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Abstract—The Volterra filter is a favorable approach to repre-
sent a variety of nonlinear systems, including the parametric ar-
ray loudspeaker (PAL), which is a weak nonlinear acoustic system
to create directional sounds. Using the Volterra filter to model the
sound process of the PAL saves the computational cost of solving
the nonlinear acoustic equation. In the past studies, the Volterra
filter is identified from the audio input to the audio output of the
PAL, which is known as the audio-to-audio Volterra filter (A2VF).
In this paper, the ultrasound-to-ultrasound Volterra filter (U2VF)
is recommended. The experiment results validate that the U2VF
outperforms the A2VF, in terms of the robustness to the change
of the modulation index in the PAL.

Index Terms—parametric array loudspeaker; modulation in-
dex; total harmonic distortion; Volterra filter; nonlinear system
identification

I. INTRODUCTION

When two finite amplitude waves at close frequencies are
transmitted in an extremely narrow beam, the difference of the
two frequencies is cumulatively generated in an equally narrow
beam. This nonlinear acoustic phenomenon was named as the
parametric acoustic array and first discovered by Westervelt in
the 1960s [1]. A widely studied application of the parametric
acoustic array in air is the parametric array loudspeaker (PAL),
which provides an efficient directional sound device that can
be readily utilized in various applications of sound field control
[2]–[4].

The sound process of the PAL is accurately described by the
second order nonlinear acoustic equation. However, the second
order nonlinear acoustic equation has only numerical solutions
at high computational costs. A simplification to the second
order nonlinear acoustic equation is provided by the Berktay’s
far-field solution [5]. It has been accepted as the fundamental
acoustic model of most preprocessing methods of the PAL.
Based on the Berktay’s far-field solution, the sound pressure
level of the PAL is proportional to the second derivative of
the squared envelope function.

Conversely, the sound process of the PAL can be considered
as the nonlinear distortion of the modulated ultrasonic carrier.
Thus, harmonics of the desired audible wave are by-produced
unavoidably. They are contributed to the unsatisfactory sound
quality of the PAL. There have been a variety of preprocessing
methods developed to reduce the harmonic distortion [6]–[9].
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Fig. 1. Block diagrams of the parametric array loudspeaker and two types of
Volterra filter identifications [16].

However, these preprocessing methods encounter difficulties
when the applied environment does not fulfill the assumptions
of the Berktay’s far-field solution [10]. Hence, a preprocessing
method able to adapt to the applied environment is desired.

To develop such an adaptive preprocessing method, the use
of the Volterra filter to represent the sound process of the
PAL can be traced back to 2002 [11]. It is noted in the past
studies that the Volterra filter is always identified between the
audio input and the audio output of the PAL [11]–[15]. This is
thus referred to as the audio-to-audio Volterra filter (A2VF). It
is similar to the linearization of the conventional loudspeaker.
However, the A2VF does not take into account of the structure
of the PAL. Therefore, the effectiveness of the A2VF is likely
to be limited by the modulation method and modulation index.

Using the modulated signal of the PAL as the identification
input, the ultrasound-to-ultrasound (U2VF) Volterra filter has
recently been proposed [16]. Block diagrams of the A2VF and
U2VF are shown in Fig. 1, together with the block diagram of
the PAL. The U2VF includes no nonlinearity resultant from the
modulator, where the preprocessing method is implemented.
Therefore, an inverse system of the U2VF is expected to lead
to the true linearization of the PAL, although such an inverse
system is not readily available at this stage.

II. PARAMETRIC ARRAY LOUDSPEAKER

In the PAL, the audio input is modulated on an ultrasonic
carrier. The modulated ultrasonic carrier is transmitted from
the ultrasonic emitter at a sufficient pressure level to create
the parametric acoustic array in air. The difference of the
sideband and carrier frequencies in the modulated ultrasonic
carrier wave provides a moderately distorted waveform of the



(a) Double sideband (DSB) modulation method

(b) Square root (SRT) modulation method

Fig. 2. Block diagrams of the (a) DSB and (b) SRT modulation methods [9].

