
JOURNAL OF LATEX CLASS FILES, VOL. 14, NO. 8, AUGUST 2021 1

Dynamic Higher-Order Stereophony
Jacob Hollebon and Filippo Maria Fazi

Abstract—Higher-Order Stereophony is a new spatial audio
approach which extends classic stereo to higher order soundfield
reproduction and generalised loudspeaker arrays, in a similar
manner to Higher-Order Ambisonics. Higher-Order Stereophony
reproduces the soundfield accurately across a line only, which
must be orientated to align with the listener’s interaural axis.
This work introduces Dynamic Higher-Order Stereophony, which
expands the technique to include listener tracking using dynamic
amplitude panning. This means the soundfield is reproduced
across a dynamically moving line dependent on the listener’s
orientation, to ensure correct reproduction of a desired set
of binaural signals. A number of classic stereo approaches
are shown to be special cases of first order Stereophony, and
decoders to reproduce Higher-Order Ambisonics content using
the new technique presented. A listening test comparing Higher-
Order Stereophony and Ambisonics reproduction, low-passed at
4 kHz to reduce spatial aliasing artefacts, shows that the former
technique can perform equally well as Ambisonics to the same
truncation order with respect to positional properties of a virtual
sound source, while using a smaller number of loudspeakers.
The approach can also produce rear virtual sources using only
loudspeakers positioned in the front of the listener, however with
the requirement of listener tracking.

Index Terms—Spatial Audio, Panning, Stereophony, Higher-
Order Stereophony (HOS), Higher-Order Ambisonics (HOA).

I. INTRODUCTION

SPATIAL audio reproduction systems aim to reproduce the
acoustic illusion of virtual acoustic scenes to a listener.

These systems may be classified into three categories [1];
panning laws (for example stereophony [2], [3], Vector Base
Amplitude Panning [4]), soundfield reproduction (for example
Higher-Order Ambisonics (HOA) mode matching [5]–[7])
and binaural reproduction (headphone-based [8] or Crosstalk
Cancellation (CTC) over loudspeakers [9], [10]). Some tech-
niques span multiple of these categories, such as HOA mode
matching which is both soundfield reproduction and a panning
approach [5]. It has also been demonstrated that at low
frequencies a number of spatial audio techniques (including
the stereo sine and tangent law, head-tracked stereo, crosstalk
cancellation and Ambisonics) all perform first order soundfield
reproduction and are subsets of First Order Ambisonics [11],
[12]. Notably, the stereo approaches were shown to reproduce
the soundfield to a first order approximation correctly across
a line only, which is aligned with the listener’s interaural
axis. As First Order Ambisonics has a generalised extension
to higher order reproduction, which extends the accuracy of
the reproduced soundfield to a higher frequency or step size
from the reproduction point, the research question was posed
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’Does a generalised higher order extension to stereophony also
exist?’

Such an approach, titled Higher-Order Stereophony (HOS),
has been recently proposed [13]. HOS is a soundfield repro-
duction technique that reproduces the soundfield accurately
across a line, unlike HOA which ensures accurate reproduction
over a circle or sphere in 2D/3D respectively. This approach
was derived using the Taylor expansion of a soundfield, where
a loudspeaker array was used to reproduce the soundfield
with respect to its derivatives about an expansion point. A
key assumption is that the reproduction line coincides with
the listener’s interaural axis, and that this will lead to the
correct binaural signals. The resulting loudspeaker gains are
panning functions, and the approach generalises the classic
stereo sine law (a first order HOS system) to higher order
reproduction and any generalised loudspeaker array. HOS was
also demonstrated to be intrinsically linked to HOA, extending
the relationship previously formed beyond first order.

A limiting factor with HOS is that the listener’s head
orientation must be fixed. Rotations or translations by the
listener will lead to the accurately reproduced line of sound-
field not coinciding with the listener’s interaural axis, which
will introduce errors into the final binaural signals. It also
means listener-induced dynamic localisation cues can not be
recreated, which are important for resolving issues such as
front-back confusions [14], [15]. Listener tracking has been
applied to classic stereophony before, most notably through the
head-tracked sine law (also known as Compensated Amplitude
Panning) [16]–[18]. The head-tracked sine law dynamically
adjusts the loudspeaker gains based on the listener orientation,
ensuring first order soundfield reproduction across a line
defined by the listener’s ears. Loudspeaker array compensation
assuming channel-based stereo content has also been proposed
[19]. However, with no access to the mono audio objects the
compensation was defined for a central virtual source only,
and cannot be assumed to hold for other positions.

