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Abstract

The parametric array loudspeaker (PAL) is a type of directional loudspeaker
that utilizes the nonlinear acoustic effect to create the audible sound in an
ultrasonic beam. Due to this unusual sound principle, it is inevitable that
nonlinear distortion is incurred in the sound transmission of the PAL. Nu-
merous modulation methods aiming to reduce the nonlinear distortion have
been developed on the basis of the Berktay’s far-field solution, but they often
perform in an unexpected manner. The degraded practical performance has
been credited to the inaccuracy of the Berktay’s far-field solution. In this
paper, we demonstrate the effect of the ultrasonic emitter on the distortion
performance of the PAL and suggest that the Berktay’s far-field solution

remains to be a good model equation.
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1. Introduction

The PAL is able to transmit a narrow sound beam in air from a small
sized ultrasonic emitter [1, 2]. This ability is resultant from the nonlinear
acoustic effect of an ultrasonic beam that consists of two frequencies, whereby
the difference frequency is generated as one of the extraneous frequencies [3].
The directivity of the difference frequency is described by an end-fire array,
which gives a similarly narrow beamwidth as the ultrasonic beam [4, 5]. The
PAL is readily adopted in various sound applications, such as active noise
control [6], audio projection [7], human-machine interface [8], and even in an
increasing number of contemporary art works [9, 10].

Figure 1 shows the block diagram of the PAL. The audio input is modu-
lated on an ultrasonic carrier. The modulated input becomes an ultrasonic
signal, which is then amplified to drive the ultrasonic emitter. The nonlinear
acoustic effect in air distorts the waveform transmitted from the ultrasonic
emitter and thus creates the audible sound. It is noteworthy that as com-
pared to the ultrasound level, the audible sound pressure level is relatively
weak. The ultrasound level must be controlled under safety regulations [11].

The Khokhlov-Zabolotskaya-Kuznetsov (KZK) equation describes the com-
bined nonlinear acoustic effect of absorption, diffraction, and nonlinearity. It
is one of the most efficient model equations of the PAL, but there is no an-
alytical solution to the KZK equation [12]. Alternatively, Berktay provided
a simple model equation for the far-field on-axis case, which states that the
audible sound pressure level is proportional to the second derivative of the
squared envelope of the modulated input [13].

Modulation methods have been developed for the PAL. The double side-
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Figure 1: Block diagram of the PAL.

band (DSB) modulation method was carried out in the world first PAL [1].
Based on the Berktay’s far-field solution, the second harmonic distortion level
of the DSB modulation method is proportional to the modulation index and
the frequency response possesses a slope of 12 dB per octave as a result of
the second derivative. Kamakura et al. [14] proposed the square root (SRT)
modulation method that provided an inverse system to the Berktay’s far-field
solution. Further development of the SRT modulation method preprocessed
the audio input by a double integral to offset the 12 dB per octave slope [15].

There is another trend of the modulation method. The single sideband
(SSB) modulation method, which is a type of quadrature modulation method,
has been studied since the early days of the PAL [16]. The SSB modulation
method includes a quadrature path to cancel the nonlinear distortion. The
DSB and SSB modulation methods have individual advantages. So far, there
have been two hybrid modulation methods combining the DSB and SSB
modulation methods. The weighted DSB modulation method makes use of
the relative high audible sound pressure level of the DSB modulation method
to enhance the SSB modulation method at the low frequency band [17], while
the asymmetrical amplitude modulation (AAM) method is a part of the audio
bandwidth extension technique for the PAL [18, 19].



Similar to the SSB modulation method, the modified amplitude modu-
lation (MAM) methods are quadrature modulation methods too [20]. The
quadrature path in the SSB modulation method is often implemented by the
Hilbert filter, while quadrature paths in the MAM methods are calculated
by polynomial equations. The MAM methods using higher order polynomial
equations are developed to achieve better distortion performance. Previous
studies of the MAM methods provide simulation results only [21]. There is
a lack of experiment validation of the MAM methods [22, 23].

