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Aspects of the Renormalisation Group for gauge theories and gravity

by Vlad-Mihai Mandric

This thesis is devoted to exploring various aspects of the renormalisation group for gauge
theories and gravity. After introducing the necessary concepts, we study a manifestly
gauge invariant and background independent ERG flow equation for gravity and Yang-
Mills theories, which seeks to bypass the usual problems regarding gauge-fixing and
ghosts by implementing a geometric version of the higher covariant derivative regular-
isation scheme. In the process we develop the machinery needed to study it rigorously
and show that, under rather loose assumptions, the regularisation is at odds with gauge
invariance. Next we investigate scalar field theories within the Local Potential Approx-
imation (LPA). We show that in the large field limit the eigenoperator equation can
be treated as a Sturm-Liouville (SL) problem, which in turn allows us to recast it as
a Schrodinger type equation, and compute the scaling dimension of the corresponding
eigenoperators using Wentzel-Kramers-Brillouin (WKB) analysis. We find that the scal-
ing dimension for the O(V) case is twice that for a single scalar field, and moreover that
both results are universal and independent of the details of the regularisation used. Fi-
nally, we consider off-shell perturbative renormalisation of pure quantum gravity. We
show that at each new loop order the divergences that do not vanish on-shell are con-
structed from only the total metric, whilst those that vanish on-shell are renormalised
by canonical transformations involving the quantum fields. Purely background metric
divergences do not separately appear and the background metric does not get renor-
malised. We verify these assertions by computing leading off-shell divergences to two
loops, exploiting off-shell BRST invariance and the renormalisation group equations.
Furthermore, although some divergences can be absorbed by field redefinitions, we ex-

plain why this does not lead to finite beta functions for the corresponding field.
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Chapter 1

Introduction

Physics underwent a profound transformation in the twentieth century which resulted
in the birth of General Relativity (GR) and the Standard Model (SM) of particles. This
was possible through a series of revisions of old scientific beliefs (i.e. paradigm shifts).
Thus, special relativity (SR), and GR afterwards, emerged after abandoning the view
that space and time are independent from one another. Similarly, leaving behind a
classical deterministic world, physicists uncovered the quantum probabilistic nature of

the universe, which in turn enabled them to construct the SM.

One can truly term the physics of the twentieth century as revolutionary. In some sense,
much of the modern developments in fundamental physics can be regarded as footnotes
to what has been achieved in the last century, and this thesis makes no exception. This
is not to say that modern theoretical physics is irrelevant or unworthy of attention. It is
just a way of highlighting that we still live in the aftermath of the paradigm shifts that

relativity and quantum theory brought about.

The SM of particles is a quantum field theory (QFT) which describes three of the four
known fundamental forces (i.e. strong, weak and electromagnetic) present in nature. It
is a very successful theory which, despite physicists’ efforts, still defies to this date all
the experimental attempts to prove it wrong. However, it is not the end of the story.
There are still phenomena which the Standard Model fails to account for: dark matter
and dark energy, neutrino masses etc. . In addition to these, there exist unresolved
anomalies which await more refined research, e.g. the anomalous magnetic moment of the
muon [4,5]. Furthermore, the SM does not take into account gravity, which is nonetheless
accurately described by GR on large scales. The latter has been thoroughly tested
(gravitational waves [6], perihelion of Mercury etc. ) and explored [7]. However, similar
to the SM, it is not perfect. It comes short of being a truly fundamental theory. For
example, the Penrose-Hawking theorems show that spacetime singularities are present
both inside black holes [8], and at the beginning of time (i.e. Big Bang) [9]. Their

presence highlights one of the limitations of classical GR.
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This suggests the need to go beyond and search for a more comprehensive framework.
One of the possible paths, which motivates most of the work undergone in this thesis, is
to unify the principles which lie at the core of GR and the SM into a quantum theory of
gravity, which one would expect to succeed where the previous two failed. In addition
to this, there are other approaches currently pursued, such as String Theory [10] or
Loop Quantum Gravity (LQG) [11]. Although very interesting, their aim is to construct
a different and more fundamental framework. However, this lies beyond the scope of
this thesis, in which we take a more conservative stance and explore the possibility of
quantising gravity. In other words, we treat on equal footing gauge theories and gravity,
and hence consider gravity as a field theory. This shares many similarities with the

Asymptotic Safety (AS) approach to gravity [12—-16].

If we naively proceed about treating gravity as a simple gauge theory, we soon realise
that it is more complicated than that [17]. We inevitably encounter infinities which
cannot be cast away (i.e. renormalised) in the usual way. It is well established by now
that the Einstein-Hilbert action is not (perturbatively) renormalisable on its own at
two loops [18-20], or even at the one-loop level if one takes into account a cosmological
constant [21], adds matter fields [22,23], or introduces gauge fields [24]. However, it does
not follow from this that gravity cannot be quantised in the usual way. It just proves
to be more subtle in some sense, and that diffeomorphism invariance is somewhat more

stubborn than the usual gauge invariance one encounters in the SM.

The difficulty arises from the requirement to bridge the gap between the large scale
structure of the universe, as successfully accounted for in GR, and the small scale, where
particle physics emerges. The way out, we believe, is provided by the Renormalisation
Group (RG), a framework based on the simple observation that the same physics can
look different at different physical scales. And for this reason, this thesis is dedicated to
the study of various implementations of the RG group ideas, whilst always keeping in
the back of our heads the original goal that we ultimately want to find a consistent way

of making gravity quantum.

In the following sections we give the necessary background for the subsequent chapters.
We begin with a review of the RG ideas in section 1.1. In the following section we
introduce the theory space on which all possible effective actions lie and highlight the
connection between fixed points and renormalisability. In section 1.3 we present the
effective average action, the IR regulated generator of one-particle irreducible (1PI) dia-
grams, and its corresponding flow equation. Finally, we conclude this chapter outlining

the structure for the rest of this thesis.
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1.1 The Renormalisation Group

The scale at which we observe a physical phenomenon will ultimately determine how we
describe it. Physics stays the same, but some variables prove to be more appropriate
than others for describing a physical system at a particular viewing scale. And this very

fact, as mentioned before, is encoded within the RG framework.

For example, to understand ocean waves or the flow of water through pipes, one does not
have to understand how water molecules interact with one another or how hydrogen and
oxygen atoms behave within them. A suitable description of water related phenomena
at the macroscopic level can be constructed using the language of fluid mechanics (i.e.
classical) without ever referring to any quantum effects at all. Similar examples can be
given in the context of field theories, and gauge theories in particular, which represent
one of the main interests of this thesis. To name just one, quantum chromodynamics
(QCD) in the ultraviolet (UV) or, equivalently, high energy/short distance regime, is
best described in terms of quarks and gluons which are weakly coupled as a consequence
of asymptotic freedom [25,26]. In contrast to this, in the infrared (IR) or, equivalently,
low energy /large distance regime, QCD is best understood in terms of bound states (i.e.
hadrons) and their corresponding interactions, the reason behind this being that quarks

and gluons become strongly coupled, and thus undergo confinement [27].

In other words, the RG approach can be viewed as a procedure for systematically deal-
ing with problems happening on many length scales. In general, from a microscopic
description of a physical system one should be able to track how its macroscopic be-
haviour unfolds using the RG framework. However, this is not as simple a task, and
one often requires to make approximations to obtain a feasible result, or any result at
all. But before delving into the mathematical details, it is instructive to build a more
intuitive understanding of the renormalisation group. One particularly useful analogy
is that with a microscope of varying magnification [28,29]. This proceeds as follows. If
we consider a physical system in position space, in which fields are labelled in terms of
their spacetime indices (i.e. ¢ = ¢(x)), then, the RG procedure amounts to replacing
the degrees of freedom (d.o.f) within a small part of the system by an effective one such
that physics remains unchanged. Equivalently, we can think of this as ’zooming out’
using a microscope, but in a rather abstract way and at the level of the d.o.f. This is as
far as we can take this analogy however. If we stretch it too far, it will snap, and it will

lose its usefulness.

Central to the RG approach is the effective action Sy, a scale dependent functional
which encodes the relevant degrees of freedom of a physical system and the strength
of the corresponding interactions at some viewing scale A. We can develop a better
understanding of this concept if we shift to momentum space, where fields are labelled
in terms of their corresponding momenta (i.e. = ¢(p)). In this language, the above

philosophy of averaging over local patches translates to integrating out high energy
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modes between some original scale Ag, which is called the bare scale, and some effective
scale A. Carrying out this procedure, the original action describing our physical system,
Shy, Will generally get modified, and hence one obtains an effective action Sj. This

procedure can in turn be iterated, and thus one ends up with a series of effective actions:
Shg = Say = Say = -, (1.1.1)

where Ag > Ay > Ay > ---. If each of the above steps are performed over infinitesimal
momentum shells (i.e. A; — Aj+1 = 0A for all i € N), then (1.1.1) becomes a partial
differential equation,

AOASA =+, (1.1.2)

where we have used the shorthand d\ = 8%. The above equation is called the RG flow
equation and it is the mathematical formulation of the continuous RG. This means that,
whenever the RG approach is used to study continuous systems, one can write that down

as a flow equation, whose basic structure is given by (1.1.2) above.

Up to this point, we have outlined the philosophy behind the renormalisation group,
and, in the process, we have also presented its qualitative features such that one could
develop an intuitive understanding without having to bring into play technical details.
We will cover these in the subsequent sections of this chapter. However, there is still a
crucial question left unanswered: When is the RG approach useful? (or, shorter, why
bother?) To answer this, we will follow the excellent discussion of ref. [28], which in
turn builds on the one in ref. [30]. We first give a more general explanation, and then
further expand on how this applies to quantum field theories, which lie at the heart of
this thesis.

In short, the deciding factor is the correlation length & of the system or, more precisely,
the number of degrees of freedom within a correlation length. Now, for any physical
system, £ represents the typical size of the regions in which the degrees of freedom act
collectively as a single unit (i.e. are correlated). Thus, one expects a small subsystem of
characteristic size £ to exhibit similar properties to the whole system. In other words,
the d.o.f within a correlation length will dictate the behaviour and properties of the bulk
(e.g. for the analysis of crystalline solids it is sufficient to consider only the Brillouin
zone for most physical purposes). If, for a certain physical system, this number is small,
and thus only a few d.o.f are relevant within a correlation length, then RG methods can

not be used to further simplify the problem.

On the other hand, if the opposite holds, and one has to deal with a large density
of d.o.f per correlation length, then the renormalisation group proves to be crucial for
understanding and uncovering the underlying physics. The reason behind this boils
down to two key ideas: interactions are assumed to be local of range O(Lg) with Lo < &,
and the coarse graining procedure can be iterated. We can understand this as follows.

Let us assume that we have a small subsystem of size O(&). As before, understanding
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what happens within a correlation length will ultimately translate to understanding the
properties of the whole (larger) system. Now, we can break the subsystem into smaller
local patches of characteristic size Lg, which will contain a finite, ideally small, number
of relevant d.o.f. The strategy of sampling the subsystem in this way is similar to what
we have done before, but, in the current case, given that Ly < &, there is no hope of
deducing the properties of the bulk directly. Nonetheless, one can still follow the coarse
graining recipe. If we now average over patches slightly larger than the original one, say
of characteristic size 2L, then we end up with an effective action in which the range of
the interactions increased (it is now O(2Ly)), and there are fewer d.o.f present (since we
averaged over). This is an improvement, but still not enough for our purposes. However,
the crucial observation is that this can be repeated as many times as required until the
range of the interactions within the effective action equals the correlation length. And,
in this way, provided that we figure out how to coarse grain over neighbouring patches,

which in general is not easy, we will be able to deduce the properties of the whole system.

Extending this analysis to quantum field theories is not straightforward because they
present difficulties of their own. Any patch, regardless of its size, will exhibit an infinite
number of degrees of freedom, which at first seems to be at odds with the arguments
outlined above. The way out of this conundrum is provided by the point-like nature
of QFT interactions (i.e. Ly — 0). Although an infinite number of d.o.f can certainly
not be reconciled with a finite range of interaction, sensible answers can in principle be
obtained if this holds no more. In momentum space, this translates to integrating out
the high energy modes within an infinitesimal momentum shell, and then iterating this

process (i.e. integrating shell by shell), rather than considering all the modes in one go.

In the remainder of this section, as mentioned above, we will focus on the more technical
aspects of the renormalisation group. Historically, one can trace the origin of the RG
methods back to the seminal work of Kadanoff [31], where the idea of coarse graining
over d.o.f was first used to study the properties of the Ising model. We first recall
in the next subsection how this works. Many of the key ideas, although formulated
in the discrete case, will continue to hold for continuous systems as well. Then, in
subsection 1.1.2, we move on to explore the RG approach to field theories as envisaged
by Wilson. In the process, we explain how to construct flow equations, and as a first
example derive Polchinski’s flow equation. We end this section with a brief discussion

on renormalisability in subsection 1.1.3.

1.1.1 Kadanoff blocking

To be able to make concrete statements regarding the renormalisation group we consider
the two-dimensional Ising model. This is a lattice of spins which can be oriented either
up or down, and exhibit only nearest-neighbour interactions, see Fig. 1.1.1 below. The

characteristic length, and implicitly the cutoff scale, is set by the lattice spacing (i.e.
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F1GURE 1.1.1: 2D Ising model

the distance between neighbouring spins). As outlined above, the regime in which the
RG proves to be indispensable is when the density of d.o.f per correlation length is
large. Given the periodicity of the lattice, this simply translates to a large, potentially
divergent, correlation length. In other words, we want to apply the RG transformations
when the system is brought near criticality, where it undergoes a continuous, second

order phase transition. We proceed as follows.

We first divide the system into blocks of adjacent spins. Then, for each of the individual
blocks, we average over the spins within and replace them by a single blocked spin. In
this way, we end up with a system described in terms of fewer d.o.f (i.e. the blocked
spins), which now lie further apart from one another. In this context, the coarse graining

bears the name of Kadanoff blocking or, simply, blocking.

Now, the power of the RG procedure, as emphasised in the previous section, lies in the
fact that this procedure can be iterated. This, however, poses another problem. We
have two descriptions of the same physical system, i.e. the original one and the one
in terms of the blocked variables, and we want to compare the two. Unfortunately,
as emphasised above, the blocking procedure modifies the lattice spacing, and hence
there is no common ground left for us to draw any conclusions. Nonetheless, this can
be solved by performing a second complementary step, which amounts to rescaling the

lattice spacing back to its original size after coarse graining.

The two steps outlined above make up the celebrated block-spin renormalisation origi-
nally introduced by Kadanoff [31]. And, in fact, any RG transformation has a similar

structure: a coarse graining followed by a rescaling.
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At this stage it is natural to ask ourselves what have we achieved by doing this. First of
all, the original set of spins has been replaced by a smaller set of blocked spins. Since the
latter have been obtained by averaging over the former, we inevitably end up modifying
the strength of the corresponding spin-spin interactions. Moreover, despite the fact the
the original spins interact with their adjacent neighbours only, the blocked spins can in
principle exhibit all possible interactions (i.e. nearest neighbour interactions, next-to-
nearest neighbour interactions and so on). At first sight, this seems at odds with the
assumed locality which makes the RG procedure possible to begin with. However, the
long range interactions generated are suppressed provided that the blocking procedure is
performed in a sensible way, and thus locality survives. For the ease of exposure, we defer
a discussion of the various notions of locality and their corresponding implementation

to Chapter 2, where we present them in the context of gauge theories.

Furthermore, from the discussion above, one can easily see that the system described
in terms of blocked spins looks rather different than the original one. However, despite
all these rather technical differences, physics remains the same, or more precisely all
macroscopic observables (i.e. measured at length scales much larger than the cutoff scale
A) are left invariant under a RG transformation. And, in fact, this still holds regardless of
how the RG transformation is performed, as long as it is performed in a sensible manner.
This property that IR physics does not depend on the exact microscopic details bears
the name of universality. What is more, this property can be used to classify physical
systems, and thus those systems whose microscopic description differs, but exhibit a

similar behaviour in the IR, fall into the same universality class.

1.1.2 The Functional Renormalisation group

The modern understanding of the renormalisation group is due to the pioneering work of
Kenneth Wilson [32]. As emphasised before, in contrast with the RG picture developed
by Kadanoff, where the cutoff is modified in discrete steps, the framework envisaged by
Wilson can successfully account for continuous (infinitesimal) changes in the cutoff, and
thus proves to be suitable for investigating field theories. Consequently, it comes as no
surprise that the renormalisation group is commonly referred as the Continuous Renor-
malisation Group (continuous RG) or the Wilsonian Renormalisation Group (WRG).
Furthermore, for reasons which will become evident throughout this subsection, it also
bears the name of Exact Renormalisation Group (ERG) or Functional Renormalisation
Group (FRG) [33]. We use all these terms interchangeably in this chapter and in the

remainder of the thesis.

Before proceeding further with the explicit construction of the ERG procedure, for
clarity, it is worth fixing the notation and outlining the different conventions that we

use here and in the rest of the thesis. Thus, for position and momentum space integrals
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we introduce the shorthand

/dd E/x’ /(;jr?;d /p (1.1.3)

respectively, where d is the number of dimensions we are working in. We will frequently

switch between position and momentum space representations and this will help us keep

everything clean and concise. For similar reasons we will adopt the following convention:
3(p) = (2m)%6 D (p), (1.1.4)

where 6(9(p) is the standard d-dimensional Dirac delta function. Our convention for

Fourier transforms is then

¢(p) = / ¢(x) e " (1.1.5)

We use the compact DeWitt notation in which repeated indices stand for both a summa-
tion over discrete indices and an integration over spacetime. For expressions involving a
single component field ¢(x), we adopt the following shorthand together with its explicit

representations in both position and momentum space, respectively:
1-0= [J@ete) = [ I-po). (116)
x

In addition to this, for two functions f(x) and g(y), and a momentum kernel K (p*/A?),

we introduce the shorthand:

foKg= [ K@) = [ @K (- g@). QLD
x,y X
where K (z,y) is given by:
K(z,y) = K (=9%/A%) 6(x —y) = / K (p?/A?) ePley) (1.1.8)
p

Note again that A is the effective cutoff scale. Last, but not least, one more requirement
that we impose is Euclidean signature. This allows us to construct a well-defined blocking
procedure. More precisely, it ensures that patches which are light-like separated can not

be blocked together, and hence that we do not average over arbitrary spatial separation.

All this being said, we can now return to our original task of applying the RG ideas
to study continuous systems. The central element of the Wilsonian framework is the
distinction between high and low energy modes. For this reason, we choose to work
mostly in momentum space, and not in position space as we did in the previous section.
In addition to this, for simplicity, we consider single component scalar field theory. All
the arguments presented here are general and can be translated straightforwardly to

more complicated systems. We will explicitly see how this happens for gauge theories
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(and gravity) in chapter 2, multi-component scalar field theory in Chapter 3 and gravity
in Chapter 4.

The discussion in the remaining of this and the next section is based on ref. [34]. We
start with what is generally regarded as the main object of interest in a quantum field
theory, the partition function Z[J]. For a single scalar field ¢(z), it takes the following

form:

Z[J) = /D¢ e St LI (1.1.9)

where we also include a source term for the scalar field in the usual way. Note that the
above equation holds up to some constant prefactor, which ensures proper normalisation.
Here and in general we drop these prefactors since their presence or absence does not
interfere with physics (i.e. all Green functions remain unchanged). Equivalently, we can
just set Z[J = 0] = 1. Also note that the integrand above is defined at some original

scale Ay, which we call the bare scale.

Now, as emphasised at the start of this section, the strength of the ERG lies in the
fact that the coarse graining procedure can be iterated. Thus, we first integrate over all
the modes between the starting bare scale Ag and a lower effective scale A, and then
repeat this process until we integrate over all the d.o.f. The net effect of any RG step
is to replace the original bare action S}X%t by an effective action S{*. The latter is in
general more complicated as a consequence of the fact that coarse graining, similarly to
the blocking procedure described in the previous subsection, modifies the strength of the
original interactions, and alongside gives rise to new ones. However, the crucial point is
that all the underlying physics stays the same. This, together with the fact that both
Ag and A are put in by hand, and hence carry no physics, implies that the partition

function has to be scale invariant:
AopZ[J]=0. (1.1.10)

We can make more concrete statements about this if we first split ¢ into high and low
energy modes, respectively, i.e.
¢=o¢u+ oL, (1.1.11)

with ¢y carrying momenta |p| > A, and ¢ momenta |p| < A. We can then use this to

recast the partition function (1.1.9) as follows:

Z[J) = /D¢HD¢L e_S;\Cg[¢H+¢L]+J‘(¢H+¢L) (1.1.12)

_ /D(;SL eJ'¢L/D¢HG_SX%[¢H+¢L]+J'¢H . (1113)
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Performing the second integral above over the high energy modes, and taking into ac-

count (1.1.10), we arrive at the following identity:

Z[J) = /D¢L P W 2R (1.1.14)

where the effective action S°*[¢r] is given by:

St er) = —1n/D¢H e Sholomtorltson (1.1.15)

This means that the information pertaining to the high energy modes is encoded within
the effective action S{'. Once all the modes have been integrated out, we can make
physical predictions. Or, in other words, observables are to be computed from the

effective action S{°* in the limit A — 0. Figure 1.1.2 below summarises these ideas.

No P T P A
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000 0000000000000000000000000000000000000000007.
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00000000000000000000020000020077 20027507
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00 00000000000000000000000007.
oy 7000005000005005000000007.
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0000000 000000000000000000000000007.
0000000000000000000000000002002000002002000007.
00 00000000000000000000000707.
0000000000000000000000500000000000000000500007.
00000 000000000000000000000000000707.
0000000000000000000000000000000000000000500007.

0000000 00000000000000000000000000000000000707.
DIIITIIII I I I I I I I I I I I I I I I I I s s I Stot

A A
oL
Physi

FIGURE 1.1.2: The effective action Si°* encodes the effects of integrating out the high

energy modes ¢y with momenta between the original bare scale Ag and A.

Kadanoft’s approach reviewed in the previous subsection involved a coarse graining
procedure followed by a rescaling. For the continuous RG case, we have seen how the
former can be implemented, but we have swept under the rug the latter. In direct analogy
to block-spin renormalisation, we should restore the effective scale A to its original
value Ag. The easy way to do this is by simply rendering all the fields and couplings
dimensionless using A. In other words, one just needs to divide all the quantities by A
raised to the appropriate power (i.e. the scaling dimension). We assume this to be the

case everywhere in this chapter.

Up to this point, we have established that the effective action is arguably the most
important object within ERG. Understanding its behaviour and properties, ultimately
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translates to understanding the physical properties of the system it describes. As high-
lighted above, we want to be able to track how it evolves when the effective scale A
changes since, eventually, we will need to do this all the way down into deep IR (i.e.
A — 0) to compute the complete set of Green functions. To achieve this, we will recast
the partition function (1.1.9) as a flow equation for the effective action. We proceed as

follows.

We first rewrite the bare action St as a sum between a kinetic term and an interaction
Ao

term, respectively, i.e.
1
Sir = §<Z)'p2-¢+51\0[¢]. (1.1.16)

With this modification, the partition function (1.1.9) becomes:
Z[J] = /D¢e—%¢'P2'¢—SAo[¢1+J'¢. (1.1.17)

We now introduce the effective cutoff scale using two smooth cutoff profiles Cyy (p, A)

and Crgr(p, A), respectively, which add up to unity, i.e.
Cuv(p,A) + Crr(p,A) =1. (1.1.18)
Furthermore, we impose Cyy (p, A) to act as an UV cutoff, i.e.
Cuv(0,A) =1, Cyv(p,A) — 0 (sufficiently fast) as |p| — oo. (1.1.19)
This, together with the relation (1.1.18), constrains Crr(p, A) to behave as follows:
Crr(0,A) =0, Cuyy(p,A) = 1as|p| — co. (1.1.20)

Using these two profiles we can define regularised propagators:

_ Cuv(p,A) _ Cir(p: A)

Ayy = , AIR ; (1.1.21)
p? p?
which are related with the original propagators A in the following way:
1
A= — =Ayv +Arg. (1122)
p

Using the regularised propagators in (1.1.21) together with the split (1.1.11), we can
recast (1.1.17) in the following way:

ZlJ] = /D¢LD¢H eXp{ - %¢L Apy oL - %mf Ajp o

— Spoldr + oL +J - (om + ¢L)} - (1.1.23)



12 Chapter 1. Introduction

This can be easily checked. We first write ¢y = ¢ — ¢ in the above expression, then
perform the shift ¢;, — ¢r, + (Ayy/A) - ¢, compute the integral over ¢, which at this
stage is just a gaussian integral, and finally discard the resulting constant term to arrive
back at (1.1.17). On a side note, in the light of the structure of the expression above,
we can still interpret ¢ and ¢ as high energy and low energy modes, respectively.
However, given that the effective scale is introduced using the smooth cutoff profiles
(1.1.19) and (1.1.20), and not as a sharp cutoff as before, the boundary between the two
sets of modes can not be drawn exactly at the scale A anymore. Thus, one needs to take

this interpretation with a pinch of salt.

The next step is to integrate out the high energy modes to get the effective action. For

this reason, we rewrite the identity (1.1.23) as follows:

Z[J] = /D¢L exp{—;m-Aglv-qsL}ZA[J, o], (1.1.24)
where Zx[J, ¢r] is given by:

ZAlJ, or] = /DébH exp {—;ch CArg b — Saolon + oLl +J - (dm + ¢L)} -
(1.1.25)

If we now write ¢ = ¢ — ¢, the above identity becomes:

ZA[J, ¢1] = exp {—;m -Arg - ¢L}
< /m exp{ _ %¢-A;§-¢+¢- (J+ AL 6r) _SAO[¢]}. (1.1.26)

We can perform the gaussian integral over ¢ provided that we pull the bare action term

in front of the integral beforehand, and hence we obtain [35]:

1
ZA[J, 1) = exp{2J-AH}2 -J+ J-qu}
1 _ _
X exp{—2 (J—i—AH%-(;SL) - AR - (J—l—AIé . ¢L)}

4] 1 _ _
X exp{—SAO |:5J:| } exp {—2 (J + AI}% . (bL) : A]R . (J + AH% . ¢L)} s
(1.1.27)
where the first two lines are just the first line of (1.1.26) rewritten in a more convenient
way. Also, note that in the last line above the functional derivative will pull from the

rightmost exponential either ¢; +J-Ajg, or Ajg, after differentiation. This means that
there exists some functional Sy [¢r, + J - Arg], such that the following identity holds:

ZA[J, pr] = exp {;J “Arp-J+J-¢dp—Srlor+J- AIR]} . (1.1.28)
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At this point it is difficult to tell precisely what the meaning of Sy really is. However,
we can still make progress if we slightly alter our computations. In the equation (1.1.23)
we have the freedom to source the low energy modes only. Doing so, and following the

same path as above, instead of (1.1.28) we arrive at the following:

ZA[J, ¢1] = exp{—=Salor] +J - oL}, (1.1.29)

which is the same as setting J - Argp = 0 in (1.1.28). From this and (1.1.24) it follows
that the full partition function Z[J] is given by:

Z[J] = /DmeXp{—;dm-A51V-¢L—SA[¢L] +J-¢>L} : (1.1.30)

Here we see that the restriction we previously imposed on J pays off. The above equation
allows us to identify S) as the interaction part of the full effective action S, provided

that we choose to write the latter similarly to (1.1.16), i.e.

Syt o] = %qﬁL AGy - oL+ Salor]. (1.1.31)

It is worth emphasising that, although we write the effective action as a sum between
a (regularised) kinetic term and an interaction term, the truth is slightly fuzzier. The
effective action is in general more complicated than the original bare action it originates
from. The coarse graining procedure generates new interactions which can in fact spoil
the bilinear kinetic term. However, if we do not exclude the possibility that the effective
action might exhibit interactions at the bilinear level already, then we can always write

down a relation similar to (1.1.31) above.

The FRG flow equation can be obtained by first differentiating (1.1.25) with respect to
A:

0 1/6 0 )
araldonl = —5 <5J - ¢L> : (aAAIR> - (M - qu) ZalJ, b1, (1.1.32)

and, then, substituting in (1.1.28) to obtain:

9 188y 9Apy 65y 138 dApv 684
75”@_25(/5 ON 56 266 O 6o (1.1.33)

This is the ERG flow equation for the effective action, known as Polchinski’s equation
[36]. To understand its structure better we can write the effective action in terms of its
vertices and represent it graphically as in Fig. 1.1.3 below. We can depict the two terms
as the tree level and one-loop contributions, respectively, and one could be tempted
to interpret them as the classical and quantum parts, respectively. However, this is
misleading since it is the effective action Sp present in both terms which encompasses

all the quantum corrections.
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0 1 '

i+j=n
F1GURE 1.1.3: Diagrammatic representation of Polchniski’s flow equation

An important feature of the flow equation above is that it is an exact reformulation of
the partition function (hence the term ERG) as the flow equation of some functional,
which turns out to be the effective action which lies at the heart of the renormalisation
group (hence the term FRG) [37]. Although exact, in practice one can not solve it ex-
actly and has to rely on approximations in the hope of gaining some insight. One such
class of approximations are truncations, which amount to enforcing that the effective
action contains only a finite number of operators. One such truncation is the Local
Potential Approximation (LPA), which we use in Chapter 3 to investigate scalar field
theories. Another widely employed method for solving FRG flow equations is perturba-
tion theory, which generally requires the existence of a small parameter which one can
potentially expand into. We follow this path to investigate the quantum structure of
gravity in Chapter 4. One disadvantage of this approach is that it is computationally
very expensive, and thus very difficult to track higher order contributions. Moreover,
there are non-perturbative aspects which cannot be accounted for in perturbation the-

ory, and hence one cannot rely exclusively on the latter.

1.1.3 Renormalisability

One other crucial insight due to the pioneering work of Wilson outlined above is related
to renormalisability. Prior to the development of Wilsonian RG, the idea of renormalis-
ability was intimately linked with perturbation theory and relied on the existence of a
small parameter, which one could use as a starting point for a loop expansion of the ac-
tion. However, as is well known, if we attempt to compute loop integrals, we eventually
encounter infinities. To handle them, we need to introduce in one way or another a cutoff
Ag. This is just a mathematical trick commonly used to deal with improper integrals,
which enables one to isolate infinities (i.e. regularise) and rewrite them in terms of the
cutoff. In doing so, all the quantities of interest pick a unphysical Ay dependence, which

ultimately has to be removed since the cutoff carries no physical meaning.

Perturbative renormalisation amounts to the possibility of safely removing the cutoff
without altering the physics. Additionally, one needs to make sure that all physical
obervables remain finite and carry no Ag dependence anymore. This is equivalent to

saying that all physical quantities are renormalised. The most common way to achieve
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this is by introducing a finite number of counterterms to cancel divergences at all orders
in the loop expansion (i.e. renormalised perturbation theory). Another way to proceed
about this, more demanding computationally and less intuitive, is by rewriting bare

quantities in terms of renormalised ones (i.e. bare perturbation theory).

Wilson’s approach offers a more comprehensive perspective. It allows us to define renor-
malisability without referring to perturbation theory or to any small coupling whatso-
ever. The essential ingredient for this to be possible amounts to a shift in paradigm.
Contrary to the view employed before that the cutoff scale Ay is not physically mean-
ingful, in Wilsonian RG the cutoff carries some physical meaning. All theories are to be
viewed as effective theories, hence, not valid at all scales, but valid up to some scale set
by the cutoff Ag. In other words, the latter comes into game to humble us and show the
limitation of our knowledge. However, as emphasised before, even if our understanding
fails at the cutoff, physics does not, and thus one has to venture past the boundary
set by Ag. And it is for this reason that we seek QFTs in which we are able to take
the continuum limit (i.e. Ag — o0) safely, without encountering any divergences. The
possibility to do so is one of the many incarnations of non-perturbative renormalisability.
We will see in the next section how this is realised at the technical level, when discussing

the fixed point (FP) structure of the theory space.

One of the advantages of the framework envisaged by Wilson is that it enables us to
treat both perturbative and non-perturbative renormalisation on equal footing. From
the definition of the latter given above, one can easily see that the former is just a re-
alisation of the latter under some specific conditions. We mentioned before that these
two approaches can reach different conclusions for the same physical system, and thus
relying solely on perturbative RG can be misleading. One such example is given by
quantum electrodyanmics (QED). This theory is perturbatively renormalisable in the
sense that we can get rid of divergences using a finite number of counterterms order
by order in a loop expansion. This is valid only at low energies when the coupling is
small, and thus we can treat it perturbatively. However, at high energies, QED becomes
strongly coupled, and the perturbative series developed in the low energy regime de-
velop a Landau pole [38-40]. This means that QED is not truly renormalisable since its
continuum limit, from the point of view of perturbation theory, it is not well-defined.
More generally, this shows that the action of taking the continuum limit A — oo in per-
turbation theory can be misleading. For this reason, from here onward, unless otherwise
stated, we will only refer to non-perturbative renormalisation in the Wilsonian sense as

renormalisation since this is equivalent to a well-defined continuum limit.
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1.2 Theory space and Fixed Points

We have outlined in the previous section the ideas which represent the backbone of the
RG approach to physical systems. It all boils down to understanding the behaviour of
the effective action Sy. This means that we need to understand the solution space of

the FRG flow equation (1.1.33) (or of any other equivalent FRG flow equation).