The main contribution of this paper is the extension of HOS
to include listener tracking, titled Dynamic HOS. Through
this extension, the line of accurately reproduced soundfield
is dynamically adjusted to account for listener movements.
Decoders that transition between HOA and HOS are also
extended to account for the dynamic scenario. This extension
reveals that a number of existing classic stereo techniques are
first order Dynamic HOS systems, which further motivates the
naming of the technique as Higher-Order Stereophony.

A secondary contribution is the comparison of HOS to HOA
through a listening test. HOS requires less loudspeakers and
simpler loudspeaker array geometries compared to HOA. Thus
the test compares HOA and HOS to the same truncation order
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Fig. 1: Listener orientation with free rotation.

(but less loudspeakers with HOS) and the same number of
loudspeakers (but a higher order of reproduction with HOS).

The article is arranged as follows. First the mathematical
soundfield representation is presented and gain definitions util-
ising the HOS approach are extended to include listener com-
pensation. The instability condition, an issue which arises due
to certain loudspeaker array geometries and head orientations,
is then discussed. A set of example HOS loudspeaker systems
are considered and a number of classic stereo techniques are
shown to be special cases of first order HOS systems. Decoders
to transition between HOA and HOS are also extended to
the dynamic case. Finally a listening test is presented to
subjectively compare HOS of varying orders to HOA utilising
loudspeaker-based reproduction.

II. DYNAMIC HIGHER-ORDER STEREOPHONY ORDER
MATCHING

A. Expansion Along A Generalised Axis

The HOS approach is to represent and reproduce a sound-
field accurately along a single line only, in the expectation
that if the line of reproduction aligns with the interaural axis
this will lead to the correct reproduction of a desired set of
binaural signals. Previously, the approach was derived through
using the Taylor expansion of a plane wave soundfield to form
a set of order-matching equations, leading to loudspeaker gain
panning functions which reproduced the soundfield along this
fixed line [13]. However, in this previous work the line was
fixed to either the x or y axis of a static coordinate system,
which means the listener must remain in a fixed position (with
their ears aligned on said axis).

Here, the approach will now be generalised to allow the
listener to move and rotate their head leading to a set of dy-
namic panning functions that dynamically change the direction
of the line along which the soundfield is correctly reproduced,
ensuring it always aligns with the listener’s interaural axis.
The Taylor expansion of a single plane-wave sound field is
presented, expressions of the reproduced and target sound
fields are derived by means of the Taylor expansion, and the
order-matching approach is applied to derive the loudspeaker
gains. This derivation considers the single target plane wave
to be reproduced is a single sound object at a specific location
in space, i.e. as a panning function to create a single phantom

source. The method can be extended to the more general case
when the sound field to be reproduced is more complex and
is described by means of its Taylor series coefficients, or
spherical harmonic coefficients, as will be made clear by the
comparison to HOA in Section V).

Consider a 2D coordinate system defined by radial coordi-
nate, r and azimuthal angle, �. As in previous work defining
the HOS approach, the derivation is simplest in 2D and may
be later expanded to consider the 3D scenario. Let a listener
be positioned with their head centred at the origin according
to Fig. 1. The vector n̂ points from the head centre, rc to the
left ear, rl, defining the interaural axis, with the assumption
that the listener’s ears are diametrically opposed across the
head. With a the listener’s head radius the ear positions are
thus rl;r = �an̂. The interaural axis, n̂, is defined by the
head rotation angle �rot, as the listener is allowed to rotate
their head freely. A second frame of reference, x0 and y0 is
defined as the listener’s frame of reference such that x̂0 always
points straight in front of the listener and ŷ0 = n̂, that is the
interaural axis always coincides with the y0 axis.