Therefore, this paper aims to highlight the effect of the ultrasonic emitter
on the distortion performance of the PAL. Modulation methods are compara-
tively evaluated under the same condition by simulations and measurements.
The Berktay’s far-field solution and the Merklinger’s far-field solution are
adopted as the model equations in the simulation [13, 24]. It is found that
the discrepancy between the theoretical and measurement results is greater
for the more sophisticated modulation method, if the frequency response of

the ultrasonic emitter is ignored.

2. Model Equations

2.1. Berktay’s Far-field Solution

To derive the Berktay’s far-field solution, the primary sound pressure level

is assumed in the one-dimension form of
p1 = PoE (t) exp (—aoz) cos (wot) (1)

where Py, g, and wy are initial pressure level, attenuation rate, angular

frequency of the ultrasonic carrier, respectively; t is the retarded time; z is



the on-axis coordinate; and FE (t) is the envelope of the modulated input,
which is assumed to have an unit amplitude.

Subsequently, the audible sound source strength density is written as
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where [ is the nonlinear coefficient; py is the density of air; and ¢y is the
speed of sound in air.

The audible sound pressure level is thus calculated by
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where z is the observation point and a is the radius of the ultrasonic emitter.

2.2. Merklinger’s Far-field Solution

In Berktay’s derivation, the primary sound pressure level is assumed to de-
crease with distance by the thermoviscous absorption effect only. Merklinger
extended the Berktay’s far-field solution to include the nonlinear absorption
effect [25]. The energy transfered from the primary sound to the second har-
monic of the primary sound, which is much greater than the energy transfered
from the primary sound to the audible sound, attenuates the primary sound

pressure level to become
PyE (t) exp (—p2)
b=
V14 T2E2 (1) [1 - exp (~2002)]* /16

cos (wot) , (4)

where I is called the Gol’dberg number [26] and defined as
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If a modified envelope function is correspondingly defined as
E(t
El (t) — ( ) ,
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(6)

(2) and the integral in (3) are still valid to calculate the audible sound pres-
sure level. Therefore, the Merklinger’s far-field solution is given by
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When T'E (t)/4 is small, substituting tan™! [[E (¢)/4] ~ TE (t)/4 into (7)
yields the Berktay’s far-field solution. When I'E (t) /4 is large, tan™! [['F (¢)/4]
is approximated by sgn [E (¢)] 7/2. This makes (7) simplified to a concise ex-
pression as
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Most of the PALs utilize the ultrasonic carrier at 40 kHz. When the

pa ()

ultrasonic carrier is transmitted at the initial pressure level of 110 dB, the
Gol’dberg number in the general room condition approximates 0.4 [26]. There-
fore, the Berktay’s far-field solution is valid and the second order nonlinearity
E? (t) determines the audible sound pressure level. However, when the initial
pressure level increases to 130 dB, the Gol’dberg number is proportional to
the initial pressure level and becomes 4.0. The audible sound pressure level
is associated with E (t)tan~! F (), as described by the Merklinger’s far-field
solution. Since the safety of using ultrasound in public is an important con-
cern, the initial pressure level of the ultrasonic carrier is more likely to be set

close to 110 dB rather than 130 dB.



3. Modulation methods

3.1. DSB Modulation Method

The DSB modulation method is the first modulation method applied in
the PAL [1]. The envelope of the DSB modulation method is written as

EPSB (1) =1+ ma (1), 9)

where m is the modulation index and z () is the audio input. The disadvan-
tage of the DSB modulation method has been well known. Substituting (9)

into the Berktay’s far-field solution yields the audible sound pressure level as
82
PP pYel [2ma (t) + m*2® (t)] . (10)

The second harmonic distortion level of the DSB modulation method is cred-
ited to the second term in the bracket.

The distortion performance of the DSB modulation method is improved
when the Gol’dberg number is increased. If the Merklinger’s far-field solution
becomes the dominating model equation, substituting (9) into (8) yields the

audible sound pressure level as
92
pP9B o ——ma (t). (11)
In this case, the DSB modulation method has the ideal linear response.

