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Abstract—As the next generation concepts gravitate towards
ultra-high frequency bands, such as the terahertz (THz) band
having abundant resources, approaching Tbps transmission rates
is becoming a reality. In this contact we may exploit the sparsity
of the THz channel, which substantially reduces the hardware
complexity, since a single RF chain is capable of designing a near-
optimal transmit beamformer in a single-carrier single-user THz
system. We then reveal the spatial orthogonality experienced in
the downlink of a single-carrier THz broadcast system supporting
multiple users. The minimum throughput of the users is max-
imized by specifically designing the hybrid beamformer. Based
on the above-mentioned angular orthogonality, we characterise
the asymptotically optimal structure of the hybrid beamformer.
Specifically, the asymptotically optimal analog beamformer is
represented in closed-form, while its asymptotically optimal dig-
ital counterpart is formulated by solving a linear-programming
problem. As a special example, the asymptotically optimal hybrid
beamformer is also obtained in closed-form for a THz multicast
system. Moreover, we obtain the closed-form asymptotically
optimal hybrid beamformer of a multi-carrier multi-user system,
when we maximize the minimum throughput among all the
user. Our numerical results explicitly demonstrate the compelling
benefits of our hybrid beamforming design.

Index Terms—Terahertz communication (THz), hybrid beam-
forming, channel sparsity, spatial orthogonality, low complexity

I. Introduction

The number of Internet of Things (IoT) devices is expected
to grow from about 7 billion in 2018 to 22 billion by 2025
[1], which may lead to a tele-traffic volume up to Tera-bits per
seconds in future wireless communications [2]. To support this
ultra-high data rate demand, the next generation systems may
be expected to harness the Terahertz (THz) band [3], [4] of
0.1-10 THz [5]–[7].

In order to overcome the severe path-loss experienced in
THz bands, high-gain multiple-input-multiple-output (MIMO)
techniques must be adopted. Thanks to the extremely short
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wavelength, ultra-massive antennas can be compactly imple-
mented at both the transmitters and receivers for attaining
the desired gains [6], [8], [9]. In contrast to the sub-6 GHz
band, full-digital transceivers cannot be implemented in the
THz bands due to the unaffordable hardware cost and energy
consumption [10]. Hence, hybrid beamforming using a limited
number of radio-frequency (RF) chains must be conceived
[11]–[13]. However, the optimization of their array weights
is challenging due to the non-convex constraints imposed on
the phase-shifters.

Numerous hybrid beamforming designs have been con-
ceived, especially for the millimeter-wave (mmWave) bands
[14]–[17]. As for the connection between RF chains and an-
tennas, both full-connection [18]–[20] and partial-connection
architectures have been considered [21], [22]. For the full-
connection structure, Zhu et al. [18] maximized the achiev-
able sum-rate by jointly optimizing the hybrid beamforming
weights and the power allocation, subject to a minimum
spectral efficiency constraint on every user. Pang et al. [23]
considered non-orthogonal multiple access in the downlink
of multi-user mmWave systems. In order to maximize the
signal-to-interference-plus-noise-ratio (SINR), both the power
allocation and the hybrid beamformer weights were jointly
designed. Zhan et al. [24] proposed an interference cancella-
tion aided hybrid beamformer for the downlink of a mmWave-
MIMO system supporting multiple-users. As for the partial-
connection based structure , Li et al. [21] investigated a
wideband mmWave MIMO-OFDM system. A dynamic partial-
connection structure, relying on a hybrid transmit beam-
former (TBF) and received combiner (RC) were jointly de-
signed by maximizing the average spectral efficiency. Feng
et al. [22] explored reconfigurable intelligent surface (RIS)
aided mmWave communication systems. They maximized the
bandwidth-efficiency by optimizing the hybrid TBF relying on
a partial-connection aided structure and a passive beamformer
constituted by the RIS.

Some recent contributions also conceived hybrid single-
carrier TBFs for the THz bands. [6], [19], [20], [25], [26],
[26], [27]. Specifically, Lin et al. [25] investigated a codebook-
based TBF for maximizing the sum-rate of multi-user mWave
and THz systems. Moreover, Lin et al. [20] investigated a
multi-user MIMO-THz system relying on multiple carriers.
They jointly designed both the antenna connection structure
and the corresponding hybrid TBF for the sake of maximizing
the spectral efficiency. Busari et al. [26] designed a hybrid
TBF for vehicular connectivity in the THz band. Furthermore,
Lin et al. [27] studied an indoor communication system and
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obtained an upper-bound of the ergodic capacity. Qiao et al.
[28] designed a secure RIS-assisted THz system by jointly
optimizing the TBF and the passive RIS-based beamformer to
maximize the secrecy rate, subject to specific transmit power
constraints and to phase-shifter resolution constraints. Wang et
al. [29] developed a donwlink beam training method for the
cascaded 2-hop transmitter-RIS-user channel in a THz system.
Finally, Gao et al. [6] eliminated the impact of beam split by
inventing a virtual partial-connection technique. Therefore, the
spectral efficiency was substantially improved.

The THz band provides abundant spectral resources. Some
authors focus on the multi-carrier TBF designs for the THz
bands [6], [19], [30], [31]. Due to the non-negligible molec-
ular absorption loss, THz channels have high distance and
frequency dependence [19]. Yuan et al. [19] designed a hybrid
TBF for multi-carrier MIMO-THz systems communicating
over frequency-selective fading channels. Yuan et al. [31] also
designed a TBF for a cluster-based multi-carrier beam division
multiple access scheme. Moreover, large bandwidth and large
number of antennas in THz results in the phenomenon of beam
split [6]. To solve this problem, Gao et al. [6] designed a true
time delay based TBF for multi-carrier systems to maximize
the achievable rate. Yan et al. [30] designed a dynamic-
subarray relying upon a fixed true time delay architecture in
multi-carrier THz system. They maximized the achievable rate
by optimizing the antenna structure, the TBF and the phase in
true time delay.

However, the existing hybrid beamforming designs con-
ceived for THz communication systems have the following
drawbacks:

• None of them exploits the spatial orthogonality of THz
channels in their beamformer design. Furthermore, there
is a paucity of treatises on the characterization of THz
communication.

• Typically, semi-definite-relaxation (SDR) and alternative
optimisation (AO) are adopted for the transmit beamform-
ing design of large-scale antenna array aided single carrier
communication systems, which constitute a fundamental
semi-definite-programming (SDP) framework. However,
this imposes an excessive computational complexity.

• In multi-carrier systems, typically a true time delay hybrid
beamforming architecture is employed for improving the
communication performance. However, this introduces
time delay and ignores the spatial orthogonality of THz
channels, which results in high hardware complexity.

Against this background, our novel contributions are boldly
and explicitly contrasted to the literature in TABLE I and are
summarized as followings:

• We investigate the downlink of a THz communication
system supporting a single user, while exploiting the
channel sparsity. A near-optimal THz TBF is designed
by only adjusting the phases of the transmit signals in
the analog domain with the aid of a single RF chain.
By contrast, in the mmWave band, the number of the RF
chains should be equal to that of the transmission paths in
order to approach the beamformer’s optimal performance.

