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Abstract: This article investigates the quadrupole excitation of a trapped atom exposed to the 

tightly focused Laguerre-Gaussian (LG) beams with parallel and antiparallel spin angular 

momentum (SAM) and orbital angular momentum (OAM) under nonparaxial conditions. The 

Rabi frequency profile of allowed quadrupole transition channels, modified by  SAM and OAM 

interaction, in the focal plane is provided. In the case of antiparallel SAM and OAM, the 

excitation probability undergoes substantial modification due to the considerable contribution 

of longitudinal intensity variations in tightly focused condition. The findings offer insights into 

controlling localized atom transition, including OAM transfer, with potential applications in 

qudit-based technologies. 

1. Introduction 

The precise focusing of laser beams using high numerical aperture lenses has found extensive 

applications in the optical manipulation and control of micro- and nano-particles [1]. This 

technique has been particularly valuable in addressing and individually manipulating the 

positions and quantum states of localized atoms within diverse atom-light interaction processes 

[2-5]. In the pursuit of expanding the practical application of localized atoms into large-scale 

quantum nodes, researchers have delved into a variety of techniques, including the utilization 

of tightly focused structured beams [6,7], enabling precise control and manipulation of quantum 

states within assemblies of atoms. This novel approach substantially  impacts the advancement 

of quantum computing, communication, and quantum simulation [8-10]. 

Among the structured beams, dark-centered Laguerre-Gaussian (LG) beams have emerged 

as crucial tools in atom-light interactions [11-14]. They have frequently been employed in 

innovative theoretical and experimental approaches, especially in the field of neutral atom-

based quantum information, where the aim is to enhance transmission capacity while 

maintaining high operational fidelity [15]. The LG beams, blue detuned from the atomic 

resonance, in particular, are capable of confining atomic qudits within the dark central region 

of the beam [16,17]. This effectively shields the atoms from laser-induced noises, to preserve 

coherence in trapped atoms allowing them to compete favorably with superconducting circuits 

[18] and trapped ions [19]. When these beams are tightly focused, they exhibit wavelength-

scale intensity variations in the focal plane, which can be utilized for spatially controlling of 

the quadrupole excitation of trapped atoms. This intriguing feature holds promise for 

applications in high-dimensional quantum information protocols [20]. However, the 

nonparaxial characteristics of tightly focused LG beams can influence the interaction with 

trapped atoms in the focal region, extending beyond the conventional paraxial approximation. 

In this regard, the quadrupole excitation of ions using polarized LG beams through the analytic 

solution in the Lorentz gauge previously investigated [21]. Nonetheless, a modified theoretical 

framework that offers a complete overview of quadrupole excitation in tightly focused LG 

beams, considering orbital angular momentum (OAM) and spin angular momentum (SAM) 

interaction in the focal region, and detailing the impact of focusing parameters on quadrupole 

interaction, could prove advantages for practical applications.  



Polarized LG modes represent eigenfunctions of both OAM operator, characterized by 

quantum numbers l = 0, ±1, ±2..., defining the spatial inhomogeneity of the beam, and SAM 

operator, with spin quantum numbers σ = ±1, contributing to the total angular momentum, l + 

σ [22,23]. Under the paraxial approximation, SAM and OAM are considered relatively 

independent degrees of freedom and manipulated separately.  SAM is associated with the 

electronic state transitions of atoms through dipole interactions, while OAM influences the 

center-of-mass motion of atoms and can alter standard selection rules in higher-order 

quadrupole transitions [24]. This capability extends traditional qubit protocols to high-

dimensional quantum information, known as qudits [25-27]. In contrast, under nonparaxial 

conditions of tightly focused LG beams, SAM and OAM are coupled, as evidenced by the spin-

dependent intensity distributions of the focused LG beams [28,29]. This induces SAM-to-OAM 

conversion,  significantly impacting selection rules and transition strengths in the interaction of 

such beams with atoms, and enabling a range of functionalities in various applications, 

particularly within neutral atom-based quantum information processing. Furthermore, the 

generation, manipulation, and detection of combined SAM and OAM in the focal region lay 

the groundwork for a broad spectrum of research endeavors, with particular attention to their 

roles in light-atom interactions [30].  

