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Contrail emission is the greatest non-CO2 contribution to global climate change from aviation. 

This study provides a consistent methodology for comparing the contrail propensity of alternative 

propulsion technologies, applicable to more-electric gas turbine systems, fuel cell systems with and 

without external cooling, and piston engines. The method accounts for distributed propulsion and 

boundary layer ingestion, and for alternative fuels such as liquid hydrogen. The Schmidt-Appleman 

theory for contrail formation is applied rigorously without invoking the perfect gas approximation. 

It is found that conventional use of the perfect gas approximation, neglect of fuel mass, and neglect 

of the latent heat of liquid fuels results in significant errors that are easily avoided with the new 

method. The analysis confirms that several propulsion developments intended to reduce CO2 

emission promote contrail formation: use of hydrogen fuel, introduction of efficient fuel cell power 

systems (especially low-temperature fuel cell technologies), and generation and distribution of 

electrical power all tend to increase condensation. Boundary layer ingestion however has the opposite 

effect, increasing the ceiling for contrail formation by several hundred meters in the present analysis, 

potentially providing a practical means to reduce climate impact by decreasing both fuel 

consumption and contrail formation. 
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Nomenclature 

A = Area [m2] 

a,b,c,d= Stoichiometric coefficients 

FN,eff = Effective net thrust [N] 

f = Gravimetric fuel-air ratio 

G = Contrail parameter, dpH2O/dT [Pa.K-1] 

Hmin = Contrail ceiling [m] 

h = Specific enthalpy [J.kg-1] 

p = Pressure [Pa] 

Qf = Lower calorific value [J.kg-1] 

q = Specific heat flux output [J.kg-1] 

T = Temperature [K] 

V = Velocity [m.s-1] 

w = Molar mass [kg.kmol-1] 

wx = Specific shaft or electrical work output [J.kg-1] 

wb = Specific electrical work output from batteries [J.kg-1] 

X = Mole fraction 

Y = Mass fraction 

x,y,z  = Molar ratios 

α = Power export parameter 

β = Heat rejection parameter 

γi = Inflow velocity parameter 

γj = Jet velocity parameter 

δ = Battery power output parameter 

ε = Ratio of molar mass of water and dry air 

ηx = Mechanical or electrical efficiency 

ηf = Fuel efficiency 

ηp = Propeller efficiency 

ηtr = Transfer efficiency 

ϕ = Equivalence ratio 



ρ = Density 

ξ = Exhaust mixture fraction 

ψ = Relative humidity 

 

Subscripts 

a  = Property of air 

f  = Property of the fuel 

i  = Property of the inflow 

j  = Property of the exhaust 

l  = Property of liquid phase 

s  = Property of solid phase 

∞  = Property of ambient fluid 

mix = Property on the mixing curve 

st  = Stoichiometric 

Superscripts 

 

*  = Saturation property 

⦵  = Reference conditions (298.15 K, 1 bar) 

I. Introduction 

ondensation trails [1] or contrails [2] arise when humid aircraft exhaust mixes with cold ambient air. Contrails may 

disperse into persistent cirrus cloud that shift the radiative balance of the atmosphere, resulting in net global warming [3]. 

The magnitude of the contrail cirrus heating effect is uncertain but potentially is greater than the current global warming 

contribution of all aeronautical carbon dioxide emissions to date [3]. Aeronautical contributions to global climate change in 

the form of carbon dioxide emissions may be reduced by transition to low net CO2 fuels, including hydrogen and sustainable 

aviation fuels, but oxidation of these fuels still produces water vapor with the potential for contrail cirrus formation. As 

aviation decarbonizes, contrail cirrus is set to become the most significant climate issue for aerospace. 

Contrails form only under specific atmospheric conditions, and only contrails containing ice crystals are persistent and 

climatically relevant. Understanding and prediction of conditions where persistent contrails might form is needed to inform 

operational [4, 5, 6] and technical [7, 8] measures to reduce contrail emission. Analysis of the thermodynamic conditions 

under which contrails form by Schmidt [9] and Appleman [2] led to formulation of simple criteria that have been applied 

usefully to assess contrail propensity of conventional piston- and gas turbine-engined aircraft (e.g. see Ref. [10]). 

C 



As the aircraft exhaust mixes with ambient fluid, its thermodynamic state follows a mixing curve. A necessary condition 

for contrail formation, referred to as the Schmidt-Appleman criterion, is for the mixing curve to pass through water-

supersaturated conditions permitting condensation of liquid water droplets. For the contrail to persist, it is then necessary for 

the condensate to freeze. 

For temperatures below the freezing point of water, it is generally assumed that condensation starts to form supercooled 

water droplets initially, not ice crystals, due to the rarity of ice nuclei [11, 12] as summarized by Schumann [10]. If the water 

droplets are sufficiently sub-cooled they may freeze to form ice particles. A temperature colder than the homogeneous freezing 

temperature (234 K) is typically required for small water droplets to freeze spontaneously [13], with the freezing temperature 

modified slightly by the presence of solutes [14]. Since sub-cooled droplets condense only at ice-supersaturated conditions 

(see Fig. 1), ice particles then persist until they experience conditions unsaturated with respect to ice [15].  

The radiative forcing contributed by the contrail cirrus depends on the size and morphology distributions of the ice particles, 

both of which are affected initially by the availability of condensation nuclei [16]. Soot and ultrafine volatile particles emitted 

from hydrocarbon combustion engines serve as very effective and plentiful condensation nuclei so that, for conditions meeting 

the Schmidt-Appleman criterion that are sufficiently cold for condensate to freeze (<234 K), the number of ice particles 

formed tends to approach the number of particles emitted [14], [17]. For hydrogen-fuelled aircraft, in the absence of soot and 

ultrafine volatile aerosol emissions, liquid droplets may still nucleate on ambient aerosol particles [11], however the lower 

activation of the ambient nuclei leads the number of ice crystals formed to depend on the extent of sub-cooling [16] and the 

degree of sub-cooling depends on the shape of the mixing curve. For turbojet and turbofan engines, the mixing curve has been 

modeled previously as a straight line in H2O partial pressure–temperature space with gradient, or contrail factor, given by 

(see e.g. Refs. [10, 18] 

 

𝐺 =
𝑑𝑝𝐻2𝑂

𝑑𝑇
=

𝑐𝑝𝑝𝑎𝑡𝑚

𝜖

𝐸𝐼𝐻2𝑂

(1 − 𝜂𝑜)𝑄𝑓  
. 

(1)  

 

The possibility of contrail formation is then assessed by extension of the mixing line, with gradient 𝐺, from the ambient 

conditions, as illustrated in Fig. 1. The contrail factor accounts for the effect of atmospheric conditions (pressure 𝑝𝑎𝑡𝑚), fuel 

type (lower calorific value 𝑄𝑓 and emission index of water for each unit mass of fuel, 𝐸𝐼𝐻2𝑂), and overall efficiency of the 

propulsion system 𝜂𝑜. Schumann demonstrates that the overall efficiency (ratio of propulsive work to calorific contribution 

of fuel) is the correct efficiency metric to use in the contrail criterion to properly account for the effect of jet kinetic energy 

[10]. 𝜖 = 0.622 is the ratio of the molar masses of water and dry air, and 𝑐𝑝 is a representative isobaric specific heat capacity 



(e.g. for cold air). The contrail factor given by Eq. (1) is formulated for the case where all of the energy derived from burning 

the fuel is contained within the exhaust plume (as it is for most conventional gas turbine-powered aircraft). Appleman [2] 

notes that analysis requires modification to account for water-cooled piston engines where radiators dissipate heat outside of 

the humid exhaust stream; similar modifications are also needed to account for externally-cooled low-temperature fuel cells. 

The modelling should also account for any water ingested from the atmosphere [19]. 

The threshold for onset of contrail formation corresponds to a critical mixing curve that glances the water saturation curve, 

as illustrated in Fig. 1. The highest ambient temperature at which condensation can occur is at the point where the critical 

mixing curve is tangential to the water saturation curve. This saturation temperature is referred to in the literature variously 

as 𝑇𝑐𝑟𝑖𝑡 or 𝑇𝑚𝑎𝑥  [18]. Significant quantities of exhaust condensation only occur at lower ambient temperatures that provide a 

degree of sub-cooling relative to the critical mixing curve. The criterion 𝑇∞ < 𝑇𝑚𝑎𝑥  therefore determines where it becomes 

relevant to consider contrail formation, and further analysis is then required to assess the quantity, persistence and likely 

radiative forcing of the condensate over its lifetime. A lower reference temperature 𝑇𝑚𝑖𝑛 shown in Fig. 1 is also commonly 

reported, defined as the temperature above which condensation is not possible in dry air [10]. 

 

 

Fig. 1 Mixing curve (solid black line) in a dry atmosphere at temperature 𝑻𝒎𝒊𝒏. Ice saturation curve (dashed grey 

line) and liquid water saturation curve (solid grey). 

Strictly, due to conservation of energy, mass and momentum during mixing, and the variation of thermodynamic 

properties with composition and temperature, the mixing curve is not a straight line through H2O partial pressure-temperature 

space. Errors due to the common straight-line approximation have not been assessed previously to the author’s knowledge, 

although it has been argued that the non-linear contribution of momentum mixing tends to be small for turbofan engines [10]. 

