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Abstract—Static metasurfaces have shown to be prominent
compact structures for reciprocal and frequency-invariant trans-
formation of electromagnetic waves in space. However, incorpo-
rating temporal variation to static metasurfaces enables dynamic
apparatuses which are capable of four-dimensional tailoring of
both the spatial and temporal characteristics of electromagnetic
waves, leading to functionalities that are far beyond the capabil-
ities of conventional static metasurfaces. This includes nonrecip-
rocal full-duplex wave transmission, pure frequency conversion,
parametric wave amplification, space-time (ST) decomposition,
and space-time wave diffraction. This paper overviews our recent
progress on analysis and functionalities of ST metasurfaces and
slabs to break reciprocity. We study different operation regimes
of ST metasurfaces such as scattering and diffraction at ST
interfaces, ST sinusoidally-varying surfaces and slabs, as well
as transmissive and reflective ST metasurfaces.

Index Terms—Space-time, metasurfaces, nonreciprocity, wave
engineering, refractive index, electromagnetic modulation.

I. INTRODUCTION

Controlled transformation of electromagnetic fields has
advanced drastically in recent years thanks to the advent
and evolution of metamaterials and metasurfaces [1]–[4].
Static metamaterials and metasurfaces allowed for substantial
progress in wave engineering applications [5]. Recently, there
has been a growing interest on four-dimensional metasurfaces,
where adding the temporal variation to static metasurfaces
leads to functionalities that are far beyond the capabilities
of conventional static metasurfaces. For instance, asymmetric
wave transmission can be achieved by spatially asymmetric
structures when multiple modes are involved at different ports.
On the other hand, nonreciprocal wave transmission is a
far more challenging task that requires an external field for
breaking the time-invariance of the structure [6], unilateral-
transistor-loaded cells [3], or nonlinear materials [7]. Among
these nonreciprocity approaches, space-time (ST) modulation
is of high interest thanks to its immense capability for affecting
the spectrum of the electromagnetic waves while breaking the
time reversal symmetry.

ST metasurfaces provide huge degrees of freedom for
arbitrary alteration of the wavevector and temporal fre-
quency of electromagnetic waves, leading to an advanced
four-dimensional wave processing from acoustics and mi-
crowaves [6], [8]–[10], [10]–[16] to terahertz and optics [17]–
[21]. They represent a class of compact dynamic wave
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processors, which have been recently proposed for extraor-
dinary manipulation of electromagnetic waves. Such four-
dimensional compact apparatuses are endowed with unique
properties not readily seen in conventional static metamaterials
and metasurfaces. ST metasurfaces may take advantage of
ST modulation capabilities, including nonreciprocal frequency
generation [12], [16], [22], [23], parametric wave amplifi-
cation [9], [24]–[26], asymmetric dispersion [27]–[29], and
energy accumulation [30]. Frequency generation and nonre-
ciprocity are of particular interest in ST-modulated (STM)
slabs [16], [21], [22], [27], [29], [31]–[33], which are endowed
by asymmetric periodic electromagnetic transitions in their
dispersion diagram [13], [27], [28], [31], [34]. In practice, the
ST modulation is achieved through pumping external energy
into the medium [6], [11], [12], [22], [27], [35].

Some of the recently proposed applications of STM
metamaterials and metasurfaces include mixer-duplexer-
antennas [36], unidirectional beam splitters [11], nonreciprocal
filters [37], [38], signal coding metasurfaces [15], [39], ST
metasurfaces for advanced wave engineering and extraor-
dinary control over electromagnetic waves [6], [8], [12]–
[14], [17], [19], [40]–[48], nonreciprocal platforms [27], [29],
[31], [48]–[52], frequency converters [12], [16], [22], [23],
time-modulated antennas [53], [54] spectral camouflage meta-
surfaces [55], antenna-mixer-amplifiers [56], and enhanced
resolution imaging photonic crystals [57]. This diverse and
significant capability of STM media is due to their unique
interactions with the incident field [27], [47], [58]–[61].

This paper provides a review on the properties of ST
metasurfaces, their analysis, and their potential applications
in modern and future wireless communication systems, and
wave-tailoring processors. We first present key properties of
ST interfaces, including spatial interfaces, temporal interfaces,
and ST interfaces. Then, we show that a nonreciprocal meta-
surface acts as a very thin ST slab, i.e., a moving meta-
surface. Next, analysis of general STM metasurfaces is out-
lined, including derivation of scattered electromagnetic fields,
four-dimensional dispersion diagrams, boundary conditions,
and spatiotemporal decomposition. Then, full-wave finite-
difference time domain (FDTD) simulation of ST metasurfaces
are presented. Finally, illustrative examples are provided to
show peculiar and unique functionalities of ST metasurfaces.