. The spin-orbit interaction in the focal plane of tightly focused LG beams significantly 

influences the transversal and longitudinal electromagnetic field components associated with 

conical wavevector structure. The longitudinal field holds vast potential applications including 

particle accelerators [31], laser ablation [32], nonlinear optics [33], confocal laser scanning 

microscopy [34,35], and Raman spectroscopy [36]. Extensive research has been conducted on 

techniques aimed at detecting the longitudinal field [37,38], underscoring the growing interest 

and recognition of its importance across diverse scientific disciplines. 

In this paper, the localized quadrupole excitation of an atom in the central region of tightly 

focused LG beams, taking into account the spin-orbit interaction (for LG beams with parallel 

and antiparallel SAM and OAM) in the nonparaxial limit has been investigated. The quadrupole 

Rabi frequency, as a crucial parameter, is calculated for the allowed quadrupole transition 

channels. Additionally, the impact of strong focusing on the excitation probability at different 

transversal positions of the atom relative to the central axis is explored.  

2. Intensity distribution of tightly focused LB beams in nonparaxial limit 

To analyse the intensity distribution of tightly focused LG beams in nonparaxial limt and 

facilitate subsequent discussions on light-atom interaction, it is helpful to represent the LG 

beams as a superposition of partial plane waves incident on a high numerical aperture (NA) 

focusing lens. Considering the electric fields as a complete set of orthogonal modes in 

cylindrical coordinates and under the assumption of negligible depolarization in homogeneous 

focusing medium, the electric field distribution  in the focal plane using the Debye-Wolf 

diffraction integral can be described as [39]:  

𝑬𝑓(𝑹) = −
𝑖𝑘𝑓
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where �̑�(𝜃𝑘, 𝜙𝑘)  is transformation matrix converting the input polarization, e, to the 

polarization in the focal region, 𝒆𝑓 , 𝒌 = 𝑘 𝑠𝑖𝑛 𝜃𝑘 𝑐𝑜𝑠 𝜙𝑘 𝒆𝑥 + 𝑘 𝑠𝑖𝑛 𝜃𝑘 𝑠𝑖𝑛 𝜙𝑘 𝒆𝑦 + 𝑘 𝑐𝑜𝑠 𝜃𝑘 𝒆𝑧 

is wavevector of the partial plane waves, with k=2π/λ, where λ is the wavelength. 𝐸𝑙𝑝(𝜃𝑘, 𝜙𝑘) 

represents the distribution of amplitude in k-space on the reference sphere, s, with focal radius, 

f  (Fig. (1)). The knowledge of 𝐸𝑙𝑝(𝜃𝑘, 𝜙𝑘) is sufficient to reconstruct the electric field of the 

beam in the focal region. Here, 𝜙𝑘 is the azimuthal angle, 𝜃𝑘 = 𝑎𝑟𝑐𝑡𝑎𝑛
𝑘⊥

𝑘𝑧
  varies from 0 to 𝜃0, 

presents the diffraction angle of each diffracted ray, where 𝜃0 = 𝑎𝑟𝑐𝑠𝑖𝑛(𝑁𝐴/µ)  is the 

maximum angle between the focused beam and the optical axis, with µ as the refractive index 

of the medium.  The term of √𝑐𝑜𝑠 𝜃𝑘 originates from the conservation of the energy flow on 

the reference sphere. The focusing system supposed to have rotational symmetry with respect 



to the optical axis, ensuring the lens is aplanatic and aberrationless to make a geometric 

transformation of the angular momentum.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 1. Geometrical representation of the aplanatic focusing system. R is position vector of observation point in the focal region of the 
lens, k is vector describing the direction of a geometrical ray, and 𝒆  and 𝒆𝑓  are the polarization vector before and after focusing, 

respectively. 