The type of propulsion system and the type of fuel used affect the trajectory of the mixing curve, and contrail criteria need 

to account for these factors. For example, Gierens showed that replacing kerosene-fuelled turbofan engines with hydrogen 

fuel cells substantially increases the propensity to form contrails on account of the higher water emissions index of hydrogen 



fuel and also the higher efficiency of the fuel cell, which reduces the exhaust temperature [18]. While hydrogen fuel cells are 

likely to generate a relatively large quantity of condensate, it is argued that any contrails that form are likely to have little 

climate impact due to hydrogen fuel cell aircraft being envisaged for relatively low and warm altitudes, and the absence of 

soot emissions allowing for fewer larger droplets that settle relatively quickly.  

Gierens’ analysis applies to uncooled fuel cells, which yield exhaust temperatures around 500-1000°C. These high 

operating temperatures are feasible for Solid Oxide type fuel cells [20] but not for Proton Exchange Membrane (PEM) fuel 

cells that are limited currently to less than 100°C, or prospectively up to 200°C in so-called high-temperature PEM fuel cells 

[21]. The exhaust temperature typically is close to the fuel cell operating temperature, and external cooling of PEM fuel cells 

resultsi in disproportionately cold and humid exhaust that is prone to generating condensation. The previous analysis requires 

further development in order to account for the substantial cooling and reduced exhaust temperature of PEM systems. 

A wide range of propulsion architectures are currently under evaluation for future aircraft, in addition to fuel cells, and 

there remains a need for systematic analysis of their impact on contrail formation. It is necessary to consider piston engines, 

gas turbines and all types of fuel cells, as well as the impact of battery electric storage [22]. It is necessary also to assess the 

impact of a move towards distributed propulsion [23], towards ‘more electric aircraft’ [24], and effects of using boundary 

layer ingestion to improve propulsive performance (e.g. see Ref. [25]).  

This study develops a generalized model for the exhaust properties from a wide range of future propulsion systems and 

fuels. The effects of different propulsion architectures on contrail formation are then illustrated by evaluating the Schmidt-

Appleman criterion rigorously, enforcing conservation of mass and energy, and accounting for the variation of 

thermodynamic properties with composition and temperature.  

II. Formulation 

The potential for contrail formation is assessed by generalized modeling of the humidity and enthalpy of the exhaust for 

alternative propulsion systems (subsection A), calculating the mixing curve describing the thermodynamic states arising 

during mixing of the exhaust with the atmosphere (subsection B), and comparing the mixing curve and the liquid water and 

ice-saturation curves (subsection C). For comparison with previous work, a generalized perfect gas model is also developed 

(subsection D).  

A. Generalized exhaust model 

Assessment of contrail formation relies on a model for the humidity and stagnation enthalpy of the exhaust flow. A 

propulsion system may issue several separate propulsive streams. For example, a turbofan engine issues a hot/humid core 

flow surrounded by a cold/dry bypass flow. If the separate streams mix within a short distance from the aircraft, as is the case 



for a turbofan engine, the separate streams are commonly considered as one combined stream for the purposes of contrail 

assessment. The same combined approach is commonly adopted when assessing the propeller wash and engine exhaust of 

piston-engined propeller-driven aircraft, provided that the engine exhaust and any cooling air flows are discharged within and 

mixed into the propeller wash [2]. However, the same approach is not appropriate for a range of propulsion architectures now 

under consideration, especially for turboelectric and fuel-cell aircraft, where the power unit and the electric propulsors are 

not necessarily co-located. Instead, it is necessary to model the humidity and enthalpy of each of the aircraft’s exhaust streams 

that remain separate. Here we propose a model for the composition and enthalpy of an individual exhaust stream, applicable 

to all sorts of exhaust streams within a propulsion systems, as illustrated in Fig. 2. 

 

Fig. 2 Schematic of the generalized propulsion unit, with inflow velocity 𝑽𝐢𝐧, outflow velocity 𝑽𝒋, specific heat output 

𝒒, specific power output 𝒘𝒙. 

The model assumes steady-state flight at speed 𝑉∞.  The power unit ingests air with velocity 𝑉𝑖𝑛, which may differ from 

the flight speed due to installation effects, for example due to boundary layer ingestion. In this work the inlet air velocity is 

related to the flight velocity using an inlet velocity parameter, 

 

𝛾𝑖 =
𝑉𝑖𝑛

𝑉∞

. 
(2)  

 

The gravimetric fuel-air-ratio is 𝑓 and the lower calorific value of the fuel is 𝑄𝑓. For each unit mass of air flow, the 

chemical energy of the fuel 𝑓𝑄𝑓 is converted to potential work [26] with fuel efficiency 𝜂𝑓. A fraction 𝛼 of the potential work 

is converted with mechanical/electrical efficiency 𝜂𝑥 into shaft work and/or electrical power 𝑤𝑥 that is exported from the 

propulsion unit, 

 

𝑤𝑥 = 𝛼𝜂𝑥𝜂𝑓𝑓𝑄𝑓 . (3)  

 



It has been assumed here that any heat dissipated in mechanical or electrical energy conversion is absorbed into the humid 

exhaust stream. 

The remaining fraction of the potential work accelerates the flow through the propulsion unit, converting work potential 

into kinetic energy of the propulsive flow with transfer efficiency 𝜂𝑡𝑟 [27], 

 

1

2
[(1 + 𝑓)𝑉𝑗

2 − 𝑉𝑖𝑛
2 ] = (1 − 𝛼)𝜂𝑡𝑟𝜂𝑓𝑓𝑄𝑓 . 

(4)  

 

The jet velocity 𝑉𝑗 depends on the engine type and its operation. In this work the jet velocities of different engines are related 

to the flight velocity using a jet velocity parameter, 

 

𝛾𝑗 =
2𝑉∞

𝑉∞ + 𝑉𝑗

. 
(5)  

 

Where engines are installed in the free-stream (e.g. on pylons below the wing) such that 𝑉𝑖𝑛 = 𝑉∞, the jet velocity parameter 

can be understood as a propulsive efficiency [27]. In the limit where jet velocity is equal to zero (e.g. for some on-board 

power generators), 𝛾𝑗 = 2. 

The specific work 𝑤𝑥 exported from the propulsion unit may be used to drive other propulsors with separate exhaust 

flows, for example in a distributed electrical propulsion system. The specific work can also take a negative value (𝛼 < 0) if 

an external power source, such as a battery pack, provides a net work input to the propulsion unit in question.  

Certain kinds of propulsion unit, such as piston engines and PEM fuel cell units, require cooling. If the cooling system 

transfers heat outside of the propulsive flow, an external heat flow arises, denoted 𝑞 in Fig. 2. The quantity of heat transferred 

out of the propulsive flow is characterized in this work by a heat rejection parameter  𝛽, 

 

𝛽 =
𝑞

𝑓𝑄𝑓

. (6)  

 

The model accounts for hybrid electric propulsion systems by considering that the total electric load of the aircraft is 

contributed by the combination of power exported from the propulsion unit(s) 𝑤𝑥 and the electrical power output from the 

batteries, 𝑤𝑏 . The contribution from the batteries is characterized by battery parameter 

 



𝛿 =
𝑤𝑏

𝑤𝑏 + 𝑤𝑥

. (7)  

 

A negative value of the battery parameter signifies that the propulsion unit charges the battery, 𝛿 =1 indicates that all 

electrical load is met by the battery, and 𝛿 > 1 indicates that the propulsion system receives supplementary power from the 

battery. Use of the battery does not itself contribute to contrail formation as no water vapor is emitted. 

    

     

       

      



Fig. 3 Schematic illustration of propulsion architectures (a) turbofan, (b) fan-gen, (c) turbo-gen, (d) SOFC, (e) PEM 

Fuel Cell with external cooling, (f) PEM fuel cell with internal cooling within propeller wash, (g) piston engine-

propeller system with cooling within the propeller wash, (h) distributed propulsion with well-mixed exhaust. 

 

The generalized propulsion unit illustrated in Fig. 2 and characterized by parameters 𝛼, 𝛽, 𝛾𝑖, 𝛾𝑗, 𝛿, 𝜂𝑥, 𝜂𝑡𝑟 and 𝜂𝑓 can be 

used as a basis for evaluating the exhaust compositions and enthalpies for a wide range of propulsion technologies and 

configurations, of which several examples are illustrated highly schematically in Fig. 3. When analyzing the contrail 

propensity of a particular propulsion system precise values for these parameter may be known. Here, in order to make an 

overall illustrative comparison between different types of propulsion system, indicative parameter values are suggested for 

major types of propulsion system as discussed below and summarized in Table 1. A wide range of values might be applicable 

for any given parameter and plausible ranges are indicated in the following discussion. However to succinctly illustrate the 

ability of the new contrail formation model to provide a consistent means of comparison across many types of propulsion 

system, it has been necessary to present results for a single set of values for each propulsion system. The results thereby 

illustrate a number of significant differences and trends within/between propulsion system types, but the results should not 

be interpreted as an absolute quantitative prediction or ranking for any specific aircraft.  

1. Gas turbine propulsion 

Fig. 3a shows a model for a pure turbofan propulsion unit, where the core and bypass streams are assumed to be well-

mixed within a short distance downstream of the engine, whereupon the fully-expanded exhaust is modeled with a uniform 

velocity 𝑉𝑗. For advanced high-bypass ratio turbofan engines, typically the jet velocity parameter is 𝛾𝑗 ≈ 0.85 (range 0.8-0.9), 

transfer efficiency is effectively a turbomachinery isentropic efficiency 𝜂𝑡𝑟 ≈ 0.9 (range 0.85 − 0.95), and fuel efficiency is 

𝜂𝑓 ≈ 0.45  [27] (range 0.35 − 0.5 across numerous aeroengines) The engine shown does not export any work (𝛼 = 0) nor 

does it employ external cooling (𝛽 = 0) – any blade cooling is achieved using fluids entirely within the propulsion unit. 

