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Sphaleron freeze-in baryogenesis with gravitational waves from the QCD transition
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A large primordial lepton asymmetry is capable of explaining the baryon asymmetry of the Uni-
verse (BAU) through suppression of the electroweak sphaleron rates (“sphaleron freeze-in”) which
can lead to a first-order cosmic QCD transition with an observable gravitational wave (GW) signal.
With next-to-leading order dimensional reduction and the exact 1-loop fluctuation determinant, we
accurately compute the lepton asymmetry needed to realize this paradigm, finding it to be an order
of magnitude smaller than previous estimates. Further, we apply an improved QCD equation of
state capable of describing the phase transition line together with the critical endpoint leading to
better agreement with lattice and functional QCD results. Based on this, we identify the range
of lepton flavor asymmetries inducing a first-order cosmic QCD transition. We then extract the
parameters relevant to the prediction of GW signal from a first-order cosmic QCD transition. Our
result showcases the possibility of probing the sphaleron freeze-in paradigm as an explanation of
BAU by future gravitational wave experiments like µAres.
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Introduction— We know little about the Universe at
temperatures before Big Bang Nucleosynthesis (BBN).
Based on our knowledge of particle physics, we however
expect that the first second of the Universe was filled
with many exciting events, like the generation of a baryon
asymmetry and a transition from a quark-gluon plasma
to a hadronic phase. The new era of gravitational wave
(GW) cosmology provides a window towards these early
stages because, if the QCD transition was strongly first-
order, this would leave a relic stochastic GW background
visible today. The recent findings of several pulsar timing
array collaborations [1–9] have lead to an enormous in-
crease of interest to this end. On the other hand, the
origin of the observed baryon asymmetry of the Uni-
verse (BAU) is one of the biggest open puzzles in particle
physics and cosmology. According to the standard lepto-
genesis picture, an asymmetry is created in the leptonic
sector and converted to the baryonic sector by sphaleron
processes [10]. This would imply the lepton asymmetry
to be of the same order of magnitude as the baryon asym-
metry (i.e. tiny) - for a review see [11–13]. It was however
shown that in the case of large primordial lepton asym-
metries the restoration of the electroweak symmetry gets
prohibited, which can lead to the right amount of baryon
asymmetry due to a suppressed sphaleron rate [14–19].
We will refer to this mechanism of exponential suppres-
sion for the rate for sphalerons due to non-restoration of

the electroweak symmetry (such that the conversion of
lepton asymmetry into baryon asymmetry happens ex-
tremely slowly) as “sphaleron freeze-in”. At the same
time, large lepton asymmetries have an impact on the
QCD epoch [20–25] and it was shown very recently [26]
that they can render the cosmic QCD transition to be
first-order. In this Letter, we present the novel possi-
bility of testing the sphaleron freeze-in paradigm in the
presence of large lepton asymmetries via the GW im-
print from a first-order cosmic QCD transition. This is
based on a careful study of the impact of large lepton
asymmetries from temperatures above the electroweak
scale down to the QCD epoch, improving upon exist-
ing literature in several ways: To study symmetry non-
restoration, we apply dimensional reduction techniques
based on [27, 28] to obtain the thermal potential at fi-
nite density. We find that the lepton asymmetries re-
quired to produce the observed baryon asymmetry are
about an order of magnitude smaller than previous esti-
mates based on a perturbative effective potential [14, 19].
Concerning the QCD epoch, the new equation of state
(EoS) [29] is applied which improves over [26] by a bet-
ter agreement with lattice QCD and an improved descrip-
tion of the thermodynamic variables around the critical
endpoint (CEP). Building upon these, we show for the
first time that experiments like µAres [30] can potentially
probe the sphaleron freeze-in paradigm.
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Constraints on lepton flavor asymmetries— We will
denote the lepton flavor asymmetries as follows,

YLα
=

nLα

s
=

nα + nνα

s
(α = e, µ, τ), (1)

where ni are particle minus anti-particle number densi-
ties, s is the entropy density of the Universe, and the
total lepton asymmetry is given by YL =