 

The wavevector, k, after focusing under the geometric transformation, experiences a pure 

meridional rotation by the angle 𝜃𝑘  (Fig. (1)), accompanied by the rotation of the local 

polarization vectors e. In the geometric transformation, the unitary matrix �̑�(𝜃𝑘, 𝜙𝑘) is given 

by: 
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where �̑�𝛼(𝛽) is rotational matrix about α-axis by angle β, and �̑� =
1

√2
(
1 1 0
𝑖 −𝑖 0

0 0 √2
) is the 

transformation matrix to circular basis (e+ , e-, ez ). This pure geometric transformation includes 

the spin-redirection geometric phase and results in a SAM to OAM conversion [29]. 

For an incident LG beam, the amplitude distribution at the entrance pupil of the focusing lens 

can be written as: 

𝐸𝑙𝑝(𝜃𝑘, 𝜙𝑘) = 𝐸0𝐹𝑙𝑝(𝜃𝑘)𝑒
𝑖𝑙𝜙𝑘 ,                                                                                           (3) 

Where 
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with 𝑏0 =
𝑓 𝑠𝑖𝑛 𝜃0

𝑤0
 as the filling factor, the ratio of the pupil radius to the beam waist 𝑤0, l is the 

azimuthal mode index for the spiral phase shift, giving rise to an OAM of lћ per photon, p 

presents the radial mode index and 𝐿𝑝
|ℓ|

 are the Laguerre polynomials. The electric field 



amplitude, Ε0, is connected to the laser intensity via 𝐸0 = √
2µ𝐼

𝑐𝜀0
, where c and 𝜀0 are the speed of 

light and vacuum permittivity, respectively. Substituting Eqs. (2) and (3) in Eq. (1),using 𝒌 ⋅
𝒓 =  kR(𝑠𝑖𝑛 𝜃𝑘 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠(𝜙𝑘 − 𝜙) + 𝑐𝑜𝑠 𝜃𝑘 𝑐𝑜𝑠 𝜃)  and the integral representation of the 

Bessel function [40], ∫ 𝑑𝜙𝑘 𝑐𝑜𝑠 𝑛 𝜙𝑘
2𝜋

0
𝑒𝑖𝜌 𝑐𝑜𝑠(𝜙𝑘−𝜙) = 2𝜋𝑖𝑛𝐽𝑛(𝜌) 𝑐𝑜𝑠 𝑛 𝜙 , where 𝐽𝑛  are 

Bessel functions of the first kind of order n, the electric field of the tightly focused LG beams 

in the circular basis reads:  

𝑬𝑓(𝑹) = −𝑖
𝑙+𝑛+1𝐸0𝑓 ∫ 𝑒
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0
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𝑙(�̄�⊥, 𝜃𝑘)𝑒

𝑖(𝑙+𝜎)𝜙𝒆𝑧) 𝑠𝑖𝑛 𝜃𝑘 𝑑𝜃𝑘,                                                                                        (5) 

where  𝐸0𝑓 = 𝑘𝑓𝐸0 , and  

𝑇𝑛
𝑙(�̄�⊥, 𝜃𝑘) = √𝑐𝑜𝑠 𝜃𝑘 𝐹𝑙𝑝(𝜃𝑘)𝜂𝑛(𝜃𝑘)𝐽𝑙+𝑛 (�̄�⊥

𝑠𝑖𝑛 𝜃𝑘
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with  �̄�⊥ = 𝑘𝑅⊥ 𝑠𝑖𝑛 𝜃0  and �̄� = 𝑘𝑍 𝑠𝑖𝑛 𝜃0 , as size parameters, 𝑛 = {0, 𝜎, 2𝜎} , 𝜂0(𝜃𝑘) =

𝑐𝑜𝑠2
𝜃𝑘

2
 , 𝜂2𝜎(𝜃𝑘) = −𝑠𝑖𝑛

2 𝜃𝑘

2
 , and  𝜂𝜎(𝜃𝑘) = − 𝑠𝑖𝑛 𝜃𝑘 , where 𝜎 = ±1  is spin quantum 

number. 

According Eq. (5), unlike the paraxial limit, the nonparaxial condition exhibits a significant 

interplay between polarization and the spatial dependence of the field, resulting to the 

polarization dependent OAM σ. The meticulous design of both SAM and OAM of the input 

beam serves as the foundation for controlling all three components of the field in the focal plane 

[41,42].  

