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We continue the study of random matrix universality in two-dimensional conformal field
theories. This is facilitated by expanding the spectral form factor in a basis of modular
invariant eigenfunctions of the Laplacian on the fundamental domain. The focus of this paper
is on the discrete part of the spectrum, which consists of the Maass cusp forms. Both their
eigenvalues and Fourier coeflicients are sporadic discrete numbers with interesting statistical
properties and relations to analytic number theory; this is referred to as ‘arithmetic chaos’.
We show that the near-extremal spectral form factor at late times is only sensitive to a
statistical average over these erratic features. Nevertheless, complete information about their
statistical distributions is encoded in the spectral form factor if all its spin sectors exhibit
universal random matrix eigenvalue repulsion (a ‘linear ramp’). We ‘bootstrap’ the spectral
correlations between the cusp form basis functions that correspond to a universal linear ramp
and show that they are unique up to theory-dependent subleading corrections. The statistical
treatment of cusp forms provides a natural avenue to fix the subleading corrections in a
minimal way, which we observe leads to the same correlations as those described by the
[torus| x [interval] wormhole amplitude in AdS3 gravity.
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The importance of chaos for conformal field theories and the AdS/CFT correspondence has

become increasingly apparent over the years. Quantum chaos is often formulated as a state-

ment about the statistics of the spectrum of energy eigenvalues.

Energy levels that are

sufficiently close together are expected to show the same statistics as those of an appropriate

random matrix ensemble, namely eigenvalue repulsion; the probability of energy levels being

nearby decreases as they get closer. This leads to a linear ramp in the spectral form factor,

which is the averaged product of partition functions, at late times. Holographic conformal



field theories possess a dense spectrum for large enough energies for any spin, and thus could
possibly display random matrix universality.

In theories with symmetries, only the parts of the spectrum that are independent of the
symmetries can display random matrix universality. In particular, the spectrum of conformal
field theories in two dimensions is subject to translation invariance, Virasoro symmetry, and
modular invariance. We can remove the consequences of translation invariance and Virasoro
symmetry by focusing on conformal primary operators in fixed spin sectors. This leaves the
question of modular invariance, which relates primaries of different energy and spin.

In [1], we began investigating the relationship between quantum chaos in two-dimensional
CFTs and modular invariance. Motivated by the pure gravity wormhole amplitude found by
Cotler and Jensen [2, 3] (see also [4]), we argued that random matrix statistics for the “near-
extremal” part of the dense spectrum and the corresponding late time linear ramp is an
independent feature of each spin sector separately. This is a non-trivial statement because
the exact spectrum is fully determined by only the spectrum of spin zero primaries and those
of a single non-zero spin. The focus of this analysis was on CF'Ts where the ramp is encoded
solely in the continuous part of the basis of modular invariant functions. There exists a
discrete part as well, the Maass cusp forms, that can also encode the ramp.

The cusp forms are interesting objects in their own right:

e Cusp forms arise as bound states for a particle moving in the fundamental domain of
SL(2,7Z). This is a classically chaotic system, however due to its highly symmetric
structure it does not obey random matrix statistics.

e Instead, their spectrum of eigenvalues Rff is bounded from below and is Poisson dis-
tributed, i.e corresponds to independent draws from a known distribution.!

e Their Fourier coefficients a% ) for prime spin m are bounded by +2 and are also Poisson

distributed independently drawn from known distributions. As a consequence of Hecke
relations the Fourier coefficients for non-prime (composite) spins are polynomials of
those with prime spins. This implies that the distributions of non-prime spin Fourier
coefficients are also determined by the distributions for prime spins.

We sometimes refer to the collection of eigenvalues and Fourier coefficients as cusp form data.
Together their statistical properties are sometimes referred to as arithmetic chaos [5-8].

A connection between arithmetic chaos and quantum chaos in CFTs is an intriguing
possibility (first hinted at in [9]), particularly since quantum chaos in the wormhole amplitude
is encoded solely in the cusp forms for all non-zero spins [10]. On the one hand, the fact that
objects linked to chaos appear in the spectral decomposition of CFTs suggests that the two
(very different) types of chaos may be linked in some way. On the other hand, arithmetic
chaos is a property of the general modular invariant basis functions, not of the actual CFT

I

!We label the different cusp forms by an integer n and a sign ‘+’, which refers to cusp forms of even and

odd parity, respectively.



Rmaz
H(RY < R} / AR ()

50 50
40 40
30 30
—
20 20
10 10
10 20 30 40 50 10 20 30 40 50
RT" ar R'ITL(I.E
(a)? (ag)?
4 4
3 3

. n

Figure 1: A depiction of the statistical approximation to cusp form data. The “spectral
staircase” and the erratically distributed Fourier coefficients are replaced with their average
values. We will justify this ‘statistical’ coarse-graining in the time regime that is relevant for
random matrix universality. It should be distinguished from ‘microcanonical’ coarse-graining,
which is always required to discuss correlations in the CFT spectrum.

spectrum, so it is also present in integrable CFTs. We intend to clarify the relation in this
work.

Summary of results

In this paper, we extend the techniques developed for the continuous SL(2,Z) spectrum in
[1] to the cusp forms and identify the relationship between arithmetic and quantum chaos.
We show that taking the near-extremal, late time limit automatically implements a statistical
averaging over the cusp form data, in particular over their sporadic eigenvalues and erratic
Fourier coefficients. On the one hand, this means that quantum chaos in 2d CFT depends only
on statistical features of arithmetic chaos, not the detailed structure of the cusp form data.
On the other hand, it is remarkable that full information about (i.e., all statistical moments
of) the distributions of the cusp form data is encoded in the spectral form factor, assuming
it exhibits a linear ramp in all spin sectors. We find the universal form these statistically
averaged correlations in the cusp form sector must take to produce a ramp. As with the



continuous sector, modular invariance does not spoil the independence of random matrix
universality in each separate spin sector, since the statistical averaging proceeds differently
in each spin sector; a linear ramp must be imposed as a separate assumption for each spin
sector in order to fully and consistently determine the correlations in cusp form expansion
coefficients.

By demanding that there be a linear ramp in every spin sector, we are able to “boot-
strap” the exact cusp form correlations whose statistical averaging produces random matrix
statistics independently in every spin sector. These correlations depend on all moments of the
distributions of the Fourier coefficients for prime spin, and are related to well studied number-
theoretic objects. In fact, these correlations are essentially universal and unique under some
mild assumptions. The gravitational wormhole amplitude exhibits the same universality,
while at the same time having the minimal subleading corrections (in the late time limit) to
make it consistent with modular invariance [10]; under some related minimality assumptions
our construction reproduces it exactly.

Our presentation is somewhat pedagogical. For the result on cusp form correlations
encoding a linear ramp in all spin sectors, see (3.20) and (3.23). We derive this result by
investigating statistical features of the sum over ‘arithmetically chaotic’ cusp forms. We
discuss the connection with Euclidean wormholes in section 4.

Outline

The paper is organized as follows. In section 2 we review the setup of [1], introducing the
fluctuating part of the partition function and decomposing it in the complete basis of modular
invariant functions. In section 3 we analyze how random matrix statistics appears in the cusp
forms, and demonstrate its reliance on only arithmetic chaos. We derive an expression whose
statistical average produces a ramp in each spin sector and show that it is unique under mild
assumptions. In section 4 we then show that this expression exactly matches a calculation
in AdSs gravity. In the discussion, we put forth some preliminary results on the spectral
decomposition of the self-correlations in the spectrum , and how it differs from eigenvalue
repulsion.

Conventions are collected in appendix A. We review statistical features of cusp forms in
appendix B and discuss some important mathematical properties in appendix C. Appendix
D concerns the imprint of linear ramps in a given spin sector onto other spin sectors.

2 Spectral decomposition of the ramp

We start by reviewing the SL(2,Z) spectral decomposition of the linear ramp and recol-
lecting the work of [1]. In the next section we extend this analysis to the cusp forms, and
in particularly use statistical properties thereof (dubbed “arithmetic chaos”) to simplify the
analysis.



2.1 SL(2,Z) spectral theory

Beginning from the full CFT partition function on a torus with modular parameter 7 = x+1y,
Z(x,y), in [1, 9] the authors introduce a fluctuating partition function Zp(x,y) by a series of
steps intended to account for the symmetries of the problem:

e First, the partition function is divided by that of a single non-compact boson, Zy =
1/(y*?n(x +iy)|?), to remove all Virasoro descendants in a modular invariant fashion.

e Then one realizes that the ‘censored’ part of the spectrum (i.e., states with h or h < %,
1

equivalently F < 27 (m — ﬁ) = E,,) is not typically chaotic. Therefore, one subtracts
off this part of the spectrum. In addition, one also removes the part of the dense

c—1
24

spectrum by symmetries (such as modular S-transformations); together, these two parts

spectrum (h,ﬁ > equivalently £ > F,,) that is determined from the censored

are called the modular completion of the censored spectrum, Z¢(z,y).

The resulting “fluctuating” partition function Zp(:(:, y) is the object that can display quantum
chaos. Finally, we write this object in terms of a decomposition into sectors with definite spin:

Ze(,y) = Y €7 28 (y) 1)

meZ

This is not quite an ordinary partition function: the density of states it describes corresponds
to fluctuations around the average density of states.

To understand why this is, we have to explain the process of modular completion. There
are different ways of performing the modular completion of the censored spectrum pc(F),
which are all modular invariant and do not introduce new censored states. We focus on the
kind introduced in [11], where the modular completion of each censored state results in a
continuous density of states in the dense part of the spectrum?. For example, the modular
completion of the vacuum gives a continuous density of states for the dense spectrum that
includes the well-known Cardy formula for the leading average density of states at high
energies. Other censored states give additional contributions that are subleading at high
energy and large central charge.

In effect, the modular completion defines our coarse-graining procedure: po(E) = po(E)+
{(pp(E)), where ‘D’ refers to the dense part of the full spectrum.> With this prescription,
subtracting the modular completion of the censored spectrum amounts to eliminating the
latter while also removing the average density of states from the heavy spectrum. Explicitly,

pp(E) = pp(E) — po(E) = pp(E) — (pp(E)) (2.2)

2This is in the spirit originally suggested in [12] that the effective disorder average in gravity is related to

the conventional one underlying quantum statistical mechanics.
3A similar perspective is established in [10], motivated by the diagonal approximation of semi-classical
periodic orbits.



is the fluctuating density of states corresponding to the fluctuating partition function,

Zm Y [ rmiy -
Zpw) =% [ apmE)eT, 2:)

where we include the normalization factors from the non-compact boson. Thus, (2.1) is the
modular-invariant object that can display quantum chaos. It is ‘fluctuating’ in the sense that
pp(FE) has a vanishing microcanonical average (in particular it has both positive and negative
contributions).

The linear ramp: We are interested in the universal correlations that this fluctuating
spectrum exhibits due to quantum chaos. In particular, a quantum chaotic CFT will have
a universal asymptotic contribution to the variance of Zp, describing eigenvalue repulsion.
This is often called the ‘linear ramp’ and corresponds to analytically continuing y; — 5 +¢T
and ys — B — T and taking the large T' limit of the spectral form factor. A linear ramp is
captured in y; variables by the following limiting behavior:

> > L vy onjmy Y1
m1 mo _ - |11 (y1+y2) i JL_
<ZP (y1) Zp (y2)>ramp = Smyms T e +... (yZ > 1, " ﬁxed)
(2.4)
where ‘...” denotes subleading terms in the large y; limit. This should be read as a statement

about each spin sector separately. We choose here (and henceforth) a normalization for the
ramp corresponding to the GOE universality class, which matches the discussion in [10, 13].
The normalization would be different for other universality classes, in particular it would
differ by a factor 3 for GUE as in [3] and our previous work [1]..