∑
α YLα

. Ob-
servational bounds on the lepton flavor asymmetries are
many orders of magnitude weaker than on their baryonic
counterpart. They are based on analyses of data from
the anisotropy spectrum of the Cosmic Microwave Back-
ground (CMB) and measurements of primordial element
abundances as predicted by Big Bang Nucleosynthesis
(BBN). As it was shown in [31, 32] that neutrino oscilla-
tions tend to equilibrate lepton flavor asymmetries, it is
usually assumed that during BBN and CMB the individ-
ual lepton flavor asymmetries YLα are roughly one-third
of the (conserved) total lepton asymmetry YL. Under
this assumption, [33] found |YL| ≤ 1.2 × 10−2 which is
comparable to the constraints from BBN [34][35]. Note
however, that the level of equilibration depends on the
details of neutrino oscillations [36–41] and the bounds of
[33] only hold approximately. Finally, Ref. [42] recently
presented constraints on the values of primordial lepton
flavor asymmetries (for T > 106 GeV) using the hyper-
magnetic fields inducing overproduction of the baryon
asymmetry. However, such a constraint is not applicable
in our case because it requires the electroweak symmetry
to be restored at high temperatures [43].

Sphaleron freeze-in and baryogenesis— It is well
known that the presence of a large background charge
in the Universe can lead to non-restoration of symme-
try at high temperatures. The various existing studies in
the literature [14–19] employ the perturbative effective
potential at finite temperature and chemical potential.
However, at finite temperature, the long-distance behav-
ior becomes strongly coupled [44] and the hierarchy be-
tween some terms at different loop order breaks down
(see [45, 46]). It becomes then necessary to re-organize
perturbation theory in powers of the weak gauge cou-
pling constant, g. Then one has control of defining the
theory to an appropriate level of accuracy. This is au-
tomatically achieved using the framework of dimensional
reduction [27, 28]. At finite temperature, the imagi-
nary time domain becomes a compact dimension of size
1/T , resulting in a Kaluza Klein tower of heavy Mat-
subara modes. Integrating out such modes results in an
effective three-dimensional theory where the hard modes
screen the long-distance behavior and the theory becomes
straightforward to organize in powers of g. The benefits
of this approach can be quite drastic—GW predictions
at one loop tend to differ from the predictions from a di-
mensionally reduced theory of O(g4) by multiple orders
of magnitude [45, 47]. Similarly, in our case, following
Ref. [48] we will define our theory again to O(g4) and find

a substantially different prediction of the needed lepton
asymmetry compared to the existent results in the lit-
erature e.g. of [14, 19]. A detailed account of the full
potential with all the technicalities will be presented in
a longer and separate communication [49]. However, at
O(µ4/T 4, g2µ2/T 2, g3) an approximate form for the ther-
mal potential is given by

Veff(ϕ) ≃ 1

2

(
− m2

H

2
+

g2T 2

16m2
W

(m2
H + 2m2

W +m2
Z + 2m2

t )

− 16

121
µ2

)
ϕ2 − g3T

32πm3
W

(2m3
W +m3

Z)ϕ
3

+
1

4

(
λ+

9

1331

µ2

T 2

)
ϕ4 . (2)

Note that the correction to the mass term, −µ2ϕ2, (which
induces a negative correction to the quadratic) is respon-
sible for the non-restoration of electroweak symmetry at
high temperatures. The approach of dimensional reduc-
tion allows for numerical minimization of the effective 3-
dimensional potential at a given finite temperature and
chemical potential, which can be combined with an exact
computation of the small-fluctuation determinant from
e.g. [50] to estimate the sphaleron freeze-in rate and the
final baryon asymmetry in a reliable manner.
Using this approach, we find the allowed initial lepton

flavor asymmetries (Y ini
Lµ(τ)

) that can lead to the correct

baryon asymmetry as shown in Fig. 1. Note that we
choose Y ini

Le
to be vanishing without any loss of gener-

ality [51]. Interestingly, using our approach the predic-
tion for primordial lepton asymmetry required for suc-
cessful baryogenesis is reduced by an order of magnitude
as compared to previous results in the literature, e.g.
Refs. [14, 19]. The colored contours show the allowed re-
gion capable of reproducing the correct observed baryon
asymmetry. The primordial asymmetry Y ini