To comprehend the interaction between a localized atom and a tightly focused LG beam, while 

taking into account the aforementioned characteristics, we first examine the intensity 

distribution of the LG beam with both parallel and antiparallel SAM and OAM. As depicted in 

Fig. 2(a), the tightly focused LG beam with parallel SAM and OAM exhibits distinct features 

in its transversal, longitudinal, and total intensity distributions. Notably, it forms bright rings 

with respective size parameters �̄�⊥ ≈ 2.39, 3.69 and 2.56 corresponding to respective radii of 

𝑅⊥ ≈ 0.42𝜆, 0.65𝜆, and 0.45𝜆. In contrast, Fig. 2(b) illustrates the behavior of the tightly 

focused LG beam with antiparallel OAM and SAM, where the constructive interference of 

optical rays results in a longitudinal intensity distribution in the central region. Comparing Figs. 

2 (a) and 2(b), the longitudinal intensity, Iz, for LG beam with antiparallel SAM and OAM is 

maximized at the focal center with a strength comparable to the transversal intensity. As the 

focusing angle, 𝜃0,  increases the longitudinal intensity gradually intensifies, eventually 

surpassing the transversal intensity beyond 𝜃0 ≥ 1.1 rad or NA=0.89 (Fig. (3)), and at 𝜃0 ≈
1.57 rad (maximum NA), its ratio relative to the transversal intensity reaches a maximum of 

1.59.  

These findings emphasize that the combination of SAM and OAM of the tightly focused LG 

beam, as well as the degree of focusing, significantly influence the longitudinal component of 

the electric field. It is noticeable, despite LG beams with parallel and antiparallel SAM and 

OAM having the same intensity in the paraxial approximation, the intensity distribution of a 

tightly focused LG beam is highly sensitive to the spin-orbit interaction in nonparaxial 

conditions. The variation of SAM- and OAM-dependent intensity at sub-wavelength scales, 

perceptible to a trapped atom in the focal plane, modifies atomic transitions and unveils new 

phenomena that go beyond the paraxial description of atom-light interaction. 

 



 
Fig. 2. The normalized intensity profile of right-circular-polarized,𝐼+ (dotdashed-magneta), left-circular-polarized, 𝐼− (dotted-

orange) and longitudinal, 𝐼𝑧 (dashed-green) components and total intensity I (solid-blue)  of  LG beams with (a) parallel SAM 

and OAM ( 𝑙 = 1, 𝜎 = 1), and (b) antiparallel SAM and OAM( 𝑙 = 1, 𝜎 = −1) at the focusing plane under the tight 

focusing condition,  𝜃0 = 0.36𝜋 and 𝑏0 = 1 versus the size parameter, �̄�⊥. All values are normalized to the maximum value 

of total intensity I.  The insets show magnified 𝐼+/𝐼𝑚𝑎𝑥 and 𝐼−//𝐼𝑚𝑎𝑥 versus �̄�⊥. The 3D density plots in the inset are 

total intensity at the focal plane. 
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Fig. 3. The ratio of the maximum intensities of the longitudinal,𝐼𝑧 and left-circular-polarized component, 𝐼−versus focusing angle 𝜃0for 

LG beam with antiparallel SAM and OAM. Beyond the red line at the angle of 1.1 rad,  the longitudinal component  of electric field 

becomes higher than the transversal one. 

 

3. Quadrupole excitation of a localized atom with tightly focused LG beams  

In this section, a detailed theory is developed for quadrupole transition of a localized atom, 

trapped in the focal plane of a tightly focused LG beam with parallel and antiparallel SAM and 

OAM (Fig. 4), under general nonparaxial conditions. Given the significance of the Rabi 

frequency as a crucial experimental parameter in laser excitation and its utility as a primary 

means for directly controlling coherent light-atom interactions, , the quadrupole Rabi frequency 

for such transition is presented. 

Here it should be considered that the design of large numerical aperture lenses for atom 

excitation employing tightly focused beams for experimental purposes necessitates careful 

consideration of the ultrahigh vacuum environment of atom traps.  [43]. Moreover, to ensure 

that the longitudinal and transversal field gradients discussed in section 2 being perceptible to 

the atom, it is assumed that the atom has been laser cooled to microkelvin temperatures [44].  

