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Confirmed small-body missions MMX and HERA are set to explore Martian moons and the
binary asteroid Didymos’ moon Dimorphos, respectively. Orbital dynamics around these small
moons differ substantially from those around previously visited targets. Simplified models, such
as the circular-restricted three-body problem, cannot yield accurate predictions for orbits and
their stability in real-world operations. To be specific, the orbit of the small moon and its vicinity
are significantly perturbed by the oblateness of the planet and their relative positions. Realistic
control constraints and the unstable 3:1 resonance of retrograde orbits further complicate
orbit maintenance around a small moon. Therefore, minimizing the dynamical perturbation
on baseline orbits resulting from model mismatches is crucial. This paper introduces the
“J2-ER3BP+GH” model dedicated to describing the orbital dynamics around the small moon.
It incorporates the J, perturbation of the planet on the elliptic-restricted three-body problem
and can accommodate a non-spherical gravity field of the moon. Bounded orbits can still be
identified without much effort in this sophisticated model. Baseline orbits around Phobos
and Dimorphos from the J2-ER3BP+GH become much easier to maintain, as verified in the

high-fidelity dynamic and control environments.

Nomenclature
E,H,7Z = coordinates along the three axes of the inertial frame
X, ¥, 2 = coordinates along the three axes of the rotating frame
Ay, Ay, A = amplitudes of an orbit along the axes of the rotating frame

mi, my, ms3 masses of the planet, moon, and spacecraft, respectively
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ri, 2 = distances from the primary and the secondary, respectively

f = true anomaly of the orbit of the primary system (or the “primary orbit”)
w = argument of periapsis of the primary orbit

u = w+ f; argument of true latitude

t = time

TU = time unit

LU = length unit

Uu,u = gravitational potential in the unnormalized and normalized coordinate systems, respectively
Ji = [-th-degree zonal term of a gravity harmonics model

Cr.m, St,m = [-th-degree and m-th-order Stroke coefficients of a gravity harmonics model
R = reference radius of a celestial body

Ar = an adapted form of the planet’s J, term; see Eq.H

e = eccentricity of the primary orbit

a = osculating semi-major axis of the primary orbit

n = mean motion of the primary orbit

a, n = mean semi-major axis and mean motion under J,

D = Distance between two primaries

ON0®! = first and second derivatives with respect to time

), )" = first and second derivatives with respect to u

u = ratio of the mass of the moon to the total

c, ki, ko = coeflicient functions of J, and f in the J,-perturbed elliptic-restricted 3-body problem
Q = pseudo-potential of the J>-perturbed circular-restricted 3-body problem
C = Jacobi constant of the J>-perturbed circular-restricted 3-body problem
3 = ecos f; introduced new state

E = extended state vector

F = Jacobian matrix of the extended system

A, B, C = submatrices of Jacobian matrix

(0] = state transition matrix

v = eigenvector of the monodromy matrix

Av = velocity increment

Subscripts

0 = initial epoch



p = planet

m = moon
Acronyms

CR3BP = circular-restricted 3-body problem

ER3BP = elliptic-restricted 3-body problem

CR3BP+GH = CR3BP plus moon’s non-spherical gravity model
ER3BP+GH = ER3BP plus moon’s non-spherical gravity model

J2-CR3BP+JM

planet’s J>-perturbed CR3BP plus moon’s zonal gravity model

J2-CR3BP+GH

planet’s J-perturbed CR3BP plus moon’s non-spherical gravity model

J2-ER3BP+GH

planet’s J,-perturbed ER3BP plus moon’s non-spherical gravity model

HF = high-fidelity
PO = periodic orbit
QPO = quasi-periodic orbit

I. Introduction

Small bodies, such as asteroids, comets, and small planetary moons, are of great scientific interest as they preserve
pristine relics that are clues to the formation of the early solar system. Additionally, small bodies are believed to be rich
in water and rare metals. These resources can be utilized to power space activities and bases. On the other hand, some
small bodies pose constant and potentially fatal threats to the Earth as they regularly approach our planet. Knowledge of
the interior structures of small bodies can guide the strategy of planetary defense. Missions such as Hayabusa-1 and
-2, Rosetta, and Osiris-REx have returned valuable information about small bodies. The confirmed MMX |[1} 2] and
HERA [3! 4] with its CubeSat payloads Milani [5 6] and Juventas [7]] will be launched in 2024 to explore and land on
the Martian moon Phobos and the binary asteroid’s moon Dimorphos, respectively. However, the orbital dynamics
around these small moons are very different from those around the previously visited targets (i.e., heliocentric planets
and asteroids, and large planetary moons).