Any effective action can be parameterised as follows:
Salgl =Y gi(M)Oi[e], (1.2.1)
i=1

where the scale dependence is carried by the dimensionless couplings g;, whilst their
conjugate operators O; carry the dependence on the dimensionless field ¢. Note that
the sum above is infinite. The reason behind this is that, no matter how simple we
choose the bare action to be, the effective action will exhibit all possible interactions
allowed by symmetry constraints and field content. Of course, not all the couplings will
be independent of one another, but we still have to account for all of them. Since the
above identity holds for any effective action Sy, we can interpret the operators O; as
the basis of an infinite dimensional space, which we will call the theory space, and the
couplings ¢; as the corresponding coordinates in this basis. Thus, any action can be

represented as a point within theory space.

From this it follows straightforwardly that a RG transformation corresponds to a tra-
jectory within theory space, which starts at the point where the original bare action
lies, and ends at the point corresponding to the coarse grained action. This means that
any QFT should be identified with a full RG trajectory. We should emphasise that it is
the full (infinite) collection of effective actions at various degrees of coarse graining that
defines a physical theory, and not just one particular action. Also, note that RG tra-
jectories are conventionally regarded as flowing from UV to IR since this is the natural

direction dictated by coarse graining.

All RG trajectories are generated by the corresponding RG flow equations. In geometric

terms, they are the integral curves generated by the vector field induced within theory

space by the flow equation. Generally, we can schematically write the latter as follows:
0 5Sy 625y

AiSA:F SAv%?WV” 9

o) (1.2.2)

where F stands for some functional dependence on the effective action and its functional

derivatives [37,41]. One such example is Polchinski’s equation (1.1.33) derived above.

We ultimately want to study renormalisability, which, as outlined in the previous sub-
section, amounts to scale invariance. This motivates us to first look at the fixed point

structure of the RG flow. Fized points (FPs) are stationary points of (1.2.2), which
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means that the following identity holds:

0

ASh

S, =0, (1.2.3)

where S, is the FP action. All theories defined at a FP are trivially renormalisable. This
is true because all the couplings and fields in the effective action being dimensionless, the
above equation implies full scale independence, and hence renormalisability. Moreover,
it represents a massless continuum limit. The presence of any dimensionful parameter
(i.e. like Ag or the mass) would break scale independence, and thus would be at odds
with (1.2.3). One such fixed point is the Gaussian fized point (GFP), which exists in
any QFT. Also, it is achieved in the limit that all couplings vanish, and for this reason,
although almost never explicitly stated, renormalisability with respect to the GFP is
equivalent to perturbative renormalisability. Moreover, any theory defined at the GFP

is trivial (i.e. non-interacting).

All bare actions which flow towards the same FP under an RG flow lie on the critical
manifold. We can get more precise about this. In the vicinity of a FP we can write the

effective action Sp as follows:
P\
Salg] = S.l] + > (A> Oilg] . (1.2.4)

Here p is the usual arbitrary mass scale, a; are positive dimensionless constants and
A; are the RG eigenvalues of the eigenoperators ;. Depending on the sign of the
eigenvalues, the operators can be classified into relevant (A; > 0), marginal (\; = 0)
or irrelevant (A\; < 0). A direct consequence of this is that perturbations in any of
the irrelevant directions will inevitably sink back into the FP. Moreover, it follows that
the irrelevant and marginally irrelevant eigenoperators form the basis of the critical

manifold.

To see how this unfolds, we can rewrite (1.2.4) as follows:

NOECACEDS ai<ﬁ>ki0§”[¢] 3 al-(g)Mo;ew. (1.2.5)

Ai<0 Ai>0

The second term on the right-hand side contains all the irrelevant and marginally irrel-
evant operators, whilst the third one all the relevant and marginally relevant operators.
As outlined above, the former describes perturbations within the critical manifold. The
remaining set of operators quantify perturbations off the critical manifold. And such
a trajectory which corresponds to perturbing along one of the relevant directions (or

marginally relevant) is called renormalised trajectory (RT).

All effective actions which lie on the renormalised trajectory are called perfect actions.

One can easily see that any theory, whose effective actions are of this kind, must be
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renormalisable since their UV behaviour is controlled by the FP the RT emanates from.
Moreover, such theories are interacting. Or, better said, given that the fixed point sup-
ports renormalised trajectories, from a free theory in the UV we uncover an interacting

theory as we flow into the IR.

At this point it is worth pausing to look at the big picture so far. Renormalisability
is intimately linked with the existence of fixed points. All theories defined at a fixed
point are trivially renormalisable and represent massless non-interacting theories. Any
fixed point has a critical manifold spanned by the irrelevant (and marginally irrelevant)
eigenperturbations, and thus the FP acts as a sink for all the actions which lie on
this manifold. If the FP supports relevant directions, then we can use these so-called
renormalised trajectories to construct renormalisable interacting theories. The only
question left unanswered is what happens when we start with a bare action which neither

lies on the critical manifold, nor on a renormalised trajectory.

Let us suppose that we start with such an (bare) action which sits slightly off the critical
manifold. Also, for the ease of exposure, we shall assume that there exists only one
relevant direction. The flow will first head towards the fixed point since the irrelevant
operators (and marginally irrelevant ones) dominate in the early stages of the flow. At
some point, the relevant direction becomes the dominant one, and correspondingly the
flow will head in the same direction as the renormalised trajectory. However, this does

not have a well-defined continuum limit since there is no FP to control the UV behaviour.

This problem can be solved if we now tune the original action back onto the critical
manifold. In this limit, the flow splits, and we end up with an initial path which sinks
back into the FP and a second one which goes out of the FP along the RT. To be able
to do so, we have to account for the diverging couplings. This can be done if, parallel
to bringing the bare action back onto the critical manifold, we express all the quantities

of interest in terms of renormalised couplings g;(A) as follows:

A
gi(A) ~ a; (1‘() as A — oco. (1.2.6)

This ensures that the RT is properly parameterised (i.e. in terms of renormalised quan-
tities) and that the deep IR limit of the flow corresponds to the effective action of a

non-trivial renormalisable QFT.

There are a few things worth highlighting before proceeding further. First of all, note
that the FRG framework allows us to search for interacting renormalisable theories
without specifying a bare action or a bare scale. As presented above, for any flow the
important part is the one which coincides with a renormalised trajectory. The existence
of the latter is equivalent to the existence of a non-trivial continuum limit. Furthermore,

since the RT can be fully described using renormalised quantities, one can directly work



1.3. The effective average action 19

in the continuum (i.e. in terms of renormalised quantities). This represents one of the

big advantages of the continuous RG framework.

Another important conclusion that can be drawn is that the effective action Sp can be

recast in self-similar form, i.e.

Sale] = S[¢] (gl(A),gz(A), = ,gn(A)) : (1.2.7)

This means that all the scale dependence is carried by the (renormalised) couplings,
and that the form of the action itself does not change. Moreover, one can show starting
from the discussion above that self-similarity is simply another incarnation of (non-

perturbative) renormalisability [34].

1.3 The effective average action

We turn our attention now to a reformulation of the RG ideas, in particular, to the
flow equation of the effective average action I'p, one of the most commonly used flow
equations in practical computations. In the rest of this subsection we will outline how
one can derive it, and in the process we will point out its main advantages. Prior to that,
note that I'y is the IR regulated generator of one-particle irreducible (1PI) diagrams.
This may come as a surprise given that we have emphasised in the previous sections the
need for UV finiteness. Nonetheless, one can get an intuition for this as follows. We
start by integrating out high-energy modes between two scales, Ag and A, respectively,
with Ag > A. This means that A acts as an IR cutoff for the integrated (high-energy)
modes, or equivalently as an UV cutoff for the remaining (low-energy) modes [34]. The
latter perspective is the one used in Wilsonian RG and discussed at large in the previous
sections. However, adopting the former stance (i.e. A as an IR cutoff), will allow us to
construct a flow equation for I'y which successfully interpolates between UV and IR,

and is free of divergences.

For the ease of exposure, we continue to work within single component scalar field theory.
The starting point in deriving the flow equation for the effective average action I'z[¢]
is the usual partition function (1.1.9) supplemented by a source term. However, for the

present purpose, we choose to write it as follows:
Ao
2] = / Dge SO0, (1.3.1)

where S[¢] is the action. Also, similarly to (1.1.9) before, note that the above integral
is subjected to some overall UV cutoff Ay, which is kept here as a superscript. Our

aim is to introduce a scale dependence into (1.3.1), and, at the same time, some IR
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regularisation for the high-energy modes. Hence, we choose to modify (1.3.1) as follows:
Ao
ZplJ] = / D e SOI=A%MeI+ T (1.3.2)
where the extra regulator term introduced, ASy[¢], takes the following form:

ASy[9]

%qb Ry - ¢ (1.3.3)

=5 [ DR o). (134

This has the structure of a momentum-dependent mass-like term. The reason behind
this choice is quite simple. We want to selectively modify the propagators such that
only high-energy degrees of freedom are integrated over, whilst low-energy modes are
suppressed in (1.3.2). This can be achieved if we impose on the IR cutoff operator Ry,
which is a function of the laplacian (e.g. Ry = Rj (—82) for scalar field theory), the

following requirements:

1. IR regularisation (i.e. screen modes with p? < A?):

lim Rp(p?) >0. 1.3.5
olm A(P) (1.3.5)

2. Regulator does not modify UV modes (i.e. modes with p? > A2 are integrated

over in (1.3.2) in the usual way):

lim  Ra(p?) =0. (1.3.6)

p2/A2—00

Also, note that the second property above ensures that the regulator term vanishes in

the limit A — 0, and thus the original partition function is recovered:

lim Zu[J] = 2[J]. (1.3.7)

Two frequently used regulators are the optimised cutoff [42—44]:
Rp(p?) = (A? = p*)O(A? - p?), (1.3.8)
where O is the Heaviside step function, and the exponential cutoff:

7
RA(p?) = —~—, (1.3.9)

P

eAZ — 1

respectively. The former is often used for analytical computations, whereas the latter is

more commonly used for numerical computations.
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Prior to introducing any IR regularisation, the Wilsonian effective action W[J], the gen-
erator of connected Green functions, is related to the partition function in the following
way:

Z[J] = "V, (1.3.10)

This, in turn, can be used to construct the (quantum) effective action I'[], the generator

of 1PI diagrams, via a Legendre transform, i.e.
Llp] =WI[J]—=J-p, (1.3.11)

where the classical field ¢(x) is given by:

p(r) = ¢(z) = (o(x)) = : (1.3.12)

Now, with the IR regularisation in place, the equation (1.3.10) remains virtually the
same, i.e.

W [J] = In Zu[J], (1.3.13)

where Wf\xo [J] is the IR regulated generator of connected Green functions. However, the
original definition of the quantum effective action has to be modified to account for the
presence of the IR regulator ASy. Thus, (1.3.11) above takes the form of a modified

Legendre transformation:
TA[p] = J - ¢ — WO[J] — ASalg] (1.3.14)

where the classical field p(x) is again the expectation value of the original field ¢(z),

i.e.
W]
= =—— 1.3.1
ola) = (ol = T A (1315)
If we now take the derivative of (1.3.14) with respect to A and use (1.3.2), together with

(1.3.13) and (1.3.15), we arrive at the following flow equation:

-1
1 52TAe
8AF20[90]=§TrA° ((M"‘RA) OARA| (1.3.16)

where the functional trace runs over momenta, and is subject to the same overall UV
cutoff Ag as the path integral (1.3.2) it was derived from. However, the true advantage of
the above differential equation lies in its structure. The presence of the cutoff operator

Ry in the first term on the RHS ensures that the full (quantum) propagator, i.e.
1

(pgo)(z) - (1.3.17)
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where the Hessian take the following form:

2)  §2rho
(Fﬁo) =2°a (1.3.18)

is well-behaved in the IR. After all, this is the original motivation for introducing the
regulator term ASy[¢] in (1.3.2) to begin with. However, as it turns out, there is more
to this than that. Due to (1.3.5) and (1.3.6), the second term on the RHS of (1.3.16)
(i.e. the A derivative of Rj) will be sharply peaked around p? ~ A%, and hence only
these momenta will be integrated over in the flow equation above. This means that one
can safely remove the original (bare) scale in (1.3.16) by taking the limit Ag — co. This
yields the following;:

-1
Onlaly] = %”ﬁ [(‘WAM + RA> O R (1.3.19)

dpdp

The above equation is the so-called effective average action flow equation [35,45, 46].
The regulator ensures that it is both UV and IR finite, and thus one can search for
solutions directly in the continuum. Another property of this flow equation is that, by
construction, it interpolates between UV (i.e. I'y—p, = S) and IR (i.e. I'pyyo = I).
Similarly to the Polchinski equation (1.1.33), to recover physics, one has to integrate

over all the modes (i.e. A — 0) to recover the standard quantum effective action.

One last idea worth highlighting is that both Polchinski’s equation (1.1.33) and the
effective average action flow equation (1.3.19) are equivalent. With the following change
of variables [34]:

SA[8]=Talel + 3(p — ) Ak (9~ ), (1.3.20)

one can recover (1.3.19) from (1.1.33). Both these equations are quite versatile, and
picking one over the other is usually motivated by the precise details of the system

being analysed.

1.4 Thesis outline

FEach of the following three chapters investigates different aspects of the renormalisation

group.

Chapter 2 is based on the work done in [1]. Here, we consider the possibility to formulate
a manifestly gauge invariant flow equation. This has the advantage that it avoids gauge-
fixing and the problems thereof, which makes it a suitable candidate for non-perturbative
studies of gauge theories. In the process, we develop the machinery needed to study the
proposal of ref. [47] rigorously, and show that the regularisation is at odds with gauge

invariance.
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In chapter 3 we present the work done in [2], in which we investigate asymptotically the
scaling dimensions of operators in the LPA. We show that, within this approximation,
it is possible to compute them analytically for scalar field theory and O(N) invariant
scalar field theory. Moreover, we show that the results are universal (i.e. independent

of the choice of cutoff functions), subject only to some general weak constraints.

Chapter 4 presents the work done in [3], in which we use off-shell BRST methods together
within the background field method [48-50] to study the perturbative renormalisability
of pure gravity. We show that at each new loop order, the divergences that do not vanish
on-shell are constructed from only the total metric, whilst those that vanish on-shell are

renormalised by canonical transformations involving the quantum fields.

Finally, in the last chapter we summarise the results of each individual chapter and draw
some concluding remarks regarding their significance in the context of the renormalisa-

tion group approach to gravity and gauge theories.
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Chapter 2

Manifestly gauge invariant ERGs

2.1 Introduction

As emphasised above, understanding the Wilsonian renormalization group (RG) struc-
ture of quantum gravity is surely of importance, see e.g. [14,51-59], and central to
this is the role of diffeomorphism invariance. In this chapter we explore the possibil-
ity to generalise the exact RG [30,60] to gravity, in such a way that it is manifestly
diffeomorphism invariant. This would allow computations to be done whilst keeping
exact diffeomorphism invariance at every stage (i.e. without gauge fixing), and, more-
over, these computations would be background independent (i.e. performed without first

choosing the spacetime manifold and background metric).

At the classical level this can be done [61]. However, in order to compute quantum
corrections, extra ultraviolet regularisation has to be incorporated into the exact RG
so that the integration is properly cut off in some diffeomorphism invariant way at the
effective cutoff scale A. For the simpler case of gauge invariance in SU(N) Yang-Mills
theory this problem was solved by incorporating gauge invariant PV (Pauli-Villars) fields
arising from a spontaneously broken SU(N|N) gauge theory [28,62-83]. It is not clear
whether one can generalise such a scheme to gravity however, in particular, it is not
clear what should play the role of SU(N|N), although a kind of supergravity has been
suggested in [84].

Recently a different approach to the problem of regularisation has been pursued in
ref. [47]. Explicit PV fields are avoided and instead replaced by functional determinants
which, if constructed as squares of simpler determinants, can be shown to work in the
framework of standard perturbation theory [85-87]|. Furthermore a geometric approach
is followed where the determinants can be regarded as defining a regularised volume
element on the orbit space of the gauge theory [87]. The flow equation is then formulated
in a way that is manifestly invariant under field redefinitions, and applies equally well

to both gravity and gauge theory [47].
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Although this new proposal has elegant features, it is not immediately evident that
the regularisation is successfully implemented in the flow equation once we delve into
the details of the relevant Feynman diagrams, first at one loop and then also at higher
loops. In the rest of this chapter we put the proposal to the test by constructing explicit
expressions for the relevant vertices, and then carefully analyse their UV behaviour, as
a function of loop momentum, in the form that they appear in quantum corrections. We
focus on massless Yang-Mills since, if the regularisation fails in this case, then it most
certainly fails for quantum gravity (given the latter’s poor UV behaviour). Working
with Yang-Mills also means we can take over methods used for these investigations in
the earlier successful construction [28,62-83]. As we will see, the proposal of ref. [47]
unfortunately fails to fully regularise already at one loop, but in a rather subtle way,
which in particular invalidates powerful techniques previously used to extract universal

information [71,88].

This chapter is organised as follows. In sec. 2.2 we review the proposal. In sec. 2.3 we
sketch why the regularisation can fail, and in sec. 2.4 we build the machinery needed
to rigorously test the structure of the renormalisation scheme at the perturbative level.
Following that, in sec. 2.5 we confirm that the higher point classical vertices incorporate
the assumed regularisation. Then, in sec. 2.6, we apply the techniques extensively to an
analysis of the simplest one-loop correction, namely that for the effective action two-point
vertex. We show that the regularisation is sufficient for the momentum independent part,
giving a vanishing result as it should by gauge invariance, only if the A derivative of
quadratically divergent constant part is discarded. The part that is second order in
momentum ought to give the one-loop beta function, if properly regulated. However we
show that the result cannot both be completely regularised and transverse. It can be
taken to be transverse only if the A derivative of a linearly divergent part is discarded.
Since this holds for all choices of covariantisation and cutoff profiles, it points to some
inherent limitations in the structure of the proposed flow equation. In sec. 2.7 we

summarise and draw our conclusions.

2.2 A proposal for a background independent exact RG

2.2.1 Basic ingredients for regularisation

The flow equation proposed in ref. [47] incorporates a geometric approach to the quan-
tisation of gauge theories [89,90]. As we will see, a detailed understanding of the UV
properties can only be reached by working with explicit expressions for the vertices. In
the case of Yang-Mills theories, the flow equations then take their simplest form if we
regard the gauge fields as valued in the Lie algebra, i.e. contracted into the genera-

tors [62,63]. Also, since we work in Euclidean signature, we will keep all gauge group
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indices as superscripts and Lorentz indices as subscripts for convenience. Thus, the De-

Witt compact notation and its explicit representation take here the following form:

6, = Z/AZ(x)Jﬁ(x). (2.2.1)

We work with the gauge group SU(N). We use DeWitt Latin indices from the start of
the alphabet to label gauge fields, thus ¢%. As already mentioned, when we need more
explicit expressions it will be convenient to regard the gauge fields A, (x) as contracted

into the generators:
" = Au(z) = Aj(x)T°. (2.2.2)

With appropriate definitions for the vertex functions in either language, the expressions
will of course be equal, and the two representations are, thus, equivalent. The generators
T are taken to be hermitian, in the fundamental representation, and orthonormalised

as 1
tr(TT?) = §5ab. (2.2.3)

A second set of DeWitt Greek indices from the start of the alphabet is used to label

gauge parameters; the map from the two languages is thus:

€ = w(z) = w(z)T" . (2.2.4)

If we adopt the geometric approach of [89,90] to the quantisation of gauge theories, we
regard the fields ¢* as coordinates on an infinite dimensional ‘manifold’ ®, the space of
all possible field configurations. This has the structure of a fibre bundle, and the fibres
are the gauge orbits G. However, all the physics happens on the quotient space ®/G,
where each point belongs to a unique equivalence class {¢}, which encompasses all the
possible field configurations related by gauge transformations. The generators of the

gauge transformation are of the following form:
Kalgl = Dud(z —y), (2.2.5)

where the covariant derivative is given by D, := 0, — 1A4,(z), and A, is understood to
act by commutation. This means that gauge transformations can be written equivalently

as
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The field strength is given by F),, := i[D,, D,]. We write the SU(N) Yang-Mills action

in the following way:

1
I[¢] = y /x (Fo,)? = o tr/x F2,. (2.2.8)

In momentum space this becomes:

191= g [ T ®) (40 0) A0 () +

1
T3 Ty s (1o p3) tr (Am(m) R (p3)> d(p1 +p2 +p3) +
9~ Jp1..ps
1
t 2 Ly ps(P1- - pa) tr (Am (p1) - Ap (p4)) S(pr+---+p1), (229)
9° Jp1..ps

where the vertex functions 12, I®) and I, are given by:

IM1M2 (p) =2 DMIMQ (p) = 2(1)25#1#2 - pu1p,u2) ) (2'2'10)
IMl...us (pl .. -p3) = 2(p3u25M1M3 - p3u16/L2u3) + cycles, (2'2'11)
Livus(D1 - pa) = (01 juaOpiops — Opun iz Opapa) + CycCles. (2.2.12)

We note that ‘cycles’ stands for all cyclic permutations of momenta py,,, — pa py e
P1,,- The exact preservation of gauge invariance at all stages during the flow, together
with the choice to rescale the coupling in front of the integral in (2.2.8), ensures that A,
cannot run. The reason behind this is that any wavefunction renormalisation by Z # 1,
A;]f = 77124, would break gauge invariance: 5Aﬁ =Z77129,w — z'[Aff,w] [49, 62, 63].
Therefore the coupling g = g(A) is the only quantity that runs.

We write functional derivatives as follows:

oS oS
_ = 2.2.1
S?d 6¢a’ 5AM(LI:‘) bl ( 3)
where 5 5
_ =27 —— . 2.2.14
dA,(x) 0A,(z)e ( )

The properties of the latter can be understood as follows [63, 64]. For convenience
here we temporarily write the gauge fields A, (z) simply as A, suppressing spacetime
dependence and Lorentz indices. Given a well-behaved gauge invariant function f(A)
such that § f(A) = tr(dA X) for some X, we can exploit the SU(N) completeness relation
to see that:

of 1
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effectively isolating X . This property will be crucial in our endeavour later on. Following

the same reasoning, we have two more useful relations:

5f 1
and,
) 1

for some W = T*W* such that §W =Y A Z. Thus, the functional derivatives of I[¢]

are (in position space):

ga :I7CL

1

5 DaFa. (2.2.18)

1

I7ab D)

5 (iFu + DDy = 8, D?)8(w — ). (2.2.19)

<

Ultra-local metrics (i.e. strictly local) are introduced on ® and G, respectively, such that
their corresponding line element (e.g. §¢%74,0¢") is made dimensionless by using the
appropriate power of the effective scale A [47]. They allow us to raise or lower DeWitt
indices, e.g. ¢* = 7%®¢,. At this abstract level the formulation can be developed in a
way that applies equally well to gravity, and indeed ref. [47] treats gravity as a special
case. For gravity however, 74, and 7% necessarily depend on ¢ (which in this case is
the spacetime metric). Then, to keep equations covariant on ®, requires the use of a
connection I'¢, in function space and covariant derivatives, e.g. replacing I 4, above with
Loy =1, —1¢, 1. Since we will treat only Yang-Mills theory in this chapter, where one

can take the metrics to be ¢ independent:

2 2
a9

Vab = g2 5NV5($ _ y) , v b _ pdlﬂ/é(m — y) , (2220)
A 2

s = 55000 — ). B — %5(33 —y), (2.2.21)

we do not need this extra complication, and thus we work only in the flat function space

limit.

Again, following [47], we will introduce higher covariant derivatives into the effective

action S via functions of Laplace-like differential operators, which we list below:

A% =L + K0P K§ye
5 b
(A" =1 K§va K

A = A2 (2iF,, — 6,,D%) é(z —y), (2.2.22)
Aj=-A"7?D%*(z—y). (2.2.23)

Gauge invariant quantities have all DeWitt indices contracted (i.e. behave as scalars on

® and G). One gauge invariant object that plays a fundamental role in the regularisation
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is the action A : .
A=1+ 1L, [X(A)] L, . (2.2.24)

It is quasi-local (i.e. has an all orders expansion in momenta) [63,64]. Here, the kernel

X (z) is given by:

_1—c(2)

X(z) = : (2.2.25)

ze(z)

where ¢(z) is a smooth UV cutoff profile such that ¢(0) = 1, and ¢(p?/A?) — 0 as
p?/A? — .

The anomalous dimension 7 is given by:

1 2
n = —g*Adp <92> = ;A@Ag. (2.2.26)

Given that n o< & (i.e. actually hg?), we can write down a loop expansion for it:
_ 2 4
n=mg-+mg +--, (2.2.27)
and thus for 8 := Adpg as well (n; = 25;):

B=p1g>+ Bag” + . (2.2.28)

It will prove useful to analyse expressions using the following projection operators:

7% := 6% — II1%, = Il =6, — 117, (2.2.29)
a a -1 o c L 2 -1
% = K° (A” ) K5 e = nt, = D, (D ) D,, (2.2.30)

although they are not directly involved in the regularisation scheme because of their

non-local nature.

2.2.2 The main idea

Before delving into details, it is instructive to outline the main steps undertaken in
ref. [47] to construct a flow equation for the effective action S. Essentially this is a three
step procedure, where the first two steps represent a geometric reformulation of Slavnov’s
higher derivative regularisation scheme [85,86], while in the last step the freedom one
has to design an exact RG [62,91-93] is exploited to avoid fixing the gauge, and to

manifestly preserve gauge invariance at all stages during the flow.
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First of all we need to incorporate higher covariant derivatives, Sy, into the effective

action S, to improve the UV behaviour by modifying the propagators:!
S=I1+Syyv+S, (2.2.31)

where S stands for all the other interactions in the effective action that are generated by
the flow. However higher covariant derivatives do not regularise all one-loop divergences,

and therefore further regularisation is required [85, 86].

The second step addresses this issue by introducing PV regularisation, which however
is introduced directly through functional determinants in such a way that these act as
quasi-local metrics for ®, and G; they are called G| and H,g[¢] respectively. Now,
for gauge theories, the partition function Z (cf. (1.1.9)) takes in general the following

form:

Z= / d{¢} M[{p}] e~ SHoH (2.2.32)
®/G

where M [{¢}] is the volume element on the quotient space ®/G. Factoring the integra-

tion measure using the functionals mentioned above,

dp/det G[g] = d{p} M[{o}) d¢\/det H|¢ (2.2.33)

we thus rewrite the partition function:

Zcx/ dp VAL G19) detG ] —S[¢]:/d¢6—5[¢]+;Tr1neab[¢]—;TrlnHa,;w] (2.2.34)
Vdet H[@] o

(up to some actually-infinite constant that, as mentioned before, we are free to discard

without altering the physics).

The idea then is that G is chosen to cancel one-loop UV divergences arising from S. In
the IR, G and H are both order A2, corresponding to PV masses of order the cutoff.
G thus has a longitudinal part which will contribute divergences, but H can be used
to cancel them. Finally, by choosing G and H each such that they factor into other
operators that are less divergent, we can avoid so-called ‘overlapping’ divergences, ones
that correspond at one loop to having external PV legs [86,94,95]. Thus, at this stage,

PV regularisation will require the following:

(PV1) At high momentum the Hessian for fluctuations matches that of G in the transverse
space:

T7C, Geg Ty ~ S ap - (2.2.35)

! As it stands, this equation is almost devoid of meaning since S could modify or even cancel terms

in Syy. At the classical level, we give it meaning by insisting that S° contains only three-point and

higher vertices: S§°("<3) — 0, which, in turn, fixes the on-shell two-point classical effective action. This
choice will allow us to compute classical vertices in terms of quantities already known [71].
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(PV2) Similarly, H matches the longitudinal part of G:

KiGaKp ~ Hep . (2.2.36)

(PV3) Gap¢] and H,p[¢] must be chosen so that they factor into operators that are less

divergent.

Slavnov’s original scheme does not avoid fixing the gauge [85,86]. In ref. [47] gauge
fixing is completely avoided by exploiting the freedom [62,63,88,91-93,96] one has to
design an exact RG [30,60] flow for the effective action S. This leads to the final flow
equation:

ADpS = %Tr[G_lADAG — H 'AD\H]|, (2.2.37)

where ADy := Adp + Ly is the total RG derivative, Ly being a Lie derivative on &
associated to the change of variables ¢® — ¢® — JAU®. The total RG derivative acts in

the following way:

ADAS = AOpAS + 995, , (2.2.38)
ADAHO(/B = AaAHaB + \I’aHa@a , (2.2.39)
ADANG o = ANOAG gy + \IJCGab7C + \I/CﬂGbc + \Ifc’bGaC . (2.2.40)

The strategy is that, altogether, the higher covariant derivatives and PV field determi-
nants should provide a regularised ‘kinetic’ I 4+ Syy € S part, while a careful choice of
P is meant to ensure that the exact RG then generates only an § € S part that is free

of divergences.

2.2.3 Regularisation structure

The method proposed in ref. [47] to construct the regularisation scheme, i.e. PV op-
erators and higher covariant derivatives, proceeds as follows. First of all, we need to
construct Ggpl¢] and H,p[¢] by taking into account the requirements outlined in section
2.2.2. To satisfy (PV3) they are set to

Gap = (CH°, e (C7Y), (2.2.41)
Hap = B, bys B%g, (2.2.42)

where we require B%g, b%g, and (0—1)ab to be constructed such that Gy, — 74 and
H,g — nop as A — oo. This latter requirement ensures that in the continuum limit
the quasi-local and ultra-local metrics coincide, and hence encode the same physics [82].
Furthermore, the condition (PV1) implies that C2S®) ~ 1, which essentially means

that all divergences coming from C~! vertices should be regulated by contributions in



2.2. A proposal for a background independent exact RG 33

the effective action involving the effective propagator. The remaining condition (PV2)
together with (2.2.41), and (2.2.42) relates the PV operators to one another in the high

momentum limit:

(C) " Ke ~ K§B ., (2.2.43)
bap ~ (D)) o5 = Karvan K - (2.2.44)

The second part of the regularisation scheme amounts to introducing higher covariant
derivatives into the effective action S. Given that G is bi-linear in C~! we will keep the

same structure for Sy [86],

1
Syv = 5147@7“",4,6, (2.2.45)

and thus write the effective action S as
1 ab
S=I+8S+ §A,a7 Ay (2.2.46)

Here it is instructive to pause and make some comments on the choice of using A and
on the strategy for analysis of the regularisation and flow equation. If we functionally
differentiate (2.2.24) twice we get:

A= (A-c7(a)) W™ +0(E). (2.2.47)

Following ref. [47], it is useful to write equations such as this, where the equality is
given up to terms that vanish on the equations of motion &, c¢f. (2.2.18). Since &
vanishes if we set A, = 0, we can read off from the above that the first term provides
the effective inverse propagator that would arise from using A as the action. We see
that it is transverse and that it would lead to an effective propagator ~ ¢, /% which
is regularised by a cutoff function in the usual way. The first term above is also solely
responsible for the one-loop contribution that A would provide (through the functional
determinant of A ;) when the result is evaluated on shell. From (2.2.47) we can also
infer the large momentum behaviour of the vertices A™. Clearly A® ~ qZCgl. In
fact, for any integer n, A ~ c;l up to some multiplicative power of momentum which
can be ignored in comparison if the cutoff is chosen to be strong enough, for example
c(x) =e T orc(r) = (1+x)"™ for some large m. To write this we will use the following
shorthand A™ ~ c;l. These properties will be more precisely defined and confirmed
in sec. 2.4.2.6. Until then, in the spirit of ref. [47], we count only powers of cutoffs
to analyse the behaviour of different expressions in the large momentum limit. For
example, looking at (2.2.46) we see that

Sap ~ AP AP 2, (2.2.48)
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which means that the (PV1) condition can now be recast as:

Clrct. (2.2.49)

To properly implement regularisation, (PV1), (PV2) and (PV3) ought to be fulfilled or,
equivalently, (2.2.43), (2.2.44) and (2.2.49). A particular choice which satisfies this is
the following :

(€71, = 0% + 1Ay TKIY P Ky, (2.2.50)
B = 0%+ Y (4)) 4 (2.2.51)
b =t + (4))%,, (2.2.52)

where Y = Y(A”) is a quasi-local function such that Y (z) — oo as z — oo at the same
rate as 1/¢(z) and Y(0) is finite, while ¢t = #(A|) is a quasi-local function such that
t(z) = 0 as z — oo and t(0) = 1.