Neglecting the electron’s mass compared to that of the atom, the interaction Hamiltonian based 

on Power–Zienau–Woolley (PZW) picture can be given by [14, 45]: 

�̑�𝑖𝑛𝑡 = −𝑒𝒓. ∫ 𝑑𝑠𝑬(𝑹 + 𝑠𝒓)
1

0
,                                                                                                              (7) 

where E is the electric field of the excitation laser beam with 𝑹(𝑅⊥, 𝜙, 𝑍) and 𝒓(𝑟⊥, 𝜑, 𝑧) as the 

centre of mass and internal coordinates in the focus, respectively. Using Eqs. (5) and (7) and 

considering the quantization axis along the z-direction, the interaction Hamiltonian can be 

written as: 
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where 𝜙𝑅 is the azimuthal angle of the vector �̄�⊥ + 𝑠�̄�⊥ [14]. By Taylor expansion around 

�̄�⊥and doing some straightforward calculations, one can drive: 

θ0 [rad] 

M
ax
𝐼 𝑧

/M
ax
𝐼 −

 



      

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1 1
, , ,Ri l n i l n i l n i l nl l l i l i

n k m k m k n kT + s ,q e T R e sr T R e e sr T R e e
      

+ + + − + ++ − −

⊥ ⊥ ⊥ ⊥ ⊥ ⊥ ⊥ + +R r
  ,                                                                       

(9) 

where   
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Using the notation ⟨𝑓⟩ = ∫ 𝑓 𝑠𝑖𝑛 𝜃𝑘 𝑑𝜃𝑘
𝜃0
0

, substituting 𝑒
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), and integrating Eq. (8) over s, the interaction Hamiltonian in the focal plane �̄� = 0 

is given by: 
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constructed from the sum of the terms linear in the components of the internal vector, r,  

represents the dipole interaction Hamiltonian. The other expressions, 
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with quadratic internal components, serve as the respective transversal and longitudinal 

quadrupole interaction Hamiltonians. The second and third terms of Eqs. (13)-(16)  emerge 

from the tightly focusing nonparaxial condition, demonstrating the transitions wherein the 

SAM of light can take part in the centre of mass motion due to the spin-orbit interaction. 

 



 

Fig. 4. Vector plot and intensity profile of LG beam with (a) parallel and (b) antiparallel SAM and OAM, along with 

schematic of the polarization vector of electric fields at the focal plane. The atom trapped in the central region of the 
tightly focused LG beam with parallel SAM and OAM experiences only transversal intensity variations. In contrast, at 

the center of the LG beam with antiparallel SAM and OAM components, the region is not completely dark due to the 

presence of a non-zero longitudinal electric field. As a result, the atom is exposed to both transversal and longitudinal 

intensity variations. 

In order to determine the interaction strength of each transition, we consider an atom with an 

outer electron confined  within the dark (dim) central region of the LG beam with parallel 

(antiparallel) SAM and OAM (Fig. (5)). The atom can then be driven from an initial state, 

|𝑛𝑖 , 𝑗𝑖 , 𝑚𝑖⟩  to a final state, |𝑛𝑓 , 𝑗𝑓 , 𝑚𝑓⟩, specified by nα, jα and mα as quantum numbers, 

associated with the principle quantum number, the total-, and z-component of the state’s 

angular momentum, α, respectively. Moreover, it is assumed that the frequency of the tightly 

focused LG beam is tunable to the different magnetic sublevels of the excited state and the 

lifetime of the excited state is long enough that the spontaneous emission from these levels is 

negligible. Additionally, to allow probing all the transition channels in such intensity 

distribution landscape, the hyperfine structure of the atom is neglected and only magnetic 

Zeeman-split levels in a static magnetic field (z-direction) are considered. Subsequently, the 

transitions can be determined by the total angular momentum as: (i) dipole transitions,  in which 

SAM can be transferred between the electromagnetic field and the internal state of the atom 

while the exchange of OAM occurs only between the light and the atom’s center of mass motion 

[46], and (ii) quadrupole transitions, where the interaction can also involve the transfer of OAM 

to the internal motion of the atom [13,14]. 
 