For small-body missions, robust proximity orbiting is highly desirable for the following engineering and scientific
outcomes: a) long-term orbiting provides abundant ballistic arcs contributing to rapid and accurate orbit determination
and geodesy (i.e., to recover gravity coefficients, libration amplitude, etc) [8]]; b) low-altitude orbiting constrains impact
velocity, derisking landing operations; and c) if high-latitude orbiting can also be realized, that will enhance global
mapping and geodesy, and facilitate polar landing. However, pre-studies for the MMX mission experienced large
difficulty in maintaining a quasi-satellite orbit (QSO) around Phobos, which is broadly linearly stable, compared to

maintaining an Earth-Moon halo orbit, which is typically linearly unstable (private communication with JAXA project



teams). This counter-intuitive result can be attributed to the fast orbital dynamics, the unstable resonance intersecting
the QSO families, which will be further explained in Sec. [[I} and significant dynamical perturbations not considered in
the orbit design stage.

Robust orbiting operations require certain stability of the baseline orbit and stationkeeping control. Baseline
orbits are not directly found in the high-fidelity model but are typically identified in a simplified model, such as the
two-body problem and the circular-restricted 3-body problem (CR3BP). Insights into the simplified models are clear,
and periodic orbits can be easily identified. However, if the simplified model for orbit design (hereafter referred to as the
“substitute model”’) does not accurately reflect the realistic dynamical environment, the designed orbit, even though
stable in the substitute model, will experience significant dynamical perturbation and diverge quickly in the real world.
Consequently, frequent controls will be necessary to compel the truth trajectory to follow the unrealistic baseline orbit.
However, in the early phases of a proximity mission, stationkeeping relies on ground-based orbit determination (OD),
and the control interval (or coast duration) typically spans a couple of days. The coast duration is necessary for the
OD team to collect sufficient tracking data for delivering an orbit accuracy permissible for the following orbit control
([9,110]). Therefore, if the orbit cannot stay bounded in the presence of dynamical perturbation and OD errors during
the cost duration, stationkeeping is likely to fail. While efforts to enhance OD operations for reducing OD errors are
essential, enhancing the substitute model’s accuracy is equally crucial in mitigating perturbations on the baseline orbit,
contributing to successful stationkeeping. Moreover, the substitute model with improved accuracy should still facilitate
a straightforward identification of bounded baseline orbits.

There have been efforts to improve the accuracy of substitute models. For instance, high-degree gravity terms of
the non-spherical moon can be added to the CR3BP and periodic orbit can be computed in the new models [11}[12].
However, those models did not consider the high-degree gravity terms of the planet. Given the small gravity of
a small moon and the close distance to its planet, the 2nd-degree gravity term (i.e., J>) of the planet also poses a
significant influence on the orbit and the vicinity of the small moon. Unlike the high-degree gravity terms of the moon,
the high-degree gravity terms of the planet cannot be directly added to the CR3BP or the elliptic-restricted 3-body
problems (ER3BP) [13]] without accounting for its perturbation on the primary orbit. Some studies have incorporated
the perturbation from the oblateness (or the J, term) of the planet in the CR3BP [14}[15]. Nevertheless, our experiments
with the Mars’ J,-perturbed CR3BP do not result in noticeable differences in orbital profiles or stability compared to
those obtained into the CR3BP. To be more accurate, it is the elliptic orbital motion of the primary system perturbed by
the oblateness of the planet that exerts constant and significant perturbation on orbits around the moon. Additionally, as
reasoned in the preceding paragraph, whether an orbit from the substitute model is operational should be verified in
the high-fidelity environment. There is no evidence to suggest that orbits from any of the aforementioned models are
sufficiently true in the high-fidelity model to enable robust orbiting around the small moon. The mean J;-perturbed

elliptic orbit described by Kozai [16] was used to approximate the Mars-Phobos system [17], and the ephemeris



model based on it yielded accurate predictions for spacecraft orbits when compared to those propagated in the true
full-ephemeris model [18}[19]. A substitute model based on Ref. [16] should reveal operational baseline orbits.