II. ELECTROMAGNETIC WAVES IN ST STRUCTURE

Figure 1 shows the Minkowski ST diagram and its Fourier
transformed pair known as the dispersion diagram. The four-
dimensional Minkowski ST diagram includes two light cones,
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Fig. 1. ST Fourier pair diagrams.

representing propagation of the light in the past and future.
The two cones have their apexes at the present, where the
three-dimensional (x, y and z) hyperspace exists. Any dis-
continuity in the four dimensional ST diagram may result in
forward and backward waves in space. Analysis and design
of ST media and metasurfaces can be substantially eased by
understanding the Fourier pair of the Minkowski diagram. To
best investigate the wave diffraction by a STM grating, we first
study the interaction of the electromagnetic wave with space
and time interfaces, separately. In general, three different ST
discontinuities may be studied as follows.

A. Space Interface

Figure 2(a) sketches the ST diagram of a spatial interface
between two media of refractive indices n1 and n2, respec-
tively, in the plane (z, ct). This figure shows scattering of
forward and backward fields and conservation of energy and
momentum for different scenarios. The temporal axis of the
Minkowski ST diagram is scaled with the speed of light c, and
therefore is labeled by ct for changing the dimension of the
addressed physical quantity from time to length, in accordance
to the dimension associated to the spatial axes labeled z. This
problem represents the textbook case of electromagnetic wave
incidence and scattering from a spatial (static) interface, where
n(z < 0) = n1 and n(z > 0) = n2. The boundary conditions
are derived by applying the fundamental physical fact that
all physical quantities must remain bounded everywhere and
at every time to the space and time derivatives in sourceless
Maxwell equations

∇× E = −∂B
∂t

and ∇×H =
∂D
∂t
. (1)

The discontinuity of the tangential components of electric
and magnetic fields at z = z0 would result in unbounded
and singular electromagnetic fields at the interface, which
is not physical. Therefore, the tangential components of the
electric and magnetic fields must be continuous at a space
discontinuity, i.e.,

ẑ× (E2−E1)|z=z0 = 0 and ẑ× (H2−H1)|z=z0 = 0. (2)

As a result, the wavenumber k changes, i.e., energy is
preserved but momentum changes, such that the forward

transmitted wave in region 2 corresponds to kt = kin2/n1,
whereas the temporal frequency of the transmitted wave in
region 2 is equal to that of region 1, i.e., ωt = ωi.

E1 =
(
eikiz +Re−ikiz

)
e−iωit, and E2 = Teiktze−iωit,

(3a)
where R and T represent the spatial reflection and transmis-
sion coefficients, and defined as

R =
n1 − n2

n1 + n2
, and T =

2n2

n1 + n2
. (3b)

B. Time Interface

Figure 2(b) shows the ST diagram of a time interface
between two media of refractive indices n1 and n2, which is
the dual case of the spatial metasurface in Fig. 2(a) [40], [62].
Here, the refractive index suddenly changes from one value
(n1) to another (n2) at a given time throughout all space, i.e.,
n(t < 0) = n1 and n(t > 0) = n2. The temporal change
of the refractive index produces both reflected (backward) and
transmitted (forward) waves, which is analogous to the re-
flected and transmitted waves produced at the spatial interface
between two different media in Fig. 2(a). The discontinuity of
D and B at ct = ct0 would result in unbounded and singular
E and H at the interface, which is not physical. Therefore, D
and B must be continuous at a time interface, that is,

(D2 − D1)|ct=ct0 = 0 and (B2 − B1)|ct=ct0 = 0. (4)

The total charge Q and the total flux ψ must remain constant
at the moment of the jump from n1 to n2, implying that both
transversal and normal components of D and B do not change
instantaneously [63], [64], which is different than the static
case (shown in Fig. 2(a)) where only the normal components
of the magnetic field B and electric field displacement D are
conserved. Specifically, at a time interface, the magnetic field
B, the electric field displacement D and the wavenumber k
are preserved. This yields a change in the temporal frequency
of the incident wave so that the frequency of the forward
transmitted wave in region 2 corresponds to ωt = ωin1/n2,
i.e., where momentum is preserved but energy changes.

D1 = eikize−iωit and D2 = eikiz
(
T̂ e−iωtt + R̂eiωtt

)
,

(5a)
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Fig. 2. ST diagrams showing scattering of forward and backward fields and
conservation of energy and momentum for different scenarios. (a) Spatial
interface, i.e., n(z < 0) = n1 and n(z > 0) = n2. (b) Temporal interface,
i.e., n(t < 0) = n1 and n(t > 0) = n2. (c) ST interface, i.e., n(z/c+ t <
0) = n1 and n(z/c+ t > 0) = n2.

where R̂ and T̂ represent the temporal reflection and trans-
mission coefficients, and defined as

R̂ =
n1

n2

η1 − η2

2η1
, and T̂ =

n1

n2

η1 + η2

2η1
. (5b)

where η1 =
√
µ1/ε1 and η2 =

√
µ2/ε2.