• The spatial orthogonality is rigorously characterised in

the angular domain of THz bands, with special emphasis
on the downlink of THz single-carrier broadcast systems
supporting multiple users. We maximize the minimum
achievable rate among all the users by specifically design-
ing the hybrid TBF, subject to the particular power budget
and norm constrains of the phase-shifters. By exploiting
the angular orthogonality of the users, we characterise the
asymptotically optimal structure of the hybrid TBF. Fur-
thermore, the asymptotically optimal analog TBF is then
expressed in closed form, while the asymptotically opti-
mal digital TBF is found by solving a linear-programming
problem. The resultant computational complexity is far
lower than that of its SDP based counterpart. As a specific
example, the asymptotically optimal hybrid TBF of a THz
single-carrier multicast system is derived in closed form
by exploiting the angular orthogonality of the users for
maximizing the achievable multicast downlink rate.

• In the multi-carrier systems, we consider molecular ab-
sorption loss in THz channels and solve the beam split
problem in the digital domian of the hybrid TBF, which
performs better than the true-time-delay based TBF. We
propose a bisection aided search algorithm for the multi-
carrier multi-user system to obtain the asymptotically
optimal hybrid beamformer, when we maximize the mini-
mum throughput among all the user. We obtain the closed-
form asymptotically optimal analog TBF by extending
the angular orthogonality to a multi-carrier system in
THz. We obtain the closed-form asymptotically optimal
digital TBF having a fixed throughput, while the optimal
throughput is obtained by a one-dimensional bisection
based search.

The rest of the paper is organised as follows: After studying
the single user THz system in Section II, we characterise
the spatial orthogonality of the THz band and investigate our
multi-user system in Section III. Then we explore a multi-
carrier THz system in Section IV. Our numerical results are
presented in Section V, following our conclusions in Section
VI.

Notation: (·)H denotes conjugate transpose operations; E{·}
represents the statistical expectation; |a| and ||a|| are the mag-
nitude and norm of a scalar a and vector a; ||A|| denotes the
Frobenius norm of the matrix A; A(i, j) represents the specific
element in the i-th row and j-th column of A; diag(a) is the
vector a diagonalized to a diagonal matrix. Other notations are
listed in TABLE II for the sake of clarity.

II. Hybrid Beamforming Design in Single Carrier Single
User System

A. System Model

Our system consists of a pair of downlink transmitter and
receiver. The user is equipped with a single receive antenna
(RA), while the transmitter is equipped with a very large
number of Nt of transmit antennas (TAs). The transmitter sends
a modulated symbol s to the user, where s ∼ CN(0, 1) is a
random complex scalar. The transmit signal is then expressed
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TABLE I
Summary of literature survey on hybrid beamforming (H: high, ASY-O: asymptotically optimal, SC: single-carrier, MC: multi-carrier )

[24] [26] [25] [19] [20] [28] [32] [33] [6] [30] Proposed
THz Bands X X X X X X X X X

Hybrid Beamforming X X X X X X X X X X X
Exploring
Spatial Orthogonality X

Optimality ASY-O

Complexity O(KNt) H H O(|M|M2Nt
+|M|M3)

O(N3
t ) H H H H O(I|M|M2Nt)

SC: O(NtK + log2(1/ε)I0K2.5)
MC: O(NtK + I1I2 |M|

2)
Multi-carrier X X X X X
Considering
spectrum windows X X X X X X X

Considering
beam split X X X

TABLE II
List of notation

Notations Explanations
α The channel’s fading coefficient
β The channel’s path-loss coefficient
τ The channel’s time-delay
θ The departure azimuth angle
φ The departure elevation angle

at(θ, φ) The transmit response vectors
hk The channel gain from the transmitter to user k
Nt The number of transmit antennas
PT The maximum transmit power
Rk The achievable rate of user k

FRF The passband analog beamformer
FBB The baseband digital beamformer

PI,(i,k)
The interference of the i-th

information flow imposed on user k
Mk The set of sub-carriers allocated to user k

as x = fs, where f represents the transmit beamformer. The
signal received by the user is expressed as

y =
√

Pthfs + n, (1)

where the complex random scalar n ∼ CN(0, σ2) represents
the noise at the user and the Nt × 1 complex vector h hosts
the channel coefficients of the link directed at the user, where
Pt is the maximum transmit power.

B. Channel Model

The channel model is reformulated as

h = α[0]β[0]at(θ[0], φ[0]) +

L∑
i=1

α[i]β[i]at(θ[i], φ[i]), (2)

where the first term is the line of sight (LoS) component and
the second summation term is the non-LoS (NLoS) compo-
nent, as shown in Fig. 1. Specifically, α[0] and β[0] represent
the channel’s fading coefficient and the path-loss coefficient
of the LoS component, respectively. The NLoS component
has L different propagation paths, while α[i] and β[i] represent
the channel’s fading coefficient and the path-loss coefficient
of the i-th path. Moreover, {at(θ[i], φ[i]) ∈ CNt×1|i = 0, 1, · · · , L}
are the corresponding transmit response vectors, which are
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Fig. 1. A single user communication system with a hybrid beaforming
architecture.

determined by the structure of the TA arrays as well as the
azimuth angles θ[i] and the elevation angles φ[i], respectively.
When a uniform planar array W and H antennas on the y
and z axes is used in the yz-plane2, respectively, the channel
response vector at(θ[i], φ[i]) is expressed as

at(θ[i], φ[i]) =
1
√

Nt
[1, · · · , e j 2π

λ d(m sin(θ[i]) sin(φ[i])+n cos(φ[i])), · · · ,

e j 2π
λ d((W−1) sin(θ[i]) sin(φ[i])+(H−1) cos(φ[i]))], (3)

where λ is the wavelength and d is the distance between
two adjacent antennas. Furthermore, 0 ≤ m < W and 0 ≤ n <
H are the indices of an antenna elements in y- and z- axes,
respectively, while the size of the antenna array is Nt = WH.

C. Near-optimal Beamformer

It is widely exploited that the maximum-ratio TBF f∗ =

hH/||h|| is optimal. However, it requires a full-digital architec-
ture at the transmitter to achieve optimality, which is unafford-
able for large-scale antenna-arrays. Therefore, typically hybrid
TBFs are adopted in the mmWave and THz bands. We assume
that the transmitter is equipped with M RF chains, as shown
in Fig. 1. The baseband digital TBF fBB ∈ C

M×1 forwards the
modulated symbols s to M RF chains. Then the up converted
passband analog beamformer FRF ∈ C

Nt×M further up converts
and forwards the output of the M RF chains to the Nt antennas
for transmission. Every RF chain is connected to all the Nt

TAs via Nt analog phase-shifters, which results in a fully-
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connected topology between the RF chain and the TAs. Note
that the analog TBF is constituted by a number of analog
phase-shifters satisfying ||FRF(i, j)|| = 1,∀i,∀ j. In order to
construct the optimal TBF, we should let FRFfBB = f∗.

In the mmWave channel, the NLoS component is as im-
portant as the LoS component, as expressed in Eq. (2). The
optimal TBF is formulated as

fmmW =
hH

||h||
=

∑L
i=0 αiβiat(θ[i], φ[i])

||
∑L

i=0 αiβiat(θ[i], φ[i])||
. (4)

Again, for the of hybrid TBF, we have fmmW = FRFfBB.
Therefore, we have the following proposition.

Proposition 1: The optimal analog TBF FRF and the digital
TBF fBB of a mmWave channel are expressed as

FRF = [at(θ[0], φ[0]), at(θ[1], φ[1]), · · · , at(θ[L], φ[L])],
fBB = [α0β0, α1β1 · · · , αLβL]/||h||. (5)

Remark 1: To implement this hybrid TBF, the transmitter
has to simultaneously adjust the amplitude in the digital
domain and the phase in the analog domain. Moreover, observe
from Eq. (5) that in order to achieve optimality, the transmitter
needs M = (L + 1) RF chains for adjusting the amplitude of
the transmit signals in all the (L + 1) paths, while we also
need a full-connection topology between the RF chains and
the antennas. Specifically, the amplitude of the i-th RF chain
is set to αiβi/||h||, while its corresponding phase-adjustment in
the analog domain is set to at(θ[i], φ[i]). Since this hybrid TBF
uses as many RF chains as the number of channel paths to fully
utilize both the LoS and NLoS componets, Eq. (5) is also the
optimal THz TBF when NLoS components are considered.

