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ABSTRACT

Turbulent plasmas such as the solar wind and magnetosheath exhibit an energy cascade that is present across a broad range of scales, from
the stirring scale at which energy is injected, down to the smallest scales where energy is dissipated through processes such as reconnection
and wave–particle interactions. Recent observations of Earth’s bow shock reveal a disordered or turbulent transition region exhibiting
features of turbulent dissipation, like reconnecting current sheets. We used observations from magnetospheric multiscale (MMS) over four
separate bow shock crossings of varying shock normal angle to characterize turbulence in the shock transition region and how it evolves
toward the magnetosheath. These cases studies have been chosen to ensure validity of Taylor’s hypothesis, which we discuss in depth. We
observe the magnetic spectrum evolving by fitting power laws over many short intervals, finding that the power-law index in the shock tran-
sition region is separable from the upstream and downstream plasma, for both quasi-perpendicular and quasi-parallel shocks. Across the
shock, we see a change in the breakpoint location between inertial and ion power-law slopes. We also observe the evolution of scale-
independent kurtosis of magnetic fluctuations across the shock, finding a reduction of high kurtosis intervals downstream of the shock.
Finally, we adapt a method for calculating correlation length to include a high-pass filter, allowing estimates for changes in correlation length
across the shock. In a quasi-perpendicular shock, we find the correlation length to be significantly smaller in the magnetosheath than in solar
wind; however, the opposite can occur for quasi-parallel shocks.

VC 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0160439

I. INTRODUCTION

Turbulence is a ubiquitous phenomenon in space plasmas, occur-
ring in systems ranging from star formation1 to galaxy clusters2 to plan-
etary magnetospheres3 and the solar wind.4–6 In collisionless plasmas
such as the solar wind, the mechanisms for dissipating energy in turbu-
lence are not well known,6 and solving this problem is vital for our
understanding of turbulence in general. In the heliosphere, for example,
turbulent dissipation is a suggested source of the heating observed in the
solar corona.7,8 One of several proposed solutions to this dissipation
problem is magnetic reconnection,9,10 in which local changes in mag-
netic topology rapidly transfer energy from fields to particles, resulting
in particle acceleration and heating.11–15 Some other possible explana-
tions for energy dissipation include wave–particle interactions, driven
by cyclotron resonance or kinetic Alfv�en waves.16,17

One advantage of using the local space environment to study
plasma turbulence is that it allows for high-cadence in situ observation

of structures associated with turbulent dissipation, such as reconnect-
ing current sheets. The magnetospheric multiscale (MMS) mission has
recently been used to observe electron outflow jets at thin current
sheets—a signature of reconnection—in Earth’s magnetosheath18 and
the bow shock transition region.19,20 Recent simulations21–24 have
shown that processes in the shock foot can generate current sheets and
magnetic islands, contributing to the formation of a transition region
that can appear turbulent. The properties of turbulence are also known
to vary across different plasma regimes, such as the solar wind and
magnetosheath.25 Furthermore, the properties of turbulence are also
known to vary within the magnetosheath, varying with the upstream
shock orientation26 and between the sub-solar point and flanks.27,28

Hence, these observations of turbulence and coherent structures in the
shock layer, and differences in the characteristics of turbulence
throughout the magnetosheath together raise two open questions: (1)
Is there a measurable difference between turbulence seen in the bow
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shock transition region and in the surrounding plasma (i.e., the solar
wind and magnetosheath)? (2) How quickly does well-developed tur-
bulence arise in the magnetosheath after a bow shock crossing? For
both of these questions, we also compare the differences between
quasi-parallel and quasi-perpendicular shocks.

We note that some definitions of turbulence require a “well-
developed” inertial range, allowing a complete cascade from the
largest, fluid-like scales in the plasma, through the kinetic regime and
ending at the dissipation scale. In the shock transition region, disordered
fluctuations may be driven by non-linear interactions and instabilities
that arise at scales smaller than the inertial range, but nevertheless
appear to cascade and dissipate energy in the region. In this study, we
will refer to these processes as turbulent; however, it is possible that they
will not always fit the definition of fully developed turbulence.

In this paper, we address the aforementioned observations by
studying the evolution of magnetic fluctuations from the solar wind to
magnetosheath, i.e., across the bow shock, using three different mea-
sures of turbulence: the magnetic spectrum, the kurtosis, and the cor-
relation length (e.g., Ref. 29). From the magnetic spectrum, we extract
the spectral break between inertial and ion scale ranges, which is
related to local plasma scales such as the ion gyroradius qi and inertial
length di.

30,31 We found that the magnetic spectrum in the shock tran-
sition region was steeper than both upstream and downstream regions
at the electron scale in the quasi-perpendicular event. Observing scale-
independent kurtosis, we saw consistent evidence for intermittency in
the solar wind and transition region for both quasi-parallel and quasi-
perpendicular shocks, with peak kurtosis in the shock foot. Finally, we
use an adapted method of calculating correlation length to measure
the local coherence scale of the plasma and find significant differences
between upstream and downstream turbulence. Addressing the time
taken to reach well-developed turbulence, Kolmogorov-like spectral

power laws arise in the inertial range approximately 30 s (or
1:6RE; 260di) downstream of the shock in the quasi-perpendicular
case, while for the quasi-parallel shock the time is closer to 2min
(6:2RE; 1300di). However, the correlation length transitioned almost
instantaneously across the shock for the quasi-perpendicular shock,
but took 1–2min for the quasi-parallel shock.

II. DATA SET

We explore the bow shock transition using in situ data obtained
by the magnetospheric multiscale (MMS) mission.32 Magnetic field
data are provided by the flux gate magnetometer (FGM)33 and search
coil magnetometer (SCM).34 FGM and SCM data are analyzed as a
merged data set (FSM).35 Particle data are provided by the fast plasma
investigation’s (FPI)36 dual electron spectrometer (DES) and dual ion
spectrometer (DIS). In high-resolution burst mode, the SCM and FSM
magnetic fields are available at a sampling cadence of fs ¼ 1=8192 s,
while FGM is available at 1/128 s. Particle moments are available at a
cadence of 0.15 and 0.03 s for ions and electrons, respectively.