Spectral decomposition: It is useful to expand the fluctuating partition functions in a
complete basis of normalizable modular invariant functions on the fundamental domain F
[9] (see also [10, 14-16]). Such eigenfunctions consist of a continuous spectrum of Eisenstein
series Es(y) with s € % + iR, and a discrete spectrum of Maass cusp forms v, +(y):

AL Eyin(r) = (i + a2> Byiol™,  Apvas(r)= G + (Rg)z) vnilr).  (25)
in addition to a constant function, A ,1(7) = 0. Note that there are both even (+) and odd
(=) cusp forms, so there are two sets of eigenvalues { R'}. These are randomly distributed,
which we will quantify later. After expanding the fluctuating part of the partition function
in this modular invariant basis, the expansion coefficients are then unconstrained by modular
invariance and their statistical properties are a good diagnostic of chaos. To write this, we

refine the decomposition (2.1):

Zo(w,y) = ZB() +2 Y {cos(@mma) | Zse.+ (0) + Zcom. ()| + sin(2mma) il _(v) }

m>0

(2.6)

41t was shown in [13] that every CFT contains an anti-linear, anti-unitary RT symmetry, implying that the
relevant universality class for two-dimensional CFTs is GOE.



where the spectrum consists of the following pieces:®

_ d .
spin 0, continuous: Z2(y) = VOl(f)ié 20 + 2\/5/ f SRR T
R *T 2
spin > 0, discrete: Zﬁ‘;gc'i(y) = Z C Z (T (2.7)
n>0
spin > 0, continuous: 7m>0 (y) = dov. T e (Y)
pm , continuous: P,cont.\Y) = R AT “1+ia %+ia Y

with vol(F) = % and the norm of cusp forms refers to the Petersson norm. The modular

invariant expansion coefficients are {-¢, =, 1, }, and we are interested in their variance

21,
j+”‘
and how it encodes the linear ramp. Using the explicit basis functions for m > 0,5

it (y) = al ) YK e (2mmy)

i 2.9
2 am, \/51{1-04(271'7713/)7 agg) — M’ ( )

mza

m

o) = 5oy
where A(s) = A(2 — s) = 77°T(s)¢(2s).
We also trivially obtain a decomposition into bases of Bessel functions (both with contin-

uous order, Kj,, and sporadic discrete order, K; R%:) by defining the spin-dependent spectral
overlap coefficients:

mo agg,:l:) .

N,y

. 248 (2.10)
~ \”) — A(_ZO[) '%*/‘(\ °
The fact that {-, =, ¢, 21 Lia

full knowledge of ZIT cont. /disc 4 (y) for only m = 0 and a single non-zero spin determines the
b . ) 7

} are independent of spin leads to spectral determinacy [9]:

partition function for every other spin.” That the coefficients must be independent of spin

will prove to be important.

2.2 Linear ramp from correlations in spectral overlap coefficients

We wish to discuss how the ramp (2.4) translates into specific universal correlations between
the coefficients of the spectral decomposition. This discussion should a priori be had for each
spin sector individually.

which is a symmetry of the Eisenstein

°In writing the first line we imposed A(ia)z%ﬂa = A(—ia)z%ﬂ.a,
series.
5Qur conventions for Fourier coefficients are consistent with [9] and [1], but differ from [10]. For comparison,

we give the translation:

(s=1+ia) o lvnzl (.
(aj5m2 )there = (a’g”))here’ (b?g’m)there = ‘ n2 | (a'ErTzl i))here . (28)

"For partition functions that arise as Poincaré series, further constraints follow [10]. However, we do not
assume this here.



Ramp for spin 0: For spins m; = mg = 0, the ramp is encoded in <Zg(y1)28(y2)>, and
in particular it is fully determined by correlations in the overlap coefficients with Eisenstein

series [1]:8
Z Z daldag ) ty ctg
< P yl P y2)> = const. + 4\/@ 47'(' AN 5+t 75+ >bpln0ramp y1 y
1
:%+m; "%7/(\_)>spin 0 ramp = m X 471'5(0[1 + 042) (ai - OO) .

(2.11)

where terms subleading in the large y; limit (denoted as ‘const.”) are required to obtain a
modular invariant expression. While the correlations in »: , ~will in general contain more
information, the above should be understood as the universal contribution that is due to a
ramp in the spin 0 sector.”

Ramp for non-zero spins: For non-zero spins, decomposing the ramp using (2.6) and
noting that the leading term shown in (2.4) is even in spin, it is clear that the ramp could
apriori be encoded in cross-correlations between any of the terms in (2.6) (subject to producing
the correct parity). We will now discuss the form of the correlations that can encode a ramp in
a single spin sector. However we will later stress the limitations of this approach when asking
for linear ramps in more than one spin sector simultaneously, as these are not independent of
each other and additional consistency conditions must be imposed.

Using the spectral decomposition of the partition function, we can write its even and odd
parts for spin m > 1 in a basis of Bessel functions, where each individual term is still modular
invariant by construction:

— m da m ( \
Z&(y)zzz,]., VI g o)+ [ 70K 2mmy).
n>0 (2.12)

=D ol VYK, (2mmy).

n>0

Let us now briefly review how the ramp could be encoded the Eisenstein series correlations
(see [1]). For the continuous part of the spectral decomposition, we can use the orthogonality
of Bessel functions to invert the a-integral in (2.12):

, 2 > d =
") = — asinh(ﬂ'a)/ 3—3//2 Kio(2mmy) Z5 cont. (V) - (2.13)
@ oy ’

This allows us to translate the universal expression for RMT eigenvalue repulsion, (2.4),
into an expression for the correlations of ="' («) coefficients by performing two correlated

8The relevant limit is large o;. We thank E. Perlmutter for pointing this out.

9Note that the correlation (2.11) is manifestly diagonal in the spectral parameters a;. Such diagonality was
proposed in [10] as a natural constraint analogous to Berry’s diagonal approximation in the theory of periodic
orbits. Tt is also a distinctive feature exhibited by the pure gravity result for the T? x T amplitude [3].



y-integrals of the form (2.13):
(2" ()22 (02) )ramp = 201 tanh(mon ) Omyms [0(01 — o) + 6(aq + a2)] . (2.14)

This shows how a ramp for specific spin m can be encoded in the coefficients of the Eisenstein
series, and the required correlations are again diagonal in the spectral parameter.'® It is
straightforward to verify this result explicitly by transforming (2.14) back to y-variables,
which reproduces (2.4). We can equivalently write (2.14) as:

_ A(—iar)A(—iao)

<:%+uw"%+/ru>spinmramp - 2(@%1))2

aq tanh(maq) [0(aq — ag) + 0(a + ag)]
(2.15)

The fact that this relation depends explicitly on spin might be understood as follows: the
existence of a ramp in each spin sector gives partial information about the correlation of the
modular invariant coefficients in different regimes, roughly organized by scale of oscillation
as function of . The different regimes are spin-dependent, so (2.15) is to be understood
as being valid only in the regime informed by the asymptotic form of the spin-m partition
function.!! Nevertheless, after discussing a similar situation for the cusp forms, we will return
to this issue in section 5 and point out some subtleties.

3 Ramp from cusp forms — the statistical approximation

In this section we extend the above analysis to the cusp forms. The main tool we use
is a continuous approximation to the sum over the cusp forms, which utilizes statistical
information, known as “arithmetic chaos”. We introduce the approximation in the context of
a simple ansatz that yields ramps in a single spin sector from cusp form sums, and show how
this is reproduced to good accuracy by the statistical approximation. This sets the stage for
an improved ansatz, discussed in the next section, where we “assemble” ramps for all spin
sectors simultaneously.
We would like to explore the type of correlations in the overlap coefficients, (=, +2,, + )ramp,

which yield a linear ramp through a sum over cusp forms:

<ngéisc.,i(yl)ZPm,éisc.,i(y2)>ramp: Z <'3m-i'3f/:-i>rampVﬁfi(yl)’/g%i(yﬂ» (3.1)

ni,n2>0

Gince 2™ () is even in a by definition, we refer to the presence of the symmetrized sum of delta-functions
in (2.14) as diagonal.

1To organize the information conveniently and discuss the relationship between all the statements implied
by the ramp in different spin sectors, ref. [1] introduced a conjugate variable &; the existence of a ramp in each
spin sector then is localized in that variable, in a different location for different spin sectors. The transformation
to the £ variables is roughly a Fourier transform, so localization in that variable translates to a definite scale
of oscillatory behavior in the « variables.

10



where the L.h.s. takes the universal form (2.4), and we recall v;', (y) = a,(ff’i)\/@KiRg (2mmy).
Note that the sum is over erratic eigenvalues R and erratic Fourier coefficients ag,? #) | The

first few eigenvalues are:

RT =13.7798.., 17.7386.., 19.4235.., 21.3158.., 22.7859.., 24.1124.., 25.8262.., ...

R, = 9.5337., 12.1730., 14.3585.., 16.1381.., 16.6443.., 18.1809.., 19.4847.. ...
(3.2)

These are sporadically distributed and become increasingly dense. The cusp form Fourier
coefficients take a similarly erratic form (for fixed spin), for example:

al") = +1.5493.., —0.7655.., —0.6928.., +1.2875.., +0.2677.., +1.7124.., ...
al") = —1.0683.., +0.2803.., —0.2309., +1.1619.., —1.5402.., +0.3741.., ...
(3.3)
(n,%)

where we normalized such that a = 1. The Fourier coefficients are distributed according

m=1 —

to a Wigner semi-circle for prime spins m — oo. Studying the nearest neighbor spacings
reveals that both the eigenvalues and the Fourier coefficients (for fixed spin) are Poisson
distributed — a fact we shall refer to as arithmetic chaos; see Appendix B for details and plots.
In a sense, arithmetic chaos is more akin to an integrable rather than a chaotic structure. One
of our goals is to elucidate the relationship between this randomness in the structure of the
Maass cusp form expansion and the genuine quantum chaos described by the linear ramp in
the spectral form factor. To reproduce the ramp from a sum over cusp forms, we will have
to address this interplay.

A central ingredient in our analysis is a certain continuum approximation to the discrete
sum over cusp forms; relatedly, we will argue that all cusp form data can be replaced with its
statistical average, which we will explain in turn. Before giving details, let us summarize the
steps we will follow:

1. To find (z,, +7,, +) such that the sum (3.1) yields a ramp, we first note that the
linearly increasing density of eigenvalues R allows us to approximate the sum by an
integral over a continuous eigenvalue density. We will argue that this approximation
becomes arbitrarily good for large y;. Equivalently, we can think of the large y; limit
as implementing a statistical averaging over eigenvalues.

2. While less obvious, we will show that the large y; limit also acts as a statistical averaging
over the Fourier coefficients agf £ Since they appear squared in the spectral form fac-
tor, the cusp form sum is effectively only sensitive to their statistical variance. Thanks
to certain Hecke relations, the information contained in the variances of Fourier coeffi-
cients for all spins m is equivalent to the information contained in the full distribution

of those with prime m.

11



3. Using these statistical properties, we illustrate what kind of correlations (=, +z,, +)
can yield a ramp in a given spin sector. We then show how to get a ramp in every spin
sector in a very constrained way. The correlations thus obtained come with a certain
amount of freedom. We show that fixing this freedom in the simplest possible way leads
to a result that matches the pure gravity wormhole amplitude [3].

Throughout this section we make extensive use of a database of 5832 even and 6282 odd
Maass cusp forms (corresponding to eigenvalues R < 400), computed in [17] (see also [18]
for a subset). We also assume the non-degeneracy of cusp forms, which is a widely believed

but unproven conjecture.

3.1 Statistical treatment of the sum over eigenvalues R}

A ramp can be encoded in the coeflicients of Maass cusp forms; to extract this, we need to
invert the discrete part of (2.12). This requires an appropriate regularization of the integrals
over Bessel functions to ensure their orthogonality in the discrete solution space. We avoid this
technical point for the moment by working with an approximate continuous representation.
This will allow us to derive the solution. We will see that this representation utilizes many of
the statistical properties of the cusp form, thus connecting arithmetic chaos to the expansion
of the ramp in the cusp forms.
To start we define the density of cusp forms by py (R), defined by

— o
Zpgise. (1Y) = / dRps(R) 2R o VyKi(2mmy),  pe(R) = 6(R-Ry),  (34)
T+ n>1
where 2, is a smooth function of R such that zgg L= 2t We will justify by construction

that this is consistent with a ramp.
The asymptotic density of cusp forms can be approximated by a continuous function,
using the ‘Weyl law’ (see for example [19, 20]):

1 3 log (7 /2 log R
bR~ (R = LR 2 1ogny BT/ | (loe By
12 2 47 R (3.5)
. 1 1 log 8 log R '
p—(R) =~ ji_(R) = 1 R . log R y +(9< f72 > .

