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ABSTRACT
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Master of Philosophy

SMART VISCOELASTIC SUPPORTS FOR VIBRATION CONTROL IN
ROTORS

by A. A. Zakaria

One of the most important operating requirements of rotating machinery is the capa-
bility to operate away from its critical speeds. It can be achieved by associating a
material that has property variation when induced by external stimuli. The focus of this
work is the application of smart viscoelastic to the rotor dynamics field by employing
magneto-rheological elastomer (MRE) as its support. Characterisation of MRE property
is determined through impact hammer test with and without the presence of a magnetic
field. The modulus of the MRE was estimated from the accelerance FRF plot and com-
pared with the MRE model. The MRE model is based on the inter-particle interaction in
the rubber matrix and linearised with the assumption of small displacement around the
equilibrium position of the particle. The model of magnetic field-dependent behaviour
is combined with the viscoelastic property of the MRE in a series configuration. The
linearised MRE model was fairly accurate to estimate the data from the hammer test
and experimental data from the literature. Then a rigid rotor model, supported by a
flexible mount at both ends that consist of plain bearing with the linearised MRE model
is considered. The MRE support is simulated with a three-parameter standard linear
viscoelastic model with the inclusion of induced magnetic field property. The simula-
tion results, which were limited to zero-field conditions, indicate that the use of MRE
in conventional bearing supports can shift the critical speeds and reduce its correspond-
ing vibration amplitude. These results suggest that the critical speed shift due to the
increase of ferromagnetic particles in MRE can be explored further, especially with the

influence of the induced magnetic field.
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Chapter 1

Introduction

1.1 Background

A viscoelastic material is known to be a good choice for use within an isolation system
due to it being inexpensive and possessing high damping characteristics over a wide tem-
perature and frequency range. In rotor dynamics applications, the dynamic problems
that require solutions encompass reduction of any response due to unbalance and ensur-
ing that the system does not become unstable at critical speeds by increasing instability
thresholds. Tackling such issues are important requirements to prolong the lifespan of
rotating machinery and increase their efficiency. In some of these dynamic scenarios
isolation is an important passive vibration control solution, typically implemented using
rubber bushing and elastomer supports. However, slight variations either in the environ-
mental conditions or the parameter of the operating machine may contribute to changes
in the isolation characteristics, as the viscoelastic material properties are both tempera-
ture and frequency-dependent. This complexity might be difficult to incorporate in any
design or it can produce constraints on the optimum isolation performance. Hence it is
necessary to develop the existing dynamic models to cope with such changes, producing
more complex system dynamics and ultimately to improve the performance by consider-
ing the introduction of isolation material that can be adapted or semi-actively controlled.
Hence the eventual need to consider, via modelling and ultimately implementation, is
the introduction of smart viscoelastic supports which benefit from the required stiffness

and damping but are robust to changing operating conditions.

1.2 Project Aims & Objectives

This project is being undertaken to advance the current application of viscoelastic sup-

ports in rotor systems by exploring the potential of novel smart material, such as the
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magnetorheological elastomer (MRE). In order to maintain specific mechanical proper-
ties which provide required optimum vibration isolation performance, an adaptive or
semi-active control system can be envisaged where the magnetic field applied to the
MRE material can be altered. Then the MRE damping and stiffness properties, which
might vary with temperature and frequency of the system, can be either corrected or
changed. The focus of this project will initially be on mathematical modelling of rotor-
dynamics systems, encompassing both rigid and then flexible rotors on elastic supports.
The performance will be compared to the results given in existing literature and then
the governing equations of motion will be developed to incorporate MRE supports and
predictions of the behaviour for comparison with passive isolation supports. This will be
accompanied by designing a test rig prototype of the support for model validation. Sub-
sequently the project will consider the requirements and choice of the most appropriate
control algorithms, their performance modelling and final implementation and proof of

concept. Below is the list of main objectives to be achieved in this work:

e Determine the properties of MRE by modal testing through impact hammer test.
The test is facilitated with stack of permanent magnet to induce magnetic field

during the test.

e Determine the mathematical model of rotor-bearing system supported by MRE.
The whole model comprised the MRE dependency properties on both without and

with presence of magnetic field.

e Develop a rotor-bearing mathematical model supported by identical flexible mounts

of smart viscoelastic supports.

1.2.1 Contributions
Below are contributions that have been determined throughout this work:

e An improvised impact hammer testing for obtaining complex stiffness properties of
MRE is proposed. The setup will benefit the existing measurement devices and the
and faster measurement time, using a modal testing method. Utilization of impact
hammer test with consideration of single-degree-of-freedom system, MRE stiffness
and lost factor can be determined from accelerance and Nyquist plot respectively.
However, the test is only limited to a single excitation frequency whereas MRE, a

viscoelastic material is a frequency dependent material.

e MRE properties of magnetic field dependency is modelled in compression for the
first time using inter-particle or dipoles interaction. Simple compression deforma-
tion model of the MRE is determined from the shear model, where generally the
shear model is widely used by other researchers. The model take into account zero-

field elastic property of MRE by using series configuration of law of mixture. Then,
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the magnetic dependent property of the model is linearly approximated using fifth
order Taylor’s series expansion of small strain around static equilibrium position.

Both properties were combined to model linearised MRE modulus and stiffness.

e Effect of viscoelastic supports for rotor-bearing system is modelled by adapting
the work done by [5]. Addition to the results presented by [5], potential of smart
viscoelastic material as supports in rotor dynamics is highlighted in this work by
demonstrating the material capability of reducing magnitude of vibration response

and shifting its natural frequency.



Chapter 2

Literature Review

2.1 Introduction

In this chapter a brief literature review is presented to cover topics which include a glance
into the history of rotordynamics, the modelling of viscoelastic material and viscoelastic
material applications in rotordynamics. It is then followed by a specific review pertaining
to magnetorheological elastomer behaviour and the controllability of material properties

with respect to the magnetic field.

2.2 History of rotordynamics

Manufacturing of rotating machines began as early as the ancient Greek time. These
machines were essential to provide energy from water flow to power other mechanical
devices. Since then, it evolved to be one of main innovations in the power generation
sector. During 1800s, great number of water mills were produced to generate power up
until the beginning of the industrial revolution. Then, in the late 1800s, steam turbines

became available for higher energy demands.

The earliest rotordynamic problem was the significance of the critical speed. It was
the speed that amplified vibration generated from rotor unbalance by resonance at the
natural frequency of the system. Thus, from the work of Rankine [6] in 1869 which
analysed critical speed anomaly, most of the rotor-bearing system design was to retain
its operational speed below the first critical speed. However, DeLaval [7| proved experi-
mentally that it was possible to run above the critical speed in the supercritical region.
As DeLaval [7] and Parsons [8] in the early 1900s managed to operate steam turbines
at supercritical speed and since Jeffcott [9] successfully published a proper analysis of
critical speed inversion with inclusion of damping, it became an acceptable practice for

turbomachinery running in the supercritical region.

4
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The influence of bearing properties became notably important with experiments on
oil film bearings and its corresponding mathematical treatments in 1886 by Osborne
Reynolds [10]. Previously bearings were just treated as a simple support with infinite
stiffness. The main highlight of the work was that pressure generated by an oil film,
which was due to rotation of the bearing journal, produces a force that is ample enough
to support the load and prevent metal contact between bearing and shaft. The finding
gave useful insight of the initial thought that the purpose of oil filin in the first place

was just to minimize friction between shaft and bearing.

Apart from the issues with critical speed and influence of bearing properties, shaft related
problems were found to be a major concern in rotordynamics. In early 1900s, Newkirk
[11] and Kimball [12] first addressed whirl instability from several experiments and the
related theoretical analysis performed by Smith [13]. The instability was caused by
subsynchronous whirling of the shaft. Then, the subsequent works explained the whirling

phenomenon caused by internal friction or damping in the rotor assembly.

These issues, either the expansion of a single one or combinations of them, later on
became the foundation of modern rotordynamics advancement. It leads to notable in-
ventions, solutions and explanations that try to overcome the issues. Development of a
squeeze film bearing damper, as an example, is a well known type of bearing that in-
vented to facilitate high rotation devices such as a helicopter shaft [14], a flow compressor
in aircraft engines and the turbojet [15] by the 1970s.

As time progressed, the need for power and speed for rotating machinery were becoming
prominent. Multiple stage turbines and compressors, and the rocket engine are examples
of such devices that require precise analysis in terms of the instability of subsynchronous
whirl and balancing. Because of these problems, most development over the last several
decades in rotordynamics focused on bearings and seals for vibration damping devices,

and tools for analysis and measurements [16].

2.3 Viscoelastic material modelling and characteristics

Over a century ago, interest in viscoelastic material and its application grew tremen-
dously. Starting with a mathematical representation of viscoelastic models such as the
Maxwell, Kelvin-Voigt (KV) and standard linear model. Maxwell and KV models are
visualized by connecting a Hookean spring with Newtonian damper in series and parallel
respectively. In general the Maxwell model is acceptable as a first approximation to
relaxation behaviour, but is inadequate for prediction of creep (strain increases linearly
with time) and recovery (instantaneous recovery of elastic strain when stress is removed).
However, the KV model is acceptable as a first approximation to creep and recovery be-
haviour, but is inadequate for prediction of relaxation due to stress-relaxation relation.

When the stress is constant, the predicted response shows the material behaves as an
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FIGURE 2.1: The effect of increasing frequency on the storage modulus and loss factor
for four materials at constant temperature [1].

elastic solid. The restrictions of the two models can be overcome by combining the two

models into a standard linear solid model.

Numerous publications advanced the development of the material modelling to accurately
reproduce the viscoelastic characteristics. Important work is presented below. Among
the earliest advancement of mathematical modelling of viscoelastic material was the
utilization of fractional calculus [17]. The idea of fractional integration and differentiation
are used for the derivation of a new fundamental equation for viscoelastic materials. Good
agreement between theoretical and experimental results indicated that the concept gave
advantages for describing viscoelastic properties, which utilize one parameter, compared
to the traditional method, which requires more than one parameter to fit the experimental
data.

One of the key features of viscoelastic material is its mechanical properties which vary
with frequency and temperature. As an example, the frequency and temperature depen-
dence effect on the storage modulus and loss factor of some viscoelastic materials are

shown in Figure 2.1 and Figure 2.2 respectively.

In Figure 2.1, the effect of increasing frequency on four viscoelastic materials are illus-
trated at room and low temperature. These temperatures are selected to show the effect
at the glassy, transition and rubbery regions. The storage modulus always increases
as frequency increases, where a greater rate of change is observed in the transition re-

gion. For loss factor, it increases with increasing frequency, reaches a maximum value
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FIGURE 2.2: The effect of temperature on the storage modulus and loss factor for
typical viscoelastic material with constant frequency [1].

in transition region and then decreases in the glassy region. Variation of storage mod-
ulus and loss factor in four distinct regions as temperature increases can be observed
in Figure 2.2. In general [1], this figure shows that it is qualitatively the inverse of the
frequency behaviour, but to a higher degree. It takes a few degrees of temperature to
produce the same change of behaviour as a several decades of frequency. Thus, in order
to facilitate the temperature dependence of viscoelastic material, Ketema and Fosdick
[18] incorporate a fading characteristic into dynamic absorber. The fading characteris-
tic is a time-temperature superposition method’s function that governs the relaxation
time dependence on temperature. An advantage of this model is that the dependency of
temperature on the relaxation time can be used to tune the effectiveness of a dynamic

vibration absorber.