C. Space-Time Interface

Figure 2(c) depicts the ST diagram of a ST interface, i.e.,
n(z/c + t < 0) = n1 and n(z/c + t > 0) = n2, as the
combination of the space and time interfaces in Figs. 2(a)
and 2(b), respectively. It may be seen that the ST interface
resembles the spatial interface configuration in Fig. 2(a) in
the region n = n1 and the temporal interface configuration in
Fig. 2(b) for n = n2.

The reflection and transmission at a subluminal ST interface
reads

R =
η2 − η1

η1 + η2

v1 − vm

v1 + vm
and T =

2η2

η1 + η2

v1 − vm

v2 − vm
, (6a)

and the temporal and spatial frequencies of the reflected and
transmitted waves read

ωR = ωi
v1 − vm

v1 + vm
, and ωT = ωi

v1 − vm

v2 − vm
, (6b)

kR = ki
v1 − vm

v1 + vm
, and kT = ki

v1 − vm

v2 − vm
, (6c)

where v1 = c/n1 and v2 = c/n2.
The reflection and transmission at a superluminal ST inter-

face read

R̂ =
η2 − η1

2η1

vm − v1

vm + v2
, and T̂ =

η1 + η2

2η1

vm − v1

vm − v2
, (7a)

and the temporal and spatial frequencies of the reflected and
transmitted waves read

ωR̂ = ωi
vm − v1

vm + v2
, and ωT̂ = ωi

vm − v1

vm − v2
, (7b)

kR̂ = ki
vm − v1

vm + v2
, and kT̂ = ki

vm − v1

vm − v2
. (7c)

The pure-space interface is the vm = 0 limit of a subluminal
interface, while the pure-time interface is the vm = ∞ limit
of a superluminal interface.
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Fig. 3. Schematic of the experimental set-up configurations for validation
of symmetric and reciprocal response of electromagnetic systems. (a) The
electromagnetic symmetry of the system is validated, in which the backward
problem is the spatial inversion of the forward problem. (b) The electromag-
netic reciprocity of the system is validated, in which the backward problem
is the spatial inversion of the time-reversed forward problem.

systems, associated with new frequency generation, is clarified
in Figs. 3(a) and 3(b). Figure 3(a) shows the forward and
backward problems for the symmetry test of a particular sym-
metric electromagnetic system, where the backward problem
is represented by the spatial inversion of the forward problem,
i.e., the applied excitation wave (input) of the backward
problem must be the spatial inversion of the excitation wave
(input) of the forward problem. As a result, for a symmetric
system, the output of the backward problem would be exactly
the spatial inversion of the output of the forward problem.
Otherwise, the system is asymmetric. Figure 3(b) shows
the forward and backward problems for the reciprocity test
of a particular reciprocal electromagnetic system, where the
backward problem is the spatial inversion of the time-reversed
forward problem, i.e., the applied excitation wave (input) of
the backward problem must be the spatial inversion of the
output of the forward problem. As a result, for a reciprocal
system, the output of the backward problem would be exactly
the spatial inversion of the input of the forward problem.
Otherwise, the system is nonreciprocal.

III. EXPERIMENTAL DEMONSTRATION OF ST INTERFACE

Transistor-loaded metasurfaces can represent a ST inter-
face [2], [3], [9]. Figures 4(a) and 4(b) depict the operation
principle of the nonreciprocal nongyrotropic metasurface. For
t < 0, the metasurface operates as a reflector where a +z-
direction traveling wave is reflected by the metasurface and
travels back along the −z direction. For t > 0, the metasur-
face operates as a nonreciprocal sheet, where a +z-direction
traveling wave passes through the metasurface with gain and
without polarization alteration, whereas a wave traveling along
the opposite direction is being reflected by the metasurface.
The transmission scattering parameters of the metasurface are
not equal, i.e., S21 > S12, where S21 = ψF

out/ψ
F
in > 1 and

S12 = ψB
out/ψ

B
in < 1.
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Fig. 4. Nonreciprocal nongyrotropic metasurface. (a) For t > 0 operating
as a reflective sheet. (b) For t > 0 operating as a nonreciprocal transmissive
sheet.

Figure 5(a) shows the full-wave simulation results, where
transmission of waves from left to right is allowed and accom-
panied by power amplification but the transmission of waves
from right to left is prohibited. Figure 5(b) shows an image of
the fabricated metasurface [9]. The metasurface is formed by
an array of unit cells. Such unit-cells are constituted of two
microstrip patch elements interconnected through a unilateral
transistor, introducing transmission gain in one direction and
transmission loss in the other direction. Fig. 5(c) shows the
measured transmission levels for both directions, and for t < 0
and t > 0. The nonreciprocal nongyrotropic metasurface in
Fig. 5 may be represented as a moving metasurface in Fig. 6.
The general case of a bianisotropic medium reads [9].