 
 

 
 

 
 

 

 
 

 

 
 

 

 
 

 

Fig. 5 : The energy level diagram of quadrupole transition 5𝑆 → 5𝐷  of  a cold  Rubidium atom, 87Rb. The quadrupole transitions 

Δm=2,1, 0 -1 and -2  are labled from a to e.  
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Building upon the theoretical framework outlined above for the interaction strength of various 

transitions driven by a tightly focused LG beam with parallel (antiparallel) SAM and OAM, we 

now turn our attention to the Rabi frequencies associated with quadrupole transitions. The Rabi 

frequency,  𝛺𝑝
𝛥𝑚  (𝛺𝑎𝑝

𝛥𝑚 ) of different channels of quadrupole transitions, 𝑗𝑓 − 𝑗𝑖 = 2 , are 

presented in Table (1), where 𝛥𝑚 = 𝑚𝑓 −𝑚𝑖  is the angular momentum transfer in z-direction. 

The transition channels with 𝛥𝑚 = ±2 are influenced by pure transversal intensity variations, 

whereas the other channels with  𝛥𝑚 = 0,±1  are influenced by both transversal and 

longitudinal intensity variation. . Within the various transition channels, it is anticipated that 

Rabi frequencies 𝛺𝑝
2  and 𝛺𝑎𝑝

0  of respective quadrupole transitions 𝛥𝑚 = 2 and 𝛥𝑚 = 0 are 

dominant in the central region of the focus. It is due to the sharp transversal variation of the 

intensity, I+ (I-) of the LG beam with parallel (antiparallel) SAM and OAM focused to a sub-

wavelength radius (Figs. 2(a) and 2(b)), visible to the trapped atom in this region. In the dark 

central region of the focused LG beam with parallel SAM and OAM only the variations of I+ 

contributes to the transition. In contrast, within the dim central region of the focused LG beam 

with  antiparallel SAM and OAM, the additional longitudinal intensity variation is also 

considerable (Fig. 2(b)) and contributes to the quadrupole transition with  Δm =0.  

Using spherical tensors, 𝝍𝟎
𝟏 = √

𝟑

𝟒𝝅
𝒄𝒐𝒔 𝜽and 𝝍𝟏

±𝟏 = ∓√
𝟑

𝟖𝝅
𝒔𝒊𝒏 𝜽 𝒆±𝒊𝝋   and converting the 

lower ranks into the sum of the higher ones as:  
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and employing the Wigner-Ekart theorem, the quadrupole Rabi frequency of the dominant 

transitions for the atom trapped in the central region of a tightly focused LG beam with the 

respective antiparallel and parallel SAM and OAM can be written in terms of Clebsch-Gordan 

coefficients as: 

𝛺𝑎𝑝
0 (�̄�⊥, 𝜃0) = 𝛺0

⟨𝐽𝑖𝑚𝑖20|𝐽𝑓𝑚𝑓⟩

√3
(√2 ⟨𝑇−1

1 (�̄�⊥, 𝜃𝑘)
𝑐𝑜𝑠 𝜃𝑘

𝑠𝑖𝑛 𝜃0
⟩ − ⟨𝑇0

1+(�̄�⊥, 𝜃𝑘)⟩ + ⟨𝑇−2
1 −
(�̄�⊥, 𝜃𝑘)⟩) ,        

(17) 

and 

𝛺𝑝
2(�̄�⊥, 𝜃0) = 𝛺0⟨𝐽𝑖𝑚𝑖22|𝐽𝑓𝑚𝑓⟩⟨𝑇0

1+(�̄�⊥, 𝜃𝑘)⟩ .                                                                                    (18)  

In the above equations, 𝛺0 = √
8𝜋2𝑒2𝐼

9𝑐𝜀0ℏ
2 𝑘

2𝑓 𝑠𝑖𝑛 𝜃0 ⟨𝑛𝑓𝐽𝑓‖𝑟
2𝑌2‖𝑛𝑖𝐽𝑖⟩ represents the maximum 

quadrupole Rabi frequency induced by a tightly focused LG beam. The Clebsch Gordan 

coefficients express the relative orientation between the excitation electric field at the focus and 

quadrupole moment of the atom when it exists in a superposition of states.       