By contrast, since the wavelength of THz signals is com-
parable to surface sizes, the surfaces are rough in THz bands.
Due to the reflection coefficient of NLoS components is related
to the Rayleigh roughness factor, the path-loss coefficient β0
of the LoS component is far lower than {β1, β2, · · · , βL} of all
the NLoS components in the THz bands [20]. Therefore, we
have the following proposition.

Proposition 2: The near-optimal THz TBF is reformulated
as

fT Hz =
hH

||h||
≈ at(θ[0], φ[0]). (6)

The corresponding analog TBF obeys fRF = at(θ[0], φ[0]) and
the digital TBF obeys fBB = 1, since fT Hz = fRF fBB.

Remark 2: Eq. (6) indicates that we only have to adjust the
phase of the transmit signals in the analog domain to construct
the near-optimal TBF fT Hz. Since we do not need any ampli-
tude adjustment, only a single RF chain M = 1 is required
for approaching optimality. By exploiting the THz channel’s
sparsity, the hardware complexity can be substantially reduced.

III. Hybrid Beamforming Design for Single Carrier
Multi-user Broadcast Systems

A. Multi-user System Model

As portrayed in Fig. 2, the system consists of a single
transmitter and K users. All the users are equipped with a
single RA, while the transmitter is equipped with a very large

number Nt of TAs. Moreover, K RF chains are used at the
transmitter, which satisfies 1 ≤ K ≤ Nt. The transmitter
sends a range of modulated symbols s = [s1, s2, · · · , sK] to
all the users, where sk ∼ CN(0, 1) is a random complex
scalar requested by the k-th user. As shown in Fig. 2, the
baseband digital TBF FBB ∈ C

K×K converts the K modulated
symbols to K RF chains. Then the passband analog TBF
FRF ∈ C

Nt×K forwards the output of the K RF chains to the
Nt TAs for transmission. A full-connection topology is used
between the RF chains and the TAs. Note that the analog TBF
is constituted by a number of analog phase-shifters satisfying
||FRF(i, j)|| = 1,∀i,∀ j. The transmit signal is then expressed as
x = FRFFBBs. The signal received by the k-th user is obtained
as

yk = hkFRFFBBs + nk,

= hkFRFFBB[k, :]sk︸               ︷︷               ︸
desired signal

+
∑
i,k

hkFRFFBB[i, :]si︸                   ︷︷                   ︸
interference

+nk, (7)

for ∀k = 1, 2, · · · ,K, where the random complex scalar
nk ∼ CN(0, σ2) represents the noise at the user and the Nt × 1
complex vector hk is the channel directed towards the k-th
user. Moreover, Pt is the maximum transmit power.

Based on the received signal of the k-th user expressed in
Eq.(7), the SINR of the k-th user is formulated as

γk =
||hkFRFFBB[:, k]||2

||
∑

i,k hkFRFFBB[:, i]||2 + σ2 . (8)

The achievable rate of the k-th user is expressed as

Rk = log2(1 + γk). (9)

B. Angular Orthogonality of the Users

If the system has K > 1 users, angular orthogonality may
be arranged between any pair of users.

Lemma 1: Given an infinite number of TAs, the channel’s
response vectors hk and hk′ having different departure azimuth
angles satisfy the following equalities:{

limNt→∞ at(θ
[0]
k , φ[0]

k )at(θ
[0]
k , φ[0]

k )H = 1,
limNt→∞ at(θ

[0]
k , φ[0]

k )at(θ
[0]
k′ , φ

[0]
k′ )H = 0,

(10)

where θk (φk) and θk′ (φk′ ) are the departure azimuth (elevation)
angles in the LoS component in hk and hk′ , respectively.

Proof: Please refer to Appendix A.

Theorem 1: Angular orthogonality in THz bands. Let hk

and hk′ represent the channel spanning from the transmitter to
two users, respectively. When we have an infinite number of
TAs, these two channels are orthogonal to each other, which
is expressed as

lim
Nt→∞

hkhk′

Nt
= 0. (11)

Proof: The channels hk and hk′ from the transmitter to
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Fig. 2. A downlink communication system in THz bands with a hybrid beamforming architecture.

two users are expressed as

hk = α[0]
k β[0]

k at(θ
[0]
k , φ[0]

k ) +

L∑
i=1

α[i]
k β

[i]
k at(θ

[i]
k , φ

[0]
k ), (12)

hk′ = α[0]
k′ β

[0]
k′ at(θ

[0]
k′ , φ

[0]
k′ ) +

L∑
i=1

α[i]
k′ β

[i]
k′ at(θ

[i]
k′ , φ

[0]
k′ ),

respectively. According to Lemma 1, we have

lim
Nt→∞

hkhH
k′

Nt
=
{α[0]

k β[0]
k at(θ

[0]
k , φ[0]

k ) +
∑L

i=1 α
[i]
k β

[i]
k at(θ

[i]
k , φ

[i]
k )}

Nt

× {α[0]
k′ β

[0]
k′ at(θ

[0]
k′ , φ

[0]
k′ ) +

L∑
j=1

α
[ j]
k′ β

[ j]
k′ at(θ

[ j]
k′ , φ

[ j]
k′ )}H

=
α[0]

k β[0]
k (α[0]

k′ β
[0]
k′ )Hat(θ

[0]
k , φ[0]

k )at(θ
[0]
k′ , φ

[0]
k′ )H

Nt

+

∑L
i=1 α

[i]
k β

[i]
k (α[0]

k′ β
[0]
k′ )Hat(θ

[i]
k , φ

[i]
k )at(θ

[0]
k′ , φ

[0]
k′ )H

Nt

+

∑L
j=1 α

[0]
k β[0]

k (α[ j]
k′ β

[ j]
k′ )Hat(θ

[0]
k , φ[0]

k )at(θ
[ j]
k′ , φ

[ j]
k′ )H

Nt

+

∑L
i=1

∑L
j=1 α

[i]
k β

[i]
k (α[ j]

k′ β
[ j]
k′ )Hat(θ

[i]
k , φ

[i]
k )at(θ

[ j]
k′ , φ

[ j]
k′ )H

Nt

=0. (13)

The proof is completed.
Remark 3: Theorem 1 is different from the well-known

orthogonality found in massive MIMO systems [34]. The
orthogonality in [34] is caused by the rich scattering in
the physical environment. It is exploited by random matrix
theory and based on the statistical properties of Rayleigh
channels. Our proposed theorem relies on the angular domain.
The orthogonality is caused by the narrow range of beams
associated with large number of antennas.

We investigate the angular orthogonality in Fig 3. We set
all the departure elevation angle φ fixed as π/2 and analyze
with changing azimuth angle θ. We set the angle of departure
(AoD) of the channel response vector towards one user to π/2,
while we generate another channel response vector towards a
different user with an AoD ranging from 0 to π. The number
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Fig. 3. Angular orthogonality in THz channel.

of TAs is set to Nt = 128, while every user is equipped with
a single RA. The number of paths in Eq. (2) is set to 3 [20].
The path-loss of the NLoS component is 20 dB higher than
that of the LoS component in Eq. (2) [20]. Observe from
Fig. 3 that we obtain the maximum inner product of the two
channel response vectors when the AoDs of these channels are
the same. When the transmit AoD tracks the LoS path, the
maximum spatial gain is obtained. Furthermore, there only
exists a single peak in THz when we change the transmit
AoD, since the spatial gain mainly comes from the LoS path,
which also confirms the spatial sparsity. By contrast, observe
from Fig. 3 that there exist multiple inner-product peaks in the
mmWave band, since the NLoS paths cannot be ignored.