Let the soundfield, p(r), be an infinitely differentiable
function at a point r0 where r = [x; y]T . The multi-variable
Taylor expansion of this soundfield about a position r0 is [20]

p(r) =

1X
n=0

[an̂ � r]n

n!
p(r0) (1)

where the step from the expansion point r � r0 = an̂.
Previously, HOS was defined by evaluating this expression
assuming the soundfield is an incident plane wave. Thus
p(r) = ejki�r with ki = k[cos(�i); sin(�i)]

T , �i the incident
angle of the plane wave, k the wavenumber and j the imagi-
nary unit. For brevity the plane wave is normalised such that
p(r0) = 1. Assuming that the listener’s head aligns with the y
axis such that n̂ = ŷ leads to the HOS expansion

p(ka) =

1X
n=0

[jka sin(�i)]
n

n!
if n̂ = ŷ: (2)

Truncation of this infinite summation is made to an order N ,
and the n-th order term is given by the n-th order derivative
of the soundfield, which for a plane wave includes the sine of
the incident angle to the power of n. For accurate reproduction
to a higher ka value (combining frequency and distance from
the expansion point) then higher order terms are required as
in HOA [7]. The mathematics holds for any generalised step
a, however here it is conceptualised as the listener’s head
radius for the context of representing the soundfield at the
listener’s ears (that is, binaural signals). Thus the theory is
presented here considering the point at which the listener’s
ears are situated however holds for any step size along the
line. The simple representation above is only given when the
expansion is made across the y axis (requiring the listener to
be aligned with n̂ = ŷ). Setting n̂ = x̂ results in an identical
representation except the sine terms become cosines, namely

p(ka) =

1X
n=0

[jka cos(�i)]
n

n!
if n̂ = x̂: (3)
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For any n̂ direction between these x and y axes, the
evaluation is more complex due to the following product

[an̂ � r]n = an
�
nx

@

@x
+ ny

@

@y

�n
(4)

which considers the soundfield in any generalised direction n̂,
but requires the evaluation of many cross-derivative products.
To account for rotations of the listener’s head, it might first
be obvious to change the definition of n̂ such that the n-th
order term for the multi-variable Taylor expansion will be
dependant on [n̂ � r]n. However, as n̂ may not be aligned
with a Cartesian axis, a simplified representation can not be
achieved. When n̂ is aligned with one Cartesian axis then
only the single variable Taylor expansion is required. That is
if n̂ = [1; 0]T or [0; 1]T the multi-variable Taylor expansion
collapses to the single variable expansion, as only derivatives
with respect to a single axis are required.

To create simple analytical expressions for the final panning
gain functions, head rotations may be compensated for in
a simple manner by considering the two separate frames
of reference (the fixed frame of reference and the listener’s
frame of reference). This is demonstrated in Fig. 1. Measuring
all necessary angles in the listener’s frame of reference will
therefore compensate for the head rotation, �rot. In practice,
this is easily implemented by converting between the two
frames of reference for any given angle with �0 = � � �rot.
In doing so, the Dynamic HOS representation is always such
that n̂ = ŷ0 and the expansion

p(ka) =

1X
n=0

[jka sin(�0i)]
n

n!

=

1X
n=0

[jka sin(�i � �rot)]
n

n!

(5)

may always be used. This means HOS can be adapted for lis-
tener head rotations by using a head-tracker and compensating
all angles in the fixed frame of reference by �rot.

An interesting point arises when considering head rotation
compensation. As noted previously, expansion along the x axis
results in cosine terms in the expansion instead of sine terms.
Choice of the x or y axis to perform the expansion across (or
indeed any arbitrary axis) is equally valid and corresponds to
reproduction along two orthogonal axes in a given reference
frame. However, these two representations using sinn(x) or
cosn(x) may be seen to be equal by setting �rot = �90�, such
that n̂ = x̂ and any given angle �0 = �+90�. Using the identity
sin(x+90�) = cos(x) this shows the two representations may
be equally used, as long as the angles are defined properly.
Therefore, it is valid to use either sine or cosine terms when
later defining the loudspeaker gains.

So far, only listener head rotations have been considered.
To compensate for translations of the listener’s head, a delay
may be applied to each of the loudspeaker gains to keep them
acoustically equidistant. In this sense, all loudspeakers in the
array can be virtually kept at a constant radius away from
the listener. The delays may be formulated and implemented

independently to the HOS gain definitions to maintain the
frequency-independence in the HOS gain calculations. Physi-
cally, a translation of the listener’s head will move the point
about which the expansion is performed, which is always kept
as the listener’s head centre. Practically, the listener should
remain in the interior of the loudspeaker array.