 
Table 1: The quadrupole Rabi frequency, 𝜴𝒑

𝜟𝒎, and 𝜴𝒂𝒑
𝜟𝒎for the tightly focused LG beam with respective 

parallel and antiparallel SAM and OAM for different transition channels.  
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Fig. 6: The quadrupole Rabi frequency profile of a trapped 87Rb excitated with a tightly focused LG beam with parallel (left 
column) and antiparallel (right column) SAM and OAM for different transition channels as a function of size parameter, �̄�⊥for 

different angular momentum transfer 𝛥𝑚 = −2,−1, 0, 1, 2. The data are normalized to the maximum value of 𝛺𝑃
2 for the 

tightly focused condition 𝜃0 = 0.36𝜋 and 𝑏0 = 1. 
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As an illustrative example, let's consider a trapped Rubidium atom, specifically 87Rb, initially in the 

ground state, |5𝑆1/2, 𝐽𝑖 = 1/2,𝑚𝑖 = 1/2⟩ , which can be excited through quadrupole transitions 

labeled as a, b, c, d and e (Fig. (5)). The quadrupole Rabi frequencies profile of the transition channels 

are depicted in Fig. (6) for a trapped 87Rb excitated with a tightly focused LG beam considering 

focusing parameters 𝜃0 = 0.36𝜋 and 𝑏0 = 1. The population distribution among the Zeeman levels 

of the excited state is strongly influenced by the atom's position relative to the center of the focused LG 

beam. As shown in left column of Fig. (6) for the LG beam with parallel SAM and OAM, by 

transversally positioning the atom at radii of 0.51𝜆, 0.67𝜆, 0.86𝜆 , and 1.1𝜆 from the center, the 

intensity gradients across the focusing plane induce different quadrupole transitions 𝛥𝑚 =
1, 0, −1,−2  with probabilities of 10%, 10%, 2%, 0.1% relative to the maximum value of 𝛺𝑝

2  . 

Conversely, when the atom is trapped within the dim region of the LG beam with antiparallel SAM 

and OAM, it undergoes a quadrupole transition, 𝛥𝑚 = 0 with a probability of 58% relative to 𝛺𝑃
2 . 

This transition arises due to the effects of both longitudinal and transversal electric field variations 

which can be altered by tunning focusing parameters. . Furthermore, coherent transverse displacement 

of the atom from the beam center results in additional transitions 𝛥𝑚 = 2,1, −1,−2 at positions 

𝑅⊥ ≈ 0.61𝜆, 0.39𝜆, 0.47𝜆and, 0.67𝜆 with respective probabilities of approximately 0.8%, 8.3%, 

5.4%, and 3.7% relative to 𝛺𝑃
2 . The lateral displacement of atom away from the center and transfer of 

orbital angular momentum to the center of mass due to spin-orbit interaction, induces rotational motion 

of atom around the z-axis coupled to the excited state. Interestingly, the profile distribution of 𝛺𝑃
2  and 

𝛺𝑎𝑝
0 are similar with the radius of 𝑅⊥ ≈ 0.3𝜆 (Fig. (6)) due to the transversal distribution of intensity 

at the focal plane Z=0.  

In a practical aspect,  increasing the quadrupole transition probability in the central region of tightly 

focused LG beams enhances the signal-to-noise ratio in atom detection and facilitates the selective 

quadrupole excitation of atoms. It is worth noting that achieving high-fidelity quadrupole Rabi 

frequencies requires precise control over the field strength at the focus. Even minor intensity 

fluctuations can lead to unwanted heating of the atom, degrading the fidelity of the transitions [47]. 

Additionally, to maintain the fidelity, stringent control over the OAM and SAM purity of the tightly 

focused excitation beam is essential. 

