies of superoscillatory lenses 174 

Multi-foci SOLs. From the earlier stage of research on optical superoscillations, it became clear that 175 
superoscillatory hotspots could be used for imaging. Coherent light diffracted by a quasicrystal array of nano-176 
holes in a metal screen creates a complex volume distribution of hotspots, Figure 2a. Such array of holes can 177 
act as an elementary multi-foci lens imaging light emanating from the end of a tapered fiber to a screen at the 178 
image plane: upon moving the fiber end the superoscillatory hotspot moves in the opposite direction on the 179 
imaging plane, as appropriate for a convex lens creating a real inverted image of the object 38. Although multiple 180 
foci in the imaging plane are advantageous for some imaging modalities 39, majority of applications require 181 
lenses with a single hotspot.  182 

Continuous profile SOLs. A mask with precisely engineered continuous variation of transmissivity and 183 
retardation can create a superoscillatory focus of any size or shape 9. For photonics applications, masks with 184 
radial symmetry are often used. Typically, the small hotspot created by the mask at the focal plane is surrounded 185 
by a “halo” – an intense ring of light. The diameter of the superoscillatory “field of view”, the low-intensity 186 
area between that hotspot and the halo is important: larger fields of view simplify applications. However, 187 
manufacturing a mask with precisely engendered gradients of transmissivity and retardation is a formidable 188 
challenge. Recently an advanced photolithography was demonstrated to create a grayscale density 189 
superoscillatory lens. The technique uses femtosecond laser pulses to induce phase-change transitions in a thin 190 
layer of material that locally controls the exposure dose to photoresist, thus allowing a three-191 
dimensional sculpting with grey scale density variation and submicron lateral resolution 40. However, so far 192 
superoscillatory lenses with simultaneous continuous grayscale variation of optical density (transmission) and 193 
optical thickness (retardation) have not yet been demonstrated. 194 

Binary SOLs. Currently majority of superoscillatory lenses are constructed with binary intensity or phase masks. 195 
A binary mask is a pattern in which either optical density or phase retardation can take two fixed values, 196 
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transparent-opaque in case of intensity masks or a 180° phase difference for the phase masks. No analytical 197 
expressions are known for reverse designing of binary masks. Instead, the particle swarm optimization technique 198 
has been widely employed 41-46. Typically, the merit functions for optimization include the size of the central 199 
spot, numerical aperture, and size of the usable field of view. Similar approach is used for designing binary 200 
phase masks. Evolutionary47 and genetic algorithms 48-51, optimization-free methods 52,53, and artificial 201 
intelligence algorithms are also being used for superoscillatory binary lens design.  202 

By construction, the binary masks resemble Fresnel zone plates but are much more complex. Binary intensity 203 
masks are either concentric arrays of holes 54,55 or a “matryoshka” arrangement of concentrically enclosed slits 204 
in an opaque screen, typically a metal film 41,44,56,57, Figure 2c. Binary intensity superoscillatory lenses have 205 
been demonstrated at flat substrates, at ends of large mode diameter photonic crystal fibers 58, GRIN lenses and 206 
by structuring atomic thin layers of chalcogenide semiconductors 59. The step-type phase masks have been 207 
fabricated in silicon and silica by optical lithography 60,61, while rewritable and reconfigurable superoscillatory 208 
lenses have been demonstrated using phase change materials 62.  209 

The most advanced binary phase superoscillatory lenses were fabricated in a CMOS compatible high-210 
throughput optical lithography process on a large silica wafer 60. They were optimized for the wavelength of 211 
633 nm, having diameter of 2R=1.2 mm and focal distance of F=200μm. An ideal conventional singlet lens with 212 

such parameters would have NA = 
𝑅

√𝐹2+𝑅2
 = 0.95 and will focus into a hotspot of δ= 335nm = λ/(2NA), or δ= 213 

0.53λ. The superoscillatory lens focuses light into the hotspot of δSOL = 253 nm, or 0.4λ, i.e. a quarter smaller.  214 

Here we can introduce the effective numerical aperture of the superoscillatory lens as NA= λ/(2δSOL) = 1.25. 215 
Such effective numerical aperture can only be achieved with superoscillatory lenses. It is not possible to reach 216 
NA ≥ 1 with a conventional lens or gradient metasurface lense63,64 focusing in free space. Conventional high 217 
numerical aperture lenses are often complex and usually very expensive (thousands of dollars), while quartz 218 
phase SOLs are flat, simple in construction and cheap in production. Quartz phase SOLs have negligible 219 
absorption loss and can sustain high light intensities. Immersion, in particular solid immersion, i.e. placing a 220 
layer of high refractive index dielectric between the lens and the focal plane reduces the size of the hotspot even 221 
further 65,66. Obvious shortfalls of the SOLs are presence of halo and low throughput efficiency into the hotspot 222 
that limits some applications such as light-assisted manufacturing. 223 

“Optical needle” SOLs. Often the superoscillatory lens design is optimized to achieve a small hotspot at a 224 
particular distance from the mask. However, many applications including data storage, metrology and 225 
manufacturing with light benefit from long depth of focus. Depth of focus (DOF) of a conventional lens67 is 226 
linked to its numerical aperture DOF ~ λ/NA2 : the larger is NA, the smaller is the hotspot, the shorter is the 227 
depth of focus and for high NA lenses DOF ~ λ. 228 

Channelling light into a radiation ‘needle stick’ was discussed with reference to Albert Einstein’s “Einsteinschen 229 
Nadelstichstralung” about a hundred years ago 68. Remarkably, binary SOLs can be engineered to produce these 230 
‘needle stick’ a hotspot with very long depth of focus along the axial direction in such a way that at any cross-231 
section the hotspot remains smaller than the “diffraction limit” allows. Such light patterns were termed “optical 232 
needles” 69-73, Figure 4d. Optimization of “optical needles” can involve blocking the central part of the lens thus 233 
preventing nearly coaxial diffracted waves to reach the focus. For example, a sub-diffraction binary intensity 234 
circularly polarized optical needle generator with a transverse spot size of 0.45λ and axial depth of focus of as 235 
long as 15λ has been demonstrated at a violet wavelength of 405 nm 71.  236 

The optical needle lenses have the potential applications in high-density optical storage and heat-assisted 237 
magnetic recording. Heat-assisted magnetic recording (HAMR) is a data storage technology to overcome the 238 
superparamagnetic limit in high density magnetic recording. Existing HAMR schemes depend on a 239 
simultaneous magnetic stimulation and light-induced local heating of the magnetic information carrier. To 240 
achieve high-density recorded data, near-field plasmonic transducers have been proposed as light concentrators 241 
74. Superoscillatory solid immersion lens offers an alternative approach exploiting a far-field focusing device 242 
that can focus light into sub-50 nm hotspots in the magnetic recording layer using a laser source operating at 243 
473 nm 75. Such a lens, a combination of SOL with solid immersion, has an effective numerical aperture as high 244 
as NA=4.17. Similarly, superoscillatory lenses may be used for readout of optical memory with pitch between 245 
data marks less than λ/4 this offering high density data storage not accessible with conventional lenses 54. 246 
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Binary SOLs are fabricated using standard nanofabrication approaches: focused ion beam (FIB) milling, 247 
electron beam lithography (EBL), photolithography and etching. FIB is the simplest way to fabricate binary-248 
amplitude SOLs. After depositing a thin layer of metal films on a transparent substrate, the film is directly milled 249 
by FIB to remove those parts of the mask that are to transmit light. In general, harder metals, such as chromium 250 
or titanium, take longer to mill in the FIB, but give better fabrication quality.  251 