D = ε ·E + ξ ·H, (8a)

B = ζ ·E + µ ·H. (8b)

The continuity equations of a metasurface may be expressed
as

ẑ ×∆H = jωε0χee ·Eav + jk0χem ·Hav, (9a)

∆E × ẑ = jωµ0χmm ·Hav + jk0χme ·Eav, (9b)

where ∆ and the subscript ‘av’ represent, respectively, the
difference of the fields and the average of the fields between
the two sides of the metasurface. Eq. (9) provides a relation
between the electromagnetic fields on the two sides of a
metasurface and its susceptibilities, in the absence of normal
susceptibility components. The constitutive parameters of the
metasurface may be represented according to the suscepti-
bilities in (9) as ε = ε0(I + χee), µ = µ0(I + χmm),
ξ = χem/c0, ζ = χme/c0.

We then seek for the susceptibilities that provide the
nonreciprocal nongyrotropic response of the metasurface by
substituting the electromagnetic fields of the corresponding
transformation into (9). Such a transformation includes passing
a +z-propagating plane wave through the metasurface and
complete absorption of a −z-propagating plane incident wave,
yielding

χee = − j

k0

1 0

0 1

 , χmm = − j

k0

1 0

0 1

 , (10a)
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Fig. 6. ST representation of the nonreciprocal nongyrotropic metasurface in
Figs. 4 and 5. (left) Forward wave incidence leading to full transmission,
and (right) Backward wave incidence, where the wave can not catch up the
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χem =
j

k0

 0 1

−1 0

 , χme =
j

k0

0 −1

1 0

 , (10b)

This shows that elements χem and χme are the ones that
contribute to the nonreciprocity of the metasurface. The form
of the susceptibility tensors in (10) is identical to that of a
moving uniaxial medium.
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IV. ANALYSIS OF ST METASURFACE

Consider the STM structure in Fig. 7 characterized with
the wavenumber kM and possessing electric permittivity ε(z, t)
and magnetic permeability µ(z, t), sandwiched between two
semi-infinite unmodulated media, that is, region 1 character-
ized with the wavenumber k0 = ω0

√
εr,1µr,1/c =

√
k2
x + k2

z

and region 3 with the wavenumber k′′0 = ω0
√
εr,3µr,3/c =√

k′′2x + k′′2z . Here, ω0 is the temporal frequency of the inci-
dent wave, εr,1 and εr,3 are electrical permitivitties of regions 1
and 3, respectively, and µr,1 and µr,3 are magnetic permeability
of regions 1 and 3, respectively.

A general analysis assumes a metasurface with temporally-
periodic electric permittivity and magnetic permeability, and
a general aperiodic/periodic spatial variation [13]. Since the
metasurface is time-periodic, its constitutive parameters may
be expressed by a time-Floquet series expansion, as

ε(z, t) =

∞∑
s=−∞

εk,aper(z)e
isΩt, (11a)

µ(z, t) =

∞∑
s=−∞

µk,aper(z)e
isΩt, (11b)

where Ω is the temporal frequency of the modulation, and
εk,aper(z) and µk,aper(z) are spatially-variant unknown coeffi-
cients of the permittivity and permeability, to be determined
based on the spatial variation of the metasurface. We consider
oblique incidence of a y-polarized electric field under angle
of incidence of θI to the metasurface, as

EI(x, z, t) = ŷE0e
i(kxx+kzz−ω0t), (12)

where E0 is the amplitude of the incident wave. Given the
temporal periodicity of the metasurface, the electric field inside
the metasurface may be represented based on the temporal
Bloch-Floquet decomposition as

EM(x, z, t) = ŷ
∑
n,p

Enp
(
A0pe

iβ+
npz +B0pe

−iβ−npz
)
ei(kxx−ωnt),

(13)
where ωn = ω0 +nΩ. The scattered fields in regions 1 and

3 are

ER = ŷ
∑
n,p

[Enp (A0p +B0p)− E0δn0] ei[kxx−kznz−ωnt],

(14a)

ET = ŷ
∑
n,p

Enp
(
A0pe

iβnpL +B0pe
−iβnpL

)
ei[k

′′
xx−k

′′
znz−ωnt].

(14b)

A. ST Decomposition

Figure 7 illustrates ST decomposition of space-time har-
monics (STHs) in a spatiotemporally modulated structure.
The scattering angles of the different space-time harmonics
(STHs) may be determined from the Helmholtz relations
where k2 sin2(θI) + k2

n cos2(θRn) = k2
n and k′′2 sin2(θI) +

T ,
n

E w
0n

w w> w

iq r0q
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Fig. 7. ST decomposition resulting from oblique incidence to a STM
metasurface [13].

k′′2n cos2(θTn) = k′′2n , where θRn and θTn are the reflection
and transmission angles of the nth STH, yielding

θrn = θt,n = sin−1

(
sin(θI)