Sjoberg and Kari [19] modelled the frequency dependence of viscoelastic properties of
a non-linear rubber isolator in a dynamic system by a fractional calculus element. The
model works in the time-domain and good agreement is obtained in a wide frequency
and amplitude range for a freely oscillating one degree of freedom system. The model
is found to be superior to the commonly applied Kelvin-Voigt element in modelling the
dynamic isolator properties. Adolfsson et al. [20] discussed different formulations of the
fractional order viscoelastic model and provided physical interpretations of the model by
using viscoelastic functions. They showed that the fractional order model is equivalent
to the standard viscoelastic model with an infinite number of internal variables in the

sense that the models give the same stress response on a given strain history.

Silva et al. [21] showed how to make a time-varying controller sensitive to tempera-

ture changes for viscoelastic material. The work depicted how both the frequency and
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temperature dependence of viscoelastic materials can be modelled with internal vari-
ables. Gil-Negrete et al. [22] proposed a material model that combines elastoplasticity
and fractional order viscoelasticity to represent the complex behaviour of natural rub-
ber mixtures by using an overlay technique. A fractional-derivative viscoelastic model
maintained a low number of parameters and simplified the parameter fitting procedure.
When subjected to harmonic excitation, von Mises’ elastoplastic material model showed
a good resemblance to the rate independent behaviour of rubber mixtures. Advantages
of the proposed model are its capability to simulate the complex dynamic behaviour of

carbon-black filled rubber elements and to replicate the material behaviour.

All reported viscoelastic models above were derived to solve specific conditions of the
viscoelastic material. As in [17], [19] and [20] each model tried to explain the frequency
dependency of viscoelastic properties, while [18] and [21] mentioned the effect of temper-
ature in their models. From these models, which have specific importance, it leads to a
concern for modelling viscoelastic material by distinct assumptions so that accurate and

definite analysis can be done.

2.4 Application of viscoleastic materials in rotordynamics

In parallel with the advancement of modelling viscoelastic material, which help to de-
scribe the complexity of the material properties, the application of viscoelastic compo-
nents in rotordynamics has generally increased as well. Dutt and Nakra [23] studied the
threshold speed of a rotor system on viscoelastic supports. The standard linear model
of the solid viscoelastic was considered as a support for identical plain journal bearings
of single disc rotor system. From the stability analysis, the zone of stable speeds can be
increased by the use of a low value of the primary support stiffness ratio (ratio of pri-
mary spring and shaft stiffness), high value of secondary support stiffness ratio (ratio of
secondary spring and shaft stiffness) and optimum values of the primary damping ratio
(ratio of primary damper and critical damping coefficient), secondary damping ratio and

support mass ratio (ratio of secondary damper and critical damping coefficient).

Shabaneh and Zu [24] investigated both the free and forced vibration of a rotating disk-
shaft system with linear elastic bearings mounted on viscoelastic suspensions. By uti-
lizing a KV model for the viscoelastic support and a Timoshenko beam model for the
shaft, they found that by increasing the viscoelastic stiffness, the fundamental and second

natural frequencies increase as well.

Tilemma [25] utilized component mode synthesis (CMS), which has shown to be an
efficient method for modelling rotor dynamics applications with viscoelastic bearing sup-
ports. CMS is applicable to viscoelastic FEM components provided that the equations

of motion are written in a convenient linear form.



Chapter 2 Literature Review 9

Friswell et al. [5] investigated the effect of an elastomer support on the dynamics of
a rotating machine. The effect of frequency and temperature dependent modulus has
been demonstrated by using the internal variable approach to model the viscoelastic
material for the transient dynamic responses, and includes an energy dissipation model.
It was shown that the dynamic characteristics of a machine change significantly with
temperature because of the changes in the stiffness and damping characteristics of the

elastomer.

Bavastri et al. [26] presented a convenient way to determine the Campbell diagram
of a dynamic rotor system with bearings containing viscoelastic layers. The viscoelastic
material employed in the bearings was modelled with four parameter fractional derivative
model. It was shown that the use of viscoelastic materials in the bearings could be very

effective in vibration and noise control.

The capability of the material tackling the critical speed issue in [23] and [24], and
vibration attenuation in [5] and [26] indicates the promising potential of viscoelastic

material in future rotordynamics applications.

2.5 Magnetorheological elastomer

The discovery of magnetorheological elastomer (MRE) in 1983 has shed some light on how
to overcome the problems faced when using MR fluids [27]. When viewed structurally,
MRE can be seen as a solid-state analogue to MR fluids. MRE is a class of solid that
comprises a polymeric matrix with embedded ferromagnetic particles such as carbonyl
iron. By introducing a current or magnet conducting particle into the liquid-form of the
polymeric matrix solid, the mixture is then exposed to the intense magnetic field and
left to cure and solidify to become an elastomer. Since its mechanical properties change
instantly by the application of a magnetic field, the magnetorheological elastomer became

a widely used material when it comes to controllable features.

Brigadnov and Dorfmann [28] conducted mathematical modelling of MRE by using the
concept of the strain-energy functions. The derivation of the equations are based on a
model of MRE confined by parallel top and bottom plates, which is subjected to shear
deformation under the influence of a magnetic field normal to the plates. An acceptable
agreement was achieved between the numerical simulation and experimental results. It
was shown that the effect of the magnetic field is to stiffen the shear response of the

material.

Lokander and Sternberg [29] investigated the effect of size and dispersion of iron particles
on the performance of isotropic magnetorheological (MR) rubber. They found that
MR rubber materials with large irregular particles have a large MR effect, which is a

property of MRE that changed or induced by the influence of magnetic field, although
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the particles are not aligned within the material. This is due to the low critical particle
volume concentration of the particles. An identical effect is also found for materials with

carbonyl iron, if the particles are poorly dispersed.

Blom and Kari [30] indicated that the magneto-sensitive effect of MR rubber is dependent
on its amplitude and frequency. From experimental results, rubber samples in the audible
frequency range showed that both the magnitude and loss factor of the shear modulus
are strongly amplitude dependent. These results also concluded that introducing iron
particles into the rubber increase its amplitude dependence over the entire frequency

range.

Wang et al. [31] investigated the effects of interactions between carbonyl iron particles
and the matrix, based on silicone rubber, on the performance of MRE on both the
MR effect and mechanical properties. By utilizing silane coupling agents during mixing
process, it was seen that there was an improvement in dispersion of the iron particles
and the interaction between iron particles and the matrix, thus increasing the tensile
strength of the MRE.

Stepanov et al. [32] conducted elongation, static and dynamic shear experiments to study
MRE behaviour in the presence of a homogeneous magnetic field. It was been found that
the elastic modulus increases as an external homogeneous magnetic field increases up to
0.3 T(Tesla). The presence of the effect of pseudo-plasticity has also been found, leading

to an increase in the shear loss modulus of the MRE.

Chen et al. [33] described that addition of carbon black into the MRE matrix leads
to a well-bound micro-structure and results in a high MR effect, low damping ratio and
improved tensile strength. Deng and Gong [34] developed an adaptive tuned vibration ab-
sorber (ATVA) by utilizing MRE as its smart spring elements. From the theoretical and
experimental result, the ATVA developed performed better in terms of shift-frequency
and vibration absorption capability from 27.5 Hz to 40 Hz and up to 25 dB respectively.

Liet al. [35] worked on the influence of particle coating on MRE mechanical behaviour. It
was found that MRE with carbonyl iron-poly methyl methacrylate (CI-PMMA) coating
has a larger storage modulus, smaller loss factor and smaller Payne effect than that of
the sample with only CI particles because PMMA coated particles are harder than the
silicone rubber matrix. Hence there is a decrease in the relative motion, and an increase

in the bond strength between the particles and matrix respectively.

Blom and Kari [36] utilized MR material in the form of a rubber bushing and investi-
gated its property with the influence of frequency, amplitude and magnetic field. The
frequency and amplitude dependent stiffness of the bushing are modelled based on geo-
metric dimensions and shear modulus. From the results presented, it can be seen that
the the stiffness of the bushing can be controlled over a large range due to the applied

magnetic field strength.
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Lejon and Kari [37] studied the influence of temperature, strain amplitude and magnetic
field on MRE characteristics. As the dynamic strain amplitude is increased, the measure-
ment indicated that a decrease in shear modulus amplitude occurred. By increasing the
frequency and magnetic field strength, the shear modulus magnitude is found to increase
as well. However, the measurements indicate that temperature is the most influential of
the parameters as the material stiffens significantly when the temperature reaches the

transition phase.

Ferromagnetic particles and magnetic field are two main aspects that differentiate MRE
from viscoelastic material. By addition of iron particles as in [29], [30], [31], [33] and
[35], the property of the rubber matrix is enhanced either through a MR effect, damping
capacity or tensile strength. The influence of the magnetic field is also found to be a
main features in characterization of MRE properties. Increase in modulus with induced
magnetic field increases is reported in [28], [32] and [37]. Thus it leads to the possibility
of controlling the MRE properties by application of magnetic field [36]. Overall, it shows
that enhancement of a rubber matrix material can be made by adding iron particles for

both without and with the presence of a magnetic field.

Recently, the work related to MRE and rotordynamics is presented by [38]. The magneto-
rheological elastomer mount is modelled using the four-parameter viscoelastic model.
By using the Rayleigh beam theory, the rotor bearing system is modelled using the
finite element method with the inclusion of the gyroscopic effect and the shaft’s internal
damping. Main focus of the work is the investigation of the effect of the application of
the magnetic field intensity on the vibration amplitude and the first critical speed. From
the shown simulation results, the MRE supports is capable to reduce the rotor vibration
response at the disk in the steady-state condition and in shifting the first critical speed.
The results also shown that increasing magnetic field intensity decreases the first critical
speed while increasing the unbalance vibration response of the rotor bearing system at

the resonant speed.

In addition, a prototype actuator was designed by [39] that utilized MRE layers as the
rotor-bearing mount. During the speed-up experiment of the rotor system, of which a
constant voltage is applied, the MRE-based actuator was able to shift ciritcal speed of
the rotor by 12.9 Hz. It was also found that the maximum of 23% reduction of rotor

peak vibration when 8V is supplied to the actuator.

2.5.1 MRE modelling

Many efforts to model MREs properties have been seen which account for the elastic,
viscoelastic and magnetic field dependency. The viscoelastic property is generally mod-
elled by either a Maxwell or Voigt model or combination of both. Additional stiffness

elements can be added to increase the accuracy of these models. Furthermore, most
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of magnetorheological (MR) material models are developed using the idea of the inter-
actions between adjacent magnetized filler particles. Due to an applied magnetic field,
the filler particles within the magnetic field will be magnetized and the magnetic pole
ends are formed at each particle. Thus, the interaction between magnetized particles or
known as dipoles which will induce stress within the elastomer matrix and finally alter
the MRE properties. By combining both viscoelastic and magnetic dependency models,

a comprehensive characterization of MREs can be achieved.

