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ABSTRACT 

 
Volterra filters can be applied to a wide class of nonlinear 
systems, keeping only the low order kernels to yield a good 
approximation. The parametric array loudspeaker (PAL), as 
a weak nonlinear acoustic system, is a popular directional 
sound reproduction device. Volterra filters have been used 
in the linearization system of the PAL to accurately reduce 
the nonlinear distortion without solving the second order 
nonlinear acoustic equation. In this paper, the ultrasound-to-
ultrasound Volterra filter is proposed, being inspired by the 
nonlinear acoustic principle, to produce a better systematic 
representation of the PAL. Experiment results are presented 
to prove the effectiveness of the proposed method, where the 
sparse NLMS algorithm is applied in the identification. 
 

Index Terms— Parametric array loudspeaker, Volterra 
filter, sparse NLMS algorithm 
 

1. INTRODUCTION 
 
When two finite amplitude waves are transmitted at close 
frequencies in a collimated beam, the difference of the two 
frequencies form a similarly narrow beam. This nonlinear 
acoustic phenomena was derived by Westervelt and named 
as the parametric acoustic array [1]. The parametric acoustic 
array was mainly applied in underwater applications. The 
first directional sound reproduction device making use of the 
parametric acoustic array in air was invented in 1983 [2], 
which is now known as the parametric array loudspeaker 
(PAL). The principle of the PAL is commonly explained by 
the Berktay's far-field solution [3], although the assumptions 
made by Berktay are not well validated in air. 

The sound quality of the PAL is not satisfactory due to 
its nonlinear distortion, which is a notable byproduct of the 
parametric acoustic array in air. For this reason, there have 
been many preprocessing methods to reduce the nonlinear 
distortion [4]-[7]. The audio bandwidth extension has been 
attempted to improve the perceptual sound quality of the 
PAL [8]-[9]. But all these preprocessing methods have been 
derived on the basis of the Berktay's far-field solution. Their 
performance is inadequate in practice, and thus, an adaptive 
preprocessing method is much preferred. 

In spite of the nonlinear distortion, the PAL is readily 
deployed in sound field control applications, such as active 

noise control [10]-[12], creation of personal listening zone 
[13], and spatial audio reproduction [14]-[16]. The precious 
tailoring of the sound field requires the accurate systematic 
representation of the PAL. But the second order nonlinear 
acoustic equation has only numerical solutions with large 
computational burdens [17]. 

The application of the Volterra filters in the systematic 
representation of the PAL has been studied since 2012 [18]-
[19]. After the Volterra filter is identified, the inverse filter 
can be designed to preprocess the audio input to accurately 
reduce the nonlinear distortion of the PAL [20]-[23]. This 
technique was adapted from its original application in the 
linearization of the conventional loudspeaker system. In past 
studies, both the input and output of the Volterra filter 
identification were selected by default as the audio input and 
output of the PAL. In this paper, the present approach is 
illustrated in Fig. 1 as the audio-to-audio Volterra filter 
(A2VF) identification. The identified A2VF of the PAL 
remains accurate if the modulation method and the power of 
the input audio are identical to those used in the process of 
identification.  

In this paper, another approach, namely the ultrasound-
to-ultrasound Volterra filter (U2VF) identification is verified 
in experiments. The U2VF is proposed to account for the 
nonlinear acoustic principle of the PAL. The difficulty of the 
U2VF implementation is due to its high sampling frequency 
[24]. Thus, the sparse LMS is adopted to identify the first 
order U2VF coefficients with a long memory length, and the 
acoustic delay between the PAL and the microphone can be 
extracted from the identified first order U2VF. Afterwards, 
the memory length of the second order U2VF is shortened 
by the realignment of the input and output. The identified 

 
 

Fig. 1 Block diagram of the parametric array loudspeaker and the 
Volterra filter identification. 

 
 



U2VF is used to predict the total harmonic distortion of the 
PAL in comparison with the measurement results as well as 
the A2VF. 

 
 2. PARAMETRIC ARRAY LOUDSPEAKER 

 
Among the nonlinear acoustic models, the Berktay’s far-
field solution is the most widely used for developing the 
preprocessing methods of the PAL, though the assumptions 
made by Berktay are not consistently validated in air. The 
Berktay's far-field solution is an audio-to-audio model. The 
audio output of the PAL is expressed as 
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where K is a mixed parameter related to ultrasonic emitter, 
observation position, and acoustic properties of air; and E(t) 
is the preprocessed audio input, a.k.a. the envelope function. 