2.2.4 Flow equation

For the flow equation to have fixed points it has to be non-linear, which implies that
the blocking functional ¥[¢] must itself depend on S. Generalising [28, 62-83, 88, 96,
97], which are themselves generalisations of the Polchinski equation [36], the blocking

functional is written in the following way:
a 1 ab a
Ul = —§IC X+, (2.2.53)

where

- 1
Yi=8-85=8- 5LaxabLb, (2.2.54)

and the “seed” action S is given by:
R 1
S:=A+Syy =A+ §A,a'yabA7b. (2.2.55)

We will call the quasi-local functionals K% and ® the ezact RG kernels. We will try
to fine-tune them to remove the unwanted divergences still present in the flow equation.
In addition to this, it will prove useful to fix the classical two-point function [63,64,71].
As such, we require

So=1+ %A,w‘“’fl,b + 8o, (2.2.56)

where Sy = 0(53), to be a solution of the classical flow equation

ADAS) =0. (2.2.57)
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This fixes the classical two-point function to be

So.ab = Lab + Ama¥™" Ay + O(E) . (2.2.58)

The only thing left now is to fix the exact RG kernels. The main constraint comes from
the left-hand side of (2.2.37), i.e. the classical flow equation. One needs to carefully
choose the kernels such that the effective interactions generated during the flow (i.e. S)
do not destroy the regularisation. In other words we need to ensure that S diverges
more weakly than Syy ~ cq_z. Since we are unable to write a closed form expression for
S (we can only determine a finite number of higher order contributions to it by repeated
iterations), following ref. [47], we suppose that its maximum divergence rate is given by:

S~ AW~ et (2.2.59)

or, equivalently, using the definition (2.2.54) of X, that
2™ a et (2.2.60)

The strategy now is to fine-tune the exact RG kernels such that they cancel all the terms

q
that the assumption (2.2.59) is consistent. If we unwrap the left-hand side of (2.2.37)

which diverge faster than ¢! in the flow equation of S, and hence prove a posteriori

we get:

ADAS = A0y Ay + éA,n“bA,b + A (07 %" - %A,C(C-l)calc“bz,b

. . 1
+ A+~ 5z,alcabz,b + X", (2.2.61)

where, for any functional F', we write F = AQ\F. To arrive at this expression we have
used the identity:
Sp=A.01%, (2.2.62)

which follows from (2.2.50) and the gauge invariance of A (i.e. KA, = 0). The first
two terms of (2.2.61) are bi-linear in A , and hence diverge as ~ c;z. To eliminate them

we use the third term, setting

. 1.,
Yo = —C“b(fybcA@ + 57 A7C> . (2.2.63)

Now, looking at the remaining terms, we see that the potentially dangerous ones are the

-3
q >

. Cancelling the C~! factor in the former by

fourth term, which, ignoring K% for the moment, diverges as ~ ¢, 3, and similarly the

-2

next-to-last term, which diverges as = ¢

writing
K® = 02 [k(A)]?, (2.2.64)
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the kernel £ is, then, fixed uniquely by substituting So from (2.2.56) into (2.2.61), and

requiring cancellation, i.e. requiring the classical flow (2.2.57) at 0(8 2). The result is:

o [oc(A) =2Ad(A)\*
K% — (2 AT A > b (2.2.65)

(see sec. IIIB and app. A of ref. [47]). This means that x% ~ ¢, and hence ref. [47]
concluded that all the potentially offending terms in (2.2.61) are now brought under

control. This part of the flow equation (the classical part) now simplifies to:
1 . .
ADAS = —5(a+ Sa)CUkPE y + A+ X+ 8 %, (2.2.66)

and indeed a direct substitution of the above estimates suggests that now no terms

—1
q

the exact RG kernels (2.2.63), (2.2.64) and (2.2.65) ensure that the RHS of (2.2.37) is
also apparently properly regularised [47].

diverge faster than ¢, . Moreover, although more involved, one can similarly check that

2.3 Regularisation failure: a sketch

The problem with the analysis reviewed in the previous section is more easily grasped
if we convert the analysis into the language of Feynman graphs. The reason this is
helpful, is because we can then derive closed formulae for all the component vertices and
propagator-like terms of these graphs, and then rigorously characterise their asymptotic
behaviour in the limit that certain momenta diverge. In particular, UV divergences arise
in quantum corrections from the limit in which loop momenta ¢ — oo while external
momenta are held fixed. The components in the flow equation (2.2.66) do not necessarily
behave in this limit with the assumed powers of ¢, because their UV behaviour depends

on the details of how ¢ is routed through the vertices.

By focusing in sec. 2.6 on the part of the one-loop action that should provide the beta
function, we show that regularisation fails here in a somewhat subtle way. There are
parts that are UV divergent, but can be set to zero once treated as A independent.
However, gauge transformations still map the one-loop beta function contribution into
those improperly regularised parts. In fact, we show that the contribution cannot then
both be gauge invariant and properly regularised. Actually, this latter conclusion holds
for all choices of cutoff functions and some generalisations of the construction. Although
the flow equation is constructed to be covariant by using functions of the differential
operators A and A, other choices of covariantisation are possible that still reduce to
the same functions when the gauge field A, is set to zero (for example by allowing the

functions to depend separately on F,, ). Our derivation is independent of these details.
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In fact the first hint of regularisation failure seems to come from how the regularisation
is constructed in the first place. Ref. [47] argues that in the high momentum limit
the leading divergent part of the propagator is its transverse part. The argument goes
as follows. Starting from the gauge invariance of S (under a gauge transformation
P — "+ 09"),

K;S.,=0, (2.3.1)

and differentiating it once, we obtain:

KS = —K%,S,. (2.3.2)

[eH )

Regarding this expression as a differential operator one can think of the large momentum
as going from « to b. Then, this equation tells us that the behaviour at large momentum
is given by K &b, and since K is a first order differential operator, the divergence is only
with one power of momentum. However, as an expression about vertices, more generally
we see that we cannot exclude the possibility that the loop momentum threads instead

through S, whose high momentum behaviour can behave as badly as does S 4.

2.4 Perturbative expansion

In summary, the robustness of the regularisation scheme outlined in sec. 2.2 needs
to be thoroughly tested by analysing carefully the high momentum behaviour of n-
point vertices at each order in the loop expansion. In what follows we will lay out the

machinery needed to do this properly, before returning to these issues in sec. 2.6.

2.4.1 Loop expansion

The effective action S, and in fact any gauge invariant action appearing in this analysis,

has a weak coupling expansion (i.e. loop expansion) in g? (actually in hg?):
1 2
S:?SO+Sl+gSQ+---. (2.4.1)

This means that purely classical actions such as Sy, but also e.g. A, Syy and S , carry

only a single 1/g* prefactor.

The form of the ultralocal metrics v, and 1,4 ensure that the factors of g embedded
in the kernels combine with actions to preserve this property. Therefore we simplify
matters from now on by ignoring the factors of g entirely and trusting that they can
be put back in the form (2.4.1) above. (Actually, one can also simplify matters by
recognising that the powers of A appearing through these metrics are as required to make

the equations dimensionally correct, and thus essentially ignore these metrics.) Note that
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in the ensuing we will also place the loop index as a superscript when convenient (so
write S¥ = Sy etc. ).

Similarly to (2.4.1) we can write down a loop expansion for the blocking functional W¢:
U =V + g® U] + - (2.4.2)

1 1
= [ S0+ ]+ P - S ] (2.4.3)

This can be further refined. If we explicitly compute the RG time derivatives in (2.2.63)
and use the commutativity of RG time and functional derivatives, we can recast ¥* in

the following way:
P =%, (2.4.4)

where we have introduced the gauge invariant action 0, given by
0= gA T+ L [W(A)]™ T, (2.4.5)

with W (z) := 2X(z) + 2X’(2), which thus has a loop expansion:

00 =1+1,,Wm™I,,, (2.4.6)
o = %”A. (2.4.7)

This enables us to rewrite (2.4.3) as

1 1
e — | _ 5]CabEOJ) + Cabeo’b] + g2 [ o ilcabzll; + Cabel,b] 4+, (248)

If we substitute (2.4.1) and (2.4.8) into the flow equation (2.2.37), we will obtain its
loopwise expansion. Thus we find that the flow of the effective action at the classical
level is given by:

AONS° = %so,a/cabzo,b — 8% ,cm0° (2.4.9)

at the one-loop level by:

1 1
AaA‘Srl — 77150 + iSl’alC“bZO,b + §So,alcab21,b _ Sl’acabe()’b _ SO,acabelb

owe
4T | 0, {A&A(C"l)cb} O (O U+ W? + 0% — (B™Y)*, [AOA B4
-1\« Y a 1 -1\« o1 1 —1\a 1y a «
—(B™) +B 5@\1/0—5([) ) W[Aaf\b 5] _§<b ) +073,a WG —20% |,

(2.4.10)
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at the two-loop level by:

1 1 1
AaASQ — ,’,,250 + 552,a’cab20,b + isl,alcabzl7b + iso,alcabz?,b _ SQ,QCabHOJ,

owe
_ Sl,acabel,b o SO7acab927b +Tr|C®, (Cfl)cb,d\ll + 5¢; . *6ab + m 604
—a o 1., 14 a
—(B 1) vB78,aV1 _i(b 1) 71b78,a %1

(2.4.11)

etc. It will prove useful in the subsequent analysis to rewrite (2.4.10) in a different way:

1 1
AONST =S + S8 KBy + D80 KU, — 51,0000, — §°,.C01,

5 N .
+ Tr|Adx[In (C71)]" b+\p05¢d[ n (1% + 55 — A [In B%]
a 5 « 1 (07 a 5 (03
(2.4.12)

Here note that we have also discarded the two vacuum contributions %, and 6%g.

2.4.2 Vertex expansion

In the above equations we have actions (S, %%, 6%) and kernels (e.g. }C“b,C’ab,Bg etc
). To analyse their behaviour precisely we break them down into vertices. The above
equations then tell us how these vertices fit together to determine effective action vertices
at each loop order. In this subsection we sketch the form of these vertices and their

properties [63,64].

2.4.2.1 Action vertex properties

Any gauge invariant action has an expansion in traces and products of traces [63,64],

which, in position space, takes the following form:

S = Z / St (@1 xn)tr<Am(aj1) A, (xn))

Z1-.-Tn

/ S,ul...,un,m...vm ($1 e Tns Y1 ym)
9 nm Jzy..on Jyi..ym

tr (Am (1) ... Ay, (a:n)>tr (Ayl(yl) Ay, (ym)>
e (2.4.13)

)
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From this we can see that single trace vertices are defined as cyclically symmetric in all
indices,

Sitepn (@1 20) = Spnp 1 (Tns 1. Tp—1) (2.4.14)

whereas the remaining vertices are separately cyclically symmetric for each string. How-
ever, the latter have been included for completeness only and are of no interest to us in
the present chapter. Therefore, from now on, we will consider only the single trace ver-
tices. The fact that the action S is real, together with the hermiticity of the generators
T¢, implies that S}, , (%1...2n) = Sy, (Tn ... 21). This is an expression of charge
conjugation invariance. To exploit translation invariance we work in momentum space

where it implies momentum conservation:
Smwun (pl .. -pn) 6( Zpl) = / S,ul...,un (331 N l‘n) e_izipi‘xi . (2.4.15)
i T1...Tn

By convention, we take all momenta pointing in towards the vertex. Note that the
Syt (D1 - - . pn) are well-defined only when momentum is conserved. For the two-point

vertex we write more simply S, (p) = Sy (p, —p). Lorentz invariance implies that:

Sitopin (01, 0n) = (=1)" Sy (=01, -, —Dn) - (2.4.16)

In other words, vertices with an even/odd number of legs are even/odd under a change
of sign in all its momentum arguments. Combined with charge conjugation invariance

we thus also have that they are even/odd under reversal of their arguments

Sy Oy - 01) = (=1)" Sy P15 - - Pn) - (2.4.17)

As an example we note that these symmetries tell us that a three-point action vertex is

totally antisymmetric in its arguments (p1,,,, P2,,,, P35 )-

The flow equation (2.2.37) manifestly preserves gauge invariance, namely (2.2.7), and
this allows us to write a set of ‘trivial’ Ward identities for the effective action S that

relates the longitudinal part of n-point vertices to differences of (n — 1)-point vertices:

plulsﬂl---ﬂn (pl .. pn) = S,ug..-lln (p1+p27p3 .. -pn)_S,u,g...,un (p2 .. -pn—17p1+pn) . (2418)

Since there are no (n < 2)-point vertices, the two-point vertex is transverse:

p,uS,uu(p) =0. (2.4.19)

In the limit of small contracted momentum py, (2.4.18) yields differential Ward identities
e.qg.
S;U/)\(pra _p) = aﬁsu)\(p) . (2420)
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where we have introduced the shorthand 9f, = Biu' This follows straightforwardly

starting from (2.4.18) after Taylor expanding its right-hand side:

e,uS,uV)\(Eapv -Db— 6) = Su)\(p + 6) - SV/\(p) (2421)
= €,9, S, (p) + O(é?), (2.4.22)

recovering (2.4.20) from O(e). We can proceed similarly about the four-point vertex to
get:
S;LV)\U(Oa O,P, _p) + Sl/,u,)\a(oa Oapa —P) = 8£855A0(p) . (2423)

The I™ vertices already introduced in eqs. (2.2.10)—(2.2.12) satisfy the above properties.

2.4.2.2 Kernel vertex properties

The regularisation and the flow equation are built up from constructs where actions are
joined together by kernels to form new compound actions. Generically for two actions,
say R[A] and S[A], the construct takes the form R ,KS and involves some kernel
K[A]. Since everything is constructed gauge covariantly, these kernels are themselves
necessarily functionals of A,. Although the kernels we need are constructed in a specific
way, as reviewed in sec. 2.2.3, they are special cases of a more general form of kernel
namely any such that provides a covariantisation of some momentum kernel K [A =
0] = K, (p), via gauge fields A, that act by commutation. (The latter property is
assured here to the 2-point level that we will require them, in essence by constructing
the kernels using covariant derivatives D, see sec. 2.4.2.5 and app. 2.A.) Such kernels
have vertices whose properties generalise those for an action and ensure that the vertices

of the compound action continue to satisfy the correct properties.

Expressions involving such a covariantised kernel K, can be equivalently written in the

following way:

1 6R 59
KPSy =— " K, —— 2.4.24
RaK™50 =7 5A, M 6A, ( )
1 / / SR 59
= _tr — Ku(z,y)- , 2.4.25
2A2 /), y 0A, () o () dA,(y) ( )

where we suppress the functional dependence on the gauge field. Taylor expanding with
respect to the gauge field in K®[A] gives a series expansion in nested commutators
[63,64,71]:
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Now, expanding the commutators, we obtain:

1
R’aKabS’b:W Z /// Ky opinivr v (T1 - Tni Y1 Ym3 T,Y)
P A ) S

08

tr 2
5A,(y)

m!‘lm (z1) - Ay, (Tn)

Av (1) - Av,, (ym)] . (2.4.27)

In momentum space, kernel vertices take the following form:

K. pnnvmipw (P1---Pnsq1 - Gm; D5 q (sz + Zqz +p+ Q)

/// /“ V1 Vm,,uu( 1- -~93n;3/1-~ym;l‘,?/)
Z1Tn,Y1° " Ym

X exp | —1i p-x+q-y+2pi-xi+2qj-yj . (2.4.28)
( J

The two sets of vertices in (2.4.26) and (2.4.27) are related through ‘interleave’ identities
(also called ‘coincident line’ identities [63,64,71]) which here just express the fact that

covariantisation is via commutation:

K;ﬂ...un,yl...ym;uu(p -Pniq1---9m; D54
Z Koy omimpw (K1 -+ Kmin; Dy q) - (2.4.29)

mterleaves

In the above the sum runs over all the possible arrangements of the combined se-
quence of p{* ...ph" and ¢i* ... ¢4, in which the p momenta remain ordered with one

another, whereas the ¢ momenta order is reversed (via the so-called shuffle product
SRSk =t pht gL gt).

The case where m = n = 0 (thus leaving a double semi-colon) is of course just the

momentum kernel again:
Kow(3ip,—p) = Kuw(p) - (2.4.30)

We write the m = 0 case more simply as:

K,ul...,un,;,uu(pl - -Dnsi P, Q) = K,ul..‘,un;/w(pl - Pni Dy Q) > (2~4-31)

then from (2.4.29) the n = 0 case is given by

K,m...l/m;w/(; q1---9m; P, Q) - (_1)mKVm...V1;MV(qm - 413 P, Q) . (2'4'32)

A useful special case of (2.4.29) is

Ku,u;aﬁ (p; q;T, S) = _K,uzz;aﬁ(p7 qT, 5) - KVu;aB(Qyp; T, 3) . (2-4~33)
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Kernel vertices obey Ward identities closely similar to (2.4.18) [63,64]. Furthermore the
contracted momentum can reach the end of the string of momenta, where it attaches to

the outer momentum:

plulK,ul...,un,ul...um;ul/(pl -+-Pn3q1---dm; D, Q) =
= Kyg.‘.un,yl...zxm;uu(pl +DP2,P3---Dniq1---qm;Ds Q)
- Kuz...,un,m...z/m;ul/(pZ ceePniq1---Gm;P1 + D, Q) . (2434)

Again one can derive differential Ward identities (cf. (2.4.20), (2.4.23)). We list below

some of the more useful ones:

Koy (0; =p,p) = R K (p) (2.4.35)
K)\J;uu(_pa 0; Oap) = 6§K/\;W(—p; 0,1)) . (2436)

2.4.2.3 Two-point action vertices

Combining these definitions with those of sec. 2.2 one can derive the expressions for
the vertices that are needed and work through the classical and quantum corrections
systematically. Thus for example, from the definition (2.2.24) of the quasi-local action
A, combined with that of X, (2.2.25), and the fundamental two-point vertex I @) in
(2.2.10), or alternatively directly from (2.2.47), one gets its two-point vertex:

A,ul,uz (p) =2 D,uwz (p)FA(p) ) FA(p) = —. (2.4.37)

Armed with this one finds from (2.2.55) the two-point vertex for the seed action:

R P>+ Cp
Sz (P) = 200 (D) Fs(p),  Folp) = —5—, (2.4.38)
P
and from (2.2.56) the classical effective action S° two-point vertex:
p
S (P) = 200 (D) F(p), F(p):=1+ 7. (2.4.39)
P

From the definition (2.2.54) of ¥ and X one gets immediately its classical two-point

vertex: .
S0 ®) =204, Fe(p),  Fs(p):=1- . (2.4.40)

Finally from its definition (2.4.5) we get the classical two-point vertex for the action 6:

¢, — 29%c
0 (0) =20, Fo(p),  Folp) = 222 (2.4.41)
M1,u2p_ pipe\P)Lo\P) , o\pP) ‘= 2 4.

P
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2.4.2.4 Zero-point kernel functions

The zero-point vertices for the simple (i.e. non-compound) kernels X, Y, B, b, t, k and
W, follow straightforwardly from their definitions in (2.2.25), (2.2.51), (2.2.52), (2.2.65)
and (2.4.5), by replacing their argument (A or A| as appropriate) by P2, for example:
c, — 2p%c!
Mm:2£7igﬁ. (2.4.42)
cp,+ D

(The zero-point X kernel was in effect already used to derive the two-point action vertices
above.) Those for the compound kernels follow almost as straightforwardly. Thus the
zero point vertex for (C~1)", follows from its definition (2.2.50) since the generator of

gauge transformations (2.2.5) collapses to a partial derivative in this case. Writing

- 1 0 (p) L pupv
Clp) = w4 pr. 2.4.43
e (P) Cr(p) p? Cr(p) p? ( )
we have that its longitudinal and transverse functions are given by:
Crp) = —P i) = — (2.4.44)
cp + P 1+ p%Y,

Note that despite appearances in (2.4.43), the kernel has a Taylor expansion in p, (is
quasilocal) because Y is quasilocal and ¢, is normalised to ¢(0) = 1 (¢f. below (2.2.25)).

Inverting gives us the zero-point vertex for C'%,:

ChAp%=C&@ﬁD?ém-+Ci@ﬂE§”, (2.4.45)

which is also quasi-local for the same reasons. Then that for IC follows from (2.2.64):

Ky (p) = K1(p) D‘Zz(p ) 4 /CL(p)pZZ;V . Kip) = k()Cilp) (I=T,L). (2.4.46)

2.4.2.5 Higher-point vertices

The n-point vertices for the simple kernels can be computed by Taylor expanding in A
or A| as appropriate. Keeping only n instances of A, as in (2.4.26), the momentum
dependence can then be resummed to give the explicit formula. The vertices for those

that are simply functions of A = —D?/A? —namely Y, B, b and t — have vertices that
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have already been computed this way in sec. 5 of ref. [64]. We just quote the results:

Y, - Y,
Y.p;r,s)=(r—s), ———, 2.4.47
H( ) ( )H p‘('r’ _ S) ( )
Y. Y, -
Yoo (py 4 78) = 055 = (P+2r)ua + 25) Sy (P g3 7, 9) (2.4.48)
Y. 1 Y, Y.
By (p,gir,s) = o + U . (2.4.49)

q-(q+28)p-(p+2r) s2—=r2[p(p+2r) q-(q+2s)

where we have introduced the shorthand Zy, and where for the others one simply replaces
Y by B, bor t as appropriate. We note that these equations need care at special momenta
where denominators vanish. For example the correct equation for Y, (p, —p;r, —r) fol-
lows from lim¢_,o Y, (p, —p—€; 7 +¢€, —r). Again we refer to sec. 5 of ref. [64] for details.
The vertices for the other simple kernels X, x and W follow from using a similar strat-
egy. We only have to take into account the presence of F},, when expanding in a series
of powers of A, ¢f. (2.2.22). Thus we find:

- X,

X,
X)\;;w(py T, 8) = {(7’ — 8))‘5#” + 45)\[pr]} m ) (2.4.50)
Xs — X,
X)\U;,uu(pa q;T, 3) = (5MV5)\0' + 46)\[H6y]g) m

+ (16%[#]0450[6%] — 4051,y (q + 28) 5 + 4(p + 27) A 00 (0]
— O (p+2r)a(q + 28)(,) Ex(p,q;r,s). (2.4.51)

Here T}, == %(T v —Tyu). As above, those for £ and W follow simply by replacing the

name.

With the above building blocks and techniques it is a tedious but straightforward exercise
to arrive at explicit expressions for compound kernel and action m-point vertices. For

example from (2.2.24), one finds

Aun(sq,—p — @) = Lua(p, ¢, —p — q)
1
+ W Ia,uu(_p —4q,Dp, Q)Xeran)\(p + Q)
+ Iaw\( ,q, —P — Q)ijay(p)
+ Ioau (4, —p — ¢, 0) X¢Ilaw (q)
+ Iau(p
+ I (q

~—

Xo.ap(@;p,—p — @) Ipr(p+q)
Xxnag(—p — 4;¢,0)1u(p)

~—

+ Ioax(P + Q) Xpas(P; =P — ¢, ) s (q) | - (2.4.52)
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Using (2.2.50), this is sufficient to construct the one-point vertex for the compound
kernel (C’l)ab:

_ 1 1
Cm(lxﬁ(p; r,s) = WA”BQ@’ s,r) + e {0pas8Ys — 1a0,8Yr —1asgYu(pir, s)} , (2.4.53)

and from this we also have the C' one-point vertex:
Crap(pir,s) = _Cav(r)c;ia(ﬁ 7, 8)Csp(s) . (2.4.54)

We give further details on the construction of the compound kernels in app. 2.A where
we also prove that up to the two-point level the compound kernels obey the interleave
identities (2.4.29). Note that, as a consequence of their symmetric definition as oper-
ators, and the interleave identities, all the kernel one-point vertices so far treated are

antisymmetric under 7, <> sg, for example:
Crlapir,s) = C Ll Gpis,r) = =Cob (pis,T) . (2.4.55)

The definition (2.2.64), K% = 0%k, is not symmetric, and thus its one-point vertex
does not obey this identity. However, using (2.4.54), and (2.4.50) with X — &, we get

an explicit expression for it also:

Kiag(0;7,5) = Cpiap(i1,8) K(8) + Cany (1) Kpsyp (0375 8) (2.4.56)

We should distinguish this from the vertex made from the hermitian conjugate £%C.:

%ﬂ«%aﬁ (p7 Ty S) - K(T) C,u,;aﬂ (pa T, 3) + Rusory (p, r, 3) Cryﬁ(s) s (2457)

and the symmetrised combination

1
?,u;aﬁ(p; r, 8) =5

5 [Ku;aB(PQ r.8) + K s (pir, s)] : (2.4.58)

coming from %(CaCRCb + m“Cch), since these versions can also appear. As a consequence
of the interleave identities, ?H;ag(p; r,s) obeys (2.4.55), whilst the directed versions
satisfy

Kisas 057.5) = —Kyuga(pi 5.7 (2.4.59)

2.4.2.6 Large momentum behaviour

As we will see in sec. 2.6, these vertices play a closely similar role to those of Feynman
rules. In particular in one-loop diagrams, three-point vertices will carry a loop momen-
tum g and external momentum p and thus have arguments p, ¢, and —p — q. Therefore
the large momentum behaviour that actually determines whether the flow equation is

properly regularised is one where ¢ — oo while keeping p fixed. As before, it is sufficient
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to characterise the large momentum behaviour in terms of the power of ¢4, since the
proposed regularisation structure works only if the quantum corrections are regularised

overall by some negative power of ¢,.

In fact the three-point action vertices? Suwa(psq, —p — q) diverge at least as rapidly in
terms of ¢4, as their corresponding two-point action vertices S, (¢). This follows from
the Ward identity:

7" Sur(P: ¢, —p — @) = Sua(p) — Sun(p + ) - (2.4.60)

Similarly the degree of divergence of a one-point kernel is set by the zero-point kernel.
If ¢ goes from end to end, the one-point kernel behaves with at least the same power of
cq as Kg:

Py (D34 =0 — 6) = Ky (@) = K (g +p) (2.4.61)

But if ¢ passes through the side, the large ¢ behaviour depends on whether K, diverges
or decays:
O Koy (60, —p — @) = K (p) — K (g +p) - (2.4.62)

If K, diverges, then the one-point kernel diverges at least as rapidly, whilst if K, decays
then K., (¢;p, —p — q) cannot decay, because the right hand side of the Ward identity
has K, (p) which is independent of q.

However, Ward identities only set a lower bound on the power of ¢;, because there
remains the possibility that vertices have a worse behaving transverse part. We now
pin down the precise behaviour as a power of ¢4, i.e. both longitudinal and transverse

paurts.3

We start by analysing A®). This is displayed in (2.4.52). The fundamental vertices
I™ in (2.4.52) only provide some power of ¢ at worst, cf. (2.2.10) — (2.2.12), so A®)s

large ¢ behaviour is set by its kernels. From (2.2.25) we have X, = X,14 = ¢

q
from (2.4.50) we see that all the X one-point vertices in (2.4.52) also diverge in this

and

way. Two terms in A® do not diverge with the cutoff, namely the pure I term (i.e. the
first term) and the term containing X, on the second line, but the others dominate, so
overall A®) ~ c;l, as previously assumed, and matching its two-point vertex (2.2.47) as

per the minimum required by the Ward identity.

Since from (2.4.6) the classical action 6y has the same formula as (2.4.52), only with the
replacement X — W, we see immediately that its three-point vertex also ~ c;l. In fact,

given that the quantum correction is oc A, this holds for the full 63,

2Recall that three-point action vertices are totally antisymmetric so the order of the arguments is
irrelevant.

3For a detailed analysis of the large momentum behaviour of arbitrary n higher-point (simple) kernel
vertices see sec. 5 of ref. [64].
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We can borrow the same formula also for the seed action S. From (2.2.55) we replace I —
A and X +— 1 on the right hand side of (2.4.52) (and so delete the three terms involving
the X one-point vertex). Since we have already established that A, (p, ¢, —p—q) = cq_l,
we see that indeed S wx(D, ¢, —p —q) = c;2 again as previously assumed and enforced

by the Ward identity.

It is not hard to see that these estimates hold also for the higher point A, #(") and

S(n)

with the others held fixed. For the four-point example, their explicit formulae can be

action vertices, where again two of their momentum arguments diverge as ~ +q

read off from the right hand side of (2.6.11). The same is true for higher point kernel
vertices where the zero-point kernel diverges at large momentum. However we will only

use the estimates for the three-point vertices throughout this chapter.

At one loop we need also the classical effective action three-point vertex and this in turn
depends on the kernels I and C' and their one-point vertices (see eqn. (2.6.10)). From
(2.4.45) we clearly have Cog(q) = ¢, (recall Yy ~ ¢;'). Clearly from (2.4.53), the C~!

one-point vertex ~ ¢, ! whatever the arrangement of the arguments p, ¢, and —p—gq, this

q
being the minimum imposed by the Ward identity. But from (2.4.54) the arrangement

of the arguments matters for C"

Crsas(pi @, —p —q) = Cg = cq, (2.4.63)
Coap(@ip,—p—q) = 1, (2.4.64)

again precisely as predicted by the Ward identities. One can check using the explicit
formulae from the previous section that the behaviour predicted by the Ward identities,
holds for all the kernel vertices whose zero-point kernels decay at large momentum,

namely ¢, k, C and K. In particular we have also

Kpop(p3 @, —p — @) = Kg = ¢}, (2.4.65)
Kuap(@;p, —p—q) = 1. (2.4.66)

2.5 Regularisation of higher point classical vertices

As we saw in sec. 2.2, the space-time trace terms are designed to implement PV regu-

larisation of the Syy ~ 0;2 part. We will see in sec. 2.6.4 that there are subtleties with
S(”Z?’)

this however. The remaining regularisation works provided &, corrections diverge

;2. This was the key property set out in eqns. (2.2.56) and (2.2.59), where
it was assumed that in fact So(n) ~ c;l,

we can now state this more precisely as:

slower than ¢

or equivalently Zén) R~ cq*1. For the three-point

Eoua(q+pa -D, _Q) ~ C(;1 . (251)
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In this section we confirm in detail that this estimate holds true. It is then clear that

(n)

the estimates are correct for all the higher point ¥ vertices also.

3)

In order to compute X5’ we need the classical action three-point vertex. The latter
follows from the flow equation ADS° = 0. The analysis is simpler if instead we recast
it directly as a flow for Xy. Taking the classical limit (i.e. O(1/g?) in the loop expansion)
of (2.2.66), and using the identity (2.2.62), we have

U P ST, + Aan“bEO 0,065, . (2.5.2)

FExpanding to the three-point level:

- 0 -0
S0, —p—q)=— A, ¢ -p—q)

211&2 ,u,oz( )ICT( ) ow/\(pu% —p—q)

QAQ 0. (9) K oo (a0 —p — )% (p + 0)

1
+ 3z o (P)R(P) Ao (P, 0, —p = q)
1
+ oz Swa(P: 0 =P — 0)5(p + 0) Aax(p + 0)
1

+ WZSQ( P)kuiap (@0, =P — @) Apa(p + q)
(2.5.3)

e Eﬂa( Veras(—p — ¢, 9) A ()

- ﬁEau(p)CT(prm(p, A )

— 2 Salp: 0,2~ )Or (0 + )R+ )
_ ﬁzga( )Cuias(a; 0, —p — )05 (p + @)

+ WEW( P)Cxias(—p — ¢:9,9)0%, ()

+ cycles.

Here we have used properties of the kernels. First of all, if we contract a zero-point kernel
into a two-point vertex, e.g. as on second line, then only its transverse part contributes
because of the transversality of the two-point function. In addition to this, we used that

K, C*, and k%, kernel one-point vertices obey interleave identities (2.4.29).

Those terms that depend on 283) in (2.5.3) we take to the left of the equation. Their

multiplying factors collect into

Zuw(pi) = Kr(pi) Sy (pi) (2.5.4)

for each external momentum p;, as follows from the identity

Cr(p) b, (p) = %ICT(p) S (p) (2.5.5)
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(this can be shown from their explicit form given in secs. 2.4.2.3,2.4.2.4) and k(p) A, (p) =
ICT(p)S’W(p), which is the identity (2.2.62) at two-point level. Using the results of the
previous section it is straightforward to verify explicitly that the remaining terms, which
we call T, (p, ¢, —p—q), diverge as T),,x(p,q, —p—q) = c;l. Indeed, given that in (2.5.2)
the action vertices diverge as cq_l, the only way to produce a contribution that diverges
faster than this would be to have the high momentum flow, ¢, go through both action
factors. But this requires ¢ to flow through the kernel from end to end, thus reducing
the divergence by at least a factor of ¢, again (¢, for x and C, while K would provide

c2). In this way we verify E(()n) ~ ¢, ! for all n, i.e. (2.2.60) at the classical level.

The flow at the three-point level can be written now as

AOAE) A (¢, =P — q)
1
=152 | Zna ()Y € =P= 0+ Zua @) Zonu(@: =P =€ D)+ Zra (0400, (—P— 0, 1, q)]

== uVA(pa q,—p— q) . (256)

This is in a form where it can also be integrated with respect to A. T),,\(p,q, —p — q) is
a known function which can be constructed explicitly from the vertices discussed in the
previous sections. The terms in square brackets on the left hand side of (2.5.6) provide
the integrating factor for the differential equation. Regarding Z,,(p) as a matrix Z(p),

we define

o) = [exo [ "G 20| =0 2ty [T R

) (2.5.7)
where for the second equality we use (2.5.4) and (2.4.40). The integrated E(()g) is then
given by

Soa (04— = q) = =G () G5 () G (=2 — @)
 dAq

A Caar (P) Co/ (@) Gy (=P — @) Twry (P, ¢ =P — @), (2.5.8)
where C,u,_yl (p) is of course given by the same expression as (2.5.7) except for a minus
sign in the exponential, and it is understood that all terms under a Ai-integral are
evaluated at cutoff scale A;. Note that the integration constant vanishes because, by
gauge invariance and dimensions, Y vanishes in the limit A — oco.? Expanding the
exponential in (2.5.7) we see that all the corrections that arise from these integrating
factors are also transverse. In this sense the full vertex involves in fact an exponentiation
of the equations of motion. It does not affect the divergence with ¢, however, since Z(q)
vanishes in the large ¢ limit. The integrated version of the n > 4-point vertices can be

explicitly written down in a similar way.