Dipole-dipole magnetic particle interaction model was used firstly by Jolly et al. [40] to
describe the increase in shear modulus as a magnetic field is applied in the same direction
as the particle chains. The same model has been utilized also by Davis [41] and Shen et
al. [42] for magnetic-field dependent behaviour, which try to explain the shear stiffness of
MREs under magnetic fields but using different approaches for zero-field shear stiffness,
namely a finite element model and hyper elastic rubber model respectively. Overall,
under small strain condition, the dipole-dipole magnetic particle interaction model is

efficient and mathematically concise.

Subsequently more complicated models, which are based on magnetic-mechanical mi-
crostructure, have been developed [43-52] to consider both zero-field and magnetic-field
dependency. These models could include the Young’s modulus of MRE as a magnetic

field and applied force are in the same direction as the particle chains.

Nevertheless, limited literature covering viscoelastic properties of MREs are reported
even though the damping behavior is essential for predicting their characteristics. Work
by Chen et al. [53] and Li et al. [54] adopted the dipole-dipole model to describe the
magnetic field dependency. The standard linear solid and viscoelastic interfaces model
were utilized by Chen et al. [53] and Li et al. [54] to define zero-field dependency behavior
respectively. As the magnetic fields increased, both studies found increases in the shear
modulus, but ascending and descending changes in the loss factor were reported [53, 54]

respectively.

2.5.2 MRE testing

After the modelling of MRESs, physical assessments or experiments on MRE material are
required to verify the models. Many experimental setups have been developed to assess
properties of MREs under two conditions, namely the absence of a magnetic field, known
as zero-field, and with the presence of a magnetic field. The main experimental tests for
obtaining MRE properties are tension, compression and shear tests. Various samples of
the MREs with different volume percentages of ferromagnetic particle were tested under
different intensity of applied magnetic fields. Next, several work will be mentioned to

address which type of experiment test are used to characterize MRE property.
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For shear tests, Shen et al. [42]| utilized two types of rubber as main the elastomer
matrix namely natural rubber and polyurethane. Higher MR effects is observed for
MREs made of polyurethane when magnetic field is applied up until 395 mT. Stepanov
et al. [32] performed the same test on MREs made of vinyl rubber with 23.9% volume
of CIP. Similar trends for the MR effects were found as the applied magnetic field is
increased. Specifically, 750% and 150% relative MR effects were achieved at small and
10% strain respectively. Opie and Yim [55] and Choi [56] conducted dynamic shear test
at a maximum strain level of 10% and 20% respectively. Both studies found that at
larger strains level, the MR effects were decreased. Yu and Wang |57| created silicone
rubber MRE sample that has copper wire inside it to generate a magnetic field. Increases
in the MR effects were found at about 77% and 15% in the small and large strain region
respectively. Furthermore, utilizing a dynamic shear test, Zajac et al. [58] and Hu et
al. [59] reported a similar trend for the MR effects by explaining changes of the area

enclosing the stress-strain hysteresis, and storage and loss moduli respectively.

For compression tests, Kallio [4] utilized a ring-shaped solenoid around a MRE sample
that made of silicone rubber with 30% volume CIP. A magnetic field induction up to
1 T was achieved using such a solenoid. From the stress-strain curves with maximum
strain level of 2%, 100% relative MR effect was found when a 0.7 T field was applied.
Varga et al. [60] performed a compression test with a sample made of silicone rubber
and 5.45% volume of CIP. The test was conducted to investigate the effect of the applied
magnetic field direction on MR effects. An anisotropic sample with particle alignment
parallel to applied magnetic field and loading direction was found to have highest MR
effect of 58% increase in the shear modulus. Boczkwoska et al. [61] utilized polyurethane
gel as an elastomer matrix with a maximum 30% volume particles as shear test samples.
MR effects achieved in that work were reported at a very low level of 4.5% compared to
other experiments. Guomundsson [62] manufactured both anisotropic silicone rubber and
polyurethane MREs for uniaxial shear stress. From the results of MR effects and moduli
against strains, silicone rubber MRE possesses highest MR effects. Gordaninejad et al.
[63] also performed compression test up to 20% strain for silicone rubber matrix with
a maximum 23.9% volume particles. From the results of compressive modulus against
strain, a decreasing trend of modulus is found as the strain increased for both zero-field

and induced magnetic field.

For tensile tests, Stepanov et al. [32] also prepared vinyl rubber MRE samples with
iron particle sizes ranging from 2 to 70 pm. From stress-strain results, 3000% relative
MR effects are reported in the small strain region with an applied magnetic field of 0.35
T. The high MR effect is due to a low zero-field modulus of MRE. Bellan and Bossis
[64] also performed tension tests using silicone rubber MRE samples with 15% volume
particles. Results were presented as a stress difference rather than moduli difference,
where the increase in stress due to the applied magnetic field can be found in the small

strain region up to a maximum value of 5%.
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To conclude the literature on MRE experiments, a maximum strain level reported was up
to 120% [57], 40% [60] and 60% [32] for shear, compression and tension test respectively.
In term of zero-field moduli tested, a maximum of 7.2 MPa [57], 4.5 MPa [62] and 530
kPa [64] were reported for shear, compression and tension test respectively. Highest
relative MR effects of 3000% are achieved in [32], which performed in tension test and
the magnetic field is at 0.35 T. When the relative value compared to absolute value of
MR effects, it is still within the range of reported literature. Besides, a highest absolute
MR effects of 5.3 MPa is observed in [62] with applied magnetic field of 0.7 T and as
it is converted to relative value, the effects are well within the range of other literature.
Therefore, consideration of both the absolute and relative MR effects is important when
interpreting the experimental results. In general, MR effects are increased as the applied
magnetic fields are increased. However, saturation appears at a certain level of the
magnetic field, which is reported at 0.7 T as in [4] and [63]. A low zero-field modulus of
MRE is reported to have higher relative MR effects [32], but not necessarily for absolute
MR effects [62]. Generally, MREs with a higher percentage volume of iron particles will
have greater MR effects.

2.6 Conclusions

This review gives an useful insight into several aspects of viscoelastic material such as its
modelling development, corresponding characteristics typically temperature and depen-
dence, and its application in rotordynamics. It also provides a possibility of employing
smart materials as supports for rotor-bearing system as it can provide optimum vibra-
tion isolation performance through adaptive or semi-active control system. Therefore, a
review on MRE, whose properties can be altered with application of a magnetic field,
was conducted so that its behaviour can be well understood. The information covered
so far will now be used in the next chapter for mathematical modelling and obtaining

numerical results.



Chapter 3

MRE Manufacture and Testing

In this chapter, two main subsections on MRE fabrication and testing method for charac-
terizing its property are presented. Materials, mixing details and manufacturing process
for producing MRE will be presented first. Then it will follow by short review on type
of material testing for MRE. After that details on modal testing on MRE samples will

be explained.

3.1 MRE manufacture

MREs are considered as smart materials due to their capability of changing under the
application of a magnetic field. In general, MREs are made of three main components:
a rubber or elastomer matrix, ferromagnetic particles and additives. All of the materials
are mixed together, placed into moulds and cured, with or without the presence of a
magnetic field for anisotropic and isotropic samples respectively. In addition, applying

heat to the mixture can accelerate the curing process.

Most researchers use silicone rubber as matrix, because it is easy to use and possesses
good properties such as very good chemical and UV resistance, and exhibits a wide
range of temperature performance [3]. The characteristic properties of MREs are mainly
dependent upon the ferromagnetic particles that are embedded inside the matrix when
external magnetic field is applied. Due to magnetization of the filler magnetic particles,
the material property of MRE is influenced by the interaction between the particles. If
an external load is applied to the material, three-dimensional crosslinks formed by the
particles try to retain their condition and the same trend is proportional to the intensity
of the magnetic field [65]. Generally, the main criteria required for the selection of the
magnetic particles are low remnant magnetization and high permeability. Low remnant
particles will ensure a reversible MR effect can be achieved. Otherwise, due to residual

magnetic effects upon the magnetic field removal this will make particles keep attracting

15
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TABLE 3.1: Properties of cured silicone rubber MM228 provided by ACC Silicones Ltd.

Property Value
Viscosity 18000 mPa.s
Young’s modulus 0.62 MPa
Tensile strength 5.06 MPa
Density 1120 kg/m?
Hardness 28°Shore A
Elongation at break | 5.06 MPa

each other [29]. The high permeability property of the magnetic particle is required
because such a property will make particles easily attracted by the applied magnetic

fields and thus encourages a maximum MR effect [4].

Additives are normally required in manufacturing MREs, as they can improve the mix-
ture. Silicone oil is frequently used as the additive to reduce viscosity in the uncured
mixture, so that it will help dispersion of the magnetic particles. Apart from filling gaps
between the particles and the matrix, the additives could level the distribution of the
internal stress inside the MRE [66].

3.1.1 DMaterials

In this study, a silicone rubber kit has been provided by ACC Silicones Ltd. The MM288
silicone rubber kit comprises two components, namely the rubber and the hardener as
part A and B respectively. Both are mixed together with the ratio A:B = 10:1. The
kit can be cured at room temperatures within 24 hours, but the curing process can be
accelerated by heating. A maximum of 30 minutes is required for the curing process
if the applied heating temperature is 100°C. Mechanical properties of the raw silicone
rubber are listed in Table 3.1.

As most researchers utilized silicone oil as an additive to reduce the uncured product
and the final modulus of cured elastomer, no additive is required in this work during the
mixing process. The viscosity of the silicone rubber is relatively low compared to [3| and

it was also recommended by the provider that no additive is required for the MM228 kit.

Ferromagnetic particles used in this work were provided by BASF SE. Carbonyl Iron
Powder (CIP) Type SQ is soft iron powder with particles having an average diameter
of 5 um. The iron powder consists of fine, grey particles which are spherical in shape.
It has 99.5% purity of iron content. Iron particles are the best option for the magnetic
particles in MREs because of their low remnant magnetization, high permeability and
high saturation magnetization [29]. Due to these properties, high MR effects can be
obtained as a result from better inter-particle interaction [67]. The properties of CIP are
shown in Table 3.2 below.
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TABLE 3.2: Properties of carbonyl iron powder (CIP) Type SQ provided by BASF SE.