The lower cutoff r4 > 0 in (3.4) is chosen appropriately such as to avoid over-counting of the
constant cusp form. We review this approximation and various other statistical properties
of the Maass cusp forms in appendix B, see in particular figure 5. For the purpose of our
analysis, the smooth approximation to the density of eigenvalues R sometimes allows us to
replace sums by integrals:

S A [ arpan s(). (3.6)

n>0 T+

12
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T T

m=1
m=2
[ em=3
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Figure 2: Numerical verification of the encoding of a linear ramp in correlations of even (left)
and odd (right) Maass cusp forms, according to (3.10), for y; = y2 = y. The summation over
n is performed up to some cutoff such that convergence is achieved within the displayable
accuracy. The plots show that the sum converges to the ramp linear y/(27) up to an m-
dependent constant that is subleading as y — oo.

which one might expect to hold for sufficiently smooth functions f. Clearly the approximation
is better for functions f with support at larger values of R, since the eigenvalue density
increases linearly with R; thus, more precisely, for any € > 0 and sufficiently smooth functions
f, there is a sufficiently large ng such that

<e. (3.7)

S ) - [ drsR) S

n>no nQ

Working with this continuous approximation, a calculation identical to (2.14) gives:

m 2R, tanh(ﬂRl)
<ZR1 + R;,i>ramp ~ 72 ,a:I:(Rl)2 6m1m2 5(R1 - RQ) . (38)

One can immediately see that this approximate continuous expression translates into the

following correlations for the discrete coefficients:

+ +
Yy o TR . (3.9)
e e ™ T (RE)

or, equivalently, the cusp form sum (3.1) encoding a linear ramp should be of the form

<Z17:'r,Lcliisc. , (yl ) Z}g,ljisc.,i (y2) >

ramp

2R , tanh 7rR
~~ Z ( ( ) 5m1m2 n1n2> \/7K1Rn (27Tm1y1) \/7K1Rn2 (27Tm2y2)
n17n2>0 /’L:t(Rnl)

(3.10)
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Figure 3: We quantify how the sum over cusp forms indexed by n depends on the terms with
small n (and hence small R;). We plot the ramp in the spectral form factor computed using
only values of n for which R > Ry, and normalize it by the complete result. Asymptotically
as y — oo this ratio converges to 1, no matter how many low-lying values of R we exclude.
We show the cases of even (left) and odd (right) cusp forms separately (they are almost
indistinguishable). Solid lines correspond to spin m = 1, dashed lines to m = 2.

This is approximate in the following sense. To evaluate the sum we can proceed in two
ways: (i) analytically, we can approximate the sum by an integral as in (3.6), which in turn
recovers the exact ramp in every spin sector (by construction). The approximation is then
due to replacing the sum by an integral. This approximation becomes increasingly good for
y; — oo because the support of the Bessel functions shifts to larger values of R;> where these
are more dense. (i7) Numerically, we can confirm directly that the discrete sum (3.10) does
also reproduce the ramp up to an error (a subleading constant shift) that goes to zero as
y;i — 00.12 Figure 2 illustrates the result (both for even and odd parity cusp forms). We see
that the numerical evaluation of the Maass cusp form sum asymptotes to the expected linear
ramp for large values of y; (we only show the case y; = y2 = y, but other cross sections of
the (y1,y2) plane were checked similarly).

Dominance of large R' as y; — oco: We wish to comment more on the convergence
of the sum over cusp forms indexed by n, (3.10), and the continuous approximation. As
functions of y, the Bessel functions K R$(27rmy) have strong oscillations for 0 < 2mmy <

RF, with amplitude of order 4/ QW/R,% e TR/ 2 and subsequently decay exponentially like

n ?
V/1/(4my) e=?™  independent of R;F. First, the exponential decay implies that the sum
over n converges and can thus be truncated in numerical evaluation. More non-trivially, the

12The constant shift is the error introduced by the summands with small values of n, where the continuum
approximation is worse. It is strictly subleading to the linear ramp for large ;.
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sum is dominated by terms with increasingly large values of R;X. We verify this numerically in
figure 3: we compare the ramp computed using all relevant terms in the sum with the partial
result obtained by dropping all terms with 0 < Rt < Ryi,. We observe that the ratio of
these two quantities approaches 1 as y — oo, for any choice of Ryi,. Another way to present
the same result would be as follows: any partial sum over only low-lying R,jf converges to
a finite constant (times the usual e~ 27™¥11+¥2)) a5 4, — 0o, as the Bessel functions become
independent of R,jf. This is therefore subleading to the ramp:

Mmax
lim ™) N (0 VLK (200m1) 52 K (2mmys)
Yi —
1 nmax (3.11)
= R <://1]f::/,l]f:>ramp = COHSt(m,nmaX) < 00
n=1

for any nmax. Effectively the sum over n is dominated by a window Rpin < Rf < Rmax Where
both Ry, and Ryax increase with . Thus using the continuous approximation, i.e., treating
the eigenvalues R statistically for large y, is valid.!3

To summarize, the sum (3.10) can be (roughly) split into three pieces, which qualitatively

contribute as follows to the spectral form factor:

(1) 0 < RE < Ruin(ws) subleading constant
(2) Rmin(yi) < R,jf < Rumax(¥i) : linear ramp (3.12)
(3) Ruax(yi) < RE: exponentially small

(n, %)

3.2 Statistical treatment of the Fourier coefficients a,,

Let us return to the sum over cusp forms, (3.1). We wish to address the following question:
what form of correlations (=, + 7, +) yields the ramp (3.10) ? Naively, it seems that we have
already answered this question in (3.9). However, that expression, taken literally, would via
(2.10) give a different, spin-dependent form of (=, 1 z,, ) for every spin, which clearly can-
not be correct. So how is (3.10) consistent with spin-independent correlations (=, +z,, +)?
To resolve this conundrum, we take a detour to discuss properties of the Fourier coefficients

agff E) of the cusp forms.

The Fourier coefficients are erratic, see (3.2). What does this mean for the validity of our
continuous approximation to the eigenvalues? We have already seen that the sum over n can
be split into three pieces, see (3.12). Both Ry, and Rpyax increase indefinitely as y; — oo,

so the density of R, which are of interest to regime (2), increases as well. Summing over

13 A final way of seeing this behaviour is to plot the integrand in the continuous approximation of the cusp
form sum: it (R){z'+~ 2"+ )ramp grows monotonically with n, while the Bessel functions decay very slowly as
functions of R until R 2 2wmy;. This leads to an integrand that peaks at a value of R that increases with y;,

in turn making the continuous approximation better.
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an increasingly dense set of R acts as a statistical coarse-graining over the remaining n-
dependent terms in the sum. In particular, the product of the Fourier coefficients appearing
in the sum and the correlations (z,, . z,, 1) get averaged over. We therefore expect to be
able to replace the discrete erratic Fourier coefficients by their statistical distribution.

Distribution of Fourier coefficients: The statistical distribution of the Fourier coef-
ficients is a well-known topic of mathematical research, and we review it in some detail in
appendix B. Let us only point out the most crucial aspects. First, the asymptotic distribution

of a'™® for fixed prime spins m = p is well known [21]:

. (ﬂl)vj/ji - if o] <2
o (z) = { 2o ((0/2p712)"-a2) (3.13)
0 otherwise

For large prime spins, this approaches a Wigner semicircle (277)*1\/m . Another notable
feature is that the distribution suggests that \a,(,n’i)| < 2 for all n, a property known as
the Ramanujan-Petersson conjecture [21]. We are interested in moments of these distribu-
tions. Since the sum (3.1) features the squares of Fourier coefficients, a statistical feature of
particular interest is their variance

+_ (EN2 oy, b (n,))2
=T g, L3y b1
which has the following exact value for prime spins:!*
1
/\fpi _pt!l (p prime; exact). (3.16)
p

See (B.5) for higher moments. We use the notation (---) to denote statistical averaging (over
n). This is independent of the microcanonical averaging, denoted by (---), which we always
use to discuss correlations in the coarse-grained CF'T spectrum.

For non-prime spins m, the variances ./\/'nf are determined by the distributions for prime
spins. Importantly, not only the variances of the distributions for prime spins, but also
their higher moments are needed. The reason is that the Fourier coefficients themselves are
determined as non-linear polynomials of those for prime spins by a certain Hecke algebra,
see (B.9) for some examples. Statistical averaging over such polynomials requires knowledge

141t is interesting to note that since the Fourier coefficients for prime spins are Poisson distributed, as shown
in appendix B, the variance in (3.14) already implies delta-functions in spin and eigenvalue index,

. ny,t no,+ ny,t)\2 +
P1,p2 prime: a§711 )a;; ) = (a1<311 )) Ony,n20p1,ps :Nm Ony,m20p1,ps - (3'15)

This suggests that arithmetic chaos is linked to the diagonal approximation in the periodic orbit picture of
[10]. The delta-function in the eigenvalue indices persists even for non-prime spins and is therefore tied to the
effective statistical averaging implemented by the correlated cusp form sums (3.1). Note, however, that we will
later average over summands involving higher moments of Fourier coefficients, which complicates the picture.
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of higher moments of the prime distributions. In summary, the following three pieces of
information are equivalent:

)\ 2
== ()

variances of distributions of all spins m

54

all moments (al(yn’i))k of distributions of prime spins p
4

distributions (3.13) of prime spins

We review these statements in appendix B and give examples in (B.9). Using the first 5832
even and 6282 odd Fourier coeflicients, we find numerically for their variances as a function
of spin m:

Nt ~ 1,146,127, 165, 1.13, 1.84, 1.07, 1.72, 1.32, 1.63, 1.02,...

3.17
N ~ 1,1.47,1.30, 1.68, 1.16, 1.89, 1.09, 1.76, 1.36, 1.68, 1.04, ... (3.17)

where values for prime m are printed in boldface (see tables 1 and 2 for more details).

Statistical averaging in the spectral form factor: Whenever the statistical averaging
over n applies to our cusp form sum over n, it means that we can replace discrete erratic
expressions by their statistical average. This amounts to a significant simplification for eval-
uating sums such as (3.1): for large y; the exact squared Fourier coefficients (which oscillate
erratically) can be replaced by their mean value, i.e., the variance of their distribution (3.13),
thus ‘forgetting’ about the detailed sporadic values and only keeping track of statistical in-
formation. This explains how it was possible that the correlations (z,, ~,, ) that would
follow from (3.9) would depend on spin in such an extremely fine tuned way as to cancel all

(m’ )a%{j’i): the correlations (=, +z,, +) do not actually need

erratic Fourier coefficients apm,
to cancel the Fourier coeﬂiments exactly, but only on average. As we will see, this is indeed
possible in a spin-independent way.

Focusing on a single spin sector, the fact that the Fourier coefficients only need to cancel

on average means we would expect to reproduce the linear ramp in the spin m sector from

<Zg,bdisc.,:t (yl)Z{:’ndisc. :I:(y2)> .
ramp naive

+ tanh(m R (3.18)
Ni Z <2R7T2tuih](gi])% )) (a ) Vi K Ri(27rmy1) VY2 K, pt (2mmys)

This corresponds to correlations of the form!®

_ 1 2Rftanh(zRy) = 24
<“” + Zn, i>spin m ramp naive N% 72 ,ai(R%) ~ Wanil

(m>1,n>1) (3.19)

2R tanh(7RE) 24

s (Ry)
y;. For all numerical results in this paper, this approxlmatlon is not good enough and is not used.

15The second approximation, , is valid asymptotically for very large n, i.e., for very large
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Figure 4: We compute the Maass cusp form sum using the variance of the Fourier coeffi-
cients instead of their exact values in (3.18). For large y increasingly many Fourier coefficients
contribute to the sum over n, which means that their square can be increasingly well approx-
imated by their variance. We therefore reproduce the linear ramp asymptotically (up to a
subleading constant shift), c.f. figure 2. The left (right) shows the case of even (odd) parity
cusp forms. In the odd case the ramps for different spins lie almost on top of each other.
Insets show larger values of y.

We can check the validity of this claim numerically by computing the sum (3.18) and
comparing it with the true form of the ramp. As can be seen in figure 4, for large y the
correct linear ramp is approached, again up to a constant which is subleading for y — oc.

Evidently, (3.19) still depends on the spin m via the normalization N%, albeit much more
weakly than had we tried to cancel the erratic Fourier coefficients in (3.18) exactly (term by
term). It is therefore still not a good candidate for correlations (=, .z, ) that yield linear
ramps independent of the choice of spin. And indeed, correlations of the form (3.19) only
yield a ramp with the correct slope in the spin m sector. In other spin sectors m’, we would
need a similar form of correlations, but with a different normalization 1/N nf,. We will remedy
this situation in the following subsection.