Four high-resolution (burst) bow shock crossing intervals have
been analyzed here. The events were chosen to cover a range of bow
shock angles from quasi-perpendicular to quasi-parallel, where the
burst interval was longer than approximately 10min. Event D was
found with the help of a database of 2797 shocks compiled using
machine learning from Ref. 37. These four shocks were chosen first
due to the intervals each recording sufficient burst data both upstream
and downstream of the shock, allowing us to observe the evolution.
Second, they all performed well on the test of Taylor’s hypothesis,
which is described further in Sec. IIA. Figure 1 provides a summary of
events A–D, ordered from most quasi-perpendicular to most quasi-
parallel. The intervals on 13 March 2018, 16 March 2018, 18 March
2020, and 14 February 2020 are referred to as intervals A, B, C, and D,

FIG. 1. MMS observations showing
events A (left column) to D (right column).
Row 1: magnetic field strength, jBj; row 2:
magnetic field components, B, in GSE co-
ordinates; row 3: ion velocity components,
vi (GSE); row 4: proton and electron den-
sities, ni;e; row 5: ion energy spectrogram.
In events A–C, MMS travels from magne-
tosheath to solar wind, and in event D,
MMS travels from solar wind to magneto-
sheath. The shock normal angles are
hBn ¼ 68�; 41�; 35�; and33� for A–D,
respectively. The timestamp of Fig. 3 is
indicated by a vertical black line in column A.
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respectively. Note that electron moments are not available for MMS 4
during event D. All events are �15min in duration. Table I shows
plasma parameters averaged over the entire upstream interval, which
includes electron upstream flow speed v0, the acute angle between
upstream magnetic field B, the shock normal hBn, Alfv�en Mach num-
berMA of the upstream flows, and the ion plasma beta bi. The derived
parametersMA and bi, along with observed values for v0 and the mag-
netic field, were obtained from OMNI.38 The shock angle hBn was cal-
culated using a model from Ref. 39, using the upstream magnetic field
lagged to the bow shock from OMNI and FPI moments from MMS.
Sample standard errors on the angle were low for each of the events,
with a maximum of 63.0� for event B. Also note that the upstream
solar wind is slow for all four events, in particular A and D.
Consequently, the results discussed here may not be valid for the alter-
native case of a fast upstream flow.

The angle between the upstream magnetic field and shock nor-
mal angle, hBn, decreases from quasi-perpendicular (68�) in event A to
quasi-parallel (33�) in event D. Quasi-perpendicular shocks are char-
acterized by near discontinuous transitions from the solar wind to
bow shock. In contrast, a quasi-parallel shock has a more gradual tran-
sition and can often be complicated by upstream waves and instabil-
ities caused by backstreaming ions in the foreshock. Therefore, the
expectation is that structures created by the shock are more distinct in
quasi-perpendicular shock crossings but are only observed for a short
time, whereas a quasi-parallel shock will display complex behavior
that is more challenging to separate from the solar wind or
magnetosheath.

A. Validity of Taylor’s hypothesis

The interpretation of results in Sec. III relies on the validity of
transforming the temporal domain measurements from MMS1 into
the spatial domain, using the Taylor hypothesis.40 The assumption is
that fluctuations will travel past the spacecraft at a bulk flow speed v0
that is much greater than the wave propagation speeds; thus, the spa-
tial configuration of the fluctuations is unchanging as they are swept
past the spacecraft. For plasmas with a fast flow speed, v0 � vA, such
as the solar wind, this assumption is well founded. However, for plas-
mas such as the magnetosheath and the bow shock, Taylor’s hypothe-
sis may not be valid.

The increments of the magnetic field, dB, are given by

dBðsÞ ¼ hjBðt þ sÞ � BðtÞjiT ; (1)

where s represents the time lag and hiT represents the mean over the
full time interval. The lag s can be transformed into spatial lag ‘
according to Taylor’s hypothesis using the bulk flow speed: ‘ ¼ v0t. In

this case, v0 is the mean bulk velocity in each region (solar wind, bow
shock transition, or magnetosheath).

We can also measure the magnetic field increments for spatial lag
‘ directly using the separation between spacecraft pairs, without need-
ing to assume Taylor’s hypothesis.29,41–45 The equation in this case is
then

dBð‘ijÞ ¼ hjBiðtÞ � BjðtÞjiT ; (2)

where i; j ¼ 1; 2; 3; 4 are labels for each of the four spacecraft; thus, ij
indicates one of the six spacecraft pairs, and Bi indicates the magnetic
field vector as measured by spacecraft i. We are, therefore, able to test
the validity of Taylor’s hypothesis by direct comparison of the
amplitude of the magnetic field increments for single-spacecraft and
multi-spacecraft measures. However, the nature of this test means that
comparisons can only be made for scales close to the separation of the
six MMS pairs. Therefore, good performance of this test at the space-
craft separation scales does not necessarily guarantee good perfor-
mance at larger or smaller spatial scales.

We assess the validity of Taylor’s hypothesis separately in each of
the three regions (upstream, shock, and downstream) for events A and
D here, in Fig. 2, with corresponding plots for events B and C shown
in the supplementary material, Fig. S1. Figure 2 shows magnetic fluc-
tuation amplitude normalized to average field strength, jdBj=B0, for
both single spacecraft and for the six spacecraft pairs (as in Ref. 42).