1 + nΩ/ω0

)
, (15)

which demonstrates spectral decomposition of the scattered
STHs. Considering k′ = k′′ = k0, the reflection and transmis-
sion angles of the nth harmonic are equal, for equal tangential
wavenumber, kx = k0 sin(θI) in all the regions. Eq. (15) shows
that the harmonics in the n-interval [ω0(sin(θI)− 1)/Ω,+∞]
are scattered (reflected and transmitted) at angles ranging from
0 to π/2 through θI for n = 0, while the STHs outside of this
interval represent imaginary k′±znp which do not scatter but
rather propagate as surface waves along the boundary of the
metasurface. The scattering angle of the pth mode of the nth
STH inside the modulated medium reads

θ±np = tan−1

(
k′x
k′znp

)
= tan−1

(
k′0 sin(θI)

β±0p ± nq

)
. (16)

We consider a sinusoidally ST metasurface, as

ε(z, t) = ε0εr [1 + δε sin(qz − Ωt)] , (17a)

µ(z, t) = µ0µr [1 + δµ sin(qz − Ωt)] , (17b)

where δε and δµ represent respectively the permittivity and
permeability modulation strengths. Such a metasurface is
characterized with a ST-varying intrinsic impedance [29], i.e.,

η(z, t) =

√
µ0µr [1 + δµ sin(qz − Ωt)]

ε0εr [1 + δε sin(qz − Ωt)]

∣∣∣∣∣
δµ=δε

= η0ηr (18)

Equation (18) reveals that such a STM metasurface ex-
hibits zero space- and time local reflections as the intrinsic
impedance of the metasurface is ST-independent.
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B. Numerical Simulation Scheme

To best gain insight into the wave propagation in ST
metasurfaces and support the analytical solution we study the
dynamic process through solving Maxwell’s equations using
FDTD numerical simulation. Figure 8 plots the implemented
finite-difference time-domain scheme for numerical simulation
of the oblique wave impinging on the STM slab. We first
discretize the medium to K+1 spatial samples and M+1 tem-
poral samples, with the steps of ∆z and ∆t, respectively. The
finite-difference discretized form of the first two Maxwell’s
equations for the electric and magnetic fields are simplified to

Hx|i+1/2
j+1/2= (1−∆t)Hx|i−1/2

j+1/2+
∆t

µ0∆z

(
Ey|ij+1−Ey|ij

)
(19a)

Hz|i+1/2
j+1/2= (1−∆t)Hz|i−1/2

j+1/2−
∆t

µ0∆z

(
Ey|ij+1−Ey|ij

)
(19b)

Ey|i+1
j =

(
1−

∆tε′|ij
ε|i+1/2
j

)
Ey|ij+

∆t/∆z

ε|i+1/2
j

.
[(
Hx|i+1/2

j+1/2−Hx|i+1/2
j−1/2

)
−
(
Hz|i+1/2

j+1/2−Hz|i+1/2
j−1/2

)]
(19c)

where ε′ = ∂ε(z, t)/∂t = −Ωδε cos(qz − Ωt).

C. Wave Engineering Based on Unidirectional Frequency
Generation and ST Decomposition

This section investigates the wave transmission and reflec-
tion from STM media using the FDTD numerical simulation.
We consider oblique incidence to general STM metasurfaces,
and compare the numerical results with the analytical solution
provided in Sec. IV. A plane wave with temporal frequency
ω0 = 2π × 3 GHz is propagating along the +z-direction
under an angle of incidence of θI = 25◦, and impinges on the
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Fig. 9. Oblique excitation of the equilibrated STM metasurface, with a plane
wave of frequency ω0 = 2π × 3 GHz, with δµ = δε = 0.15 and for
θI = 25◦. Numerical simulation result for the electric field distribution, Ey ,
at t = 20 ns [13]. (a) Forward transmission. (b) Backward transmission.

ST permittivity-modulated metasurface with the constitutive
parameters in (17), where Ω = 2π × 0.1 GHz, Γ = 1,
L = 16λ0.

Next, we investigate the field scattering from an equilibrated
STM metasurface, i.e. δµ = δε = 0.15. Figures 9(a) and 9(b)
plot the electric field distribution inside the modulated region
and scattering outside the metasurface at t = 20 ns for forward
and backward wave incidences, respectively. It may be seen
from these two figures that, an equilibrated STM metasurface
with δµ = δε = 0.15 exhibits strong frequency generation,
ST decomposition, and nonreciprocal wave transmission. It
may be shown that an equilibrated STM metasurface with
δµ = δε = 0.15 may be realized with the same amount
of pumping energy required for the realization of conven-
tional permittivity-modulated metasurface with δε = 0.15 and
δµ = 0 [29]. Moreover, as we see in Fig. 9(a), the equilibrated
metasurface exhibits zero local space and time reflection. The
strict zero reflection from such a metasurface can be shown
by increasing the number of space and time samples in the
numerical scheme.