In practice aircraft engines are required also to export power to auxiliary systems, increasingly in the form of electrical 

power [24]. Additionally, turbo-electric propulsion concepts are under development in which gas turbine engines export 

electrical power to drive separate electrically-powered fans or propellers [28]. The required electrical power may be produced 

by generators within the turbofan engine (see Fig. 3b), as for example in the STARC-ABL concept aircraft where two wing-

mounted turbofan/generator (‘fan-gen’) units power a tail-mounted electric fan with power export factor 𝛼 ≈ 0.3 [29], or by 

dedicated gas turbine generators (turbo-generators or auxiliary power units (APUs)) (see Fig. 3c) which make relatively little 

or no direct contribution to jet propulsion, 𝛼 ≈ 1 [28]. The full range of possible power export factors is thereby encompassed 

by the three gas turbine examples evaluated here. 



2. Fuel cell propulsion 

Fig. 3d-f illustrate how the exhaust model may be applied to three examples of fuel cell propulsion systems. PEM fuel 

cells are restricted to low temperature operation, requiring cooling to maintain the membrane temperature typically to less 

than 100 °C, or to around 200 °C in so-called ‘high temperature’ systems [21]. If the cooling system rejects heat externally 

(Fig. 3e) then the heat release parameter can be determined to match the desired fuel cell operating temperature, typically 

𝛽 ≈0.4 (range 0.3-0.45 for PEMFC) is required, depending on the cell efficiency and flight conditions. In contrast, solid oxide 

fuel cells operate only at elevated temperatures, supporting operation at higher pressure and potentially without cooling (𝛽 = 

0, Fig. 3e) [20]. Due to their high-temperature capability, SOFC may be used in tandem with a gas turbine cycle to increase 

overall efficiency. In either case, if the cooling system rejects heat exclusively into the fluid comprising the humid exhaust 

stream (Fig. 3f) then there is no external heat exchange and 𝛽 = 0. The fuel efficiency of proposed aeronautical fuel cell 

systems is around 𝜂𝑓 ≈ 50% (range 45-60%) for PEMFC and ≈ 60% (range 50-70%) for SOFC, after accounting for the 

balance of plant [18]. 

Fuel cells may be integrated into an isolated single propulsion unit (𝛼 = 0), perhaps containing a propeller (Fig. 3f), or 

used wholly or in part to supply external electrical loads and other electrical propulsion devices (𝛼 > 0). In a pure fuel cell 

generator unit (𝛼 ≈ 1), the momentum of the flow through the fuel cell makes a very limited contribution to the thrust, and 

the fuel-air ratio or the equivalence ratio are more pertinent parameters to characterize operation, and from which it is possible 

to derive 𝛼. The equivalence ratio equals the ratio of the fuel-air ratio to the stoichiometric fuel-air ratio, 𝜙 = 𝑓/𝑓𝑠𝑡 , such 

that values less than unity indicate the presence of excess air. PEMFC typically operate slightly fuel-lean, Gierens’ 

analysis of fuel cell contrails assumes stoichiometric operation. This study assumes that fuel cells operate slightly lean 

at 𝜙 ≈ 0.95, noting that a wider range might be used in practice, 𝜙~ 0.7-1. Since there is little thrust provided by the 

flow through the fuel cell,  a wide range of values could be considered for inlet velocity (𝛾𝑖 ∈ [0,1]) and jet velocity 

parameter (𝛾𝑗 ∈ [0.8,2]) dependent on the fuel cell installation, with little impact on contrail propensity. 

3. Piston engine propulsion 

Fig. 3g shows a model for a propulsion unit comprising a piston engine, radiator and propeller. It is assumed that the 

engine exhaust, the cooling flow through the radiator, and the flow through the propeller mix into a single exhaust stream 

with an effective velocity 𝑉𝑗. In the configuration shown, all of the engine’s power is provided to the propeller and no power 

is exported from the unit (𝛼 = 0). All of the cooling occurs within the propulsive stream and there is no external heat transfer 

(𝛽 = 0). The shaft fuel efficiency of aeronautical piston engines at cruise is typically 𝜂𝑓 ≈ 40% (range 25-45%) [30, 31]. 

4. Propeller propulsion 

The generalized model requires a value for the overall fuel-air ratio of the combined propulsion stream. To apply the 

generalized model to combined propulsive streams including propeller wash, the air mass flow rate is approximated as 𝑚̇𝑎 =



𝜌𝐴𝑉∞ where 𝜌 is the ambient density, and 𝐴 the propeller swept area. Assuming the effective net thrust of the propulsion 

stream 𝐹𝑁,𝑒𝑓𝑓  (i.e. net thrust after subtraction of any drag associated with the propulsion system installation [27]) and propeller 

efficiency 𝜂𝑝 (the ratio of propulsive work to shaft work input, typically 𝜂𝑝 ≈ 0.85 (range 0.8-0.95)) are known, the effective 

fuel-air ratio, jet velocity and transfer efficiency are modeled for the propeller unit as, 

 

𝑓 =
1

𝜂𝑝𝜂𝑓𝑄𝑓

𝐹𝑁,𝑒𝑓𝑓

𝜌𝐴
 , 

(8)  

 

𝑉𝑗 = 𝑉∞ +
𝐹𝑁,𝑒𝑓𝑓

𝜌𝐴𝑉∞

, 
(9)  

 

and 

 

𝜂𝑡𝑟 =
𝜂𝑝

𝛾𝑗

. (10)  

 

5. Boundary layer ingestion 

Boundary layer ingestion (BLI) is an approach where low-momentum fluid from the fuselage or wing boundary layers or 

wakes are fed into the propulsors, offering a reduction in drag and/or an increase in propulsive efficiency [32]. The effect of 

BLI on contrail propensity is taken into account in the model through the inflow velocity parameter 𝛾𝑖, which is equal to unity 

for a propulsor mounted in the freestream, for example on a pylon below the wing. In the case of BLI the inflow velocity 

parameter depends on the relative thickness of the boundary layer versus the height of the intake scoop of the propulsion unit. 

To give an indicative value, we estimate that the inlet velocity parameter for the tail cone-mounted BLI fan of the STARC-

ABL concept aircraft would be around 0.8 (based on intake areas quoted in Ref. [29]). However values approaching zero may 

arise if the propulsion unit draws air through, or from very near to the aerodynamic surfaces of the aircraft. To determine the 

enthalpy of the ingested fluid, it is assumed that the boundary layer decelerates the flow adiabatically and at constant static 

pressure. 

6. Mixing between multiple jets and wakes 

For future propulsion architectures where mixing occurs between exhaust from more than one type of propulsion unit, 

contrail assessment potentially may require more detailed analysis of multi-stream mixing and consideration of a multi-

dimensional mixing manifold rather than the mixing curve considered in this work. However it may be expected that many 

relevant multi-stream distributed architectures can be approximated reasonably well using the binary mixing approach 



presented herein if the propulsive streams become well mixed with one another prior to significant condensation taking place, 

as is the case for the core/bypass in most turbofan engines. 

To illustrate the general effect of adopting more distributed propulsion architectures, results are presented for the limiting 

case where all propulsive streams and aircraft wakes become perfectly mixed, resulting in a single ‘well-mixed’ stream as 

illustrated in Fig. 3h. In this limit the momentum flux added to the propulsive streams exactly balances the momentum deficit 

of the airframe wakes in the direction of flight so that, neglecting the addition of fuel mass, 𝑉𝑗 = 𝑉𝑖𝑛 = 𝑉∞. Since all work 

and heat transfers occur within the aircraft system, 𝛼 = 0 and 𝛽 = 0. 

Table 1. Indicative exhaust model parameter values for various propulsion system configurations. 

Configuration Power 

export 

parameter 

Heat 

rejection 

parameter 

Inlet 

velocity 

parameter 

Jet 

velocity 

parameter 

Fuel 

efficiency 

Transfer 

efficiency 

Mech/Elec 

efficiency 

 𝛼 𝛽 𝛾𝑖 𝛾𝑗 𝜂𝑓 𝜂𝑡𝑟 𝜂𝑥 

Turbofan 0 0 1 0.85 45% 90% - 

Fan-gen 0.3 0 1 0.85 45% 90% 90% 

Turbo-gen/APU 1 0 1 0.85 45% 90% 90% 

SOFC 𝜙 = 0.95  0 1 2.0 60% - - 

PEMFC 𝜙 = 0.95 ~0.4† 1 2.0 55% - - 

PEM/Prop 0 0 1 0.95 55% 90% - 

Piston/Prop 0 0 1 0.95 40% 90% - 

Well-mixed 0 0 1 1 45% 90% - 

 

7. Exhaust properties 

Computation of the mixing curve requires the value of the specific stagnation enthalpy ℎ0,𝑗 of the exhaust stream, as 

defined in the frame of reference moving with the atmosphere. The specific stagnation enthalpy combines the chemical and 

thermal energy (i.e. static enthalpy) with the kinetic energy of the flow. The stagnation enthalpy is used as it is necessary to 

account for conversion of kinetic energy into thermal energy as the exhaust mixes and decelerates towards the speed of the 

atmosphere.  