Property Value
Particle diameter | 5 pm

Iron content 99.5 %
Carbon content | 0.5 %

Density 7874 kg/m?3 %

3.1.2 Component amounts for mixing MRE raw materials

Specific amount of each material, as introduced in the previous section, has to be set
prior to manufacture of the MRE. The desired percentage of ferromagnetic particles
can be decided first, then the amount of two components of silicone rubber can be
determined as the final MRE samples will be categorized with its specific ferromagnetic
volume fraction. The volume fraction is calculated by specifying the total weight of the
overall mixture, and given the density of both ferromagnetic particles and two component
silicone rubber, the weight of each material can be determined. By setting the final weight
of overall mixture, it is easier for the mixing process because weighing material can be
done directly on a weighing scale. The density of the carbonyl iron particle, pep, and
the silicone rubber, pg,, are 1120 kg/m® and 7874 kg/m? respectively. For an example,
the mass of final mixture is set to be my and the volume percentage of CIP is ¢. By

solving the simultaneous equation below,

PcipUcip + PsrVsr = Mf
(1 - (z))vcip - (b (31)
upsilong. =0

the volumes of carbonyl iron particle, vy, and the silicone rubber, vy, can be obtained.
Then its corresponding mass can be calculated by multiplying by its corresponding den-
sity. For silicone rubber, the calculated mass will be divided according to 10:1 ratio of
Part A and Part B respectively. Table 3.3 indicates the amount used to manufacture

MRE samples in this work.

TABLE 3.3: Amount of each material used in the manufacture of the MRE in this work

Mass (g)
¢ (%) Pt A T PaxtB | CIp | Lotal mass (g)
10 | 153.1186 | 15.3119 | 131.5696 300
20 98.901 | 9.8001 | 191.2053 300

3.1.3 Manufacturing process

The process of fabricating the MRE begins with mixing the two components of silicone

rubber MM228 with ratio of 10:1 and the desired percentage of magnetic particles in
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a disposable container around three minutes. The desired percentage of CIP is added
first to Part A of silicone rubber and the hardener of Part B silicone rubber is added as
the last component, with its corresponding weight are according to Section 5.3. This is

because the curing process starts as soon as the hardener is added to other components.

Then the mixture is placed into a vacuum chamber for 10 minutes to remove any trapped
air inside the mixture. All surfaces of the mould that will have contact with the mix-
ture were sprayed with silicone release agent for ease of removing the MRE from the
mould. Immediately after the degassing process, the MRE mixture was poured into the
specific moulds. The moulds are fabricated using aluminium material because it’s non-
ferromagnetic property and it will not be magnetized when permanent magnets are used

to cure anisotropic sample.

Samples for impact hammer test were made in accordance with BS ISO 7743-2011 [68].
Type A cylindrical sample has diameter of 29 mm and height of 12.5 mm. The mould
is designed to produce 12 samples for each curing process. For anisotropic samples,
neodymium permanent magnets can be utilized and in place whilst the MRE mixture
is cured inside the mould. A total of eight square magnets, four at each side of the
moulds, can be fix to generate an average of 430 mT magnetic field for fabricating
anisotropic samples. However only isotropic samples with the variation as in Table 3.3

are manufactured and tested.

3.2 Modal testing

In this work, modal testing method is considered. By comparing to the three methods
that mentioned in 2.5.1, which are shear, tensile and compression test, modal testing is
a simple measurement approach to characterize MRE property because of less hardware
required and it provide faster measurement time. By using hand-held device such as
impact hammer and accelerometers, the FRF can be obtained to determine natural
frequency and loss factor of the MRE. Two different setups which are zero and with
magnetic field, are cogitated. The cylindrical MRE sample is placed in between a steel
cylinder with similar diameter and concrete block or layers of permanent magnetic for
zero or with magnetic field setup respectively. Figure 3.1 shows impact test setup with
magnetic field. An accelerometer is attached to top of the cylindrical steel and on surface
of concrete block. The Accelerometer 1 will capture the response of the test setup upon
force excitation of the impact hammer. Meanwhile the presence of the Accelerometer 2
is to provide any indication if the base of the test setup is vibrating or stationary during
the force excitation. Gauss meter is placed at the middle of MRE height for magnetic

field intensity measurement.



Chapter 3 MRE Manufacture and Testing 19

[ accelerometer 1

mild steel
cylinder

MRE

! magnet %—/ accelerometer 2
7

(a) Impact hammer test setup with the presence (b) Simplified diagram of Figure 3.3(a)

of permanent magnet.

FI1GURE 3.1: Impact hammer test configuration.

For both setup, point force from impact hammer is applied four times to the cylindrical
steel mass. MRE with different CIP contents is replaced with variation as in Table 3.3
for different set of measurement. Four MRE samples with similar CIP content that
fabricated from the same mixture are utilized in order to get average property of MRE.
Then force response from impact hammer, accelerance, coherence and phase will be
plotted from data acquisition system. Figure 3.2 and Figure 3.3 depict the average four
reponsess from test setup with 5% CIP MRE without permanent magnet and 10% CIP
MRE with a layer of permanent magnet from the Accelerometer 1. All measurements
used for obtaining MRE property are chosen based on the consistency of force response
and coherence plots as shown in both Figure 3.2 and Figure 3.3. For the force response,
the only measurement that will be utilized is one with amplitude of the force spectrum
is not exceeding 10 dB to 20 dB down at the maximum frequency of interest. Then the
next criteria of choosing accurate measurement are to observe the coherence plot where
the magnitude must be close to one for the entire frequency range and the consistent
close-to-zero response from the Accelerometer 2. If there was a waveform observed right
after force impulse applied to the MRE, the base setup need to be adjusted as it indicates

a movement.
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FIGURE 3.2: Measurement of impact hammer test on 10% CIP MRE without magnetic
field. (a) force spectrum, (b) accelerance magnitude, (c) coherence and (d) accelerance
phase.
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FIGURE 3.3: Measurement of impact hammer test on 20% CIP MRE with magnetic
field, 52 mT. (a) force spectrum, (b) accelerance magnitude, (c) coherence and (d)

accelerance phase.



Chapter 3 MRE Manufacture and Testing 21

In order to define the property of MRE, the test setup is assumed to be a single-degree-

of-freedom system and the effective mass is governed by [69]

MMRE
3

Meff = Msteel + (32)
where mygee; and mpsrE are the mass of cylindrical steel and MRE sample respectively.
Natural frequency of the single-degree-of-freedom system is determined by maximum
magnitude of the frequency response. Estimation of MRE sample stiffness kjy/rp can be
accomplished by two approaches. Firstly, by using the known value of natural frequency

wy, from the maximum accelerance, ky;rg can be determined as

kvRE = wimeyy (3.3)

The other approach is by estimating kjsrp from the value of the straight line that consti-
tutes part of accelerance plot starting from low frequency until the maximum accelerance.

As shown in Figure 3.4, kyrp can be estimated by

w2

Aw) =

~ 3.4
kyvRE (3.4)

where A(w) is the accelerance.

At higher frequency range of accelerance plot, which is after the maximum accelerance,

a horizontal line is also useful to verify the m.ss of the single-degree-of-freedom.

Accelerance

N N Lol
Frequency

F1GURE 3.4: Magnitude of accelerance FRF plot.
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By choosing a partial range of frequency response that start and finish 3 dB or v/2 down
of the maximum point, Nyquist plot will be used to approximate the value of damping
property or loss factor. The circle fit technique will try to match a circle to the real
and imaginary part of the frequency response. Fitting process is done by minimizing
discrepancy between the radius of measured data and the fitted circle. By referring to
Figure 3.5, additional two adjacent frequencies, w, and wy, that lie on the fitted circle are
required for estimating loss factor of MRE sample. The loss factor can be determined
by [70]

2(wa — wb)
~ 3.5
" i (%) + e (5) >
Im
Re
increase
\€requency
Ba
on -
Wy

FIGURE 3.5: Nyquist plot for estimating loss factor of MRE sample

3.2.1 Results and discussion

From the modal testing and the related equations from Equation 3.2 until 3.5, the result
from the impact hammer measurement are presented in Figure 3.6(a) and Figure 3.6(b)
for 10% and 20% CIP respectively. The measurement started with a zero-field condition,
which is without any permanent magnet. Then the procedure is repeated with a single
permanent magnet with a measured field of 52 mT up until four stacks of magnets of

175 mT, as shown in Figure 3.1.
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FIGURE 3.6: Measured accelerance of MRE modal testing with different applied mag-
netic field.

For both figures, the peak of each accelerance that signify natural frequency of the
measured setup, shows an increasing trend as the applied magnetic field is increased.
Due to different content of CIP volume, the value of natural frequency for 20% CIP
sample is always higher than corresponding 10% CIP for equivalent setup. MRE stiffness,
kyre is then calculated and estimated by referring to Equation 3.3 and 3.4, of which
the latter utilized polyfit function in MATLAB. Both values is compared and details of

the measured values is tabulated in Table 3.4.
TABLE 3.4: Impact hammer measurement data and ky rEe

stiffness estimation from accelerance plot as in Figure 3.6.

- - =
CIP % | Magnetic field, mT | Natural frequency, Hz | Loss factor Eztllmated stlffnes;; 10° N/m
0 161.92 0.19236 1.022 1.064
52 209.95 0.18975 1.716 1.789
10 87 220.66 0.12533 1.895 1.976
123 226.24 0.12066 1.992 2.007
175 232.05 0.11887 2.096 2.185
0 173.06 0.28119 1.167 1.226
56 216.27 0.24581 1.821 1.915
20 85 228.62 0.18794 2.035 2.139
122 238.72 0.20069 2.218 2.333
174 247.99 0.24548 2.394 2.518
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FIGURE 3.7: Estimated stiffness of 10% and 20% against measured magnetic field.

Figure 3.7 depicts the estimated 10% and 20% CIP MRE stiffness with respect to increas-
ing magnetic field. k; and ko are the estimated stiffness values that utilize Equation 3.3
and 3.4 repectively. Both equations estimated almost the same value for each measured
magnetic field with only around 5% different. Therefore, an average value of ky;rp for
each magnetic field value is taken from both estimated stffness values. In general, it can
be seen that as the MRE stiffness is increased, of which contributed by increasing natural
frequency, as the applied magnetic field is increased. 20% CIP MRE has higher stiffness
value for every measured magnetic field value and it is consistent with the additional CIP
contents compared with 10% CIP MRE. All samples that used in the test having the
same dimension and direct relation between kj;rr and Ejyrg can be referred to as in
Equation 5.10. These results on increasing kjsrg, of which directly proportion to EyrE,
are in a good agreement with most reported literature as mention in Section 2.5.1. An
increase in the induced magnetic field will increase magnetic interaction between CIP
in MRE. As the interaction force is larger, an equivalent reaction force from the elastic
component of MRE will be generated to reach the equilibrium state as mentioned in

Section 4.2.1 and correspondingly increase the modulus of MRE.

However, the trend for loss factor is decreasing as the induced magnetic field is increased.
It can be seen only for the 10% sample. For the 20% sample, no clear trend can be
concluded. By comparing loss factor value in the perspective of CIP content in MRE;,
the value is improved for each measured magnetic field. This trend is also true for the
stiffness value. Therefore, increase in CIP percentage will improve damping capacity and
the Young’s modulus of which also reported in [29], [30], [31], [33] and [35].
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3.3 Conclusions

This chapter briefly explained the fabrication of the isotropic MRE sample. Starting from
involved material and followed by mixing compound, manufacturing process until the
testing procedure of the MRE sample. The type of material and the manufacturing pro-
cess utilized in this chapter can be considered common aspects of which many researchers
already implemented. Sample testing is, however, considering the availability of existing
measurement device and faster measurement time, using a modal testing method. Uti-
lization of impact hammer test with consideration of single-degree-of-freedom system,
MRE stiffness and lost factor can be determined from accelerance and Nyquist plot re-
spectively. Results from the impact hammer test will be presented and compared with

the MRE model in the next chapter including a comparison with existing literature.