Importantly, so far the mathematics represents the sound-
field along a single line only. Whilst the context is that this line
should align with the interaural axis of a listener, the effects
of a complex Head-Related Transfer Function (HRTF) (e.g
head shadowing, scattering of incident waves) is not included
in the mathematics. In general, soundfield reproduction ap-
proaches such as HOS and HOA aim to reproduce the incident
soundfield accurately within a region. This then ensures the
acoustical effects due to the presence of the listener’s head are
as with the original target soundfield. However, as the accurate
reproduction region with HOS is across a line only, analysis
with complex HRTFs is left for future work.

With the Dynamic HOS soundfield representation defined to
allow for listener movements, this representation will now be
used as in previous work to define a set of loudspeaker panning
functions. However, these will now be adaptive panning func-
tions that depend on the listener head orientation, reproducing
the soundfield accurately across the interaural axis regardless
of the listener head movements.

B. Target Soundfield

The target soundfield is that of the incident plane wave
which the loudspeaker array is attempting to reproduce. The
target soundfield, pT (ka), is given by the Dynamic HOS
expansion from (5)

pT (ka) =

1X
n=0

[jka sin(�0T )]n

n!
(6)

where the listener rotates their head freely as defined by �rot

and the incident target plane wave arrives at an angle �T ,
therefore �0T = �T � �rot.

C. Reproduced Soundfield

The reproduced soundfield is given by the overall contribu-
tions of the loudspeaker array. Consider an array of L radially-
equidistant loudspeakers assumed to act as plane wave sources.
The ‘-th loudspeaker is situated at �‘ and driven by a gain g‘.
Compensating for listener head rotations then �0‘ = �‘ � �rot.
The reproduced soundfield is

pR(ka) =

LX
‘=1

g‘

1X
n=0

[jka sin(�0‘)]
n

n!
: (7)

D. Order Matching

For exact soundfield reproduction the following must be
satisfied, pT (ka) = pR(ka), which is found by defining the
loudspeaker gains which minimise jjpT (ka)� pR(ka)jj22. In
practice this requires an infinite array of loudspeakers, however
truncation to a finite order/finite loudspeaker array will be
considered later. Therefore,
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1X

n =0

[jka sin(� 0
T )]n

n!
=

LX

` =1

g`

1X

n =0

[jka sin(� 0
` )]

n

n!
: (8)

The order matching principle is now applied, where the
n-th order terms from the expansion of the target and repro-
duced sound�elds are equated. Traditionally the orthogonality
property of the basis functions expressed over the domain
of interest is applied to achieve this matching [7]. However,
without invoking any orthogonality relation, if eachn-th term
of the sum in the right-hand side of (8) is equated to the
correspondingn-th term on the left-hand side by choosing the
appropriate loudspeaker gainsg` , then the sums on both sides
of the equation will be equal. It is therefore required that

[jka sin(� 0
T )]n

n!
=

LX

` =1

g`
[jka sin(� 0

` )]
n

n!
8 n 2 N0: (9)

Finally removing all common terms leaves

sinn (� 0
T ) =

LX

` =1

g` sinn (� 0
` ) 8 n 2 N0 (10)

which is the n-th Dynamic HOS order matching equation.
Whilst due to the lack of an orthogonality property this is
not the only possible solution to these equations, this speci�c
solution leads to the elimination of the(ka)n dependency.
This ensures the solution is valid for any frequency (k) or
spatial coordinate (a) which will not likely be the case for
other solutions (which may only be valid for a �xedka).