Fig. 3. Frequency response of the ultrasonic emitter.

audio input. This nonlinear acoustic process is also known as
the self-demodulation effect [5]. Because the self-demodulated
beam is as narrow as the beam of the ultrasonic carrier, the
PAL is advantageous in creating a narrower sound beam when
compared to other sound devices of the equivalent size.

A. Berktay’s far-field solution

Although the Berktays far-field solution is a simple nonlin-
ear acoustic equation, it is still the most widely applied model
for designing the preprocessing method of the PAL. Based on
the Berktays far-field solution, the self-demodulated pressure
level of the PAL is given as
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where z is the distance between the ultrasonic emitter and the
observation point; β0 is the nonlinear coefficient of air; P0 is
the pressure level of the ultrasonic carrier wave; S is the size
of the ultrasonic emitter; ρ0 is the density of air; c0 is the
speed of sound in air; α0 is the absorption coefficient at the
carrier frequency; and E (t) is the envelope function, which
is provided by the preprocessed audio input. It is important to
note that in Berktay’s original derivation, the envelope function
is assumed to have an unit amplitude [5].

B. Preprocessing methods

The disadvantage of the double sideband (DSB) modulation
method has been elaborated in [6]. The envelope function of
the DSB modulation method is given by
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where m is the modulation index; and x (t) is the normalized
audio input. Substituting (2) into (1) yields the conclusion that
the self-demodulated pressure level and harmonic distortion of
the DSB modulation method are both proportional to m.

To address the disadvantage of the DSB modulation method,
the square root (SRT) modulation method has been proposed
by Kamakura et al. to equalize the squared envelope function
in the Berktay’s far-field solution [7]. The envelope function
of the SRT modulation method is given by
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Due to the square root operation, the SRT modulation method
necessitate the ultrasonic emitter to possess an infinite band-
width, which is not available off-the-shelf.

C. Ultrasonic emitter

It has been long recognized however often neglected that the
frequency response of the ultrasonic emitter influences the ac-
tual performance of the preprocessing method. This is partially
because that there is no particular parameter in the Berktay’s
far-field solution accounting for the frequency response of the
ultrasonic emitter. One of the feasible simulation approach is
to adopt a digital filter to approximate the frequency response
of the ultrasonic emitter. The measured frequency response of
the ultrasonic emitter and the frequency response of the finite
impulse response (FIR) filter used in the simulation are plotted
in Fig. 3 as an example.

The total harmonic distortion (THD) is defined as

THD(f) =

√
A2 (2f) +A2 (3f) + . . .

A2 (f)
, (4)

where f denotes the fundamental frequency and A (nf) gives
the amplitude of the frequency nf when n ∈ N.

The total harmonic distortion (THD) curves using the DSB
and SRT modulation methods are plotted in Figs. 4 and 5,
respectively. The modulation index is set to 1.0. The simulation
results with and without the FIR filter are apparently different.
The simulation results without the FIR filter demonstrate the
THD performance in theory, but the simulation results with the
FIR filter agree with the measurement results. The importance
of considering the frequency response of the ultrasonic emitter
in the PAL is therefore confirmed.

III. VOLTERRA FILTER IDENTIFICATION

The Volterra filter is a popular signal processing approach to
model a nonlinear system. In order to reduce the computational
complexity, the Volterra filter is usually truncated at the second



Fig. 4. THD performance of the DSB modulation method.

Fig. 5. THD performance of the SRT modulation method.

order when it is used to model the sound process of the PAL.
The Volterra filter truncated at the second order is written as

y (n) = H1 [x (n)] +H2 [x (n)] , (5)

where x (n) and y (n) are the input and output of the nonlinear
system; H1 and H2 are the first and second order Volterra
operators, i.e.

H1 [x (n)] =
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i=0
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and
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respectively. In (6) and (7), N is the memory length; h1 and
h2 are the first and second order Volterra kernel coefficients.