Achromatic SOLs. Superoscillatory lenses typically create a chain of foci along the lens axis. Position of foci 252 
on the axial line depends on the wavelength of light and multiple foci at different wavelength can overlap. SOLs 253 
have been engineered in such a way that one of these foci on a particular wavelength overlaps with another foci 254 
at a different wavelength so superoscillatory hotspots are achieved at the same focal distance for two different 255 
wavelengths, Figure 2e. This creates an achromatic superoscillatory lens. Simultaneous focusing of three 256 
different wavelengths (Red-Green-Blue) on one sub-diffraction hotspot has been demonstrating creating a 257 
white-light apochromatic superoscillatory lens 58. We anticipate that achromatic and apochromatic sub-258 
diffraction SOLs could serve as super-resolved focusing and imaging tools for a broad range of applications in 259 
nonlinear spectroscopy, photography, retinal diagnostics, low-cost fiberized microscopy, high-resolution 260 
quantum correlation measurements, pump-probe experiments for ultrafast dynamics, excitation and collection 261 
of photoluminescence, coherent anti-Stokes Raman scattering for super-resolution bio-imaging, nonlinear 262 
imaging and nanofabrication using two/three-photon absorption.  263 

Metamaterial SOL. Photonics community is well aware of the metamaterial super-lens which uses a slab of 264 
negative index metamaterial to recover evanescent waves from the object in the image plane. This powerful 265 
idea is not yet implemented as a practical imaging device and its realization in the optical part of the spectrum 266 
faces a number of challenges. However, the metamaterial approach is a practical way of creating a different 267 
type of super-lens that does not use evanescent waves but instead creates superoscillatory foci in the far-field 268 
from the lens. We call it the superoscillatory metamaterial lens (SML), Figure 2f.  269 

The main advantage of the metamaterial approach is that, the nearly complete design freedom on transmissivity 270 
and retardation of the lens mask can be achieved using a metasurface. In such a lens, light is scattered on a 271 
planar array of “metamolecules”, individual scatterers providing the prescribed levels of phase delay and 272 
scattering amplitude at different radial positions on the lens in such a way that the entire array diffracts light 273 
into a superoscillatory hotspot. It was recently demonstrated that, plasmonic metamaterial superoscillatory 274 
lenses allow reaching sub-diffraction hotspots on large field of views up to 6λ in diameter and robustly perform 275 
in imaging applications 76. A metamaterial superoscillatory lens with effective numerical aperture NA=1.52 and 276 
focus as small as 0.33λ in size has been demonstrated.  It  contains 8500 metamolecules forming a lens of 40 277 
μm in diameter. 278 

To design such a lens, firstly a planar continuous gradient amplitude and phase mask necessary to transform an 279 
incident plane wave into a complex wavefront converging into the desired focus was calculated, as described 280 
above in the section “Superoscillatory focusing of light”. Secondly, a library of subwavelength plasmonic 281 
metamolecules with individual scattering characteristics mimicking and matching the amplitude and phase 282 
characteristics found anywhere on the continuous mask was defined. Thirdly, the mask was simplified as a 283 
discrete metasurface, an array of metamolecules in a concentric pattern of metamolecules with characteristics 284 
tailored to provide the same attenuation and retardation as the continuous mask in the point of their location.  285 

Each metamolecule was a V-shaped nanoslit cut into a thin gold film, a design that can be easily adjusted to 286 
control the polarization state, intensity, and phase of the scattered wave by adjusting length, opening angle of 287 
the V shape, and width of the slits 77,78. The metasurface pattern was designed for linearly polarized incident 288 
light and acted as a SOL for transmitted light with orthogonal polarization. SMLs allow reaching smaller 289 
hotspots with better throughput efficiency than binary masks. They can be manufactured by well-established 290 
nano-manufacturing techniques and are scalable to operate at any wavelength. Other types of superoscillatory 291 
metasurfaces based on geometrical phase modulations for broadband focusing have also been demonstrated 79,80. 292 
The simplest form of a binary metamaterial superoscillatory lens is a cylindrical SOL 81. 293 

Single photon regime of SOL. Applications of SOLs in quantum super-resolution imaging, quantum lithography 294 
and bio-medical imaging often require low light intensity and question emerges whether superoscillatory 295 
focusing is possible in a single photon regime. This question is, in fact, relevant to the cornerstone question of 296 
wave-particle duality of photon: will the Young’s double slit diffraction experiment work in a single photon 297 
regime, one photon at a time? 82 The studies of SOL performance in a single photon regime were undertaken 298 
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with a cylindrical metasurface superoscillatory lens 81. The superoscillatory hotspot observed in the single-299 
photon regime by detecting a pattern created by a large number of individual photons at the focal plane was the 300 
same as created with coherent laser illumination. This experiment proved a direct evidence that wavefunction 301 
of a single photon can superoscillate and contains sub-diffraction features with length scale smaller than that is 302 
constructed with allowable wavevector eigenvalues, thus linking the classical 25 and quantum 24 manifestations 303 
of the phenomenon of superoscillations.  304 

Although binary masks provide a robust and simple way to implement subwavelength hotspot generators, they 305 
provide static superoscillatory fields. Superoscillatory focusing could also be achieved with spatial light 306 
modulators (SLM) creating a beam with carefully designed amplitude and phase profile for precisely tailored 307 
interference.  308 

Double SLM superoscillatory generator. Precise programmable shaping of the beam may be achieved with a 309 
pair of analogue liquid crystal SLMs, one of which controls the phase profile of the beam and the other controls 310 
its intensity profile. The modulated beam is then imaged onto the back focal plane of the microscope objective. 311 
In this way, any arbitrary field profile may be obtained at the microscope focal plane simply by encoding its 312 
Fourier spectra on the SLMs. For review of the technology see Refs. 83,84 and for details on its implementation, 313 
see Ref. 85. The double SLM technology is robust and apart from imaging applications (see below) it is used for 314 
atom trapping in cold atom experiment, see Figure 2S-a,b in Supplementary Materials. Superoscillatory 315 
focusing has also been used in other high-resolution optical trapping and manipulation applications 86,87, where 316 
the trapping potential provides unprecedented localization accuracy and stiffness, significantly exceeding those 317 
of conventional diffraction-limited beams.  318 

Digital Micromirror superoscillatory light generator. Full control of the phase and intensity can also be achieved 319 
with a single binary spatial light modulator based on the Digital Micromirror Device (DMD), see Figure 2S(c). 320 
A DMD chip is a micro-opto-electromechanical system that has millions of microscopic mirrors on its surface 321 
arranged in a rectangular pixilated array. Such chips are widely used in digital image projectors. The mirrors, 322 
typically 16 μm across, can be individually switched on torsion hinges by electrostatic force between two 323 
orientations corresponding to “on” or “off” state, Figure 2S(c). The method for generating beams with arbitrary 324 
phase and intensity profiles is termed ‘digital holographic grating’ 88,89, where a computer-generated hologram 325 
is designed and loaded as a binary mask on DMD carrying the amplitude and phase information of desired light 326 
beam. The first-order diffraction on this holographic grating is the target light beam, which is designed as a 327 
superoscillatory hotspot.  328 