Remark 4: We assume that the THz channel contains a
strong LoS path [20]. In Theorem 1, we prove the angular
orthogonality of THz bands, in which the NLoS components
are also considered. In Fig 3 we investigate both the angular
orthogonality and the impact of the NLoS and LoS paths.
Observe from both the mathematical proof and the simulation
results, that statistically the NLoS components have little
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impact on the spatial gain. Thus we may simplify the THz
TBF design by exploiting Theorem 1.

C. Problem Formulation

In order to ensure fairness among all the users, we aim
for maximizing the minimum per-user achievable rate of the
multi-user system by jointly optimising the digital TBF FBB

and the analog TBF FRF . The corresponding optimisation
problem is formulated as

(P1): max
FBB,FRF

min
1≤k≤K

Rk, (14)

s. t. ||FBBFRF ||
2 = 1, (14a)

||FRF[i, j]||2 = Pt,∀i, j, (14b)

where Eq. (14a) represents the transmit power constraint of
hybrid TBF, while Pt is the maximum transmit power. Eq.
(14b) indicates that the analog TBF FRF cannot change the
amplitudes for the signals.

Proposition 3: The asymptotically optimal analog TBF is
F∗RF = [at(θ

[0]
1 , φ[0]

1 )H , at(θ
[0]
2 , φ[0]

2 )H , · · · , at(θ
[0]
K , φ[0]

K )H], where
at(θ

[0]
k , φ[0]

k ) is the channel response vector in the LoS path
directed towards the k-th user and θ[0]

k (φ[0]
k ) is the departure

azimuth (elevation) angle in this path.
Proof 1: Please refer to Appendix B.
According to Proposition 3, the asymptotically optimal

analog TBF F∗RF only depends on the departure azimuth angle
{θ[0]

1 , θ[0]
2 , · · · , θ[0]

K } and elevation angle {φ[0]
1 , φ[0]

2 , · · · , φ[0]
K }. We

do not need full channel state information (CSI) for designing
the analog TBF. Furthermore, based on the asymptotically
optimal analog TBF F∗RF , we have the following proposition
for deriving the asymptotically digital TBF F∗BB.

Proposition 4: Given the asymptotically optimal analog TBF
F∗RF , the corresponding asymptotically optimal digital TBF
F∗BB is represented by a diagonal matrix.

Proof: Please refer to Appendix C.
By considering both Propositions 3 and 4, the SINR γk of

the k-th user is expressed as

lim
Nt→∞

γk =
Pt ||hkFRFFBB[:, k]||2

Pt
∑

i,k ||hkFRFFBB[:, i]||2 + σ2 (15)

=
PtNt ||α

[0]
k β[0]

k hkat(θ
[0]
k )HFBB[k, k]||2

Pt
∑

i,k ||α
[0]
k β[0]

k hkat(θ
[0]
i )HFBB[i, i]||2 + σ2

(15a)

=
PtNt ||α

[0]
k β[0]

k FBB[k, k]||2∑
i,k PI,(i,k)||FBB[i, i]||2 + σ2 , (15b)

where we define the interference of the i-th infor-
mation flow imposed on the k-th user as PI,(i,k) =

||α[0]
k β[0]

k csc(mπ(sin(θ[0]
k ) sin(φ[0]

k ) − sin(θ[0]
k′ ) sin(φ[0]

k′ )) +

nπ(cos(φ[0]
k )−cos(φ[0]

k′ )))||2. Eq. (15a) is obtained by substituting
the asymptotically optimal analog TBF F∗RF of Proposition
3 and the diagonal structure of the digital TBF F∗BB of
Proposition 4 into Eq. (15), while Eq. (15b) is obtained by
exploiting the angular orthogonality of Theorem 1 and Lemma
1 in Eq. (15a)

Moreover, the asymptotically optimal digital TBF F∗BB has
the following property.

Proposition 5: Given the asymptotically optimal analog TBF
F∗RF in Proposition 3 and the diagonal structure of the digital
TBF F∗BB in Proposition 4, the asymptotically optimal solution
of F∗BB is obtained by guaranteeing that all the users have the
same SINR.

Proof: Please refer to Appendix D.
Based on Propositions 3 - 5, the asymptotically optimal

digital TBF F∗BB is obtained by the following equationγk = γk′ , ∀k, k′ ∈ {1, 2, · · · ,K}
||F∗BBF∗RF ||

2 = Pt.
(16)

Let us set the SINR of all the users equal to a constant as
{γk = γ0|∀k ∈ {1, 2, · · · ,K}}.

According to Proposition 4, the asymptotically optimal
digital TBF F∗BB should have the following form

F∗BB = diag(F∗BB[1, 1], · · ·F∗BB[K,K]). (17)

By introducing the auxiliary variable z ∈ RK×1, we have z[i] =

FBB[i, i]FBB[i, i]H ≥ 0. Then, Eq. (15) is reformulated as

PtNt ||α
[0]
k β[0]

k ||
2z[k] −

∑
i,k

Ptγ0PI,(i,k)z[i] = σ2γ0. (18)

According to Eq. (18), Eq. (16) is further expressed as
Az = b∑K

i=1 z(i) = Pt/||FRF ||
2,

z[i] ≥ 0,∀i = 1, 2, · · · ,K,
(19)

where we have b = [σ2γ0, σ
2γ0, · · · , σ

2γ0] and the matrix A
is expressed as

A =

Pt


Nt ||α

[0]
1 β[0]

1 ||
2 γ0PI,(2,1) · · · γ0PI,(K,1)

γ0PI,(1,2) Nt ||α
[0]
2 β[0]

2 ||
2 · · · γ0PI,(2,K)

...
...

. . .
...

γ0PI,(1,K) γ0PI,(2,K) · · · Nt ||α
[0]
K β[0]

K ||
2

 . (20)

Given a specific γ0, Eq. (19) represents a linear-
programming problem, which can be solved by a standard
convex optimisation toolbox. Furthermore, a one-dimensional
search is relied upon for obtaining the maximum γ0, which is
detailed in Algorithm 1.

Then, we analyze the complexity of our proposed Algorithm
1. Its main complexity lies in solving Eq. (19), which is a
linear programing problem having K variables. Let I0 denote
the number of times a one-dimensional search has to be carried
out. For a given accuracy tolerance ε, the computational com-
plexity of obtaining FBB is on the order of O(log2(1/ε)I0K2.5)
according to [35]. Then the complexity of obtaining the analog
TBF FRF is O(NtK) according to Proposition 1. Thus, the
overall complexity of Algorithm 1 is O(NtK+log2(1/ε)I0K2.5).