V. DIFFRACTION REGIME OF ST METASURFACES

The analysis provided in the previous section is applicable
for ST metasurfaces operating outside the diffraction regime.
This section analyses ST metasurfaces that provide spatial
diffractions, where each spatial diffraction order (denoted by
m) is comprising an infinite number of temporal diffraction
orders(denoted by n). Figure 10(a) shows a generic illustra-
tion example of a wavevector isofrequency diagram for the
diffraction from a STP diffraction grating. The grating is char-
acterized with the spatial frequency K (the spatial periodicity
of the STP grating reads Λ = 2π/K) and the temporal
frequency Ω. Figure 10(a) sketches the phase matching of
ST harmonic components of the total field inside the grating
with propagating backward diffracted orders in region 1, and
forward diffracted orders in region 3. We assume the grating
is interfaced with two semifinite dielectrics, i.e., z → −∞ <
region 1 < z = 0 and d < region 3 < z → ∞, respectively.
Region 1, region 2 (inside the STP grating) and region
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(a)

(b) (c)

Fig. 10. Diffraction from a transmissive grating for a monochromatic incident
wave. (a) Wavevector isofrequency diagram for the diffraction from a STP
diffraction grating [15]. (b) and (c) Raman-Nath regime diffraction of a thin
grating, where Ω = 0.4ω0 and K = 0.4k0, δε = 0.5 and d = 0.5λ [15].

3 are, respectively, characterized with the phase velocities
vr = c/n1, v′r = c/nav and v′′r = c/n3, and the wavevectors
kmn = kx,mnx̂ + kz,mnẑ, k′pmn = k′x,pmnx̂ + k′z,pmnẑ, and
k′′mn = k′′x,mnx̂+k′′z,mnẑ. Here, c represents the velocity of the
light in vacuum, m and n denote the number of the space and
time harmonics, respectively, while p represents the number
of the mode in region 2, inside the grating (these modes only
exist inside the grating).

Figures 10(b) and 10(c) show a generic representation of
the ST diffraction from a STP diffraction grating, which
is distinctly different from the spatial diffraction from a
conventional space-periodic diffraction grating. The grating is
interfaced with two semi-infinite dielectric regions, i.e., region
1 is characterized with the refractive index n1 and wavenumber
k, and region 3 is characterized with the refractive index
n3 and wavenumber k′′. The relative electric permittivity of
this STP grating is periodic in both space and time, with
temporal frequency Ω and spatial frequency K, given by
n2

gr(x, t) = εgr(x, t) = f (f1,per(x), f2,per(t)), where f1,per(x)
and f2,per(t) are periodic functions of space (in the x direction)
and time, respectively. The wavenumber in region 2 (inside the
STP grating) is denoted by k′.

The STP grating assumes oblique incidence of the y-
polarized electric field in Eq. (12). The x component of
the wavevector outside the STP grating, in region 3, reads
k′′x,mn = k′′n sin(θ′′mn), where k′′n = k′′0 + nΩ/v′′r and
where k′′0 = ω0/v

′′
r . The corresponding z component of the

wavevector in region 3 is calculated using the Helmholtz
relation, as k′′z,mn =

√
(k′′mn)2 − (k′′x,mn)2 = k′′n cos(θ′′mn). To

determine the spatial and temporal frequencies of the diffracted
orders, we consider the momentum conservation law, i.e.,
kx,diff = k′′x,mn = kx + mK and the energy conservation
law, i.e., ωdiff = ω0 + nΩ, where kx,diff and kx denote the x
components of the wavevector of the diffracted and incident
fields, respectively, and ωdiff and ω0 represent the temporal
frequencies of the diffracted and incident fields, respectively.
Then, (

k′′0 + n
Ω

v′′r

)
sin (θ′′mn) = k0 sin(θI) +mK, (20)

where k0 = n1ω0/c. Considering n1 = n3, the angle of
diffraction for the forward ST diffracted orders in region 3
and the backward ST diffracted orders in region 1, i.e., the
mth spatial and nth temporal harmonic, yields

sin (θ′′mn) =
sin(θI) +mK/k0

1 + nΩ/ω0
, (21)

For a given set of incident angles, spatial and temporal
frequencies of the grating, and the wavelength of the incident
beam, the grating equation may be satisfied for more than one
values of m and n. However, there exists a solution only when
| sin (θmn) | < 1. Diffraction orders corresponding to m and
n satisfying this condition are called propagating orders. The
other orders yielding | sin (θmn) | > 1 correspond to imaginary
z components of the wavevector kz,mn as well as complex an-
gles of diffraction sin(θmn). These evanescent orders decrease
exponentially with the distance from the grating, and hence,
can be detected only at a distance less than a few wavelengths
from the grating. The specular order (m = 0) is always
propagating while the others can be either propagating or
evanescent. The modulations with 2π/K << λ0 will produce
evanescent orders for m 6= 0, while the modulations with
2π/K >> λ0 will yield a large number of propagating orders.