SOL vs SLM. SLM superoscillatory focusing has a number of experimental differences to focusing with binary 329 
static superoscillatory lenses. The SLM approach allows focal spots to be formed at the focus of a microscope 330 
objective, giving a working distance of at least a few hundred microns, compared to the few tens of microns 331 
typically achieved with static binary superoscillatory lenses. SLM superoscillatory focusing can also be 332 
combined with active scanning of the hotspot across the object by controlling the beam direction with SLMs. 333 
However, the SLM system is more complex to align, consisting of a number of optical components and has 334 
considerable physical dimensions in comparison with static SOLs having only one component that is relatively 335 
easy to align with input laser. 336 

THz and acoustic superoscillations. The studies and development of applications of superoscillations is now 337 
extended to the terahertz electromagnetic frequency range 47,90,91. A superoscillatory metalens with a resolution 338 
below the diffraction limit is demonstrated working around 0.327 THz 47. A THz far-field sub-diffraction optical 339 
needle for a wavelength of 118.8 μm with focal length 420λ and radius 160λ has been demonstrated  for 340 
applications in super-resolution THz tomography 90. An ultrasonic binary superoscillatory lens has been 341 
developed for super-resolution ultrasound imaging and tweezing application 92,93.  342 

Superoscillations in complex fields 343 

Although dedicated superoscillatory field generators and SOLs can create prescribed hotspots, superoscillations, 344 
in fact, commonly appear in complex light fields 94,95. Importantly, complex electromagnetic field structures 345 
created by interference of multiple coherent light waves can have deeply subwavelength features in their 346 
structures.  347 

Following Ref. 96, this can be illustrated by example of a light field 𝑈(𝑟) = 𝑈0 (𝒓) 𝑒
𝑖𝜑(𝒓) 𝑒𝑖𝜔𝑡  created by 348 

interference of 50 coherent plane waves oscillating at frequency 𝜔 with random amplitudes and phases and 349 
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propagating in the plane with prevailing direction of propagation along 𝒌||, from left to right, Figure 3:  𝑈(𝑟) =350 

∑ 𝐴𝑖𝑒
𝑖𝜔𝑡 −𝒌𝒊𝒓𝑖=50

𝑖=1 , 𝒌|| >> 𝒌⊥. Figures 6 shows a fragment of this field pattern that is 4λ x 4λ in size.  351 

A color-coded map of the phase 𝜑(𝒓) of the resulting light field is presented in Figure 3a.  Here circles indicate 352 
singularities, points on the map where phase of the wave is not defined. Black and white circles indicate 353 
singularities of two different types. If by circling around the singularity clockwise the phase increases, a white 354 
circle with black core is used; if by circling around the singularity clockwise the phase decreases, a black circle 355 
with white core is used.  356 

Figure 3b shows the color-coded map of intensity 𝑈0 (𝒓) of the light field. Note that singularities are located 357 
where intensity goes to zero. The map features a few energy localization hotspots. Some of them are smaller 358 
than that is allowed by the “diffraction limit”. For instance, the hotspot enclosed by the dashed white line is 359 
only 0.31λ in the transverse direction. While the overall energy flow is from left to right, the light field also 360 
contains zones of energy backflow (EBF) coloured in brown. In the energy backflow zones, the predominant 361 
direction of the Pointing vector of light is opposite to the predominant direction of light propagation in the beam 362 
and this can be often seen in complex superoscillatory fields. Note that energy backflow zones are often much 363 
smaller that the wavelength of light. It has also been noticed that perimeter of the energy backflow zone contains 364 
the phase singularity point and the tangential to the perimeter at this point is directed parallel (anti-parallel) to 365 
the prevailing direction of energy flow 96.  366 

Figure 3c shows the color-coded map of intensity 𝑈0 (𝒓) overlapped with maps of the zones where phase of the 367 
field changes rapidly perpendicular to the prevailing direction of propagation, along 𝒌⊥ , i.e. where 368 
|∇𝜑(𝒓)⊥| >|𝒌|.  Note that narrow areas of these zones (waists) coincide with positions of singularities. The 369 
value of |∇𝜑(𝒓)⊥| reaches local maxima at the narrow waists, around the singularity points. These zones are 370 
deeply subwavelength in size and the maxima of |∇𝜑(𝒓)⊥| are highly localized at singularities.  371 

We will see below that these subwavelength features of complex coherent electromagnetic fields can be used in 372 
super-resolution metrology and imaging, but before that we shall describe how these features can be mapped 373 
experimentally.  374 

Mapping superoscillatory field with deeply subwavelength resolution 375 

In spite of the intense interests in the subject of optical superoscillations for many years, experimental evidence 376 
of large local wavevectors and energy backflows in superoscillatory optical fields – some of their main features 377 
- was only reported recently 97. Observing these features in optics is much more complex than demonstrating 378 
the intensity hotspots. Such observation needs the capability to measure not only amplitude of the optical field, 379 
but also its local wavevectors klocal=∇φ, and hence the phase φ of the field.  As the phase information can only 380 
be obtained in interferometric measurements, extreme stability of the interferometer is needed to acquire reliable 381 
data on the fields with small spatial features and fast phase variations. As the superoscillatory fields are expected 382 
to have spatial features that are much smaller than the wavelength of light, spatial resolution far better than 383 
allowed by the Abbe-Rayleigh limit of half-wavelength is required. To meet these challenges, a monolithic 384 
metasurface interferometry technique has been developed 97, see Figure 3S, Supplementary Materials. In this 385 
technique, the superoscillatory field under investigation and the reference wavefront needed for interferometry 386 
are created by the same mask (planar metamaterial nanostructure), i.e. on the same monolithic platform, thus 387 
minimizing the instability and alignment problems characteristic for bulk free-space interferometers.  388 

Resulting field maps in the vicinity of a superoscillatory hotspot reveal four main characteristic features of 389 
superoscillatory fields obtained experimentally and computationally (see Figures 4b):  390 

1. Subdiffraction limit hotspots, Figures 4b and 3S(c). On the intensity map (~ |Ey|
2
 ) the hotspot size in 391 

the x-section is smaller than allowed by the Abbe-Rayleigh limit.  The focus is surrounded by fringes 392 
similarly to how focal spot of a conventional lens of finite size is surrounded by the oscillating Airy-393 
type pattern. However, here the fringes are more densely spaced and are more intense;   394 

2. Phase singularities, Figures 4b and 3S(d). The hotspots are flanked by phase singularities at the low-395 
intensity regions near the focus (green circles, see the phase maps𝜑 = arg(𝐸𝑦)). When moving along 396 

the loop encircling the phase singular points, the phase changes by 2π or - 2π, depending on the 397 
topological charge of the singularity m = +1, or m = -1, correspondingly. 398 
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3. Giant local wavevectors, Figures 4b and 3S(e).  Magnitude of the local wavevectors |kx| far exceeds 399 
magnitude of the wavevector of a plane wave in vacuum,  k0 = ω⁄c . Here the transverse local wavevector 400 
kx as x-component of klocal=∇φ. The |kx| near the phase singularity is more than an order of magnitude 401 
higher than k0.  402 

4. Energy backflow, Figure 4b and 3S(f). The field features have energy backflow zones where light’s 403 
energy retro-propagates. These zones can be derived from the mapping of longitudinal wavevector kz 404 
and they are pinned to phase singularities, as predicted in Ref. 96. Maps of the time averaged Poynting 405 

vector  𝑆 =
1

2
Re{𝐸 × 𝐻∗}   show that in these regions the incident energy flow is “trapped” and 406 

circulates without propagating in the forward direction (see insets to Figure 4b).   407 