Our hybrid TBF F∗RF and F∗BB is obtained in closed form
at an extremely low complexity, which can be readily imple-
mented in practice. The structure of our hybrid TBF indicates
that we can increase the rate of the k-th user by simply
improving the power of the corresponding RF chain, which
only imposes limited interference on other users.
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Algorithm 1 The Hybrid Beamforming Design in THz bands
Input: The channels {hi|i = 1, 2, · · · ,K};
Output: The SINR γ0, the hybrid TBF FRF and FBB;

1: Initialise the upper bound γu, lower bound γl and γm
2: Obtain the analog TBF FRF according to Proposition 1;
3: while (δ > ε) do
4: Update γm ← (γu + γl)/2;
5: Obtain FBB by solving Eq. (19);
6: if LP is feasible then
7: Update γl = γm;
8: else
9: Update γu = γm;

10: end if
11: Calculate δ = γu − γl;
12: end while
13: Return {FRF ,FBB}

Remark 5: The increasing request and popularity of on-
demand video and broadcast-like applications for smartphones
has promoted an intensive area of research and standardization
activities, under the terminology of LTE and 5G New Radio
with multimedia broadcast/multicast service [36]. Recently,
mainly due to the use of multiple antennas and the related
signal-processing methods, physical-layer multicasting has
been widely studied for implementing multicast communi-
cation at the physical layer of the network [37]. When we
consider the multicast downlink, a transmitter sends the same
signal and there is only a single information flow since a
common message is delivered to a group of users. Then, we do
not have any interference term in Eq. (8). We still maximize
the minimum achievable rate of users. By adopting a similar
optimal architecture and the asymptotically optimal condition,
the hybrid TBF is derived in closed form as

F∗RF = [at(θ
[0]
1 , φ[0]

1 )H , at(θ
[0]
2 , φ[0]

2 )H , · · · , at(θ
[0]
K , φ[0]

K )H],

F∗BB[k, k] =

√
Pt

(α[0]
k β[0]

k )2

√(∑K
i=1

1
(α[0]

i β[0]
i )2

) ,
∀k ∈ {1, 2, · · · ,K}. (21)

IV. Hybrid Beamforming Design inMulti-carrierMulti-user
System

A. System Model

The system consists of a single transmitter and K users,
while it has M sub-carriers. All the users are equipped with a
single RA, while the transmitter is equipped with a very large
number Nt of TAs. Moreover, NRF RF chains are used at the
transmitter, which satisfies 1 ≤ K ≤ Nt. The transmitter sends
modulated symbols sm at the m-th sub-carrier to the k-th user,
where sm ∼ CN(0, 1) is a complex random scalar.

The baseband digital TBF fBB,m ∈ CK×1 converts the
modulated symbols to K RF chains at the m-th sub-carrier.
Then the passband analog TBF FRF ∈ C

Nt×K forwards the
output of the K RF chains to the Nt TAs for transmission. A
full-connection topology is used between the RF chains and
the TAs. Note that the analog TBF is constituted by a number
of analog phase-shifters satisfying ||FRF(i, j)|| = 1,∀i,∀ j. The
transmit signal at the m-th sub-carrier is then expressed as

xm = FRFfBB,msm. The signal received by the k-th user at the
m-th sub-carrier is obtained as

yk[m] = hk,mFRFfBB,msm + nk, (22)

for ∀k = 1, 2, · · · ,K, where the complex random scalar nk,m

represents the Gaussian noise at the user. The Nt × 1 complex
vector hk,m is the channel directed towards the k-th user at the
m-th sub-carrier.

Based on the received signal of the k-th user at the m-th
sub-carrier expressed in Eq.(7), the SNR of the k-th user at
the m-th sub-carrier is formulated as

γk,m =
||hk,mFRFfBB,m[:, k]||2

σ2
m

. (23)

upon denoting the set of sub-carriers allocated to the k-th user
byMk = {mk1 ,mk2 , · · · ,mk j }, the symbol sk for the k-th user is
modulated to |Mk | subcarriers, i.e., |Mk | subcarriers serve the
k-th user and every subcarrier passes through K RF chains.
Then the achievable rate of the k-th user is expressed as

Rk =
∑
i∈Mk

log2(1 + γk,i). (24)

B. Channel Model

The channel model at the m-th sub-carrier is reformulated
as

h(m) =α[0]e j2πτm,0 fmβ[0]at(θ[0], φ[0],m)

+

L∑
i=1

α[i]β[i]e j2πτm,i fm at(θ[i], φ[i],m), (25)

where the first term is the LoS component and the second
summation term is the NLoS component, as shown in Fig. 1.
Specifically, α[0], β[0] and τm,0 represent the channel’s fading
coefficient, the path-loss coefficient and time-delay of the
LoS component, respectively. The NLoS component has L
different propagation paths, while α[i], β[i] and τm,i represent
the channel’s fading coefficient, the path-loss coefficient and
the time-delay of the i-th path. The path-loss includes both the
spreading loss and molecular absorption loss, which is given
by [19]

|β|2 = Lspr( f , d)Labs( f , d) = (
c

4π f d
)2e−kabs( f )d. (26)

Moreover, the channel response vector at(θ[i], φ[i],m) is ex-
pressed as

at(θ[i], φ[0],m)

=
1
√

Nt

[
1, · · · , e j 2π fm

c d((W−1) sin(θ[i]) sin(φ[i])+(H−1) cos(φ[i]))
]
, (27)

where fm is the center frequency of the m-th sub-carrier.
When we generate the analog beamformer

1
√

Nt

[
1, · · · , e j 2π fc

c d((W−1) sin(θ[i]) sin(φ[i])+(H−1) cos(φ[i]))
]

, there exists
a phase offset e j2π( fc− f m) between the analog beamformer
and the channel response vector, which is related to the
carrier frequency. Therefore, the beams will point to different
physical directions surrounding the target physical direction
at different subcarriers [38]. This effect is termed as beam
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split in THz communication. Furthermore, the multi-path
transmission results in a time-delay between any two paths,
which leads to a phase offset between the different paths at
the same sub-carrier.

Remark 6: As revealed in [38], the phase offset of multi-
carrier systems can be eliminated either by the true-time-delay,
or by the RF chain. When we consider a THz channel which
contains a strong LoS path, we only have to focus on the LoS
time-delay at every carrier. Therefore, we can eliminate the
phase offset in the digital domain by realizing the phase shift
e j[2π fmτ+2π( fc− f m)] at every carrier. Therefore, we solve the beam
split problem in the digital domain of the hybrid TBF.

C. Problem Formulation and Algorithm

We assume that every user is allocated M/K sub-carriers.
We aim for maximizing the minimum rate of the multi-user
system by jointly optimising the digital TBF fBB,1, · · · , fBB,M

and the analog TBF FRF , which is formulated as

(P2): max
fBB,1,··· ,fBB,M ,FRF

min
1≤k≤K

Rk, (28)

s. t.
M∑

m=1

||fBB,mFRF ||
2 = Pt, (28a)

||FRF[i, j]||2 = 1,∀i, j. (28b)

(P2) is equivalent to the following problem:

(P3): max
fBB,1,··· ,fBB,M ,FRF

R0, (29)

s. t. Rk ≥ R0 (29a)
M∑

m=1

||fBB,mFRF ||
2 = Pt, (29b)

||FRF[i, j]||2 = 1,∀i, j. (29c)

Proposition 6: The asymptotically optimal analog TBF is
F∗RF = [at(θ

[0]
1 , φ[0]

1 )H , at(θ
[0]
2 , φ[0]

2 )H , · · · , at(θ
[0]
K , φ[0]

K )H], where
at(θ

[0]
k , φ[0]

k ) is the channel response vector in the LoS path
directed towards the k-th user and θ[0]

k (φ[0]
k ) is the departure

azimuth (elevation) angle in this path.
Proof 2: In the multi-carrier system, we still adjust the

analog beamformer to target every user. By adopted the
channel sparsity and orthogonality, we only need to focus on
the LoS path. The proof is similar to the Appendix B.