Lµ(τ)
can get

diluted before BBN in the presence of late-time entropy
production. We define the entropy dilution factor as
∆ ≡ Y ini

L /YL. The differently colored contours corre-
spond to different factors of entropy dilution required
to produce the observed baryon asymmetry. We find
that given the constraints from BBN and CMB on pri-
mordial lepton asymmetry (subject to flavor asymmetry
equilibration due to neutrino oscillations), a minimum
entropy dilution of ∆NE

min ≳ 5 (no-equilibration limit) and
∆FE

min ≳ 18 (full-equilibration limit) is required for repro-
ducing the correct baryon symmetry. The entropy dilu-
tion can naturally occur via late-time decaying states in
many common and well-motivated new physics scenarios
e.g. long-lived moduli [52], supersymmetric condensate
[53], gravitinos [54], inflatons [55], curvatons [56], dila-
tons [57], Q-balls [58], etc. We now proceed to show that
in the presence of entropy dilution as discussed above
(after the QCD transition and before BBN), the primor-
dial lepton asymmetry can lead to a predictive first-order
QCD phase transition with an observable GW signal.
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FIG. 1. The viable parameter space for successful baryoge-
nesis via sphaleron freeze-in in the plane of Y ini

Lµ
and Y ini

Lτ
.

The color coding of the bands corresponds to different values
of entropy dilution (as shown in the legend) required to pro-
duce the observed baryon abundance today. The area within
the pink, blue, and orange pair of dashed lines represents the
CMB constraint in the limit of fully equilibrated lepton asym-
metries [33], corresponding to the cases ∆FE = 1 (no entropy
dilution), 10, and 25, respectively. The grey-shaded regions
correspond to the parameter space that can induce a cosmic
first-order QCD transition. The cyan line on the colored band
corresponds to the benchmark line which we use to study the
viability of probing GW signal from the first-order cosmic
QCD phase transition (PT). Note that such a line leads to
successful baryogenesis for an entropy dilution ∆ ∼ (18).

First-order QCD transition— After the electroweak
phase transition (T ∼ 100 GeV) and before the onset
of neutrino oscillations (T ∼ 10 MeV) the three lep-
ton flavor numbers, the baryon number, and the electric
charge of the Universe are conserved. In the absence of
any entropy-producing process, the lepton asymmetries
in Eq. (1) as well as the analogously defined baryon asym-
metry YB and the charge asymmetry YQ are conserved
quantities. Each of these conserved charges is assigned
a charge chemical potential. Assuming chemical equi-
librium, the charge chemical potentials µB , µQ, µLα

can
be expressed through the chemical potentials of the in-
dividual particle species, e.g. µB = µu + 2µd (where
(u, d) stands for the (u, d)-quark). Given the values of
Y ini
B , Y ini

Lα
and Y ini

Q , the so called cosmic trajectory is the
solution for (µB , µLα

, µQ) at a given temperature T . As
pointed out in [20–22], large lepton flavor asymmetries
shift the cosmic trajectory towards large quark chemical
potentials (and hence a large baryon chemical potential).
Ref. [26] applied results from functional QCD to express
the thermodynamic quantities of QCD matter and found
that sufficiently large Y ini