These maps are a powerful illustration of the fact that superoscillatory fields can have structured elements that 408 
are much smaller than prescribed by the Abbe-Rayleigh limit for lens-focused hotspot. Indeed, here the 409 
backflow areas are only about λ/20 in size along x-direction. Superoscillatory areas where |kx| > k0 = ω⁄c are 410 
even smaller, of the order of λ/100. This confirms Berry’s observations that “the regions of backflow are 411 
considerably smaller than the wavelength” and that “in the neighbourhood of phase singularities wavefunctions 412 
can vary on sub-wavelength scales” 96.  413 

“Plasmonics” in free space 414 

The mapping of the intensity and phase profile near a superoscillatory focus have revealed some remarkable 415 
similarities between near-field plasmonic focusing by nanostructures and superoscillatory focusing in free 416 
space,  Figure 4. Indeed, rapid spatial phase variation, giant local wavevectors and phase singularities are 417 
routinely observed in computational experiments on plasmonic nanostructures. Plasmonic fields do not 418 
propagate into free space, they are a collective excitation of electromagnetic fields and electrons in the 419 
evanescent area of the dielectric-metal interfaces with high magnitudes of wavevectors.  In fact, the access to 420 
high-value wavevectors is what makes plasmonics a preferred platform for nanophotonic devices.  421 

Similarities between the superoscillatory and plasmonic field are striking. For instance, Figure 4a shows a silver 422 
nanoparticle at plasmonic resonance 98. One can see energy backflow zones pinned to singularities that resemble 423 
the structure of fields at the superoscillatory focus described in the previous section. Both in plasmonic and 424 
superoscillatory foci, zones of energy of backflow facilitate the subwavelength localization of light. They 425 
remove electromagnetic energy from the areas neighbouring the foci squeezing it.  426 

Moreover, plasmonic and superoscillatory focusing seems to follow a similar scaling law: the energy throughput 427 
efficiencies scale polynomially with size of the focal spot. Indeed, a deeply subwavelength hole of diameter σ 428 
in opaque screen can be used as a nanoscale light source, for instance in scanning near-field optical microscopy. 429 
Only a small proportion of light illuminating the screen will pass through the hole. Here throughput efficiency 430 

scales as (𝜎 𝜆⁄ )
4
 + 𝑜(𝜎 𝜆⁄ )

4
. A small absorbing dielectric or plasmonic nanoparticle of diameter 𝜎 will also 431 

“focus” light by harvesting energy of the illuminating plane wave (see Figure 4a) with scattering cross-section 432 

that scales as  (𝜎 𝜆⁄ )
4
. Similarly, in the regime of superoscillatory focusing in free space, only a small fraction 433 

of light can be focused in the hotspot:  the proportion of energy channelled into the superoscillatory region 434 

decreases polynomially 𝑃(𝜎 𝜆⁄ ) with size of the superoscillation 19,54. 435 

Metrology with superoscillations 436 

Light is a perfect tool for metrology as it allows non-disruptive measurements of the size or position of the 437 
object against a ruler (see Figure 5a). Displacement of the object against a ruler can be measured optically with 438 
the help of a conventional lens or microscope with resolution limited by diffraction to about half of the used 439 
optical wavelength λ, typically a fraction of micrometer. Various interferometric techniques that require 440 
complex and heavy equipment can also be applied to measure mutual displacement of macroscopic objects that 441 
essentially have the same fundamental limit to resolution when light’s intensity is used in the measurements.  442 

Since the deeply subwavelength features of complex electromagnetic fields can be mapped with high resolution 443 
(see section “Mapping superoscillatory field with deeply subwavelength resolution”), they can be used as 444 
reference points of a more precise ruler, Figure 5b. Indeed, it was shown that resolution three orders of 445 
magnitude better than the diffraction limit can be achieved by using – instead of the physical ruler – an “optical 446 
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ruler”, the electromagnetic field structured at the deeply subwavelength scale 99. The “optical ruler” metrology 447 
uses the fact that free-space optical fields can be imaged by a conventional lens with no limit to resolution and 448 
that the phase information can be retrieved by the monolithic metamaterial interferometry as show in Figure 3S, 449 
Supplementary Materials. The “optical ruler” can be used for measuring mutual displacement of two platforms, 450 
one containing a laser source and a metamaterial mask generating optical ruler and the other containing a 451 
magnifying lens, polarizer and image sensor, Figure 4b.  452 

One- and two- dimensional displacement measurements are possible with the “optical ruler”. For the one-453 
dimensional metrology, the “optical ruler” light field is created by a one-dimensional Pancharatnam-Berry phase 454 
metasurface which is constructed as rows of slits oriented at +45° and -45° to the incident polarization. It is 455 
designed to create a superoscillatory focus of cylindrical lens flanked by singularities. For the two-dimensional 456 
metrology, the Pancharatnam-Berry phase metasurface is a regular two-dimensional array of slits with 457 
randomised orientation either at +45° or -45°.  Such random metasurfaces create a superoscillatory speckle 458 
optical field.  In both cases of one- and two-dimensional metrology the fields created by the metasurfaces are 459 
superoscillatory for polarization perpendicular to the polarization of the incident light. Upon transmission 460 
through the metasurface the light component with incident polarization remains a plane wave. By detecting the 461 
interference pattern of these waves through a magnifying lens and a polarizer for different polarizations of the 462 
incident wave, the full phase and intensity profile of the “optical ruler” can be retrieved with resolution of better 463 
than 1 nm using coherent light source at the wavelength of 800 nm  99.  464 

The optical ruler metrology is a far-field technique and therefore allows for noncontact operation. The 465 
subnanometer resolving power of the optical ruler is higher than that of most optical super-resolution and 466 
interferometric techniques. It does not suffer from the mechanical and thermal instabilities that affect large 467 
conventional metrological interferometric instruments. The metasurface can be manufactured at the tip of an 468 
optical fiber, allowing numerous applications where high resolution, small size, and noncontact operations are 469 
essential, including monitoring displacements of scanning stages of atomic force microscopy, scanning 470 
tunnelling microscopy, and super-resolution optical microscopes, lithography mask alignment, and the control 471 
of motion of tools in nanoassembly. The optical ruler can also be placed on nanoindenter heads to measure the 472 
modulus of elasticity, yield stress, hardness, and wear resistance of materials. One can even envisage the optical 473 
ruler attached to a cutting tool of a smart manufacturing lathe or milling machine. Lastly, the optical ruler can 474 
be used for monitoring of mutual nanoscale displacements of parts of precision constructions, such as large 475 
optical telescopes, disc drives, microelectromechanical systems and nanoelectromechanical systems devices, 476 
acceleration sensors, and for monitoring the deformation, fatigue, or thermal expansions of components.  477 

Shortly after the paper 99 was published, we received an interesting comment from M. V. Berry who put light 478 
on the earlier history of using singularities in metrology, in this case with radio waves 100 (private 479 
communication): “We discussed a possible application [of singularities]: measuring movement of polar ice 480 
sheets. The idea was to choose a place on the ice surface where the disorderly echo from the bottom displayed 481 
a phase singularity, wait overnight while the ice sheet moves, and then explore the surroundings to find a place 482 
where the echo was the same as yesterday. With radio waves of length 5m, the extreme phase sensitivity would 483 
enable displacements of a few cm to be detected.”  484 