3.3 Ramps in all spin sectors: number theory and uniqueness

As we have seen, (3.19) only encodes the ramp in the spin m superselection sector, but it
‘contaminates’ the slope of any putative ramp in other spin sectors. The basic assumption of
quantum chaos, however, would be a linear ramp with the correct slope in all spin sectors. To
achieve this, let us now take the statistical averaging one step further and improve the naive
ansatz (3.19) such that it works on average for every spin sector, i.e., in a spin-independent
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way. We wish to write:

2RE tanh(rRY) 24
) ) ~ 2tn n (n%) (n,%)
<—n 1, vn_).:>ramp ~ 7;2/21(1%7:‘51) ! 5n1n2 f ~ 7r2 6n1n2 f (320)
with a spin-independent function f(™%) such that
(a%’i))zf(”i) =1 forallm>1. (3.21)

The effective averaging over n will then guarantee that in the limit y; — oo, we recover the
ramp for all spins m:

Z <1/1 1+ :/1;.i>ramp V;Z,:t(yl)yg;:t(yZ)
ni,n2>0
i 24 T2 . .
TN 5 () F ) VK, e (2mmyn ) ViR K g (2mmyn) + (3.22)
n>0

_ l& 6—27rm(y1+y2) + ...
T Y1 + Y2

where we replaced (a,(ﬁ ’i))Q fE) by its average according to (3.21) in the second line and
then simply applied (3.10). We denote subleading terms by ‘...’

We will refer to f(™%) as the arithmetic kernel associated with the cusp form Un,+. This
name is inspired by the fact that any function satisfying (3.21) must obviously depend on
all Fourier coefficients for all spins in a very fine-tuned way such that it produces just the
right normalization for the ramp in every spin sector. It must, in a sense, encode all the
information loosely referred to as arithmetic chaos, such as Hecke relations (B.8) and the
statistical distribution of Fourier coefficients (3.13). Note that the ansatz (3.20) assumes
diagonality in n;. We will justify by construction that this is a consistent assumption. Note
further that the condition (3.21) really only needs to hold asymptotically as a statement about
the average over terms in the spectral form factor with large n.' Deviations for small n will
only affect subleading terms in the late-time spectral form factor. We fix this ambiguity in
the minmal way, i.e., by imposing (3.21) as an average over all n as written.

Given all the information encoded in ‘arithmetic chaos’, it is remarkable that such a
function exists. We will now first write down this function, then explain why it works, and
then derive it, showing that it is essentially unique (under the above assumptions). The
arithmetic kernel satisfying (3.21) is given by

n, p+1 1 )\ 2
o =1 [M(%g RN (3.23)

p prime p

Let us first confirm that this function satisfies (3.21). We do this in three steps:

6For example, we can imagine performing a ‘moving average’ over large but finite windows of n, which
determine the cusp form sum over corresponding ‘batches’ of cusp forms, then for small n it is certainly
allowed that the average fluctuates around 1.
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1. If m = p is prime: Since the Fourier coefficients for prime spins are independently
distributed, we only need to know the second and fourth moments of the distributions
(3.13), which are easy to calculate. We immediately find:

WENZ rnt) _ | PH L mane 1 mand p+1 1 ~mane| _
(™) 08 = |5 (™) = g (™) p'gme AN I
p'#p
(3.24)
where every factor is individually 1 due to the following statistical facts:
- - 2
ime: (minz _ P+l (nind _ 2p°+3p+1
p prime: (ap"™)" = 5 (ap’ )) = 5 (3.25)

2. If m = p* is a prime power: For prime power spins, we can analogously show that
every factor in an expression similar to (3.24) is 1. For the first factor (p’ = p) we
need some more non-trivial facts about the Fourier coefficients, which follow from the
Hecke multiplicativity rules (B.8). The required properties are (see appendix C and in
particular Lemma 4):

(n,£

‘ —p* n n 2p+1) —pF(p+2+p!
p prime: (apk ))2:% (a( ’i))2(a1(, ,i))2: (p )—p "(p p)

p—1"~ p—1

(3.26)
Note that these properties encode all information about the distributions (3.13).

3. Arbitrary m: For any general integer m, there is a prime factorization m = p’fl R
The Hecke multiplicativity rules (B.8) imply

2 2
m = plfl . -pfr = (a%’i)y = <a(2’1i)> e (a(z;i)) . (3.27)

The property (3.21) follows factor by factor.

The arithmetic kernel f(™*) has a deep number theoretical meaning in terms of Hecke
L-functions. We elaborate on these fascinating mathematical properties in appendix C. We
can also derive f(%) from physical requirements, i.e., by merely imposing (3.21) in all spin
sectors. We sketch the derivation below, delegating details to appendix C.3.

Uniqueness of the arithmetic kernel: We will now derive the arithmetic kernel (3.23)
by arguing that the requirement (3.21) fixes it uniquely (within an ansatz class). First recall
that Fourier coefficients have multiplicative properties due to them being eigenvalues of Hecke
operators. In particular, if the spin has a prime factor decomposition as in (3.27), since ag,:’i)
are independently distributed for different primes p it is useful to first solve the problem (3.21)
for prime power spins, m = p¥. Consider an ansatz of the form

[0 =%, (almA)?r (3.28)

r>0
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for prime p. Since we already assumed diagonality in eigenvalues Ri in (3.20), odd powers
of Fourier coefficients will average to zero, and we discard them in our ansatz. Such terms
would not affect the construction of the universal ramp, but they would change the subleading
behavior of the late time spectral form factor. Discarding odd powers in the ansatz can thus
be viewed as a minimality assumption about the ansatz. It would be interesting to constrain
such ambiguities further, using input from the off-diagonal sector.

The condition (3.21) yields an infinite linear system constraining the parameters ¢, in
terms of moments of the distribution of Fourier coefficients. After some investigation (see
appendix C.3), this system can be written as follows:

(et 2(ktr) _ (2k)!
Z Cp,r (ap ) = m . (329)
r>0

Making extensive use of (i) Hecke relations and (éi) all moments of the distributions of prime
Fourier coefficiens, the solution of this system for m = p* is unique:

_ptl 1

Cp,() T ? Cp71 - _m ’ Cp7T22 = 0 : (330)

Using (3.27), the condition (3.21) for all m is then solved by

f(n,:i:): H flgn,ﬂ:): H [W_l(a;n)f ) (3.31)

1
p prime p prime p P+

While we have made simplifying assumptions in the derivation of this kernel (see the discussion
after (3.21)), its uniqueness within a large class of possibilities is remarkable. We show in the
next subsection that the structure of the result (3.20), (3.23) is more than just a mathematical
curiosity; it has a number theoretical interpretation and its simplicity is in fact intimately
tied to a calculation in AdS3 pure gravity.

4 Matching universal correlations to the AdS; wormhole

Our ‘bottom-up’ construction of the spectral overlap coefficients encoding the linear ramp
was based on minimal assumptions about quantum chaos in all spin sectors and consistency
with the symmetries of CFTs. We also assumed a certain minimality in the ansatz for the
arithemtic kernel f(™%) which then allowed us to fully determine it. In this section we
compare this ‘minimally consistent’ arithmetic kernel with the wormhole amplitude found in
AdSs3 pure gravity, which also exhibits such linear ramps. We find detailed agreement.
Demanding universal eigenvalue repulsion (i.e., a linear ramp) in every spin sector of the
CFT, and assuming that for m > 0 this property is encoded in the cusp form sector alone, we
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constructed the following form of spectral correlations as the simplest consistent possibility:

1
<:%*/fll ;%*“\:>Spin 0 ramp m x Amd(on + ),
. ) 24 + +) _ p+1 1 (n,+)\2
<-//\,: '//3.j:>spin m>0 ramps = p f(n ) X 6”17’”2 I f(n ) = H |:p - Zm (apn )

p prime

(4.1)

By virtue of being spin-independent, these correlations provide a manifestly modular invariant
encoding of a linear ramp in all spin sectors. (Of course, the ‘bare’ asymptotic ramp is not
modular invariant by itself, so the subleading corrections produced by (4.1) are important.)

Let us now turn to gravity. The spectral decomposition of the T? x I wormhole amplitude
in AdS3 pure gravity [2, 3] was given in [10], and provides an explicit example of a modular
invariant spectral form factor that contains a ramp in the large y; limit.'” In our notation it

corresponds to the following non-zero variances:'®
<:’_i'*"“‘1 :%+/<u>wormhole = m x Amd(on + ),
<‘ ‘ > - 1 1 s (4.2)
nq,t “ng,d wormhole 2COSh(7TR7:~|L:1) Hl/n;l:ug ning »

where the cusp form norms are computed with respect to the Petersson inner product (see
appendix C for more details, and figure 9 for concrete values). The second line is meant
to indicate that both the even and odd correlations as indicated give a ramp with correct
normalization. In a CFT with parity symmetry, the even and odd ramps describe chaos in
different parity superselection sectors.

Now compare our result (4.1) with (4.2). The continuous part of the correlations, which
encodes the spin 0 ramp, matches immediately (which is by construction). More interestingly,
the discrete correlations, which we constructed by imposing quantum chaotic universality con-
sistently across spin sectors, also match the gravity result. To see this, we need an important
fact from arithmetic number theory, which is derived and explained in appendix C. The cen-
tral observation is t(hajt[ )our arithmetic kernel f(™#¥) is a particular meromorphic symmetric
n,

square L-function L,

(s) evaluated at s = 1. For every single cusp form, this function pro-
vides a generalization of the Riemann zeta-function that encodes all the statistical properties

and Hecke relations between different spin Fourier coefficients. The precise statement is:

(@) 2
f(n,:t): — . 4.3
LU (5= 1) 48cosh(nRa)|vnc]? (4:3)

The intermediate steps in this equation are reviewed in appendix C. This establishes equal-
ity of, on the one hand, the correlations found from demanding a ‘bare’ linear ramp in all

1"We thank Scott Collier for private conversation on this result.
8To compare with [10], note that ey = I'(3 +ia)T'(3 — ia). To compare with [3], note that we
introduced an additional factor of 2 in the wormhole amplitude to match the GOE universality class, c.f.,

[10, 13].
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spin sectors (taking into account the mechanism of statistical averaging over cusp forms and
constructing a minimal spin-independent arithmetic kernel) in (4.1), and, on the other hand,
the pure gravity result, (4.2).

It is interesting to note that the spin-0 ramp, encoded in the Eisenstein sector, can
similarly be expressed in terms of a suitable L-function:

A(ial)A(iag)

x 4md (a1 + o), 4.4

<:%+/fw i%+/'/':>spin 0ramp

where Lg}) (s) = ((s + ia)((s — i) is the meromorphic continuation of a sum over Fourier
coefficients. See appendix C.4 for more details.

To summarize, we have found that a linear ramp in all spin sectors m > 1 is encoded in
the following sum over cusp forms in the near-extremal limit:

1 v v 1
Z i ot (W) Vice(02) _ - Y1Y2  omim|(yr+ye) +... (for all m) (4.5)
= 2 cosh (ﬂ'Rn) [ Vn,:l:” I Vn,:l:” TY1 + Y2

The agreement of the wormhole amplitude with the ‘minimal’ realization of quantum
chaos across spin sectors was called the MazRMT principle in [10]. It amounts to the state-
ment that the gravity amplitude is the minimal modular completion of a spectral form factor
exhibiting linear ramps. More precisely, ref. [10] shows that the wormhole amplitude is the
minimal extension of the ‘bare’ ramp, after imposing ‘diagonal” and ‘Hecke’ projections onto
correlated eigenvalues and eigenfunctions in the spectral decomposition of the spectral form
factor.!® Our investigation similarly imposed some minimality requirements: the main as-
sumptions were the realization of quantum chaos in all spin sectors and modular invariance;
we argued that these assumptions required a spin-independent form of the arithmetic kernel
and then constructed the simplest consistent kernel from an ansatz (3.20) by solving the sta-
tistical constraints. By discarding from the ansatz any terms that would be invisible to our
statistical condition (3.21), we fixed it fully and recovered the wormhole amplitude. This sim-
plicity provides a statistical perspective based on arithmetic chaos on the MaxRMT principle
of [10].