We found that all events performed reasonably well at the avail-
able spacecraft separation scales, particularly in the magnetosheath.
The shock transition in event A sees the fluctuation amplitude slightly
underestimated. Chasapis et al.41 reason that at small scales the two-
spacecraft estimate cannot be suitably averaged such that the spatial
statistics are homogeneous, allowing for the presence of strong gra-
dients between spacecraft to affect the structure function. Single-
spacecraft estimates can only be affected by gradients in the direction
of plasma flow and hence could report a lower value, even if Taylor’s
hypothesis is still valid. For example, this could happen in the case of
an anisotropy in B. Since MMS is in a tetrahedral formation for all
four events, then in general, the multi-spacecraft method will not be
aligned with the direction of plasma flow and may instead be observ-
ing different fluctuations to the flow-aligned Taylor method. In the
solar wind in event A, it appears the plasma encountered by MMS 1
and 2 compared to MMS 3 and 4 was slightly different, leading to two
different groups of single-spacecraft lines. Event D performs best over-
all with single-spacecraft measurements in all regions being very close
to the multi-spacecraft results. Stawarz et al.45 consider a ratio of
Dð2Þmulti=D

ð2Þ
taylor � 2 (where Dð2Þ ¼ jdBj=B0, i.e., the second order struc-

ture function) to be the threshold for accepting the validity of Taylor’s
hypothesis. In fact, they consider this only for spacecraft pairs that
form an angle of less than 5� of the flow direction, since for angles

TABLE I. Average upstream plasma properties as observed by OMNI and MMS. Data from OMNI were averaged over the same duration as MMS.

Interval hBn (deg) v0 (km s�1) MA bi Start yyyy/mm/dd hh:mm:ss End

A 686 0:6 356.46 1.0 14.66 1.1 4.46 0.7 2018/03/13 04:41:33 04:58:02
B 416 3:0 475.86 4.7 9.06 0.7 1.46 0.3 2018/03/16 01:39:53 01:56:43
C 356 1:1 394.46 3.9 9.86 0.8 2.26 0.5 2020/03/18 02:56:53 03:08:52
D 336 0:8 3306 2.4 14.66 0.3 1.16 0.9 2020/02/14 20:03:13 20:16:52
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greater than this the disparity could be even greater while the hypothe-
sis is still valid, as discussed above. However, since the averages for all
our events lie within this factor of two, we consider them to be valid
without adjusting for the angle relative to v0, which would reduce the
ratio even further.

1. Influence of whistler-mode waves at sub-ion scales

The importance of a fast flow, as discussed above, is not the only
consideration when dealing with Taylor’s hypothesis. The validity con-
dition, as shown by Howes et al.,46 is

v0
vA

cos ðhÞ � x
kvA

; (3)

where vA is the Alfv�en speed, h denotes the angle between a wavevec-
tor k and the bulk flow velocity v0, x is the wave frequency, and k is
wavenumber. From this, we see that Taylor’s hypothesis can be invalid
in the slow flow regime (LHS), discussed above, as well as in the dis-
persive regime (RHS), when frequency increases faster than linearly
with wavenumber.

It was also shown by Howes et al.46 that ion cyclotron waves and
kinetic Alfv�en waves are not likely to violate Taylor’s hypothesis, but
whistler-mode waves can under some circumstances. The dispersion
relation for whistler waves can be well estimated by

x ¼ kvA
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðkkdiÞ2

q
: (4)

Leading to a TH validity condition of

v0
vA

cos ðhÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðkkdiÞ2

q
: (5)

This can be simplified given that the RHS will only be significant when
kkdi � 1. Additionally, whistler waves occur in the regime kk � k?,
allowing a projection of k along the v̂0 direction to be used,
kk cos ðhÞ � k cos ðhÞ � keff . This results in an observable validity
condition for the Taylor hypothesis46

v0
vA

cos2ðhÞ � keffdi: (6)

Taking cos ðhÞ � 1 and using the appropriate values from event A of
v0 ¼ 356:4 kms�1; vA ¼ 20:7 kms�1; anddi ¼ 38:6 km, we find that
whistler waves occurring at

keff � 0:44 km�1 (7)

are likely to violate Taylor’s hypothesis. Similarly, for event D, we find
that when v0 ¼ 330 kms�1; vA ¼ 56:2 kms�1; and di ¼ 31:4 km, then

keff � 0:19 km�1: (8)

For event A, this would correspond to scales around de, while for
event D this is roughly halfway between log ð1=diÞ and log ð1=deÞ. In
Fig. 3, there is an example of a wave peaking at 2 km�1 which, if it is a
whistler wave,47 likely has some effect on the validity of Taylor’s
hypothesis. However, while it is important to note that Taylor’s
hypothesis becomes less directly applicable at scales smaller than the
electron inertial length, particularly at times of strong whistler activity,
we do not believe it has a significant effect on the validity or interpreta-
tion of our results, which focus primarily on ion scales at
k � 0:02 km�1.

Compressible Hall-MHD simulations performed by Perri et al.48

showed that a violation of Taylor’s hypothesis can result in a flattening
of the power spectrum at scales smaller than di. Another work by

FIG. 2. Magnetic fluctuation amplitude
normalized to average field strength,
jdBj=B0 as a function of scale ‘. Left:
event A, right: event D. Fluctuation ampli-
tudes obtained using a single spacecraft
and assuming Taylor’s hypothesis are
given by a line, solid for MMS 1, dashed
for MMS 2, dotted for MMS 3, and dot-
ted–dashed for MMS 4. Colors represent
the different regions of each event: orange
for solar wind (SW), blue for shock transi-
tion region (STR), and green/red for the
magnetosheath (MS). Measurements from
the six spacecraft pairs, with ‘ equivalent
to the separation scale, are shown by the
following markers: circle for MMS 1–2,
cross for 1–3, triangle for 1–4, diamond
for 2–3, square for 2–4, and star for 3–4.
In event A, the single-spacecraft and
multi-spacecraft results are reasonably
similar, within a factor of two, particularly
in the magnetosheath. The results for
event D are also extremely close at all
scales and for all regions.
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Huang and Sahraoui49 using a model based on observations of
CLUSTER data50 showed that a violation of Taylor’s hypothesis at
electron scales would shift the electron scale spectral break in the elec-
tric power spectrum to higher frequencies in the spacecraft frame.
Therefore, we expect that in our data, the consequence of any violation
of Taylor’s hypothesis at scales smaller than the spacecraft separation
scale would be a shallower power law index at around the electron
inertial length and a migration of the electron scale break point toward
larger k.