Challenges of Imaging 485 

The Abbe-Rayleigh diffraction limit of conventional optical instruments has long been a barrier to studies of 486 
microscale and nanoscale objects. The earliest approaches to overcome the limit were based on recording shape 487 
of the object by registering its optical near-field formed by rapidly oscillating but non-propagating waves with 488 
large wavevectors: contact photography and scanning near-field optical microscopy (SNOM).  489 

In contact lithography, the near field is registered by the photographic emulsion placed in contact with the 490 
object. The emulsion is detached (pilled off) from the object after exposure to light leaving its photo-imprint in 491 
the emulsion. Unfortunately, contact photography offers no magnification to the level of detail that can be seen 492 
by naked eye. It is not suitable for super-resolution imaging. Having said that, its modern version, optical mask 493 
lithography with short wavelength light sources is extremely useful for semiconductor chip manufacturing and 494 
is widely used. 495 

In the SNOM, a small aperture or scattering probe captures its evanescent field, converts it into propagating 496 
waves and directs to a photodetector. The technique can achieve subwavelength spatial resolution but requires 497 
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the probe to be scanned in the nanoscale proximity of the object. Its applications are limited as it cannot be used 498 
to image inside cells or silicon chips, for example, and image acquisition takes a long time. 499 

A number of metamaterial-based techniques have been proposed to reconstruct and capture evanescent fields, 500 
most notably the far-field Veselago-Pendry “super-lens”. In the super-lens, a slab of negative index 501 
metamaterial is used to image the evanescent waves from an object on to the imaging plane. This approach, 502 
however, faces substantial technological challenges in its implementation in optics, and has not yet been 503 
developed as a practical imaging technique. The super-lens provides imaging with no magnification which also 504 
limits its practical use.  505 

Could deeply subwavelength resolution in imaging be achieved without detecting the near field? A classical 506 
approach for imaging uses conventional lens that focuses light scattered by the object into the imaging plane 507 
with magnification. This approach does not have any limits in magnification, at least in principle, but has a 508 
sharp limit on resolution of about half the wavelength.  509 

Nevertheless, far-field super-resolution imaging is possible and in biological studies is dominated by the 510 
stimulated emission depletion (STED) and single-molecule localization (SML) microscopies 101,102  that require 511 
intense laser illumination and labelling samples with luminescence agents (e.g. semiconductor quantum dots). 512 
These labels are known to change the behaviour of the biological systems while labelling cannot be applied to 513 
solid artificial nanostructures (e.g. silicon chips) making these techniques unsuitable for nanotechnology use. 514 
The other major far-field super-resolution technique is structured illumination microscopy (SIM) when object 515 
is illuminated with periodically modulated light patterns. However this approach requires complex post 516 
processing and can only double the resolution of a conventional microscope.   517 

Below we will review two approaches to far-field label-free super-resolution imaging techniques that use 518 
superoscillatory optical fields for sample illumination: “Confocal Superoscillatory Imaging” and “Deeply 519 
Subwavelength Topological Microscopy” enabled by artificial intelligence. 520 

Confocal Superoscillatory Imaging 521 

A route to far-field subwavelength imaging is using optical superoscillatory hotspot for illuminating the object. 522 
Microscopy with superoscillatory illumination of the object has been developed from 2012 41. It has been shown 523 
that resolution of confocal microscopy with superoscillatory illumination is determined by the size of the 524 
hotspot, while accrued images are themselves superoscillatory and hence can reveal fine structural details of the 525 
object that are lost in conventional far-field imaging. This microscopy is a non-algorithmic, low-phototoxicity 526 
imaging technology and is a powerful tool both for nanotechnology and biological research of samples that do 527 
not allow labelling, such as silicon chips and live cells.  528 

A conventional microscope uses a powerful objective lens to project light scattered by the object to the image 529 
plane with magnification, where it is registered. Typically, an incoherent light beam with a homogeneous profile 530 
is used to illuminate the object. The spatial resolution of a conventional microscope is limited by the point 531 
spread function of objective lens and cannot exceed Δ=0.61λ/NA, where 𝜆 is the wavelength of the light and 532 
NA is the numerical aperture of the lens (Rayleigh limit).  533 

In principle, superoscillatory lenses can be used to image objects that are smaller than the field of view 41, but 534 
this has limited practicality 103. For a broader range of applications the conventional microscope objective lens 535 
cannot simply be replaced with a superoscillatory lens: the images of the objects that are bigger than the field 536 
of view will be distorted by light scattering from the halo-illuminated parts.  This can be mitigated in a confocal 537 
microscope when a conventional lens with high numerical aperture is used as the objective lens, while the 538 
sample is illuminated by SOL with tight focus. Imaging is achieved by scanning the sample relative to the focus 539 
of the superoscillatory lens with a small confocal aperture at the detector, that rejects most of scattering from 540 
the halo illuminated parts of the image.  541 

How does this confocal microscope work? Let 𝑃SOL  and 𝑃COL  to be the point spread functions of the 542 
illuminating superoscillatory lens and conventional objective lens (see Figure 6(d)). The microscope’s response 543 
is characterised by its point spread function 𝑃MIC = 𝑃SOL × 𝑃COL and it is bandlimited to spatial frequency 544 
𝛷 = 2𝜋 × NA/𝜆, where NA is the average of the numerical apertures of the illuminating lens (SOL) and the 545 
imaging lens (COL)85.  If the object has subwavelength structures and the function 𝑂(𝒓) describing it is not 546 
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bandlimited to 𝛷, a conventional microscope cannot resolve its fine details beyond 
𝜆

2NA
. However, the image 547 

𝐼(𝒓) = 𝑃MIC⨂𝑂(𝒓) created by the superoscillatory microscope is different (⨂ denotes a convolution): it is a 548 
superoscillatory function and can therefore locally oscillate much faster than 𝛷and can contain detail finer than 549 
𝜆/(2NA). A mathematical example of forming superoscillatory image in such band-limited system is presented 550 
in Ref. 85.  Therefore, the main principle of superoscillatory microscopy is that superoscillatory illumination 551 
creates a superoscillatory image and a band-limited system is used to achieve this.  552 

A superoscillatory microscope can be constructed by adding a laser-based superoscillatory illumination system 553 
to a conventional confocal microscope. Such a microscope was first demonstrated in 2012 using binary 554 
transmission mask as superoscillatory illuminating lens and a laser operating at the wavelength of 640 nm. It 555 
resolved nanoscale slits in an opaque screen spaced by a distance of 137 nm and round holes spaced by a distance 556 
of 105 nm (0.16λ). The slits were completely unresolved if conventional illumination was used in the same 557 
microscope. 558 

The first use of metamaterial superoscillatory superlenses in imaging applications was reported in Ref. 76. In 559 
this work, the dependence of the superoscillatory microscope resolution on the size of superoscillatory hotspot 560 
was investigated: the resolution steadily follows the size of the hotspot, the smaller the sub-diffraction hotspot, 561 
the better the resolution. With a superoscillatory hotspot of 264 nm (0.33λ), pairs of 160 nm holes in a metal 562 
film separated by 120 nm (0.15λ, edge to edge) were comfortably resolved with superoscillatory illumination 563 
using a laser source operating at the wavelength 800 nm.  564 