E. Loudspeaker Gain Calculation

To calculate the loudspeaker gains, formulate the Dynamic
HOS order matching equations for all ordersn 2 [0; N ] as a
set of linear equations. Truncation of the expansion to a �nite
orderN is now performed, with the assumption thatL � N +1
to ensure an exact solution to the problem can be calculated.
Let pT be a length(N + 1) vector of target signals,	 be
an (N + 1) � L plant matrix andg be a lengthL vector of
loudspeaker gains. Then-th entry ofpT is then-th order term
of the target signal, given bysinn (� 0

T ). Then-th row and`-th
column entry of	 is the n-th order contribution due to the
`-th loudspeaker, which issinn (� 0

` ). The`-th entry ofg is the
gain for the`-th loudspeaker,g` .

pT =
�
1 sin(� 0

T ) sin2(� 0
T ) : : : sinn (� 0

T )
� T

	 =

2

6
6
6
6
6
4

1 1 : : : 1
sin(� 0

1) sin(� 0
2) : : : sin(� 0

L )
sin2(� 0

1) sin2(� 0
2) : : : sin2(� 0

L )
...

...
...

...
sinN (� 0

1) sinN (� 0
2) : : : sinN (� 0

L )

3

7
7
7
7
7
5

g =
�
g1 g2 g3 : : : gL

� T
:

(11)

The gains are found by solving an inverse problem:

pT = 	 g =) g = 	 ypT (12)

where the superscript(�)y indicates the Moore-Penrose pseu-
doinverse, which is commonly used to solve similar sets of
linear equations in spatial audio reproduction [5], [7]. The
problem is overdetermined when(N + 1) > L and as here an
exact solution cannot be found, the pseudoinverse gives the
least-squares solution that minimises the error between the
target and reproduced sound�eld. Alternatively when(N +
1) � L an in�nite number of exact solutions exist, therefore
the pseudoinverse chooses the minimum norm solution with
respect to the L2 norm [21]. By performing this inversion, the
loudspeaker panning functions may be calculated for any given
head orientation and virtual source position. Furthermore, the
loudspeaker gains have no frequency-dependence and there-
fore form dynamic panning functions.

III. T HE INSTABILITY CONDITION

For every incident plane wave virtual source impinging
from a given direction in 2D there exists a second virtual
source position, re�ected about the reproduction line, which
creates an identical sound�eld across said line. This is the 2D
variant of the cone of confusion. In practice, this means the
resulting HOS loudspeaker gains are equal for both positions.
If the HOS loudspeaker array uses loudspeakers in front of
the listener only, this may be considered as reproducing rear
virtual sources through the equivalent position in front of the
listener. Whilst this may lead to front-back ambiguities, it is
expected that adding dynamic localisation cues through the
Dynamic HOS approach will help resolve such issues, thus
creating convincing virtual sources behind the listener using
only loudspeakers in front of them.

Whilst HOS takes advantage of the cone of confusion for
the virtual sources [13], it can lead to issues when de�ning the
geometry of the loudspeaker array. As HOS only accounts for
the contribution of the loudspeakers across the reproduction
axis, sin(� � � rot ), for each loudspeaker position� i another
position � j exists (in 2D) that results in the same sound�eld
along this axis. If expanded to 3D, for example loudspeakers
with elevation, the locus of these positions becomes a ring
(corresponding to the cone of confusion). Importantly, the
sound�eld from all of these positions is equal along the
reproduction line only, not if evaluated elsewhere. When this
occurs, the HOS system loses a degree of freedom as each of
the two loudspeakers cannot contribute in a unique manner, or
equivalently two columns of the plant matrix	 are identical.
Practically this means the number of loudspeakers available to
the system is reduced by one, and if the number of uniquely
contributing loudspeakers is less thanN + 1 then an exact
solution can not be achieved. Here the matrix	 becomes
singular and the values of the loudspeaker gains computed
with (12) diverges. The instability condition thus occurs when

sin(� i � � rot ) = sin( � j � � rot ) 8 i; j 2 [1; L ]: (13)

This issue is easily avoidable if the listener's head is �xed
with respect to rotation as with the original HOS derivation
[13], as the HOS loudspeaker system may be de�ned such
that all loudspeakers contribute to the axis uniquely. However,
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(a) (b)

(c) (d) (e)

Fig. 2: Gains for twoN = 1 loudspeaker arrays clipped to the range� 2 for illustrative purposes
(a-b) Left right (LR) symmetric pair (c-e) Left centre right (LCR) trio.

issues arise when allowing the listener to rotate their head
freely in Dynamic HOS, that is� rot 2 [0� ; 360� ]. For every
pair of loudspeakers there exists a head position that gives rise
to the instability, de�ned as

� instability
rot = arctan

�
sin(� j ) � sin(� i )
cos(� j ) � cos(� i )

�
: (14)

Note that this condition is valid for all permutations of every
pair of loudspeakers used by the system, which for a large
system can result in many angles where instabilities can occur.