III. THE MAGNETIC SPECTRUM

To examine the evolution of the magnetic spectrum, events A–D
were split into consecutive, non-overlapping windows containing 6 s
of data per window. There are 145, 112, 79, and 133 windows for each
event A–D, resulting in N � 4	 104 FSM field measurements per
window, along with 40 ion measurements and 200 electron measure-
ments. The power spectrum of B in the spacecraft frame is given as
PSDðB; kÞ, where k ¼ 2pf =v0, v0 is the average flow speed in each
region and f is a discrete frequency increment in the range
N=fs � f � fs=2. The transformation of frequency f to wavenumber k
is performed assuming Taylor’s hypothesis, which is discussed in-
depth in Sec. IIA. We calculate the trace power spectrum of the mag-
netic field, where components Bx;y;z are pre-filtered with a Hanning
window, and we take the sum of the power in the three components
i.e., P ¼

P
i PðBiÞ.

In turbulent plasmas, the magnetic spectrum often appears as a
series of power laws with varying indices, P / ka.51 For example,
power-law index a ¼ �5=3 corresponds to the inertial range of fluid
turbulence,52 typical of space plasmas at spatial scales far above ion
kinetic scales. At the ion scales, �di or �qi, solar wind and

magnetosheath plasmas typically exhibit a breakpoint below which the
magnetic spectrum steepens. In this ion kinetic range, the power-law
index a is variable, though a � �2:8 is typical for the solar wind.53,54

The breakpoint between the fluid MHD scale and the ion kinetic scale
has been seen at the larger of di, or qi

30 when observing solar wind
undisturbed by the bow shock. A second breakpoint is often observed
at electron kinetic scales, and again the slope of the magnetic spectrum
is expected to steepen in the electron kinetic range, below �de. Hence,
the magnetic spectrum is expected to comprise three or more distinct
power laws with different slopes. To characterize the power laws of
our observed magnetic spectra, we seek an algorithm that can generate
and fit an arbitrary number of straight lines to a spectrum, with a vari-
able number of breakpoints. Hence, we use the multivariate adaptive
regression splines (MARS) algorithm, developed by Friedman,55,56

and implemented by Milborrow et al.57 This method produces a fit
composed of piece-wise linear functions of the general form

f̂ ðxÞ ¼
Xk
j¼1

cjBjðxÞ; (9)

where Bj are the basis functions implemented as hinge (sometimes
called hockey-stick) functions, and cj are the coefficients. The fit is built
iteratively using a forward pass—where knots are added to the fit and
the fit quality is assessed—and a backwards pass—where the number
of knots is reduced to account for overfitting. Additionally, the MMS
noise floor was found to be reached at wavenumbers of approximately
k � 10 km�1; therefore, the spectra at k � 10 km�1 has been excluded
from the MARS fit. This was found to significantly reduce the effect of
the noise floor, although it does appear in some windows as spectral
indices� 0 at the largest k.

Figure 3 shows an example of a spectrum obtained when MMS
was downstream of the shock during event A, with the resultant
MARS fit overlaid. Examples from the solar wind and magnetosheath
and for event D can be found in Fig. S2 in the supplementary material.
We also note that an electron scale wave is visible at k � 2 km�1 as a
peak in the spectrum. Similar structures appear in other intervals and
are characterized by a dramatic change from positive to negative
power law index at the electron scale. This demonstrates that the
MARS method is able to identify spectral features associated with
wave activity and allow interpretation of them separately from the
background turbulent spectrum.

Figures 4 and 5 show the evolution of spectral index with time
for the intervals A and D, respectively. Equivalent plots are given for
events B and C in Figs. S3 and S4 in the supplementary material. Each
6 s window is represented as a vertical slice where the spectral index at
a given scale is represented by the color of the vertical bar. The extent
in k over which that scale applies is given by the height of the bar, with
each slice in time usually having three or more distinct slopes covering
the observed spectrum.

In Fig. 4, we see that in the solar wind immediately preceding the
shock, the breakpoint (BP) between the inertial (MHD) range and the
ion (kinetic) range is at kBP � 1=di. As in Fig. 3, this observation dif-
fers from studies, e.g., Ref. 30, who suggest that in undisturbed solar
wind, the spectral break should be di or greater. However, in the mag-
netosheath close to the shock, we find that the breakpoint shifts to
larger scales and settles much closer to di. This is most likely due to the
lack of clean, undisturbed solar wind very close to the bow shock.

FIG. 3. A plot of magnetic spectrum for an example �6 s window downstream of
the shock on 13 March 2018, illustrated as a vertical black line on Fig. 1. Grid lines
are shown with a slope of �5=3. The magnetic spectrum is shown in black. The
ion and electron scales (qi;e and di) are shown as red and green vertical lines. The
fit to the spectrum is shown as an orange dashed line, built from chained linear
regressions using the MARS method. Vertical orange lines highlight breakpoints
determined by the MARS fit. An electron scale wave is visible at approximately
k � 2=qe, and this is reflected in the MARS fit by steep upward and downward
slopes. The part of the spectrum which exceeds the noise floor at k � 10 km�1

has been excluded from this plot. A blue vertical line has been drawn at
k ¼ 0:44 km�1, indicating the scale at which whistler waves may start to violate
the Taylor hypothesis.
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For event D, Fig. 5, the spectral slope in the solar wind is much
steeper than expected at spatial scales larger than the ion inertial
length, with a � �4 on average. This feature may be caused by an
upstream wave for which the peak wavelength is greater than the

maximum resolvable within each 6 s window. Alternatively, short-
sample effects such as a localized shear or other sporadic and discon-
tinuous event could also cause a steepening of the spectral slope when
measured using 6 s windows. This steep spectral slope is not observed

FIG. 4. Evolution of spectral slopes as a
function of time for event A. Top: magnetic
field strength, jBj. Colors refer to magne-
tosheath (MS 1/2), shock transition region
(STR), and solar wind (SW). Bottom: evo-
lution of spectral indices from MARS fit.
Note that this does not always split the
spectrum into three regions. The color
represents the slope of the power-law fit.
Red indicates steeper than �5=3, while
blue is shallower than �5=3. Breakpoints
are indicated by a change in color.
Electron scales, qe � de are shown as a
solid black line, and the ion scale di is
shown as a dashed black lines. For wave-
numbers much greater than the blue hori-
zontal line, whistler waves will begin to
violate Taylor’s hypothesis. Event A is a
quasi-perpendicular shock and as a result
we get a clear distinction between solar
wind and magnetosheath spectra. The
ion-inertial breakpoint (BP) is 1=di > k
> 1=qi in the magnetosheath.