The first use of dielectric binary superoscillatory superlenses manufactured from quartz using CMOS 565 
compatible lithography was reported in Ref. 60. With a laser source at wavelength 633 nm patterns and pairs of 566 
holes spaced by a distance of 110 nm (0.17λ, edge to edge) have been resolved with superoscillatory illumination 567 
that conventional bright-field imaging modality was not able to resolve. 568 

A sophisticated microscopy using superoscillatory illumination was demonstrated in Ref. 85 104 reporting high-569 
frame-rate polarisation-contrast imaging of unmodified living cells with resolution significantly exceeding that 570 
achievable with conventional instruments. This work demonstrated that this non-algorithmic, low-phototoxicity 571 
imaging technology is a powerful tool for biological research. In contrast to confocal superoscillatory 572 
microscopy with static superoscillatory lenses, superoscillatory illumination was achieved with spatial light 573 
modulators: the fixed static binary superoscillatory lens was replaced with a system of spatial light modulators 574 
to illuminate the sample. The bio-version of confocal superoscillatory microscope also incorporated a liquid 575 
crystal polarisation controller to implement an advanced form of polarisation contrast imaging, giving high 576 
contrast even in unstained transparent biological samples, Figure 6.  577 

It is educational to compare superoscillatory confocal microscopy with stimulated emission depletion (STED) 578 
microscopy. STED functions by depleting fluorescence in specific regions of the sample while leaving a central 579 
focal spot active to emit fluorescence. In contrast, superoscillatory confocal microscopy functions by 580 
illuminating the sample locally with a superoscillatory lens. Both are far-field super-resolution techniques, but   581 
STED requires labelling of the sample with a fluorescent reporter while superoscillatory microscopy works with 582 
unlabelled samples. Superoscillatory confocal microscopy is a linear imaging technique working at low light 583 
intensities while STED is a nonlinear optical technique that requires intense laser radiation to deplete the 584 
fluorescence around the central focal spot. 585 

Deeply Subwavelength Topological Microscopy 586 

The far-field confocal superoscillatory imaging described above has been proven to work in a variety of 587 
applications and in particular, it offers video-frame-rate high-resolution microscopy for demanding bio-imaging 588 
tasks 85. However, since the intensity of the superoscillatory hotspot rapidly drops with the hotspot size (while 589 
the interference from the halo increases) the signal to noise ratio goes down for smaller hotspots and higher 590 
levels of resolution. In a conventional confocal microscopy setting, it is practically difficult to reach resolution 591 
beyond λ/5 using superoscillatory illumination.  592 

Can resolution of imaging with superoscillatory illumination be improved beyond this point and reach a deeply 593 
subwavelength resolution? Recently, two ideas have been explored to make it possible. 594 

The first idea comes from the observation that in the confocal imaging mode, light scattered on the sample is 595 
detected through an aperture and the rest of scattered field is blocked. Could the rejected light be useful to 596 
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construct a better resolved image of the sample? Indeed, different iterative feedback algorithms have been 597 
developed enabling the reconstruction of an image from intensity of scattering patterns of optical, deep UV and 598 
X-ray radiation with resolution essentially limited by the wavelength of the illuminating light in most cases 105 599 
and around 5-times higher when compressed sensing techniques for imaging sparse objects are used 106.  600 

Artificial intelligence in the form of deep learning is a powerful methodology for solving ill-posed inverse 601 
problems 107-110. Indeed, recently an artificial-intelligence enabled microscopy was introduced, which reveals 602 
the fine structure of an object by analysing its far-field scattering pattern. The object is reconstructed from the 603 
intensity profiles of scattered light while the reconstruction is performed by a neural network trained on a large 604 
number of scattering events. This technique was termed Deeply Subwavelength Optical Imaging and has been 605 
demonstrated experimentally by imaging dimers with subwavelength features with resolution exceeding λ/20 606 
111. Later this technique was applied to imaging subwavelength slits in opaque screen and resolution of λ/800 607 
has been achieved experimentally bringing it to sub-nanometer resolution 112. So, the first idea is using deep 608 
learning to solve the inverse scattering problem of imaging.  609 

This brings us to the second idea. Could deeply subwavelength features of superoscillatory fields such as zones 610 
of rapid variations of phase and energy backflow zones be exploited for high-resolution imaging? In essence, 611 
can we reach and exceed the level of optical imaging resolution to the nanometric level achieved in “optical 612 
ruler” metrology (see section “Metrology with superoscillations” above) using the topological features of light 613 
such as singularities?  614 

Figure 7(b)-(c) illustrate the sensitivity of the scattered field pattern on placing a small absorbing nanoparticle 615 
only λ/1000 in size,  in the topologically structured field99,113. It follows these figures and from Ref. 97 that 616 
scattering of the superoscillatory field is two to three orders more sensitive than in the case of plane wave 617 
illumination to the presence and repositioning of the nanoparticle, which we attribute to the presence of high 618 
intensity and phase gradients in the superoscillatory field. Indeed, placing or displacing in the very narrow 619 
subwavelength singularity zone (black horizontally extended area indicated by green dotted line) results in a 620 
strong change of intensity across the detector plane. The Deeply Subwavelength Topological Microscopy 621 
(DSTM), Figure 7, with superoscillatory light was recently demonstrated113 that reveals the fine structure of an 622 
object through its far-field scattering pattern under illumination with light containing deeply subwavelength 623 
singularity features. The object is reconstructed by a neural network trained on a large number of scattering 624 
events on objects with known characteristics. In numerical experiments on imaging of a dimer, resolving powers 625 
better than λ/200, i.e. two orders of magnitude beyond the conventional “diffraction limit” of λ/2, has been 626 
demonstrated. Proof-of-principle experimental confirmation of DSTM with a training set of small size, yet 627 
sufficient to achieve resolution five-fold better than the diffraction limit have also been reported. There are 628 
several factors contributing to high resolution of DSTM: 629 

1. From the prospective of Fourier optics and theory of superoscillations, topological illumination 630 
with superoscillatory light gives access to high local wavevectors and ensures much higher 631 
sensitivity of the pattern of scattered light to small features of the imaged object than unstructured 632 
light; 633 

2. From the prospective of the information theory, recording of multiple scattering patterns during the 634 
training process and imaging provides much more information on the imaged object for the retrieval 635 
process than what is available in the lens-generated single image for which the Abbe limit has been 636 
derived;   637 

3. Sparsity of the object and prior knowledge about the object shall also be a helpful factor in imaging 638 
simple objects such as a dimer, as this helps the retrieval process, similarly to how sparsity helps 639 
‘blind’ compressed sensing techniques; 640 

4. The deep learning process involving a neural network trained on a large dataset creates a powerful 641 
and accurate deconvolution mechanism without using explicit information on the phase of the 642 
detected signals. Experiments show that larger training sets give higher resolution. 643 

An interesting direction for future research could be the analysis of resolution limits of microscopies using prior 644 
knowledge of the sample and deep learning artificial intelligence techniques that give access to the large amount 645 
of information accrued during the neural network training process. This gives an advantage over conventional 646 
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single short imaging: From the prospective of the information theory resolution of conventional microscopies 647 
is determined by noise of the system and size of the imaging aperture 114. 648 

Although so far the concept has been demonstrated for one-dimensional imaging, both computationally and in 649 
a proof-of-principle experiment, it can be readily extended to two- and three-dimensional objects, as well as 650 
objects of random shape, and will be very efficient in microscopy of a priori known shapes, such as found in 651 
routine tasks of machine vision, smart manufacturing, particle counting for life science applications, etc. The 652 
technique does not require labelling of the sample with luminescent materials, nor intense laser illumination, 653 
and is resilient to noise. The technique promises far-reaching consequences across a number of disciplines, such 654 
as biomedical sciences, materials science and nanotechnology.  655 