The impact of this issue is that, to allow for full360�

listener head rotations, a minimum of2N + 1 loudspeakers
are required, notN + 1 . This is because, when considering
symmetry about an axis, there are two given positions on the
unit circle that give the same value when taking the sine (or
equivalently the cosine) of those positions. Hence, ifN -th
order requiresN + 1 loudspeakers, a maximum of(N=2) of
these loudspeakers can have symmetric counterparts at any
one time. This means the largest possible reduction in the
effective size of the loudspeaker array is reduction to size
(N=2) + 1 loudspeakers. To ensure that there is alwaysN + 1
loudspeakers available to the system (for an exact solution)
there consequently must beL = 2N + 1 loudspeakers if full
360� head rotations are allowed.

This minimum number is the same as for an exact solution
when employing 2D HOA. This is because, to allow for any
head orientation, the system must be able to reproduce the
sound �eld accurately over an area de�ned by all possible

directions of the interaural axis (noting that HOS would only
reproduce one of these lines correctly at any given time). The
�gure is the same as 2D HOA because this is what 2D HOA
does - accurate reproduction across the region inside a circle
(however all possible reproduction lines at the same time). An
important difference between the two approaches is that 2D
mode matching HOA ideally requires these(2N + 1) loud-
speakers distributed evenly across the circle [22]. However,
this restriction does not exist for HOS which can handle more
irregular loudspeaker distributions.

To overcome the instability condition careful design of the
system and loudspeaker array is required. Tikhonov regularisa-
tion can be employed in the pseudoinverse to limit the effects
of ill-conditioning that occurs when approaching an instability
[21]. This allows for the minimal number ofL = N + 1
loudspeakers to still be used, but introduces an error into
the solution whilst at an instability position one of the order
terms will also not be correctly reproduced. Alternatively, the
number of loudspeakers used can beL > N + 1 , therefore
allowing for up to L � N � 1 loudspeakers to become
unstable whilst ensuring an exact solution can still be achieved.
Furthermore, if a smaller �xed range of head rotations is only
required, then the loudspeaker layout can be optimised for
that head rotation span to minimise the number of instabilities
by using (14). This might occur naturally, for example, if the
listener is watching content on a screen.

To demonstrate the issue of the instability condition, con-
sider the simplest case of a �rst order system with two
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loudspeakers situated at� 1 = �; � 2 = � � (a symmetric left
right (LR) pair). As per (14) there should be two instabilities
which occur when� rot = � 90� . The loudspeaker gains for
this system across all virtual source incident angles and head
rotations, with� = 60 � , are shown in Fig. 2. At the instability
when� rot = � 90� the loudspeaker gains tend towards in�nity.
This issue may be avoided by adding a third loudspeaker.
Thus, consider a left centre right (LCR) system with a third
loudspeaker at� 3 = 0 � . Using this system but only to �rst
order means the problem is underdetermined asL > N + 1 ,
however avoids the instability as at� rot = � 90� there are still
two uniquely contributing loudspeakers and an exact solution
exists. Whilst the gains still increase around� rot = � 90, they
do not diverge to in�nity. This also prevents the sudden180�

phase change that occurs in the 2-channel system when the
listener's head passes by the instability positions.

IV. EXAMPLE HIGHER-ORDER STEREOPHONYSYSTEMS

This section will introduce the gain de�nitions for a gener-
alised �rst order Dynamic HOS system. Then, under certain
conditions, a number of classic stereo approaches will be
shown to be a subset of this generalised �rst order HOS
approach. The minimum number of loudspeakers required is
L = N + 1 = 2 . Consider two loudspeakers positioned at
arbitrary angles� 1 and � 2. In this case the target pressure
vector, plant matrix and loudspeaker gains are

P T =
�

1
sin(� 0

T )

�
; 	 =

�
1 1

sin(� 0
1) sin(� 0

2)

�

g =
1

sin(� 0
2) � sin(� 0

1)

�
sin(� 0

2) � sin(� 0
T )

� sin(� 0
1) + sin( � 0

T )

�
:

(15)

This is the head-tracked stereo sine law for a generalised
loudspeaker geometry. The head-tracked stereo sine law has
been previously derived through the work on Compensated
Amplitude Panning (CAP) [16]–[18]. Furthermore, the low-
frequency approximation of the CTC technique for two loud-
speakers leads to the same gain de�nitions [11], [23].