To examine the influence of the focussing parameters, Fig. (7) illustrates the dependence of 

the quadrupole excitation Rabi frequency of the atom trapped in the central region of the 

focused LG beam with a parallel (antiparallel) SAM and OAM as a function of the focusing 

angle, 𝜃0. As shown in Fig.7(a), the Rabi frequency exhibits a rapid increase with the growth 

of focusing angle. The peak values of 𝛺𝑎𝑝
0

 reaches maximum at 𝜃0 ≈ 1.1 rad, while 𝛺𝑝
2 

continues to grow. Beyond this point, further increments in the focusing angle yield only 

marginal changes in the Rabi frequency 𝛺𝑎𝑝
0 , resulting in no significant enhancement in 

transition strength. On the other hand, the ratio between 𝛺𝑎𝑝
0  and  𝛺𝑝

2 exhibits a decreasing trend 

with increasing focusing angle, reducing from approximately 90% at 𝜃0 = 0.1 rad to about 

42% at the maximum focusing angle of 𝜃0 = 1.57 rad. The reduction can be ascribed to the 

longitudinal intensity variations that manifest near the center of the LG beam with antiparallel 

SAM and OAM. Fig. 7(b)  illustrates the transversal position where atom undergoes quadrupole 

transition under the influence of the LG beamwith parallel SAM and OAM, demonstrating its 

correlation with the focusing angle. This observation provides valuable insights into the 

preferred range of focusing angles for optimizing the Rabi frequency and, consequently, the 

transition strength in the atom. 

 



 
 
Fig. 7: (a) Peak values of  𝛺𝑝

2  (blue-rectangle) and 𝛺𝑎𝑝
0  (blue-circle) normalized to maximum value of 𝛺𝑝

2 , and 𝛺𝑎𝑝
0 /𝛺𝑝

2  

(magenta-triangle) versus 𝜃0 . (b) The normalized quadrupole Rabi frequency, 𝛺𝑝
2 within the focal plane versus 𝜃0  and the 

transversal position of atom. 

4. Conclusion  

In this study, the quadrupole interaction of tightly focused LG beams with localized atoms, 

beyond the paraxial intensity distribution in the focal region has been investigated. The study 

focused on a specific scenario involving polarized LG beams with parallel and antiparallel 

SAM and OAM. It is important to highlight that this analysis has broader applicability and can 

be extended to include beams with more complex structures. 

The results demonstrate the remarkable sensitivity of quadrupole excitation probability to 

the combined choice of SAM and OAM in the tightly focused LG beam, arising from the spin-

orbit interaction in the focal plane. The sharp polarization-dependent intensity gradients in the 

vicinity of the focal plane leads to various quadrupole transition channels. Furthermore, the 

longitudinal polarization component plays the significant role in quadrupole transition when 

dealing with atoms trapped at the dim center of a focused LG beam with antiparallel SAM and 

OAM. The investigation has revealed that the Rabi frequency exhibits strong dependence on 

the focusing angle and grows by focusing strength. Rabi frequency  𝛺𝑝
2  resulted from pure 

transversal intensity variation in the central region grows with the focusing angle while 𝛺𝑎𝑝
0  

saturates beyond focusing angle 1.1 Rad because of existing longitudinal electric field in the 
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center. This feature can serve as a control parameter, enabling precise adjustment of the 

transition probability strength when utilizing LG beams with parallel SAM and OAM, in 

contrast to those with antiparallel configuration. The localized atom within tightly focused LG 

beams including the transfer of orbital angular momentum modified by spin-orbit interactions, 

offers significant promise which paves the way for innovative techniques in quadrupole 

excitation of localized atoms, with applications extending to various fields such as storage, 

manipulation, and transfer of qudits.  

The sub-wavelength size of the focus region ensures sharp intensity variations exclusively 

within the vicinity of the interacting atom, while neighbouring atoms remaining unaffected by 

the field gradient. This feature renders the approach suitable for noise-free, high-fidelity qudit 

addressing—a crucial foundation for the development of scalable quantum logic devices. It 

opens up exciting possibilities for implementing quantum computers, offering a path towards 

significantly enhanced computational arrays with a high degree of integration and long-term 

stability [48,49].  

When atom moves away from the center, transferring of orbital angular momentum to the 

center of mass due to spin-orbit interaction induces rotational motion of atom coupled to the 

excited state.  
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