Proposition 7: Given the asymptotically optimal analog TBF
F∗RF , only the i-th element in the m-th sub-carrier allocated to
the i-th user’s asymptotically optimal digital TBF f∗BB,m is non-
zero.

Proof 3: Note that the i-th column of the optimal analog
TBF F∗RF is targeted at the i-th user. When the m-th sub-carrier
is allocated to the i-th user, only the i-th element in the m-th
sub-carrier allocated to the i-th user’s asymptotically optimal
digital TBF f∗BB,m is non-zero. Otherwise, the transmitted beam
is directed to other direction, which has no contribution to the
i-th user. The proof is similar to that in Appendix C.

Proposition 8: Given the asymptotically optimal analog TBF
F∗RF in Proposition 6 and the structure of the digital TBF
{fBB,1, · · · , fBB,M} in Proposition 7, the asymptotically optimal

solution of {fBB,1, · · · , fBB,M} is obtained when all the users
have the same rate.

Proof 4: Assume that the optimal solution is expressed as
{fBB,1, · · · , fBB,M ,FRF}, while the objective function is R0 and
the rate of the k-th Rk is higher than R0. Let the auxiliary
functions Rk(fBB,m|m ∈ Mk) represent the rate of the k-th user,
whereMk is the sub-carrier set allocated to the k-th user. There
exists a number ρ ∈ [0, 1] satisfying Rk(ρfBB,m|m ∈ Mk) = R0,
due to the positive correlation between the transmit power and
the rate. Then we can always find a solution having a higher
objective function value, which is expressed as

f′BB,m = fBB,m + a, ∀m < {mk, · · · ,mk+i}

f′BB,m = ρfBB,m + a, ∀m ∈ {mk, · · · ,mk+i},

FRF = FRF

(30)

where a satisfies
∑M

m=1 ||f′BB,mFRF ||
2 = 1. Note that the achiev-

able rate of all the users are larger than R0, which results in
a conflict. The proof is complete.

According to Proposition 6-8, we can solve (P3) by the
following way: Given any R0, we find the minimum transmit
power for every user to satisfy R0. If the sum-power of all
the users is higher than Pt, we may reduce R0; Otherwise, we
increase R0. Based on the bisection search, we can obtain the
optimal R∗. The details are summarized in Algorithm 2.

Assume that the total power allocated to the k-th user is
Pk. Then maximum rate of the user is obtained by solving the
following problem

(P4): max
{fBB,i |i∈Mi},FRF

R0, (31)

s. t.
∑

m∈Mi

||fBB,mFRF ||
2 = Pk, (31a)

||FRF[i, j]||2 = 1,∀i, j. (31b)

The optimal solution is expressed as

fBB,m =

e jθm
√

1/µ − N0/λ2, 1/µ − N0/λ
2 ≥ 0

0, else
(32)

where θm = 2π fmτ + 2π( fc − f m) and 1/µ satisfies∑M
m=1 ||fBB,mFRF ||

2 = Pt.
Then, we analyze the complexity of Algorithm 2. Its main

complexity lies in solving (P4) by the water-filling method. Let
I1 and I2 denote the number of times a one-dimensional search
for Rm and Pi,m is carried out, respectively. The complexity
of obtaining fBB is O(I1I2|M|

2) according to [39]. Then the
complexity of obtaining the analog TBF FRF is O(NtK)
according to Proposition 1. Thus, the overall complexity of
the Algorithm is O(NtK + I1I2|M|

2).

V. Numerical Results

The number of TAs is set to Nt = 128 = 16×8, while every
user is equipped with a single RA. The number of paths in Eq.
(2) is set to 3 [20]. The path-loss of the NLoS component is 20
dB higher than that of the LoS component in Eq. (2) [20]. The
noise power is set to σ2 = −75 dBm, while the transmit power
is set to Pt = 30 dBm. In the downlink broadcast system, we
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Algorithm 2 The Multi-carrier Hybrid Beamforming Design
in THz bands
Input: The channels {hi|i = 1, 2, · · · ,K}; Initialized R0; The error

ε;
Output: The hybrid TBF {fBB,1, · · · , fBB,M ,FRF};

1: Initialise the upper bound Ru, lower bound Rl and Rm
2: Obtain the analog TBF FRF according to Proposition 1;
3: while (δ1 > ε) do
4: Update Rm ← (Ru + Rl)/2;
5: while (δ2 > ε) do
6: for i = 1 : K do
7: Initialise the upper bound Pi,u, lower bound Pi,l and Pi,m.
8: Update Pi,m ← (Pi,u + Pi,l)/2;
9: Obtain {fBB,1, · · · , fBB,M , } by solving Eq. (19);

10: if Ri > R0 then
11: Update Pi,l = Pi,m;
12: else
13: Update Pi,u = Pi,m;
14: end if
15: Calculate δ2 = Pi,u − Pi,l;
16: end for
17: end while
18: if

∑M
m=1 ||fBB,mFRF ||

2 > Pt then
19: Update Rl = Rm;
20: else
21: Update Ru = Rm;
22: end if
23: Calculate δ1 = Ru − Rl;
24: end while
25: Return {fBB,1, · · · , fBB,M ,FRF}
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Fig. 4. Achievable rate of a single user in THz bands.

set the carrier frequency as 151 GHz and the distance from the
transmitter to all the users as 5 m, the pass-loss is caculated
according to Eq. (26). The maximum length of the plane is
D = 16 × λ

2 = 8λ. Thus the radius of the near-field zone is
2D2

λ
= 128λ, which is much lower than the distance from the

users to the transmitter. Therefore, all the users in our systems
are located in the far-field. Again, the rate per-user is defined
as the minimum one among all the users.

A. Single-Carrier Single-User System in THz Bands

In Fig. 4, we first characterise the achievable rate of a single
user in the THz band. The optimal TBF is the maximum-
ratio TBF as mentioned in Section II, while the legend 1-
RF represents our proposed single-RF hybrid TBF. Observe
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Fig. 5. Achievable rate of a single user in mmWave bands.

from Fig. 4 that our proposed hybrid TBF performs similarly
to its optimal counterpart, because the path-loss of the LoS
component is far lower than that of the NLoS components. We
only have to focus the beam on the LoS components to achieve
near-optimal performance. The numerical results confirm our
Proposition 2.

In Fig. 5, we also characterise the rate of a single user
in the mmWave band. The mmWave channel is denoted as
“mmWave", while the number of NLoS paths is also set to L =

3. Observe from Fig. 5 that the rate increases, as the transmitter
has more RF chains. When the transmitter has 4 RF chains,
it achieves the same rate as the optimal TBF. This is because
the transmitter having 4 RF chains is capable of extracting
the full channel gain from 4 paths, which also confirms our
Proposition 1 in Section II.

B. Single-Carrier Multi-User System in THz Bands
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Fig. 6. Achievable rate vs number of iterations.

Let us now investigate the convergence of our proposed
algorithm. The number of users is set to 3. Both the upper-
bound and the lower-bound of the rate are introduced in Algo-
rithm 1. Observe from Fig. 6 that in every iteration, the upper
bound reduces, while the lower bound increases. Furthermore,
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Fig. 7. Achievable rate vs transmit power.

our algorithm converges after 10 iterations. Moreover, we
evaluate the impact of the transmit power on the rate in Fig.
7. The optimal full-digital TBF is denoted as “FD", while
our proposed hybrid TBF, our proposed analog TBF and the
orthogonal matching pursuit hybrid TBF [40] are denoted as
“ASY-HF", “AF" and “OMP-HF", respectively. The optimal
full-digital TBF is optimized by semi-definite programming
(SDP), while the “OMP-HF" relies on this full-digital TBF. As
expected, the rate increases as we increase the transmit power.
When the transmit power is 20 dBm, the rate of “ASY-HF"
is 3.94 bps/Hz. Furthermore, the rate of “ASY-HF" is close to
that of the full-digital TBF, while it is 0.91 bps/Hz higher than
that of “OMP-HF”. The rate of “ASY-HF" is also 0.71 bps/Hz
higher than that of “AF". That is because the digital TBF relies
on power allocation to achieve improved performance.