The modulated audio input of the first PAL is given by 

 ( ) ( ) ( )cos 1 cos ,DSB c cE t mA t tω ω= +    (2) 

where m is the modulation index; A(t) is the audio input; and 
ωc is the angular frequency of the carrier [2]. This in effect 
is the double sideband (DSB) modulation method. Based on 
(1), the second harmonic distortion of a PAL using the DSB 
method is found to be proportional to the modulation index.  

Thus, the square root (SRT) method was introduced to 
offset the square operation in (1) [4]. The modulated audio 
input of the SRT method is given by 

 ( ) ( ) ( )cos 1 cos .SRT c cE t mA t tω ω= +  (3) 

The drawback of the SRT method was mainly found in 
the implementation, since the ultrasonic emitter was needed 
to have an infinite bandwidth. To overcome this drawback, 
the single sideband (SSB) modulation method was carried 
out in the PAL. The modulated audio input of the upper and 
lower SSB methods are given by 

( ) ( ) ( ) ( ) ( )cos 1 cos sin ,SSB c c H cE t mA t t mA t tω φ ω ω+ = +   ∓

  (4) 
where AH(t) is the Hilbert transformed audio input;  

 ( )2 2 ;SSBE mA t= +  (5) 
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There are two types of the SSB method. They are the 
upper and lower SSB methods depending on the sign of the 
orthogonal carrier. The SSB method is not a pure amplitude 
modulation, but it has the same envelope as that of the SRT 
method. Both the SRT and SSB methods can eliminate the 
harmonic distortion of the PAL only if the Berktay's far-field 
solution is valid [5]. The modulated audio inputs of the DSB, 

SRT, and SSB methods are shown in Fig. 2, when the audio 
input is a sine tone at ω0. 

 
3. VOLTERRA FILTER AND SPARSE NLMS 

ALGORITHM 
 
The second order nonlinear system can be modeled by the 
Volterra filter as 

 ( ) ( ) ( ) ( )1 2 ,y n H x n H x n e n= + +         (7) 

where x(n) and y(n) are the input and output of the system; 
e(n) is the model error; H1 and H2 are the first and second 
order Volterra operators, i.e. 
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respectively. In (7) and (8), N is the memory length; h1 and 
h2 are the first and second order Volterra filter coefficients.  

The input and output of the system can be continuously 
acquired and stored in the vector form, of which the size is N 
by 1. Furthermore, the function "reshape" can arrange all the 
elements of an N by N matrix to an N2 by 1 vector. The 
second order nonlinear system in (7) can be rewritten into a 
linear model as 
 ( ) ( ) ,Ty n X H e n= +  (10) 

where 
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T
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and 
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T
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Both X and H have the size of N+N2 by 1. Using (10), the 
NLMS algorithm can be adopted to identify H. The update 
equation of the NLMS algorithm is given by 
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Fig. 2 Spectrum examples of the modulated audio inputs of 
different preprocessing methods. 

 



where α is the step size.  
Adapted from a sparse LMS algorithm, the reweighted 

zero-attracting LMS algorithm [25], the sparse version of the 
NLMS algorithm is written as  
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where β is the small amplitude that coefficients lower than β 
will shrink to 0  to create the sparsity. 
 

4. EXPERIMENT AND RESULTS 
 
The experiment setup is shown in Fig. 3. The experiments 
are carried out in a meeting room, where the floor noise and 
reflections are similar to the daily usage of the PAL. A white 
noise signal is generated in the computer and processed by a 
digital band-pass filter, of which the cut-off frequencies are 
chosen at 20 kHz and 60 kHz. This band-passed white noise 
is transmitted by the ultrasonic emitter. A microphone (B&K 
Type 4191L) is placed 3.2 meters away from the ultrasonic 
emitter to record the sound reproduced by this PAL setup. 
Both the DAC and ADC have the sampling frequency of 192 
kHz and the resolution of 32 bit.  
 
4.1. First order Volterra filter identification 
 
The sound speed in dry air at 20 °C is estimated to be 342 
m/s. Thus, there is an acoustic delay between the ultrasonic 
emitter and the microphone, which is about 9.375 ms and 
1800 samples. The causality of the Volterra filter is not 
satisfied if the memory length is set shorter than the actual 
acoustic delay. Moreover, the computational complexity of 
the Volterra filter increases exponentially with the memory 
length. To use a memory length longer than the estimated 
acoustic delay of 1800 samples is impractical. It is of great 
importance to extract the actual acoustic delay. Subsequently, 
the input and output of the identification can be realigned 
according to the acoustic delay, and the memory length of 
the Volterra filter can be shortened drastically. 