The present paper develops the J,-perturbed elliptic-restricted 3-body problem, wherein the motion of the moon is
governed by the planet’s J,-perturbed elliptic 2-body problem [[16]. Since the gravity field of the moon does not perturb
its orbit but can influence the motion of spacecraft, a precise non-spherical gravity model of the moon can be directly
added to this model (see Sec. [[II). This proposed model is set up in the rotating frame and termed “J2-ER3BP+GH”.
While this model contains many factors, all significant in the vicinity of a small moon, it permits a straightforward
identification of bounded baseline orbits (i.e., periodic and quasi-periodic orbits). The approach to computing bounded
orbits is explained in Sec. The model validity and the effective stability of the orbits from the J2-ER3BP+GH and
other substitute models (e.g., ER3BP and ER3BP+GH) should be examined and compared. This evaluation is conducted
through high-fidelity simulations that demonstrate the orbiting behavior around Phobos and Dimorphos (see Sec. [V).

Conclusions are given in the final section.

I1. Problem statement: unstable orbital environment around small moons

For a small moon close to its planet, its vicinity is significantly influenced by the gravity of the planet, and its sphere
of influence is confined to a small radius. The high-degree gravity terms of the planet also exert significant influences
on the orbit and the vicinity of the small moon. Therefore, the spacecraft’s orbit around a small moon is also influenced
by the non-spherical gravity field of the planet as well as by the relative position (or ephemeris) of the two primary
bodies. The designed baseline orbit that does not account for such dynamical perturbation cannot be easily maintained.
If the ephemeris of the primaries is not accurate, this error may not translate into obvious errors in the spacecraft’s orbit
around the moon, but can significantly disturb OD and geodesy operations. A small-moon mission, such as the MMX
and HERA, will encounter these emerging issues. Concerning the issue resulting from the ephemeris error, previous
work has briefly touched on the mitigation of its impacts on OD and geodesy [8]. The objective of the present paper is
to reveal effectively stable orbits in the unique dynamical environment around the small moon.

To orbit around a small moon, bounded orbits held by the gravity of both primary bodies are options for the baseline
orbit in the sense of relative motion. The planar 1:1 quasi-satellite orbit (QSO) identified in the CR3BP, which is
retrograde and linearly stable, has been intensively studied [20-23]] and suggested for Martian moons exploration [24]].
However, the elliptic motion of the primary system and the non-spherical gravity field of the primaries constantly perturb
the baseline orbit from the simplified CR3BP. Related to the short orbital period of the small moon, one revolution of
the spacecraft orbit around the moon is also short, roughly 6 hours for a QSO about Phobos and 10 hours for a QSO
around Dimorphos. Accumulated perturbation can have destroyed the bounded motion before the stationkeeping control
can take place. Note that deep-space stationkeeping controls relying on the ground-based OD cannot be implemented

frequently; instead, it requires an interval of 5 to 7 days for achieving permissible OD accuracy [9l[10]. Figure[T]shows



a periodic QSO, whose size is 29 X 46 [km] (i.e., Ax X Ay, where A, is the orbit amplitude along the x-axis, or the
planet to moon direction, and A, the amplitude along the y-axis in the rotating frame), obtained in the Mars-Phobos
CR3BP, and the trajectory propagated from the converted initial state in the high-fidelity (HF) model with arbitrary

initial phases fj of the primary system. In the HF model, the trajectory quickly departs from its nominal periodic orbit

(PO), even in the absence of OD errors.
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Fig.1 A QSO obtained in the CR3BP and its evolution in the high-fidelity model for 5 days.