Let us now investigate the impact of the number of TAs on
the rate in Fig. 8(a). The number of the users is set to 3, where
the rate increases with the number of TAs due to the increased
TBF gain. Specifically, the rate of our proposed "ASY-HF"
increases by 1.15 bps/Hz as we increase the number of TAs
from 128 to 256. We also observe that the rate gap between the
"ASY-HF" and the "FD" solution is lower, when the number of
TAs increases form 128 to 256, because the angular separation
becomes more pronounced for more TAs. We also investigate
the computing time of different algorithms in Fig. 8(b). The
computer is equipped with an AMD Ryzen-5-3600 central
processing unit (CPU) and 16 GByte random access memory
(RAM). Observe from Fig. 8(b) that the computing time of
"OMP-HF" is 29.5 times higher than that of our proposed
"ASY-HF".

Next we investigate the impact of the path-loss ratio be-
tween the LoS component and the NLoS component on the
rate in Fig. 9. The path-loss ratio is defined by β[0]∑L

i=1 β
[i] . As

shown in Fig. 9, the rate increases, when the path-loss ratio
increases from 0 dB to 15 dB. This is because our "ASY-
HF" design only considers the LoS component of the channel,
while ignoring the NLoS components. When the path-loss ratio
is low, the NLoS components become as important as the
LoS components, while the lack of sufficient consideration for
NLoS components degrades the performance of our design.
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Fig. 9. Achievable rate vs the path-loss ratio between the LoS component
and NLoS component.

As the path-loss ratio becomes higher, the LoS component
becomes dominant. Our proposed TBF is asymptotically opti-
mal according to Proposition 3, 4 and 5. Therefore, estimating
the LoS component is sufficient for our design to achieve
asymptotically optimal rate. As the path-loss ratio continues
to increase, our joint design asymptotically approaches the
optimal rate of 6.59 bps/Hz for 3 users. We also observe that
the rate degrades, when we have more users. For example,
it reduces by 2.91 bps/Hz, when we increase the number of
users from 1 to 3. This is because the total transmit power is
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shared by more users, which results in the reduction of the
signal power of a single user. Furthermore, having more users
results in increasing the interference.

C. Multi-Carrier single-User System in THz Bands
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Fig. 10. Achievable rate in a multi-carrier system.

In multi-carrier system, the frequency range is set to 273-
400 GHz, the bandwidth of each sub-carrier is 1 GHz, while
the number of sub-carriers is set to 128. The molecular
absorption coefficients are generated according to [41]. The
noise power is set to -75 dBm [19]. The optimal full-digital
TBF is denoted as “FD", which is the upper bound of the
achievable rate. Our proposed hybrid TBF can be simplified
to single-user situation by solving (P4) with the classic water-
filling method. The true-time-delay based TBF [38] is denoted
as “TTD-DDP", which uses time delay devices to solve the
beam split problem. We investigate the impact of the transmit
power on the achievable rate in Fig. 10. Observe from Fig. 10
that our hybrid beamformer performance is much better than
the TTD-DDP and achieves almost the same rate as the upper
bound. This is because the TTD-DDP has hardware limits of
the time delay devices, while we treat the beam split in the
digital domain.

D. Multi-Carrier Multi-User System in THz Bands

We investigate the impact of the transmit power on the
rate in Fig. 11. The number of users is set to 4. Observe
from Fig. 11 that our hybrid beamformer achieves almost the
same rate as its full-digital counterpart. This is because we can
eliminate the phase offset in the digital domain, which avoids
the performance loss. This also confirms our theory detailed
in Section IV.

VI. Conclusions

By exploiting the sparsity of THz channels, we demon-
strated that a single RF chain is sufficient to ensure a near-
optimal TBF design in single-carrier single-user systems,
since we only have to adjust the phases of the transmit
signals in the analog domain. Furthermore, we revealed the
angular orthogonality of users, which substantially reduces
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Fig. 11. Achievable rate in a multi-carrier system.

the complexity of obtaining an asymptotically optimal TBF
design in single-carrier multi-user systems, and approaches
the achievable rate of its SDP based full-digital counterpart.
However, the computing time of the SDP based full-digital
TBF is 29.5 times higher than that of our proposed hybrid
TBF. Moreover, we derived the closed-form TBF design of
multi-carrier multi-user systems by exploiting the angular
orthogonality, ultimately resulting in the same performance
as its full-digital counterpart.

Appendix A
Proof of Lemma 1

Since at(θ
[0]
k , φ[0]

k )at(θ
[0]
k , φ[0]

k )H = Nt, we have

lim
Nt→∞

at(θ
[0]
k , φ[0]

k )at(θ
[0]
k , φ[0]

k )H

Nt
=

Nt

Nt
= 1. (33)

Furthermore, the fraction of at(θ
[0]
k , φ[0]

k )at(θ
[0]
k′ , φ

[0]
k′ )H/Nt can

be derived in Eq.(33).
Since the channel’s response vectors hk and hk′ have dif-

ferent departure azimuth angles, we have θ[0]
k , θ[0]

k′ and
φ[0]

k , φ[0]
k′ . Therefore, the term csc(mπ(sin(θ[0]

k ) sin(φ[0]
k ) −

sin(θ[0]
k′ ) sin(φ[0]

k′ )) + nπ(cos(φ[0]
k ) − cos(φ[0]

k′ ))) has a finite
value. When the number of TAs tends to infinity, we have
limNt→∞ at(θ

[0]
k , φ[0]

k )at(θ
[0]
k′ , φ

[0]
k′ )H/Nt = 0.

Appendix B
Proof of Proposition 1

According to Lemma 1, {at(θ
[0]
1 , φ[0]

1 ), at(θ
[0]
2 , φ[0]

2 ), · · · ,
at(θ

[0]
K , φ[0]

K )} are asymptotically orthogonal to one another.
We expand these K vectors to a group of orthogonal bases
in a Nt-dimensional space, which is expressed as At =

{at(θ
[0]
1 , φ[0]

1 ), at(θ
[0]
2 , φ[0]

2 ), · · · , at(θ
[0]
K , φ[0]

K ), at(θK+1, φK+1), · · · ,
at(θNt , φNt )}. Therefore, the analog TBF FRF is a linear com-
bination of these bases, which is expressed as

FH
RF = BAt, (35)
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at(θ
[0]
k , φ[0]

k )at(θ
[0]
k′ , φ

[0]
k′ )H

Nt

=
1
Nt

W−1∑
m=0

H−1∑
n=0

{[cos(mπ sin(θ[0]
k ) sin(φ[0]

k ) + nπ cos(φ[0]
k )) + i sin(mπ sin(θ[0]

k ) sin(φ[0]
k ) + nπ cos(φ[0]

k ))]

× [cos(mπ sin(θ[0]
k′ ) sin(φ[0]

k′ ) + nπ cos(φ[0]
k′ )) + i sin(mπ sin(θ[0]

k′ ) sin(φ[0]
k′ ) + nπ cos(φ[0]

k′ ))]H}

=
1
Nt

W−1∑
m=0

H−1∑
n=0

{cos(mπ sin(θ[0]
k ) sin(φ[0]

k ) + nπ cos(φ[0]
k )) cos(mπ sin(θ[0]

k′ ) sin(φ[0]
k′ ) + nπ cos(φ[0]

k′ ))