Superoscillations beyond optical imaging and metrology  656 

Apart from imaging and metrology, the synthesis of short optical pulses is another emerging direction of 657 
superoscillatory technologies. The shortest optical pulses corresponding to the given optical bandwidth are 658 
known as bandwidth-limited pulses or Fourier-transform-limited pulses, or more commonly, transform-limited 659 
pulses. Bandwidth-limited pulses have a constant phase across all frequencies making up the pulse and such 660 
pulses can be generated by mode-locked lasers. For different pulse shapes, the minimum duration-bandwidth 661 
product is different, with the Gaussian pulses having a minimum value of 0.441.  662 

If a light wave is constructed from a number of synchronized frequency components, this could create 663 
superoscillatory periodic pulsation in time domain containing burst of energy that are shorter than the Fourier-664 
transform-limit for isolated light pulses. This has been demonstrated experimentally by synthesis of four optical 665 
frequencies in the red part of the spectrum around the wavelength of 801 nm at frequencies 370.9, 373.2, 375.6 666 
and 377.9 THz with carefully adjusted relative amplitudes of 13, 9, 9 and 13 and mode-locked phase of 0, π, π, 667 
0 using grating based optical pulse shaper 115, Figure 8a. This creates a superoscillatory envelope with a short 668 
temporal feature that breaks the temporal Fourier-transform-limit for isolated light pulse, Figure 8b. In the 669 
experiment, a temporal feature that is approximately three times narrower than a Fourier-limited Gaussian pulse 670 
with the same bandwidth was achieved with a visibility around 30%. Such pulses have been used to demonstrate 671 
super-resolution in time domain, where two consecutive pulses were distinguished by mixing them in a 672 
nonlinear optical process with the superoscillatory signal, while mixing them with a transform-limited Gaussian 673 
pulse of the same bandwidth fails to resolve pulses. The improvement of temporal resolution with 674 
superoscillatory pulses was also studied in the context of pulse compression using the Schelkunoff’s 675 
superdirective antenna design 116. Remarkably, time domain superoscillatory optical pulses can be used to 676 
transmit high-frequency signals through absorbing media 117 or low pass filters 118.  A  super-narrow frequency 677 
conversion using nonlinear materials  with complex, superoscillatory domain structuring has been demonstrated 678 
119. 679 

If superoscillating function can locally oscillate faster than their highest Fourier harmonic, suboscillatory 680 
functions exist that oscillate slower than their slowest Fourier harmonic. Suboscillatory functions were 681 
introduced in 2017 by Eliezer and Bahabad 120. For instance, if a function 𝑓(𝑥) = (cos 𝑥 + 2𝑖 sin𝑥)10  is 682 

superoscillatory, see Figure 8c, a function 𝑔(𝑥) = (cos𝑥 +
1

2
𝑖 sin 𝑥)−10  is suboscillatory, see Fig.8d. This 683 

function has a lower frequency bound of 𝑘𝑚𝑖𝑛 = 10. Near 𝑥 = 0 it oscillates at a rate of 0.5 times slower than 684 
the slowest component of the spectrum cos(10𝑥). While superoscillation can lead to superfocusing of light, 685 
suboscillations lead to super defocusing of light. Moreover, suboscillatory beams pass around the obstacles 686 
without reducing the beam spread in the far-field, which may be useful in dark-field microscopy. 687 

Superoscillation is a general wave phenomenon and can be observed not only with light and acoustic beams, 688 
but also with electron De Broglie waves promising interesting applications in high-resolution electron 689 
microscopy. Indeed, superoscillatory focusing of electron waves into a central spot that is smaller than the Abbe-690 
Rayleigh diffraction limit was experimentally demonstrated in a scanning electron microscope 121, Figure 8e. a 691 
two-zone off-axis computer-generated holographic phase mask was used to generate three diffraction orders 692 
with the desired superoscillating electron wave function at  the +1 and -1 diffraction orders. A central 693 
superoscillatory hotspot with diameter of 228 pm is experimentally measured, which is 66% smaller than the 694 
diffraction-limited Airy spot of 670 pm for the given small numerical aperture of the microscope focusing 695 
magnetic lens (the electron’s De Broglie wavelength is 2 pm at 300keV). The degradation of image contrast in 696 
the experiment is mainly attributed to the spatial incoherence of electron source and inelastic scattering in the 697 
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supporting substrate of the mask. Here the electron microscope operates essentially in the single-particle regime, 698 
supporting the assertion that superoscillations stems from interference of the wave function with itself, similarly 699 
to the regime of single photon superoscillations 81, when image of the hotspot is formed by a large number of 700 
registration single electron (single photon) events. 701 

Conclusions 702 

In conclusion, in the last few years the phenomenon of superoscillations has evolved from the esoteric effect of 703 
wave theory to a practical technology 16,46,122-124. Here we have revised the basics of the phenomena exploring 704 
characteristic features of one and two dimensional superoscillatory functions in particular peculiarities of their 705 
spectra. By giving practically important examples we have demonstrated that although the spectrum of the entire 706 
function may be band-limited, such functions could locally oscillate faster than the highest harmonic of the 707 
spectrum and exhibit area of very rapid phase variation. We have explained how in optics the phenomenon of 708 
superoscillations allows for the construction of lenses that can focus light into a hotspot smaller than that is 709 
possible by conventional lens. We have examined technologies of binary and continuous superoscillatory 710 
intensity and phase masks, metamaterials, superoscillatory lenses and synthesis of superoscillatory fields based 711 
on spatial light modulators. We have reviewed the technique for mapping superoscillatory field with deeply 712 
subwavelength resolution and have examined the intriguing similarities between the free-space superoscillatory 713 
fields and plasmonic fields evanescent on metal surfaces. We have reviewed the optical ruler nano-metrology 714 
that exploits the phase singularities of superoscillatory fields as reference points for displacement measurements 715 
with potentially femtometric resolution. We have described confocal super-resolution imaging technique with 716 
superoscillatory illumination, the way super-resolution images are formed in the band-limited instrument, 717 
practical realization of the apparatus and its applications in cell biology. We have explored how the combination 718 
of topologically structured superoscillatory light field with artificial intelligence analysis of such field scattered 719 
by the nanoscale object offers deeply subwavelength optical resolution. Finally, we have overviewed numerous 720 
other applications of superoscillations beyond optical imaging and metrology.  721 
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 759 

Figure 1. Functions can oscillate faster than their highest Fourier harmonics.  An example of a complex 760 
superoscillatory function: (a) function profile; (b) zoom-in into its profile near x=0 (blue line); (c) phase of 761 
function (blue line) and modulus of its gradient (dashed black line); (d)  Modulus of the amplitude of the Fourier 762 

spectrum 𝐹(𝑘)̂ = 𝐴(𝑘)̂ × exp[𝑖𝜑(𝑘)̂] of function F(x), |𝐴(𝑘)̂| calculated in the x-interval [−∞,∞] (solid blue 763 
line) and in the x-interval [-0.52, 0.52] (dashed red line), x=0.52 is the zero-point of F(x); (e) The first 3 even-764 
order circular prolate spheroidal functions. A two dimensional superoscillatory focus of coherent light at 765 
wavelenghth λ; (f) intensity map; (g) phase map.  Plates (h) and (i) compare the band-limited spectrum of the 766 
entire superoscillatory hotspot (h) with the spectrum of hotspot within the field of view (i).  767 
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 769 