4As can be seen by Taylor expanding (2.4.40) for example, ¥ has a minimum of four space-time
derivatives and thus has an overall 1/A? factor.
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2.6 One loop beta function

To see why it is the large ¢ behaviour of the above vertices that is important, and
to provide a test of the formalism, we focus on the simplest quantum correction: the
one-loop contribution to the effective action two-point vertex. Since gauge invariance is
exactly preserved this computation should, if the flow equation is regularised correctly,
also yield the one-loop beta function (i.e. 51 = n1/2). To extract it, we need to define
the coupling constant g(A) beyond classical level. We do this by imposing a convenient

renormalization condition:
/F2 +0(d%), (2.6.1)
which means that the full two-point function of S at O(p?) is given by:

Spipz (p)|0(p2) =20 po (p) - (2.6.2)
Extracting the O(p?) part of (2.4.39) we have that:

521#2 )‘O(pQ) = 2D,U1M2 (p) = S;uuz (p)‘o(pQ) . (263)

This means that the renormalization condition at O(p?) is already saturated at tree
level, and, thus, all higher order loop contributions must vanish,

S’fl

iz (D) o2y = 0 Vn > 1. (2.6.4)

Since ¥9 = §9 — § and ¥" = S™, we also obtain that:

ETL

fi1pe )‘o(p2) =0 ,Vn>1. (2.6.5)

The remaining action 6 behaves differently with respect to S and X. Its loopwise ex-
pansion was already given in (2.4.7) and from there we see that at O(p?) we have a

non-vanishing higher loop contribution from its two-point vertex:

021#2 )‘O(pQ) = nnDulﬂz (p) (2-6-6)

We computed explicitly all the relevant classical action two-point vertex functions in
sec. 2.4.2.3.
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At this point we are able to recast (2.4.12) as an algebraic equation for f;. If we look

at the flow equation of S}, (p) and restrict it to O(p?), we obtain:

— 4810, (p) = Tr{AaA [1n (€)% = Adx[m B] - %A@A [In 6% 5]

di -1\a | o g a 1 } ai [t 5\118
+ \IIO 5¢d [ln (C ) bi| 06¢a [lnB ﬁ] 2l:[10 6¢a [lnb 5] + 5¢b 2—pt.functi0n :
at O(p?)
(2.6.7)

Here we have used the requirement imposed on us by the renormalization condition
(2.6.1) and the fact that X, (p) is O(p*), whereas 00, (p) and S, (p) are O(p®). The
only task we are left with is to evaluate the right-hand side of (2.6.7), and then f; can

be extracted from its coefficient.

2.6.1 Classical flow equations

The classical flow equation (2.4.9) can equivalently be written as follows:

1 68 ox0 1 659 56°
AONS = — " Ko —— — —=—— - Cog - —— . 2.6.8
AT ON26A, P54y T A26AL P 5 A, (26.8)
The right-hand side of the above expression has two terms with similar structure, and
thus, to write the flow equation for some n-point vertex, one just needs to compute the
contributions coming from one term as the contributions coming from the second one

follow from the former by a mere relabelling. We write below the flow equations for

those vertices that are relevant for the computation of J;.

The flow equation for Sgl 4, (D) takes the following form:

1 1
AOAS)), ., (p) = msgm (P)Kr(p)E,, (p) — WS?”“ (P)Cr(p)02,.,(P) + (11 4> p2) .

(2.6.9)
By gauge invariance and dimensions, Sgy(p) (and in fact any two-point function) must
have a structure similar to (2.4.39). If we substitute this into the above flow equation
and solve for some function F'(p), we recover the same result as stated in (2.4.39). This

is an extra check that the flow equation (2.6.9) is derived in a consistent manner.
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The flow equation for SSWWS (p1,p2,p3) is given by:

1
AaASH1M2#3 (plap27 p3) 4A2 S(o)zul (pl)lcuz;aﬁ(pZ; b1, p3)2%u3 (p3)

— S0, (P1) K508 (P33 P1, P2) 53,0, (02)

+ S0, (P3: D1, P2) K (p3) 20, (3) (2.6.10)
+Sa,u1(p1)ICT(p1) Otugug(p17p27p3)
1
~ A2 K—C;X— 0| +cycles,

where the terms inside brackets from the last line follow from those written explicitly
inside brackets above them after the relabelling indicated. One can proceed similarly to
derive the flow equation for S21u2usu4 (p1, P2, D3, P4):

AONS) 1y yispa (P15 D2, D3, Ps) =
1
= m[nguwg(m,P17p27p3)’CT(p4)Egu4(p4)

+ S0 s (—P1 = P2,91,P2)Kap(P1 + P2) S35, (—P3 — P4. D3, P4)
+ 89 (1) KT (P1) S0, 15100 (P15 D25 D35 P2)

+ 891 (01)Kgia (P23 1 P3 + Pa) 510 (—P3 — P4, D3, P4
— 801 (P1) K s:08(Pa; P15 P2 + P3) 510 (—P2 — P3, P2, D3

)
p3)
+ ngm( —p1 — P2, 01, P2)Kpisias (p3: p1 + P2, P4) 53, (p4)

( )

Seips (—P1 = P2, 91, 92)Kpusia8 (P25 p1 + P2, p3) S5, (3

+52m( DK iapizi08 (P2, D35 P15 04) 53, (Pa
a,u,l 1)K o as08 (P2, P43 P1,03) %

( s (D3
a,u,l (pl
(

)
( )X 55 (P3)
VK puapizsas (Pas P23 1, 3) 53,0, (P3)
P apisia8(Pa, P35 1, p2)E m(pz)}
1

~ 502 [IC —C ;X 9] + cycles. (2.6.11)

In deriving these, we again exploit the interleave identities (2.4.29) up to and including

the two-point level, as proven in appendix 2.A.

Although we will not need them here, let us note that these equations can be integrated
to give explicit formulae for the (integrated) classical effective action vertices. Taking all
the 5’(()3) terms to the left hand side in (2.6.10), including the S(()?’) part of Z(()?’), we find the
same integrating factors Z,,,(p;) as in (2.5.4). Thus the flow for S[gg) can be similarly
(3)

integrated. This results in an explicit formula for S;” of the same form as (2.5.8) —
except that in this case there is also an integration constant, namely I, 4, (P1, P2, D3)-
The latter follows because the A — oo limit of 583) is I3 as e.g. can be seen from
(2.6.1) and (2.2.8). Similarly, taking all 584) terms to the left hand side in (2.6.11) gives

the same integrating factors and allows its flow to be integrated up to an explicit formula
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for 564). This time on the right hand side we have instances of the just computed 553)

vertex, and now the integration constant is I¥) as in (2.2.12).

2.6.2 Trace terms

To evaluate the trace terms in (2.6.7) above one needs to expand the log terms. The

vertex expansion for the B3 terms, for example, can be done in the following way:

Trln B3 =
=Trln| B, +Bu(p;ir,s)+Bu(p,¢r,s)+...] (2.6.12)
O(AR) O(AL) O(AZ)
= /ln B, +Trln [1 + B,TlB“(p; r,s) + B,,_lBW(p, q;r,s) + .. ] (2.6.13)
T

O(A7)

_ 1 __ _
= 2N/Bq "Bu(p: =03 0,-9) = 5By Bupi ¢, —a = P) By Bu(-pip+ 4, —a) + -,
q

(2.6.14)

where N accounts for group combinatorics and the extra factor of two for the p, <+ —p,
symmetry (or, equivalently, for the definition of the two-point function). Here note that
in going from the third to the fourth line we have discarded the log term because it is
just a vacuum contribution to the flow equation (or it is differentiated away), and we
have also Taylor expanded the remaining log term using

2

ln(l—l—x):x—%—l—---. (2.6.15)

Similar expressions can be written for (C‘l)ab and b%g terms, respectively.

To evaluate the remaining trace term dW§/d¢? it is useful to use its covariant represen-

tation:
ovg J L abs0 b0
— _ Ko a 6.1
g0 6¢a< SO+ 000, (2.6.16)
1 4 ox0 1 9 56°
=~oarsa, Moo sa tarsa, 0 sa (26.17)
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This, in turn, allows us to compute it at the two-point level using (2.2.17), yielding:

swe 1 1 .
= W /q {2 <N B N> Caﬁ(q)g,@a,uz/(Q7 —-4,D, _p)

1
- N aﬂ(q)eguay(Q7p7 —q, _p)

+ QNCu;aﬁ(p; q,—Pp— Q)nguoz(q + D, —p, _Q)
+ 2Ncuu;a,3(pa —D; 4, —Q)Hga(Q)

a
6¢ 2-pt.function

(2.6.18)

- 2Ncuoz;ocﬁ(pa —4q:49, _p)egu(p)}

1

—4A2[C|—>IC;0»—>E}.

This can be further refined. If we split the kernels into their transverse and longitudinal
parts, respectively, then one can check explicitly that the O(1/N) longitudinal pieces
cancel each other after using Ward identities. One can also show that, under the ¢
integral and by using Lorentz invariance (¢ — —q, py < —p, etc. ) together with
(2.4.6), (2.2.55), and (2.6.11), the following identities hold:

09 10 (00, =@, —P) = =200, (0: =4, D, —D) , (2.6.19)
S (@0, =0, —p) = =250 0,0 (0 — ¢, P, —D) - (2.6.20)
This means that the O(1/N) transverse pieces vanish as well, and thus (2.6.18) becomes:

ovd N
7 - E q {Caﬁ(q)gg’auy(% -4, D, _p)

5¢a 2-pt.function
+ Chiap(Pi 4 =P — 0)0pyala + 1, —p, —4)
uiaIB b 61/0( 3 5
+ Chsap (0 =05 4, )03, () (2.6.21)

- C,ua;ozﬁ(pa —q5q, _p)ggu(p)}
N

2.6.3 Two-point vertex at zeroth order in momentum

If the one-loop two-point vertex is transverse and quasi-local, as it should be, it can have
no momentum independent part, i.e. at O(p®) it ought to vanish. However this property
is strictly only true if the flow equation is properly regulated since, as we will see, it
would then follow from the fact that this contribution can be cast as a momentum-
space surface integral at large ¢, which vanishes if properly regularised. Actually with
sufficient care the construction proposed in ref. [47] does ensure this, up to a divergent
term that can be discarded since it is A independent but differentiated by A, because it

in fact depends only on two-point action vertices or zero-point kernels, as we will see.
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Thus we turn to computing the two-point O(p®) part of the one-loop flow equation
(2.4.12), or equivalently (2.4.10). As we have just noted, it ought to vanish. The first
line on the right-hand side is clearly of O(p?) and above and can therefore be discarded.
This means that the only contribution comes from the functional trace terms, and hence,
at O(p°), the right hand side of (2.4.12) becomes:

Tr{AaA [1n (€7 = Ada [ B] - %A@A (] + (;\(I;,?

m d —1\a m 0 o 0 (e}
+\Ifo—5¢m[1n(c N - § 5o B ]——\IID LU .
"t 060

(2.6.22)

Moreover, one can easily see that the second line above does not contribute at O(p°)
because the blocking functional part (i.e. ¥{*) has either a two-point function residue
which is at least of O(p?), or a three-point function residue which is at least O(p)
(furthermore it is multiplied by a term that is antisymmetric in ¢, and hence vanishes
under the ¢ integral). The first three terms can be computed using trace expansions as

described in section 2.6.2 above. For example, using (2.6.14) we will obtain the following:

Tr{AaA[lnBag]}

2-pt.function
at O(p°)

_ 1__ _
= 2NA8A/Bq "B, (0,0;¢, —q) — 554 'B,(0;q,—q)B; 'B,(0;q,—q) . (2.6.23)
q

Here note that quasi-locality ensures that the p — 0 limit is straightforward. The above

expression can be simplified by using differential Ward identities:

1 1
Tr{AaA[ln Baﬁ]}z-pt.funcmon = 2NAOx / By 1283833 —5B; '94B, B, 0B,
at O(p?)
= NAOy / 9102 [In By . (2.6.24)
q

Similar expressions can be computed for C' and b terms, respectively. The remaining

term can be computed starting from (2.6.21) and following a similar strategy, yields:

5wa N
a 070103,
5¢)a 2-pt. functlon / 6 2 g ( )
at O(p
+91Cap(q) 01034(a) (2.6.25)
1
+ 50801Cas(0) 05ala)}
N
~ 372 [C—K ;60— 3],
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which can be recast as:

5\118 — i q 59 0 _ 0
500 2-pt function = 4A2 /qa,u,au [2CT(q)0aa(q) ICT(q)Eaa(Q)} (2626)
at O(p°)
N q99 |72
= 5 (D=1) | 3108 |Kr(a) Fs(a)] (2.6.27)
q
:Zw—n/km%%m@ﬂ, (2.6.28)
q

where to get the second line we used (2.5.5). The result can be cast as a total A-

derivative which we do in the final line, where

-1 1
P, = A?Pt PY(q) = 5 2.6.29
. (q), (q) 272F Q) ( )
As we will see in sec. 2.6.4 this object plays the role of an effective action propagator

(in the transverse space). Indeed from (2.4.39):

PH(q) 835(0) = bap = 2237 (2.6.30)
In (2.6.28) one can see that the Ad, sits inside the integral, whereas in (2.6.24) it sits
outside the momentum integral. In general, changing the integration and differentiation
order is not trivial and to ensure consistency one must show that the undifferentiated
expression is sufficiently well-behaved in both UV and IR. However as stressed in ref. [47],
the flow equation is consistent only if we consider all trace terms together. Therefore,
we should interpret this as having the Adj outside the integral in (2.6.28), as long as
we add to it all the remaining terms similar to and including (2.6.24). This means that
(2.6.22) becomes:

1 D—-1 -1
Ami%%“mqm@+m@+2m%—2lmz} (2.6.31)

where [InC] wa(@ = (D = 1)InCr(q) + InCr(g). Given that the above integral is an
integral of a total derivative, it amounts to a surface integral at large ¢, as advertised
at the beginning of this section. This surface integral can be discarded, and thus the
integral vanishes, if the term in braces above is UV finite. Using the definitions (2.2.50),
(2.2.51) and (2.2.52), we can write it as follows:

C 1 1
D—1)ln—2 —i—lni—}—ln(l—l—ﬁY)—i—fln(t—i—
( ) p—— Y, Yq) + 3 g+

D-1 (¢ 1. [t 1
:_(D—1)1n<f§+1>+ 5 1n<§+1>+21n<qg+1>+21na2.

q
(2.6.32)

All but the last term vanish rapidly for large momentum (from (2.6.15) and because
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cq and t,; do). In this calculation, the last term can be formally discarded because it
vanishes under the combined action of ¢ and A derivatives. In this sense we are justified

in dropping all the O(p") terms, confirming the arguments outlined in ref. [47] work to
o°).

However it is unclear whether the part that leads to this unregulated Ing? term can
always be safely discarded. In particular it is unclear whether such a part could cause
an unrecoverable failure of UV regularisation at higher loops. If we first compute the
q derivatives, the resulting momentum integral is quadratically UV divergent. By di-
mensions one might expect to find an analogous logarithmic UV divergence in the O(p?)

part. In the next section we confirm this expectation.

2.6.4 Two-point vertex at second order in momentum

The next step is to compute the one-loop beta function by analysing the flow equation
(2.6.7). The coefficient of the beta function at one loop is a universal quantity and
thus it should be independent of all artefacts of the regularisation scheme [71]. In the
earlier successful construction [28,62-83] this could be understood as follows. Since
the beta function is dimensionless, the momentum integrals that compute it are also
dimensionless. By trading the higher-point regularisation vertices in these integrals for
A-derivatives of effective action vertices, using the classical flow equations, one finds
that the results combine into terms that either vanish, because they are A-derivatives of
regularised dimensionless integrals (which thus do not actually depend on A), or terms
that survive but only because when cast in this way a finite result is obtained from a
logarithmic IR divergence, where the effective action is universal — as determined by the
renormalization condition (2.6.1) [71,88]. Here we will follow this route by manipulating
the 6§ /0¢" term. However, before delving into the details of this, it is better for the

ease of presenting to focus on the other trace terms first.

The remaining trace terms can be partitioned into two groups, namely Ady In K and

815(#% In K, where K = C~', B,b. This means that in order to compute them it will be
sufficient to do this for one value of K chosen for convenience, all the other contributions
following from this one by substitution. It is straightforward to write down the first B

trace terms using (2.6.14) as follows:

Tr{A@A[lnBaﬁ]} =

2-pt.function
at O(p?)

= QNAaA / {BqlBuy(P, —b;q, _q)
q

1 _
— 5B, 'B.(p;¢,—q — p) B, Bu(—pip+ 4, —q)} . (2.6.33)
Oo(p?)
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The second B trace term can be written using Tr \IJ{J”M% InB="Tr \IJB”B,mB_l, yield-

ing:

m 0 o =
Tr{\IJO W [lnB 5] }2_pt_function -
at O(p?)

=2N / {QCT(pra(p)Bau(p, —piq,—q)B; !
q

+ Or(p)09 () Ba(p; —p — ¢, 0) B, (—psp + ¢, —q)
+ Coa,@(o)egua(pv —Db, O)B,B(Oa q, _Q)Bq_l
1
—Q[CHK;GHE]} : (2.6.34)
O(p?)

The third line is odd in p and thus has no O(p?) part. Furthermore the one-point kernel
is antisymmetric in ¢, whereas B, is symmetric, and so the entire row vanishes under the
q integral. A similar argument holds for the K sector as well. From (2.4.6) we get that
92a(p)‘o(p2) = 20uq(p), and, given that all the other functions appearing in (2.6.34) are
quasi-local, we are free to set p = 0 anywhere else in the C' sector. In the K sector on

the other hand, Ega(p) is O(p*), which means that it does not contribute to (2.6.34) at
all. Collecting everything together we have

m 4 «a —
TI'{ 0 5¢m [lnB ”8] }2—pt.function -
at O(p?)

= 2N/ {ZCT(O)2Dua(p)BaV(Ov 0;q, _Q)Bq_l
q

+ O1(0)20,10(p) Ba(0; —¢, Q)B;l(O;q,—q)} X (2.6.35)
O(»?)

which we can recast if we use differential Ward identities for the kernel vertices:

)
Tr{ B”W[ln B%] }z_pt.fumtion = 4N, (p) / 02021n By, . (2.6.36)
at O(p?) ¢

The flow equation (2.6.7) shows that if we add up all trace term contributions we ought
to end up with a transverse expression, i.e. oc ., (p). Terms like (2.6.36) are transverse
on the v index if we use Lorentz invariance of the ¢ integral. But such arguments make
sense strictly speaking only if the integral is properly regularised. As already noted
in sec. 2.6.3, trace terms should be considered together, not individually. However for
more involved computations, this is not enough because the sum would still be ambiguous
due to the so-called momentum routing problem (see app. 2.B). We need in general to
make statements about individual terms, and to do so we need to apply some auxiliary
regularisation for each momentum integral to give them a well defined meaning. In the
end one can put all the parts back together again at which point, provided that the trace

terms do actually fully regularise, the result is finite and the “pre-regularisation” can be
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safely removed. From now on we will use dimensional regularisation for this purpose, i.e.
compute in d = 4 — ¢ dimensions. This means that terms similar to (2.6.36) are indeed
transverse on both indices. If we contract p, into (2.6.33) and use Ward identities we

will get (ignore the O(p?) requirement for now):
2N A0y / {Bq‘l (Bu(O; 4,—q) — Bu(—p;p + ¢, —Q))
q
L, -1
= 5B (By = Bpig) By Bu(—pip+ 4, —q) ¢ - (2.6.37)

The first term in the bracket on the first line is odd in ¢, and thus vanishes when
integrated. In the second line we can relabel ¢ — —¢ — p for the first term inside the
bracket and use the antisymmetry of the one-point kernel vertex, B,(—p;p + ¢, —q) =
—By,(—p; —q,p + q), to arrive at

2N A\ / { — B;'Bu(—p;p+4,—q) + By ' Bu(—pip + g, —q)} (2.6.38)
q

=2NAd) /q {o}. (2.6.39)

Lorentz invariance implies that a similar result would have been obtained if p,, had been
used. Therefore, all terms with a similar structure to (2.6.33), when properly regularised,

are individually transverse.

The last step is to compute 6¥§/d¢®. At this point we note that (2.6.21) is formally
transverse prior to any substitution being done. One can easily check this by contracting
it with p, (or equivalently p, ), and then show that the expression vanishes at all orders,
not only at O(p?). This means that formally all trace terms in (2.6.7) are individually
transverse. This is gratifying but unsurprising: it is a consistency check on the formal
preservation of gauge invariance by the flow equation. As we have just emphasised, for
these manipulations to be meaningful we need to verify this with a gauge invariant pre-
regularisation in place. If the expressions are in fact properly regularised through the
PV trace terms, we should then be able to combine the results into a finite transverse,

and in fact universal, answer.

Thus the real test is to see whether (2.6.21) remains transverse in dimensional regu-
larisation after we trade four and three-point X9 and 69 vertices for (A derivatives of)
effective action vertices. If we substitute first (2.6.11) into (2.6.21) to trade four-point :°

and 6 vertices, and then use (2.6.10) to trade away the X% and #° three-point vertices,
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we obtain eventually the following:

owg
5o

2-pt.function
at O(p?)

:N/{ Ay Pi( )Seap (4 =8, —p)]

O(p?)

+ 5008 [PH@ P (0= 0)5%3,0 — 4.0 ~) S350 — 4.4, )|

Oow(p) | (1= Kr(0))%2,.(0) — (1 —2C7(q))00,.(a) "
A2q2Fq q2
— SOOL(5D5(0) — $0aa) + 0%4(0))
+ 25 (Kr(@)Fola) — 20r(a)Fola) — F)
2A212F 8Osy (a)Fy) 94 (Shy(a) — By (a) + 9%7(61))] } :
(2.6.40)

where P+(q) is an effective propagator and was defined already in (2.6.29). To arrive at
this expression we use the symmetries including differential Ward identities in a similar
way to the trace terms above. As there, we do not need the explicit formulae except for

the zero-point kernels and two-point action vertices.

All the terms appearing in the above expression are manifestly transverse except the
A-derivative ones. We can evaluate the contribution of the latter in dimensional regu-
larisation and check whether they are transverse or not. Again, we are free to move the A
derivative outside the integral if the resulting momentum integrals are regularised. The
first term (containing the four-point vertex) would then vanish if the UV regularisation
(as also provided by the trace terms) is correctly in place, because the integral is di-
mensionless in four dimensions and thus actually independent of A. This is so because,
although P+ ~ 1/¢? for small ¢, this IR divergence is integrable in four dimensions.
Similarly the second term (containing the three-point effective action vertices) has no
surviving UV contribution if it is properly regulated there, but this time there is a loga-
rithmic IR divergence which when differentiated with respect to A gives a finite universal

answer dependent only on the renormalization condition (2.6.1).

Now we contract the first two terms in (2.6.40) with p,, and use Ward identities to further
simplify it, following essentially the same steps that took us from (2.6.37) to (2.6.38).

This time we get:

NA@A/ g ){Sgay(q,p—q, —p) = P (p—a)S0s(0 — )59, (00— 4, —p)}- (2.6.41)
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Now using the propagator identity (2.6.30) and Ward identities recursively this simplifies

(r+q)s 439y
LGN /q W(% - > (2.6.42)

to

The 63, part is odd in ¢ (one can easily see that this is the case after expanding the
bracket and relabelling ¢ — ¢ — p), and hence vanishes, whereas the second term can be

recast using q-(p + q) = 5[(p + ¢)* + ¢*> — p?], yielding:

A0 2

—/qg+ LARD - (2.6.43)
20N J,q? (p+q9? (+9)3%q

Again, the first term is odd in ¢q. The second term is quadratically divergent but in
dimensional regularisation it vanishes, whereas the third term is linearly divergent and
gives a finite contribution in dimensionsal regularisation (due to a logarithmic subdiver-

gence):

1 p’py _ 1p%p

where we recognise that the regularisation scale is set by A. This means that the

original A derivative terms from (2.6.40) give a non-vanishing longitudinal contribution

in dimensional regularisation, which amounts to

_1 PuPv
(4m)?”

(2.6.45)

[\

and thus they cannot be transverse on their own. In fact, apart from an overall factor
of %, the effective action terms in (2.6.40) have precisely the same structure as found in
ref. [71] as part of the one-loop beta function computation using the manifestly gauge
invariant flow equation developed there. Moreover, the computed longitudinal part
(2.6.45) is precisely half the one found in ref. [71]. The same arguments in that paper
can be used to extract the full IR contribution from the first two lines of (2.6.40):

19
6

11

p2(5,w — gpupy , (2.6.46)

and this has the same longitudinal part.

Thus we see that if we assume that (2.6.7) is sufficiently regularised in the UV we get a
non-transverse answer. As we noted, the above result is arrived at independently of the
detailed form of the regularisation structure, apart from the expressions for two-point
action vertices and zero-point kernels. This means that the problem cannot be cured by
a more careful choice of cutoff functions or an alternative covariantization, but lies at a

deeper structural level.

Since formally the integrals start out transverse, it follows that there are unregulated

UV divergences which provide a cancelling longitudinal contribution. In fact if the third
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term in (2.6.43) has no UV regularisation we can (cavalierly) regard it as an infinite

constant, independent of A, which is then annihilated by the A derivative.

The problem then is that we cannot extract universal information from the Sy terms in
(2.6.40). We can see this explicitly by substituting Sy = ¥ + S. Since Pt(q) ~ cg, cf.

(2.6.29) and (2.4.39), the resulting terms with a ¥y three-point or four-point vertex are

—1
q >

sec. 2.5. As explained above this means that the 264) contribution actually vanishes,

UV regularised because E(()g) and 284) diverge only as ¢, as we confirmed explicitly in
because the integral is then well defined and dimensionless, and thus annihilated by
Adjx. The contributions with a Z(()g) vertex vanish for the same reason. To see this we
only need to show that there is no longer a logarithmic divergence at small ¢. Since 282)
is O(p?), cf. (2.4.40), we know by gauge invariance (or equivalently the Ward identities)
that Egﬂu(p — ¢,q,—p) starts cubic in momenta in a small momentum expansion. In
other words, retaining powers of p up to a maximum of O(p?), as ¢ — 0 it vanishes with
at least one power of ¢, and thus indeed there is no longer an IR logarithmic divergence

from the second line of (2.6.40).

This means that, on substituting Sy = g + S, the top two lines of (2.6.40) become
precisely the same expression but with S(()g) and 584) replaced by 5’((]3) and S((;l) respec-
tively. However S is freely designed by us as part of the regularisation scheme so cannot
of itself contain the requisite universal information. Indeed we can go one step further

and introduce a transverse space effective propagator for Saﬁ (q):

. 1

(q) := 2PF(0) (2.6.47)

which satisfies the obvious transverse projector relation, ¢f. (2.4.38) and (2.6.30). Sub-
stituting

PL(q) = P(g) + [PH0) = P(a)] = Pla) + 5 5 5oy (2.6.48)

for all propagators in the same top two lines, it is apparent that any part containing
the last expression above is again both UV and IR finite (in the latter case because
¢(0) = 1) and therefore vanishes under the A derivative. Thus the top two lines only

contain information determined by our choice of seed action.

We have shown that if we assume that (2.6.7) is sufficiently regularised in the UV we
get a universal non-transverse answer from a certain IR contribution. Since formally the
integrals start out transverse, it follows that there are actually unregulated UV diver-
gences which can formally be viewed as providing a cancelling longitudinal contribution.
Although one can indeed proceed in this way, it is then no longer possible to prove the
result is universal. Indeed we show that this contribution can be expressed solely in

terms of the seed action, a quantity that we are free to choose.



64 Chapter 2. Manifestly gauge invariant ERGs

2.7 Summary and Conclusions

We conclude this chapter with a brief summary and discussion of our main findings. In
sec. 2.6.3, we showed that all but one term in the O(p") part of the two-point function
at one-loop level is correctly regularised. Key to this, was the finding that the O(p°)
actually only depends on zero-point kernels and two-point action vertices. If properly
regularised, it has to vanish by gauge invariance. We show that it does vanish. For
the properly regularised terms, this is so because they can be written as a vanishing
UV surface term in momentum space. The one term that is not properly regularised
can however be formally set to zero because it is the A derivative of a A independent

quadratically divergent term.

The O(p?) part should give us the one-loop beta function, if properly regularised, and
thus be universal (independent of regularisation artefacts). In sec. 2.6.4 we recast the
result in a way that has previously allowed a universal answer to be extracted, if prop-
erly regularised [71,88]. We saw that although the O(p?) part is formally transverse, if
computed assuming complete UV regularisation there is actually a non-vanishing longi-
tudinal part. The problem is caused by unregulated UV divergences, which appears to
be associated to the one found at O(p"), and is independent of choice of cutoff functions

or covariantization.

Similarly to the O(p°) case, if the incompletely regularised longitudinal part is regarded
formally as an infinite constant, it can then be set to zero, since it is differentiated by
A. The problem then is that the earlier techniques can no longer be used to extract a
universal answer because it is no longer clear which IR divergent terms should provide
a universal answer and which should be formally set to zero. Indeed we saw explicitly
that in the current case these terms can then be made independent of the classical
effective action. Instead they can be seen to depend only on the seed action, part of the

regularisation structure which we are free to choose (and which is thus non-universal).

Note that these results are not at variance with ref. [47] where the one-loop beta function
coefficient is successfully computed. It is there extracted from determinants of zero-point
kernels and two-point vertices (the result obtained in 2.6.3), using a heat kernel approach.
It is thus insensitive to the problems with UV regularisation that we are highlighting.
Indeed the heat-kernel expression formally depends only on the value of these kernels at

vanishing momentum.

Our results show that the one-loop off-shell contribution is not fully regularised. At one
loop it appears to be possible to proceed formally and obtain valid answers, but it is
unclear whether that would still be possible at higher loops. Also, the powerful tech-
niques [71,88] that previously allowed universal results to be extracted, unfortunately
fail in this formulation. As we have already noted, a repair of this problem (if there is

one which does not introduce explicit PV fields as done previously [28,62-83]) would
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seem to require structural changes. Hints lie in the insufficient regularisation at O(p°)
seen in 2.6.3, and in the longitudinal sector as seen in sec. 2.6.4 and discussed in more
general terms in sec. 2.3. Hopefully, following these hints, a way can be found to imple-

ment a more complete regularisation.

2.A Interleave identities for compound kernels

Interleave identites (2.4.29) hold for those kernels whose covariantisation is carried by
gauge fields acting by commutation. This means, for example, that any well-behaved
(or quasi-local) function of A% or A fulfills this condition. We exploit these identities
for example in the one-loop beta function calculation where it allows the cancellation
of certain terms. However, the two kernels K%, and C'%, are not solely constructed in
this way, and it is not a priori evident that they still obey interleave identities. It may
be that they do not at some higher point level. Fortunately for us they do obey the

interleave identities up to the two-point level, and this is all that we need.

In this appendix we prove that the identities do hold up to this level using the other
already established symmetries. At the same time we give more details on how to
construct them. Given the definition of K% in (2.2.64), it is sufficient to check the
vertices of C%,. Then, since k%, is a function of A%, it is guaranteed that a similar
behaviour is inherited by the K% vertices. From (2.2.50) we can write (C_l)ab in the
following way:

(C™H)% = 6% + R% + 2%, (2.A.1)

where R .= fy“mA,mnynb and z% .= K gYaﬁ Kg. It is easy to see that z%, is made out of
gauge fields which act by commutation, and hence its vertices obey interleave identities.
However, checking whether R vertices satisfy these identities or not is non-trivial. From
sec. 2.4.2.2 we see that for two (matrix valued) functions J,(z) and J,(y) the following

equivalent statements can be written:

J,R™J, = / / T4 (@) R (2,)J5(y) (2.A.2)

= / Ry ()0 (1) (2.4.3)

A2 Z Z / / R,ul...,uk,m,,uk,mJFl...uk;,ull(xl oo T—m Th—m+1 -+ - Tk T, y)

k=0 m=0 T Tk

X tr [J#(x)Am (xl) T Auk—m (xk’—m)‘]l/(y)AHk—erl (:Uk—m-i-l) T A#k (wk)} )
(2.A.4)

where we note that the sum is half that in (2.4.27) and we used the definition of func-

tional derivatives below (2.2.13) and normalisation of the generators. We also note that
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R"“b b (x,y) is given by®
1 62A

ab -

(2.A.5)

We can look at the functional derivatives of A in more detail if we use the trace expansion

(2.4.13). The first functional derivative takes the following form:

(SAG Z/ NMI-,_uk_l(IL’, T1... a:k,l)tr [TGAM (331) e Auk—l(xkfl)} , (2.A.6)
Z1..Tgp—1

where we consider only the single-trace terms which are the only ones of interest to us.