From this system, classic stereo techniques can be derived
under particular conditions. First, consider the scenario when
the listener is assumed to face forward (� rot = 0 ), this gives
the stereo sine law for generalised loudspeaker geometries

g =
1

sin(� 2) � sin(� 1)

�
sin(� 2) � sin(� T )

� sin(� 1) + sin( � T )

�
: (16)

Next let the loudspeaker angles be symmetric,� 1 = � =
� � 2, as with a traditional stereo loudspeaker arrangement. For
arbitrary head rotations the loudspeaker gains are

g =
1
2

"
1 + tan( � rot )

tan( � ) + sin( � T )
sin( � ) � cos(� T ) tan( � rot )

sin( � )

1 � tan( � rot )
tan( � ) � sin( � T )

sin( � ) + cos(� T ) tan( � rot )
sin( � )

#

: (17)

This is the head-tracked stereo sine law [16]. Setting the
listener to face forwards (� rot = 0 ) gives the traditional stereo
sine law as de�ned in [2], [24]

g =
1
2

"
1 + sin( � T )

sin( � )

1 � sin( � T )
sin( � )

#

: (18)

Finally, consider the case when the stereo symmetric loud-
speaker angles are used, except now the listener always faces
the virtual source such that� rot = � T . This gives the stereo
tangent law as in [3], [25]

g =
1
2

"
1 + tan( � T )

tan( � )

1 � tan( � T )
tan( � )

#

: (19)

Hence, using the Taylor expansion of a plane wave sound-
�eld, all of the most established stereo panning techniques
have been derived. This shows that these key existing stereo
methods can actually be interpreted as �rst order Taylor
approximations of the reproduction of the target plane wave
sound�eld across a line, with assumptions about the listener's
head orientation such that the reproduction line coincides
with the interaural axis. Thus stereo is actually a sound�eld
reproduction technique to the �rst order and, as shown in this
work, through the Taylor expansion may be expanded to higher
orders for more accurate reproduction of the sound�eld. As
previously all common stereo techniques have been de�ned
mathematically as low frequency methods [12], HOS thus
generalises and expands the stereo theory to any order, for
any loudspeaker array and reproduction across any frequency
or spatial range (as per the truncation order).

V. RELATION TO HIGHER-ORDER AMBISONICS

Decoders to convert from both the 2D and 3D HOA sound-
�eld representation (the sound�eld coef�cients of the basis
expansions) to HOS have been de�ned in detail in previous
work [13]. An example decoder for 3D HOA to Dynamic HOS
is shown in Fig. 3. This �gure shows an expanded signal chain
to explain all the decoder steps, but the �nal most ef�cient
implementation may combine all these steps into a single gain
matrix operation where the matrix coef�cients depend on the
listener orientation.

To adapt these decoders to be compatible with Dynamic
HOS, head rotation compensation can be performed as with
standard HOA by rotating the sound�eld in the opposite di-
rection to the listener rotation. The next steps for the decoders
are then the same as presented previously. A second rotation is
required which ensures a small subset of(N + 1) HOA basis
functions can be used to represent the sound�eld along a line
only. For 2D and 3D respectively, the desired reproduction
axis must be aligned with thex or thez axis which de�nes the
basis functions. This results in a subset of basis functions, in
2D the setcos(n� ) and in 3D them = 0 spherical harmonics,
which fully represent the sound�eld along thex or z axis,
respectively. The subsequent decimation step is the removal of
all channels not corresponding to this subset of basis functions.

Next, a conversion is required to transform this subset
of HOA coef�cients into the equivalent HOS representation.
Reproduction to theN -th order expressed using the HOS
cosine representation requires terms ofcosn (� ). To transform
HOA to HOS the Chebyshev polynomials or the Legendre
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