First, the static enthalpy ℎ𝑗 of the exhaust stream is derived by considering the energy budget in the flows of air and fuel 

(subscripts 𝑎 and 𝑓) that combine in the propulsion system to produce the exhaust stream (subscript 𝑗). Energy conservation 

 
† The value of 𝛽 is adjusted to maintain a PEM cell outlet stagnation temperature of 80°C. 



in the steady-flow through the propulsion system is expressed in the form of the Steady-Flow Energy Equation: Velocities 

𝑉𝑖𝑛, 𝑉𝑓,𝑖𝑛  (the fuel inflow velocity), and 𝑉𝑗  are measured in the frame of reference moving with the aircraft, 

 

𝑞 − 𝑤𝑥 = (ℎ𝑎
⦵ − ℎ𝑎,𝑖𝑛 −

1

2
𝑉𝑖𝑛

2 ) + 𝑓 (ℎ𝑓
⦵ − ℎ𝑓,𝑖𝑛 −

1

2
𝑉𝑓,𝑖𝑛

2 ) − 𝑓𝑄𝑓 + (1 + 𝑓) (ℎ𝑗 +
1

2
𝑉𝑗

2 − ℎ𝑗
⦵). 

(11)  

 

The change in chemical energy between reactants (fuel and air) and products (exhaust gas) at reference conditions (e.g. 298.15 

K), denoted by superscript ⦵, is taken into account by the term involving the lower calorific value, 

 

𝑓𝑄𝑓 = ℎ𝑎
⦵ + 𝑓ℎ𝑓

⦵ − (1 + 𝑓)ℎ𝑗
⦵. (12)  

 

The static enthalpy of the jet fluid is then found by rearrangement,  

 

ℎ𝑗 =
1

1 + 𝑓
[𝑞 − 𝑤𝑥 + ℎ𝑎,𝑖𝑛 +

1

2
𝑉𝑖𝑛

2 − ℎ𝑎
⦵ + 𝑓 (ℎ𝑓,𝑖𝑛 +

1

2
𝑉𝑓

2 − ℎ𝑓
⦵) + 𝑓𝑄𝑓] + ℎ𝑗

⦵ −
1

2
𝑉𝑗

2. 
(13)  

 

Second, the stagnation enthalpy of the propulsive jet is found by adding its kinetic energy in the frame of reference of the 

atmosphere, 
1

2
(𝑉𝑗 − 𝑉∞)

2
. Recalling the definitions of 𝛽 and 𝜂𝑓, the jet stagnation enthalpy is 

 

ℎ0𝑗 =
1

1 + 𝑓
[𝑓𝑄𝑓(1 − 𝛽 − 𝜂𝑓

′ ) + ℎ𝑎,𝑖𝑛 + 𝑓 (ℎ𝑓,𝑖𝑛 +
1

2
𝑉𝑓

2)] +
1

2
(𝑉𝑗 − 𝑉∞)

2

+ [ℎ𝑗
⦵ −

1

1 + 𝑓
ℎ𝑎

⦵ −
𝑓

1 + 𝑓
ℎ𝑓

⦵], 

(14)  

 

where 𝜂𝑓
′  is an overall fuel efficiency introduced here to characterise the full range of propulsion units with (𝛼 > 0) and 

without (𝛼 = 0) export of power in a general way, 

 

𝜂𝑓
′ = (𝛼𝜂𝑥 + (1 − 𝛼)𝜂𝑡𝑟)𝜂𝑓 . (15)  

 



The composition of the exhaust stream is evaluated considering overall chemical reaction of a fuel 𝐶𝑎𝐻𝑏𝑂𝑐𝑁𝑑 with humid 

air with overall equivalence ratio 𝜙. Neglecting other minor species in air and products, consideration of atomic conservation 

yields, 

 

𝐶𝑎𝐻𝑏𝑂𝑐𝑁𝑑 +
𝑥

𝜙
(𝑂2 + 𝑦𝑁2 + 𝑧𝐻2𝑂) →  𝑎𝐶𝑂2 + (

𝑏

2
+

𝑥𝑧

𝜙
) 𝐻2𝑂 + (

𝑥

𝜙
− 𝑎 −

𝑏

4
+

𝑐

2
) 𝑂2 + (

𝑑

2
+

𝑥𝑦

𝜙
 ) 𝑁2 

(16)  

 

where 𝑥 = 𝑎 + 𝑏/4 − 𝑐/2 is the number of moles of 𝑂2 required for stoichiometric reaction, the molar ratio of nitrogen to 

oxygen in dry air is 𝑦 = 79/21, and the molar ratio of water and oxygen atoms in the humid atmospheric air is 

 

𝑧 =
1 + 𝑦

𝑝∞/(𝜓𝑙𝑝𝑙
∗) − 1

, 
(17)  

 

where 𝜓𝑙  is the relative humidity with respect to the liquid water saturation pressure 𝑝𝑙
∗.  It follows that the equivalence ratio 

is related to the fuel air ratio by 

 

𝜙 = 𝑓
𝑥(𝑤𝑂2 + 𝑦𝑤𝑁2 + 𝑧𝑤𝐻2𝑂)

𝑤𝑓𝑢𝑒𝑙

, 
(18)  

 

with molar mass denoted by 𝑤. The mass fraction of water in the atmosphere and jet are then: 

 

𝑌𝐻2𝑂,∞ =
𝑧𝑤𝐻2𝑂

𝑤𝑂2
+ 𝑦𝑤𝑁2

+ 𝑧𝑤𝐻2𝑂

, (19)  

 

𝑌𝐻2𝑂,𝑗 =
(

𝑏
2

+
𝑥𝑧
𝜙

) 𝑤𝐻2𝑂

𝑎𝑤𝐶𝑂2
+ (

𝑏
2

+
𝑥𝑧
𝜙

) 𝑤𝐻2𝑂 + (
𝑥
𝜙

− 𝑎 −
𝑏
4

+
𝑐
2

) 𝑤𝑂2
+ (

𝑑
2

+
𝑥𝑦
𝜙

) 𝑤𝑁2

. 

(20)  

 

B. The mixing curve 

The mixing curve describes the composition and thermodynamic states that arise as the humid exhaust stream mixes with 

ambient fluid. The present analysis is formulated in terms of mixture fraction, rather than the dilution factor used in traditional 

formulations [10], to provide a rigorous derivation starting from conservation of mass and energy where every additional 



assumption is stated explicitly. The mixture fraction is used widely as a reference variable in turbulent reacting flow modeling 

[33] and is defined here as the local mass fraction of the fluid that originated from the humid exhaust stream.  

Assuming that there is no preferential transport of mass due to non-unity molecular or turbulent Schmidt numbers, or due 

to slippage of any condensed-phase water relative to the gaseous mixture, conservation of mass and energy dictates that 

mixing between the exhaust stream and the atmosphere will yield a linear variation of stagnation enthalpy and mass fraction 

with respect to mixture fraction, 𝜉.  

 

ℎ0,𝑚𝑖𝑥 = (1 − 𝜉)ℎ0,∞ + 𝜉ℎ0,𝑗 . (21)  

 

𝒀𝑚𝑖𝑥 = (1 − 𝜉)𝒀∞ + 𝜉𝒀𝑗 . (22)  

 

where subscripts mix, ∞, and j refer to the mixture, atmosphere and jet respectively, ℎ0 is the stagnation enthalpy in the frame 

of reference moving with the atmosphere, and 𝒀 is the vector of mass fractions of the 𝑁 species in the mixture.  This approach 

naturally accounts for any water mass ingested by the engine from the atmosphere [19]. 

Assuming that the humid exhaust velocity is uniform and fully-expanded at its effective point of release, and if the 

molecular and turbulent Schmidt numbers are unity, conservation of momentum dictates that the mean axial velocity of the 

mixture also follows a linear profile with respect to mixture fraction. 𝑉𝑚𝑖𝑥 is the mixture velocity defined in the frame of 

reference moving with the atmosphere, 

 

𝑉𝑚𝑖𝑥 = 𝜉(𝑉𝑗 − 𝑉∞). (23)  

 

The static enthalpy is obtained by subtracting the kinetic energy (in the frame of reference of the atmosphere) from the 

stagnation enthalpy, 

 

ℎ𝑚𝑖𝑥 = (1 − 𝜉)ℎ0,∞ + 𝜉ℎ0,𝑗 −
1

2
𝜉2(𝑉𝑗 − 𝑉∞)

2
. 

(24)  

 

The present formulation of the mixing curve in terms of mixture fraction differs from previous analyzes (e.g. Ref. [18]) 

that start from an assumption that mixing follows a straight line in H2O partial pressure–temperature space. Since heat capacity 

and molar mass also depend on mixture fraction, it is clear that partial pressure cannot follow a straight line with respect to 



temperature during mixing. The present formulation strictly enforces conservation of energy, mass and momentum (subject 

to the assumptions stated), and provides a rigorous means to evaluate the mixing curve without invoking perfect gas 

assumptions, and to assess the errors incurred by alternative formulations. 

C. Contrail assessment 

The onset of condensation is assessed by comparing the mixture partial pressure 𝑝𝐻2𝑂 along the mixing curve to the 

saturation pressures of liquid water (𝑝𝑙
∗) and ice (𝑝𝑠

∗) at the mixture temperature. The saturation temperatures are modeled 

based on the Clausius-Clapeyron relation accounting for the variation of latent heat with temperature as in Bohren and 

Albrecht [34]. 