If we differentiate it a second time, we will obtain:

A
SAL(y)5AL(z)

oo k—2

- E : § / ,uul---uk_g_myuk_l_m..,uk_g (xu Ty . - Tk—2-m>Y, Lh—1-m - - - ajk:—Q)

k=2m=0" ¥1--Tk-2

tr [T A (@1) - Ay o Tk TP A (The1om) - - AM,Q(:E,C_Q)} . (2.A7)

If we now relabel k — k + 2 and substitute the result into (2.A.2) using (2.A.5), we will
obtain the following identity:

1 oo k
= F 5 E / / AMMl---Mk—mVMk—m+l---Hk (CU, 1. - Th—m>Ys Th—m+1 - - - .'Ek)
zJYy

T1...T)

k
Ju(@)Apy (1) - Ao @) o (W) Apy iy (@k—mer1) - Apy (1) |- (2.AL8)

This means that (2.A.2) and (2.A.4) remain equivalent provided that we make the

following identification:

R,ul...,uk,m,,uk,m+1“.uk;,uy(wl <o Thems Th—m+1 - - - T3 T, y) =

1
= WAWL--M—mVMk—mH---uk (T, 21+ Ty Yy Thomt1 - - - Tk) 5 (2.A.9)

which take the exact same form in momentum space.

If we now look at the one-point R part of (2.A.1), we will obtain:

1

Ryap(pir,8) = 5r5 Augal(p: 5,7) (2.A.10)
1

R,u;aﬂ(QPQ r,s) = WAuaﬁ(pﬂ‘, s). (2.A.11)

SRecall that we factor out the powers of g, cf. sec. 2.4.1.
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Three-point action vertices are totally anti-symmetric in all their arguments, and thus

the above expressions can be recast as
Ru;aﬁ(p; T, 5) +R,u;a6(;p;r7 3) =0, (Q'A'12)

which is exactly (2.4.29) at the one-point level.

At the two-point level the R part of (2.A.1) becomes:

1

Rull;aﬁ(pa q7 Ta S) - WAuU,Ba(pa Q7 Sv T) 9 (2A13)
1

Ru,u;oz,b’ (p§ qT, 3) = WAuﬁl/a (p, S, q, T) ) (2-A-14)
1

R,uu;aﬁ(;pa q;7, 8) = WAMVQ,B(]O’ q,T, 3) . (2A15)

From (2.A.13) and (2.A.15) we can write the following:

1 1
R,,uu;aﬁ(;pa q;T, S) - Ruu;aﬁ(%p; r, 5) = WA,uuoc,B(pa q,7, S) - WAyuﬁa(Qapa S, T)

1 1
- @Auvaﬁ(pa q,T, 8) - ﬁAuuaﬁ(pa q,T, S) = 0)

(2.A.16)

where in going from the first to the second line we have used charge conjugation invari-
ance. Similarly, working out the explicit form of the four-point A vertices, one can show

that the following expression also holds:

Ryviap®;q;7,8) + Ruvap(D: @37, 8) + Rypap(q, pyr,s) = 0. (2.A.17)

These last two identities are exactly the interleave identities (2.4.29) at the two-point
level for the R part of C~'. This means that the full one-point and two-point vertices

of C~! also obey interleave identities.

We are now at the stage where we can inspect the vertices of C%, using C%,, (C'_l)mb =

d%. At O(A,,), this can be expressed schematically in the following way:
one-point C = —(zero—point C’) X (one—point C_1> X (zero—point C’) . (2.A.18)

or explicitly as a set of two identities:

Ciap(p;r,s) = —CM(T)C’;;%(}); r,5)Cs8(s), (2.A.19)
C s (7 8) = —Con(r) 2 (7, 8)Cis(s) (2.4.20)

If we use (2.A.12) for the full one-point C~! vertices, we can recast the expressions above

as:
Crsap(pi7,8) + Cpiapiipir,s) =0, (2.A.21)
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which is exactly the interleave identity (2.4.29) for one-point C' vertices.

Similarly, at O(Ai) one can write schematically:

two-point C' = — <zero—p0int C) X <tw0—point Cl) X (zero—point C’>
+ (Zero-point C) X <0ne-point C_1> X (zero—point C)
X <one—point C’_1> X (zero—point C’) . (2.A.22)

From the above expression we can infer the explicit expression for the two-point C

vertices:

Cranap(D; €7 8) = = Cany (1)C,p o, (93 657, 8) Oy ()
+ Coa (1) Crrnr (378 + @) Crs(s + a)C s (a5 + 7,5)Clpy (5)
+ Caar (1) Cluiany (€578 + 9)Cos(r + @) Cgs, (036 + 7,5)Cy p(s) 4
(2.A.23)
C,ul/;ozﬂ (pa q;7, S) = COéOll (T)C;yl;alﬁl (p’ q;7, S)Cﬁlﬁ(s)
+ Caar (1) Crrar (P35 + @) Crs(p +7)C, 55 (450 + 7,8)Cay 5(s)
(2.A.24)
C a0 475 5) = = Caay (1) C b 5, P, €5 755)Cy ()

+ Coar (1N Cl o Gpir s + Q) Crs(p+7)C ks (a0 +7,5)Caya(s) -
(2.A.25)

The interleave identities C .08 P, 457, 8) — Copzap(q, p; 7, 8) = 0 and C), 0805 57, 5) +
Cuviap(: 457, 8) + Copapl(q,pir,s) = 0 follow trivially from (2.A.23), (2.A.24), and
(2.A.25) if we use (2.A.12), (2.A.16) for the full C~! vertices. This concludes the proof
that the one and two-point functions of C'%, and K%, respectively, obey interleave iden-

tities.

2.B  Why preregularisation is necessary

Consider the momentum integral [62]

/q{qzim a (q+p)12+A2} : (2.B.1)

Evidently this is zero, since in the second term we can change variables to ¢ — —q—p to

make it equal and opposite to the first. These sort of cancelling terms are generic and
unavoidable in a system of regularisation that uses gauge invariant PV regularisation.

For example, just such a relabelling is used in (2.6.37) to cancel terms against each other.
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Depending on how terms are unpacked and combined, they can then give contributions

that appear in a similar way to above. Expanding the second term in (2.B.1) to O(p?),

2 2
[~ e} .

In four dimensions by Lorentz invariance (actually rotational invariance since we are in

we obtain

Euclidean signature) we can replace (p-q)? by ¢?p®/4, so the above result simplifies to

1
A2 2/ 2.B.3

a manifestly positive convergent answer from a vanishing integral! The problem is that
(2.B.1) is finite but ambiguous; the result (2.B.3) can be cast as a total derivative but
with a finite surface term. Generally in situations where PV regularisation is used, we
must first pre-regularise (in a way that is compatible with gauge invariance) to avoid
this so-called momentum routing problem. This is done, not to subtract divergences
with respect to the pre-regulator, but in order to ensure that the integrals are defined
sufficiently carefully [86,95,98]. In the current chapter we use dimensional regularisation,
working in d = 4 — ¢ dimensions when necessary. Then in (2.B.2), we effectively replace
(p-q)? by ¢*p?/4 + € ¢*>p?/16. Using dimensional regularisation it is straightforward to
evaluate the new contribution and verify that it cancels (2.B.3), restoring agreement
with (2.B.1).
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Chapter 3

Universal scaling dimensions for
highly irrelevant operators in the

Local Potential Approximation

3.1 Introduction

In this chapter we investigate the properties of higher scaling dimension operators using
the effective average action flow equation (1.3.19), which we have discussed at large
in sec. 1.3. As mentioned before, one cannot solve exactly the flow equation, and
hence, in practical applications, some form of approximation becomes necessary. Here
we use the Local Potential Approximation [99-108]. This amounts to simplifying the
flow equations by disregarding the momentum dependence of the effective action, except
for a local potential term, V. Thus, for a single-component scalar field ¢, the effective

action I'p takes the form:

ralel = [ (50P + a0 ) 3.11)

While an exact analytical solution to this truncated FRG formulation is still not possible
in general, the LPA enables numerical treatments that provide valuable insights into the
system’s behaviour. It allows for numerical estimates of various physical quantities,
including critical exponents and the scaling equation of state [28,29,34,103,109-114].
Moreover, the LPA serves as the initial step in a systematic derivative expansion [34,103,
109-111], which facilitates a more comprehensive exploration of the system’s properties
[28,29,34,110,112-114].

Nevertheless it is important to acknowledge the limitations of the LPA and, more gener-
ally, the derivative expansion. Since such truncations do not correspond to a controlled

expansion in some small parameter, the errors incurred can be expected to be of the
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same order in general as the quantities being computed. Furthermore, quantities that

should be universal, and, thus, independent of the specific form of the cutoff, are not.

It has long been understood that an exception to this is the general form of a non-trivial
fixed point potential V' (¢) in the large field regime [34,103,109,111], which follows from

asymptotic analysis:
_ d/d
V(p) = Alp|”% +---  as ¢ — *oo, (3.1.2)

where the ellipses stand for subleading terms (see later). The leading term coincides
with the scaling equation of state precisely at the fixed point. It is a simple consequence
of dimensional analysis on using the scaling dimension d, = %(d — 2+ n) for the field ¢
at the fixed point, 1 being its anomalous dimension. However asymptotic analysis does
not fix the amplitude A or the anomalous dimension 7, which have to be found by other

means, for example by numerical solution of truncated fixed point equations.

In this chapter, we will show that within LPA, asymptotic analysis combined with
Sturm-Liouville (SL) and Wentzel-Kramers-Brillouin (WKB) analysis,! also allows one
to determine asymptotically the scaling dimension d,, of the highly irrelevant (d,, > 1)
eigenoperators O, = O,(p) of potential-type (those containing no spacetime deriva-
tives). Ordering them by increasing scaling dimension, we will show that d,, = n(d—d,,)
to leading order in n. In the case of O(N) invariant scalar field theory with fixed N >0
the dimension d,, is doubled to d,, = 2n(d —d,,). The scaling dimension is thus indepen-
dent of N. It agrees with the result for the single scalar field since these eigenoperators
are functions of p? = %%, and thus pick out only the even eigenoperators (those sym-
metric under ¢ <> —¢p) in the N = 1 case. We also show that the scaling dimension is

dn, = 2n(d — d,) whenever N = —2k, where k is a non-negative integer.

Once again these results are independent of the choice of cutoff and thus universal.
Indeed in this chapter, we will keep the cutoff function completely general throughout,
subject only to some weak technical constraints that we derive later. Note that, like
the fixed point equation of state (3.1.2), the d,, take the same form, independent of the
choice of fixed point, provided only that d, > 0 and that the fixed point potential is
non-vanishing. We also show that the next to leading correction to d,, behaves as a
power of n. The power is universal although the coefficient of the subleading correction

is not.

Actually this approach was first employed to determine the scaling dimension of highly
irrelevant eigenoperators in an f(R) approximation [117-120] to the asymptotic safety
scenario [55-57] in quantum gravity. The f(R) approximation serves as a close analogue
to the LPA in this context [121-123]. However, while the resulting scaling dimensions d,,

exhibit a simple nearly-universal form for large values of n, they nevertheless retained

!See e.g. ref. [115] for textbook discussion of SL methods and ref. [116] for WKB methods.
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strong dependence on the choice of cutoff. This issue can be traced back [118] to the so-
called single-metric (or background field) approximation [55], where the identification of
the quantum metric with the background metric is made in order to close the equations.
The work done in the present chapter will thus complete the circle by demonstrating that,
indeed, without such an approximation, the results become truly universal. Additionally,

it showcases the power of these methods in a simpler context.

The chapter is organised as follows. We first analyse the functional renormalisation
group equations for a single scalar field in the LPA. From the eigenoperator equation
we write the resulting SL equation in Schrédinger form and thus, by taking the large
field limit, deduce the asymptotic form of the renormalisation group eigenvalues in the
WKB limit. Sec. 3.3 extends the analysis to O(N) scalar field theory using the same
approach. Finally in sec. 3.4 we conclude and discuss the results, placing them in a

wider context.

3.2 Flow equations in LPA

The LPA approximation amounts to setting the field ¢ in the Hessian to a spacetime
constant, thus dropping from a derivative expansion all terms that do not take the form

of a correction to the potential. The flow equation for V) (¢) then takes the form:

o 1 (A 1
O +dpop— — d) Va(p) = —/, (3.2.1)
< T 00 2 Jq A1+ AV (p)
where 0y = —A0dp, t being the renormalisation group ‘time’ which, following [30], we

have chosen to flow towards the IR. Here the momentum, potential and field are already
scaled by the appropriate power of A to make them dimensionless. Then A = C(¢?)/q?
no longer depends on A. The same is true of §;A,, which after scaling we write as A,
where

A=20"(¢?). (3.2.2)
Since C(¢?) is monotonically increasing, we have that A > 0.

The scaling dimension of the field is d, = %(d — 2 4 n), where 7 is the anomalous
dimension. Since 7 arises from the renormalisation group running of the field, and is
typically inferred from corrections to the kinetic term, one would naturally conclude
that it vanishes in LPA [30,99-106, 112]. Nevertheless, as noticed in refs. [107, 108],
this assumption is not necessary. The flow equation (3.2.1) is still a mathematically
consistent equation with n # 0. However, since we cannot determine 7 directly from
(3.2.1), its value needs to be input from elsewhere (either from experiment or other
theoretical studies). We will follow this strategy, in the expectation that it improves the

accuracy of our final estimates for d,.
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At a fixed point, Va(p) = V(p) and 1 have no renormalisation group time dependence.

The eigenoperator equation follows from linearising about a FP:

Vilp) = Vip) +ev(p) e, (3.2.3)

€ being infinitesimal. Here A is the RG eigenvalue. It is the scaling dimension of the
corresponding coupling, and is positive (negative) for relevant (irrelevant) operators.
The scaling dimension of the operator v(¢p) itself is then d—X. We write the eigenoperator

equation in the same form as refs. [117,118,123]:

—az(0)v" () + a1(@)V (@) + ao(p)v(v) = (d — N)v(p), (3.2.4)

where the ¢-dependent coefficients multiplying the eigenoperators are given by:

ao(p) =0, (3.2.5)
a1(p) = dypp, (3.2.6)
as(0) = ;/qm >0, (3.2.7)

and we have noted that ao is positive. We can now repeat the analysis carried out

in [117,118,123] to solve for A in the case of high dimension eigenoperators.

3.2.1 Asymptotic solutions

For large ¢, the RHS of (3.2.1) can be neglected. Thus, at a fixed point, the equation
reduces to a first order ODE (ordinary differential equation) which is easily solved. It

gives the first term (3.1.2) in an asymptotic series solution [109]:
V(e) =Alp|™+ O (|go|2_m) as  p — oo, (3.2.8)
where for convenience we introduce
m=d/dy,, (3.2.9)

and A is a real constant (that is determined by solving for the full FP solution). The

subleading terms arise from iterating the leading order contribution to next order.

Of course there is always the trivial V() = 0 fixed point solution, corresponding to the
Gaussian fixed point. We will not be interested in that (the scaling dimensions in that
case are exactly known and reviewed in the discussion in sec. 3.4). Instead we focus on
non-trivial FP solutions for which A # 0. In principle, A could be different in the two
limits ¢ — o0, although, in practice, the fixed point potentials (3.2.8) are symmetric.

Anyway, we will see that A drops out of the analysis in a few further steps.
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It is helpful for the following to note that m > 3. Neglecting n (typically n < 1, see
e.g. [124]), we see that m is a decreasing function of d for all d > 2. In practice, non-
trivial FP solutions only exist for d < 4 (see e.g. [103]). In the limit d - 47, n — 0
(by the € expansion [124]) and thus m — 4. In d = 2 dimensions, the asymptotic
solution (3.2.8) corresponds to that of a unitary minimal model [125,126]. The one with
the largest anomalous dimension is that of the Ising model universality class which has

n = 1/4, thus in d = 2 dimensions we have m > 8 for all the unitary minimal models.

Note that the solution (3.2.8) has a single free parameter even though the FP equation is
a (non-linear) second order ODE. The second parameter, if it exists, can be deduced by
linearising around (3.2.8), writing V (¢) — V(@) + 0V (¢), and solving the flow equation
(3.2.1) at the FP this time for §V. Since 6V satisfies a linear second order ODE and
one solution is already known, namely 6V = 94V (¢), it is easy to find the solution that
corresponds at the linearised level to the missing parameter [103,109]. However, one
then discovers that these ‘missing’ linearised solutions are rapidly growing exponentials.
Such a linearised perturbation is not valid asymptotically since for diverging ¢ it is
much larger than the solution (3.2.8) we perturbed around. Hence, the FP asymptotic

solutions only have the one free parameter, A.

Substituting (3.2.8) into (3.2.7), we see that asymptotically as(p) scales as follows:
az(p) = F |p|**™ + 0 <|<,0|3(2_m)) as ¢ — too, (3.2.10)

where F' is positive and cutoff dependent:

F=

1 A 1 0
2 (m(m—1)A)? /QN T m(m—1)A)? /q ol ) (38.2.11)
We will assume that the integral converges. This imposes some weak constraints on the
cutoff profile. From (3.2.11), we see that we require C(q?) to vanish slower than ¢?*2 as
g — 0, and C' — 1 faster than 1/ q%t? as ¢ — oo. This is true for example for the popular
form of additive (i.e. mass-type) cutoff [45] (which was the one used in the analogous
f(R) analyses in refs. [117,118]):

2\ _ q2

= 0,b>1 3.2.12

provided also we set b < 3(d + 2), the relation to C(¢?) being ¢?C~1(¢?) = ¢* + r(¢?).

Given that as(p) vanishes asymptotically, it is tempting to neglect the as term in (3.2.4).
We will shortly justify this. By neglecting the as term, the ODE becomes linear first
order giving a unique solution up to normalization. Thus we deduce that the eigenop-

erators asymptotically scale as a power of the field:

d—X\
v(p) o o] T A4 (3.2.13)
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where the ellipses stands for subleading corrections. The neglect of the as is justified as
follows. The missing solution is one that grows exponentially (again, so that as(p)v” ()
cannot be neglected). Since the ODE is linear, these are allowed solutions to (3.2.4),
but they are ruled out because they do not evolve multiplicatively in the RG [34,110,
117,118,127,128].

Now, the asymptotic solution (3.2.13) imposes two boundary conditions (one for each
limit ¢ — +o00) on the second order ODE (3.2.4), but since the ODE is linear this
overconstrains the equation? which thus leads to quantisation of the RG eigenvalue .
We index the solutions as vy, (), ordering them so that A, decreases as n increases. We
can now perform an SL transformation and deduce the asymptotic dependence of the

eigenvalues A\, on n, as n — oo.

3.2.2 SL analysis

We can rewrite the eigenvalue equation (3.2.4) in a SL form by multiplying it with the
SL weight function

NS B AT O
w(s@)—@((p) p{ /Odso az(w,)dgo}, (3.2.14)

which is always positive due to the positivity of as. Then the eigenvalue equation

becomes
— (az()w ()’ ()" = (d = Nw(p)v(e) . (3.2.15)
d

The SL operator on the left, L =

space spanned by the eigenoperators, i.e. it satisfies

(agw d(fo ), is self adjoint when acting on the

[ doune) Luste) = [ dous(e) Lur(e), (3.2.16)

e.¢] [e.e]

when the u; are linear combinations of the eigenoperators. This is so because the bound-
ary terms at infinity, generated by integration by parts, vanish in this case. This follows
because, from (3.2.13), the u; diverge at worst as a power of ¢, whilst w(¢) — 0 expo-
nentially fast as ¢ — +o0.

Thus from SL analysis [115], we know that the eigenvalues A, are real, discrete, with
a most positive (relevant) eigenvalue and an infinite tower of ever more negative (more

irrelevant) eigenvalues, A, — —o0 as n — oo [110]. Let us define a ‘coordinate’ x:

(3.2.17)

_ v 1 d /
_/0 Vaz(¢')

2We can see this for example by imposing a normalization condition on v.
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(always taking the positive root in fractional powers). Defining the wave-function as

1/4
Y(x) = ay (@) (9)v(e), (3.2.18)
enables us to recast (3.2.15) in the following way:

 dP(z)

dx?

U (2)p(z) = (d— N(z). (3.2.19)

This is a one-dimensional time-independent Schrodinger equation for a particle of mass
m = 1/2, with energy E' = d — X i.e. just the eigenoperator scaling dimension, and with
potential [117,118,123]:

2 ! / "
Ue)="0 ~ 4,y (al o ) -2 (3.2.20)

2a0  16a9
where the terms on the right hand side are functions of .

From the limiting behaviour of as(¢p), (3.2.10), we see that asymptotically the coordinate

x scales as

[l R (% i o -
x—/o ( = +0(1)) dy _i7<m_l)ﬁ+0(y¢|) o= too, (3.2.21)

so in particular when ¢ — +o0o we have x — +00. On the right hand side of (3.2.20),
the first term dominates at leading order (LO) and next-to-leading order (NLO). Since

asymptotically,
2 2
ai(y) Ao\ om—2 m
= £ 2.22
we thus find that
1
Ulx) = 7(d—dy)?a® + O(af ") as a— o0, (3.2.23)

To LO, this is the potential of a simple harmonic oscillator of the form %mw2:c2, where

1
w:d—dwzi(d—l—Q—n). (3.2.24)

3.2.3 WKB analysis

We can now use WKB analysis to compute the asymptotic form of the energy levels,

a.k.a. operator scaling dimensions, F,, at large n. This follows from solving the equality
Tn 1
/ de~/E, —U(z) = (n + 2) T, (3.2.25)
2

for the total phase of the wave oscillations described by (z), in the limit of large
E, [116]. Here z,, are the classical turning points, i.e. such that F,, = U(£x,). Now,
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the above integral is dominated by the regions close to the turning points, where we
can substitute the asymptotic form (3.2.23). Including the subleading correction pro-

portional to some constant v (that depends on the cutoff profile) the integral is

Tn 1

w 1+ 1

2 / dx \/96% oy T — a2 — e T =
a

w o [ e 1+
= 5%n dy\1—y?+yxy (1—1yl "=T1). (3.2.26)
-1

Since the x, are also large we can now evaluate the right hand side and thus from

(3.2.25) we get the asymptotic relation between z,, and n:

1

1
T2 +0 (a?n+m_1> =nm. (3.2.27)

Hence, using (3.2.23), (3.2.24) and (3.2.27), the scaling dimension of the eigenoperators

takes the form
dp=FE,=d— X\, =U(xy)
=nw+ O (nQ("T*U) =n(d—dy,) + O (n2<”T*1)) as m— 00. (3.2.28)
The subleading correction to the critical exponents contain information about the cutoff

via the constant 7 introduced in (3.2.26). However, at leading order, the result is

independent of the cutoff, and hence universal.

3.3 O(N) scalar field theory

Now let us apply the same treatment to N scalar fields ¢* (¢ = 1,...,N) with an
O(N) invariant potential V (p?) = Va(p) [129-132], in the LPA. We use the shorthand
p = p%p® = 2. The flow equation (3.2.1) becomes [111,133]:

0 1 [A aa
<8t —d—+ 2d§0pap> Va(p) = _Q/A (M_l) , (331)
q

where the matrix M is given by:

2
M = 59 ¢ Am = §% 4 2A [5abVA’(p) + 2¢a¢va"(p)} . (3.3.2)

Inverting and tracing, yields:

(M_l)aa - N -1 4 1
1+ 2AV(p) 1+ 2AV(p) +4ApV(p)

(3.3.3)
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In the limit of large p, the right hand side of the flow equation (3.3.1) can be neglected
at leading order. This implies that a FP solution Va(p) = V(p) takes the following
asymptotic form:

Vip) = Ap= + 0O (pl_%) as p— oo, (3.34)

where as before the subleading term has been calculated by iterating the leading contri-

bution to next order.

The RG eigenvalue equation follows by linearising (3.3.1) around the fixed point solution,
Va(p) = V(p) +ev(p) e, (3.3.5)

giving an equation for v(p) with the same structure as (3.2.4), i.e.
—ax(p)v" + a1(p)v’ + ao(p)v = (d — A\)v, (3.3.6)

the same value for ap(p) = 0, but different expressions for a;(p),

. 1 N -1
a =2d,p— | A + , 3.3.7
1(p) = 2dep /q [(1 FOAV 1AMV (14 2AV7)? (3.37)
and as(p), which however is again always positive:
2A
as(p) = / i 5. (3.3.8)
qa (14 2AV" +4ApV")

Using the asymptotic fixed point solution (3.3.4) (and assuming A # 0) we get that

asymptotically ao scales as follows:
as(p) = 4Fp>™™ + O (,04_3Tm) as p— 00, (3.3.9)

where F' was already defined in (3.2.11). By similar arguments to before, we see that

m > 3 in practice, so this implies as(p) — 0. We also find that a; scales as follows:
ai1(p) =2dyp+0 (p>™™) as p— o0. (3.3.10)

If we substitute p = ¢? into the above asymptotic expansions, they differ from the large
¢ behaviour (3.2.6) of a1(¢) and (3.2.10) of az(y). However they reproduce the previous
results once we transform the ODE (3.3.6) by changing variables p = ©?. Thus by the

same arguments as before, cf. (3.2.13), we also know that for p — oo, we must have
d-
v(p) x p2e 4o, (3.3.11)

However, this now imposes only one boundary condition on the linear ODE (3.3.6) since
p is restricted to be non-negative. On the other hand we see from (3.3.8) that a2(0) = 0,
so the ODE has a so-called fixed singularity at p = 0. In order to ensure that v(p)
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remains non-singular at this point, an additional boundary condition is then required:
a1(0)v'(0) = (d — M\)v(0). (3.3.12)

Now we again have two boundary conditions, overconstraining the equation, and leading

to quantisation of the RG eigenvalue .

3.3.1 SL analysis

The last step is to perform the SL analysis, which also differs because of the p = 0

boundary. For small p we have
az(p) = 2Gp + O(p*) and  ai(p) = -GN +O(p), (3.3.13)

where we have set

G= / +2AV/( i (3.3.14)

Note that G is of course positive. (By Taylor expanding (3.3.1) one sees that its conver-

gence is guaranteed for any such solution to the flow equation.) The SL weight function

S -

where by (3.3.13) a non-zero lower limit, py > 0, is required to avoid the integral
diverging (when N # 0).

now takes the form

Using w(p) we can now cast (3.3.6) in SL form (3.2.15). However, for the SL operator
to be self-adjoint, we need the boundary contributions that appear on integration by
parts, to vanish. This is still true for large field since as p — oo, the eigenoperators
diverge at worst as a power, whilst from (3.3.9) we have as(p) — 0, and thus w(p) — 0

exponentially fast. At the p = 0 boundary we require:?

tim ax(p)w(p) (4o} ) = 03 ()0 (p)) = 0, (3.3.16)

for any two eigenfunctions v;(p) and vj(p). This is true for all N > 0 since by (3.3.13)
and (3.3.15) we see that for small p,

az(p)w(p) < P> [1 4 O(p)] . (3.3.17)

We have thus determined that the SL operator is self-adjoint for all N > 0.

Actually, N = 0 is also interesting since it corresponds to the universality class of

fluctuating long polymers [124]. In this case, the above analysis shows that as(0)w(0) >

3Using (3.3.12) and (3.3.13), this can be reduced to lim,—o az(p)w(p)(Ai — A;) vi(p)v;(p) = 0 (when
N #0).
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0, which would appear to imply that (3.3.16) is no longer satisfied. However from (3.3.13)
we see that a1(0) = 0 now and thus, from (3.3.12), either A; = d or v;(0) = 0 [111].
The first possibility corresponds to the uninteresting solution v(p) = 1, i.e. the unit
operator, which we discard. All the other eigenoperators must thus satisfy v;(0) = 0,
and so (3.3.16) is satisfied in this reduced space. Therefore, with this one proviso, the

SL operator is actually self-adjoint for all N > 0.

For general N < 0, the SL operator fails to be self-adjoint, and thus SL analysis is no
longer applicable. However for N = —2k, k a non-negative integer, something special
happens. The first k+1 eigenoperators with the lowest scaling dimension turn out to have
exactly soluble scaling dimensions, in fact coinciding with the Gaussian ones [134-136].
(The case N = 0 above is the first example, the lowest dimension operator being the
unit operator with scaling dimension zero.) Again, the SL operator is self-adjoint in
the remainder of the space. For example for N = —2, one knows from ref. [111] that

/
7

the remaining eigenoperators satisfy v;(0) = v}(0) = 0, and thus v;(p) o p? for small
p, whilst for N = —4 boundary conditions force the remaining eigenoperators to satisfy
vi(p) o p? for small p. From that analysis it is clear that in general at N = —2k, we

have that the remaining operators satisfy
vi(p) o< PP as p—0. (3.3.18)

Combining these observations with (3.3.16) and (3.3.17), we see that the SL operator is
indeed self-adjoint in the reduced space defined by excluding the first k£ + 1 operators.

The SL equation can now be recast in the same way as before, using (3.2.17) for x
and (3.2.18) for ¢ (x) (except for the obvious replacement of ¢ by p). The resulting
Schrodinger equation is then precisely as before, viz. (3.2.19), and the potential U(x)
also takes precisely the same form in terms of the a;, viz. (3.2.20). However the p = 0

boundary turns into an = 0 boundary since, by (3.3.13) and (3.2.17), we have
x = \/W+O(p%> as p—0. (3.3.19)
Thus, using ay from (3.3.13) and agw from (3.3.17), we see that
P(x) xx 2 v(x) (3.3.20)

for small z. Hence for all N > 1, ¢(z) vanishes as z — 0. On taking into account the
behaviour (3.3.18) we see that in the reduced space, 1(x) also vanishes for the special
cases N = —2k. In this limit the leading contributions to the potential come from the
first, third and fourth terms in (3.2.20), and thus we find:

(N —=1)(N-3)
4 2

U(x) = +0(1) as x—0. (3.3.21)
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The cases N = 1, 3 are exceptional since this leading behaviour then vanishes, whilst the
range 1 < N < 3 will need a separate treatment because the potential is then unbounded

from below.

At the other end of z’s range, we find that

1 1
p (pl)a(m—i%) N pi(m—l) .
= [df {2 — +0O() =—1+0 — . (3.3.22
! /op{ WE T (") (m— 1)V (0) as pooc. 322

Identifying p = ¢?, this is the same formula (3.2.21) as before. The potential U(z)
is again dominated by the first term in (3.2.20), both at LO and NLO. Substituting
the asymptotic expressions (3.3.10) and (3.3.9) for a; and ag, we find exactly the same
formula (3.2.23) for the large x behaviour of U(x). In particular the leading term is

again that of a simple harmonic oscillator with angular frequency w = d — d,.

3.3.2 WKB analysis

For the cases N > 3,0 < N < 1 and N = —2m, we can now proceed with the WKB

analysis in the usual way. In this case we have for the total phase of the wave function:

+

T 1
/ de\/E, —U(z) = <n + 2> T, (3.3.23)
Zn
where z;; and ;" are the classical turning points, i.e. B, =d — X\, = U(x,) = U(x}).
In contrast to the previous case, the potential is not symmetric and there is no simple

relation between x,, and z;'.

In the large n limit, the contribution from the right hand boundary gives half of what we
obtained before. To see this in detail, let :zar be some fixed finite value but sufficiently
large to trust the asymptotic form (3.2.23) of the potential, then the contribution from
the right hand boundary is

n
[ VB U@ =S [ a1 e o).
ot 2 zd Jat

(3.3.24)
Taking into account the multiplying factor of (z;7)? we see that the lower limit x{ /z;F
of the integral can be set to zero, since the correction is of order O(x;}) which is smaller
than that given by the v correction. Thus we get half the integral in (3.2.26) (with x,,
replaced by ;') giving half the left hand side of (3.2.27):

+

Lﬁ%¢M—ww=ﬁ@m%00ﬁW$q. (3.3.25)

0

Using the asymptotic form of the potential, we see that the leading term can be written

as mE, /(2w). In the large n limit, the left hand boundary makes a contribution that can
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be neglected in comparison. To see this let z; be some fixed finite value but sufficiently
small to use (3.3.21). Then the contribution from the left hand boundary is

/%dg; VEn —U(z) = %\/(N (V=3 /%/xﬁzy (\/921 N O(%)) . (3.3.26)

1 Y

Since x,, is vanishing for large E,, we see that this integral is O(1/xz;) or, using again
the relation (3.3.21), O(E}l/2). That only leaves the portion of the integral that goes
from z, to wa“ , but since these boundaries are fixed and finite, we see that this part also

grows as v/E, and thus it too can be neglected in comparison to (3.3.25).

Therefore asymptotically the integral in (3.3.23) is given by (3.3.25). Inverting the

relation to find (z;7)? asymptotically in terms of n, we thus find

dyn=E,=d— X\, =U(x))
=2nw+ O (nQ("T*U) =2n(d—dy,) + O (nﬂwﬁl)) as n — oo, (3.3.27)

i.e. precisely double the value we found for a single component field in (3.2.28) and

independent of N.

We see that technically this arises because the WKB integral is precisely half as large
in the O(N) case, the leading contribution coming from the z;7 boundary only. Recall
that at N = 1,3, the leading behaviour (3.3.21) of U(z) is no longer applicable. Since
the potential is now finite as x — 0, it is clear from the above analysis that the left
hand boundary continues to contribute at most O(Erl/ 2) ~ y/n and so can be neglected.
Thus we see that (3.3.27) applies also to these exceptional cases. Thus also for N =1
we find twice the previous scaling dimension as a function of large index n. This is
in agreement with that single field result however, because these eigenoperators are a
function of ¢? only. Hence for a single component field, the current n indexes only the

even eigenoperators (those symmetric under ¢ <> —¢).