Apart from the dynamical perturbation experienced in the real world, the orbit in the CR3BP may not be as stable
as its linear stability indicates. For better global mapping and geodesy, previous work [19] has computed families of
periodic 3-dimensional QSO (3DQSO) around Phobos in the CR3BP. The x-amplitude A, and out-of-plane amplitude
A of the 3DQSO belonging to different resonant families are displayed in Fig.[2] The annotated resonance, m : n,
represents the ratio of the vertical to the horizontal revolutions. The color scale of Fig. [Zh indicates the linear stability,
which is the normalized maximum eigenvalue of the monodromy matrix of each orbit. If the linear stability equals 1,
the orbit is linearly stable. Despite the wide linear-stability region, it is found challenging to maintain a low-altitude
linearly-stable QSO around Phobos under operational errors. Figure Zb presents the more accurate stability situation.
The color scale indicates the ratios of bounded orbits from the Monte Carlo simulation: 1000 runs of one-week

propagation in the CR3BP for each orbit whose initial condition is perturbed by random OD errors (i.e., 1o~ 3.4 cm/s



and 50 m on each component were used). The difference between Fig. 2h and Fig. Zp is mainly the instability band
appearing inside the linear-stability region. This instability band stretches from [Ay, A;] = [29, 0] [km] to higher A,
and smaller A,. Hénon [25], Bernest [21]], and Lam and Whiffen [26] have noted that the stability domain of a planar
QSO is constrained by the planar unstable period-3 orbit. In other words, at the intersection of the planar 1:1 family and
the period-3 family, where the arguments of a pair of conjugate eigenvalues of the monodromy matrix are +120°, the
stability domain of the QSO is close to zero, despite the linear stability it presents. The eigenvalues of the monodromy
matrix of the unstable 3DQSOs inside the linear-stability region also exhibit intersections with the 3:1 resonance, as

annotated in Fig. Zb.
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Fig. 2 Linear stability and effective stability of families of 3DQSO around Phobos [19].

The Poincaré-map analysis, another form of dispersion analysis, is performed. For an examined orbit, its initial
state is perturbed while its Jacobi constant is maintained, and propagated in the CR3BP. The Poincaré section is set at
y = 0, where the divergent pattern is distinct, and on the v, < 0 side. Fig. [3|shows the Poincaré maps for the unstable
QSO (i.e., intersecting the 3:1 resonance) and a stable QSO (marked by the blue triangle in Fig. QJ) from the 13:17
family. The diverging traces of the unstable QSO resemble the unstable manifold of a period-3 orbit. By contrast, states
propagated from the displaced initial conditions of the stable QSO stay around the states propagated from the initial.

The Poincaré maps also reveal the confined stability domain of retrograde orbits.

III. Dynamic Models
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Fig. 3 Poincaré dispersion maps for the QSOs intersecting and away from the 3:1 resonance.

A. Mean J,-perturbed elliptic model

The non-spherical gravity field of the planet can shift the moon’s orbit from what is predicted by the two-body
problem, and in turn, influence the motion of the spacecraft relative to the moon. Perturbations can manifest as mean,
long-periodic, and short-periodic effects [27]]. The mean J,-perturbed elliptic orbit described by Kozai [16] was adopted
to describe the Mars-Phobos system [[17]]. It is assumed that the orbital plane and equatorial planes of the bodies are
co-planar. The apsis of the moon’s orbit precesses at «» due to the J, perturbation of the planet. This mean J,-perturbed
elliptic two-body problem can be referred to as the “J2-Elliptic” model for simplicity.

The gravity of a small moon does not significantly perturb the J2-Elliptic model. However, in describing spacecraft
orbits, the high-degree gravity harmonic (GH) terms of the moon are also influential and should be considered. In
computing the moon’s non-spherical gravity forces on the spacecraft, the principal axis of the moon is assumed to
be constantly pointing to the center of mass of the planet, representing a tidal lock situation. The described model
governing the spacecraft’s orbital motion is depicted in Fig.[d The spacecraft orbits generated in this dynamic model
closely matched those obtained from the true full-ephemeris model [18} [19]. This result suggests the necessity of
considering the planet’s gravity up to the 2nd degree and the eccentricity of the moon’s orbit, concerning orbiting
around a small moon. However, the J2-Elliptic model is a simplified ephemeris model useful for quick simulation and
verification. Bounded orbits cannot be easily identified in it. In the following section, it is adapted into the J,-perturbed

restricted three-body problems for the purpose of orbit design.