 

𝑝𝑙
∗ = 𝑝𝑟𝑒𝑓

∗ [(6808 𝐾) (
1

𝑇𝑟𝑒𝑓

−
1

𝑇
) − 5.09 ln

𝑇

𝑇𝑟𝑒𝑓

], 
(25)  

 

𝑝𝑠
∗ = 𝑝𝑟𝑒𝑓

∗ [(6293 𝐾) (
1

𝑇𝑟𝑒𝑓

−
1

𝑇
) − 0.555 ln

𝑇

𝑇𝑟𝑒𝑓

], 
(26)  

 

where 𝑇𝑟𝑒𝑓 = 273 𝐾 and 𝑝𝑟𝑒𝑓
∗ = 0.611 𝑘𝑃𝑎. 

The static pressure in the jet is assumed to be atmospheric. Therefore, prior to any condensation taking place, the partial 

pressure of water vapor in the mixture depends on the atmospheric pressure and the mixture mass fraction vector 𝒀𝑚𝑖𝑥: 

 

𝑝𝐻2𝑂 = 𝑝𝑎𝑡𝑚

(
𝑌𝐻2𝑂

𝑤𝐻2𝑂
)

∑ (
𝑌𝛼

𝑤𝛼
)𝑁

𝛼=1

. 

(27)  

 

where subscript 𝛼 refers to each of the 𝑁 species in the mass fraction vector. 

The corresponding mixture temperature is evaluated from the static enthalpy, Eq. (25), using a thermodynamic model 𝑓𝑇 

 

𝑇𝑚𝑖𝑥 = 𝑓𝑇(ℎ𝑚𝑖𝑥 , 𝑝∞, 𝒀𝑚𝑖𝑥) (28)  

 

Two thermodynamic models are used and compared in this study: the perfect gas model and a semi-perfect gas model for 

mixtures of water vapor, carbon dioxide, oxygen and nitrogen. The semi-perfect gas model uses the Shomate equation to 

evaluate species enthalpies as a function of temperature with coefficients from the Ref. [35]. Since water has a low partial 



pressure throughout the mixing process and we are concerned initially with assessing the state prior to the onset of 

condensation, the semi-perfect gas model provides a highly accurate model for thermodynamic properties of exhaust-air 

mixtures. 

Fuel thermodynamic properties are modeled using the REFPROP v. 10 software [36], using dodecane as a surrogate for 

kerosene, and using pure parahydrogen to model properties of hydrogen fuel. The lower calorific value at 25°C is taken as 

43.0 MJ.kg-1 for kerosene and 120.0 MJ.kg-1 for hydrogen. 

Given the formulation developed thus far, it is possible to determine the temperature and partial pressure along the gas-

phase mixing curve (prior to any condensation), and to assess whether and where the mixing curve intersects with the 

saturation conditions, providing basic information about contrail propensity. For comparison with previous contrail 

assessments (e.g. [10, 18]) the gradient of the mixture H2O partial pressure with respect to temperature, can be evaluated from 

the computed mixing curve. Since the mixing curve generally is not straight, and saturation conditions tend to occur near to 

the colder end of the mixing curve, the gradient evaluated at 𝜉 → 0 is reported and denoted as 𝐺0. 

D. Simplified perfect gas model 

Employing a perfect gas model ℎ = 𝑐𝑝(𝑇 − 𝑇⦵) for gaseous species enthalpies in Eq. (15) gives, 

 

𝑇0𝑗 =
1

1 + 𝑓
[
𝑓𝑄𝑓

𝑐𝑝

(1 − 𝛽 − 𝜂𝑓
′ − 𝜅𝑓) + 𝑇𝑖𝑛] +

1

2𝑐𝑝

(𝑉𝑗 − 𝑉∞)
2

+
𝑓

1 + 𝑓
𝑇⦵, 

(29)  

 

Since fuel typically is stored as a liquid, the perfect gas model should not be applied to the inlet fuel state and 𝜅𝑓 =

(ℎ̂ 𝑓
⦵ − ℎ̂𝑓,𝑖𝑛 − 𝑉𝑓

2/2)/𝑄𝑓   represents the enthalpy required to bring the fuel from its stored state into the gas phase at the 

reference temperature: 𝜅𝑓 ≈ 3.5% for liquid hydrogen and 𝜅𝑓 ≈0.6% for liquid kerosene fuel. The circumflex accent indicates 

that fuel enthalpies ℎ̂ 𝑓
⦵

 and ℎ̂𝑓,𝑖𝑛 must be evaluated with a two-phase thermodynamic model, rather than the perfect gas 

model, and REFPROP v.10 [36] is used in this study. 

Following the derivation of Eq. (25), the perfect gas model then gives the mixture temperature as, 

 

𝑇𝑚𝑖𝑥 = (1 − 𝜉)𝑇∞ + 𝜉 [
1

1 + 𝑓
[
𝑓𝑄𝑓

𝑐𝑝

(1 − 𝛽 − 𝜂𝑓
′ − 𝜅𝑓) + 𝑇𝑖𝑛 + 𝑓𝑇⦵ ] +

1 − 𝜉

2𝑐𝑝

(𝑉𝑗 − 𝑉∞)
2

] 
(30)  

 

Given the assumption that the intake flow is adiabatic, the inlet temperature is  

 



𝑇𝑖𝑛 = 𝑇∞ +
𝑉∞

2

2𝑐𝑝

(1 − 𝛾𝑖
2). 

(31)  

 

Substituting for 𝑇𝑖𝑛 and for 𝑉𝑗 = (2/𝛾𝑗 − 1)𝑉∞ yields, 

 

𝑇𝑚𝑖𝑥 = 𝑇∞ +
𝑓𝜉

1 + 𝑓
(𝑇⦵ − 𝑇∞)

+ 𝜉 [
𝑓

1 + 𝑓

𝑄𝑓

𝑐𝑝

(1 − 𝛽 − 𝜂𝑓
′ − 𝜅𝑓) +

𝑉∞
2

2𝑐𝑝

(
1 − 𝛾𝑖

2

1 + 𝑓
+ 4(1 − 𝜉) (

1

𝛾𝑗

− 1)

2

)]. 

(32)  

 

For fuel air ratio 𝑓 ≪ 1, the prefect gas model simplifies to, 

 

𝑇𝑚𝑖𝑥 ≈ 𝑇∞ + 𝜉 [
𝑓𝑄𝑓

𝑐𝑝

(1 − 𝛽 − 𝜂𝑓
′ − 𝜅𝑓) +

𝑉∞
2

2𝑐𝑝

{(1 − 𝛾𝑖
2) + 4(1 − 𝜉) (

1

𝛾𝑗

− 1)

2

}]. 
(33)  

 

The water partial pressure of the mixture is 

 

𝑝𝐻2𝑂 = 𝑝𝑎𝑡𝑚

(𝑌𝐻2𝑂,∞ + 𝜉𝑓𝐸𝐼𝐻2𝑂/(1 + 𝑓))/𝑤𝐻2𝑂

∑ (𝑌𝛼/𝑤𝛼)𝑁
𝛼=1

 . 
(34)  

 

where 𝑤𝛼 denotes species molar mass. Approximating the molar mass of the mixture as that of air, 𝜖 = 𝑤𝐻2𝑂/𝑤𝑎𝑖𝑟 = 0.622, 

and given that 𝑓 ≪ 1, 

 

𝑝𝐻2𝑂  ≈ 𝜓𝑙𝑝𝑙
∗ + 𝜉

𝑓𝑝𝑎𝑡𝑚𝐸𝐼𝐻2𝑂

𝜖
. 

(35)  

 

The gradient of partial pressure with respect to temperature then is given by taking the ratio of derivatives 𝑑𝑝𝐻2𝑂/𝑑𝜉 and 

𝑑𝑇𝑚𝑖𝑥/𝑑𝜉, 

 

𝐺𝑃𝐺 =
𝑐𝑝𝑝𝑎𝑡𝑚

𝜖

𝐸𝐼𝐻2𝑂

(1 − 𝛽 − 𝜂𝑓
′ − 𝜅𝑓)𝑄𝑓 +

𝑉∞
2

2𝑓
[(1 − 𝛾𝑖

2) + 4(1 − 2𝜉) (
1
𝛾𝑗

− 1)
2

] 

. 
(36)  



 

The various design and operating parameters of the generalized propulsion model appear explicitly in this single prefect 

gas formula, providing insight into their relative contributions to contrail propensity: increasing any of 𝛽, 𝜂𝑓
′ , 𝜅𝑓 , 𝛾𝑖, or 

𝐸𝐼𝐻2𝑂/𝑄𝑓, or moving 𝛾𝑗 closer to unity, tends to increase 𝐺 and hence the propensity for contrail formation. Notably, given 

its variation with mixture fraction, the gradient of the mixing curve is not in fact constant, even given the perfect gas 

approximation. 