5 Discussion

To summarize, we note again that the Euclidean wormhole amplitude (4.2) describes a univer-
sal part of the spectral correlations in any individual chaotic CFT, which dominates the late
time near-extremal limit. We constructed the same object ‘bottom-up’ by imposing quantum
chaos (in the form of a linear ramp) in every spin sector separately and consistently balancing
the imprints ramps in any given spin sector have on the slope of ramps in other spin sectors.

"9The ‘Hecke projection’ of [10] refers to demanding equal correlations in the continuous and discrete sectors,
which is indeed a remarkable feature of (4.2) after absorbing the cusp form norms into the normalization of
Fourier coefficients. We explore this feature in more detail in [22].
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We delineated the way in which a solution can be constructed based on statistical considera-
tions of Maass cusp forms. A crucial role was played by the effective statistical averaging over
erratic data defining the modular invariant Maass cusp forms. It is due to this averaging that,
on the one hand, all statistical information about ‘arithmetic chaos’ is encoded in the collec-
tion of linear ramps, while, one the other hand, detailed erratic features of cusp forms are
washed out and a single spin-independent form of chaotic correlations could be bootstrapped.
There is some freedom in the constructed solution, which would affect subleading corrections
to the spectral form factor; the match with the gravitational result was established by not
making use of any of this freedom, i.e., fixing it in the minmal way. We conclude with some
further comments.

Spectral determinacy

It was found in [10] that the spectral decomposition of the AdS3 wormhole amplitude is such
that the correlations in the Eisenstein series coefficients and those in the Maass cusp form coef-
ficients are identical. We found the same result by imposing statistical universalities (quantum
chaos) in all spin sectors and implementing them in a minimal way through a sum over cusp
forms. This strengthens the spectral determinacy property of general two-dimensional CFTs
[9], as in these examples all spin sectors exhibit identical correlations (‘strong spectral deter-
minacy’ [10]). How is this consistent with one of the basic assumptions of quantum chaos, i.e.,
the independence of spectral universalities in each symmetry superselection sector? We take
the following perspective: even though the statistical approximation required that our result
(4.1) for spin m > 0 linear ramps had to be the same for all spins, it nevertheless encodes
separate input from all spin sectors. This is manifest when we consider the arithmetic kernel
f3): it contains all squared Fourier coefficients for all spin sectors in a highly fine-tuned
way such as to ensure the correct statistical property (3.21) for all spin sectors. For example,
had we only imposed the ramp in some particular spin sector, then the naive ansatz (3.19)
would have been sufficient. But this would have impacted the slope of the ramp in all other
spin sectors. Finding the universal kernel that yields the correct slope for all spins required
us to separately assume the existence of a ramp for all spins and input the corresponding
information into the construction of f™%) in a correlated way.2"

We can summarize this as follows: imposing random matrix universality in just one given
spin sector leaves a lot of freedom for the choice of the cusp form correlations (zy +2p +),
thanks to statistical coarse-graining in the late time limit. It does by no means imply a linear
ramp with the correct slope for any other independent spin sector. But imposing random
matrix universality in all spin sectors, leads to enough constraints to determine a universal,
spin-independent form for the correlations describing the leading order linear ramp. Further,
the statistical conditions we investigated naturally led to a ‘minimal’ solution of this problem,
which agrees with the gravity result.

2ONote also that we did not assume additional structures in the CFT partition function, such as it being a
Poincaré sum over images of a seed function, which would lead to further constraints; see [10].
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Deriving chaos

A first-principles, bottom-up derivation of chaos in holographic CFTs still eludes us. While
we now understand the relationship between quantum chaos and modular invariance better,
quantum chaos is still a basic assumption that we show is consistent with other features of the
2d CFTs. This is contrasted with the wormhole amplitude in gravity, which can be derived
from first principles. Some standard properties of holographic CFTs might be sufficient
for such a derivation, in particular the assumptions that yield a dense spectrum above the
extremal limit (large central charge, no conserved currents, and a twist gap). A promising
path towards this would be the construction of an Efetov sigma model as in [23, 24], similar
to how chaos is derived in the SYK model [25]. It would be fascinating to see if such an
approach can be adopted using recent discussions of random matrix ensembles for 2d CFT
operator data and OPE coefficients, which furnish approximate solutions to the bootstrap
equations [26-28].

The plateau

In chaotic quantum mechanics the universal form of eigenvalue correlations is expected to take
the random matrix form for sufficiently close energy levels, depending on the universality class
(see, e.g., [29]). For the GUE universality class, this is

_ sin? (mw{p(E)))
(reo)?

(p(E +w/2)p(E — w/2)) = (p(E)) + (p(E))d(w) (5.1)
The first term describes the disconnected part, the third the famous sine-kernel which gives
rise to the ramp in the time domain. We now wish to discuss the second term, i.e., the
tautological “self-correlations”, to provide comparison with the chaotic case — eigenvalue
repulsion and the ramp — discussed before. In quantum chaotic systems this term gives
rise to the eventual plateau for sufficiently long times (or equivalently for sufficiently close
eigenvalues), but this term is even more universal as it also exists in integrable systems.
Systems with Poissonian statistics are completely described by the first two terms in (5.1),
up to non-universal terms at early times.?!

While the ramp appears to a natural object in the spectral decomposition, and can be
described as analogous to the “diagonal approximation” [10] in a periodic orbit expansion (i.e.,
the correlations in spectral eigenvalues, o and R, are diagonal), we will see that the plateau
is perhaps less natural. This is consistent with the analogy with the semi-classical periodic
orbits, for which the plateau is non-perturbative. Note also that in gravity calculations,
the plateau is much more difficult to obtain than the ramp; in JT gravity it arises from
an infinite sum of wormhole geometries [30, 31]. We will now offer a few comments on the
spectral decomposition of the plateau, leaving a full analysis for future work.

21Tf we discuss multiple independent Hamiltonians, the self-correlations exist for identical matrices (tauto-
logically) but are absent for distinct random matrices.
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Self-correlations: First, we comment on the expected height of the plateau in a quantum
chaotic system, and see how this is reproduced in our language with the fluctuating partition
function Z{;,”(y) Recall from (2.2) that the density of states for the fluctuating partition
function is just the density of states for the dense spectrum minus its average, pp(F) =
pp(E) — (pp(E)). This means that the second and third terms in (5.1) have to do with the
correlation of the fluctuating partition function. Thus the height of the plateau we expect

from considering the fluctuating partition function is just that of a standard partition function
N

T tu) from the definition of Zp). Focusing on the second term in (5.1):

(multiplied by

<ﬁ}§n1 (El)ﬁlgnz (E2)>p1ateau = (pp (E1))0(E1 — E2)0mym,
Vv Y1y2

= <er3nl (yl) ZITQ (3/2)>plateau - M<Zﬂ%(yl + 3/2)>5m1m2 (52)

= 7\’y1y2) Ormyms / dE <p751 (E)>e_(yl+y2)E ’
By

et Wity2

where (pT(E1)) is the average density of spin m Virasoro primaries.?? Note that the plateau
coefficient is given by A which is not the modular invariant, fluctuating, dense partition
function. It is just the standard partition function for the dense primaries of spin m; in
particular it is not modular invariant.

By taking 1; — 00, we can estimate the plateau height:??

= =~ VYIY2  _on

(28 (W) 28 (12)) praean = (P (Bm)) 2= e mmnse), (5.4)
Y1 T Y2

Comparing (5.4) to the ramp, we see that the ramp and plateau become equal to each other

when /y1ys ~ T = (pB(Em)) = A(Ey,) 7, ie., when at times of order the inverse mean-level

spacing at threshold energy, as expected from general considerations.

Spectral decomposition: We can now analyze how the plateau appears in the Eisenstein
series; the cusp forms come with new technical issues, and we relegate their discussion to
appendix D.5. For the spin 0 case, we plug (5.4) into the usual integral transform (similar to
(2.13)):

(5(&1 4+ ag — Z) . (5.5)

. . ~ 952/ ,0
<'% Fiag % \ /f\;>spin 0 plateau 2 <pD(E0)>sinh(7ra1)

The most interesting feature of this expression is that it is not diagonal in «;.%*

22We use the average density from [32], given by

m 1 2 1 c—1(FE; c
Fp)) ~ — 2 — 4+ — . .
(VB (Bv) Qﬂﬁwgwexp{ 7r\/ . <2W+12)} (53)

12

23This is obtained via Laplace’s method; the integral is dominated by the global maximum at E; = E,,,, as
the local maximum for large y; lies outside the region of integration as long as y1 +y2 2 ¢> 1.

24The appearance of unfamiliar delta function of a complex argument is due to our function space including
functions that grow exponentially in y, see for example the discussion in [33].

26



For the spin m; > 0 case, we find similarly:%

1 1
27 (1) 2" (02) ) plateaun = —AT°M{p B (B D( + >6mm Q; — 00
< 71 (a ,>p1 % ™ <pD( )> (al_a2)2 (a1+a2)2 1ma ( )
(5.7)

Again, the correlations for the plateau in any spin sector are not diagonal (there is no delta-

function imposing a1 = +a3). From the perspective of [10], this means the plateau does not
come from the diagonal approximation analogous to the semi-classical periodic orbits, as one
would expect.

Similar to our discussion of the ramp, we can ask if (5.7) should be improved by imposing
a plateau consistently across all spin sectors. We leave such an analysis to the future, but
discuss the question of the imprint of a plateau in a given spin sector onto other spin sectors,
using numerical evidence, in appendix D.4.
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25This should be understood as a distribution, i.e.,

[Pota) = [ 25 (0ta) - 60) 26/ 0)) = [ ~loglals (). (5.6)
Such a procedure is necessary as the Fourier transform of |£| only makes sense as a distribution i.e. when
integrated against test functions, and the resulting distribution cannot be defined without some method of
regularizing the singularity at a1 & a2 = 0. The first method is by subtracting the first two terms in the
Taylor series so that the singularity becomes removable; the second is to use integration by parts and discard
boundary terms, which makes the singularity integrable.
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A Notation and conventions

In this appendix we collect some conventions and useful formulae. We consider the spectral de-
composition of the Laplacian on the fundamental domain F = {r = x+iy, y > 0} /SL(2,7Z),
which admits continuous and discrete solutions:

1
A E (1) =s(1—s)E(1), AL vy (1) = <4 + (Rf)2) Un,+(T), (A.1)

where the Eisenstein series and Maass cusp forms have the following Fourier decomposition:

Bir = i) = |y Sy 4 3 cosomme) MO i rmy),
m>1 m”

Un (T =2+ 1iy) = Z {C(,)S(Qﬁmxi} ait) VYK, (2mmy) .
(A.2)

The continuous eigenvalues are s = 5 + ia with o € R, while R > 0 are discrete randomly

distributed real numbers (see appendlx B for details). We work with unnormalized cusp

forms, satisfying agn’i)

o

= 1. We also define Fourier coefficients for the Eisenstein series, via
1 (a))

= 2m ™00 (m). (The Hecke eigenvalues are ary, .
The spectral decomposition of a normalizable modular invariant function takes the form

f(T) :/ Z: (f F\ ‘m -Hoc +ZZ (f, Vn, ) (7-) (A3)

+ n>0 Vn, iH

where the Petersson inner product is (f,g) = [ 7 dzdy y~2 fg. In particular:

(f,EéHa):/fdf/gly f(:E+iy)Eém(x—iy):/0 dyy~ 3 e 0y). (A.4)

B Statistics of Maass cusp forms: arithmetic chaos

We review some statistical facts about the Maass cusp forms, along with clarifying aspects
that (to our knowledge) do not appear in the literature. Some of this information can also be
found in the main text, repeated here for convenience. We use the first 5832 even and 6282
odd cusp forms for all numerics (this corresponds to R < 400) [17].

The eigenvalues of cusp forms are distributed according to the Weyl law [19, 20]:

) 1 3 log(7*/2) log R
N—i—(R)NN—s-(R)—ER_%IOgR"‘T"‘O R )

. 1 1 log 8 log R
p—(R)~ u_(R) = 12R 5 log R yp +(’)< fi2 )
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Figure 5: Comparison of the exact counting function of discrete eigenvalues of the Laplacian
with the Weyl law approximation as given in (B.1).