3.2. SRT Modulation Method

The SRT modulation method is an inverse system to the Berktay’s far-

field solution [14]. The envelope of the SRT method is written as

BT (1) = \/1+mz (t). (12)
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Similarly, the audible sound pressure level of the SRT modulation method is
given by .
T gLy (1). (13)
It is observed in (13) that the SRT modulation method is able to completely
eliminate the nonlinear distortion. However, because of the square root op-
eration, the SRT modulation method necessitates an ideal ultrasonic emitter
with an infinite bandwidth.
The truncated SRT modulation method is useful for us to understand the

SRT modulation method analytically. The Taylor series expansion of (12) is

written as

SRR S ) I
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Taking ¢ = 2 leads to the SRT2 modulation method, whose envelope function

1s written as
2

ESRT2 (1) =1 4 %m (t) — ’%x? (t) . (15)
Substituting (15) into the Berktay’s far-field solution yields the audible sound

pressure level as

P2 o g—; ma (t) — %m?’ (t) + gﬁ )] . (16)
Eq. (16) implies that the SRT modulation method is essentially an approach
to shift the nonlinear distortion to higher order, 7.e. the third and forth order
terms in (16), by introducing lower order harmonics of the audio input, i.e.
the second order term in (15).

Moreover, when the Gol’dberg number is large, the audible sound pressure

level of the SRT2 modulation method becomes

pSRT2 o 6_2 Zr(t) — _2352 ()] . (17)



Therefore, the distortion performance of the SRT modulation method is not
much affected by the Gol’dberg number, when the modulation index is small.
When the modulation index is large, increasing the Gol’dberg number signif-

icantly worsens the distortion performance of the SRT modulation method.

3.8. Modified Amplitude Modulation Methods

Although the MAM methods are quadrature modulation methods in
form, they adopt a similar idea of the SRT modulation method. The MAM
methods introduce lower even order harmonics of the audio input to shift the
nonlinear distortion to higher even order. The modulated input of the root

MAM method is written as
paAM (1) = EPSB cos (wot) + QMAM (1) sin (wot) (18)
where the quadrature term is given by
QUM (1) = /1= m2a2 (t). (19)

Therefore, the envelope of the root MAM method is written as

VAN (1) = \[[EPSP (1] + [QUAM () = \/2+ 2ma (D). (20)

The root MAM method has the same envelope as the SRT modulation

method. However, as the quadrature term includes the square root operation,
the root MAM method also necessitates an ideal ultrasonic emitter with an
infinite bandwidth. Therefore, the MAMq methods have been proposed to

take the truncated Taylor series expansion of (19) as

MAMq (4\ _ : (2i)! 2,2
QAN (6) = 3 T g ) 1)
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Hence, the quadrature terms of the MAM1 and MAM2 methods are writ-

ten as
QMAML (1) — 1 — EQIQ (t) (22)
2
and
2 4
QMAMQ (t) —1_ m?lﬂ (t) _ %x‘l (t) . (23>

It is also noteworthy that the MAM1 method requires the same bandwidth
of the ultrasonic emitter as the SRT2 modulation method, while the MAM2
method requires the bandwidth to be doubled.

Applying the Berktay’s far-field solution yields the audible sound pressure

levels, which are given by

0? m*
A
Py AME o pYel {me (t) + e zt (t)] (24)
and
0? mo m®
MAM?2 6 8
Py X 5 [me (t) + =7 () + a’® (t)} . (25)

The MAM methods result in higher order nonlinear distortion than the trun-
cated SRT methods requiring the same bandwidth.

When the Gol’dberg number is relatively large, the MAM methods be-
come less dependent on the truncation order and lead to more distortion
than the SRT modulation method, as shown by the audible sound pressure

levels obtained from (8):

2 1
pIAMY o % \/2 +2max (t) + —at (t)] (26)
and
o \/ mb m8
Mam2 97 m e .8
Py X 5 2+ 2maz (t) + 5 () + T (t)] (27)




4. Results

4.1. Theoretical Results

The theoretical results are presented first. An ultrasonic carrier at 40
kHz and a sine sweep from 0.5 kHz to 8 kHz are generated for the theoretical
simulation. The sine sweep is modulated on the ultrasonic carrier by the
aforementioned preprocessing methods at different modulation indexes from
0.1 to 1.0. The second derivative is implemented by two digital differential
filters. Both the Berktay’s far-field solution and the Merklinger’s far-field
solution are adopted. The Gol’dberg numbers are subsequently set to 0.4 and
4.0 for comparison. The total harmonic distortion (THD) level is calculated
by the root mean squared (RMS) amplitude of the audible harmonics divided
by the amplitude of the fundamental frequency. The calculated THD levels
at different fundamental frequencies are averaged and plotted in Fig. 2.