Chapter 4

MREs Modelling

4.1 Introduction

MREs typically comprise of a polymeric matrix with ferromagnetic particles, hence the
viscoelasticity and magnetic field interaction properties are the two main components
necessary to be included in the modelling of its characteristics. Behavior of MREs char-
acterized using their viscoelastic property has been justified experimentally to explain
the dynamic properties when under the influence of magnetic fields [32, 71, 72]. The
dynamic shear stiffness of MREs is reported to increase, but changes in the loss factor
are positive [32] and uncertain [72] as magnetic fields are applied. Thus it is neces-
sary to model MREs with both zero-field and magnetic-field dependency, so that a clear

understanding of the MRE dynamic behaviour can be ascertained.

In this chapter, the quasi-static model of inter-particle reaction of the iron particles in
silicone rubber matrix is based on the work by [39]. A new physical-based model approach
is assumed by considering compressional stiffness changes by adopting the model derived
by [2]. The model will comprise of two parts which are zero field and magnetic dependent
component. The first component utilizes the law of mixture to predict Young’s modulus
of the ferromagnetic and silicone rubber mixture. The latter component that quantifying
nonlinear constitutive magnetic field equation is explored and later will be simplified as

linearised stiffness around the equilibrium position of the ferromagnetic particle.

4.2 Modelling of the magnetic field dependent behaviour of
a MRE

The MR effect is commonly known as being that due to the magnetic field induced
change of the properties such as dynamic damping and stiffness. Controllability of MRE

properties is driven by the fundamental physics of the magnetic interaction between

26
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ferromagnetic fillers inside the MRE. Several assumptions are required in pursuance
of such an approach to the modelling of MRE magnetic dependent properties. Filler
particles are considered to be homogenous spheres and magnetized to be identical dipoles
L At first, two spherical ferromagnetic particles are seperated and distributed by a gap
ro in the elementary cube of silicone rubber matrix with the size rg as shown by Figure
4.1.

To

FIGURE 4.1: Two halves of spherical ferromagnetic particle in the elementary cube
silicone rubber matrix that seperated by r¢ [2]

By considering elimentary cell that represent a cube size rg including a spherical particle
of diameter d, the volume fraction of the filler particle in the matrix suspension, ¢,
is considered as the ratio between the volume of the particle and the volume of the

elementary cell
nd3 T
b= o7 = EI (4.1)
where h = 2 is a reciprocal indicator of distance between two particles. For a pure
silicone rubber matrix without the particle, the ¢ is 0 and h = co. The maximum ¢ can

be inferred when h = 1, of which the value is §.

A magnetic field is applied parallel to the direction of chains and the particles are evenly
distributed in the chains. Before considering to model the MR effect under pure com-
pression, a one-dimensional model of dipole-dipole magnetic interactions under shear is

revisited from Jolly et al. [40]. Figure 4.2 depicts the geometry of two adjacent particles
within a chain inside the MRE along with the direction of applied magnetic field.

'Magnetic dipole is an inherent property of magnet, either in micro or macrostrucuture level, that
has magnetic fields connecting the north and the south pole
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o

FIGURE 4.2: Geometry of two particles of dipole moments m under shear deformation.

The interaction energy between two dipoles with equal moment 2. M is given by [73]

_ M?*(1—3cos?0)

E
A popar?

(4.2)

where po and pp are space and MREs permeability. r is the distance between two
adjacent dipoles and it can be expressed in term of horizontal component, x and vertical

component rg as r = (22 + 7“8)%. From Figure 4.2, by applying trigonometric identities,

the angle 6 can be expressed as cosf = (I;frz). Scalar strain of the dipoles can be
0
defined as e = %T. Thus, Equation (4.2) can be rewritten as
M?(e? -2
o (" —2) (4.3)

Ao (€2 + 1) 2

The interaction energy between dipoles per unit volume, energy density U can be ob-

tained by dividing Equation (4.3) with the total volume of the elementary cell, r§ = %—f
3M?%(e? — 2

5
2

2mpopradd(e2 4+ 1)

where d is diameter of the particle and ¢ is the volume fraction of particles inside the
MRE. The stress induced by an applied magnetic field through the particle can be cal-
culated by differentiating Equation (4.4) with respect to the scalar strain as

> ou IOM?2pe(4 — £2)
O 2m2pgpirdds(e2 + 1)

= (4.5)

By considering average particle polarization .J,, which accounts dipole moment magni-

tude M per unit volume as
Jpmd?
6

?Magnetic dipole moment is a torque (vector quantity) that experienced by a magnetic dipole under
the influence of applied magnetic field.

M=J,V = (4.6)
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the shear modulus G of a MRE is given by

Jipe(4—e?)

- (4.7)
8h3pop (1 + €2)

7
2

A similar approach has been taken for an MRE under pure compression and two adjacent
particles geometry under that condition is shown in Figure 4.3. From Figure 4.3, distance

between dipoles is now r = r¢(1 + ¢) and the angle 0 is zero, thus cosf = 1.

fo | Af M d

d

FIGURE 4.3: Geometry of two adjacent particles in a longitudinal chain along with the
applied magnetic field B parallel to the particle chain.

So Equation (4.2) can be rewritten as the interaction energy between the two particles

are given by

M2

E=-
2mpopn (14 €)3rd

(4.8)

By repeating the same steps from Equation (4.4), energy density of dipoles U can be

rewritten as

3M32¢

U=-
m2uopr (1 + €)3rgd®

(4.9)

Then, the stress induced by the applied magnetic field can be obtained by differentiating
Eq .(4.9) with respect to the scalar strain as

U o
de  m2uour (1 + e)trid

(4.10)

g =
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By repeating the same steps from Equation (4.6) and substituting h from Equation (4.1),

the nonlinear induced stress can be expressed as

2 12
o 3J2¢
2m2popr (1 +€)*

(4.11)

Equations (4.7) and (4.11) are in term of average particle polarization Jy,. Jolly et al.
[40] stated that average particle polarization J, is difficult to compute and measure
directly, which is unlike the applied magnetic field B that can be obtained and measure
directly using a flux meter. Thus, Jolly et al. [40] developed a relationship between
the average particle polarization J, and the applied magnetic field B by considering
particle saturation model. The model is established on the basis of magnetic saturation
of particle starts at minimum level of applied magnetic field and reaches maximum
particle saturation as level of applied magnetic field increased. The relationship of Jp,

B and « are given by [40] as

J _ L5e’B+(1—a%)J,
P 1+ 1.5¢a3

(4.12)

a_3_§)+\/(3_i)2+12k(§)(1—k£)+3(k—1)) (4.13)
6k '

Js and Bs; = Js + poH are the saturation of polarization and saturation flux density

respectively. H is measurable field strength, which is governed by B = ugH. k> 1is a
parameter that used to satisfy magnetic interaction between adjacent particle chains and
complex chain structures [40, 54]. Parameter k is also used and adjusted to fit the model
to experimental data. By substituting Equation (4.12) into Equation (4.7) and (4.11),
field-dependency modulus of MRE under shear and pure compression can be obtained

respectively.

4.2.1 Linearised MRE modulus

In this section, the derivation of the linearised MRE modulus is based on the work done
by [2]. The basic idea of linearising the modulus is when an external magnetic field
is applied to MRE, it will caused CIP attraction inside the matrix. It is also can be
anticipated as an external force acting and subsequently compressing the MRE. Thus, at
the same time, the elasticity of MRE will oppose such external force until an equilibrium
state is reached. During the equilibrium state, a small displacement can be considered to
estimate combined linearised modulus. Initially, modulus of MRE without the influence

of the magnetic field, Ey,q40, is defined by
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> _ EcrpEsr
M990 " (1 = ¢)Ecrp + ¢Esr

(4.14)

Epago is based on the series model between Ecrp and Eggr. From Figure 4.4, a com-
parison is made between series model, parallel model, and data measured as per Section
3.3. The data from Section 3.3 that utilized in this comparison were calculated by taking
average value of estimated k1 and k2 of 10% and 20% MRE at 0 mT. Then the stiffness
value is converted to equivalent E,.40 that based on Equation 5.10. The series model
can provide a better approximation of macroscopic modulus of elasticity and in quite

good agreement with the same order of magnitude predicted by the experimental data.

1 [’}6 T T
——Series model
Parallel model
* Experiment
lUS L
104 L
i
;L]:
Z 10
=
k=
=}
=
| 02 4
10[ 4
0 L L 1
10
0 0.2 0.4 0.6 0.8 1

Volume ratio, @

FIGURE 4.4: A comparison of series model, parallel model, and experimental results of
Erago with the variation of CIP volume ratio, ¢.

Then, by considering stresses at the equilibrium state between nonlinear magnetic stress
of Equation (4.11) and Equation (4.14) times with scalar strain &, the relation can be

written as

2 12
3J2¢
2mpopa (1 + )

= —Ermagoe (4.15)

The static equilibrium strain can be solved from fifth order polynomial by rearranging
Equation (4.15) as
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S 44t + 63 +42+e+C =0 (4.16)
where 5 9
3J
= ¢ (4.17)
27rﬂO/f‘lE‘magO

Only one root of the polynomial will be then used to determine the static equilibrium
position. The root is chosen based on its value that fall within the range of —1 < e < 0.
The relation between o and € can be linearly approximated within small strain range
around the equilibrium position, €., using Taylor’s series expansion. The term (1 + )t

in the denominator of Equation (4.11) can be expanded as

(I+e)?m(l+eg) t—4(1+e)Ac (4.18)

where €., = € — Ac is the equilibrium strain that accounts further MRE deformation, Ae
after the static equilibrium state is achieved. Therefore, the linearised magnetic Young’s

modulus can be expressed as

2 42
6720
mhop1 (1 + €eq)®

Enmag = (4.19)

Hence, the total linearised MRE modulus, Fy/re that account zero-field and induced

magnetic field properties can be written as

EMRE = EmagO + Emag (420)

4.3 Results

In this section, the linearised MRE modulus model in Equation (4.20) will be verified
with existing literature and the result is shown in Table 4.1. The table outlines the data
sourced from [3] and [4]. Then, the simulated curves of the linearised model were plotted
against increasing induced magnetic field. It is adequate to mention that selection of k
parameter, of which in Equation (4.13), is merely on interpolating approach. A basic
guideline was however, provided by [40] that the & > 1. The challenge is to predict
a baseline value for different MRE matrix and CIP composition especially for zero-field
modulus. Once the predicted modulus with known k value, matches with measured data,
the model can predict the magnetic dependent property or MR effect fairly accurate.
Both sources have reported the static compression test. Hence, the experimental data
from those sources were ideal for comparison purpose with the developed linearised MRE

modulus model.
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TABLE 4.1: Compression model of linearised MRE modulus: data comparison with [3],
[4] and modal testing experiment.