FIG. 5. Equivalent to Fig. 4 for interval D,
20 March 2020. There are many windows
where the breakpoint is aligned with 1=di
throughout the whole event. In the magne-
tosheath the breakpoints move from shal-
lower to steeper with increasing k, but in
the solar wind the opposite is true and the
spectrum is steeper when k < 1=di :
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in the shock transition or magnetosheath. Downstream of the shock,
the breakpoint between inertial and ion scales tracks well with di for
most windows. In the inertial range, we observe a steady spectral slope
of a � �5=3 approximately 1min after the spacecraft crosses the
shock ramp.

Figure 6 shows the average slope as a function of scale, k, for
intervals A and D, broken down into subsections based on MMS’s
location in relation to the shock, e.g., magnetosheath (MS), in the
shock transition region (STR) or the solar wind (SW). The chosen
intervals corresponding to each region are shown in the top panels of
Figs. 4 and 5. Similar figures for intervals B and C are given in Figs. S5
and S6 in the supplementary material. Errors shown are sample stan-
dard deviations from all windows within the region. For a “quiet”
boundary layer that introduces no new fluctuations to the medium,
and instead is simply a superposition of modes either side, we might
expect the spectral slope within that boundary to be between the slope
either side. For such a shock, the slope in the STR would be between
those in the SW and MS at all scales. That is, we would see the blue
line (slope in the STR) between the green (MS) and yellow (SW) lines
at all scales, as this would indicate that it is purely a transitional state

as solar wind plasma crosses the shock and into the magnetosheath.
However, we expect the shock to introduce new waves and instabil-
ities. This is apparent for the given events where the STR slope is out-
side of the MS and SW lines. In event A, we see this most prominently
at electron scales (k � de), whereas for event D, this occurs at k � 3de.
As has been discussed in Sec. IIA 1, spectral slopes at electron scales
may be affected by the influence of whistler waves on the validity of
Taylor’s hypothesis; however, simulations (e.g., by Howes et al.46) sug-
gest this results in shallower slopes, not steeper, as observed here. We
also note the extremely steep slope in the inertial range for the solar
wind in event D, which was also visible in Fig. 5. However, for most
scales, the shock transition region lies between the SW and MS lines,
or very close to the MS. The source of the steeper shock transition
region at electron scales could be due to similar scale instabilities or
other non-turbulent fluctuations at the shock, or an indication of a
more efficient turbulent energy dissipation process.

The slopes of MARS fits to each entire region (MS, STR, and
SW) can also be seen in Fig. 6. These regions are significantly longer in
duration (�minutes) than the 6 s windows and are, therefore, much
less sensitive to short-sample effects. The local (6 s) average slopes

FIG. 6. Step plots of average slope as a function of scale for event A (quasi-perpendicular), top, and event D (quasi-parallel), bottom. In the main (left) panels, each colored
line represents a subsection of the entire interval, i.e., magnetosheath (MS—red or green), the shock transition region (STR—blue), or solar wind (SW—orange). The “MS 2”
line is further downstream than “MS 1.” See Figs. 4 and 5 for a definition of the boundaries. Average kinetic scales, di � 10�2 and de � 100, are also plotted as vertical black
lines, labeled with the corresponding region. The scale where whistler waves may begin to violate Taylor’s hypothesis is shown by bold vertical black line. We see that there
are occasions in both panels where the STR spectral index lies outside of the transition between SW and MS. The clusters of panels on the right are the magnetic spectra of
each entire interval. The red lines show the MARS fit to this “region average,” which are also shown as colored dashed lines in the main panels.
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track the behavior of the region average in general, with the exception
of scales k < 10�2 in the solar wind in event D. This shows that, in the
areas discussed here, the evaluation of spectral power is not signifi-
cantly affected by local shears.

Comparing the average slopes in Fig. 6 to recent statistics from
Ref. 58 of the magnetosheath close to the bow shock at MHD and sub-
ion scales, we find that event A compares well in both regions, and
event D agrees with statistics in the sub-ion range. In event A, the
slope in the MHD range is ��1:7, compared to �1:476 0:24 found
by Li et al.58 for quasi-perpendicular shocks. In the sub-ion range, the
slope is ��3:3 at the midpoint between qi and qe, compared to
�2:9760:65. For event D, the MHD slope is ��2:2 compared to
�1:4660:38, while for sub-ion scales, the slope is ��3:1 at the mid-
point, compared to �2:8460:15 from Ref. 58. This shows that event
A is a more “typical” quasi-perpendicular shock while event D has
steeper slopes at both MHD and sub-ion scales than might be expected
for a typical quasi-parallel shock.

IV. KURTOSIS

A fundamental method for studying intermittency is to examine
deviations from Gaussianity in the distribution of magnetic field fluc-
tuations, for which a typical method is to use the kurtosis.59

Intermittency is associated with strong, highly localized gradients,
especially at small scales. If the kurtosis jðBÞ > 3, then the magnetic
field has an overabundance of extreme gradients relative to a normal
distribution, which therefore indicates the existence of intermittent (or
self-similar) structures. j � 3 indicates that strong, localized gradients
are not present.