Finally, let us show that our result (3.3.27) is also applicable to the range 1 < N < 3.
Although in this case, from (3.3.21), the potential U(x) — —oo as z — 0, we know
from (3.3.20) that the solutions we need, have v (z) vanishing there. These solutions
are consistent with the Schrodinger equation (3.2.19) because for small z we have, by
(3.3.20), a diverging second derivative:

2 T _ —
_dv@)  IN-DIN=3) (3.3.28)

dx? 4 x2

which is precisely the right behaviour to cancel the divergence in the Schrédinger equa-
tion coming from the U(z)y(x) term. Meanwhile the v(x) term in (3.3.20) is well be-
haved in terms of oscillations at small x, behaving similarly to the above cases. Therefore
we are only neglecting a subleading contribution to the total phase, if we work instead

with a modified WKB integral where we replace the lower limit in (3.3.23) with some
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finite value x;. By the above analysis we then recover (3.3.27) again. In this way we
have shown that the result (3.3.27) is actually applicable for all N > 0 and to the special

cases N = —2k (where k is a non-negative integer).

3.4 Summary and discussion

We have used SL theory and WKB methods to derive the scaling dimension d,, of highly
irrelevant operators O,, around a non-trivial fixed point for scalar field theory in LPA.
The scaling dimensions d,, are ordered so that they increase with increasing index n.
The d,, are derived following the methods developed in [117]. They are given to leading
order in n, together with the power-law dependence on n of the next-to-leading order.
The results apply to all the non-trivial (multi)critical fixed points in 2 < d < 4, for single
component scalar field theory and for O(NV) invariant scalar field theory, and also to the
unitary minimal models in d = 2 dimensions. The d,, are universal, independent of the
choice of fixed point (except through the anomalous dimension 7)) and independent of
the cutoff choice which we have left general throughout, apart from the weak technical
constraints discussed below eqn. (3.2.11). In particular these constraints allow for
the popular smooth cutoff choice (3.2.12). The crucial property leading to universality
is that the results depend only on asymptotic solutions at large field, which can be
derived analytically, and are also universal in the same sense. Although non-universal
cutoff-dependent terms, in particular (3.2.11) and (3.3.14), enter into the calculation at
intermediate stages, they drop out in the final stages. For a single component real scalar
field, d,, is given in (3.2.28). For O(N) scalar field theory, the d,, are just twice this,
cf. (3.3.27), independent of N. This is in agreement with the single field result because

here n indexes the eigenoperators that are a function of ¢? only.

The first steps in deriving these results is to recast the eigenoperator equation in SL
form, and then establish that the SL operator is self-adjoint in the space spanned by
the eigenoperators. For a single component scalar field this follows after demonstrating
that the SL weight decays exponentially for large field, since the eigenoperators grow
at most as a power of the field. For the O(NN) case the analysis is more subtle because
the relevant space is now the positive real line (parametrised by p = »? > 0) and
thus the SL operator is self-adjoint only if the boundary terms at p = 0 also vanish.
By analytically determining the small p dependence of the relevant quantities we see
that the SL operator is self-adjoint when N > 0. For N < 0, the SL operator is not
self-adjoint and the analysis does not apply. Presumably in these cases one would find
that the scaling dimensions d,, are no longer real. However for a sequence of special
cases N = —2k, k a non-negative integer, the SL operator is self-adjoint on a reduced
space spanned by all eigenoperators apart from the first £ 4+ 1. The analysis can then

proceed on this reduced space. As we already noted, while most of these special cases are
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presumably only of theoretical interest, the NV = 0 case describes the statistical physics

of long polymers.

The next step is to cast the SL equation in the form of a one-dimensional time-independent
Schrodinger equation with energy levels E,, = d,, and potential U(z). For the single com-
ponent field this potential is symmetric, and in order to determine the energy levels E,,
asymptotically at large n, using the WKB approximation, we need only the behaviour of
U(z) at large z. The latter follows from our asymptotic analysis. For O(N) scalar field
theory, the space is the positive real line x > 0, and thus for WKB analysis we need also
the behaviour of the potential U(x) at small z. Here we find that the range 1 < N <3
requires a separate treatment because the leading term in U(z) turns negative leading
to a potential unbounded from below. Nevertheless we are able to treat this case and
the end result for d,,, (3.3.27), is the same, thus applying universally to all N > 0 and
the N = —2k special cases.

Although these results are universal, they are still derived within LPA, which is an
uncontrolled model approximation. One might reasonably hope however that the fact
that these results are universal in the sense of being independent of the detailed choice
of cutoff, is an indication that they are nevertheless close to the truth. On the other
hand the LPA [102] of the Polchinski flow equation [36] is in fact completely cutoff
independent, although this property arises rather trivially. It is actually equivalent
under a Legendre transformation [137] to the flow equation (3.2.1) for the Legendre
effective action in LPA, as we study here, but only for a special (but actually popular)
choice of additive cutoff known as the optimised cutoff [44]. However the optimised
cutoff does not satisfy our technical constraints given below (3.2.11) so our analysis is
invalid for this case. Nor in fact does a sharp cutoff [35, 100, 103, 138] or power-law
cutoff [109] satisfy the technical constraints. What this means is that these particular
cutoffs fail to regularise completely the region of large fields, in the sense that ag, defined
by (3.2.7) or (3.3.8), no longer has an asymptotic expansion given simply by integrating
over the asymptotic expansion of its integrand. For these three particular cutoffs, regions
of momenta far from A alter the asymptotic expansion of as so that it is no longer of

the form (3.2.10) or (3.3.9), and for this reason these cutoffs are less satisfactory.

Nevertheless, following our methods, it would be straightforward to derive the asymp-
totic scaling dimensions d,, in LPA for any or all of these three special choices of cutoff,
by using the particular form of the LPA flow equation in these cases (which are known
in closed form, since the momentum integrals can be calculated analytically in these
cases). The results will differ from the d,, derived here and amongst themselves, but
their investigation would improve insight into the accuracy of the LPA in this regime.
Furthermore it would seem possible to generalise any of these special choices of cutoff
to their own class of cutoffs with similar properties, and thus understand the extent to
which the results could still be cutoff independent, up to some appropriate constraints,

in these cases, and gain a more detailed understanding of why the d,, differ.
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Unfortunately our d,, do not seem to match in a useful way to existing results in the
literature. The LPA restricts us to eigenoperators that contain no spacetime derivatives,
and thus our index n counts only over these. In reality all eigenoperators (apart from
the unit operator) contain spacetime derivatives, so in particular it is not clear how our

index n would map into the exact sequence.

However in some special limits the LPA is effectively exact. This is true for the Gaussian
fixed point for example, where d,, = nd, (with = 0). Our scaling dimensions d,, differ
from this, but the Gaussian fixed point is specifically excluded from our analysis since
our results apply only to non-trivial fixed points, such that the asymptotic expansion of
the fixed point potential takes the form (3.1.2) or (3.3.4) with A # 0.

The LPA also becomes effectively exact in the large N limit [133], and there the scaling
dimensions are d, = 2n (with n = 0) which again differs from our result (as well as
differing from the Gaussian fixed point result). Furthermore they continue to disagree
even if we now take a second limit such that both n and IV are sent to infinity. However
in this case we have an example where the order of the limits matters. The N — oo
result is derived for d,, whilst first holding n fixed, while our result applies first for fixed

N while n — oo.

The difference can be seen at the technical level. The first term on the right hand
side of the flow equation (3.3.1) is proportional to N. In our analysis however it is
the denominators that dominate. On the other hand in the large N analysis, only the
first term survives, resulting in a first order ODE with no SL properties (or Schrodinger
equation representation). The universal results fall out on the one hand in our analysis
from the asymptotic behaviour at large field, but on the other hand in large N they
fall out from a Taylor expansion around the minimum of the fixed point potential [133].
There seems unfortunately to be no way to bridge the gap between these two limiting

regimes.

An even clearer example where the exchange of limits do not commute, is provided
by the special cases N = —2k. As we recalled in sec. 3.3, in these cases the first
k + 1 eigenoperators become degenerate, gaining Gaussian scaling dimensions. But our
d, apply to the highly irrelevant eigenoperators that are found in the reduced space,
which excludes these first £+ 1 operators, and hence have non-trivial scaling dimensions.
However if instead we fix on the n'® eigenoperator and let N — —oo by sending k& — oo,
we see that this n'? eigenoperator will fall into the excluded space and, thus, end up
with Gaussian scaling dimensions. The disagreement between the two results will then

remain even if we choose next to send n — oo.
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Chapter 4

Off-shell divergences in quantum

gravity

4.1 Introduction

In this chapter we investigate the four dimensional perturbative quantum gravity, con-
structed by quantising the Einstein-Hilbert action. As previously emphasised in section
1.1.3, its perturbative non-renormalisability implies that, at each new loop order ¢, coun-
terterms have to be added to the bare action to cancel UV divergences, and associated
with these counterterms are new operators and renormalised couplings that did not exist
in the bare action at lower loop order. Nevertheless, perturbative quantum gravity can
be consistently treated as an effective theory in this way [139], see also [54,140], in much
the same way as the (similarly non-renormalisable) chiral perturbation theory of low

energy pions [141-146].

In light of this, it might seem odd at first that we turn our attention towards investigating
gravity perturbatively. However, there are good reasons for such a choice [147-149]. Our
original motivation was to explore the possibility that the renormalisation group in this
context might provide a route to learning something useful about the non-perturbative
behaviour of quantum gravity. In particular, even in a perturbatively non-renormalisable
theory, the RG relates the leading UV divergence at each new loop order ¢ to one-loop
(¢ = 1) divergences [146]. More physically, it allows us to compute in this way the
leading log power (Inpu)?, of the standard arbitrary RG energy scale p, at each loop
order ¢. (These are called chiral logs in pionic perturbation theory [141-146].) If it
were possible to use the RG relations to compute these leading terms to arbitrarily high
loop order, and resum them, we would get a powerful insight into the UV behaviour of

quantum gravity at the non-perturbative level.
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In perturbative quantum gravity the leading divergences actually vanish on-shell. They
are therefore field reparametrisations, and have no effect on the S-matrix. However, if we
keep in mind that the UV behaviour of the full two-point correlator is characterised by its
off-shell dependence, we see that these leading divergences and associated powers of In
could nevertheless be important. For example, after resumming them, one might find
that the non-perturbative UV behaviour of the two-point correlator, and potentially,
thus, that of quantum gravity more generally, is very different from what one would

naively conclude order by order in perturbation theory.

In a non-renormalisable gauge theory, divergences that vanish on the equations of motion
(of the quantum fields), are related to modifications of the BRST algebra [139] (see
also [150-154]).1 At each loop order the corresponding counterterms modify the BRST
algebra in a way that remains consistent with the Zinn-Justin identities [124,155]. They
do this by generating canonical reparametrisations of the antifields (sources for BRST

transformations) [156-159] and quantum fields.

On the other hand, as we already mentioned, in a generic non-renormalisable theory the
RG tells us that the leading divergences can be expressed recursively in terms of diver-
gences in one-loop diagrams, namely one-loop counterterm diagrams, being those that
contain at least one counterterm vertex [146]. As we demonstrate in sec. 4.2.5, these
recurrence relations are actually crucial for consistency of the above canonical trans-
formations. Unfortunately, for a non-renormalisable theory, the one-loop counterterm
diagrams are themselves new and non-trivial at each new loop order, and thus provide

a practical obstruction to deriving the leading divergence at arbitrary order.

Viewed in this light, the proposal of ref. [160] would appear to potentially provide a
breakthrough. The key idea is to exploit the pole equations that follow from assuming
finite generalised S-functions for the field reparametrisations. As we will see in sec.
4.4, they imply that the leading divergences at higher loops (¢ > 1) should actually
be computable by recursive differentiation, in particular without computing any more
Feynman diagrams. Unfortunately, the proposal is not correct as will become clear

throughout this chapter. We spell this out in detail in sec. 4.4.

One problem with exploring these ideas is that there are effectively no explicit higher-
loop off-shell leading divergences in the literature that one can test against. Some purely
background field off-shell two-loop 1/¢? divergences appear in the famous paper ref. [18],

but unfortunately they contain an error, as pointed out in ref. [160].

All of the above considerations motivated us to compute explicitly (in Feynman — De
Donder gauge and dimensional regularisation) the leading off-shell divergences for the
two-point vertex up to two loops, and in particular to draw out their intimate relation to

the one-loop counterterm diagrams [146] and to canonical transformations in the BRST

! Actually this was established only for vanishing background field. We treat the non-vanishing case
in sec. 4.2.9.
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algebra [139]. Since this necessitates computing, as an intermediate step, of the off-shell
divergences in one-loop diagrams with three external legs, two of which are quantum,
we widened our investigation so as to provide explicit results for all off-shell one-loop

divergences with up to three fields.

In fact even for just the graviton one-loop two-point divergence, the complete results do
not appear in the literature. Famously, the pure background part appears in ref. [161].
The pure quantum part appears in ref. [162], cf. also app. 4.A, and ref. [163]. But
to our knowledge the divergence in the mixed quantum background vertex has not
appeared before in the literature. These three divergences can be expressed in terms of
appropriately defined linearised curvatures. (For the quantum field, this is an accident
of Feynman — De Donder gauge, cf. sec. 4.3.1.2.) However, the three expressions are all
different (thus not as assumed in ref. [164]). Although they are all different, they are not
independent. Their relation is precisely such that all three are removed by a canonical

transformation of the quantum fields (and antifields).

This may come as a surprise since a priori one might expect that a separate reparametri-
sation of the background metric should also be performed (in fact this is what is assumed
and employed in ref. [160]). However in sec. 4.2.9 we show in general that this does not
happen. New divergences at each loop order which involve background and quantum
fluctuations, and do not vanish on the equations of motion, are purely a function of the
total metric (that combines background and fluctuation), whilst all other divergences

are renormalised by a canonical transformation of the quantum fields and antifields.

We show explicitly that this scenario continues to hold at the three-point level, where
now thousands of vertices are divergent. We verify that the divergence in the Gauss-
Bonnet topological term [18,165] is indeed a function only of the total metric, whilst
all other divergences are removed by a canonical transformation on the antifields and

quantum fields.

Then in sec. 4.3.3 we use the one-loop counterterm diagrams to derive the leading
divergence at two loops in the pure background, pure quantum, and mixed, two-point
vertices. At this stage the dependence on the quantum field can no longer be written
in terms of linearised curvatures, reflecting the fact that BRST transformations are now
modified to the extent that they do not reduce to diffeomorphisms. Nevertheless, taking
proper account of non-linearities in the Zinn-Justin equations, we verify again that all
these divergences can be removed by a canonical transformation on the antifields and

quantum fields.

The chapter is structured as follows. In sec. 4.2 we define the BRST transformations
for the quantum fluctuation field and ghosts in the presence of a background metric.
We develop the formalism that is needed to cope with the fact that BRST invariance

is significantly altered in the process of renormalisation. Consistency is maintained
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by preserving the Zinn-Justin equation [124,155] a.k.a. CME (Classical Master Equa-
tion) [156-158]. We work with so-called off-shell BRST and display results in so-called
minimal basis, since it provides the most elegant and powerful realisation, but in sec.
4.2.3 we explain why the calculations themselves are essentially the usual ones. Both the
bare action and the Legendre effective action satisfy the Zinn-Justin equation [124,155]
as we review in secs. 4.2.1 and 4.2.4 respectively, but beyond one loop this leads to a
tension and this tension is resolved by the RG relations for counterterm diagrams, as

we explain in secs. 4.2.5 and 4.2.6.

New divergences are invariant under the total classical BRST charge sy which incor-
porates not only the BRST transformations but also the action of the Koszul-Tate
operator. Taking into account the presence of the background metric, their properties
are developed in sec. 4.2.7. Since sg is nilpotent, solutions are classified according to
its cohomology. As we recall in sec. 4.2.8, those solutions that are sg-exact are first
order canonical transformations of the CME. At two loops we need also the canonical
transformations to second order and their relation to the perturbatively expanded CME.
This is derived in sec. 4.2.8. Then in sec. 4.2.9 we derive the general solution for sg-
closed divergences. We show that cohomologically non-trivial solutions can be taken to
be functions of only the total metric, with the rest being sp-exact, in particular there

are no separate purely background metric divergences.

As already mentioned, in sec. 4.3 we compute for the first time many off-shell countert-
erms that appear up to two loops, and use them to verify all these properties. In this
way also we provide a concrete example of how the BRST transformations get apprecia-
bly modified by loop corrections. In sec. 4.4 we investigate the proposal for generalised
beta-functions for field reparametrisations. We start by assuming as in the original pro-
posal that it is the background metric that should be reparametrised and then, given
the results of this chapter, put forward a more natural scenario where the beta functions
are built on the canonical transformations. Unfortunately neither of these ideas lead to
finite beta functions, and we explain why they cannot. Finally in sec. 4.5 we draw our

conclusions.

4.2 BRST in perturbative quantum gravity and its renor-

malisation

In this section we first set up the BRST framework that we will use, and then develop
its properties. Along the way we make a number of new observations. In particular we
will see in sec. 4.2.5 that RG invariance is actually essential to ensure that the BRST
symmetry can be renormalised successfully, whilst in sec. 4.2.9 we prove the absence of

a separate background field divergence in new divergences at each loop order.
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4.2.1 The CME for the bare action

In a perturbative setting we work with a quantum, a.k.a. fluctuation, field h,,. This
field is defined by our choice of expansion of the (total) metric g, around a background

metric g, [166]. Here we simply set
I = Gy + Ky (4.2.1)

where k = v/327G is the natural expansion parameter, G being Newton’s gravitational
constant. We are interested in off-shell divergences, and their value depends on the
choice of expansion. Using the above allows us to compare with previous results in the
literature [18,161-163].

We will work with so-called off-shell BRST [167-170]. In this way we can fully exploit
BRST invariance at every step, and keep track of how it changes under quantum cor-
rections. Although we only actually need the Zinn-Justin equation [124,155] for this,
it is convenient to phrase the calculation in terms of the Batalin-Vilkovisky formal-
ism [156-158], employing known identities for the antibracket [156—159]:

HX oYy 0, X9Y
294 g%, 0% DA’

(X,Y) = (4.2.2)
where X and Y are two functionals, ¢ are the quantum fields (including ghosts ¢*)
and ¢% are the antifields (opposite statistics sources for the BRST transformations Qo™
of the corresponding fields). As we will see, the resulting framework allows calculations
that are no more onerous than standard ones employing only on-shell BRST invariance
[163,171,172]. Furthermore, we can then display the results more compactly by using
the so-called minimal basis [156,163,171,172].

We choose the bare action S[¢, $*] to include these sources. It will be made up of the
classical action Sy plus a series of local counterterms Sy chosen to cancel the divergences
that appear at each loop order ¢, whilst introducing the new renormalised couplings (cf.

sec. 4.2.6 [146]), which, because they run with p, must also be introduced at that order:
S =So+hSy +h*Sy+ . (4.2.3)

By including the sources ¢* we will additionally incorporate the counterterms necessary
to render finite the BRST transformations [124,155].

At the classical level the bare action is thus given by
2
So = —/ {#ﬁR + (Qhy) K™ +(Qc") CZ} ) (4.2.4)
x

The first term is the Einstein-Hilbert action in Euclidean signature. In this chapter

we consider the pure gravity case only, and thus we take the cosmological constant to
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vanish. At the perturbative level, divergences do not force its introduction, so working

in this simplified setting is consistent. The integral is over
d=4-—2¢ (4.2.5)

dimensional spacetime (we will be using dimensional regularisation). Our conventions

for curvatures are Ry, = R%,,,, and [V, YV, Jo* = RW’\UUU.

For convenience, we choose to define the antifields to have indices in the position shown
and to transform as tensor densities of weight —1 so that no metric is required above
for these terms. Also for convenience, a minus sign is included so that none appears in

the identity:
Qo™ = (S0, ¢). (4.2.6)

Note that this defines our charges to act from the left. Classically, the BRST charge Q

can be defined in terms of the Lie derivative along xct:

1
Qhw/ = EQQ;W = Ecgw/ = 28(Mcagy)o¢ + Caaagpw ) (4'2'7)
Qct = gﬁcc“ = ke’ 0yt . (4.2.8)
Its nilpotence (Q? = 0), and diffeomorphism invariance of the Einstein-Hilbert action,

implies
61 So 8r So 8[ So 1

0=QS = Q¢" 508 = g 368 5(50,50), (4.2.9)

and thus that the classical bare action S = Sy satisfies the so-called CME (Classical
Master Equation) [156-158], a.k.a. Zinn-Justin equation [124,155]. Once we consider

quantum corrections, it is not the BRST transformations (4.2.7) and (4.2.8) that we can
preserve but only the CME, i.e. we will ensure that to any loop order £ the bare action
satisfies:

(S,8)=0. (4.2.10)

4.2.2 Canonical transformation to gauge fixed basis

To get the gauge fixed version, we need to work in the so-called extended basis, which
introduces a new field and antifield over and above what we already have (the so-called
minimal basis) [156—-158]:

st — s+ [ vama v ive) (12.11)

where « is the gauge parameter, b is a bosonic auxiliary field, and ¢}, sources the BRST
transformation for the antighost. From (4.2.6) we have Q¢#* = —ib* and Qb* = 0.
Trivially, the CME and Q2> = 0 continue to hold. The next step is to introduce a
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suitable gauge fixing fermion W[¢]. In the Batalin-Vilkovisky treatment this is used to
eliminate the antifields [156-159]. We keep them however, because of their crucial role
in renormalisation, and in particular in the Zinn-Justin identities, and instead get the

same effect by performing an exact canonical transformation [159]

. 0, -
¢ = K199,
g)A (4.2.12)

from the above gauge invariant (g.i.) basis {¢, ¢*}, to a gauge fixed (g.f.) basis {¢, qvb*},
setting [163,171,172]
K= ¢uot —lg]. (4.2.13)

The advantage of employing a canonical transformation is that by definition it leaves
the antibracket invariant and thus in the new basis the CME continues to hold. We

choose

v :/\/gFMc“, (4.2.14)

and choose DeDonder gauge by setting F), to

F,=V,h", — Ve, (4.2.15)
1 1
o= Shty = 9" by (4.2.16)

This breaks the diffeomorphism invariance as realised through the total metric g,, (as
required) but leaves it realised as “background diffeomorphism” invariance, using the
background metric g,,,,. From here on we raise and lower indices using the background
metric, unless explicitly mentioned otherwise, and employ the background covariant
derivative W (using the background metric Levi-Civita connection). As is well known,
we can put a connection in for free in Lie derivatives, so to make background diffeo-
morphism invariance manifest in (4.2.7) and (4.2.8) we can write the classical BRST

transformations (in minimal basis) instead as

Qhyuw =2V, gya + “Vaguw
— 2?(ucy) + va(ucahl,)a + ke*Vahuw (4.2.17)

Qc" = K’V .
Applying the canonical transformation we see that only the following antifields change:

* UV * vV = — —v 1_ —O =
h*H }g.f. = p*# ‘g.i. - V3 (V(“c ) _ §Vac g" ) ’ (4.2.18)

O L SRV A (4.2.19)
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thus mapping the extended action (4.2.11) at the classical level to

ext 1 —_ v .= T
S(() )‘g.f. = S0+ /x {mx/ggw,b“b — igF, b + zb“c#}
_ 1 -
+ / NG (v%ﬂ - 2Vacag“”> Qhyy . (4.2.20)

The first term is (4.2.4), the classical action in minimal basis, and the last term is the
usual ghost action (in DeDonder gauge). The middle term is purely quadratic in b*. We

could thus integrate it out. Dropping the ¢;,, the integrand is:

\Qg(bu —iF,)? + %\/ﬁF“FM . (4.2.21)
The b, integral over the first term vanishes in dimensional regularisation, whilst the
second term is the standard gauge fixing term. In fact this is now the textbook on-shell
BRST treatment. The action Sy is still BRST invariant if we now set Qc* = aF*. But
this is not quite as powerful because Q?¢* = aQF*, only vanishes on shell (QF, p=01s
the ¢ equation of motion). For this reason we keep b and stick with this off-shell BRST

treatment.

Since we will be working with a perturbative expansion over quantum fields and anti-
fields, we may as well treat the background metric perturbatively also. Following (4.2.1),

we write:
G = O + Kl = G = O + K Py + KRy (4.2.22)

At this stage we can invert the terms bilinear in the quantum fields to get the prop-
agators. For general a gauge see e.g. ref. [171]. We will use Feynman gauge, a = 2,
which gives the simplest propagators. Once again, the coefficients of off-shell divergences
depend on these choices. By using Feynman DeDonder gauge we make the same choices

as in older works [18,161-163], and can thus compare our results. Writing

d .
@) = [ e o). (4.2.23)
we have:
Ou(alp)w 1 6,04
(i (p) hap(—p)) = OGP — oo el (4.2.24)
(bu(P) hap(=p)) = —(hap(p) bu(—p)) = 20,aps) /D", (4.2.25)

(bu(p) bu(—p)) =0, (4.2.26)
{eu(p) eu(—p)) = —(eu(p) cu(~p)) = 8y /1" - (4.2.27)
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4.2.3 Minimal basis and comparisons to on-shell BRST

We will be computing quantum corrections to the one-particle irreducible, a.k.a. Leg-
endre, effective action I'. Since we have an auxiliary field b* and the extra propagator
(buhag), at first sight this formalism complicates the computation and cannot be directly
compared to earlier results using on-shell BRST [18,161,162]. However, this is not the

case.

FIGURE 4.2.1: Examples that illustrate that one-particle irreducible Feynman diagrams

involving b interactions with an unspecified number of external background metric h

legs (fan of wavy lines), arise by starting with an internal h (solid line) propagating into

b (dashed line) and eventually back to h. These implement in diagrammatic language
the effect (4.2.21) of integrating out the b field.

First note that the h propagator (4.2.24) is the same as in the usual treatment. (This
is actually guaranteed in any gauge, but we omit the proof.) Setting l_zw, = 0 for the
moment, we note that the interaction terms (i.e. with three or more fields) in (4.2.20)
do not contain b or ¢j,. Feynman diagram contributions to I' therefore have the same
property and coincide with those computed in the usual (on-shell BRST) treatment.
Switching back on the background metric, we do now have interactions involving the
background metric and either b2, or b and h. However it is not possible then to draw one-
particle irreducible diagrams with external b-field legs. The interactions only contribute
in diagrams by having h propagate to b and back again, see fig. 4.2.1, and the net effect
of including all these corrections is to incorporate in diagrammatic language the result
of integrating out b. Thus these Feynman diagrams simply reproduce the corrections
we get from the second term in (4.2.21), i.e. the standard gauge fixing term. So we see
that we can continue to ignore b* and ¢, provided we include the interactions from the
standard gauge fixing term. Furthermore, we get in this way the same results as the

standard treatment.

Next note that the corrections only depend on ¢ through the combination on the right-
hand side of (4.2.18). This means that we can shift back to g.i. basis after computing
loop contributions to I', the only dependence on b and ¢* then being as in the extended
action (4.2.11). Furthermore, we can then display results in minimal basis by removing

the b and ¢* terms.

This all means that we can construct I' order by order in the minimal basis, never needing

b or ¢*. To do so we shift h** g, 10 h*Hv in interactions and use the (hqgh,) and

g.f
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(cuCy) propagators and include the interaction vertices from the standard gauge fixing
term (4.2.21) as appropriate, and afterwards shift back to g.i. basis [163,172]. Of course,
this does not mean that off-shell quantum corrections are independent of our choice of
gauge. However, the results are sometimes much simpler when cast back in (minimal)

g.i. basis in this way, which is why we use it.

4.2.4 The CME for the Legendre effective action

Since the BRST transformations (4.2.17), or (4.2.7) and (4.2.8), involve products of
fields at the same spacetime point, they are not preserved under renormalisation. Order
by order in the loop expansion not only must the action be modified, but also the BRST
transformations themselves, and since the theory is non-renormalisable, the changes
involve in fact an infinite series in powers of the fields and antifields. The Zinn-Justin
equation [124,155-157] can keep track of all this. We start with the fact that the

partition function

Z=Z[J,¢"] = /p¢e5[¢v¢*“¢“h : (4.2.28)
satisfies the identity
- Z
2¢A (4.2.29)

To prove this at the classical level it is sufficient to use the fact that QSy = 0, assuming

invariance of the measure:

0= /D¢Q(eso+¢>AJA> _ /D¢eso+d>AJA (Q¢A) Ja= _arZ

agr, "

(4.2.30)

But at the quantum level we need to derive it via preservation of the CME (4.2.10):

_ 77“ o Sle.0 ] +d4 A
0= / D6 5ga 6¢A

OO } ~Sl6.6" 197
D s,5)+ 2L % g Ay
=~ [ro { 6¢A 359+ igS e

(4.2.31)

Here the first equality follows because it is an integral of a total derivative. After
rearranging the result using the statistics of the (anti)fields, we get the three terms
inside the braces. The first term gives the required identity, the second term vanishes
by the CME, whilst the third term is the Batalin-Vilkovisky measure term [156-158].
In general we need to take this into account (giving the Quantum Master Equation)
[156-158,163,171,172], however, since S is local, this term always contains §(z)|z=o or
its spacetime derivatives. These vanish in dimensional regularisation. Therefore, we can

discard the measure term.
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Introducing the generator W[.J, ¢*] of connected diagrams, through Z = eV, we define
the Legendre effective action in the usual way:
oW or
L[®,d* = —W + &4J A ==L Jg = —, 4.2.32
[ ] + A 07, AT oA ( )

where ®4 is the so-called classical field, and we have renamed ¢ = P just because
it looks better. Then, by standard manipulations, (4.2.29) turns into the Zinn-Justin
equation:

T,T)=0, (4.2.33)

i.e. again the CME (4.2.10), now applied to I'[®, ®*], the antibracket taking the same
form as (4.2.2) but with {¢, ¢*} replaced with {®, ®*}.

The Legendre effective action
[ =To+ Al +R°Ty+-- -, (4.2.34)

is built up recursively, where I'y is the ¢-loop contribution, starting with 'y = Sy, the
classical bare action. The logic now is to introduce at each new loop order ¢, a local
counterterm action Sy to the bare action in order to cancel the divergences I'y|o that
arise in I'y, leaving behind an arbitrary finite part which is parametrised by the new
renormalised couplings that appear at this order. Provided we introduce Sy in such
a way as to preserve (5,5) = 0 we also have that (I',I") = 0 is satisfied. However,
although both the bare action .S and the Legendre effective action I' satisfy the CME;,
the CME plays a different role in each case so that it is in fact not trivial that the two
are consistent beyond one loop. As we will see, what makes them nevertheless consistent
is the RG.

4.2.5 How the RG is needed for consistent solutions to both versions
of the CME

Expanding the CME (4.2.33) for I', we see that the one-loop contribution satisfies
(T'o,T'1) = 0. It is useful to define the total classical BRST charge sy acting on any
functional X as

s0X = (S0, X), (4.2.35)

which, thus, acts also on antifields (see sec. 4.2.7). Then, the one-loop BRST identity
is simply soI'y = 0. Since dimensional regularisation is a gauge invariant regulator, the
infinite part, which at one loop is proportional to a single pole (i.e. < 1/¢), also satisfies
this identity, i.e.

solyp[@, 0% =0. (4.2.36)

(We label terms proportional to divergences 1/¢¥, by appending /k to the subscript.)
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It is simplest for our purposes to now consider the identity satisfied by the two-loop
contribution, I'y, before any renormalisation. From the CME (4.2.33) we see that it
satisfies

soTs = —%(rl, r). (4.2.37)

In particular this implies for the double-pole divergence:

1
sol'y/e = 5 (Ti/1,T10) (4.2.38)

Given that the right hand side does not vanish, this is a non-trivial relation between the

1/£? divergences at two loops and the 1/ divergences at one loop.

Now we consider the process of renormalisation. At one loop, if we add a counterterm
action S1, then in order to preserve the CME (4.2.10) for S, we find in the same way
that S; must be chosen so that it is also annihilated by the total classical BRST charge:

8051 =0. (4.2.39)

Since the one-loop divergence is local we can then render the one-loop result finite by

setting
S1=-T11(9, ¢"] + S, 6, 67], (4.2.40)

where the finite remainder S;, contains the new renormalised couplings c{ (p) that appear
at one loop, cf. sec. 4.2.6, in particular they are needed for the curvature-squared terms
but also for antifield vertices, see secs. 4.3.1 and 4.3.2. Clearly we must also have
509¢, = 0.

Expanding the CME (4.2.10) to O(h?), we find of course an algebraically identical for-
mula to (4.2.37) and (4.2.38), i.e.

1
8052 = —5(51, Sl) . (4.2.41)

This must be satisfied by the counterterm action Sp. It relates the 1/ divergence in
this two-loop counterterm to the 1/e divergence in the one-loop counterterms. Then by
(4.2.40), we see that the 1/¢2 divergence on the right hand side is precisely the same as
in the I" identity (4.2.38). But this is in apparent contradiction with the fact that So
must cancel the divergence in I's. In particular, the latter implies that so(S2 4+ I'y) must
be finite.