We illustrate this in figure 5.
The Fourier coefficients {al(on

)

j[)} for fixed prime spin p and ordered by increasing corre-
sponding eigenvalue R are equidistributed according to the distributions [19, 21]

(p1)vVa—a? ;
—— if |z] < 2
“p(x) _ 2#((p1/2+p 1/2) 712> (B.2)
0 otherwise

which approaches the Wigner semi-circle ﬁ 4 — 122 as p — oo. Equidistribution means
that averages over all cusp forms for a given spin can be replaced with averages over the
distribution, i.e.,

Jim ; 7 (afr*)) = / dz i, (2) (). (B.3)

This is illustrated in figure 6.

We now investigate the nearest-neighbour level spacing, both for the eigenvalues R

and for the Fourier coefficients a,(g’i). This provides a more numerically tractable way of

analyzing the correlations than the density of states two-point function. After “unfolding”

26

the spectrum,“® we calculate the distribution of the difference between nearest-neighbour

levels:

Ppi(s) = #{an:  Tny1 —an = s}. (B.4)

26Unfolding the spectrum corresponds to replacing each member R — zf = (NT(RE)). This yields
+ +
(NE(R*)) = f_Roo dR*= iy (R'F) = [*__da’* = 2™, i.e., the spectrum has constant unit density in « variables
[34].

29



Distribution of o) Distribution of a,(,'f’:})

m=2
035F T T T T T T T T T T T T T T T 713 (35T T T T T T T T T T [ T T T T [ T T T T 713
m\ m 7 N 77’
0.30f o () Jd s 030F 11N pa(2) i 1
N 1 NG m A
0.25F s \\<¢ o - 1 o.2sf N ¢— m - - = 1
i s = == N N = [ LT |
0.20F 1T 1 0.20f N T ]
0.15F 1 o0.1sf 1
0.10F 1 o.10f 1
0.05F 1 o0.0sf 1
000k ook
-2 -1 0 1 2 -2 -1 0 1 2
Distribution of ai,?’:; Distribution of ai,?’:_;
osof M@)o M 1 00k H5(@ _ M ]
0.25F ¥/7* = ] | = s 1 o0.25F BT w ST ]
d Z/ || HEA
020f /- P\ 7 oz0f e
0.15F 1 o.1sf 1
0.10F 1 o.10f 1
0.05F 1 o.0sf 1
0.00F 3 0.00F 3
-2 -1 0 1 2 -2 -1 0 1 2
e . (n,+) P . (n,—)
Distribution of a,,”}} Distribution of a,,
0357| L e | L e B B B L B S B
_ B we W o x L mm=l ]
osob  mn@ o = {030 pule) ol A= iy
L =] o o~ | | S
& BT L e & L1 H N
E . Ne 1 0.2sf / N 1
0.25 Nl BN AL N
0.20F | B 1 o0.20f u ]
0.15f 1 0.4sf ]
0.10f 1 o.10f 1
0.05F 1 0.05F .
0.00F 3 0.00F ]
-2 -1 0 1 2 -2 -1 0 1 2

Figure 6: The distribution of the first 5832 even and 6282 odd Fourier coefficients for prime
spins, compared to the distribution they are equidistributed with respect to.

An integrable spectrum is distributed according to Poissonian statistics, Pp(s) = e~*, which
means level attraction: Pp(s) — 1 as s — 0. Chaotic spectra, on the other hand, are
distributed according to the ensemble with appropriate symmetries, e.g., the Gaussian or-
thogonal ensemble with Pgogr(s) = %wse"”’z/ 4 which exhibits level repulsion: Pgog(s) — 0
as s — 0.

The eigenvalues of the cusp forms are known to obey Poissonian statistics [5], and we find
that the Fourier coefficients for prime spin obey the same, shown in figure 7; hence, both the
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Figure 7: The distribution of the nearest neighbor spacing of the first 5832 even and 6282
odd eigenvalues and spin 2 Fourier coefficients, compared to the Poissonian expectation. Note
that the statistics for all other prime spins is similar.

eigenvalues and Fourier coefficients are distributed randomly but not chaotically. Effectively,
for any given spin m, the Fourier coefficients for different n are independent random variables.

We can equivalently characterize the distributions (B.2) through their moments. For the
distributions of prime spin Fourier coefficients, (B.2), the odd moments are zero and the even

moments are:27
o T mDNE D (2k)! 1 4
pprime:  (a")" = 25 g oA (LE+3 k42 o) (B.5)

2"This formula can be easily derived by computing arbitrary moments of (B.2) and realizing that they
correspond to an integral representation of the hypergeometric function.
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For example:

(a(n,i))Z _ p+ 1 (al(jn,i))ll (p + 1)(2]) + 1) (a(n,i))ﬁ _ (p + 1)(5]?2 + 4p + ].)

D - p2 ’ p 3

(B.6)
These distributions for Fourier coeflicients are specifically for prime spins. All Fourier co-
efficients for non-prime (composite) spins are fully determined in terms of these by Hecke
relations because Maas cusp forms are eigenfunctions of Hecke operators:

1 b
Tt (1) = al™) v, 4 (7) where T f(T) = NG azb;l. f <a7; ) . (B.7)
0Zh<di
This implies immediately:
(n,£) (n, &) Z (n,£)
Ay, Q. = Q. o
£l (m,m’) e (BS)

£>0

for example, if p,p’ are prime we get the important multiplicative relation: aé"’i)a](;’i)

a;?)}i) + 0pp (see Lemma 1 for more relations of this type).

The Hecke relations allow us to construct the non-prime Fourier coefficients from the
prime ones. This in turn implies that the variances (‘normalization factors’ AX) of the
distributions of Fourier coefficients for non-prime spins follow from higher moments of the
prime distributions. We give a few examples:

az(ln,i) _ (agn,i))Q 1 N Nf — (agn,i))Q _ (agn,i)>4 _9 (agn,i))2 +1

aén,:l:) _ agn,i)aén,i) — Ni = (aén,:t))Q _ (agn,:t))Q (agn,:t))Q
aén,:l:) _ (agn,:l:))S _ 2aén,:t) — Nj: = (aén,:l:))Q _ (aén,:t))(i _4 (agn,:l:))ll 4 (aén,:t))Q

(B.9)

We give exact analytical and numerical values for some of these moments in tables 1 and 2.
The composite spins m = 4 and m = 8 are special cases of a general result, see Lemma 4. The
numerical values for the second moments are within a few percent of the theoretical values.
This error increases for higher moments due to the limited number of cusp forms available
numerically. The numerical results for odd forms are consistently slightly better because we
have more of them available.

More generally, computing just the variances N for all non-prime m requires knowledge
of all moments of the distributions of prime coefficients. Since the distributions are bounded,
their moments determine the distributions fully. In other words, knowledge of all variances
NE is equivalent to complete knowledge of all the prime distributions (B.2). We show the
variance of the Fourier coefficients for a large number of spins in figure 8.
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. (n,x) (n,+)\2 3 (n,+)\4 (n,£)\6
spinm | (@) | @) | @it) | (@) (o)
2 =15 0 8 =375 8 —10.88..
3 3=133. 0 2 =3.11.. 22 = 8.59..
1 _ 25 _ 127 3055 __
4 =0 175 | 2 =316.. | & =7094. 3095 = 47.73..
— 66 __ 876 _
5 0 1.2 0 % =264 818 = 7.01..
6 0 0 % =11.67.. 81 = 93.44..
— 120 _ 2192 __
7 0 1.14. 0 120 —2.45.. 292 — 6.39..
8 0 = 1.88.. 0 Bl =12.98.. 01955 — 132.7..
1 _ 61 __ 469 __ 3181 __ 23857 __
9 1=0. =144. | L =226.. | 492 =579.. | 3B =13.09.. | 22857 = 32.73..

Table 1: Exact values of the moments of the distributions of Fourier coefficients. For prime

m, these follow from (B.5). For composite m, they are constructed from prime moments using

Hecke relations.

(agrlz,:t))2 (ag;rlz,:l:))3 (algrlz,:l:) agg,:l:))ﬁ
9 1.46..(+) 0.02..(+) 3.56..(+ 10.14..(+)
1.47..(-) —0.02..(—) 3.62..(— 10.35..(—)
3 1.27..(+) 0.03..(+) 2.87..(+ 7.69..(+)
1.30..(—) —0.03..(—) 2.95..(— 7.97..(—)
4 1.65..(+) 2.82..(+) 7.10..(+ . 41.08..(+)
1.68..(—) 2.91..(-) 7.31..(— . 42.53..(—)
5 1.13..(4) 0.03..(+) 2.38..(+ (+) 6.08..(+)
1.16..(—) —0.03..(—) 2.45..(— (= 6.28..(—)
6 1.84..(4+) 0.11..(+) 9.99..(+ (4) 74.60..(+)
1.89..(—) —0.10..(=) | 10.37..( (= 77.76..(—)
7 1.07..(4+) 0.03..(+) 2.19..(+ (4) 5.47..(+)
1.09..(—) —0.03..(—) 2.25..(— (= 5.65..(—)
8 1.72..(+) 0.11..(+) 10.86..( (+) 104.5..(+)
1.76..(—) —0.11..(=) | 11.28..( (= 108.9..(—-)
9 1.32..(+) 1.90..(+) 4.85..(+ 25.72..(+)
1.36..(—) 2.00..(—) 5.08..(— 27.17..(—)

Table 2: Numerical values of the moments of the distributions of Fourier coefficients, com-

puted using the Fourier coefficients for cusp forms with eigenvalue R < 400 (separately for

even and odd parity).

C Hecke relations, cusp form norms, and L-functions

In this appendix we provide some mathematical details relating to the norms of cusp forms

and their relation to objects in analytic number theory. In order to be pedagogical, we provide

step-by-step proofs of some important statements. Most of the general definitions and results

can be found in the literature, see, for example, [35-38].
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Figure 8: The theoretical variance of the Fourier coefficients as a function of m, up to the
100th prime. The prime coefficients have variance 1 + %, while the composite primes have
much more complicated behaviour (which is determined by the Hecke relations and higher
moments of the distribution of prime Fourier coefficients); in this range, all variances are
O(1), but as m grows, the maximum possible value grows as well.

C.1 Hecke relations and L-functions

We first note some useful relations between Fourier coefficients of prime power spins.

Lemma 1. Let p,p1,...p, be distinct primes. Then:

(Z) (n,£) o a(n,i) o ()

apllcl..,plfr - pllcl apff'r
i)l =l ol = (1= 641) a7
Lk/2] ¢
P (n,:l:) o 1 k + 1 E r n,i k—2r
i =g 3 (50) 32 (1) o)
=0 r=0
k l
. GRSV 2k 42 E+1 (n,i) 2(k—r)
(“)) (ap’C ) T 92k+1 vt |:<2£+2 +( (41 ; ap )

(C.1)

Proof: (i) and (i7) follow immediately from the Hecke algebra (B.8). (iii) follows by viewing

(n,£)

(7i) as a recursion relation and solving it in terms of a, ~’. (iv) follows from squaring and

simplifying (ii7). O
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Let us define the following Hecke L-functions for any of the cusp forms, defined by its

Fourier coeflicients:
(n,%)

LB () =Y “”;1 . (Re(s) > 1). (C.2)

m>1

These L-functions are absolutely convergent in an s-half plane and they admit an analytic
continuation to an entire function on the whole complex plane (see, e.g., [37]).

Lemma 2. The L-function (C.2) admits an Euler product representation.:

L8y = ] ( )1 : (C.3)

n,i _ -2
pprimel_ap p+p

Proof: Note that, as a consequence of the Hecke relations, we have

[1 - a(” A p=s 4 p 25} Z al(;”i) p R =1. (C.4)
k>0

The Euler product can then be written as a sum using Lemma 1(i):

(n,%)

11 (n,ﬂc); — = II (Xl ) =3 = O (C5)

_ —5
p prime 1 ap + p p prime \ k>0 m>1

To make contact with the cusp form norms, we now consider the ‘symmetric square
L-function’, defined as®®

o(mE)

L) (5) = ¢(29) )y Zm? (Re(s) > 1). (C.8)

m>1

Lemma 3. The symmetric square L-function admits an Euler product representation:

(n,%£) 1
Ly ()= ] ~ (C.9)
g p prime 1- (CL](O ’i))Q(pis - p728) + (pis _p72s _pigs)

28More generally, for oy, 8, € C satisfying

1-a" D p = +p > =1—app *) (1-Bp "), (C.6)

ie., ap+ B, = ™ and apB, = 1, the Ramanujan-Petersson conjecture asserts |ap| = |8,] = 1. The

symmetric ¢-th power L-function is then an automorphic function [39], defined as

L9 = 1 H T (C.7)

p prime k=0

The symmetric square L-function is the special case ¢ = 2. We suspect that ¢-th power L-functions play a role
in the computation of higher moments of the CF'T partition function.
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Figure 9: Plot of the even and odd cusp form norms, rescaled by 8cosh(mR:). The
norms themselves decay exponentially: v} |2 ~ 4.54 x 10720, ... |vio]? ~ 1.42 x 10790 and
lvr |2 ~ 1.67 x 10714, ..., |v1g0l? &~ 2.86 x 1077, This is equivalently computable through
the symmetric square L-function.