E. Consistency and validity 

The generalized model developed above reduces to and is consistent with previous models for the contrail factor [10, 18] 

when subject to their approximations and assumptions. The generalized model therefore retains the validity of the Schmidt-

Appleman theory as expressed in the previous widely accepted models, but also removes potential limitations of the perfect 

gas approximation and extends applicability to a wide variety of potential propulsion architectures. For example, it is shown 

in the Appendix that the generalized model is equivalent to the contrail factor for conventional piston or gas turbine engines 

as expressed in Eq. (1) when taking 𝜂𝑜 = 𝜂𝑓𝜂𝑡𝑟𝛾𝑗, provided that 𝛼 = 0, 𝛽 = 0, 𝛾𝑖 = 1, 𝜅𝑓 = 0, the mixture is treated as a 

perfect gas, fuel mass is neglected, and one considers the contrail factor at the atmospheric end of the mixing curve, i.e. 𝜉 →

0. The generalized model for 𝐺 is also equivalent to Gierens’ formulation for uncooled fuel cells [18] taking 𝜂𝑓 to be the ratio 

of electrical energy output to fuel calorific value, provided that 𝛼 = 1, 𝛽 = 0, 𝛾𝑖 = 0, 𝛾𝑗 = 2, 𝜂𝑥 = 1, the mixture is treated 

as a perfect gas with specific heat capacity equal to the value in the exhaust gas (denoted 𝑐𝑝̅ by Gierens), fuel mass is neglected, 

and one considers the gradient at the atmospheric end of the mixing curve, i.e. 𝜉 → 0. Gierens argues that the impact of the 

difference in heat capacity is small, however it appears that Gierens erroneously evaluated the heat capacity of the exhaust 

mixture at the ambient temperature, thereby significantly reducing the difference, and there remains a need for a rigorous 

assessment of the perfect gas approximation for fuel cell applications. 

The following section assesses the impact of the traditional perfect gas modeling approximations, and then provides 

illustrative predictions to show the impact of prospective changes in fuel type and propulsion system architecture for contrail 

propensity of alternative future aircraft. 

III. Results and Discussion 

A. The perfect gas approximation 

The effects of the perfect gas approximation, neglect of fuel mass flow (𝑓~0), and neglect of the fuel storage enthalpy 

(𝜅𝑓) are illustrated by the mixing curves shown in Fig. 4 for the case of a typical turbofan and for a solid oxide fuel cell 

propulsion system, both for kerosene and for liquid hydrogen fuels when flying at Mach 0.78 and 10,000 m altitude. These 



results refer only to one specific flight condition, but the differences between models and propulsion architectures are 

indicative of those observed across all sub-sonic flight conditions. 

Figure 4 shows only a low-temperature portion of the mixing curves close to the saturation curves, and the exhaust 

temperatures are substantially hotter for some propulsion systems. The exhaust static temperature of the turbofan engines is 

taken as the mixed-out value for the core and bypass streams, resulting in a static temperature of around -20°C due to dilution 

of the hot core exhaust by low temperature bypass air. The exhaust temperature of an uncooled SOFC is substantially greater 

and the full mixing curves predicted for the hydrogen SOFC shown in Fig. 5 extend up to between 824°C and 1266°C, 

depending on the thermodynamic modelling assumptions. At these elevated temperatures, the mixing curve predicted by the 

more accurate semi-perfect gas model shows significant non-linearity.  

The perfect gas model is evaluated either with a specific heat capacity value of cold air (1005 J.kg-1.K-1) or, following 

Gierens [18], with the specific heat capacity 𝑐𝑝,𝑝𝑟𝑜𝑑 of the exhaust gas composition and temperature (here evaluated with the 

semi-perfect gas model). For the kerosene-fuelled turbofan (Fig. 4a) there is relatively little error caused by the various 

simplifications. The turbofan prediction errors increase when considering liquid hydrogen fuel: in particular, neglecting the 

liquid fuel storage enthalpy (setting 𝜅𝑓 = 0) increases the exhaust temperature significantly. The effect of the fuel enthalpy 

(𝜅𝑓) is more significant for the SOFC than the turbofan because the exhaust is less dilute. Generally, however, the error due 

to neglecting fuel mass is small. 

Errors are markedly greater for the SOFC propulsion system, especially with liquid hydrogen fuel (Fig. 4d) since the 

higher water concentration and temperature produces greater variation in specific heat capacity along the mixing curve. 

Towards the high temperature end of the mixing curve the error shown in Fig. 5 due to the perfect gas approximation is as 

large as 400°C. The perfect gas model based on the exhaust heat capacity performs relatively well at higher temperature, 

however evaluation of the Schmidt-Appleman criterion depends more upon the accuracy of the low-temperature portion of 

the mixing curve. For this reason, if using a perfect gas model to assess the Schmidt-Appleman criterion, it is more appropriate 

to use the heat capacity of ambient air, rather than Gierens’ proposal to use the heat capacity of the exhaust stream [18].   

(a)   (b)  



(c)  (d)  

Fig. 4. Mixing curve predictions up to 0°C for various thermodynamic models: (a) kerosene turbofan, (b) hydrogen 

turbofan, (c) kerosene SOFC, (d) hydrogen SOFC. Saturation curves as in Fig. 1. 

 

 

Fig. 5. Mixing curve predictions for various thermodynamic models applied to the hydrogen SOFC, showing the full 

temperature range. Saturation curves as in Fig. 1. 

 

To quantify the practical impact of the perfect gas approximation, Table 2 presents predictions for 𝐺0, 𝑇𝑚𝑖𝑛 , 𝑇𝑚𝑎𝑥 and for 

the contrail ceiling 𝐻𝑚𝑖𝑛  determined numerically with the semi-perfect gas model, and using the conventional perfect gas 

model (Eq. 1) and the new generalized perfect gas model (Eq. 36). The contrail ceiling is the minimum altitude at which 

contrails form under saturated conditions in the International Standard Atmosphere – it gives a relative indication of the 

altitude below which different types of aircraft should fly to avert the possibility of generating contrails. 𝐻𝑚𝑖𝑛  is evaluated by 

numerically determining the altitude at which the ambient temperature in the International Standard Atmosphere (ISA) is 

equal to 𝑇𝑚𝑎𝑥  Note that additional criteria for whether such contrails would freeze and persist, and for the quantity of exhaust 

humidity that might freeze have not been employed here, and that contrail forming regions of the atmosphere in practice are 

highly localised.  

Non-linearity of the mixing curve means that a numerical search must be performed to determine whether the mixing 

curve intersects with the saturation curves, and to find precise values of 𝑇𝑚𝑖𝑛 and 𝑇𝑚𝑎𝑥 . While such calculations each take 



only a fraction of a second, even this computational overhead preferably would be avoided where contrail formation is to be 

assessed for very many different scenarios, for example as part of air traffic optimisation. Numerical iteration can be avoided 

by taking a linear approximation of the mixing curve based on a representative gradient 𝐺 ≈ 𝐺0, with the initial gradient 𝐺0 

of the mixing curve determined numerically from the semi-perfect gas model, or algebraically with the approximations in 

Eqs. 1 or 36. Predictions for different propulsion architectures given by solution of the semi-perfect gas model (Semi-P), for 

the linearisation of the semi-perfect gas model (Linear) and for the perfect gas approximations in Eqs. 1 and 36 are presented 

in Table 2. Linearisation of the semi-perfect gas model results in error in 𝑇𝑚𝑎𝑥  on the order of 2 K, and under-predictions of 

𝐻𝑚𝑖𝑛 by around 200-500 m depending on the fuel and the propulsion system. 𝐻𝑚𝑖𝑛 is underpredicted predominantly because 

the heat capacity and kinetic energy increase along the mixing curve. The generalized perfect gas model predictions (Eq. 36) 

are very close to those of the linearized semi-perfect gas model, as may be expected. While errors in altitude of 500 m are 

unsatisfactory from the perspective of flight planning, these two linear models reproduce all of the trends predicted by the 

full semi-perfect gas model. and do provide a useful quantitative approximation to changes in 𝑇𝑚𝑎𝑥  and 𝐻𝑚𝑖𝑛 due to 

substantial changes between different types of propulsion architecture that change 𝑇𝑚𝑎𝑥  and 𝐻𝑚𝑖𝑛 by much more than 2 K 

and 500 m.  

Given a value of 𝐺, direct determination of 𝑇𝑚𝑎𝑥  from Eq. 25 requires numerical solution or, following Ref. [18], 𝑇𝑚𝑎𝑥  

can be approximated using the following curve fits  

 

𝑇𝑚𝑎𝑥 = 226.69 + 9.43 ln(𝐺 − 0.053) + 0.720[ln(𝐺 − 0.053)]2     𝑓𝑜𝑟 𝐺 ≤ 2 𝑃𝑎/𝐾 (37)  

 

𝑇𝑚𝑎𝑥 = 226.031 + 10.2249 ln 𝐺 + 0.335372(ln 𝐺)2 + 0.0642105(ln 𝐺)3     𝑓𝑜𝑟 𝐺 > 2 𝑃𝑎/𝐾 (38)  

 

with 𝑇𝑚𝑎𝑥  in K and 𝐺 in Pa.K-1. These curve fits give errors in 𝑇𝑚𝑎𝑥  of less than 0.2 K compared to numerical solution of Eq. 