The results obtained from the Berktay’s far-field solution and the Merklinger’s
far-field solution when I' = 0.4 have no notable difference. The SRT modula-
tion method shows the perfect THD performance, while the DSB modulation
method leads to the worst THD performance. The MAM methods are able to
adjust the THD performance by the truncation order. However, in Fig. 2(c),
the THD performance of the DSB modulation method is improved as a result
of the increased Gol’dberg number. The performance difference among the
SRT and MAM modulation methods is reduced. If we rank the modulation
methods by their THD performance, the sequence of the MAM methods is
interestingly reversed in Fig. 2(c) as compared to Fig. 2(b). These observa-
tions agree with the analyses based on equations presented in the previous

section.
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Figure 2: Theoretical averaged THD performance of a sine sweep from 0.5 kHz to 8 kHz.

In addition to the THD test, the intermodulation distortion (IMD) test
is also carried out. Another sine tone at 1.7 kHz is generated. It is mixed
with the sine sweep to provide the testing audio input. The amplitude ratio
between the sine tone and the sine sweep is 4:1. The IMD level is calculated
by the RMS amplitude of the audible intermodulation frequencies divided
by the RMS amplitude of the fundamental frequencies. The averaged IMD
levels are plotted in Fig. 3. In short, Fig. 3 reflects a scaled version of Fig.
2.
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Figure 3: Theoretical averaged IMD performance of a sine sweep from 0.5 kHz to 8 kHz

and a sine tone at 1.7 kHz.
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4.2. Ezxperiment Results

The experiment was carried out in a sound proof room (2.9 x 3.1 x 2.1 m?),
where a B&K Type 4191L microphone and an ultrasonic emitter supplied by
Mitsubishi Electronic Engineering Company were installed. The ultrasonic
carrier and testing audio inputs were prepared in the same way as those in
the simulation. The THD and IMD levels were measured at a distance of
300 cm from the ultrasonic emitter. Since the diameter of the ultrasonic
emitter was 18 cm, this distance barely ensured the far-field condition of the
measurement. The ultrasound level was limited at 110 dB for different mod-
ulation methods by (1) fixing the gain of the amplifier and (2) normalizing
the digital signal before sending it to the digital-to-analog converter. Fur-
thermore, the frequency response of the ultrasonic emitter was also measured
between 50 cm and 300 cm with an interval of 50 cm. In this case, the gain
of the amplifier was turned up to make the ultrasound level approaching 130
dB.

The measured frequency responses of the ultrasonic emitter are plotted
in Fig. 4(a). It is noted that with an exception of the frequency response
measured at 50 cm, the rest of measurement data are very similar in trend.
Because within the very near field of the ultrasonic emitter, the pressure
level may not decrease with the distance, we consider the frequency response
measured at 50 cm as an outlier. The rest of measurement data are used to
obtain an estimate of the frequency response of the ultrasonic emitter on its
surface by the extrapolation method. The estimated frequency response is
also plotted in Fig. 4(a). A finite impulse repose (FIR) filter with a memory

size of 500 tapes is designed to fit the estimated frequency response from 20

14
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Figure 4: Measured and modeled frequency responses of the ultrasonic emitter for test.

kHz to 60 kHz, as shown in Fig. 4(b). This digital filter is later used to
preprocess the modulated input before the model equations are applied in
the simulation.

The simulated and measured THD levels are plotted in Fig. 5. Fig. 5(b)
presents the closest results to Fig. 5(d), and Fig. 5(a) is in good agreement
with the measurement results as well. These observations demonstrate that
the Merklinger’s far-field solution is more accurate, while the Berktay’s far-
field solution remains to be a good model equation. Furthermore, Fig. 5(c)
provides a meaningful prediction when the Gol’dberg number is large. In this
case, the DSB modulation method outperforms the SRT modulation method,
while the performance of the MAM methods is not much affected.