For this purpose, the first order U2VF, which is a linear 
filter, is first identified using the NLMS and sparse NLMS 
algorithms. Due to the nonlinear acoustic principle of the 
PAL, the ultrasound pressure captured by the microphone 
can be 60 dB higher than the audio sound pressure. Thus, 
the identification of a PAL as the first order U2VF can yield 
a very good accuracy. However, it is useless for the design 
of the linearization system, as the first order U2VF cannot 
generate any audio from the ultrasound. The significance of 
the linear U2VF is only to find out the acoustic delay. 

The identified Volterra filter coefficients of the NLMS 
and sparse NLMS algorithms are shown in Fig. 4, when the 
memory length is temporarily set to 3000. The step size and 
small amplitude are selected as α = 0.01 and β = 1e-5, 
respectively. It is observed in Fig. 4 that the sparse NLMS 
algorithm fast converges to the satisfactory situation, where 

the acoustic delay is easily distinguishable and read as 1865 
samples. The microphone output will be realigned by this 
acoustic delay in the second order U2VF identification. 

 
4.2. Second order Volterra filter identification 
 
The memory length of the first and second order Volterra 
filters is reset to 600. The step size and small amplitude are 
kept as α = 0.01 and β = 1e-5, respectively. The A2VF is 
identified by the NLMS algorithm. The U2VF is identified 
by the NLMS and sparse NLMS algorithms. The identified 
coefficients of the first order U2VF after realignment are 
plotted in Fig. 5. In comparison with Fig. 4, the difference 
between the coefficients before and after realignment is due 
to the involvement of the second order U2VF. Moreover, the 
sparsity in the first order U2VF remains validated in Fig. 5. 

The identified A2VF, U2VF, and sparse U2VF can be 
evaluated by the total harmonic distortion (THD). The THD 
used in this paper is defined as the root mean square ratio of 
the harmonics to the fundamental frequency. A testing audio 
input is generated as a sine sweeps ranging from 500 Hz to 
7500 Hz. THD values are extracted from the outputs of the 
identified Volterra filters when the input is provided by that 
testing audio input. The THD values are also measured by 
the same experiment setup in Fig. 3, but the input is replaced 
by the sine sweep. 
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Fig. 3 Experiment setup.  
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Fig. 4 The first order U2VF coefficients identified by the NLMS 
and sparse NLMS algorithms. 

 



THD values of the DSB and SRT methods are plotted in 
Figs. 6 and 7, respectively. In these two figures, the A2VF 
produces the same curve, as the A2VF has to be identified 
for every different preprocessing method. In this paper, the 
A2VF is only identified for the DSB method. In Fig. 6, the 
A2VF provides accurate predictions to the THD values of 
the DSB method from 1500 Hz to 6500 Hz. But it cannot 
match the measured THD of the SRT method as shown in 
Fig. 7. 

The U2VF shows consistent accuracy in Figs. 6 and 7 
when it is applied to predict the THD of the DSB and SRT 
methods. The drawback of the U2VF in the experiment is 
observed in the frequency band lower than 2000 Hz. This is 
probably due to the background noise appearing in the room 
for measurement. Another obvious discrepancy occurs in the 
THD of the SRT method when the input frequency is 4000 
Hz. It is likely that the measured THD values include certain 
errors. Despite this specific frequency, the U2VF provides 
accurate predictions to the THD values of both the DSB and 
SRT methods from 2500 Hz to 7500 Hz. 

The sparse U2VF exhibits the poorest performance in 
this comparison. It can be concluded that the second order 
Volterra filter contains very few sparsity when it is applied 
in the systematic representation of the PAL. However, the 
symmetry in the second order Volterra filter coefficients is 
still effective to reduce the computational complexity. 
 

5. CONCLUSIONS 
 
In this paper, the second order Volterra filters are studied 
through experiments for the systematic presentation of the 
PAL. The acoustic delay between the microphone and the 
PAL is much longer for the U2VF than the A2VF because a 
higher sampling frequency is used to cover the ultrasound 
frequency range. Therefore, it is of importance to extract the 
actual acoustic delay to make realignment of the input and 
output as well as to shorten the memory length of the U2VF. 
The sparse NLMS algorithm has been proven to be effective 
in identifying the first order Volterra filter and reveal the 
acoustic delay. The input and output are realigned based on 
the acoustic delay. Subsequently, the identified U2VF and 
A2VF are compared by experiments. The proposed U2VF 
outperforms the A2VF when they are used to predict the 
THD values of the DSB and SRT methods. This agrees with 
the authors' previous conclusions based on the simulation 
results that the modulated audio input in the ultrasound 
frequency range is a better identification input for the PAL 
[24]. 
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Fig. 5 The first order U2VF coefficients identified by the NLMS 
and sparse NLMS algorithms after realignment. 
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Fig. 6 THD values of the DSB method. 
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Fig. 7 THD values of the SRT method. 
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