25, and this error is acceptably small compared to the larger errors associated with approximating the mixing curve as a 

straight line or treating the mixture as a perfect gas. Evaluation of 𝑇𝑚𝑖𝑛 is approximated by [18], 

 

𝑇𝑚𝑖𝑛 ≈ 𝑇𝑚𝑎𝑥 − 𝑝𝑙
∗(𝑇𝑚𝑎𝑥)/𝐺. (39)  

 

The conventional perfect gas model (Eq. 1) is in close agreement with Eq. 36 for the case of kerosene-fuelled turbofan 

engines, but deviates significantly for hydrogen fuel and for other configurations embodying features that it does not take into 

account, such as the effects of increasingly distributed propulsion in the fan-gen and turbo-gen cases, effects of boundary 



layer ingestion, or conversion to fuel cell propulsion. If a perfect gas model is required for these applications, the generalized 

model in Eq. 36 should be used in preference to Eq. 1. However to avoid unnecessary error, the semi-perfect gas model can 

be used in most applications with negligible computational overhead. The results shown in subsequent sections are computed 

using the semi-perfect gas model. 

B. Alternative propulsion architectures 

The effect of different types of propulsion technology on contrail propensity is illustrated by mixing curve predictions in 

Fig. 6 for the eight propulsion configurations set out in Fig. 3 and Table 1, both for kerosene and liquid hydrogen fuel, flying 

at Mach 0.78 and 10,000 m altitude. The gradients of the mixing curves are found to be insensitive to flight Mach number 

and ambient humidity. The contrail factor predicted using the perfect gas model is exactly independent of flight Mach number 

and the semi-perfect gas model gives an insignificant variation in contrail factor with flight Mach number (less than 0.1% 

between 0.4 and 0.78 flight Mach number) resulting from the variation of heat capacities along the mixing curve. 

Gas turbine systems 

Fig. 6a and b show predictions for three types of gas turbine propulsion systems with equal fuel efficiencies 𝜂𝑓. The main 

difference between the turbofan, fan-gen and turbo-gen mixing predictions is the exhaust temperature (-22.2°C, -10.2°C, 

474.8°C respectively in the case of hydrogen fuel). A similar amount of enthalpy is extracted from the core flow in each case, 

but in the case of turbofan and fan-gen engines the core flow is diluted by the bypass stream before emission, so that the 

mixing curve does not extend as far. Since the turbofan and fan-gen engines mix the core exhaust with the bypass before 

discharge, and the bypass stream has higher enthalpy than ambient air, the turbofan and fan-gen exhausts have more heat per 

unit humidity than the turbo-gen engine and correspondingly have lower contrail factors. For all cases the contrail factor is 

around 2.5 times greater for hydrogen fuel on account of the greater hydrogen content per unit of calorific value. The absolute 

predictions are sensitive to the assumed fuel efficiency of the underlying gas turbine, but for gas turbines with similar level 

of technology and hence fuel efficiency, this analysis provides a robust illustration of the trend towards more electric aircraft. 

 

(a)  (b)  



(c)  (d)  

(e)  (f)   

Fig. 6 Mixing curve predictions for alternative propulsion architectures with kerosene (left) and liquid hydrogen 

(right). Comparison of turbofan, fan-gen, and turbo-gen (a,b); SOFC, PEMFC, and PEM/Propeller (c,d); Turbofan, 

PEM/Propeller, Piston/Propeller, and Well-Mixed limit (e,f).  

 

Fuel cell systems 

Fig. 6c and d show predictions for three types of fuel cell propulsion system for kerosene and for liquid hydrogen fuels. 

For hydrogen fuel, the externally-cooled PEM fuel cell type has a markedly greater contrail factor compared to the uncooled 

SOFC on account of its reduced exhaust temperature (80°C versus 824°C). The internally-cooled PEM fuel cell 

(PEM/Propeller) incorporates the warmed coolant flow into the humid exhaust giving a contrail factor similar to the SOFC. 

The relative performance of the PEM/Propeller and SOFC systems is dependent on the assumed fuel efficiency and inlet/jet 

velocities, however the predictions robustly demonstrate the dramatic impact of external fuel cell cooling which greatly 

promotes condensation even at low altitude. 

Propulsion architecture 

Fig. 6e and f compare kerosene and hydrogen predictions across four general propulsion architectures – turbofan, 

PEM/Propeller, Piston engine/Propeller, and for the well-mixed limit of distributed-propulsion. The length of the mixing 

curve of the well-mixed system depends somewhat arbitrarily on the size of the stream tube that is assumed to contain the 

aircraft wakes and its propulsive jets, however the contrail factor for the well-mixed system is independent of the stream tube 

size. The gradients of the respective mixing curves reflect the relative overall efficiencies assumed for the different 



architectures, and the ranking of these different types of propulsion system is sensitive to the performance of the specific 

technologies considered for each system. 

(a)   (b)  

Fig. 7 Profiles of 𝑻𝒎𝒊𝒏 and 𝑻𝒎𝒂𝒙 (a) and relative humidity for contrail formation in ISA (b) for hydrogen-fueled fuel 

cell systems. Thick black temperature line represents the ISA, thick black relative humidity line represents ice 

saturation. 

Atmospheric implications 

Differences in propulsion architecture also affect the altitude, ambient temperature and relative humidity at which contrails 

form, as illustrated in Fig. 7 for hydrogen-fuelled fuel cell systems set out in Table 1. The figure illustrates 𝑇𝑚𝑖𝑛, 𝑇𝑚𝑎𝑥 , and 

the relative humidity required for contrail formation in the ISA varying with altitude. The minimum altitude for contrail 

formation in a saturated environment is described as the contrail ceiling, 𝐻𝑚𝑖𝑛, corresponding to the 100% relative humidity 

end points of the curves Fig. 7b. In  Fig. 7a contrails can or always form at altitudes where the 𝑇𝑚𝑎𝑥  or 𝑇𝑚𝑖𝑛  lines respectively 

are above the ambient temperature line (top right corner). In the relative humidity plot (Fig. 7b), contrails can form above a 

minimum altitude (maximum atmospheric pressure) plotted for each of the propulsion architectures. The greatest risk of 

persistent contrail cirrus arises where contrail formation occurs to the right of the ice saturation line, in the upper-right corner 

of  Fig. 7b. The 𝑇𝑚𝑖𝑛, 𝑇𝑚𝑎𝑥 , and relative humidity for the other propulsion architectures set out in Table 1 with hydrogen and 

kerosene fuels all follow similar profiles to those shown in  Fig. 7 but with temperature profiles translated laterally and relative 

humidity profiles translated vertically. The effects of different propulsion system types are summarized by 𝑇𝑚𝑖𝑛  and 𝑇𝑚𝑎𝑥  

values at 10 km altitude and by 𝐻𝑚𝑖𝑛 values given in Table 2. 

  



Table 2. Contrail factor, 𝑻𝒎𝒊𝒏, and 𝑻𝒎𝒂𝒙 at 10 km altitude, and minimum altitude 𝑯𝒎𝒊𝒏 for contrail formation in 

saturated International Standard Atmosphere estimated with the generalized semi-perfect gas model with numerical 

solution, with linearization, and with the new (Eq. 36) and conventional (Eq. 1) perfect gas models. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The most significant factor affecting atmospheric conditions for contrail formation is the fuel type. For example, the 

various kerosene-fuelled combustion engines only produce contrails above 7.0-7.9 km in the standard atmosphere, and these 

minimum altitudes reduce by around 2 km when switching to liquid hydrogen fuel.  

More-electric aircraft and distributed propulsion 

There is a comparatively smaller difference in contrail factor between the various gas turbine propulsion systems. 

However increasing electrification of the aircraft power/propulsion systems still leads to a substantial reduction in the contrail 

ceiling, with transition from conventional turbofan engines to pure turbo-gen engines reducing 𝐻𝑚𝑖𝑛 by around 200 m. The 

  Kerosene  Hydrogen 

Confi

g. 

Model 𝑮𝟎 

[Pa.K-1] 

𝑻𝒎𝒊𝒏 

[°C] 

𝑻𝒎𝒂𝒙 

[°C] 

𝑯𝒎𝒊𝒏 

[km] 

 𝑮𝟎 

[Pa.K-1] 

𝑻𝒎𝒊𝒏 

[°C] 

𝑻𝒎𝒂𝒙 

[°C] 

𝑯𝒎𝒊𝒏 

[km] 

T
u

rb
o

fa
n

 

Semi-P 2.05 -49.8 -36.8 7.35  5.02 -40.4 -27.6 5.43 

Linear 2.05 -49.4 -39.6 7.84  5.02 -40.3 -29.5 5.63 

(Eq.36) 2.04 -49.4 -39.6 7.85  5.04 -40.2 -29.4 5.63 

(Eq.1) 2.07 -49.3 -39.5 7.82  4.84 -40.7 -29.9 5.74 

F
a

n
-g

en
 Semi-P 2.11 -49.5 -36.5 7.29  5.18 -40.1 -27.3 5.35 

Linear 2.11 -49.1 -39.3 7.77  5.18 -39.9 -29.1 5.55 

(Eq.36) 2.11 -49.1 -39.3 7.78  5.21 -39.9 -29.1 5.55 

(Eq.1) 2.07 -49.3 -39.5 7.82  4.84 -40.7 -29.9 5.74 

T
u

rb
o

-g
en

 

 

Semi-P 2.26 -48.8 -35.8 7.15  5.58 -39.3 -26.5 5.18 

Linear 2.26 -48.4 -38.5 7.62  5.58 -39.1 -28.2 5.35 

(Eq.36) 2.26 -48.4 -38.5 7.62  5.61 -39.1 -28.2 5.34 

(Eq.1) 2.07 -49.3 -39.5 7.82  4.84 -40.7 -29.9 5.74 

S
O

F
C

 Semi-P 3.29 -45.0 -32.1 6.37  8.36 -34.8 -22.1 4.22 

Linear 3.29 -44.7 -34.4 6.72  8.36 -34.7 -23.3 4.20 

(Eq.36) 3.30 -44.6 -34.3 6.71  8.45 -34.6 -23.1 4.18 

(Eq.1)          

P
E

M
F

C
 Semi-P 21.45 -23.6 -11.2 1.75  56.92 -10.4 1.7 0.00 

Linear 21.45 -23.5 -10.8 1.09  56.92 -10.4 3.9 0.00 

(Eq.36) 22.72 -22.7 -10.0 0.87  63.58 -8.9 5.7 0.00 

(Eq.1)          

P
E

M
 

/P
r
o

p
. Semi-P 2.42 -48.1 -35.1 7.01  5.98 -38.5 -25.7 5.02 

Linear 2.42 -47.8 -37.8 7.46  5.98 -38.4 -27.4 5.15 

(Eq.36) 2.42 -47.8 -37.8 7.46  6.02 -38.3 -27.3 5.15 

(Eq.1) 2.44 -47.7 -37.7 7.44  5.71 -38.9 -28.0 5.30 

P
is

to
n

/ 

P
ro

p
. 