The resolution is that, once we add the one-loop counterterm from S; to the bare action,
at O(h?) we also have one-loop counterterm diagrams from one-loop diagrams I';[S1] with
one S; vertex inserted (as illustrated in fig. 4.3.3 of sec. 4.3.3). The two-loop divergence
in (4.2.38) comes from diagrams containing only tree level vertices. It must be that the

1/€2 contribution from the one-loop counterterm diagrams, is in fact precisely right to
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flip the sign so that, in full, the double-pole part satisfies
s0 (Paje + Ty 2[S1]) = ‘ié (T1/1,T1p1) - (4.2.42)
As we will see in the next subsection, RG invariance tells us that we have the relation
['y2[S1] = =219, (4.2.43)

and thus for the full double-pole contribution, I'y /5 + I'; /5[S1] = —T'y/2, we indeed have
the required change of sign (even before the application of sy). We see therefore that
the RG relations are responsible for restoring consistency between the two versions of
the CME.

Although the relations above constrain the form of the double-pole divergences, we
still have to compute some Feynman integrals to determine them. Nevertheless we can
simplify the process by exchanging the genuinely two-loop diagrams for one-loop coun-
terterm diagrams. The corresponding double-pole counterterm action will automatically
satisfy the constraint (4.2.41). This latter constraint does not uniquely determine Sy
since it is invariant under adding a piece, S5, provided it is annihilated by the total
classical BRST charge: s9S55 = 0. Since this constraint is linear homogeneous, S} has

finite remainders parametrised by new two-loop couplings c%(u)

We finish this section with some comments about the two-loop single-pole divergences.
Firstly note that, before adding the one-loop counterterm diagrams, the two-loop single-
pole divergences are actually non-local. Indeed, this must be the case since the right
hand side of (4.2.37) has such non-local divergences in the antibracket contribution
(finite,I'; /1), where we have written I'y = I'; /1 + finite, and recognised that the finite
part is non-local. On adding the counterterm diagrams, the same RG invariance identity
that resolves the above putative puzzle is also responsible for eliminating the non-local
divergences (see the argument of Chase [164], which we review in the next subsection).
In a similar vein, the two-loop counterterm action S has single-pole divergences that
depend on the one-loop couplings C{, as it must in order to renormalise the T'y /1[5’1]
contribution. The fact that S, must have dependence on ¢] can also be seen through
(4.2.40) and the two-loop CME relation, (4.2.41). These two constraints must again be
related through similar RG identities.

Finally note that there are two-loop single-pole divergences that are not fixed by the RG
or by the CME. These will include the famous Goroff and Sagnotti term (4.4.11), but also
further terms that vanish on the equations of motion. Renormalising them requires new
counterterms whose finite remainder introduces further two-loop renormalised couplings
c%(u) As before, from (4.2.41) we see that this new part S5 must be chosen so that
it is annihilated by the total classical BRST charge: 0S5 = 0. Thus, despite the fact

that BRST invariance is significantly altered by the quantum corrections, a central role
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is played, order by order in the loop expansion, by the total classical BRST charge sq.
We will develop the properties of sg in sec. 4.2.7.

4.2.6 Relating counterterms via the RG

Adapting ref. [146] to quantum gravity, we prove the RG relation (4.2.43), which was
used in the previous subsection to demonstrate consistency at two loops of the two
roles for the CME. This key equation relates the double-pole I'; /5[S1] from the one-
loop counterterm diagrams, to the double-pole I'y/ generated by two-loop diagrams
using only tree-level vertices. In this subsection, we also review the alternative proof in
ref. [164] for this relation. Rearranging (4.2.43) we see that it implies that the 1/¢2 part
of the two-loop counterterm is —1/2 times the 1/¢% pole in the one-loop counterterm
diagrams:

Saj9 = — (F2/2 + 111/2[51]) = —%Iﬁ/z[sﬂ . (4.2.44)

It is this form that falls out most naturally from the RG analysis, and it is also this
form that we use in sec. 4.3.3 to compute the 1/¢? divergence in the two-loop graviton

self-energy.

To adapt [146], it proves convenient to absorb Newton’s constant into the operators so

that the O(R) (i.e. classical) bare action has pure fluctuation field vertices (n > 2):
001‘ ~ Rn_2hnp2 . (4245)

The numerical subscript on O refers to A order [146], and here we are just counting the
number of instances of the fluctuation field h,,, £ and momentum p, where the latter
stands for any momentum (or spacetime derivative) in the vertex, in order to track their
dimensions and motivate the formulae below. Working with pure h,, vertices will be
sufficient to derive (4.2.44) in this case. Then we will justify why it is clear that (4.2.44)

continues to hold when the background, ghosts and antifields are included.

In d = 4 — 2¢ dimensions, the mass dimensions are [h] = —[k] =1 —¢e. A priori both
# and the fluctuation field should be taken to be bare, in the expectation that they
will have a divergent expansion in renormalised quantities, but the divergences that are
generated involve ever greater powers of momentum, so the vertices in (4.2.45) are never
reproduced and, thus, neither k nor h require renormalisation. The classical bare action

is therefore being written as
S() = Fo = /66 OOi . (4.2.46)
x

The cé are the classical couplings with s factored out. They are fixed up to choice
of expansion of the metric, choice of gauge fixing, and the value of the cosmological
constant if there is one. As mentioned below (4.2.4), we set the cosmological constant

to zero throughout this chapter.
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The divergent one-loop quantum corrections then take the form (H is the vacuum ex-

pectation value of h):

1
Ty~ EK"H"p‘**?E , (4.2.47)

i.e. in terms of counting overall powers there is an extra factor of k?p?>~2¢. To renormalise
we thus have to add to the bare action the local action (4.2.40):

Sl = /’6_26/ {Czl Oli —+ gazl/l 012} , (4248)

where the second set are the counterterms —I'; /1, and the first set is the expansion of
S., and contains the new O(A!) renormalised couplings. The new operators take the
form

O1i ~ K"h"pt, (4.2.49)

i.e. with an extra x2p? compared to O(R?) vertices. At this stage the arbitrary RG
scale 1 is needed so that p~2¢ in (4.2.48) can restore dimensions. Since the bare action
(4.2.3) is independent of y, the renormalised couplings ¢} run with u. By differentiating
(4.2.48) we see that they satisfy:

Bi =& — 26 =24}, (4.2.50)

where ¢ := pud,c. The one-loop counterterm diagrams formed by using one a’i /1 vertex
(corresponding to one copy of S being inserted) give in particular double pole diver-
gences

Ty 2[S1] ~ ;2 ay p R H (4.2.51)

that must satisfy relation (4.2.43): T'y)5[S1] = —2Ty/5. As noted by Chase [164], the
easiest way to see why this is so, is to recognise that the latter take the form
n+2 ryn, 6—4¢ 1 1
FQ/Q ~ K H P ) + O — 5 (4252)
€ €
but divergences must be local and thus the (Inp)/e terms must cancel between (4.2.51)

and (4.2.52).

We get the same conclusion another way by following Buchler and Colangelo [146] whilst
also deriving some more useful identities. At O(h?) the divergences generate the opera-
tors

Oqi ~ K" T2R"pb | (4.2.53)

so we have to add to the bare action
—4e i 1 I i
Sy =p g 3 Oz + 22%2/2 O + - <a2/1 Ty 1) Ozi ¢, (4.2.54)

where we now have counterterms with both single and double e-poles, and ¢, are the
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new O(h?) renormalised couplings. The af /o counterterms cancel the full set of 1 /&2
divergences at O(h?), i.e. from the sum of two-loop diagrams and the one-loop countert-
erm diagrams. The single poles ag / /e arise from two-loop diagrams using only vertices
from (4.2.45), whilst the a} /UC{ /e are generated by one-loop diagrams containing one

c1 vertex. Now p-independence of the bare action implies

o 4 , N 1
By = ch —decy = gaZQ/g +4 (a’ZQ/l + aZ1/1jC{) - gaﬁ/lj &,

4 . 9 . , , ‘
= ga§/2 — gaﬁ/l ja{/l =+ 4@12/1 + 2CLZ1/1JC{ s (4255)
where in the second line we substituted the one-loop S function (4.2.50). Since this
equation is expressed in terms of renormalised quantities, it must be finite, and therefore

the single poles must cancel. Thus we see that

, 1 . ,
ay/g = §all/1ja31/1' (4.2.56)

This is the same conclusion as before, but we are now proving it in the form given in
(4.2.44). The left hand side is the coefficient of the Og; in S5/, while on the right hand
side we have replaced the c{ coupling in (4.2.54) by the counterterm coefficient a{ /
The right hand side is thus the coefficient of Oy; in —3T'; 251]-

1

Finally, let us show that (4.2.44) will continue to hold when the background, ghosts
and antifields are included. Firstly, vertices can now include ghost antighost pairs, but
at this schematic level it is not necessary to track these separately from h: what really
matters in this analysis are the powers of p® and u°, and they are unchanged if ¢ and ¢ are
included. Secondly, it is clear that any instance of h (or H) can trivially be exchanged
for the background h in the above schematic formulae, though of course operators O §
with less than two quantum fields in gauge fixed basis, cannot contribute to the relation
(4.2.44) (their coefficients a’ i vanish). Finally from the minimal classical action (4.2.4),
we see that whenever an antifield is involved in an action vertex there is one less power
of p (compensated dimensionally by the fact that they have [¢*] = 2 — ¢, ¢f. table 4.1).
This observation is useful for finding the general form of the corrections, but again for

this analysis what actually matters is the tracking of non-integer powers.

4.2.7 Properties of the total classical BRST charge

We now develop the properties of the total classical BRST charge sg. Using the identity
[156-159]:
(X,(Y,2)) = ((X,Y), 2) + (-)FDOH(v, (X, 2)), (4.2.57)

where (—1)%X = +1 if X bosonic (fermionic), we have

53X [6, 6] = (S0, (S0, X)) = 5((S0, S0), X) = 0, (4.2.58)
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where the last equality follows by the CME. Therefore s is nilpotent just like the BRST
charge Q. From (4.2.6), we see that on ¢ it reduces to the BRST charge Q. However

from (4.2.35), s also acts on antifields:

0rSo

so07 = (S0, ¢%) = 907 (4.2.59)

This is called the Koszul-Tate differential [163,171,173-176]. In minimal basis we get
explicitly that:

soh™ = —2,/gG" 1 + Q,ih*a(#@acl’) + kV, (Co‘h*w’) , (4.2.60)

soch, = KV el 4+ £V, (<) — 2Vuh*™ = 26V o (huh*™ ) + KV hagh™? . (4.2.61)

Here Gy = — R, + % 9w R is the Einstein tensor. (Note that it inherits an overall minus
sign from the Euclidean action compared to the usual definition.) Its indices are raised
in (4.2.60) using G = ghogvB Gop. As we noted earlier we are raising and lowering
indices with the background metric unless explicitly stated otherwise. This case is the

one exception.

’ ‘ € ‘ gh # ‘ ag # ‘ pure gh # ‘ dimension ‘
huw | 0O 0 0 0 (d—2)/2
ey |1 1 0 1 (d—2)/2
Cu |1 -1 1 0 (d—2)/2
b, |0 0 1 1 d/2
hf“, 1 -1 1 0 d/2
¢, |0 -2 2 0 d/2

(e ol oo o | d2 |
Q |1 1 0 1 1
Q|1 1 -1 0 1

TABLE 4.1: The various Abelian charges (a.k.a. gradings) carried by the fields and
operators. € is the Grassmann grading, being 1(0) if the object is fermionic (bosonic).
gh # is the ghost number, ag # the antighost/antifield number, pure gh # = gh # +
ag #, and dimension is the engineering dimension. The first two rows are the minimal
set of fields, the next two make it up to the non-minimal set, then the ensuing two rows
are the minimal set of antifields, and ¢}, is needed for the non-minimal set. Finally, the
charges are determined in order to ensure that Q and @~ can also be assigned definite

charges.

It is useful to assign antighost/antifield number to each field and operator [171,176,
177], see table 4.1. The reason this is useful is precisely because it is not preserved by
interactions, which then split into pieces according to their antighost level. For example
one sees from (4.2.4), that the three parts of the minimal classical action split into levels
0, 1, and 2, respectively. The Koszul-Tate differential also splits, in this case into two

pieces, one that preserves antighost number and one that lowers it by one. We call these
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pieces respectively, @ and @), and thus write:

so¢a = (@ +Q7 )¢k (4.2.62)

From (4.2.60) and (4.2.61) we see that

Qh*/ﬂ/ _ QIﬁh*a(M?aCV) + ﬁ?a (co‘h*“’/) , (4.2.63)

Q A = —2,/gG" |k, (4.2.64)

Qe = KTue) + 19, (), (4.2.65)

Q ¢, = —2V,h*™ ), — 26V (huh™) + KV yhagh*? . (4.2.66)

Since @ here acts on antifields there is no reason to confuse it with the previously defined
BRST charge in (4.2.6) and (4.2.17). Its extension to antifields is natural since Qh**"”
and Qc), are in fact the correct Lie derivative expressions for these tensor densities. The
advantage of the antighost grading becomes clear when we consider the nilpotency of
So:

0=s5=Q°+{Q,Q }+(Q). (4.2.67)

These terms must vanish separately since they lower the antighost number by 0, 1 and
2 respectively. Therefore we know that our definitions of () and @~ are such that they

are nilpotent and they anticommute.

4.2.8 Canonical transformations up to second order

We saw in sec. 4.2.5 that a central role is played by counterterms that are sg-closed,
for example at one loop we have exactly this relation (4.2.39): spS; = 0. We saw in
the previous subsection that sg is nilpotent, so one solution to this is that Sy is exact:
S1 = sgK1, where K7 is a local functional of ghost number —1. In the next subsection we
derive the general solution for such sg-closed counterterms, but for that we will need the
relation between sg-exact solutions and canonical transformations. Taking the general

canonical transformation (4.2.12), and setting
K= 0"+ Kil¢,4'], (4.2.68)

and then treating K to first order, one gets the following field and source reparametri-

sations

0K,y
0% ’

Ok
DA

St St = (4.2.69)
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That these correspond to sg-exact solutions, can then be seen by writing out the change

in the classical action:

0rSo 0rSo O K1 0,50 01K

6750 A *
YT 96,00 9ot 90y~ D6, 067

5Sy = 967 257,

= SoKl . (4270)

This interpretation extends to higher orders [139], see also [150-154]. For sec. 4.4 we
will want their explicit form to second order. Given that S7; = sgK71, one solution to the
CME to second order (4.2.41), i.e. 5052 = —%(5’1, S1), is

1
Sy = 5(51, K1) + 50K (4.2.71)

where Ks is a second-order local functional of ghost number -1. This follows from the
antibracket identity (4.2.57) because

So(Sl,Kl) = (30S1,K1) — (Sl,SQKl) = —(Sl,Sl) . (4272)

In fact the relation (4.2.71) is just the result of taking the K; canonical transformation
to second order and adding the new part Ky which appears linearly at this order. To

see this we set
K = ¢a¢" + Ki[6,¢'] + Ka[o, 9], (4.2.73)

and solve the exact canonical transformation (4.2.12) perturbatively for St = é(*) —
™), starting with the first order expression (4.2.69). We get the following:

01 K4 1 0 0.Kq 0K, _1 0, 0.K1 0K, 01 K5

07, " 20¢% 0P Do, 2097, Do, 96 | BgY,

S = 0K, —1—1 O O-K19K: 1 0 0,Ki9K1 9K
AT 994 T 2004 9¢ty, 0¢B 2094 dpB dg,  0pA

5™ =

(4.2.74)

Taylor expanding the classical action to second order gives

50 = Gios+ sags (oo ) 6+ 5 (Gt )
o+ 5o (oo ) 80+ o (oan ) so
~39t (565999~ 3t <a¢B )i
. ;gfj ( o wz) 567 — ;g;; ( 5ot ) 565, (42.75)

Substituting (4.2.74), its non-linear terms cancel the final two lines, whilst the first two

lines organise into antibrackets, and thus we find that

1
0S50 = (So, K1 + K») + 5((50,K1) Ki) =soK1+ = (Sl,Kl) + s0K2, (4.2.76)



106 Chapter 4. Off-shell divergences in quantum gravity

showing that the non-linear term in (4.2.71), is indeed the result (4.2.74) of carrying the

canonical transformation to second order.

4.2.9 General form of sy-closed divergences

On the other hand, at each new loop order the sp-closed counterterms are associated to
the ‘new’ part I's of the divergences. Their form can be classified by the cohomology of
sp in the space of local functionals. As we have seen, one possibility is that it is a local
sp-exact solution: I'sy = soK [P, P*], where K is a functional with ghost number
—1. However another possibility is that the divergence is a local functional I's[g,.] of
only the total metric,? g, = Gy + kHyy, and is diffeomorphism invariant. Ref. [178],
see also [139], proves from the cohomological properties of sy that if the background
metric is flat, viz. g, = 0., then in fact the general local sp-closed solution is a linear

combination of these two possibilities, i.e.
Soloo [®, D*] =0 = Foo[®, @*] = Too[gun] + 50K 0[P, 7] (4.2.77)

However in a non-flat background, as a statement on sg-cohomology, this result is no
longer true, since clearly one can now add to this a local functional I'sc[g,,,] of only the
background field (such a functional being trivially annihilated by sg). Nevertheless it is

true as a statement about sg-closed divergences, as we show below.

Before doing so, we note that it is useful here to grade the solution (4.2.77) by antighost
number. The first part, I'[g], has of course zero antighost number, but since K has ghost
number —1, we see from table 4.1 that it splits up as K = K! + K2 4 ..., where the
superscript denotes antighost number. Thanks to the perturbative non-renormalisability
of quantum gravity, already at one loop one finds that all these infinitely many K™
functionals are non-vanishing. In minimal basis, K is characterised by having one copy
of H*, K? by containing one copy of C* or two copies of H* whilst also being linear in
the ghost C*, and so on, with the higher level K™ containing ever greater numbers of

antifields and compensating powers of ghosts.

Now we show that (4.2.77) is indeed the general form of an sg-closed divergence, even in
a non-trivial background. Although this is effectively a small extension of the proof in
flat background, it has not, to our knowledge, been noticed before. Following [48], first
we observe that, up to a choice of gauge, the Legendre effective action can equivalently
be computed by shifting

Py = hyw — Ty (4.2.78)

which, by (4.2.22), amounts to expanding around flat space. Indeed this shift makes

no difference to the minimal classical action (4.2.4), since it depends only on the total

2 We write the vacuum expectation value of the quantum fields in capitals, thus in minimal basis
o4 = H,,,C*.
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metric gy,. Differences arise only because separate hy, and g,, dependence enters via
the canonical transformation induced by the gauge fixing fermion (4.2.14), which from
(4.2.12) and (4.2.13) takes the form

4 O

Q0" 55

= QUl¢], (4.2.79)

and enters via the quadratic b* term from the extension (4.2.11), which can however

also be written in Q-exact form:

1 |
SV = 5-Q (V35,,7) = QUlg). (42.50)

Thus, the entire g (equivalently h) dependence can be seen as being just part of the

parametrisation of our choice of gauge, i.e. of Wiot[d] = V[p] + Upg].

Now in the shifted basis (4.2.78) we are expanding around flat space. If we also use
an h-independent gauge, then we can be sure that (4.2.77) holds. We cannot use this
result directly to rule out a separate I's [gw] piece, because we have changed the gauge.
However we can proceed by comparing physical quantities since they are independent
of the choice of gauge. We do this by setting ®% = 0 and setting H,, on shell. Note
that since we are dealing with new divergences appearing at some given loop order, it is
the classical equations of motion for g,, that one needs. Then I'[g,,] is independent

of the background, whilst sgK s vanishes. The latter follows because

o OS0OKay 0,50 O
0T T 904 90Y,  00%, 094

(4.2.81)

Given that ®* = 0, on the right hand side the first term vanishes (in minimal basis)
by the equations of motion of H,,,, and the second term because K, has non-vanishing
antighost number. Now comparing the results in flat background and non-flat back-
ground, we see that they must have the same total metric part I'[g,,], whilst for a

non-flat background the purely background part must vanish: I'[g,,] = 0.

We finish with some important remarks. Firstly, to avoid over-counting, the counterterm
Sylg] for the pure metric part of the sg-closed solution (4.2.77) should be restricted to
terms that do not vanish on the classical equations of motion (or more generally to a
specific choice, as in (4.3.15), the Gauss-Bonnet term). To see this we note that if Sy[g]

does vanish on the classical equations of motion, it can be written as

2
Selguw] = - / VIGH T lguw] = Q™ / T, = so / R T (4.2.82)

for some tensor T}, [g,.]. In the last step we used the fact that both A**” and T,
transform properly as tensor densities under (). Thus any part of Sy[g] that vanishes on
the classical equations of motion can be written instead as part of the sg-exact piece,

soKy, i.e. to a canonical transformation taken to first order.
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Secondly, notice that it is important for the above arguments that we are setting H,,
on shell, but not the background metric g,,,. This is what allows us to deduce that
there cannot be any purely background part. On the other hand in the background field
method one sets all the classical fields to zero and keeps only the background metric.
Although this technique is not the primary focus of the chapter (apart from in sec. 4.4),
the proof here tells us something important about it. Since on shell the background
field effective action gives the same results [48], we know that divergences that do not
vanish on the background equations of motion descend from functionals of the total
metric g,,,, whilst those divergences that vanish on the background equations of motion
belong to canonical transformations and are, thus, removed by reparametrising h,,,, not
the background field.

4.3 Explicit expressions for counterterms

We now verify these results in explicit loop computations, up to two loops. In particular,
we draw out the intimate relationship between the leading off-shell divergences for the
two-point vertex up to two loops and the one-loop counterterm diagrams [146] and, in
turn, to canonical transformations in the BRST algebra [139]. Since this necessitates
computing, as an intermediate step, of the off-shell divergences in one-loop diagrams with
three external legs, two of which are fluctuation fields, we widened our investigation so
as to compute explicitly all off-shell one-loop divergences with up to three (anti)fields.
Below we express these divergences in terms of the minimal-basis counterterms in Sy
(¢ = 1,2) that one needs to add to the bare action. In minimal subtraction, which we
follow, the counterterms are just minus the divergences. However, since the bare action
is a u-independent local functional, the RG and CME relationships are most naturally

expressed in terms of the counterterms, as we have seen in secs. 4.2.5 and 4.2.6.

In fact it was in the process of computing these that we noticed that purely background
metric pieces were not generated, which motivated the general proof in sec. 4.2.9. It
was also whilst analysing these that we noticed that the RG relations for counterterms
are actually crucial for consistency of the BRST algebra as realised on the Legendre
effective action versus as realised on the counterterms. This is explained in sec. 4.2.5.
Finally these results allowed explicit verification that the generalised S function proposal
of ref. [160] cannot be correct, which led to us formulating the detailed analysis provided
in sec. 4.4. We similarly hope that these examples will prove useful in future studies of

perturbative quantum gravity.

Just like for K in sec. 4.2.9, it is useful to split the Legendre effective action and bare
action according to antighost number. All antighost levels S™ depend on the graviton
fields hyy and hy,, but their dependence on (anti)ghosts is restricted by the quantum
numbers, cf. table 4.1. Thus S° depends only on the graviton fields, whilst T'°[H,,,,, H ,,]
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is the physical part that ultimately provides the S-matrix, S is linear in A** and c*

(in gauge fixed basis (4.2.18), ST renormalises the ghost action), S? is made of vertices

*

), Or two h**# and so on.

containing two c¢* and either one ¢

4.3.1 One-loop two-point counterterms
4.3.1.1 Level zero, i.e. graviton, counterterms

Recall from sec. 4.2.1 that we are using Feynman DeDonder gauge. As explained in
the next subsection, in this case it turns out that the result for the one-loop two-point
graviton counterterm can be expressed entirely in terms of curvatures linearised around
the flat metric. In particular let us introduce for the quantum fluctuation the linearised

‘quantum curvature’
Ruau[j = HRualjﬁ + O(Kz) 5 (431)

where we are expanding ¢, = 6, + kh,, and thus

o _
Rons = =204 Ophg) o
R} = =020+ 0,0%hyy0 — 3 Dby, (4.3.2)

RW =925ha5 —20¢

(defining %(tw + t,,) for symmetrisation v respectively antisymmetrisation t[W]).
Here we are using ¢ = %5“” hW3 and indices are raised and lowered with the flat met-
ric §,,,. Following the definition below (4.2.61), the linearised Einstein tensor is then

G,(}V) =-R,, + %5,“,]1%. Similarly we introduce the corresponding linearised background
(1)

o Dy replacing hy,

curvatures R\ 5 etc. and linearised background Einstein tensor G

” o
with A, .

FIGURE 4.3.1: Two-point graviton diagrams at one loop. The wavy line represents
the background field and the external plain line represents the quantum graviton field.
The internal lines represent both a graviton loop and a ghost loop.

Computing the diagrams in fig. 4.3.1 we find

st = e [ {5 (R9)" = 1o (R9)"+ 55 (R + 135 (R’
3

AL = (1w _
+ %RE}V)R(D” - 20R“)R(”}. (4.3.3)

3This definition is the previous one (4.2.16) after linearisation.
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The first diagram gives the first two terms, i.e. the pure quantum terms. The result
agrees with ref. [163]. It was calculated in a general two parameter gauge in ref. [162].
After correcting some typos and specialising to Feynman DeDonder gauge, it also agrees.
The next two terms, the purely background terms, agree with the famous result in [161]
and (up to a factor of 1/2) with [19]. For more details on these comparisons, see app.
4.A. To our knowledge the last two terms, i.e. the mixed terms, have not appeared in

the literature before.

By (4.2.39), the terms (4.3.3) must be part of an sp-closed counterterm action S ;.
Furthermore according to the proof given in sec. 4.2.9, since the quantum curvature
pieces vanish on the equations of motion and since there cannot be a separate purely
background part, we must be able to express the entire result as sg-exact, and thus in

fact the terms must collect into
S =Q K. (4.3.4)

Given that (4.3.3) is made solely of linearised curvatures, at the two-point level the only

1

possible terms in K7 ,, that can contribute, are:

1/1
K2M_26 *UU * A1 *kur pll — xp(l
Kl 3 W/x{ﬁh R + 99 RO + B R + 39 RO (4.3.5)

where 3, v, 3 and 7 are parameters to be determined, and we have introduced
@ = 3Gl (4.3.6)

by analogy with (4.2.16) (although here g, can be replaced by d,,,). It is apparent that
we have six numbers in (4.3.3) to reproduce with only four parameters, and therefore
this relation is a non-trivial check on the formalism. From (4.2.64), the action of Q™
reduces in this case to

Q W = 2 (G(W” + G(”””) : (4.3.7)

and thus from (4.3.4) and (4.3.5),

St = ’z}t)—: /x {25 (Rffu)Q —[B+7] (R<1>)2 + 2B (Rf}j)Q _B+7] (Rm)?

+2[8+BIRYRW™ 134 B+ 4+ W]R(I)R(l)} . (4.3.8)

We see that the mixed Ricci-squared terms must have a coefficient which is simply the
sum of the coefficients of the pure quantum and pure background Ricci-squared terms,
and likewise for the scalar-curvature-squared terms. One can easily verify from (4.3.3)

that these two constraints are indeed satisfied. Thereforem there are four independent
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constraints and we can find a consistent (and unique) solution. It is:

61 7

B:ﬁ’ 7:_%7

_ 7 11
- 5= 4.3.
B 0 7 50 (4.3.9)

4.3.1.2 Level one (a.k.a. ghost) counterterms

The level one two-point counterterm is computed by using the classical three-point
vertices involving h**" and transferring to gauge fixed basis using (4.2.18). We display
the result in minimal basis where it takes its simplest form, since it then contains only
the divergent corrections to Qhy, (at the linearised level, compare (4.3.10) to (4.2.4) and
(4.2.17)), but in gauge fixed basis the generated ¢* terms are the counterterms necessary
to renormalise the ghost action (4.2.20). We find that:

Sin= . / {;h*”“@iuaca - Zh*’“’l]@ucl,} : (4.3.10)
P
in agreement with ref. [163], ¢f. app. 4.A. Again these must belong to soK; 51 for a
suitable choice of K71, which means that we must add to what we have in (4.3.5). A
solution is to add
2,,—2¢ 2, —2¢

Kl 3 —;’Z‘f;)% /x R, Kl 3 _ZI&Z)% /m chet.  (43.11)
At the two-point level, it is straightforward to see that the level-two part gives the second
term in (4.3.10) via Q_Kf/l, whilst the level-one part gives the first term via QKll/l,
(4.3.5) making no contribution because it is annihilated by @. On the other hand, (4.3.5)
is still correct for reproducing S? /1 because the level-one part above is annihilated by
@, as follows by the Bianchi identity for the Einstein tensor or by recognising that the
above level-one part is proportional to Q~ (9%c}¢). Indeed at this stage one has to face
the issue that the solution for K is unique only in the cohomology. One can always add
an sp-exact piece to K, in particular one can add so(90%c}¢). The above solution is one

choice, in fact the same as that made in ref. [163].

Now let us comment on the results of the previous subsection. The fact that they can
be written covariantly, in terms of curvatures of the background metric, is of course no
accident: this is guaranteed by background diffeomorphism invariance. The fact that one
can also do so in terms of g, = 6, +rKh,, is however an accident of Feynman DeDonder
gauge. At the level of the action it is a consequence of the fact that Q_Sll n= 0 in this

gauge, and thus the graviton counterterm action must be annihilated by Q:

0=s0911 = @S} +Q S, =Q8Y), . (4.3.12)
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Up to cohomology and normalisation, there is a unique term ¢*Up € K /; that could
arise in the one-loop calculation which would break this ‘quantum diffeomorphism’ in-

variance. Equivalently in S we would find a term proportional to

Q_/sO*Dcp = —/(R+R(1))Dcp. (4.3.13)

Indeed from [162], cf. app. 4.A, we know this term is present in a more general gauge.
Furthermore we will see in sec. 4.3.3 that at two loops an analogous term is generated
even in Feynman DeDonder gauge, while at one loop but beyond the two-point level

many terms ensure that QS?/1 # 0.

This completes the calculation at the two-point level because it is not possible to generate

two-point higher level counterterms S?>1 (since n is also the pure ghost number).

4.3.2 One-loop three-point counterterms

This involves computing one-loop diagrams with the topologies given in fig. 4.3.2. Al-
ready at this stage there are thousands of divergent vertices, and computer algebra
becomes essential. We proceed by comparing the results with the general structure
(4.2.77), i.e. we should find that the counterterm action takes the form:

Sin[®, @7 = SO/1[9W] + 50Ky 1[®, 7] (4.3.14)

As explained in ref. [18], dimensional regularisation allows for the computation of the

Gauss-Bonnet topological term:

—2e
TH vpo y
S 1) = (4n)7e / V3 (RM?° Ryypy + R — ARM™R,,)
p (4.3.15)

TN_2€ afys v po
— (8 )26 \/ge 6MVpO'R OéﬂR ’76’
xX

s

which is the unique possibility for S? /l[g,w] up to choice of coefficient 7 and terms that

vanish on shell (cf. the discussion at the end of sec. 4.2.9).

FI1GURE 4.3.2: Topologies of three-point Feynman diagrams at one loop.
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Up to the three-point level, K;,; has no more than antighost number two. The two

antighost levels have the following general parametrisation:

—2¢
Y DL¥UV D ~ X T
Kl/l (4m)2e /x (B Ry + 39" R)

(47
H2M725 " 1
+ e 4B (99 o = 300)
+ (c1 = B) WV Vi + 9" <?Cﬁgh‘”5 - 2|jg0>
+ a3h*uyRuahaV + a4h*'m/Raﬂuﬂhaﬁ + ash*w/RlWSO
+ aﬁgo*Rthag + ochp*go}
HS —2¢

27
H .
7 /r;l bi (W*h?8%), (4.3.16)

9 /£2,u_25 B _ L
* * % U
Kl/l = W)zg/x (CQCHDC“ + a1¢, "R+ asc,,c” R V)

/\f Qg VHLp * + agh**PV haﬁc” + aipp h* BAviare

+anh, h*a,,V“c”)

/Zd c*chd?), (4.3.17)

3 —2e

Here we have used the symmetries and statistics of the (anti)fields. In particular, the
result must be background diffeomorphism invariant (which implies the factor of 1/,/g in
the terms with two antifields, because we defined them to transform as tensor densities
of weight —1). Furthermore, we know that the terms with one antifield have two space-
time derivatives whilst those with two antifields have one spacetime derivative. The

power of k and p then follow from [K] = —1.

The parametrisation must be consistent with the results at the two-point level, hence the
appearance of parameters 3, 4, 3 and 7 from (4.3.5). We similarly introduce parameters

c1 and ¢ where, from (4.3.11), we know that

1 3
a=-g, and =g (4.3.18)

Background diffeomorphism invariance tells us that the linearised curvatures accompa-
nying # and 7 simply become full curvatures (by (4.3.1) they absorb one power of )
but, as discussed in sec. 4.3.1.2, the appearance of the linearised quantum curvatures
in (4.3.5) is accidental, so it is more appropriate for the 8 and v pieces to appear with
their separate parts covariantised, following (4.3.2). Even though all these parameters
are known, and that includes 7 [18,165], we leave them general when we match to the

three-point one-loop results, as extra checks on the formalism.
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The remaining eleven «;, twenty-seven b;, and twenty-one d;, are genuinely free param-
eters to be determined. The schematic representation for the d; terms means that one
sums over the vertices with coefficients d;, these vertices being the twenty-one linearly
independent combinations of two spacetime derivatives and one c,, P, and hys. We
ensure independence under integration by parts by taking as representatives those ver-
tices where ¢}, is undifferentiated. Since the d; terms are already three-point vertices,
as are the b; terms, background covariantisation is ignored there. For the same reason,
we actually do not need diffeomorphism invariant expressions for the ag, - -- , @11 terms,

whilst in the other a; terms we actually only need the linearised background curvature.