In the adaptive Volterra filter identification, both the input
and output of the nonlinear system are acquired continuously

and stored in the vector form. Hence, (5) can be rewritten in
a linear model as

y (n) = XTH, (8)

where

X = [x, x (n) · x, x (n− 1) · x, . . . , x (n−N + 1) · x]T (9)

and

H =[h1, h2 (0, 0) , h2 (0, 1) , . . . , h2 (0, N − 1) , h2 (1, 0) ,

h2 (1, 0) , . . . , h2 (1, N − 1) , . . . , h2 (N − 1, 0) ,

h2 (N − 1, 1) , . . . , h2 (N − 1, N − 1)]T .
(10)

Based on (8), the normalized least mean squares (NLMS)
and sparse NLMS algorithms can be carried out to iteratively
find the optimized solution of H . The update equations of the
NLMS and sparse NLMS algorithms are given by
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respectively. In (11) and (12), α denotes the step size and β is
the shrinking threshold. The coefficients below the shrinking
threshold will shrink to 0 to create the sparsity [16].

IV. EXPERIMENT RESULTS

The experiment has taken place in a sound proof room(
2.9× 3.1× 2.1 m3

)
, where the microphone (B&K 4191L)

is placed 3.0 m away from the ultrasonic emitter (Mitsubishi
Electronic Engineering Company). The sampling frequency is
set to 192 kHz. The carrier frequency is set to 40 kHz. The
DSB modulation method is implemented with two modulation
indexes of 1.0 and 0.5. A low-passed white noise and a sine
sweep are generated for the A2VF identification and THD
measurement of the PAL, respectively. The cut-off frequency
of the white noise is 16 kHz. The sine sweep ranges from 1
kHz to 8 kHz. A band-passed white noise is generated for the
U2VF identification, of which the cut-off frequencies are 24
kHz and 56 kHz. A postprocessing low-pass filter is applied
to all the recorded signals except for the U2VF identification.
The cut-off frequency of this low-pass filter is 18 kHz, in
order to suppress high order harmonics that are inaudible and
beyond our interest.

Firstly, the sparse NLMS algorithm identifies the first order
Volterra kernel with a memory length of 3000 taps. This is to
figure out the acoustic delay from the PAL to the microphone.
Secondly, the recorded signal is shifted by this acoustic delay
in order to shorten the memory length of the Volterra filter to
500 taps. Lastly, the identified A2VF and U2VF are adopted
to evaluate the THD performance of the PAL. Since the white
noises used for the A2VF and U2VF identifications have
unit amplitudes, the sine sweep used for evaluating the THD
performance has an unit amplitude too.



Fig. 6. THD performance of the DSB modulation method using the modu-
lation index of m = 1.0.

The evaluation results of the A2VF and U2VF are plotted
in Figs. 6 and 7, when the modulation index is chosen as
1.0 and 0.5, respectively. The measured THD curves are also
provided for comparison. Figures 6 and 7 demonstrate that the
U2VF is more robust than the A2VF, as the A2VF is unable to
reflect the change of the modulation index. Nevertheless, the
A2VF exhibits good accuracies when the modulation index is
unchanged from the A2VF identification.

It is further attempted to scale the sine sweep according to
the modulation index. For example, when the A2VF identified
for the modulation index of 0.5 is used to evaluate the PAL
using the modulation index of 1.0, the audio input is doubled.
Similarly, when the A2VF identified for the modulation index
of 1.0 is used to evaluate the PAL using the modulation index
of 0.5, the audio input is scaled down by half. By scaling the
sine sweep, the evaluation results of the A2VF can match the
measurement results when the modulation index is different
from the A2VF identification. This is mostly because that the
DSB modulation method is linear. In the end, scaling the audio
input is not recommended, as it leads to the wrong prediction
of the amplitude of the audio output meanwhile.

V. CONCLUSIONS

The robustness of the U2VF to the change of the modulation
method has been validated previously [16]. In this paper, the
U2VF is examined under the change of the modulation index
and compared with the A2VF for evaluating the THD perfor-
mance of the PAL adopting the DSB modulation method. It is
found that since the DSB modulation method is linear, scaling
the audio input improves the accuracy of using the A2VF when
the modulation index is changed. Still, the U2VF demonstrates
the robustness to the modulation index, owing to the fact that it
is independent from the modulator and preprocessing method
of the PAL.
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