 770 

 771 

 772 

 773 

Figure 2. Superoscillatory focusing static lenses. a) Superoscillatory focusing by a quasicrystal array of nano-774 
holes; b) Superoscillatory focusing with a mask with precisely engendered continuous variation of 775 
transmissivity and phase retardation; c) Superoscillatory focusing by a binary mask; d) Superoscillatory “optical 776 
needle” focusing; e) Achromatic superoscillatory focusing; f) Superoscillatory focusing by a metamaterial 777 
superlens. 778 
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 780 

Figure 3. Subwavelength features in complex light 781 
fields created by interference of 50 coherent scalar 782 
plane waves. 783 

a) The color-coded map of the phase 𝜑(𝒓) of the 784 
resulting electromagnetic field (from blue to red that 785 
denote the phase of –π and +π, correspondingly). 786 

b) The color-coded map of intensity 𝑈0 (𝒓) of the 787 
resulting electromagnetic field (white and black 788 
corresponding to highest and zero intensity, 789 
correspondingly).  790 

c) The intensity map overlapped with the maps of zones 791 
(grey) where the phase of the field changes rapidly 792 
perpendicular to the prevailing direction of propagation.  793 

 794 

 795 

  796 
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 797 

 798 

 799 

 800 

Figure 4. Similarities between plasmonic fields at metal interfaces and superoscillatory field in free space. 801 
(a-b) Compare the phase maps (color-coded) and the Poynting vector trajectories (solid lines) of (a) a plane 802 
wave propagating from left to right and focused by a silver nanosphere of subwavelength diameter at plasmonic 803 
resonance (following reference 98) and (b) of a free-space field at the superoscillatory hotspot created by 804 
diffraction of a plane wave on a one-dimensional metamaterial phase array (also see Figure 7d). In both cases 805 
the area of energy concentration is surrounded by singularities and zones of energy backflow “squeezing” the 806 
flow of energy into the focus. (c-d) Compare the intensity maps (color-coded) and the Poynting vector 807 
trajectories (solid lines) of (c) a light wave passing through a subwavelength hole in a thin plasmonic gold film 808 
indicated by a dashed green line 125 and (d) of free-space field at the superoscillatory hotspot. In both cases only 809 

a fraction of energy can be channelled into the “sub-diffraction” hotspot, which is a polynomial function 𝑃(𝜎 𝜆⁄ ) 810 

of the ratio between the hotspot diameter 𝜎and the wavelength of light 𝜆.  811 

 812 

 813 

 814 
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 815 

 816 

 817 

Figure 5. “Optical ruler” metrology. (a) Displacement metrology with conventional ruler relies on the marks 818 
on the ruler while its resolution is limited by the imaging lens to about a half of the wavelength. (b) The “optical 819 
ruler” metrology measures mutual displacements of two platforms, I and II. (c-h) The “optical ruler” metrology 820 
retrieves intensity maps (e & g) and phase gradient maps (f & h) of the field created by one- or two-dimensional 821 
metasurfaces (c & d) in free space and uses the zones of strong phase gradient in superoscillatory field as 822 
reference marks of the “optical ruler”. These zones (lines on maps f & h) are localised orders of magnitude 823 
stronger than the intensity hotspot (see maps e & g) offering true nanometric resolution metrology.  824 
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Figure 6. Superoscillatory Imaging.  835 

Row (a). The first experimental demonstration of super-oscillatory microscope for subwavelength imaging with 836 
a resolution up to λ/6 at λ=640 nm 41: Object (arrays of nanoholes in metal screen); brightfield image; 837 
superoscillatory image; the illumination hotspot created by binary superoscillatory lens. 838 

Row (b). An exemplar performance of a SLM based superoscillatory imaging system with far-field working 839 
and observation distances 126. From Left to right: Point Spread Function of the microscope; The comparison of 840 
resolving capability of closely spaced apertures: top sub-row, superoscillatory images; bottom sub-row, 841 
diffraction-limited images. 842 

Row (c). SEM, brightfield, confocal of superoscillatory images taken of nanostructure at wavelength 405 nm. 843 
Superoscillatory image is taken with binary superoscillatory optical needle generator 44. 844 

Row (d). A schematic of the confocal bio-microscope with superoscillatory illumination (following Ref. 85). 845 
The superoscillatory light field is formed by two spatial light modulators and is focused on the object by a 846 
conventional lens creating a sub-diffraction illumination hotspot (see inset). A moving semi-transparent mirror 847 
is used to scan the hotspot across the sample. The light reflected from the object is detected through a confocal 848 
aperture to suppress the effect of halo surrounding the hotspot. The image is itself a superoscillatory function 849 
constructed point by point with resolution determined by the size of the hotspot.  850 

Row (e).  Images taken with microscope presented on Row (d), from left to right: Conventional brightfield and 851 
superoscillatory images of the 36-sector binary Siemens star test object; Dashed red and blue colour lines 852 
identify limits of resolution, smaller features of the test object are closer to the centre. A high frame rate live 853 
image taken of an unlabelled human bone cell, with zoom-ins detailing a single filopodium: an actin-filled 854 
protrusion that guides cell migration. 855 

 856 
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 857 

Figure 7. Deeply Subwavelength Topological Imaging with a superoscillatory light field. The intensity profile 858 
of the diffraction pattern resulting from scattering of the superoscillatory light field on the imaged object is 859 
detected by the image intensity sensor. A number of different diffraction patterns are recorded when the 860 
illuminating field is scanned against the object. The artificial intelligence deconvolution programme, trained on 861 
a large number of scattering events with a priori known object (numbered 1,2,3,4 …) reconstructs the imaged 862 
object from the collected data with high resolution. Plates (b-d) illustrate sensitivity of far-field intensity patterns 863 
on presence and position of small absorbing nanoparticle of λ/1000 in size in the image plane. Plate (b) shows 864 
normalized change of the scattered field intensity profile caused by presence of the nanoparticle. Plates (c) 865 
shows normalized change of the scattered field intensity profile caused by shift of the nanoparticle of λ/2000 866 
along x direction. Map (d) shows phase profiles of the illuminating superoscillatory field, where light propagates 867 
along the positive z-axis.  868 
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 869 

 870 

 871 

Figure 8. Superoscillations beyond optical imaging and metrology. The spectrum (a) and temporal 872 
waveform (b) of the superoscillatory optical beat signal with central wavelength of λ =801 nm, following 115. 873 
(c) A superoscillatory function f(x) (blue solid line) that oscillates faster than its highest spectral Fourier 874 
component (red dashed line) and (d) a suboscillatory function g(x) (blue solid line) that oscillates slower than 875 
its slowest spectral Fourier component (red dashed line) near x=0.  e) Schematic of electron microscope with 876 
binary diffraction masks (f1) or superoscillatory diffraction mask (g1) inserted into the electron beam following 877 
121. The desired wave function is created in the ±1 diffraction orders. Calculated (f2, g2) and measured (f3, g3) 878 
electron hotspots obtained with masks (f1) and (g1) correspondingly. The central hotspot in (g3) is much smaller 879 
than allowed by the Abbe-Rayleigh diffraction limit in (f3). 880 
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