Proof: The proof is the same as for Lemma 2, but starting from the observation that the
following product simplifies:

{1 _ (az(jn,i))2(pfs _p72s) + (pfs _p72s _p735)1| a(r;},ﬂi) piks -1 _p,QS 7 (ClO)

P
k>0
and recalling that [ (1 — p~ %)~ =¢((2s). O
Theorem 1. The norms of the cusp forms satisfy:
1
2 _ (n,%)

w2 = (g vns) = ———— L5 (1), C.11
Il = () = g 0200 (©1)

Proof: (See, e.g., references [40, 41].) We compute the norm using the Rankin-Selberg trick,
i.e., note that a constant expression can be computed as the residue at s = 1 with an Eisenstein
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series, which in turn allows for unfolding of the fundamental domain:

s
[vn<* = 3 Resomi (Jvn ()%, Es(+))

dwd
:”Resszl/ Y s (@ + iy) P Bl + iy)
3 F oy

1

= gResszl/ dy y5_2 </21 dx v+ (x + Z?J)2>
0 —_ =

2

= %Ressz1 Z (a,(fj’i)f/o dyy* " (K;pe (27rmy))2 (C.12)

2
T o ( + zRi) (§ zRi) (§)
= — Ress—1 a,(ﬁ’i) 2 2
2 (n,%)

S Ress=1 Z 7( )

48 COSh(T['Rn ) o1
To evaluate the residue, we note that the sum in the last line is related to a Rankin-Selberg
zeta function and has an Euler product formula ([37], Lemma 3.1 with £ = 1),

(ag@li)) 2 1
¢s) S ) 2y . . ()
= s

This function is known to have a simple pole at s = 1. Then,

ooy @S :
a1 ms p pritae (1 _ p_s)g (1 +2p—s — (aén’i))zp_s +p—25>

1
- H (n, %)

p prime (1 —p*) (1 — (o) (s —p =) + (pe —p - p*‘”’s))

= ()L, (s)

(C.14)
Taking the residue at s = 1 of both sides and using Ress—1((s) = 1 yields
2 o(™E)
2 7T m2 1 (Tb,ﬂ:)
n = L 1). O C.15
vl = 48 cosh(an) Z>:1 m 8cosh(7rRTiL) vxv (1) ( )

C.2 Statistical averages and moments of L-functions

Having reviewed some basic facts about the cusp form norms and the distribution of their
Fourier coefficients, we can now state some of the crucial properties that hold after statistical
averaging over n. Let us first state the following useful
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Lemma 4. Let k € N and p be prime. Then the average over n yields the following results:

K &
Y
(n,£) , (n.) : 1
n ) -
(24 a a p— =
w0 ) ;p p-1 (C.16)
, N2, manz 20+ —pFp+2+pt)
(iv)  (ap™) (@) = o
o et _ (P 1)? e gy (2R)E
(ii7) (ap ) ; (ap"™) (p+ )k!(k+1)!

Proof: To prove (i), we start with Lemma 1(iv) and evaluate its average using the
moments of the distributions for prime Fourier coefficients (B.5):

k
vl 2k +2 (k1
(apk ) 22k+1 p+1 Z |:<2€+2 +( 1) f_i_l

=0r

X <€>(—4)T & (f)(( _3}“) o F) (1,k—r+;,k—r+2, (pj—pl)2>

| i)

MN

Il
<

=0 r=0
/ . (2(k (k—r+3+q) D(k—r+2) 4p  \?
X<r>(_4) (k—r)!(k —7"+1'Z 7’+§)F(k7‘+2+q)<(p+1)2>

oo k
_p 2k + 2 kE+1 (=1)k+aT (04 2) 4 \?
_W;);)[(zem)”_”z(zﬂﬂr(e—k—q+;)r(k+q+2)((p+1)2>
ARt O(q — k) p \*
_p+1q,2_:0 224 [(q!)2 (q+k+1)!(q—k—1)!} <(p+1)2>
_p {p+1 p+1 ]pp’“
p+1lp—1 pFti(p-1) p—1"

(C.17)

where O(n) = 1 if n > 0 and vanishes otherwise. The second result, (i7), can be proven
in a similar fashion, using Lemma 1(i7) to simplify. To prove (iii), we use Lemma 1(ii) to
calculate as follows:

P U/ Fph—1
k+1 k—1 k
=> p 4+ (1—=dr0) [Zp_z +2 Zzﬂ] (C.18)
=0 =0 =1
2p+1) —p F(p+2+pt)
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Finally, to prove (iv), we use (B.5) and the series representation of the hypergeometric func-

tion:
(a(n’i))Q(kJrl) P 2k‘ +2)! i k —|— + q) I'(k+3) ( 4p >q
' P+1(/<?+ Nk +2)t =T I'(k+3+q) \(p+1)?
_dp iFUH +q) (k+2) < 4p )ql (C.19)
p—i—lk'k—l—l‘q:lf(k: L(k+2+q) \(p+1)?

e+ [Nk p (2R
T N s Ty -

Corollary: For any k € N and p prime,

(ag;,:t))Q |:1 _ (a}()n,:l:))Z(p_l N p_Q) + (p—l _ p—2 _p—3)] =1 —p_2 . (020)

Proof: Follows immediately from Lemma 4(i) and (éi7). O

Finally, the central property needed in our analysis of the gravity amplitude concerns the
interplay of the moments of distributions of Fourier coefficients and the cusp form norms:

~ ~

Theorem 2. Let m > 1 be any integer spin. Then the statistical averaging over
different cusp forms indexed by n yields:

(@5 )2 (eosh(mif) nal?) = (@) (L00) " =50 (e

1°¢% 2

. J

Proof: The first equality follows from Theorem 1. To prove the second equality, write the
L-function in terms of its Euler product:

) ()

= (a%ﬂi))Q p I:)E[me [1 B (az(yn,i))Z(p71 _ p*2) + (p,l —p2 _pr)] (C.22)
_ - L _ 6
- p }l:i[me (1 g ) 4(2) ™

(n, %)

where we applied the Corollary of Lemma 4 factor by factor after decomposing a;,”™’ into
factors of Fourier coefficients of prime powers (Lemma 1(7)):

2 2
meent s @)= () () 0 e
1
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C.3 Derivation of the arithmetic kernel f(%)

In the main text we verified that the arithmetic kernel (3.23) has the required properties to
produce a ramp in all spin sectors. We also outlined how to derive it, but provide more details
here. The derivation essentially also shows that it is unique, up to modifications, which are
invisible to our averaging condition (3.21).

Construction of f(»®): The goal is to find a function f("%) which satisfies (3.21). Since

the Fourier coefficients have multiplicativity properties determined by Hecke relations, it is

(n,%)

convenient to begin by decomposing a,,””” into coefficients with prime-power index:

k r o+ x +
m = pll .. pi" = al(:;l,,?pk'r = a/z(jzl ) a;’zr ) (024)
1 T 1 T

where p; are distinct primes. Let us therefore first find a function fén’i) which is fine tuned
to Fourier coefficients with prime-power index p* such that:

W —1 forallk>0. (C.25)

(n +) . (n,%)

It is important to note that a, is fully determined by powers of a, "=, see Lemma 1(iv).

In order for a condition such as (C.25) to hold, the function fé"’i) must balance different

(n,£

moments of the distribution of a, ). This is captured by an ansatz of the following form:

= cpr (a7 (C.26)

r>0

We only need even powers of the Fourier coefficients because any odd powers will have van-
ishing expectation value. We also do not need any Fourier coefficients with spin other than
p because these are distributed independent of az(, i), so they can be absorbed into ¢, as
far as the averaged (C.25) is concerned. The condition (C.25) then amounts to an infinite

number of constraints on c,,. For example:

E—=0: (n:t) Zcp, (n:l:) 2r
r>0
E=1- 1 ; (aén,i))Q pgn,i) _ Zcp,r (a;n,i))Qr-&-Q
r>0
E=2- 1 ; (az(:;,:t))Q Ign,:l:) _ ((al(’n,:t))Q _ 1>2 fzgn:t =1+ ZCR 27”-1-4
r>0
E—3- 1 ; (al()’rst,:t))Q ]()n,:l:) _ ((agn,:t)) _ 9 (n :t)) f — 4+ Zcp, (n :t) 2r+4-6
r>0
(C.27)
and so on. Iterating this process, one finds for general k:
RN YZ Y |
Z oo 2(k+r) (2k)! (C.28)

g T Kk + 1)
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where the r.h.s. is the k-th Catalan number. Using a general recursion relation of the moments
of Fourier coefficients (Lemma 4(iv)), we can write the r.h.s. as follows:

n T + 1 n 1 n
g;]cp,r(a}(, ,i))2(k+ ) _ P . (aj(, ,i))2k _ S (a}(7 ,i))2k+2. (C.29)

It is now obvious to see that a simple solution exists for all k:

_p+1 1

= = —— ~1=0. C.30
Cp,0 P ) Cp,1 p+1 s Cpr>1 ( )

To see that this is the only solution, note that the equations (C.28) form a linear system.

Therefore, the existence of any other solution ¢ .~ would mean that there exist coefficients

p,T

~ — /
Cpr = Cpr — ¢y, such that

3 (ag ) = 0 (C.31)

r>0

for all k. This can be written as an infinite list of equations labelled by k, which we call
~ n 2r
Epk = Z Cpr—k (aé 7:l:)) =0. (C.32)
r>k

This can be thought of as an (infinite dimensional) triangular matrix acting on the vector of
moments of Fourier coefficients. If ¢,9 # 0, we can form a linear combination which cancels
all terms but one:

~ ~ ~2

Cp,1 Cp2  pi -

_ P, P, P, J—

0= 5p70 — = gp,l — = — = gpg — ... =Cpo- (0.33)
Cp70 Cp70 Cp,(]

This contradicts the assumption, so we must have ¢, o = 0. Next, if ¢,1 # 0 we could form a
similar linear combination

~ ~ ~2 -
Cp,2 Cp3  Cp2 - n,£)\ 2
p7 p’ p7 b
0= 8p,0 — = 51071 — = Y Sp’Q — ... =Cp1 (CLZ() )) s (0.34)
Cp,1 Cp1  Cpa

which is again contradictory and thus implies ¢, 1 = 0. Continuing this way, we must have
¢pr = 0 for all k. Therefore, there does not exist any solution different from ¢, j.

To summarize, we have shown that

n,+ p+ 1 1 n,+)\2
f = o o+l (ag"*)) (C.35)

solves (C.25) and is unique as far as our ansatz is concerned.?? This function will give a
ramp in all spin sectors of the form m = p*. From the multiplicative property of the Fourier

29There are ways to modify f,g"’i) that are invisible to the statistical averaging. For example, one can add

+)

odd powers of a;n’ with arbitrary coefficients, as these will vanish in the evaluation of (3.21). See main text

for more comments.
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coefficients, (C.24), it is then clear how to construct the function that will yield a linear ramp
for all spins m = plfl ---p¥ indeed, we simply construct it as

o = T [W_l(aéni))?]

p prime p p+1
_on—1 nAN2 _ _ _ _
= I =) x 1= (@) o =)+ 07 =02 =) (c6)
p prime
_71'2 1
6 Ll

where we used ((2) = ], jyime(1— p )~ l= %2 and we used the symmetric square L-function
associated with the cusp form v, 4+, see Lemma 3. It is a meromorphic function in s with a
potential pole at s = 1 [36] (in our case there is no pole, so we can simply evaluate at s = 1).3°
This completes our derivation of the arithmetic kernel f%).

C.4 L-function for Eisenstein series

It is natural to define the following continuous family of L-functions for the Eisenstein series
E%_H.a(:c, y) in terms of their Fourier coefficients (c.f., (2.9)):3!