After expanding the field inside the modulated metasurface
in terms of the ST diffracted orders (m and n), such ST
diffracted orders are phase matched to diffracted orders outside
of the metasurface. The electric field inside the metasurface is
expressed in terms of a sum of an infinite number of modes,
i.e., E2(x, z, t) =

∑
pE2,p(x, z, t), and the corresponding

electric field of the pth mode inside the structure may be
decomposed into ST Bloch-Floquet plane waves, that is,

E2,p(x, z, t) = ŷ
∑
m

∑
n

E′pmne
i(k′x,pmnx+k′z,pmnz−ωnt),

(22a)

where

E′pmn =
(ωn/c)

2

(k′x,pmn)2 + (k′z,pmn)2

∑
j

∑
q

εm−j,n−qE
′
pjq

(22b)

k′x,pmn =

(
k′p00 + n

Ω

v′r

)
sin

(
tan−1

(
k′x,p0n
k′z,p0n

))
+mK

(22c)

and k′z,pmn = k′pmn cos(θI). Equation (22a) is formed by three
summations on modes p, spatial diffractions m, and temporal
diffractions n. For ST metasurfaces operating outside the



IEEE ANTENNAS & PROPAGATION MAGAZINE, VOL. *, NO. *, *** 2022 8

(a) (b)

(c) (d)

Fig. 11. Nonreciprocal and angle-asymmetric ST diffraction of a reflective
STP diffraction grating with a +x-traveling STM electric permittivity, i.e.,
ε(x, t) = εav + δε[1 + sin(Kx − Ωt)], where δε = 0.5, Ω = 0.4ω0,
d = 0.8λ0. (a) and (d) Forward wave incidence [15]. (b) and (e) Backward
wave incidence for nonreciprocal diffraction demonstration [15]. (c) and (f)
Backward wave incidence for angle-asymmetric demonstration [15].

diffraction regime only the fundamental spatial order m = 0
is scattered which includes an infinite number of temporal
harmonics n (where inside the structure each STH is formed
by an infinite number of modes p), as in Eq. (13).

The electric field in region 1 reads

E1 = ŷE0e
i(kxx+kzz−ω0t) + ŷ

∑
m,n

ER
mne

i(kx,mnx−kz,mnz−ωnt),

(23)

where ER
mn is the unknown amplitude of the mth reflected

ST diffracted orders in region 1, with the wavevectors kx,mn
and kz,mn. The total electric field in region 3 reads E3 =

ŷ
∑
m,nE

T
mne

i(k′′x,mnx+k′′z,mnz−ωnt), where ET
mn is the am-

plitude of the mth transmitted ST diffracted order in region
3, with the wavevectors k′′x,mn and k′′z,mn. To determine
the unknown field coefficients of the backward and forward
diffracted orders, ER

mn and ET
mn, we enforce the continuity of

the tangential electric and magnetic fields at the boundaries of
the grating at z = 0 and z = d. Thin gratings result in Raman-
Nath regime diffraction, where multiple diffracted orders are
produced. In contrast, the thick gratings usually result in Bragg
regime diffraction, where only one single diffracted order is
produced.

Figures 11(a) to 11(d) show the nonreciprocal and angle-
asymmetric responses of reflective STP diffraction gratings.
Comparing the results of the forward and backward incidence,
shown in Figs. 11(c) and 11(d), respectively, one may ob-
viously see that the reflective diffraction by the grating is
completely angle-asymmetric. Such an asymmetric reflective
diffraction includes asymmetric angles of diffraction and un-
equal amplitudes of the diffracted orders.
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Fig. 12. One-way beam splitting by a STM metasurface. (a) Schematic [11].
(b) Isofrequency diagram at ω = ω0 composed of an infinite set of circles
centered at (kz/q, kx/q) = (−n, 0) with radius Γ (0.5 + n) [11].

VI. EXTRAORDINARY WAVE TRANSFORMATIONS IN ST
METASURFACES

A. Unidirectional Beam Splitter

Beam splitters are quintessential elements in communication
systems that are restricted to reciprocal response and suffer
from substantial transmission loss. A one-way, tunable and
highly efficient beam splitter and amplifier can be realized
by taking advantage of coherent electromagnetic transitions
through the oblique illumination of ST metasurfaces. Fig-
ure 12(a) sketches the nonreciprocal beam transmission and
splitting in a STM metasurface. A unidirectional energy and
momentum transition occurs from the incident wave-under
angle of incidence θI = 45◦ and temporal frequency ω0- to
the fundamental (n = 0) and first lower (n = −1) STHs that
are transmitted under angles of transmissions θT,0 = 45◦ and
θT,−1 = −45◦, respectively. The two transmitted STHs with
45◦ angle difference acquire the same temporal frequency as
the incident wave, ω0. We assume the incident electric field
in Eq. (12) under the angle of incidence θI = 45◦ impinges to
the periodic STM metasurface.