B. J,-perturbed elliptic-restricted three-body problem
In the restricted three-body problem, a particle or spacecraft m3 moves in a dynamical environment dominated by

two primary bodies m; and m, orbiting about each other, where m; > m, > m3. The motion of the spacecraft can be
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Fig. 4 Schematic of the dynamical environment influenced by the planet’s J,-perturbed elliptic system and the
moon’s non-spherical gravity.

described in the rotating frame, where the x-axis is aligned with the m to m, directions, the z-axis is normal to the
primary orbit, and the y-axis completes the right-hand coordinate system. The primaries are separated by D, which
varies with time unless the problem is circular.

As reasoned in previous sections, it is essential to consider the gravity of the planet up to the J> term for spacecraft
orbits around a small moon. As the high-degree gravity terms of the small moon do not significantly influence its orbit
around the planet but can influence spacecraft’s orbits around it, a non-spherical gravity model of the moon can be
directly added to the substitute model. In computing the force of the moon acting on the spacecraft, the model assumes
a tidal lock situation, where the equatorial planes are aligned with the orbital plane of the primary system, and the
principal axis of the moon is pointed to the center of the planet. While tidal locks are common among many discovered
planetary moons, including Martian moons and many binary moons, this model cannot be directly used in scenarios
around non-tidally locked moons.

Like the general restricted three-body problem, this model is set up in the rotating frame. Additionally, as the focus
is the spacecraft’s orbit around the small moon, unlike the general restricted three-body problem, the coordinate origin
is placed on the center of mass of the moon. The intention of this setting is to avoid the error at the conversion to the HF
full-ephemeris model due to the mismatch between the modeled ephemeris (i.e., the mean J>-perturbed orbit) and the
true ephemeris (i.e., the moon’s orbit under the influence of planet’s full gravity model). The schematic of the dynamic

and coordinate systems is presented in Fig.[5] Equations of motion of the spacecraft in this moon-centered pulsating



rotating frame are written as,
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where the argument of true latitude u represents the angular difference of the rotating frame from the inertial reference,

and is the sum of the argument of periapsis and the true anomaly of the primary orbit, expressed as

u=w+f 4)

The gravitational potential U is expressed as
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where A, represents the J, term of the planet expressed as,
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and r and r; represent the distance of the spacecraft from the planet and the moon, respectively. Subscripts “p”” and “m”
are used to indicate the planet and the moon separately. R and J; are the reference radius and the /-th zonal harmonics
coefficient of the celestial body, respectively. C; ,, and S ,,, represent the /-th degree m-th order coefficients of the moon,
corresponding to tesseral and sectional terms. P;,, represents the /-th degree m-th order Legendre polynomials. Angles
¢sc and Ay represent the geocentric latitude and longitude of the spacecraft with respect to the moon, respectively.
Because the center is at the moon, the force of the planet acting on the moon should be subtracted as the right-hand side
of Eq. (1)) presents.

The mean semi-major axis @ and mean motion 7 of the J,-perturbed primary orbit are expressed as [[16],
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Fig. 5 Schematic of the dynamical environment and pulsating rotating frame of the J,-perturbed restricted
three-body problem.

where e is the eccentricity of the primary orbit, and the osculating a and n satisfy,

a’n® = G(my +my) 9

The distance between the primary bodies is approximated by the mean distance depending on the phase f of the primary

orbit, expressed as,
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Regarding the angular rate # of the rotating frame, we first derive the time derivative of the true anomaly of the

primary orbit, which is expressed as,
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where b denotes the mean semi-minor axis. Under the J, perturbation, the drift rate of the argument of periapsis is
given by,
nA2