Here, we use the standard definition of kurtosis as a numerical
summary measure, from Ref. 60,

j ¼ m4=m
2
2; (10)

where

mr ¼
1
n

Xn
i¼1
ðxi � �xÞr ; (11)

where mr is the rth moment about the mean, n is the length of the
data, xi is the ith observation and �x is the arithmetic mean of the
observations.

Figure 7, panels (a) and (d), show the kurtosis, independent of
scale, for events A and D. Events B and C are shown in Figs. S7 and S8
in the supplementary material. The kurtosis is calculated for consecu-
tive windows containing 105 samples, based on the rule of thumb
mmax ¼ logN � 1, wheremmax is the maximum moment (i.e., fourth)
and N is the number of samples.61 Considering the FSM cadence of
1=8192 s, this corresponds to 12:2 s per window. In event A, we see a
clear difference in kurtosis between the solar wind and magnetosheath.
Strong, small-scale gradients associated with high kurtosis are present
upstream of the shock, but there are very few occasions where j > 3
in the downstream. The kurtosis peaks to over 20 as the spacecraft
crosses the shock ramp into the solar wind in event A. In event D, we
see the kurtosis peaking in the solar wind before the shock transition
region, but the peak is much lower at �7, about one third of the peak
in event A. Following the shock there is a period of Gaussian kurtosis
(j � 3), and even some times where the distribution is platykurtic
(j < 3). However, the kurtosis does begin to increase again further

into the magnetosheath. This could be due to motion of the shock
front toward the spacecraft, causing a partial crossing.

To directly compare the prevalence of high kurtosis fluctuations
across the shock, we next examine the difference between the propor-
tion of bins with j > 3. For event A, we find that there is a large
change across the shock: In the solar wind 60.7% of bins show signs of
high kurtosis fluctuations, whereas 31.8% of bins do in the magneto-
sheath. For quasi-parallel event D we observe a lower proportion of
high kurtosis intervals in the upstream, with 50.0% in the solar wind,
and a similar proportion to event A, 31.4%, in the magnetosheath.

Therefore, in comparing the kurtosis observed in quasi-parallel and
quasi-perpendicular shocks, we find that there are significant changes
between the upstream and downstream distributions. The solar wind
close to the shock and the shock foot has significantly higher kurtosis
than the magnetosheath. This is visible in both the quasi-parallel and
quasi-perpendicular case. However, the peak kurtosis is significantly
higher for the quasi-perpendicular event by a factor of approximately
three. The higher kurtosis in the SW, particularly in event A, is likely
influenced by high kurtosis specifically at scales approaching the inertial
range. Therefore, we now look at the scale dependence of the kurtosis.

Intermittency is more strictly defined as also requiring a relation-
ship with scale, where shorter scales should have a high kurtosis
(j > 3), but at longer scales (fluctuations� di) kurtosis will decrease
as the signal begins to appear self-similar.51 Hence, we also show the
scale-dependent kurtosis jSð‘Þ ¼ S4ð‘Þ=S2ð‘Þ2 in Fig. 7, panels (b)
and (e). The equation for structure function, SN of order N is

SNð‘Þ ¼
X
i¼x;y;z

dBiðx; ‘ÞN
* +

X

; (12)

where

dBiðx; ‘Þ ¼ Biðx þ ‘Þ � BiðxÞ; (13)

and ‘ is the lag in kilometers, obtained through the Taylor hypothesis,
and hiX represents an average across all points in the interval. In Fig.
7, panels (c) and (f), we show the resultant estimated slope of a power
law fit to log ðjSÞ / log ð‘Þ. A steeper (more negative) slope is associ-
ated with a stronger scaling relation, which suggests stronger intermit-
tency. From this, we see event A [panels (b) and (c)] that the
dependence of jS on ‘ is stronger in the magnetosheath than in the
solar wind or shock transition. In event D [panels (e) and (f)], the scal-
ing is strongest in the shock transition, but is still overall comparable
to the magnetosheath in event A.

V. CORRELATION LENGTH

Next, we seek to measure a characteristic size of turbulent fluctu-
ations in the magnetic field. Energy is typically transferred in a
“cascade” from large to small scales on average, generating magnetic
structures at sizes ranging from stirring scales to the scales at which
energy is dissipated. The correlation length, kc, quantifies the average
size of the largest scale fluctuations visible in the data,29,45 which can
be associated with the “stirring” scale, providing the dataset covers a
portion of space significant enough for large correlation lengths to be
observed, i.e., a window where MMS travels a distance through the
plasma in the plasma rest frame that is comparable to or larger than
the correlation scale. The autocorrelation function of magnetic fluctua-
tions is given by
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RðlÞ 
 hTr dbðx þ lÞdbðxÞ½ �i
hjdbj2i

: (14)

We define the correlation length as follows:

kc 

ð1
0
RðlÞ dl; (15)

where Tr½…� is the trace, db 
 B� hBi, and l is the lag of the autocor-
relation. This calculation is achieved by integration up to the first zero
crossing of R(l), or by a fit of the form RðlÞ / exp ð�l=kcÞ. We find
that results do not differ significantly between methods, and therefore,
we present results using the integration method.

Correlation length generally relies on having a data set long
enough for a correlation function to become uncorrelated. However,
the region of space near the bow shock is a rapidly changing environ-
ment dominated by processes unrelated to turbulence. Care is, there-
fore, needed when selecting what scale of fluctuations should be

included. Since the shock amplitude is significantly larger than any
turbulent fluctuation (particularly in quasi-perpendicular shocks),
then any window of time that includes the shock will have a correla-
tion length that is closely related to the crossing time of the shock,
since it will dominate the autocorrelation function.