The structure assumes a sinusoidal ST-varying permittivity
with the temporal modulation frequency of Ω = 2ω0, and the
spatial modulation frequency of q = 2k0/Γ . Here, kz,n =
β0 + nq and the temporal frequency ωn = (1 + 2n)ω0, with
β0 being the unknown spatial frequency of the fundamental
harmonic. The unknowns of the electric field, that is, An and
β0, will be found through satisfying Maxwell’s equations. The
transmission angle of the mth transmitted STH, θT,n, satisfies
the Helmholtz relation as k2

0 sin2(θI) + k2
n cos2(θT,n) = k2

n,
where kn = ωn/vb denotes the wavenumber of the nth
transmitted STH outside the STM metasurface. The angle of
transmission θT,n reads

θT,n = sin−1

(
kx
kn

)
= sin−1

(
sin(θI)

1 + 2n

)
, (24)

which demonstrates the spectral decomposition of the trans-
mitted wave. Consequently, the fundamental STH (n = 0)
and the first lower STH (n = −1) with the same temporal fre-
quency ω0 will be respectively transmitted under the angles of
transmission of θT,0 = θI = 45◦ and θT,−1 = −θI = −45◦ so
that they are transmitted under 90◦ angle difference, presenting
the desired beam splitting.
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Fig. 13. Antenna-mixer-amplifier metasurface. (a) Schematic representation
showing the down-link and up-link wave transformations [56]. (b) Ana-
lytical isofrequency dispersion diagram (for Γ = 0.2 and εm =→ 0)
depicting down-link (reception) and up-link (transmission) electromagnetic
transitions [56].

Figure 12(b) presents the isofrequency dispersion diagram.
This diagram is formed by a 2N + 1 periodic set of double
cones (here, only m = 0 and n = −1 harmonics are shown),
each of which representing a STH, with apexes at kx = 0,
kz = −nq and ω = −2nω0, and the slope of vm with respect
to kz − kx plane. Next, consider oblique incidence of a wave,
representing the fundamental harmonic n = 0 with temporal
frequency ω0, propagating along the [+x,+z] direction. It is
characterized by x- and z-components of the spatial frequency,
kx = x̂kx and kF

z = ẑkz . The incident wave shines the
medium under the angle of incidence θI = 45◦ and excites an
infinite number of (we truncate it to 2N+1) STH waves, with
different spatial and temporal frequencies of [kx, kz,n] and ωn.
The first lower STH n = −1 acquires identical characteristics
as the fundamental ST harmonic, that is, the identical temporal
frequency of ω0 and identical z-component of the spatial
frequency of kF

z,−1 = kF
z,0, but opposite x-component of the

spatial frequency of kx,−1 = −kx,0. Thus, the m = −1
harmonic propagates along the [−x,+z] direction.

B. Antenna-Mixer-Amplifier Functionality

Consider the metasurface in Fig. 13(a), with the thickness
of d and a ST periodic electric permittivity. The metasurface
in Fig. 13(a) is obliquely illuminated by a y-polarized incident
electric field, as shown in Eq. (12). As shown in Fig. 13(a), in
the down-link reception state, the space-wave with temporal
frequency ω0 makes a transition to a ST surface wave with
temporal frequency ωIF = ω0−Ω. In the up-link transmission
state, the ST surface wave at ωIF makes a transition to a space-
wave at ω0 = ωIF + Ω.

Due to the ST periodicity of the metasurface, the spatial and
temporal frequencies of the ST harmonics inside the structure
read γz,n = kz +nq+ iαz,n and ωn = ω0 +nΩ, respectively,
and the incident angle is θI = sin−1 (1− Ω/ω0). For a strong
transition to the n = −1 harmonic, the scattered n = −1 ST
harmonic inside the surface should propagate in parallel to
the two ST surface waves along the two boundaries at z = 0
and z = d (θn=−1 = 90◦), which gives βz,−1 = 0. As a
result, the z component of the wave vector inside the medium
is purely imaginary, i.e., γz,−1 = iαz,−1, whereas the incident
field wavenumber kz is purely real.

VII. CONCLUSION

We presented a comprehensive review of the theory and
analysis of wave propagation in space-time (ST) metasurfaces
and examples of extraordinary four-dimensional wave transfor-
mations in such media. It is shown that ST metasurfaces are
capable of four-dimensional electromagnetic wave transforma-
tions which are significantly more versatile and useful than
the three-dimensional wave transformations of conventional
spatially variant static metamaterials and metasurfaces. Recent
progress on ST metasurfaces for breaking time-reversal sym-
metry and reciprocity reveals a great potential for applications
of such metasurfaces for low-energy and energy-harvesting
telecommunication systems, and compact and integrated non-
reciprocal devices, and sub-systems.
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