The frequency response of the ultrasonic emitter exhibits a significant ef-
fect on the THD performance of modulation methods, based on the compari-
son between Figs. 2 and 5. Since the DSB modulation method is a relatively
simple modulation method, the measured THD performance is still propor-

tional to the modulation index. However, the measured THD performance of
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Figure 5: Simulated and measured averaged THD performance of a sine sweep from 0.5

kHz to 8 kHz.
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Figure 6: Simulated and measured averaged IMD performance of a sine sweep from 0.5

kHz to 8 kHz and a sine tone at 1.7 kHz.

the SRT modulation method possesses a quasi parabolic curve with respect
to the modulation index. This is explained by the fact that the SRT2 method
is the effective modulation method, due to the limited bandwidth of the ul-
trasonic emitter. For the same reason, the MAM methods result in notable
second and third order distortion. The MAM methods behave similarly to a
combination of the DSB and SRT modulation methods.

The simulated and measured IMD levels are plotted in Fig. 6. The

subplots in Fig. 6 are almost scaled versions of the subplots in Fig. 5, except

17



o o

hoA hoA

© ©

> >

5} [}

- -

[ [

5 5

7] 7]

(%] %]

< <

a a

§ g . —6— SRT []
%] %] MAM1

10 == = MAM2 ]
----- MAM3
0 L L L L L L L 0 L L L L L I I
1000 2000 3000 4000 5000 6000 7000 8000 1000 2000 3000 4000 5000 6000 7000 8000
Frequency (Hz) Frequency (Hz)
(a) Modulation Index m = 0.1 (b) Modulation Index m = 0.5

70

D
=]

g

= 50t J

[

>

3

s 400 1

2

8 3ot 1

2 —8— DsB

s 20¢ —6— SRT ||

b MAM1
10¢ - = = MAM2 |

----- MAM3

1000 2000 3000 4000 5000 6000 7000 8000
Frequency (Hz)
(c) Modulation Index m = 1.0

Figure 7: Measured frequency response from 0.5 kHz to 8 kHz.

for Fig. 6(c). Fig. 6 once again demonstrates that although the Merklinger’s
far-field solution is a more accurate model equation, the Berktay’s far-field
solution still provides good accuracy. The notable difference between Figs. 3
and 6 shows the effect of the ultrasonic emitter on the IMD performance of
modulation methods. In Fig. 6(c), the DSB modulation method becomes the
best modulation method, while the IMD performance of the SRT modulation
method turns out to be proportional to the modulation index. This predicts
the situation when the Gol’dberg number is so large that the ultrasound

exposure might be dangerous to the listener.

18



Last but not least, the measured frequency responses of different modu-
lation methods are plotted in Fig. 7 to validate the measured frequency re-
sponses of the ultrasonic emitter. The same methodology has been adopted
by the inventors of the PAL [1]. In Fig. 4, there are three ripples, which are
rarely observed in an ultrasonic emitter. The two peaks appearing at 37 kHz
and 42.5 kHz can cause high audible sound pressure levels at 2.5 kHz and 3
kHz, which are confirmed in Fig. 7. Since there is a trough at 40.5 kHz in
the frequency response of the ultrasonic emitter, the audible sound pressure
level of the PAL is expected to be boosted at the low frequency band. Con-
sequently, it is noted in Fig. 7 that the 12 dB per octave slope is improved
to 10 dB per octave from 1 kHz to 2.5 kHz. Another trough in the frequency
response of the ultrasonic emitter appears in between 45 kHz and 45.5 kHz.
Therefore, a trough at 5.5 kHz is always observed in Fig. 7 regardless of the
modulation method. In addition, the averaged audible sound pressure level
of the PAL is monotonically associated with the modulation index, provided

that the Gol’dberg number does not change.

5. Conclusions

This paper addresses a practical issue of the PAL on understanding dis-
crepancies between the theoretical and measured distortion performance.
Through theoretical derivations, simulations, and experiments, we have demon-
strated that it is feasible to predict the distortion performance of the PAL
by considering the frequency response of the ultrasonic emitter and using
the Berktay’s far-field solution. The Berktay’s far-field solution remains to

be a good model equation. But the Merlinger’s far-field solution has demon-
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strated better accuracy and ability to be applied in the situation when the

Gol’dberg number is relatively large.
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