Lα
can indeed induce µu,d be-

yond the critical value at the TCEP, which implies a first-

order QCD transition. The results of [26] were based on
solving the EoS using a gap equation from the Dyson-
Schwinger equation for the propagator in the Rainbow-
ladder (RL) truncation [59]. At the time of the publica-
tion of Ref. [26], this was the only QCD based method
delivering a complete computation of the phase diagram
and the related thermodynamic quantities. However, as
already pointed out in [26], the truncation scheme can
be improved and in particular the location of the CEP
from the RL truncation was not realistic. Therefore, by
including the running of the quark-gluon vertex, the im-
proved truncation gives the phase transition line (under
the assumption of negligible surface tension) which agrees
with lattice QCD results at low chemical potentials and
makes predictions for the CEP location [60, 61]. The EoS
of QCD can further be constructed from these results of
functional QCD methods [29], giving the phase transition
temperature at zero chemical potential at T = 157 MeV,
the curvature of the transition line κ = 0.016 and a crit-
ical endpoint at (TCEP, µCEP) = (118, 200) MeV. The
EoS has been incorporated in hydrodynamic simulations,
allowing one to obtain particle yields and particle ratios
that are consistent with commonly used EoSs at high col-
lision energies [29]. We incorporate the improved ther-
modynamic quantities of [29] in the calculation of the
cosmic trajectory. Compared to [26], the new method
shows a significantly better agreement at low tempera-
tures to the hadron resonance gas limit of [20–22]. In
this work, we are particularly interested in the values of
Y ini
Lµ

and Y ini
Lτ

that induce a first-order cosmic QCD tran-

sition. As described in [26], imposing the condition

|µu,d| > µCEP at T=TCEP (3)

additionally to the 5 conservation laws for the charge
asymmetries allows us to find the values of Y ini

Lµ
(for given

Y ini
Lτ

and Y ini
Le

values) inducing a first-order transition [62].
In this way, we perform a systematic scan and show
the resulting first-order region of (Y ini

Lµ
, Y ini

Lτ
) as the grey

shaded region in Fig. 1. It turns out that we always have
|µu| ∼ |µd| such that we expect a simultaneous first-order
transition for the u and d quark. We find that there exists
a region around Y ini

Lµ
= −Y ini

Lτ
(c.f. Fig. 1) which is capa-

ble of inducing a first-order cosmic QCD transition while
being consistent with the CMB and BBN bounds with-
out any need for entropy dilution (assuming the stringent
limiting case of full-equilibration). However, to obtain
successful baryogenesis while inducing a first-order QCD
transition, some amount of minimal entropy dilution be-
tween the epochs of QCD transition and BBN is needed
as discussed in the previous section. A set of such bench-
mark points of interest is highlighted by the cyan curve in
Fig. 1, which we use to further compute the possibility of
observing a GW signal. Of particular importance for the
calculation of the GW spectrum induced by a first-order
QCD transition is the critical temperature Tc. Due to the
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FIG. 2. Two gravitational wave spectra with the thermal
parameters (α, vw, Tc) = (0.1, 1, 0.109GeV), and the inverse
timescales β/Hc = 102 (blue) and β/Hc = 104 (orange). The
sensitivity of µAres is only weakly sensitive to the timescale
of the transition for a reasonably typical range.

so-called focusing effect of QCD [63] (the bending of tra-
jectories towards the CEP in its vicinity) the density of
trajectories with different (Y ini

Lµ
, Y ini

Lτ
)-values in the region

around the CEP is expected to be very high. Resolving
different trajectories in the CEP region would therefore
require extremely high numerical precision and in prac-
tice this means that we cannot determine the exact value
of Tc for given (Y ini

Lµ
, Y ini

Lτ
)-values. Nevertheless, a con-

servative estimate for the critical temperatures for the
benchmark scenarios in Fig. 1 is provided by the gap in
the trajectories, where no solutions can be found. This
gives the interval Tc ∈ [109, 118] MeV. Note that in prin-
ciple, going deeper into the region of a first-order QCD
transition in Fig. 1 can induce lower values of Tc. We
here, however, restrict our analysis to the values of the
benchmark line as chosen in Fig. 1 because the uncer-
tainty of the determination of Tc increases the deeper we
are in the first-order regime.