In this case, it is more descriptive to examine fluctuations at
scales smaller than the step-function introduced to the time series by
the shock. Therefore, we use a variable high-pass filter over the event
to remove the effect of low frequency variations, such as the shock
ramp. A 10th order Butterworth filter was used, which can be defined
by the critical frequency, Fcrit 
 1=Tmax where Tmax is the longest time
allowed by the filter. By varying Tmax, the data are limited exclusively
to fluctuations with wavelength shorter than v0=2Fcrit. If Tmax is less
than the period associated with the stirring scale of the turbulence,
then the measured kc will have a dependence on the size of the filter,
increasing in proportion to Tmax. When Tmax becomes greater than
the period associated with the stirring scale, kc will appear to plateau,

FIG. 7. Kurtosis examined for events A
(top group) and D (bottom group). (a) and
(d) Scale-independent kurtosis, j > 3 is
shown green, and j � 3 is red. A hori-
zontal black line highlights j ¼ 3. jBj is
displayed for reference as a gray shaded
background. The quasi-perpendicular
event A shows a clear difference between
solar wind and magnetosheath, with j
peaking in the shock foot. The quasi-
parallel example (event D) shows a similar
relationship, however toward the end of
the interval j begins increasing again. (b)
and (e) Scale-dependent kurtosis, each
column shows kurtosis as a function of
scale (lag ‘ in km, vertical axis). We show
jBj in white for comparison. Intervals con-
taining missing data are shown as white.
(c) and (f) Power law index (black line), m,
of a linear fit to log ðjSÞ ¼ m log ð‘Þ þ C,
where C is constant. The 1r standard
deviation on the estimated slope is shown
as a gray shaded region. We also fit a
fourth order polynomial to these slopes
(dashed line) as a visual aid. A steeper
(i.e., more negative) slope is associated
with a stronger scaling relation.
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and changes in Tmax will not have a significant effect on kc. Filtering kc
in this manner provides information on coherence scales at, crucially,
scales � Tmax. i.e., With this method we do not capture coherence at
large scales, most notably in the solar wind. However, in the bow
shock and magnetosheath, as well as in foreshock structures, we find
that this method works well, since kc � Tmax in these regions.

Similar to the approach used when discussing the magnetic spec-
trum, we have split the interval into smaller consecutive windows. The
range of Tmax was chosen to cover several decades in duration and is
approximately logarithmically spaced. The entire event is filtered
according to Tmax before being split into windows. Figure 8 describes
the evolution of the frequency-dependent correlation length for event
A. Plateaus—areas without a significant change in color between adja-
cent Tmax bins—indicate that a consistent correlation length has been
reached. We see that in the solar wind, a consistent kc is not reached;
the maximum observed correlation length is over 100di. However, if
burst data were available further into the solar wind, we would likely
have seen this increase far higher, given that solar wind correlation
lengths have been measured by the ACE spacecraft at the L1 Lagrange
point to be 0:03–0:08AU , which is approximately 50–100 	103di.62
In the magnetosheath, we see a very clear plateau of
3–10di immediately downstream of the shock, which appears to slowly
increase further into the magnetosheath. At the point in the magneto-
sheath furthest from the shock (04:42), the correlation length may still
be in a plateau but with kc > 10di.

Figure 9 shows an equivalent plot for the quasi-parallel event, D.
The correlation length on the SW side is approximately kc ¼ 3–10di.
There is a foreshock structure at 20:04UTC which may be a partial
shock crossing. This indicates that this may not be representative of
the solar wind and is instead an extended shock transition region or
foreshock. These structures may reduce the average correlation length,

similar to Fig. 8. The correlation length after the shock also appears to
be in the range kc ¼ 10–12di, approximately the same as what is
observed for the quasi-perpendicular event A. These correlation
lengths can be compared to recent results of Stawarz et al.,45 who
found that kc � 10 s of di at the sub solar magnetosheath, gradually
increasing to hundreds of di in the flanks. For the shocks analyzed
here, MMS entered the sheath in or close to the sub solar region, and
therefore, our results are consistent.

Finally, there are indications that shock micro-structure and
non-stationarity may also have an effect on the correlation length. In
the quasi-perpendicular case, Fig. 8, we see two periods of upstream
wave activity visible at 04:54 and 04:56 in the top panel, both approxi-
mately 60 s in duration. This causes a significant reduction of kc of
approximately a factor of 10 compared to the immediate surround-
ings, but only for Tmax � 60 s. Similar structure is also visible to a
lesser extent within the shock ramp at 04:52:30. These upstream wave
packets may be partial crossings of the shock foot caused by ripples on
the shock surface.63 Hence, the features in the filtered correlation
lengthmay be associated with fluctuations in the foot and ramp arising
from this form of non-stationarity. They also appear at larger scales
(longer Tmax) further from the shock, and smaller scales (shorter Tmax)
closer to the shock, which is perhaps evidence of structures transition-
ing from larger to smaller scales as the solar wind plasma approaches
the shock. A similar effect is visible in Fig. 9, where periods of large
magnetic field amplitude are associated with lower correlation length
than the surroundings. However, they are shorter in duration, and we
do not observe a reduction in correlation length closer to the shock.
The occurrence of these structures would suggest the presence of nar-
row band waves generated in the shock transition region. However,
since kc depends on Taylor’s hypothesis and this micro-structure is
seen at very small correlation lengths, it is important to note that it

FIG. 8. Upper: magnetic field strength,
jBj. Lower: correlation length, kc, color
(units of ion inertial length), as a function
of time and Tmax. The width of each bin is
equal to Tmax up to Tmax ¼ total interval
length=2. The black line on the color bar
at kc ¼ 5:91	 10�2 indicates the scale
at which whistler waves may begin to
influence the accuracy of Taylor’s hypoth-
esis. A plateau, which can be seen in
areas where the color (kc) does not
change significantly when moving up to a
larger Tmax, indicates that the fluctuations
are correlated on scales equal-to or
smaller-than Tmax. There is an observable
difference in kc before and after the
shock; a large plateau exists between
kc ¼ 3 and 10 immediately downstream
of the shock, but in the region upstream of
the shock transition region kc exceeds
100di .
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may also be affected by the presence of whistler waves, which would
act to increase kc.