The sum over b; vertices is defined in the same way as for the d; vertices, except that all
terms involving 9, h**? are discarded, and likewise any two vertices should be considered
equal if they only differ by such terms on using integration by parts. (This can be
implemented straightforwardly by deriving the vertices in momentum space.) The reason
for this restriction is because at the three-point level, vertices containing d,h**? are
already accounted for in the d; sum. As in the discussion in sec. 4.3.1.2, this is a
consequence of the fact that we can add an sp-exact part to K;,; without altering .Sy,
cf. (4.3.14). At the three-point level we can add (Q + Q7)(c*h%d), but Q~ generates
the 9,h**? terms while QQ maps onto combinations in the d; sum that contain 9(aCB)-

Finally, for the same reason we do not want a free parameter for the combination
K K

——=350 —=

v V9

The last three terms on the right hand side appear in our parametrisation, but this is

(O* B b)) = RE* by, + 20" R hag — 2R 0 — 2—=0* W'V ¢, . (4.3.19)

why the first term is missing from it.

Although the resulting parametrisation is long, it is a dramatic reduction compared
to the thousands of vertices from the Feynman diagram calculation, and therefore in
fact the parameters are vastly overdetermined. That we nevertheless find a consistent

solution for all vertices is thus a highly non-trivial verification of the formalism.

Matching to just the (antighost level zero) pure background ® vertices, we reproduce
well-known results: we confirm that the pure background curvature-squared terms at

the two-point level, cf. (4.3.3), are covariantised to full background curvatures, as is

1
1/1

Gauss-Bonnet term given in (4.3.15). In this way we reaffirm the 5 and 7 values from
(4.3.9) and also find

in fact clear here from our K, (4.3.16), and confirm that the remaining part is the

53
90’

in agreement with previous calculations [18,165].

T =

(4.3.20)

One can determine all the coefficients in K 11 / by matching to antighost level zero vertices,
up to several vertices parametrised by c¢;. In fact just using the h2h and h3 vertices is

sufficient to determine all that can be found at this level, but we matched also to n’h
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vertices to verify the result and further confirm consistency. The K f N parameters cannot
of course be determined by matching to antighost level zero vertices, because the lowest
antighost level it generates is level one, via Q™K f 1 while ¢; and some vertices in the
b; sum also remain undetermined because in K 11 /1 at the three-point level they can be
collected into ¢1Q™ (c*'V,p).

Now all the parameters in K12 1 and c¢1, can be (over)determined by matching to the

full set of level-one three-point Feynman diagrams with topology of fig. 4.3.2, 4.e. such
that one external leg is a ghost ¢#, one external leg is h**? and the remaining leg is h
or h. In this way we recover the previously stated values for ¢1, ca, 3, 7, B and v, and

determine that

! 1 161 1 3 7

M=TRr VT Top WT Iy MT a0 BT Ty YT Ty
19 1 1 4 1

ar 60" asg 6’ Qg 12’ a10 15’ a1 6’ ( )

and also the b; and d; parameters as given below:
el 5 13 1
*71.202 *UV 2 *pv 02 « kLo v v
D b (Wh*0?), = P PO — 1™ O2,hP s + TP (0" hawDusp = 00" haw)
i=1

61 7
+ 5o (Ouhan 0 = hasdup) + Sh™ (0t o = 100,17

61 13 43
— Sh™ (0hs"0uh" o = 2, h5"R70 ) + 0" O, O o + o0 h, 0O
. 53 . 17 . 3,
+ 1207 0" hg,0*hP , — 6% hap0”0%p — 0% 0" ha0%p — 0% ey
11 * 14 9 * 14 * 14 11 * 14
~50? 002 h™ + 07 hagﬂhﬁa + T Oppd” p — 0% 0,h“ 30 he,
131 1 1 27
= 5o O Ot — Zh*“”haﬂaiﬁhﬁ,, - Eh*waaha#aﬁhﬂ,, - %h*waﬁh%aahﬂ,,
17 7 1 37
+ O hyu g0 By + — W O% gy h®P — W OhyghP, + B 9y, 0P hag
80 80 2 80
- %h*“”hWD@ + éh*’“’hw&iﬂh“ﬁ + %h*wmhw@. (4.3.22)
21
Zdi (C*ch@Q). = 1 HO? P — Ec* otc’ 0, + ﬂc"‘ o’ 0qh™, — Ec*"ﬁQ c’h®,
prt v 12 e 480 # 480 * 24 e
1, 1, 1, 101 , 1,
— §C “’c”afwgo + 66 “cl’@fwho‘u — ﬂc“&,cl’a“cp — @clﬁacya“ha,, — gcaafwc”ha“
119 1 1 301 1
— @cfxfwcyayhau + ﬁc;c”afwha“ + gcz&,cyﬁ“hau — @cza’/ca&,g@ + Zcho‘Dap
1 1 27 239 1
+ chDcO‘go - ECZCaaiyh“” + @cZDc"ho‘u - @cz&,d‘é)"hau — ECZC“DhO‘M
7 241
+ @c;agycah“” + @cj;a”c“aﬂhw : (4.3.23)

Since the above provides us with the full expression for Kj,; up to the three-point
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level, we get as a bonus the full expression up to three-point level for the antighost
level-two counterterm, without having to compute it from Feynman diagrams, since it is
given by S% n= QK 12 e This completes the explicit calculation of all off-shell one-loop

divergences with up to three (anti)fields.

4.3.3 Two-loop double-pole two-point graviton counterterms

Now as advertised we use the one-loop counterterm diagrams, illustrated in fig. 4.3.3,
to compute the two-loop 1/e% counterterm via the RG relation (4.2.44). We limit our-
selves to the two-point diagrams at antighost level zero, ¢.e. with either a quantum or
background graviton external leg. This is already enough for a non-trivial explicit test

of the second order canonical expansion relation (4.2.71).

FIGURE 4.3.3: RG relates the 1/¢2 pole in the two-loop two-point counterterm ver-
tices to one-loop counterterm vertices, represented by the crossed circles, via one-loop
counterterm diagrams with the above topologies.

For the first diagram in fig. 4.3.3, we need the one-loop two-point counterterm vertices
with purely quantum legs. They are given by (4.3.10) and the first two terms in (4.3.3)
for ghosts and graviton respectively. (In the former case we need to shift to gauge
fixed basis using relation (4.2.18) at the linearised level.) For the second diagram we
need the one-loop three-point counterterm vertices with two quantum legs and either an
external hqg or Ea[g. These can be ported directly from intermediate results created as
a side-product of the computation reported in the previous subsection. Alternatively,
they can be generated by evaluating sk, using the explicit expressions given there.
(As expected the topological counterterm (4.3.15) can be disregarded since it makes no

contribution to the Feynman integrals.)

The result we find is that for two-point vertices:

1 w*pte 11 - = 5 = = 469
A ZrOOr® L 2 pWwopt) OORM
%202 = T (a2 /x{BGR R it Dl = g DR
79 781 _ 53— (1)uw
— rWwORM 4 = RWORM 4 22 pORM)
T 200 w3600 * 150 w

_ 3L e L p) 2
= (R +R )Dg@ , (4.3.24)
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where the overall factor of —1 is the conversion (4.2.44) from the double-pole in fig. 4.3.3
to the two-loop counterterm S;/5. As we will see this result passes a highly non-trivial
consistency check in that it satisfies the second order canonical transformation relation
(4.2.71). As far as we know the above result has not appeared in the literature before,
except for the one term: R" V@RW [19]. However this was quoted there as part of some
partial results that unfortunately contain an error [160]. Nevertheless comparing the

coefficients for this one term, we find that they agree up to a factor of half, see app.
4.A.

Recall that the one-loop level-zero two-point result (4.3.3) can be written entirely in
terms of linearised curvatures (4.3.2) and is thus invariant under (linearised) diffeo-
morphisms, in particular also for the fluctuation field h,,. This latter invariance is a
consequence of invariance under the linearised BRST charge Qh, = 9,¢,). Recall also
from sec. 4.3.1.2 that this property is actually an accident of Feynman DeDonder gauge.
The presence of the [(J?¢ term above shows that at two loops, one’s luck runs out and this
property is violated. As is evident from the form of this last term, it just corresponds to

inserting another [J into the unique one-loop @Q-invariance-breaking possibility (4.3.13).

In the remainder of this subsection we will show that the double-pole (4.3.24) corresponds

to a canonical transformation taken to second order, i.e. can be expressed as in (4.2.71):
1
Sy = 5(51, Kl) + soKs . (4325)

Actually recall that this expression follows from the non-linear CME relation s9S; =
—%(5’1, S1), viz. (4.2.41), on assuming that S; is given only by the exact piece sqK7,
whereas the one-loop solution (4.3.14) also contains the Gauss-Bonnet term (4.3.15).
However since the latter is topological it makes no contribution to the antibracket and
thus (4.3.25) is indeed the correct solution.

From sec. 4.3.2, it is clear that (S7,S51) cannot vanish at the three-point level, and
thus the non-linear CME relation itself is highly non-trivial. However for the two-point
vertices (S7,51) in fact does vanish. This is straightforward to see by inspection since
for the two-point vertices we only have the pure curvature antighost level zero part,
S?/l, as given in (4.3.3), and the antighost level one part, Sll/l, as given in (4.3.10).
But substituting these into (51/1, 51/1) the net effect is to replace hy, in a ‘quantum
curvature’ by either 82Vac°‘ or 0J9,,c,, (up to some coefficient of proportionality), causing

the result to vanish since both of these are pure gauge.

Thus the non-linear CME relation (4.2.41) only implies that the two-point vertex in So
is sg-closed. The problem is that the two-point level is to a certain extent degenerate.
A related point is that if we take the action only to have an antighost level zero piece,
and take this to be any product of linearised curvatures, that is any one of the terms
in S(l)/l of (4.3.3), then this action is sp-closed at the two-point level since the linearised

quantum curvatures are invariant under linearised diffeomorphisms. Nevertheless as we
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will see, this test is still non-trivial because although at the level of two-point vertices

2(S1, K1) in the general solution (4.3.25) is so-closed, it is not sp-exact.

Specialising (4.3.25) to antighost level zero and divergences we have

1 _
52/2 = *(51/17K1/1) +Q Kgl/g. (4.3.26)

Substituting [, h**92 ¢ for K1/1

same reasons as above. Therefore the (4.3.11) part of K /; makes no contribution. Since

into the antibracket, we see that it vanishes for the

the remaining part of Ky, viz. (4.3.5), is made of linearised curvatures, we see that the

antibracket contributes terms with linearised curvatures only. Explicitly, we find

1 ’%4#45 1 (1) ) (v
2Kl = (i [ { - 56 + HIBUDRYY - R,WOR

+ (37 + 287 + BOROR + 1(35° + 37y + 287 + By + B* + 67 + 6B) RVDRY

1 _ P D ; ) _ _
— 588+ 3BRWORM™ + 2(997 + 397 + 3By + 387 + 287 + 388 + )ROR |
(4.3.27)

where recall that the parameters were determined as in (4.3.9). Now this cannot come
from an sg-exact expression because if it did, we could write it as QK for some K.
We can check if this is so by using the same rule discussed in sec. 4.3.1.1, i.e. from
(4.3.7) we know that this would imply that the coefficient of the mixed terms above
must be equal to the sum of the coefficients of the equivalent pure quantum and pure
background pieces. It is easy to see that this does not work. Similarly one can verify

that the curvature terms in (4.3.24) do not sum to something that is Q™ -exact.

But according to (4.3.26), on subtracting (4.3.27) from (4.3.24) we should be left with
a (Q”-exact piece. We have already seen that this is true of the non-covariant term, the
last term, in (4.3.24). The remaining parts are pure curvature terms and must thus have
the parametrisation (4.3.5) except with an extra [J inserted (and different coefficients),
up to some @~ -exact remainder, Q™R € KQI/2 (which does not contribute to (4.3.26)
because @~ is nilpotent). Matching to the above results, we find that this is indeed the

case and thus we derive K21 /2 at the two-point level in the form

11 877 71
Kl _ K[ / B0 R(l) DR( )
22 = (4m)22 |, {28800 * 18007

361 (1) 2719 H(1) 31 9 } _

—— —p* . (4.3.

osso0” D+ qae0# DR~ ¥ Heg 1 QTR (43.28)

Like in (4.3.5), the remainder term Q™ R has 9,h**? as a factor. It could also be derived
by matching to the two-loop double-pole level-one counterterm diagrams, and they can
be computed using the results we have already obtained. However the above form for

Ky /5 is sufficient for our purposes.
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4.4 Generalised beta functions and why they are not finite

In this final section we comment on some ideas for generalised S-functions, where the
field is taken to play the roéle of a collection of couplings. The key idea is to exploit
relations that follow from assuming that these S-functions are finite. Unfortunately this
assumption is incorrect. We explain why natural generalisations that respect the BRST

symmetry also fail to work.

Inspired by ref. [179] and its many follow-ups e.g. [180,181], which themselves are inspired
by refs. [182-184], the main proposal of ref. [160] consists of two key steps. The first
key step is to allow for a non-linear renormalisation of the metric, replacing g, in the
Einstein-Hilbert term of the classical action (4.2.4) with a bare metric g, which is then

expanded as
921/( g/ﬂ’ + Z k g,ul/ . (4'4'1)

The g/’j,/ are assumed to be local diffeomorphism covariant combinations constructed
from covariant derivatives and curvatures using the renormalised metric g,,,. With this
assumption, the proposal only applies to non-linear renormalisation of the background

metric.

In ref. [160] the ;1 dependence in (4.4.1) is simplified to an overall multiplicative p =2

the right hand side, by taking the mass dimensions to be [ggy] = —2¢, while [gu] =0
and [k] = —1 (also in d dimensions). However the same physics can be arrived at by
including g in the more conventional way, as we do. Thus, our metrics are taken to
be dimensionless, while [k] = —1 + . Then by dimensions, the g/’j,/ are forced to have
explicit dependence on u, cf. sec. 4.2.6 and sec. 4.3. In fact the ¢-loop contribution is
constructed from 2/ covariant derivatives, rendered dimensionless by the factor (rpu=%)%.
A renormalisation of form (4.4.1) can provide all the covariant counterterms in the bare
action that vanish on the equations of motion. For example, the purely background

metric counterterms (in Feynman — De Donder gauge) are [161], ¢f. (4.3.3) and below

(4.3.18),
Sy = 47r /f(lzoR + oRi">' (4.4.2)

These counterterms can be generated by defining

2 —2¢ 7 _ 11
rH gl where gl R g

-0 _ - . —
g,uu - gp,z/ + (47_‘_) c guya g,w - ZO Nz + EQW’R (443)

(where, from here on, we make explicit the ku=¢/(47) dependence in wa).

Now by insisting that the bare metric is independent of u, and differentiating both sides
with respect to u, one obtains a kind of generalised “beta function”, B.g = 10, gas

for the renormalised metric (non-linear wavefunction renormalisation might be a better
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term). For the above example, from (4.4.3), we have for the background metric to one
loop,
2,,—2¢

2 _ohH T
5/“/ =2 W gul’ . (444)

The second key step is actually implicit in ref. [160]. It is the assumption that such
generalised beta functions are finite in the limit € — 0. We have just seen that this is
trivially true at one loop, but at higher loops this is a powerful assumption. Just as
with the usual beta functions in a renormalisable theory, the one-loop result would then
be enough to determine the leading pole 1/ at each loop order £ without computing
any more Feynman diagrams. To see this in our example, assume we already know the
leading two-loop purely background counterterm and have chosen @?W to generate it via
2, —2% ok —de

0 _ K= 4 B
guu - g,uz/ + (471')28 g,uy + (47’(’)452 El,w, (445)

where the prefactor follows because QIQW will be formed from four background covariant
derivatives. Then cancellation of the 1/¢ single-pole in j3 v tells us that

~ 47T2,U,28 ~ ~
Gap = - 10,84519] (4.4.6)

Applying the Leibniz rule and using (4.4.4), we see that g2 5 should in fact be computable
simply by applying a first order shift of the background metric on the one-loop result:
Ly

Oa5 = 00apld],  Where  0G,, =5 Gy (4.4.7)

Unfortunately this does not work as can be verified explicitly at the two-point level
by using the pure background terms from (4.3.24) (for higher order see the discussion
below that equation). The reason is that the second key step, the assumption that these
generalised beta functions are finite, is incorrect. In the original incarnation as applied to
the target metric of the two-dimensional sigma model [182-184], it was correct, because
the target metric actually represents an infinite set of couplings. But applied to the

fields themselves, as in the proposal of ref. [160], it is not correct.

The obstruction to finiteness of /3 uwv Shows up most clearly in the gauge fixing. The
result (4.4.2) is derived using De Donder gauge (4.2.15). Clearly the transformation
(4.4.5) alters the gauge (4.2.15) (by a divergent amount). That is a problem because the
Legendre effective action is not the same in different gauges except on shell. But ﬁfw in

(4.4.5) has been chosen to cancel a part that only exists off shell.

In fact let us now recall that counterterms are required that depend on all combinations
of the fields, in particular the quantum fields, as we have seen. In the background
field method it is possible to work exclusively with diagrams that have only external

background field legs (as in e.g. [18]). However even if we do not explicitly track the
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value of counterterms that cancel divergences in vertices involving quantum fields, they
must be there in practice because they cancel sub-divergences in higher loops, and
higher loop divergences are local, as required, only if all these sub-divergences have been
cancelled [164,185,186], as we recalled in sec. 4.2.6.

Then as we saw in sec. 4.2.9, the ‘new’ divergences at each loop order are sg-closed.
Those that vanish on the equations of motion, are syp-exact and correspond to infinites-
simal canonical transformations (4.2.69) between the antifields and quantum fields. As
we proved there, and also verified in sec. 4.3, there is no separate purely background
renormalisation. What happens instead is that purely background counterterms also get
absorbed by these canonical transformations. This extends to the non-linear terms that
appear beyond one loop order. For example we saw that the leading (i.e. double-pole)
counterterm at two loops, (4.3.26), also involves carrying the one-loop canonical trans-

formation to second order, as we saw in sec. 4.2.8.

Now it is clear that if the proposal of [160] is going to work, it should apply not to
the background metric, but to the antifields and quantum fields. Indeed the second-
order canonical transformation 6¢(*) given in eqn. (4.2.74), is the correct non-linear

transformation between bare (anti)fields
o0 = ) + 5 (4.4.8)

and renormalised (anti)fields #™*), such that it will generate through Taylor expansion
(4.2.76) of the classical action, all the required counterterms that vanish on shell, up to

two loops.*

Independence of (;S(()*) on 4, then implies the generalised beta functions

BAp,¢*] = pdud®  and  Bilh, 0] = ndud . (4.4.9)

Following the previous argument, if we assume that these beta functions are finite, we
can derive Ky from K without computing Feynman diagrams. Once again we can check
this idea explicitly using the results for K; from sec. 4.3.1. It turns out that it implies
that at the two-point level Ky must vanish. But from (4.3.28) this is incorrect. In fact,
irrespective of the details, this proposal cannot work because the K terms just furnish
linearised curvatures for K5, whereas Ko has the explicitly non-covariant piece — the
last term under the integral in (4.3.28). Again, the mistake in this reasoning is the

assumption that the generalised beta functions are finite.

To see why they cannot be finite, note that the partition function (4.2.28) now takes the
form

Z[J,¢%] = /D¢ e~ Slo0: 51 +0% A (4.4.10)

4The Jacobian for this local transformation vanishes in dimensional regularisation, recall below
(4.2.31).
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Here the bare antifields are responsible for generating all the counterterms that vanish
on shell, via canonical transformations (4.2.74), whilst S itself contains the counterterms
for cohomologically non-trivial pieces which depend only on the total metric, such as

the topological term (4.3.15) at one loop, and the Goroff-Sagnotti term [19]

209 /QQM—QE " " s
> %(471’)45 /{E\/‘aRaﬁ Rv& Reg‘ (4.4.11)

at two loops. All Green’s functions are then finite (in particular this is so for the Legen-
dre effective action, which is a functional of the classical fields ®* and the renormalised
antifields ®% = ¢%). However for the operators that vanish on shell, we are now at-
tributing p dependence to the renormalised (anti)fields ™) rather than renormalised
couplings ¢, as before. Unfortunately p-independence of the bare action S[¢g, ¢f] then

implies that 84 cannot be finite since:
0,2(0,6°) = [Do B(,67)0 <~ SToosilo . (4.4.12)

Indeed the left hand side is finite by construction, but the right hand side involves
the insertion of 4 which is local and non-linear in renormalised quantum fields. The
insertion of such terms generates new divergences, and the only way they can be cancelled

is if in fact B4 already contains precisely the right divergences to cancel them.

4.5 Discussion and Conclusions

Off-shell counterterms in quantum gravity, defined perturbatively as an effective theory
about a background metric g,,,,, are invariant under background diffeomorphisms, BRST,
and the RG. In this chapter we have drawn out some of the consequences of the way

these symmetries are interwoven with each other.

In particular we have shown in sec. 4.2.9 that at each new loop order the new divergences,
those that are annihilated by the total classical BRST charge sg, can be characterised
as being either diffeomorphism invariant functionals of the total metric g,,, which do
not vanish on the classical equations of motion (i.e. do not vanish when G, = 0) or as
so-exact functionals which are thus first order canonical transformations of the antifields
and quantum fields (cf. sec. 4.2.8). In particular we show that there are no separate
purely background field divergences. Then it follows that those background field terms
that do not vanish on the equations of motion G, = 0, are part of the diffeomorphism
invariant functionals of the total metric, whilst those that do vanish on the equations of
motion are renormalised by reparametrising the quantum fluctuation h,, as part of the

canonical transformations. The background metric itself is never renormalised.

By adding the antifield sources for BRST transformations, we keep track of the defor-

mations of the BRST algebra induced by renormalisation. These appear as part of the
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sp-exact counterterms. Whilst the Zinn-Justin/CME equation is preserved at each loop
order ¢ for both the bare action and the Legendre effective action, the BRST transfor-
mations are altered in a non-linear way beyond one loop. As we demonstrated in sec.
4.2.5 this brings the Legendre effective action and bare action realisations of the CME
equation into tension with each other. This tension is resolved by the RG identities for
a perturbatively non-renormalisable theory, which relate lower loop ¢/ < ¢ counterterm

diagrams to higher order poles at ¢-loop order [146].

In this chapter we only demonstrate how this works at two loops. A fully general
understanding of how the RG ensures consistency for BRST seems possible, following the
general understanding of the RG identities [146] and e.g. the proof of renormalisability
put forward in ref. [139] for effective theories with gauge invariance (the latter does not
address the above tension but proceeds assuming both realisations of the CME remain

consistent with each other).

Let us emphasise that the way the RG and BRST relations work together is quite
remarkable. On the one hand the RG relates the two-loop double-pole vertices to the one-
loop single pole vertices through a linear map which however involves computing further
one-loop Feynman diagrams (the counterterm diagrams). On the other hand BRST,
through the second-order CME relation (4.2.41), directly relates the two-loop double-
pole vertices to the square of the one-loop single-pole vertices, i.e. without involving
further loop calculations. In a sense then the BRST relations achieve what generalised

beta function proposals, cf. sec. 4.4, fail to do.

However the BRST relations do not determine the higher pole vertices completely but
only up to an sp-closed piece, for example this is evident in the two-loop relation (4.2.41):
50522 = —%(5’1/1,5’1/1). They are thus less powerful than the RG identities. In fact
in sec. 4.3.3, we saw in Feynman — De Donder gauge that the non-linear term on the
right hand side starts only at the three point level. As we explained, at the two-point
level the equations degenerate, although they still allow a unique determination of the

second order canonical transformations, and, thus, also the new sp-exact piece.

Let us note that the way the RG works to ensure consistency of BRST invariance, is not
unique to non-renormalisable gauge theories. However, in renormalisable theories, the
divergent vertices are those in the original action. The RG identities for counterterm
diagrams then play a less dramatic role in that they just ensure that these divergences

appear with the correct sign so that they can be renormalised multiplicatively.

For quantum gravity, we verified the assertions above in sec. 4.3 by computing coun-
terterms at one-loop up to the three-point level and up to two-loops for the graviton
two-point vertex. Exploiting the BRST properties we gave a general parametrisation of
the one-loop three-point counterterms and determined the parameters by matching to

the graviton and ghost one-loop integrals. The antighost level two counterterms (which
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renormalise the BRST transformation of the ghosts) then follow without further Feyn-

man diagram computations.

These results could be readily extended, for example the ghost two-loop double-pole
two-point counterterms can be computed using the vertices presented here and this
would allow the form of the two-point Ky to be fully determined, cf. eqn. (4.3.28).
An interesting but more challenging project would be to work out the form of the one-
loop counterterms to the next order in wa since this would allow one to determine the
two-loop double-pole three-point background field vertices which would then allow a
complete comparison with the off-shell results reported in ref. [18]. The parametrisation
we give for K/, in (4.3.16) and (4.3.17) looks sufficient to compute the corresponding
one-loop counterterm diagrams, if the d; and b; terms are covariantised, however this
introduces a number of new terms with undetermined coefficients, in particular we would
need to determine the h*h2R"Y terms. The simplest way to do that would appear to be

by matching to one-loop h*chh divergences.

In our discussion of generalised beta functions in sec. 4.4, we explained why they cannot
be finite and verified this using our explicit results from sec. 4.3. In particular for gen-
eralised beta functions based on the canonical transformations we obtained the formula
(4.4.12) which shows why they cannot be finite. Nevertheless, this formula implies some
interesting relations between the divergent higher order coefficients and the divergences
generated by expectation values of the lower coefficients. It would be interesting to

verify these and explore further their consequences.

Finally let us return to our original motivation and note that the counterterms we have
derived give directly the leading log behaviour at large euclidean momentum. Indeed,
the one-loop divergence (4.2.47) and counterterm (4.2.48) taken together determine the
ln(p2 / u2) part. One can check explicitly that the two-loop double pole (4.2.52) from
diagrams using only tree level vertices, together with divergences (4.2.51) in one-loop
counterterm diagrams and the double-pole counterterm from (4.2.54), conspire to cancel
all but a remaining [In(p?/4?)]? term. Thus from the explicit results (4.3.3) and (4.3.24)
we see that the leading log contribution of for example the two-point h,, vertex is given

to two loops, in Feynman — De Donder gauge, as:
h Ful/oaﬁ h 2 2 1h2
uy (p) aB =D ¥ - 5 (0
K2 p? 61 19
In{ 2 ) [ =(RMWHY2 _ —Z (p(1))2
T e n<ﬂ2> (60( w )" = 730

Kkip? 2\ 1% / 469 79 31
_ m( N (269 paye — T payy2 . 3L 2pn)
(4w)4[n(,ﬂ>] (7200(R )"~ qo B+ P B0 )
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where h,, and ¢ = %h”u here just provide the polarisations, and the linearised curva-

(1)

tures (4.3.2) should be similarly understood and cast in momentum space, thus R o =

2P Phg) o) ete.

Of course as physical amplitudes these corrections vanish on shell, while for the moment
it remains just a dream that a way can be found to resum these leading contributions to
all orders, where one might get powerful insights into the non-perturbative UV behaviour
of quantum gravity. Nevertheless we hope that the detailed understanding we have
gained of some of the consequences of combining background diffeomorphism invariance,

RG invariance, and BRST invariance, bring that dream a step closer to reality.

4.A Comparisons with the literature

Here we outline the differences in convention and notation that need to be taken into

account in order to compare with other results in the literature.

The two-point purely quantum one-loop counterterm given in (4.3.3), corresponding
to the first diagram in fig. 4.3.1, was computed in a general two parameter gauge
(6", + BO,KL,)? in ref. [162]. (We put a tilde over his parameters so as not to
confuse with the ones used in this chapter.) After taking into account the Minkowski
signature and that factors of 1/(27)* are accounted for differently, it should coincide
with the first two terms in (4.3.3) on specialising & = 1 and B = —% to get Feynman

DeDonder gauge.

Initially the results did not coincide. Recomputing the two-point vertex in this gen-
eral gauge we found the following typos in ref. [162]: in the square brackets of his T3
there should be an extra term: +4§534/5¢2, and in Ty the term —135(32/&) should read
—135(@2/&2). Finally his parameter a should be defined as a = 1T, — T, rather than

%E4 as stated. Once these are fixed, we find complete agreement.

The result for the purely quantum pieces in (4.3.3) also agrees with the result quoted in
ref. [163] on recognising that there the divergence can be recovered by setting In(1/ugr) =
1/2e. This mapping is also the one to use to compare the level one divergence with
(4.3.10).

The purely background terms in (4.3.3) agree with ref. [161] on recognising that their
e = 872(d — 4), their definition of Ricci curvature is minus ours, cf. below (4.2.5), and
that their action is defined to be the opposite sign from the usually defined Euclidean
action, cf. (4.2.4). Their normalisation of the scalar curvature term is also non-standard
but this is repaired by mapping g,,, — ﬂmg,w and has no effect on the one-loop result,

since it is a curvature-squared action.
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In the famous paper [18], this result is reproduced but the value quoted is half that of
(4.3.3). To see this one should note that it is Minkowski signature and their e = 4—d i.e.
is twice ours. (There is also an accidental extra factor of 1/¢ in their quoted equation.)
They also quote a value for some two-loop double-pole divergences. The one point of
comparison is the result (4.3.24) for the R*’OR,,, counterterm. Using these translations

we see that their result is again half of what we find.
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Chapter 5
Summary and concluding remarks

The research presented in this thesis considers a broad range of applications of the
renormalisation group to the study of gauge theories and gravity. Let us summarise our

main findings.

In chapter 2 we explored the properties of the background independent ERG flow
equation constructed in ref. [47], which has some remarkable advantages: preserves
gauge invariance manifestly, avoids introducing unphysical fields and does not require
gauge-fixing. This would make it suitable for studying gauge theories or gravity non-
perturbatively. However, we showed that in the simple case of SU(N) Yang-Mills it
fails to completely regularise the one-loop off-shell longitudinal part of the two-point
vertex, thus invalidating powerful techniques previously used to uncover universal re-
sults [71,96]. In particular, we proved that the problem is two-fold. First, we argued in
section 2.6.3 that the convergence of the O(p") part of the two-point vertex depends on
whether we perform the momentum integral before or after differentiating with respect
to A, and although we can formally set the divergent A independent piece to zero, it is
unclear if this could be consistently carried to higher orders. Second, we demonstrated
in section 2.6.4 that the O(p?) part of the two-point vertex cannot be simultaneously
transverse, as required by gauge invariance, fully regularised and universal, regardless

of the covariantisation or the cutoff profiles used.

In chapter 3 we investigated the spectrum of eigenoperators around a non-trivial fixed
point for O(NV) and single component scalar field theory. We demonstrated that analytic
results can be obtained within LPA and in the large field limit. The key idea was to recast
the flow equation as a Schrodinger-type equation using SL theory, and then analyse it
using WKB methods. This in turn allowed us to compute in (3.3.27) and (3.2.28) the
leading order contribution and power-law growth of the subleading contribution to the
scaling dimension of highly irrelevant operators for O(N) and single component scalar

field, respectively. We also proved that the leading contribution for the O(N) case is
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twice that for a single scalar, and that both results are independent of N or the cutoff

profiles used, thus universal.

Finally, in chapter 4 we delved into the perturbative off-shell structure of pure gravity
using the background field formalism. We argued in section 4.2.3 that the use off-shell
BRST over the textbook on-shell BRST is more appropriate. In this way, we were able to
uncover a series of surprising and important results. First, we showed in section 4.2.5 that
RG is already at the perturbative level the crucial element that ensures the consistency
of the CME. And thus we were able argue and show that the BRST transformations
get drastically modified. Second, we showed that divergences that do not vanish on-
shell are constructed from only the total metric, whilst those that vanish on-shell are
renormalised by canonical transformations involving the quantum fields. We proved this
by computing in section 4.3 explicit expressions for the leading off-shell divergences up
to two-loop level. This, in turn, allowed us to invalidate in section 4.4 the generalised

beta functions proposal of ref. [160].

There is no doubt that more work needs to be done regarding the topics covered in
this thesis. As outlined above, understanding the interplay between different scales is
surely of importance and central to this is the renormalisation group, which featured
in its various incarnations throughout this thesis. This comes with its own challenges
and difficulties, a few of which we tried to address. As emphasised in the introduction,
what sparked our interest for it, to begin with, was the possibility to delve deeper
into the quantum structure of spacetime. It would be a triumph for the RG program,
as originally envisaged by Wilson, to achieve such a goal. Thus, we hope that the
perspective constructed in this thesis is broad and compelling enough to argue in a
convincing manner in its favour. This is not to say that it is the only way forward
or that other frameworks should be ignored. As mentioned before, many of these are
promising and have interesting features worth exploring. However, the versatility of
the renormalisation group that we have highlighted throughout this thesis makes it a
powerful tool capable of investigating quantum gravity, gauge theories or, more generally,

for exploring new physics.
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