Gravitational wave imprint— Recently, it was pro-
posed to launch three interferometers to the Lagrange
points of the Earth’s orbit around the sun as a new win-
dow into GWs at the µHz level. Such a proposal, known
as “µAres” [30], seems perfectly designed to probe the
nature of the QCD transition due to its sensitivity to
microhertz gravitational waves. In principle if there is
a very strong cosmological QCD phase transition, meth-
ods sensitive to nanohertz sources such as astrometry or
pulsar timing arrays could also detect a signal [64, 65].
Either way, if such a signal manifests, there are very few
known scenarios that can mimic the signal from a first-
order QCD transition. The two exceptions, a supercooled
electroweak phase transition [66] and a dark sector tran-
sition at the QCD scale [65], can likely be distinguished
from a QCD transition by other means (see refs. [67, 68]
for details), making a GW background from a QCD phase

FIG. 3. Signal-to-noise ratio as a function of the critical tem-
perature, taking the trace anomaly for two quarks for a phase
transition that lasts between 10−2 and 10−4 of the Hubble
time. The gridlines denote what we expect to be the realis-
tic range of critical temperatures for the benchmark scenarios
marked in cyan in Fig. 1.

transition a near smoking gun for the sphaleron freeze-
in paradigm. The GW signal from a strong first-order
transition is generally dominated by a contribution aris-
ing from sound waves [69]. We calculate the spectrum
using the sound shell model [70, 71] in an expanding
background [72, 73]. In the sound shell model, the GW
spectrum grows with the difference in the trace anomaly
between the two phases which can be extracted from the
EoS of QCD as [29]:

θ = ∆p− T
1

4
∆s− µ

1

4
∆n ≥

(
−T

1

4
∆s− µ

1

4
∆n

)∣∣∣∣
Tc

.

(4)
Here Tc is the critical temperature at which the pressure
difference between the phases vanishes, (∆p,∆s,∆n) are
the pressure, entropy and density differences between the
phases respectively. We follow the above argument and
set the FOPT take place at ∆p = 0 (implying percolation
temperature ∼ Tc), and the entropy and density differ-
ences (∆s,∆n) can be directly read off from the EoS at
the two sides of the PT line. For the range of values for
θ that we consider, the signal today has an approximate
scaling of ΩGWh2 ∼ 102θ3vw/β

2 (for details and exact
expressions see [72]). Note that the GW signal is mono-
tonic with θ, so saturating the above bound by assuming
the transition is at the critical temperature results in a
conservative lower bound on the GW peak amplitude.
We also assume that the walls are relativistic, noting
that the efficiency of the sound-shell source for hybrid
and deflagrations is higher unless the bubble wall veloc-
ity is very small (vw ≲ 0.3 [74]). The one remaining pa-
rameter is the mean bubble separation, usually denoted
as R∗, or equivalently, the inverse time scale of the tran-
sition, usually denoted as β. This is unfortunately diffi-
cult to estimate without knowledge of the surface tension
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of a bubble of hadronic phase in a medium of a quark-
gluon plasma. However, due to the suggested sensitivity
profile of µAres, the signal-to-noise ratio (SNR) of the
expected GW background is not very sensitive to the
timescale of the transition. A realistic range for a typical
first-order phase transition is between a hundredth and
a ten-thousandth of the Hubble time [69], and we plot
the SNR for this range as a function of temperature in
Fig. 3. The reason for the insensitivity to the transi-
tion time can be understood from Fig. 2. A reduction
of the transition time as a fraction of the Hubble time
reduces the peak GW amplitude, but also increases the
peak frequency, pushing the spectrum closer to the peak
sensitivity of µAres.

Conclusions— Using the framework of dimensional
reduction at finite temperature and chemical potential
we found that the required primordial lepton asymme-
try for a successful baryogenesis via sphaleron freeze-in
is reduced by an order of magnitude as compared to the
previous results from perturbative effective potential. We
improved the calculation of the lepton flavor asymmetries
that induce a first-order QCD transition in [26] by taking
into account QCD thermodynamic quantities with an im-
proved equation of state [49]. We find that a first-order
QCD phase transition is expected for a substantial part
of the baryogenesis parameter space. For a strong first-
order QCD transition, the GW spectrum can be detected
at µAres. This can provide a smoking gun evidence for
the sphaleron freeze-in baryogenesis paradigm. A better
understanding of the surface tension for a bubble in the
hadronic phase would play a key role in improving the
predictions further.
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