Then, the angular rate of the rotating frame with respect to the inertial space is expressed as
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Because w is assumed constant under the mean J, perturbation,
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where
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Equations (7)-(I3)) can be substituted into Eq. (I)-(3). When expanding Eq. (I)-(3), one can find that the system
essentially depends on f of the primary system. In the ER3BP, the true anomaly is preferred as an independent variable
over time. However, in the J»-perturbed problem, the coordinate system is rotating at i instead of f with respect to the
inertial space. Hence, u is chosen to be the independent variable. The time unit 7U becomes 1/u (i.e., dt/du). Because

u and f do not vary at the same pace, f should be obtained by integrating its derivative f’ with respect to u. According
to Eq. and Eq. (TI), f” is given by,
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We can also normalize the length of the system by setting the length unit LU = D. As a result, the distance
between the two primaries becomes one. The normalized coordinates can be denoted by another set of denotations. For
simplicity, without causing much confusion, the same denotations are adopted for the normalized coordinates hereafter.

Equations of motion Eq.(I)-(3) with respect to the independent variable u, expressed in the normalized coordinates are,
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where (-)” and (-)”” represent the first and second derivatives with respect to u, respectively, and
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Because #”D? # G (m| + m»), cancellation results in a coefficient function ¢ depending on f, expressed as,
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The remaining coefficients k| and k; also depend on f, expressed as,
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Equations (T6)-(T9) represent the restricted three-body problem perturbed by the J; term of the planet and accommodating

non

the non-spherical terms of the moon. This model is termed “J2-ER3BP+GH” for simplicity, where "-" indicates the
perturbation from the planet’s J, on the primary orbit and "+" indicates the straightforward addition of the moon’s
non-spherical influence on the spacecraft’s orbit without perturbing the primary orbit. The J2-ER3BP+GH is believed to
be a close approximation of the realistic dynamic model. Bounded orbits from this model are supposed to stay bounded

in the real world for the long term given no operational errors.

When A, = 0, the model becomes the ER3BP plus the moon’s GH terms, termed “ER3BP+GH”, where
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=1 ki = k =
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When e = 0, the system becomes the J,-perturbed circular problem termed “J2-CR3BP+GH”, where
3 2
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The equations of motion of this autonomous system can be simply written as,
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The J,-perturbed circular problem admits a Jacobi constant expressed as,
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Additionally, if only zonal terms of the moon are considered, meaning the last term of Eq.([20) is dropped, the model
also exhibits symmetries about the x-axis and x-z plane like the CR3BP. This model is termed “J2-CR3BP+JM”. The
established method to identify periodic orbits in the CR3BP based on the symmetries can thus be extended to the

J2-CR3BP+JM.

IV. Generation of bounded orbits

To perform bounded motion around the small moon, periodic orbits (PO) can be first identified in the symmetrical
J2-CR3BP+JM. There have been many works on the computation of PO and resonant PO families based on the symmetry
of the circular problem and bifurcation, using differential correction and pseudo-arclength continuation [[19, [28-30].
The PO computed in the J2-CR3BP-JM can serve as the initial guess of the PO in the slightly different but more accurate
J2-CR3BP+GH. Multiple shooting can be used to smoothly fit the PO to a slightly different model, as demonstrated in
Ref. [L1]. Therefore, the PO in the J2-CR3BP+GH can be obtained in the same way.

The next step is to find bounded orbits in the J2-ER3BP+GH. However, POs do not exist in the elliptic problem
except for the orbits whose period is resonant with the period of the primary orbit. The quasi-periodic orbit (QPO) is an
option for a bounded motion. Similarly, the state of a PO from the J2-CR3BP+GH can serve as the initial guess of QPO.
The QPO can be regarded as a trajectory lying on the center manifold associated with e, whose initial phase depends on
fo of the primary system. Eccentricity e can be treated as a variable limited to a small value that perturbs the initial
condition of a periodic orbit. We can add a new state £ = e cos f, which combines the two factors, and its derivative

& = —esin f - f, to the system [31]]. The differential equation for the new states is expressed as,