MRE modulus, Eyrep (MPa)

Data Source | CIP % | MRE Type Zero field | Magnetic Field | Linearised Model Error % |k
. 1.0788 (210 mT) 1.0215 5.31
10| Isofropic 095 | 11373 (450 mT) 1.1337 032 |47
. 1.5051 (210 mT) 1.4289 5.06
Schubert 2014 20 Isotropic 1.25 1.8205 (450 mT) 18147 0.32 10
: 2.4288 (210 mT) 2.1506 11.45
80| Isotropic L5 1 31610 (450 mT) 3.1578 001 | %
2.3256 (180 mT) 2.1205 8.43
. . 2.7917 (350 mT) 2.4448 12.43
Kallio 2005 30 Ansotropic 1.9818 34167 (680 mT) 31807 6.91 14
3.75 (1 T) 3.764 0.37
3.3165 (52 mT) 3.624 9.27
. 3.6628 (87 mT) 4.0479 10.51
10| Isofropic | 19736 | 5 7a4 (193 mT) 4.4151 16.67 | &7
4.051 (175 mT) 4.6362 14.45
Modal test 3.5351 (56 mT) 3.4651 1.98
. 3.9495 (85 mT) 4.0834 3.39
20 Tsotropic 2.264 | 4 3063 (122 mT) 45128 48 13
4.6479 (174 mT) 4.606 0.9

For Figure 4.5 (a), (b), and (c), only three data of the isotropic MRE at the corresponding

magnetic field were extracted from [3] due to utilization of a limited permanent magnet

that utilized in reported experimental works. As for anisotropic MRE reported in [4],

the static compression testing was performed with the presence of electromagnet. Only

five recorded magnetic field values were reported in the test and the values were directly

estimated from measured stress-strain curves. Overall, the developed linearised MRE

modulus model can fairly estimate the experimental data from [3] and [4].
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FIGURE 4.5: Comparison of simulated curve of linearised MRE modulus model, Eyrr
with (a) 10% isotropic MRE by [3] (b) 20% isotropic MRE by [3](c) 30% isotropic MRE
by [3] (d) 30% anisotropic MRE by [4].

4.4 Conclusion

As a conclusion for this section, the linearised modulus MRE model, Ej/rg, comprises
two components that are zero-field, E,,,40 and magnetic dependent property, Ep,q4. The
zero-field property is defined by the series configuration of silicone rubber and CIP modu-
lus and its corresponding volume percentage. The selection criteria of such configuration
are due to the adequacy of the law of mixture that fits reasonably good with exper-
imental finding. Meanwhile, magnetic-field dependency properties of MRE under the
compression is modelled by altering the shear model of dipole-dipole particle interaction
introduced by [40]. By considering small strain changes around an equilibrium state,
the magnetic dependent modulus is linearly approximated by utilizing Taylor’s series

expansion of fifth order. Due to such approximation, this model is limited to linear
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elastic response and will not suitable for hardening of the MRE when a large magnetic
field is induced. However, the linearised model, which can predict fairly accurate two
sources of data from existing literature and experimental results from modal testing, can
be beneficial for estimating MRE stiffness or modulus for different CIP concentration
under the influence of the magnetic field. Theoretical estimation of the lower and upper

range of MRE modulus can provide beneficial gain in switchable stiffness application.



Chapter 5

Mathematical Modelling of
Rotor-Bearing System

5.1 Introduction

In this chapter, a mathematical model of a rotor-bearing system supported on flexible
mounts is developed. From the previous chapter, the linearised MRE modulus equation
will be incorporated in the mounting model. Generally, rotating machinery is known to
encounter lateral vibration during its range of operating service. The imbalance of an
uneven mass distribution of the rotor, instability of the supporting device or structure
of the shaft and other potential external forces acting on the system can result in a
serious malfunction of the rotor-bearing system. As the operational speed varies, the
critical speed and natural frequency of the system will alter accordingly and affect the

performance of the system.

A simplified lumped parameter model of a rotor-bearing system is a popular model used
to analyze the dynamics of a single rotor supported on bearings. Bearings can take many
forms, which depend upon specific assumptions, such as simple bushing, rolling-element
and a wide range of journal types. These bearings are normally assumed to be attached
on a fixed support, so that performance of the bearings can be evaluated specifically for

the whole system dynamics.

Thus, in this chapter the dynamics of a simple rotor-bearing system on flexible supports
will be examined. As the system is supported on two bearings at the two ends of a shaft,
it is assumed that the bearings will be mounted on flexible material. The main focus
is to implement viscoelastic material into the system. In parallel with the advancement
of modelling viscoelastic material [1, 17-22], which help to describe the complexity of
the material properties, the application of viscoelastic components in rotordynamics has

generally increased as well. Effects on the threshold speed, natural frequency and the

36
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temperature sensitive behaviour on the dynamic characteristics have been discussed in
[23, 24]and [5] respectively as viscoleastic support properties vary. Furthermore, vis-
coelastic supports in rotor-bearings systems are reported to be beneficial in attenuating

noise and vibration |25, 26].

5.2 Mathematical Model

In this section, the mathematical modelling of a rigid rotor supported on flexible supports
is demonstrated. Generally, the equations of motion of a rigid rotor mounted on flexible
supports are derived where the latter are comprised of elastic or viscoelastic supports.
The flexible support model is assumed to have a linear spring and viscous damping in
parallel, while the viscoelastic support model is based on the standard linear model. For
both type of supports, the rotor-bearing system is assumed to consist of a rigid rotor, a
massless and rigid shaft supported on two identical short bearings, and the bearings are

flexibly supported in both the horizontal and vertical directions.

A right-handed coordinate system is utilized to define the motion of the rotor-bearing
system as shown by Figure 5.1. The rigid rotor of mass m, spins around the Z-axis
with angular velocity €2 and moves horizontally and vertically in the X and Y axes
respectively. Gyroscopic couples act on the system by definition of angular momentum
conservation that are perpendicular to the axis of spin. The direction of the moments
about the X and Y axes are specified by angular direction of ¢ and 6 shown in Figure 5.1

respectively.

5.2.1 Viscously damped supports

From first principles, the equations of motion for the rigid rotor supported by viscously

damped flexible supports including unbalance and external moments are

M + Cord + Coct) + kot + kact) = meQ? cos(Q + 6)
myj + cyry — cycé + kyry — kyc® = meQ? sin(Qt + 6) (5.1)
Ig) — L, + cocd + copth + kyox + kortd = (Ig — 1,) BQ cos(Qt + )
140 + I,% — ey + cyrb — kycy + kyrb = (I, — I;)BQ* sin(Qt + 7)

where I3 and I, are the diametral and polar moment of inertia of the rotor respectively.
€ and (3 are the rotor eccentricity and skewed centerline angle respectively. § and v are
the initial condition values of each horizontal, vertical and two angular displacements of

the rotor.
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FIGURE 5.1: A rigid axisymmetric rotor on viscously damped supports and with defi-
nition of the coordinate system X, Y, and Z, origin at the static centre of mass of the
rotor.

Stiffness and damping coefficients in Equation (5.1) are expressed in term of a combina-

tion of each element from the two bearings by

Sir = Si1 + Si2
Sic = —aS;1 + bS;i2 (5.2)
Sir = a*Si1 + b*Sia

where S are £ or ¢ for stiffness or damping coefficients respectively, and i is either z or .
The subscript T, C' and R are used to describe the translational coefficient (T'), coupling

coefficient between translational and rotation (C) and rotational coefficient (R).

For free vibration analysis, all right hand terms in Equation (5.1) are set to be 0. For

convenience it can be converted to a state-space equation in the form of

A% +Bx=0 (5.3)

where the arrangement of Equation (5.1), as in Equation (5.3) can be written as

C M| d|q K 0 al 0
METHE NI &
where
el ey o
M 0 0 —M dt | ¢ q
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The corresponding mass M, damping and gyroscopic C, and stiffness K matrices are

m 0 0 0 CaT 0 CaC 0 k. 0 k.o 0

M — 0O m 0 O C- 0 CyT 0  —cyo K — 0 kyr 0 —kyc
0 0 I O e 0 cer —LQ| ke 0  kyr O

0 0 0 Id 0 —CyC [pQ CyR 0 —k?yc 0 kyR

(5.6)

and the degrees of freedom are represented as
T
q= {:c y 9 9} (5.7)

The state-space matrix of Equation (5.4) can be solved numerically for a single value
rotor speed 2 and the respective complex eigenvalues s, will represent the damping ratio

¢ and damped natural frequency wq, which are in the form

Sn = —Cn + tWan (5.)

Sn+4 = _Cn — 1Wdn

where n is 1,2, 3, or 4. The relationship between the damped natural frequency wg, and
natural frequency of the particular system w, is assumed to be given, as for the single

degree of freedom viscously damped system [74], by

Wdn = wpy/ 1 — <r2z (59)

Since the motion of the rotor is defined in four degrees of freedom, so the roots of s,, and

Sp+4 form a complex conjugate pair for each n.

5.2.2 Smart Viscoelastic supports

For viscoelastic materials, the viscously damped flexible supports in Figure 5.1 are re-
placed by the standard linear model viscoelastic supports that comprise an internal
variable approach to incorporate the frequency dependence of the support modulus, as
depicted in Figure 5.2. The supports are also make use of linearised MRE modulus model
as in Equation (4.20) and converted to equivalent linearised MRE stiffness, kasrp based

on principle of vertical stiffness of rubber [75], as

EnppA
kyRE = % (5.10)

where A and [ are cross-sectional area and length of MRE sample that manufactured as
in Section 3.1.3.

Referring to Figure 5.2, ko is the stiffness constant, o and 7 are viscoelastic material

properties that can be obtained normally from material testing procedure [76]. Curve
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FIGURE 5.2: Standard linear model of flexible support: linearised MRE stiffness, kp
and viscoelastic component.

fitting of the data provides the 7 and « coefficients which are used to determine the
complex moduli behaviour of the viscoelastic component. Temporarily in this work,
temperature dependency property of viscoelastic is not considered. It will be available
for the later stages as temperature variance is considered by having a specific function
together with the 7 and « coefficients. From Figure 5.2, forces exerted on the bearings by
the viscoelastic supports are derived from first principle, which consider a single internal
variable or degree of freedom p, at each support for both the z and y directions. The

derivation of the forces can be referred to Appendix A.