Semi-P 1.99 -50.1 -37.1 7.41  4.88 -40.7 -27.9 5.49 

Linear 1.99 -49.6 -39.9 7.90  4.88 -40.6 -29.8 5.71 

(Eq.36) 1.99 -49.7 -39.9 7.91  4.90 -40.5 -29.8 5.71 

(Eq.1) 2.00 -49.6 -39.8 7.90  4.69 -41.0 -30.3 5.82 

W
el

l-

m
ix

ed
 Semi-P 2.46 -48.0 -35.0 6.98  6.09 -38.3 -25.5 4.98 

Linear 2.46 -47.6 -37.6 7.42  6.09 -38.2 -27.2 5.10 

(Eq.36) 2.46 -47.6 -37.6 7.42  6.13 -38.1 -27.1 5.10 

(Eq.1) 2.28 -48.4 -38.4 7.60  5.33 -39.6 -28.8 5.48 

T
u

rb
o

fa
n

-

B
L

I 

Semi-P 1.60 -52.2 -39.2 7.84  3.90 -43.2 -30.3 6.00 

Linear 1.60 -51.7 -42.2 8.39  3.90 -42.9 -32.4 6.29 

(Eq.36) 1.60 -51.7 -42.2 8.39  3.90 -42.9 -32.4 6.30 

(Eq.1) 2.17 -48.8 -39.0 7.71  5.09 -40.1 -29.3 5.61 



trend towards distributed propulsion also reduces the contrail ceiling, by around 400 m in the limit of perfectly well-mixed 

exhaust/wakes due to the high overall efficiency. 

Fuel cell cooling 

The contrail ceiling also reduces by around 1.2 km as a result of the improved overall efficiencies assumed for hydrogen 

fuel cell systems compared to conventional turbofan engines. The additional effect of external cooling used in the PEMFC 

system is very dramatic, bringing the contrail ceiling close to sea level. This highlights the importance of accounting for fuel 

cell cooling, an aspect absent in previous analysis of fuel cell contrail emission [18]. Despite the propensity for fuel cell 

aircraft exhaust to condense, their impact on radiative forcing may be less significant due to anticipated operation of such 

aircraft at relatively low altitudes where fine ice particles are less likely to form and persist [18]. 

Boundary layer ingestion 

The effect of boundary layer ingestion is assessed by considering a turbofan propulsion system with inflow velocity 

parameter 𝛾𝑖 = 0.8. To enable a fair and practically-relevant comparison, the engine specific thrust is kept unchanged (i.e. 

82.4 m.s-1 at Mach 0.78, 10 km altitude) by increasing the jet velocity parameter from 0.85 to 0.929. This is a highly simplified 

representation of the effects of boundary layer ingestion on a turbofan aircraft neglecting, for example, possible effects on 

engine efficiency and effects on the downwash interactions between wing tip vortices and the propulsive jets. With this caveat 

in mind, the model predicts a 22% reduction in contrail factor, and 480 m and 470 m increases in the contrail ceiling for 

kerosene and hydrogen respectively. The analysis shows that boundary layer ingestion tends to reduce contrail propensity for 

two reasons: first the static temperature of the air entering the engine is greater due to the viscous heating in the boundary 

layer upstream of the engine; second, in the frame of reference of the atmosphere, kinetic energy contributes a smaller 

percentage of the exhaust stagnation enthalpy resulting in a hotter exhaust for a given specific thrust.  The author is not aware 

of previous studies setting out the significant potential of boundary layer ingestion to reduce contrail propensity. Given also 

the potential efficiency benefit of boundary layer ingestion, it is proposed that boundary layer ingestion should be investigated 

further as a practical means to reduce contrail emission. 

IV.Conclusions 

The Schmidt-Appleman theory for contrail formation has been applied rigorously without use of the perfect gas 

assumption. Conventional use of the perfect gas approximation, neglect of fuel mass, and neglect of the sensible and latent 

heat of liquid fuels (especially liquid hydrogen) results in significant errors that are easily avoided with the semi-perfect gas 

formulation provided here. An updated perfect gas formulation is also provided, demonstrating consistency with previous 

analyzes, and taking account explicitly of the key properties of alternative propulsion systems that affect contrail propensity. 

A generalized model for the exhaust temperature and composition of a wide range of alternative propulsion architectures is 

presented and applied systematically to gas turbine, piston engine, and fuel cell systems with kerosene and hydrogen fuel, 



also accounting for effects of fuel cell cooling, distributed propulsion, and boundary layer ingestion. Use of the perfect gas 

approximation tends to increase the altitude at which contrails are predicted to form by 200-500 m, depending on the 

propulsion system and fuel, and use of the semi-perfect gas approach presented here is recommended for improved accuracy. 

The generalized model provides the means to conduct consistent comparisons of contrail propensity between different 

types of propulsion system, and confirms trends predicted previously using separate models derived for different kinds of 

propulsion system: Transition to hydrogen fuel has a very dramatic effect on contrail formation, reducing the altitude ceiling 

at which exhaust can condense by around 2 km. The trend towards more efficient propulsion systems also increases contrail 

propensity, both due to increased efficiencies of fuel cells or more advanced combustion engines, and due to increased 

propulsive efficiency enabled by, for example, distributed electric propulsion. The trend towards more-electric aircraft also 

is shown to reduce the contrail ceiling, by up to around 400 m because more energy is removed from the humid exhaust flow 

and distributed around the aircraft. The new formulation accounts for cooling required by low-temperature (e.g. PEM) fuel 

cells, showing that cooling the exhaust to 80°C leads to exhaust condensation at less than 2km above sea level. The analysis 

shows that, while many the propulsion system developments under consideration for reducing CO2 emission promote contrail 

formation, boundary layer ingestion might be used to reduce contrail propensity and to extend the altitude range in which 

aircraft can operate without generating contrails, warranting more detailed investigation of this possibility. 

Appendix: Consistency with Schmidt-Appleman formula 

The generalized model in Eq. (36) applied to a perfect gas and neglecting fuel mass, taking 𝛼 = 0, 𝛽 = 0, 𝛾𝑖 = 1, 𝜅𝑓 =

0, 𝜂𝑜 = 𝛾𝑗𝜂𝑓𝜂𝑡𝑟, gives the contrail factor 

 

𝐺 =
𝑐𝑝𝑝𝑎𝑡𝑚

𝜖

𝐸𝐼𝐻2𝑂

(1 − 𝜂𝑓
′ )𝑄𝑓 +

2𝑉∞
2

𝑓
(

1
𝛾𝑗

− 1)
2

 

 
(40)  

 

Consistency with the Schmidt-Appleman formula (Eq. 1) requires 

 

(1 − 𝜂𝑓𝜂𝑡𝑟)𝑄𝑓 +
2𝑉∞

2

𝑓
(

1

𝛾𝑗

− 1)

2

= (1 − 𝜂𝑓𝜂𝑡𝑟𝛾𝑗)𝑄𝑓 , 
(41)  

 

which simplifies algebraically to the requirement: 

 



𝑓𝑄𝑓𝜂𝑓𝜂𝑡𝑟𝛾𝑗 = 2𝑉∞
2 (

1

𝛾𝑗

− 1). 
(42)  

 

For a system operating with 𝑉𝑖𝑛 = 𝑉∞ and neglecting fuel mass flow, the definitions of 𝜂𝑓 and 𝜂𝑡𝑟 gives 

 

𝑓𝑄𝑓𝜂𝑓𝜂𝑡𝑟𝛾𝑗 =
𝛾𝑗

2
(𝑉𝑗

2 − 𝑉∞
2). (43)  

 

Using the definition of the jet velocity parameter, 𝑉𝑗 = 𝑉∞(2/𝛾𝑗 − 1),  

 

𝑓𝑄𝑓𝜂𝑓𝜂𝑡𝑟𝛾𝑗 =
𝛾𝑗

2
𝑉∞

2 ((
2

𝛾𝑗

− 1)

2

− 1), 
(44)  

 

which simplifies to 

 

𝑓𝑄𝑓𝜂𝑓𝜂𝑡𝑟𝛾𝑗 = 2𝑉∞
2 (

1

𝛾𝑗

− 1) , ∎ 
(45)  

 

thereby demonstrating consistency between the generalized model (Eq. 36) and the traditional Schmidt-Appleman 

formulation (Eq. 1). 
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