(o)
67 1 am a 20 o\ TN
Li(s) = 5O A= jni) (Re(s) > 1). (C.37)
m>1

Lemma 5. The meromorphic continuation of the Eisenstein series L-function is
L (s) = (s + ia)C(s — ia) . (C.38)

Proof: We expand the zeta-functions formally in the domain where they converge:

C(s+ia)§(s—ia) = Z Z 5+za 3 ia Z Z s+za s i

ni>1 n2>1 m>1 ™N1,n2:
X nin2=m (C.39)
- Y e =IO
m>1
Note in particular:
L¥Y(s = 1) = cosh(ra)A(ia)A(—ia),  A(s) =7 *T(s)¢(2s), (C.40)

which is similar to the symmetric square L-function for cusp forms evaluated at s = 1. See
[22] for more details on this connection.

39Note that there would be a pole at s = 1 if there was some prime Fourier coefficient with a(n R, R
is unproven but widely believed to be true that such a Fourier coefficient does not exist (Ramanijan-Petersson
conjecture) [21].

31The factor % is unconventional, but will make the following discussion more convenient.
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D Effects of chaos across different spin sectors

In this appendix we show (and review) that the existence of a ramp (or plateau) in a given
spin sector is generically not sufficient to conclude the existence of a ramp (or plateau) in
another spin sector. We previously showed this for the Eisenstein series in [1], and only briefly
review those results here. We mainly focus here on extending this result to the Maass cusp
form spectrum.

D.1 Signatures of a spin m = 0 ramp at spin (mj, ms)

Recall the simple form of correlations (=1 ., =: ) that correspond to a linear ramp in the
m = 0 sector, (2.11). Since these correlations also enter into the spectral form factor for all
m > 0, we can ask about their imprint onto higher spin sectors. We previously found in
[1] (numerically) for the contribution to the spin (mg,mg) spectral form factor due to the
existence of a ramp at spin 0:32

_or 1Y2
< Pcont Pcont (y2 > Do 2 Amy Omymy € 2m(mayn+mags) L + ... (yi>1) (D.1)
V y1+y2

where “D,” means that we only consider the contribution to the left hand side that is implied
by the existence of a ramp at spin m = 0. The first few spin-dependent prefactors in this
expression are

A1 =0.761.., X =0.644.., A3=0.613.., Xy =0.532.., X5=0.548.., etc. (D.2)

Details can be found in [1]. Crucially, since (D.1) is strictly subleading to the ramp (2.4), the
form of the spin 0 correlations advocated in (2.11) is consistent by itself and does not affect
the slope or existence of ramps in any other spin sector.

D.2 Signatures of a spin m ramp at spin (m;, ms): Eisenstein series

Let us now assume the existence of a linear ramp in the Eisenstein spectrum at spin m. From
(2.15), we would infer the following imprint of a spin m ramp onto the spin (mi,mz) sector:

<ZP cont. (yl P cont >

ylyQ Mdaldo@ “Itiog li,/ o v>s in m ram zozalzioﬁx(zml)a.%QZ (m2) Kial (27Tm1y1)Kia2 (27Tm2y2)
P P mi*my™? A(—ioq ) A(—iaz)
2\/1113/2 m?* 020 (M1)02ia(ms2)
== da atanh(ra) (1) s ()2 Kio(2mmiyr) Kia (2mmays)

(D.3)

”

where the notation “D_ 7 means that we consider the contribution to the spectral form factor
that is implied by the existence of a ramp in the spin m sector. For m = 1, this expression is

particularly simple. Its numerical evaluation gives [1]

1 iy o 2mma (y1+y2) (D.4)

<Zgéont.(yl)zg?§0nt~(y2)> szl O-O(ml) x 5M1m2 ; Y1 + Y2

32The factor 2 relative to [1] is for the same reason as in (2.4).
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with the divisor function giving the following count:
oo(1)=1, 00(2)=2, 00(3)=2, o0(4)=3, oo(5)=2, etc. (D.5)

So, unlike for spin 0, the higher spin ramps do imprint onto the slope of ramps in other spin
sectors. This is analogous to the situation with the ‘naive’ ansatz for the spin m ramp in the
cusp form case discussed in the main text, see (3.19). It would be interesting to analyze if
the naive ansatz for ramps in the Eisenstein sector can be improved, or if the above analysis

hints at a deeper inconsistency with ramps for m > 0 being encoded in Eisenstein series at
all.

D.3 Signatures of a spin m ramp at spin (mj, my): Maass cusp forms

The numerical analysis of the previous subsection can be generalized straightforwardly to
the case of cusp forms. To this end, we adapt the calculation (D.3): let us assume that
the spin m spectrum of Maass cusp forms contains a linear ramp. As discussed in the main
text, the statistical averaging over cusp form data, which is automatic in the large y; limit,
means that there are different choices of correlations which would all yield a linear ramp in
some given spin sector. Ultimately, we found (4.1) by demanding a ramp with the correct
slope in every spin sector. That is, we demanded that the imprint of any spin sector is the
same on any other spin sector. In this appendix we analyze the consequences of working with
less fine-tuned spectral correlations that are engineered to only describe RMT statistics in a
fixed spin sector. In particular, consider the most naive ansatz, obtained by taking (3.9) and
simply dividing out the Fourier coefficients:

N 1 ZRfl tanh (ﬂ'qul)

<:“"‘ “na, >s in m ramp naive’ + + 25 +
p p a:gr?lh )agg? ) s ,LL:I:(RTH)

Omyms Onyng - (D.6)

Such a correlation implies that the spin (m1, mg) sector must contain the following term:

<Zl'glélsc (yl)ZlTéisc :I:(y2)>
Dm Y {14 705 % )epin m ramp naive T D@ %’i)\/?/lKiR%l @rmiyi)V/y2 K g (2mmays)

ni,n2
~ Z 2R tanh(mR)) a,(m )a%gi)
i (Re) (oY)’

VUK, g (2mmayn) Vi K e (2mmays) -
(D.7)

This can be evaluated numerically, which yields similar results as in the case of Eisenstein
series discussed in the previous subsection:

= = 1 yiy2
+ 2
<Zlg7éiso,i(yl)ZgéiSC-,i(y2)> Dm Mm,my X 5’”1’”2 T Y1+ Y2 ¢ ) (yz > 1) > (D'S)

where the spin-dependent coefficient nﬁml is generally different from 1. This is illustrated in
figure 10. From the curves in that figure, we find the following numerical fit:
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D (et 2t dspin m ramp naive: @S VUK i (27m0y) VUK g (27may) D zn 2 spin m ramp naiver @yl VIK g (27m0y) VYK, g (2msy)
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Figure 10: Numerical evaluation of (D.7): we show the imprint of a ramp in the spin m = 1
sector onto the spin (m1, mg) sector of the spectral form factor, assuming the naive form of
correlations (D.6) which is not engineered to have information about any other spin sector.
While the asymptotic contribution has the correct linear y-dependence (for m; = my), it does
not have the correct slope to account for all the information encoded in a ramp.

my=1, niy=144.., nf3=125.., nf,=161.., ni5=110.,

num. fit: ” B - B B
mi=1, mo=146.., n3=128., n,=165., nz=113.,

(D.9)

This matches within ~ 10% with the theoretical expectation based on statistical averaging,

namely ni’ml = /\/'njfb1 JNE . which follows after replacing squares of Fourier coefficients by

their variances in (D.7):33

3
theoretical values: 77%1 =1, an =3 nf?) =

4 LT

- = - D.10
30 MaT (D-10)

77%:, 57 47

The fact that the prefactor n,jqi’m in (D.8) is not 1 means that the ramp at spin (m;, ma)
is not fully encoded in the ramp at spin m. Random matrix universality in one spin sector
therefore does not imply random matrix universality in a different spin sector — as is consistent
with general expectations in the theory of quantum chaos. Instead, one must fine-tune the
approximation (D.6) in a way that is informed by cusp form data in all other spin sectors.

This is achieved by the arithmetic kernel f(™#*) discussed in the main text.

D.4 Independence of the plateaus

Similar to the case of the ramps analyzed above and in [1], here we discuss the numerical
imprint of a plateau in one spin sector onto other sectors. We begin with the imprint of a

33Computing ./\/%1/./\/% using the finite number of cusp forms available to us, i.e., using (3.17), yields
agreement within ~2%. This shows that a still much larger number of cusp forms is required in order to get
very close to the theoretical values for Wi,my
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spin 0 plateau onto the spin (mj,ms2) sector:
<ZP cont. (yl)ZP cont )>
(1) (2)
ateau \/ n y2 Qmy " Gm
Ei t0 // daldaQ 3 +iar#3+ia ’>sp1n 0 plateau A(— : : Kia, (2rmiy1) Kia, (2mmays2)

iar)A(—iag)
VY192

/da 207 — ‘UQiiVl(nZi)072z:a72(7’.ng)
sinh(7a) mi®my * TA(—ia)A(ia + 1)

Kia(2mmiy1) K_ja—1(2mmays)
(D.11)

The result, as shown in figure 11, is

(28 (1) Z2 e (32)) DRZE™ AR (0 (B ye 2 01t2) (> 1), (D.12)

P,cont.

plateau )
b 7rm)

where the spin m coefficient is a small, O(e coefficient:

AP 2 604x1073, AP x151x107°, AP x349%x10°%, AP x1.38%x 10713,
(D.13)

Thus the spin 0 plateau produces a small constant in the spin m sector. Since the plateau also
goes to a constant for y; > 1, y;/y2 = fixed, this represents a subleading correction to the
true spin m plateau. This is a similar situation to the imprint of the spin 0 ramp; however,
here we find that it is subleading due to the coefficient, rather than the functional form.
The imprint of a spin 1 plateau, through a similar calculation, is as follows (see figure

12):
ateau Y1+ Y2 m VYIY2  _orim
<Zi€’ncont (yl)ZPcont (Z/2)> Dgi:tl /%(75)) \/7<pD(Em)>e 2mlml(y1+v2) (yl > 1)
2 Y1+ Y2
(D.14)
where
uP ~813. x 1073, 1P ~1.97.x 1075, P ~ 778 x 1071 L (D.15)

We obtain a function that dominates over the plateau at large y;. This is a similar situation
to the ramp, where the imprint of the spin 1 ramp dominated over the true spin m ramp;
however, here we find that it dominates due to the functional form, rather than the coefficient.
It would obviously be interesting to study the implications of this further.

D.5 Comments on the plateau and the cusp forms

When trying to find an expression for the spectral decomposition of the plateau into the
cusp forms, we can apply the logic of Section 3, i.e., use arithmetic chaos and the continuous
approximation. Using (5.7), this would immediately give:

< mq m1 > . lat ZJ _ 477”‘
~ +“no.+/spmm ateau ™~ _ _
S ni( R (B )

1 1
pm Em D + 5m1m2 .
B(Em)) ((Ri ~RE)? T (RE, +R$2)2>

(D.16)
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e2mm(yi+yz2)
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Y

Figure 11: Plot of the imprint of the spin 0 plateau on other spin sectors (note the log
scaling of the y-axis). In order to get a result that is c-independent and compare with the
true spin m plateau (5.4), we normalize the imprint by (pp(E,,))e 2™ W1+12). at large c,
{pp(E0))/{pp(Em)) ~ $e~2™™. With this normalization, the true spin m plateau becomes
equal to 1/2 for 3 = yo. The results shown therefore amount to a small constant ~ O(e=2™™).

These correlations should then produce a plateau in the spectral form factor. Unfortunately,
(D.16) is not as well suited for numerical analysis as the ramp. The reason is that the factor
(Rf1 + Rfo)_2 decays for large R, meaning that the integrand is peaked at small values of
RE. This is in contrast to the ramp, where we instead had the factor Rffl tanh (WRfl) which
leads to an integrand peaked at large values of R,

However we do expect that as y; and Ri increase, the continuous approximation (D.16)
becomes better. The reason is that in the continuous approximation, the region of Rﬁi where
the integrand has support increases as y; — co. Thus, even though the correlations are peaked
at small R,,,, (D.16) should reproduce the plateau at sufficiently large y;. We do not have

access to enough cusp form data to demonstrate this, and we leave (D.16) as a conjecture.
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Figure 12: Plot of the imprint of the spin 1 plateau on other spin sectors for y; = y2 = v.
We again normalize by (pp(Ep,))e 2" W1+v2): at large ¢, (pp(E1))/(pp(Em)) ~ e~ 27(m=1),
The result is a function that grows like ,/y; creating a similar plot for a fixed yo yields the

functional form in (D.14).
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