ﬁm——(kMRE-+kail*‘@)ﬂx‘—a¢) koo atpz
= (kMRE + koo (1 +a))(y + ab) — kecapy:

fr2 (kMRE + koo (1 + ) (x4 b1)) — ksoape
( )y

fy2 = (kmre + ks

1+a
(5.11)

1+« —b0) — kscapys

By substituting Equation (5.11) into Equation (5.1), the equations of motion for a rigid

rotor mounted on identical viscoelastic supports are rearranged as
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= i]jx + l%(am—b)w + %(pm + pa2) + €02 cos(Qt + 8)
= —ffy — k(am ) 6+ %(pm + pya) + €Q? sin(Qt + 0)
)= Ii)é + k:(aId— b)a: — k:(azlj ¥) - C:;prl + Z)Pw + (1 — 2)592 cos(Qt + )
0= —IZ? - ]%(ald_ b)y - %(GQI: &) CZprl - (Z)pyZ - <1 - Z)BQQ sin(Qt +7)

where k = koo(1+ a) 4+ kyrp and @ =

(5.12)

koocr. The example of the derivation of Equation

5.12 can be found in Appendix B. By introducing the additional degrees of freedom, the

equations of motion that describe the velocity displacement relationship of the internal

variables [76] can be written as

pml
pyl
pr

pr =

1

—(z —ay) — px1)

-

1

;(y + af — pyl)

T (5.13)
—(z + by — pa2)

-

%(y — b0 — py2)

The resulting equations of motion in Eqgs. (5.12) and (5.13) can be written in a new state

space equation [74] as

I = Dr + w(?) (5.14)
where
q
r=4q (5.15)
u
with
T
u:{pﬂ Pyl Da2 pr} (5.16)
and o
G K V
D=|7 0 0 (5.17)
0 T H
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Each element of D is a 4 x 4 matrix where

r 7 2k k(a—b)

00 0 0 —2 0 == 0
oo o of 0o 2 0 L)
G = ,K: )

,Q _ L(n2 1 h2
00 o &2 Hot) 0 M) 0
_ L& k(a—b B(a2 b2
00 =25 0 0 _k(o}d> 0 _<a1d+)
o - - - -
a g & 10 -2 o
a a 1
_ o &% o0 S _ 107 0 2
V = ,T: )
aa ab 1 b
AU R
a ab 1 b
0 fe o -2 0oL o -2
-1 0 o0 o0
1
) 0 -+ 0 0
H=

For the forced vibration case, w(t),due to mass unbalance,

€Q? cos(Qt + )
€Q? sin(Qt + )

<1 — i’;) BO2 cos(Qt + )

— <1 - g) BO? sin(Qt + )

w(t) can be set to zero for the free vibration case and then a standard eigenvalue problem
has to be solved. Because of the additional degrees of freedom introduced from the
internal variables as in Equation (5.15), the complex conjugate eigenvalues of S, of

Equation (5.8) are now expanded to six pairs instead of four.

5.3 Numerical simulations

In this section, several examples will be shown for the free vibration of a rigid rotor
mounted on flexible, viscously damped and viscoelastic supports. Subsequently the
forced vibration analysis will be presented for specifically a rotor-bearing system sup-

ported on identical viscoelastic supports at both ends. In general, the state space matrix
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TABLE 5.1: Type of rigid rotor supports and its corresponding parameters for free
vibration analysis. The uncoupled system corresponds to symmetric geometry of the
rotor and shaft with equal supports at both ends

Type of Flexible Support Uncoupled system Coupled system
kz1 = 1.0 MN/m kz1 = 1.0 MN/m
kyl =1.5 MN/m kyl =1.5 MN/m

Undamped kg = 1.0 MN/m kg = 1.3 MN/m
ky2 = 1.5 MN/m ky2 = 2.0 MN/m
kxl == kyl =1.0 MN/m k:cl == kyl =1.0 MN/m
. ka = k'yg =1.0 MN/HI ]{mg = k‘yg =1.3 MN/HI
Viscously damped cr1 = €2 = 1.0 kNs/m ¢r1 = ¢z2 = 0.1 kNs/m
cy1 = ¢y2 = 1.2 kNs/m cy1 = ¢y2 = 0.3 kNs/m
Case 1 (10% CIP) Case 2 (20% CIP)
Viscoelastic koo = 1.5 MN/m koo = 1.5 MN/m
a=10 a=1
T = 8.6667x1074 T = 8.6667x1073

kyre = 0.1043 MN/m @ 0 mT  kppp = 0.1197 MN/m @ 0 mT

solutions of X and - depend on the rotor rotational speed for Egs. (5.3) and (5.15) re-
spectively. It is convenient to determine the way in which the roots change with the
rotational speed graphically by plotting a Campbell diagram, where the rotational speed
is on a horizontal axis and the natural frequencies on a vertical axis. By taking numerical
data from [74], consider a uniform steel rigid rotor with density of 7810 kg/m®, 0.5 m
length, 0.2 m diameter and mounted on flexible supports. The rotor is located at the
geometric centre of the system, 0.25 m from each support. From standard formulae for
the mass, the polar and diametral moment of inertias of cylinder, the calculated value of
corresponding mass is m = 122.68 kg, diametral moment of inertia is I; = 2.8625 kgm?
and polar moment of inertia is I, = 0.6134 kgm?. The parameter values for each support

configuration are given in Table 5.1.

5.3.1 Free vibrations

An example of a rigid rotor mounted on uncoupled anisotropic bearings produces the
natural frequency map shown in Figure 5.3a. By substituting the corresponding param-
eters into Equation (5.2), the coupling stiffnesses kyc and kyc are found to be zero.
Thus, the first and second equations of Equation (5.1), for which all the right hand
terms are neglected, are uncoupled from the main system and are independent of rotor
angular speed, ). Since the stiffnesses in both the horizontal and vertical directions are
different, then the two natural frequencies that are determined from these equations in
z and y are different. When the rotor is not rotating, the remaining two solutions of
Equation (5.1) are also uncoupled with two distinct natural frequencies. However as the
rotor speed increases the two equations are coupled by gyroscopic terms and one of the

natural frequency is decreasing whilst the other is increasing. It can be seen that the
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natural frequencies are converging on account of the gyroscopic effect. The decreasing
line is one whereby the whirl is opposed to the rotor rotation direction, €2 and the in-
creasing line is one where the whirl and the rotation directions, () are the same. The
decreasing natural frequency also intersects with two constant natural frequencies lines
at about 8000 and 13000 rev/min. This is a result of the equations of motion being
uncoupled and independent of one another (i.e. x and v are uncoupled as the terms in
the equations satisty kycx = kyct® = 0). The natural frequency map for a rigid rotor
supported on coupled anisotropic bearings is depicted in Figure 5.3b. It can be seen
from this figure that all of the natural frequency lines do not intersect, which imply all
of the equations in Equation (5.1) are coupled. The two lower natural frequency lines
exhibit mode veering as the lines exhibit sharp divergence [77] within the range of 10000
to 15000 rev/min.
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Rotor spin speed, Q (rev/min) x10' Rotor spin speed, Q (rev/min) x10'
(a) Uncoupled system (k;c = 0) (b) Coupled system (k;c # 0)

FIGURE 5.3: Natural frequency map for a rigid rotor mounted on flexible undamped
supports. Cases (a) and (b) refer to a system with symmetric identical supports or
different supports at the two ends respectively.

Figure 5.4 illustrates the mode shapes for a rigid rotor when the two support bearings
are coupled anisotropic bearings, having the same parameters as in the example used
for Figure 5.3b, at four different rotor speeds. The rotor displacement at both bear-
ing locations are depicted. Solid lines connecting the two bearings are established by
extending a straight line between each bearing at the same instant. For the first two
modes, conical whirl can be observed for all of the rotor speeds except for the first mode
at 10000 rev/min. The direction of the rotation is deduced by referring to Figure 5.4,
where counterclockwise motion or forward whirl is positive rotation about the Z axis.
However, cylindrical whirls occurred at all speeds, which are backward and forward whirl,

for the third and fourth mode respectively except for third mode at 10000 rev/min.



Chapter 5 Mathematical Modelling of Rotor-Bearing System 45
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FIGURE 5.4: Mode shapes for a rigid rotor mounted on different undamped supports
at the ends.

For cases of viscously damped supports, Figure 5.5 shows a comparison of two types of
systems namely uncoupled and coupled systems. It can be seen that from case (a) of
Figure 5.5a, two identical natural frequency lines result from solutions of the first and
second equations of Equation (5.1) because of identical support stiffnesses in the z and
y directions. A coupled system is observed in Figure 5.5b when all the coupling stiffness
terms are not the same, which are obtained by substituting parameters from Table 5.1
into Equation 5.2. Thus the natural frequency lines do not intersect but mode veering

[77] is observed for the second and third natural frequency lines.
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FIGURE 5.5: Natural frequency map for a rigid rotor mounted on isotropic viscously
damped supports.
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For the next example, identical viscoelastic supports are consider at both ends of the
shaft where the properties of the material are assumed to be identical in both the x and y
directions. Thus is similar to case (a) for viscously damped supports, which have identical
stiffnesses in both horizontal and vertical directions at both support ends. Figures 5.6a
and 5.6b show three different natural frequency lines. From Equation (5.11), the first
two equations are uncoupled due to the position of the rotor being at the middle of
the shaft. Thus the natural frequencies derived from these two equations are identical
and independent of €. Specifically for Case 1 as shown in Figure 5.6a, the lines of
constant natural frequency intersect with a decreasing natural frequency line at about
16000 rev/min. Therefore the first and second equations of Equation (5.11) are uncoupled
from the third and fourth. For Case 2 as in Figure 5.6b, two distinct natural frequency
lines converge as the rotor speed increases due to the gyroscopic terms in the third and
fourth equations of Equation (5.11). Even though both Case 1 and 2 are similar to case
(a) for viscously damped supports in term of identical stiffnesses, the influence of the
damping coefficients play an important role in influencing the behaviour of the natural
frequencies changing over the range of rotor rotational speed. From Equation (5.12)
and (5.13), damping coefficients of Taks are available in each equation of motion in

Equation (5.12) by substituting every term of the internal variable of degree of freedom
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FIGURE 5.6: Natural frequency map for a rigid rotor mounted on identical isotropic
viscoelastic supports.
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5.3.2 Forced vibration

In this section, forced vibration analysis is demonstrated specifically for a rotor-bearing
system mounted on identical viscoelastic supports, modelled by the standard linear type

viscoelastic support with one internal variable.

Then the equations of motion including (5.13) are directly integrated using the Runge-
Kutta method (available in MATLAB). Initial conditions for each integration of Eqs. (5.12)
and (5.13) are set to zero including the value of § and . Only rotor unbalance in the
direction of X and Y is considered with the value of ¢ = 1x10™% m. In this analysis, the
skewed centerline angle § in third and fourth Equation (5.12) are not considered. The
steady-state rotor response is obtained at specific rotor speed €2 after considering several
thousands cycles of ¢t and plotted throughout certain range of ). The response is defined
by the z and y displacements of the rotor center and its magnitude is observed from the
numerical analysis. Then results are presented by comparing the maximum magnitude

response with associated loss factor of each pair of Taks and ak., values.