+ sin(mπ sin(θ[0]
k ) sin(φ[0]

k ) + nπ cos(φ[0]
k )) sin(mπ sin(θ[0]

k′ ) sin(φ[0]
k′ ) + nπ cos(φ[0]

k′ ))

− i cos(mπ sin(θ[0]
k ) sin(φ[0]

k ) + nπ cos(φ[0]
k )) sin(mπ sin(θ[0]

k′ ) sin(φ[0]
k′ ) + nπ cos(φ[0]

k′ ))

+ isin(mπ sin(θ[0]
k ) sin(φ[0]

k ) + nπ cos(φ[0]
k )) cos(mπ sin(θ[0]

k′ ) sin(φ[0]
k′ ) + nπ cos(φ[0]

k′ ))}

=
1
Nt

W−1∑
m=0

H−1∑
n=0

{cos(mπ(sin(θ[0]
k ) sin(φ[0]

k ) − sin(θ[0]
k′ ) sin(φ[0]

k′ )) + nπ(cos(φ[0]
k ) − cos(φ[0]

k′ )))

+ i sin(mπ(sin(θ[0]
k ) sin(φ[0]

k ) − sin(θ[0]
k′ ) sin(φ[0]

k′ )) + nπ(cos(φ[0]
k ) − cos(φ[0]

k′ )))}

=
1
Nt

(1 + i) csc(mπ(sin(θ[0]
k ) sin(φ[0]

k ) − sin(θ[0]
k′ ) sin(φ[0]

k′ )) + nπ(cos(φ[0]
k ) − cos(φ[0]

k′ ))). (34)

where B ∈ CK×N contains all the array weights. Therefore, the
i-th row of FRF is expressed as

FRF[i, :]H =

K∑
j=1

B[i, j]at(θ
[0]
j , φ

[0]
j ) +

Nt∑
n=K+1

B[i, n]at(θ[0]
n , φ[0]

n ).

(36)
The second summation term

∑Nt
n=K+1 B[i, n]at(θn, φ

[0]
n ) has no

contribution to any user due to the angular orthogonality,
according to Lemma 1. Then we have B[i, n] = 0, ∀n ∈
[K + 1, · · · ,Nt]. Eq. (36) is then reformulated as FRF[i, :]H =∑K

j=1 B[i, j]at(θ
[0]
j , φ

[0]
j ). Note that the analog TBF is realised

by adjusting the phase-shifters. Therefore, the norm of the
element at the i-th row and l-th column in FRF should satisfy
the following equality:

||FRF[i, l]||2 = ||

K∑
j=1

B[i, j]at(θ
[0]
l , φ[0]

l )[ j]||2 = 1, ∀i, l, (37)

where we have ||at(θ
[0]
l , φ[0]

l )[ j]|| = 1 according to Eq. (1).
Unfortunately, it is difficult to obtain the weight matrix B
from Eq. (37) due to its non-linearity. However, by considering
||at(θ

[0]
l , φ[0]

l )[ j]|| = 1, we can obtain a general solution to the
weight matrix B, which is expressed asB[i, j] = 1 i = j, j = 1, 2, · · · ,K.

B[i, j] = 0 else.
(38)

As a result, the asymptotically optimal analog TBF is FRF =

[at(θ
[0]
1 , φ[0]

1 ), at(θ
[0]
2 , φ[0]

2 ), · · · , at(θ
[0]
K , φ[0]

K )].

Appendix C
Proof of Proposition 3

According to the received signal yk of Eq. (7), the SINR of
the k-th user is formulated as

γk =

Pt ||hkFRFFBB[:, k]||2

Nt

Pt ||
∑

i,k hkFRFFBB[:, i]||2

Nt
+
σ2

Nt

, (39)

where hk = α[0]
k β[0]

k at(θ
[0]
k , φ[0]

k ) +
∑L

i=1 α
[i]
k β

[i]
k at(θ

[i]
k , φ

[i]
k ) is

the channel response vector of the k-th user. When we
adopt the asymptotically optimal analog TBF FRF =

[at(θ
[0]
1 , φ[0]

1 ), at(θ
[0]
2 , φ[0]

2 ), · · · , at(θ
[0]
K , φ[0]

K )] of Proposition 1,
we have

lim
Nt→∞

hkFRF

Nt

= lim
Nt→∞

hk[at(θ
[0]
1 , φ[0]

1 ), · · · , at(θ
[0]
k , φ[0]

k ), · · · , at(θ
[0]
K , φ[0]

K )]
Nt

= lim
Nt→∞

[α[0]
k β[0]

k at(θ
[0]
k , φ[0]

k ) +
∑L

i=1 α
[i]
k β

[i]
k at(θ

[i]
k , φ

[i]
k )]T

Nt

× [at(θ
[0]
1 , φ[0]

1 ), at(θ
[0]
2 , φ[0]

2 ), · · · , at(θ
[0]
K , φ[0]

K )]

=[0, 0, · · · , α[0]
k β[0]

k , · · · , 0]. (40)

By substituting Eq. (40) into Eq. (39), the asymptotic SINR
of the k-th user is expressed as

lim
Nt→∞

γk =
PtNt ||α

[0]
k β[0]

k hkat(θ
[0]
k , φ[0]

k )HFBB[k, k]||2

Pt ||
∑

i,k hkFRFFBB[:, i]||2 + σ2 . (41)

Observe from Eq. (41) that FBB[k, k] is in the numerator, which
contributes to the desired signal of the k-th user. {FBB[k, i]|∀i ,
k} has no contributions to the k-th user, but it may increase
the interference imposed on other users.

In order to maximize the SINR of the k-th user, we should
simultaneously strengthen the desired signal and suppress the
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interference. To this end, FBB can be expressed asFBB[i, j] , 0 i = j,
FBB[i, j] = 0 ∀i , j.

(42)

As a result, FBB has non-zero elements in its diagonal.

Appendix D
Proof of Proposition 4

Without loss of generality, we let the i-th user have the
lowest SINR, while letting the k-th user have the highest SINR.
Then, we have

γi < γ j,∀ j , i, j ∈ {1, 2, · · · ,K}. (43)

According to Eq. (15b), the asymptotical SINR of the i-th user
is a function of FBB[i, i] and FBB[k, k], which can be expressed
as

γi(FBB[i, i],FBB[k, k]) = (44)

PtNt ||α
[0]
i β[0]

i FBB[i, i]||2∑
j,i,k PI,( j,i)||FBB[ j, j]||2 + PI,(k,i)||FBB[k, k]||2 + σ2 .

In order to obtain a higher fair SINR for the entire system,
we may reduce the highest SINR of the k-th user and allocate
higher power to the i-th user. In this way, we obtain a new
solution achieving a higher fair SINR by following the process
formulated below:

F′RF = FRF (45)
F′BB[ j, j] = FBB[ j, j],∀ j , i, k

γi(F′BB[i, i],F′BB[k, k]) = γk(F′BB[i, i],F′BB[k, k]).

By solving Eq. (45), we can obtain a new solution, whose
minimum SINR γ′ = min{γ′1, γ

′
2, · · · , γ

′
K} is higher than that

of the original one.
If there still exists a user, whose SINR is lower than that of

the others in this new solution, we can repeat the above process
to obtain a better solution. Finally, the solution converges to
a situation that all the users have the same SINR.
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