VI. CONCLUSIONS

In this study, we used three different measures of turbulence—
the magnetic spectrum, scale-independent kurtosis, and correlation
length—to explore the evolution of the solar wind and magnetosheath
turbulence across Earth’s bow shock. The influence of the bow shock
transition region on the properties of turbulence is not currently well
understood. Therefore, by using the magnetic spectrum to observe dif-
ferences in the turbulent energy cascade, the kurtosis to explore the
properties of intermittency and the correlation length to describe
changes in coherence scales, we aim to produce a representative pic-
ture of how turbulence evolves from the solar wind, across the bow
shock, and downstream into the magnetosheath. We, therefore,
address the following questions: (1) Is there a measurable difference
between turbulence seen in the bow shock transition region and in the
surrounding plasma? (2) How quickly does well-developed turbulence
arise in the magnetosheath after a bow shock crossing?

We find that the shock transition region displays features in the
spacecraft frame magnetic spectrum that are different from the turbu-
lence present in the solar wind and magnetosheath. This can be seen
as shock transition spectral slopes which are much steeper at scales
where k � de than either of their upstream or downstream neighbors
(Fig. 6). This suggests shock processes are driving scale-dependent
energy dissipation at sub-electron scales. This is observed at both
quasi-parallel and quasi-perpendicular shocks (events A and D,
hBn ¼ 68� and 33�, respectively). However, we note that these signa-
tures are not always so clearly observable, which is the case for events
B and C. Figures showing structure (or lack thereof) in the magnetic
spectral indices and scale-independent kurtosis are shown for events B

and C in the supplementary material. We find that the breakpoint
(BP) separating the inertial range from the ion range transitions from
BP� di before the shock, to di � BP � qi in the magnetosheath.

Finally, we have adapted the definition of correlation length to
include a high-pass filter defined by a critical frequency Fcrit, which
allowed us to calculate a turbulent correlation length across the shock
that effectively removes the large-scale spectral influence of the shock.
We found that close to the shock the correlation length is longer on
the solar wind side than the magnetosheath side. Plateaus in high-pass
filtered correlation length averaged 25di in the solar wind and <20di
in the magnetosheath. This relates to a reduction in size of the stirring
scale in the magnetosheath when compared to solar wind close to the
shock. We found that upstream structures in the shock transition
region introduce plateaus of reduced correlation length for short peri-
ods of time, on the order of tens of seconds.

The magnetic spectrum transitioned from solar wind-like to
magnetosheath-like over a 20 s interval for event A and a 1min inter-
val for event D. This corresponds to 180di and 1:1RE for event A and
600di 3:1RE for event D. Additionally, the intermittency (kurtosis
j > 3) seen in the upstream transitioned to the average magneto-
sheath (non-intermittent) level after 30 s (267di or 1:7RE) in the
quasi-perpendicular case, whereas for the quasi-parallel shock, inter-
mittency was still present until two minutes (1:2	 103di or 6:2RE)
after the shock crossing. With regard to the correlation length, the
quasi-perpendicular case demonstrated a rapid (�6 s) transition from
solar wind-like scales to magnetosheath-like scales on crossing the
shock ramp. In the quasi-parallel case, however, the transition was
much slower, occurring over a period of approximately 2min.
Together, these results suggest that the time needed for the turbulent
fluctuations to fully develop after crossing the shock ramp is depen-
dent on hBn.

FIG. 9. Similar to Fig. 8 for event D. In
this event, correlation length appears to
increase on the magnetosheath side. The
whistler wave limit for Taylor’s hypothesis
is at kc ¼ 0:17.
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Since the majority of observations discussed here have made use
of Taylor’s hypothesis,40 we have also discussed in-depth the limita-
tions this method introduces to the interpretation of results. In partic-
ular those at electron kinetic scales, where whistler-mode waves can
affect the assumptions underpinning the use of Taylor’s hypothesis in
transforming single-spacecraft time series observations into the spatial
frame. This is discussed in Sec. IIA.

Although it is not possible to describe in detail the nature of
the physical processes in the transition region from just the turbu-
lence measures presented here, we can present general characteris-
tics of some quasi-parallel and quasi-perpendicular structures.
Current sheets, which appear most prominently downstream of
the quasi-parallel shock, are expected to cause a steepening of the
power spectrum near the current sheet scale due to dissipation by
magnetic reconnection, where more current sheets is suggested to
result in greater steepening.29 These structures are also associated
with an increase in kurtosis, but little change in the correlation
length, kc. Large amplitude waves upstream of the quasi-parallel
shock64 are excited by reflected ions due to the ion beam instabil-
ity. We suggest that they would cause an increase in power at
around 1=di in the magnetic spectrum, thus steepening the spectral
index at scales smaller than the wave scale. Similarly, high-
amplitude wave packets may result in an increase in kurtosis and
cause a plateau in kc at the wave scale upstream of the shock.
Ripples at the shock ramp63 can be present for a large range of hBn,
and can result in a steeper spectral index in the inertial or ion
ranges, depending on their wavelengths. As with other wave-like
structures, they may cause an increase in kurtosis, and a plateau in
kc at the shock ramp. Similarly, ion cyclotron65 and mirror mode
waves,66–68 which can both occur at quasi-perpendicular shocks,
may increase the power in the magnetic spectrum at the wave scale,
increase kurtosis, and, if the wave is the dominant structure, result
in a plateau in kc at the wave scale.

We note that the case studies shown here may not be repre-
sentative of all shocks. For example, as discussed earlier, the four
events detailed here are all for slow solar wind. The natural next
step is, therefore, to determine whether the conclusions reached
here are representative of the typical quasi-parallel or quasi-
perpendicular shock. In a future work, we will compile a statistical
survey of shocks across a range of shock normal angles and other
plasma parameters, to explore the average behavior of the bow
shock. Additionally, we will explore the applicability of these
methods to simulations.

SUPPLEMENTARY MATERIAL

See the supplementary material for additional Figs. S1–S8, which
show tests of Taylor’s hypothesis for events B and C; examples of the
magnetic spectrum for events A and D; and the evolution of the spec-
tral index fits, average spectral index, and kurtosis for events B and C.
These figures are referenced throughout the main text of the article as
required.
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