For this simulations in this section, three cases that corresspond to pure silicone rubber,
10% MRE and 20% MRE. ko, o and 7 are referred to work by [76]. ks = 1.5 MN/m
and a = 1 are applied to all cases. Meanwhile, 7 values of 8.6667x107°, 8.6667x10~*
and 8.6667x1072 were assigned for 0% MRE, 10% MRE and 20% MRE respectively.
Figures 5.7, 5.8 and 5.9 show the displacement magnitude responses of the rotor center
and the corresponding modulus magnitude and loss factor for the three different samples
of viscoelastic supports respectively. The associated dashed lines with similar colour
legend indicates the frequency at which the loss factors are maximum. For both Case 0
and Case 1, the maximum magnitude of rotor center response are at much lower frequency
than the corresponding dashed line where the frequencies for the maximum loss factor
are 80060 rev/min and 8006 rev/min for Case 0 and Case 1 respectively. Resonant
occurs at 1494 rev/min and 1504 rev/min for Case 0 and Case 1 respectively and its
being indicated by a corresponding colour dot in both Figure 5.8 and 5.9. Reduction
of maximum magnitude response is observed as 7 is increased, but the most significant
reduction can be seen for Case 2 where its maximum magnitude response, which is at
2039 rev/min located above its corresponding frequency of the maximum loss factor,
800 rev/min. Thus it is suggested that high damping behaviour and higher response
attenuation are observed in the transition region of the viscoelastic material. By referring
to Figure (2.1), the transition region is a region between rubbery and glassy, and it
provides high damping behaviour. Thus the observation of higher response reduction
when applying viscoelastic supports in rotor system is considered in good agreement

within the transition region.
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FIGURE 5.7: Magnitude of the rotor center displacement response of a rigid rotor

mounted on three different viscoelastic supports at both shaft’s ends (Case 0 = 0%

MRE, Case 1 = 10% MRE, Case 20 = 0% MRE). The corresponding coloured dashed
line are the frequencies of the maximum loss factor for each sample.
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FIGURE 5.8: Magnitude of modulus, K(w) of a rigid rotor mounted on three different
viscoelastic supports (Case 0 = 0% MRE, Case 1 = 10% MRE, Case 20 = 0% MRE).
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FIGURE 5.9: Loss factor of a rigid rotor mounted on three different viscoelastic supports
(Case 0 = 0% MRE, Case 1 = 10% MRE, Case 20 = 0% MRE).

For the next simulation, a total of 100 pairs of « and 7 are considered where 10 values
of each « ranging from 1 to 10 and 7 ranging from 8.6667x10~* to 8.6667x1073. Fig-
ure 5.10 depicts the surface plots of the maximum magnitude of the rotor centre and its
corresponding resonance frequency. Each of the value is plotted against the pair of Tak
and ok values which corresponds to the damping and stiffness coefficients in Figure 5.2
respectively. Stiffness value of k, is fix as in Table 5.1. It can be seen that from Figure
5.10a, in general, the maximum rotor center magnitude responses are decreasing when
Taks increases for a specific value of aks,. However different observations are found
as the stiffness component of ak, is increased for each value of Taks,. This suggests
the prominent effect of the damping element in the viscoelastic material for reducing
the vibration level of the rotor motion. The corresponding resonance frequency at which
maximum rotor response occurred is shown by Figure 5.10b. In general, again, increased
values of Taks have a greater effect of shifting the resonance frequency to higher values

compared to akeo, where the effect can only be seen for a medium to high range of Takq.
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FIGURE 5.10: Resonance speed and maximum displacement response magnitude for a
rigid rotor mounted viscoelastic supports.

5.4 Conclusions

For the free vibration case, it can be concluded that the effect of the stiffness coefficients
are dominant in determining the dynamics of the rotor for both the elastic and viscoelastic
supports, which are explained by examination of the natural frequency maps. Specifically
in terms of mode coupling, the stiffness is significant especially when the supports are
not identical at both ends. The effect of the significant of gyroscopic moment is also

observed as its produces the behaviour of diverging higher order natural frequencies.

For forced vibration case, the effect of damping is prominent. As the damping value of
the standard linear model is increased, the attenuation of the rotor vibration response
explicitly around the transition region of viscoelastic material is better. Furthermore, it

also can provide a natural frequency shift. Because of that contribution and it is known



Chapter 5 Mathematical Modelling of Rotor-Bearing System 51

that viscoelastic materials have a complex stiffness property, they have possibility of hav-
ing different behaviour over the range of frequency. Specifically in rotor-bearing system,
by increasing the rotor spin speed to match or be around the transition frequency of the
viscoelastic material is not a viable and easy approach as it may lead to other problem
such as subsynchronous whirling. To ensure the capability of viscoelastic materials can
be optimized, enhancement to its property can be made by transforming it into a smart
material. By changing its complex stiffness property using external stimulation, so that it
instantly shifts its transition frequency, the vibration response of rotor can be attenuated
when the desired rotor speed falls in the transition region of the viscoelastic material.
Thus, this possibility can be pursued by considering smart viscoelastic materials such as

magnetorheological elastomer (MRE).
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Conclusions

To conclude this work, a common process of the fabrication of the isotropic MRE sam-
ple is presented. Starting from involved material and followed by mixing compound,
manufacturing process until the testing procedure of the MRE sample. The type of ma-
terial and the manufacturing process utilized in this chapter can be considered common
aspects of which many researchers already implemented. Sample testing is, however, con-
sidering the availability of existing measurement device and faster measurement time,
using a modal testing method. Utilization of impact hammer test with consideration of
single-degree-of-freedom system, MRE stiffness and lost factor can be determined from

accelerance and Nyquist plot respectively.

Then the linearised modulus MRE model, EMRE, comprises two components that are
zero-field, Ey,q.90 and magnetic dependent property, Ep,qq is considered. The zero-field
property is defined by the series configuration of silicone rubber and CIP modulus and
its corresponding volume percentage. The selection criteria of such configuration are
due to the adequacy of the law of mixture that fits reasonably good with experimental
results. Meanwhile, magnetic-field dependency properties of MRE under the compres-
sion is modelled by altering the shear model of dipole-dipole particle interaction. By
considering small strain changes around an equilibrium state, the magnetic dependent
modulus is linearly approximated by utilizing Taylor’s series expansion of fifth order.
Due to such approximation, this model is limited to linear elastic response and will not
suitable for hardening of the MRE when a large magnetic field is induced. However,
the linearised model, which can predict fairly accurate two sources of data from existing
literature and experimental results from modal testing, can be beneficial for estimating
MRE stiffness or modulus for different CIP concentration under the influence of the
magnetic field. Theoretical estimation of the lower and upper range of MRE modulus

can provide beneficial gain in switchable stiffness design later.
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After that, the linearised MRE stiffness model is included in the standard linear model
of viscoelastic to employ smart viscoelastic mounts in the simple rotor-bearing mathe-
matical model. From the free vibration analysis, it can be concluded that the effect of
the stiffness coefficients is dominant in determining the dynamics of the rotor for both
the flexible and viscoelastic supports, which are explained by examination of the natural
frequency maps. Specifically, in terms of mode coupling, the stiffness is significant es-
pecially when the supports are not identical at both ends. The effect of the signifcance
of the gyroscopic moment is also observed as its produces the behaviour of diverging
higher-order natural frequencies. For the forced vibration case, the effect of damping is
prominent. As the damping value of the standard linear model is increased, the attenua-
tion of the rotor vibration response explicitly around the transition region of viscoelastic

material is better.

Furthermore, it also can provide a natural frequency shift. Because of that contribution
and it is known that viscoelastic materials have a complex stiffness property, they have
the possibility of having different behaviour over the range of frequency. Specifically
in the rotor-bearing system, increasing the rotor spin speed to match or be around the
transition frequency of the viscoelastic material is not a viable and easy approach as it
may lead to other problem such as subsynchronous whirling. To ensure the capability of
viscoelastic materials can be optimized, an enhancement to its property can be made by
transforming it into a smart material. By changing its complex stiffness property using
external stimulation, so that it instantly shifts its transition frequency, the vibration
response of the rotor can be attenuated when the desired rotor speed falls in the transition

region of the viscoelastic material.
Future work and recommendation

The work presented in this thesis uses a simplified rigid rotor model to represent rotating
machinery. This model does not include the effect of shaft flexibility that commonly exists
in most types of rotating machinery. The flexibility of the shaft gives rise to a bending
natural frequency, which may influence the response of the rotor. It is recommended that
the rotating machinery is represented with a single-mass flexible rotor in future work on
the response of rotors supported by smart viscoelastic. As the linearised model of the
MRE was fairly accurate in predicting the MRE modulus of previous researcher’s works
and data from modal testing, the simulated rotor response with MRE supports can be
verified with lab-scale rotor rig. The rotor rig should comprises of MRE with similar size
that utilized in the modal testing as the flexible supports. This work can be extended too
by considering a control system of the rotor rig that utilize controllable magnetic field
by inclusion of electromagnet. The setup of the electromagnet must take into account
the proper electrical circuit, supplied voltage, the zero-field MRE modulus, useful range
of MRE modulus change and the design of the electromagnet itself. A simple ON-OFF
control strategy can be implemented by noting the required absolute change of MRE
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modulus with respect of measured magnetic field and subsequently shift the rotor rig

natural frequnecy at desired operating speed.



Appendix A

Derivation of Equation 5.11

The purpose of this appendix is to derive the final Equation 5.11 on Page 40. Details
can be added to Figure 5.2 for deriving the reaction forces of the standard linear model.

The details can be referred to Figure Al below.

Free Body Diagram

2R,

kz\/[RE q kar: q akx (C]'P)

oo
ak= (p-q)
feo —L P :
toke p
kyvre Tk

S S S SS

FicUureE A.1: Additional details on standard linear model of Figure 5.2 with corre-
sponding free-body diagram.

Total reaction force, f, and its corresponding displacement, ¢, can be written as

fq = akeo(q —p) + (ks + knrE)q (A1)

By referring to Figure 5.1, x1 displacement can be expressed as

=2 —ay (A.2)
The 1 displacement can be substituted into Equation A.1 as following

95
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fa:l = akoo(x - ad) - p:cl) + (koo + kMRE)(x - C“/})

(A.3)
= (kpRrE + koo(1 4+ @) (x — ath) — koopa1

Similar approach can be adapted for f;o, fy1, and fy2 by substituting respective dis-

placements below

132:l‘+b1/)
y1=y+ab (A4)
y2 =y — b



Appendix B

Derivation of Equation 5.12

This appendix will served as an example on how Equation 5.12 is obtained. Equation 5.12
signifies equations of motion for a rigid rotor mounted on identical viscoelastic supports.
In this appendix, only & will be shown. To account summation of forces in x-direction,

the corresponding equation of motion can be written as

By substituting f,1 and f;2 from Equation 5.11 into Equation B.1, the equation of motion

can be further written as

mi = —(koo(1+ @) + karrp) (22 — (0 — b)1h) + koot(pa1 + paz) + meQ® cos(Qt 4 6) (B.2)

To obtain final form as in Equation 5.12, these two terms which are k= koo(14a)+kprE

and a = ko« are introduced to Equation B.2. The the equation is divided by m to give

2k k(a—b g
=y L)¢ + ﬁ(pxl + pa2) + €Q? cos(Qt + ) (B.3)
m m m

o7
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