& =(—esinf - f'Y =—ecosf-f' —esinf-f" (35)
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Expressions of f/ and f”" have been provided in Egs. and (28). Moreover, ¢ and ¢’ explicitly determine e and
finamely, g7 : {£,€’} — {e, f}. Variables D, c, f’, ki, ks in Egs. - and ¢” that depend on e and f can be

represented as functions of ¢ and &”:

D =D(e, f) =D(,¢) (36)
I =1"(e,&) = f(£¢) (37)
ki=ki(e, f, ') =ki(£,¢) (38)
ko =ka(e, f, f') = ki(£,¢) (39)

c=cle, f)=c(£¢) (40)
7 =1"(e, f)=f"(&¢€) (41)
§"=¢"(e. f. 1) =¢£"(£.¢E) (42)

As aresult, Egs. (I7)-(19), and (35)) represent an 8-dimensional autonomous system described by the extended states
E = [x,x",y,y',2,7,&,&’]. The autonomous system allows for easy derivation of the center manifold around a PO,
where the QPO lies. To see the eigenstructure of the extended system, the partial derivatives known as the Jacobian

matrix at the periodic solution E can be expressed as,

6f A(6><6) B

F(M) = ﬁ

(43)

[e5]]

0 C(2><2)

where A represents the Jacobian of the 6-dimensional autonomous circular problem J2-CR3BP+GH, B represents
partial derivatives of velocity and acceleration with respect to the introduced new states [£, '], and C represents the

Jacobian of the introduced autonomous system at e = 0, whose value is,
C= (44)

since

aé‘// , af// 7
——|e=0 = —f"|e=0 = —1 —le=0 = —=le=0 =0 45
oE le=0 = =f"le=0 65" 0= le=0 (45)
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The state transition matrix (STM) maps the initial state to the current state, expressed as,

_ 0E(u)
"~ OE(0)

(40)

The initial ®(0) = I®*®_ The STM can be divided into submatrices corresponding to the structure of the Jacobian
matrix in Eq. (43), expressed as,
(I),((,G(X6) @2
x§

D = “mn
(2x6) (2x2)
0 d)‘gé

The variations of the divided STMs with respect to u are expressed as,
(D),(x = Ad,, (I))/(é = A(I)xg + B(Dég (I)éé = C(I)gé (48)

The Jacobian matrix A consists of the Jacobian of the CR3BP, whose expression is available in Ref.[28]], and the
Jacobian associated with the gravity harmonics terms, whose expression is available in Ref.[32]. Therefore, @44 and
@ can be obtained by integration. Given the difficulty of deriving analytical expressions for B, @y can be obtained
using finite differencing. The monodromy matrix is @ of a periodic orbit after one period. Based on the block structure

of @, the eigenvectors of the monodromy matrix can be described by

o T
Vi
V_[!2—CR3BP+GH
Vi = I (i=1--,6), vi=| : (i=17,8)
0
0 Vi,8

where Vg2—CR3BP+GH (l =1,--

-, 6) denotes an eigenvector of the monodromy matrix in the 6-dimensional J2-CR3BP+GH
(i.e., @  after a period), and v; (i = 7, 8) denotes the eigenvector associated with & and &’. Thus, given e and initial fj
as well as perturbation on ¢ and £’ components, the corresponding quasi-periodic condition can be generated by adding
the displacement vector AE in the span {v7, vg} to the periodic condition.

Because v7 and vg generally contain conjugate complex numbers, to cancel imaginary parts, a pair of auxiliary

eigenvectors are defined as

1 1
Vs = —(V7 + Vg) Vd = _.(V7 - V8) (49)
2 2i
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Fig. 6 Steps to generate bounded orbits.

Supposing v contains & component and v4 contains ¢’ component, the displacement vector AE (0) is given by,

AE(0) = &y/vs7 - vs +&)/vag - Vd (50)

For the reverse situation,

AE(0) = &0/va7 - va+&)/vss - Vs (€2))

Because this approach is based on linearization assuming a small e, the obtained initial condition for QPO is an
approximation to the QPO lying on the center manifold rigorously defined [33H36].

Regarding the generation of bounded orbits in the HF full-ephemeris model, e and f; at the initial epoch can be
resolved from the ephemeris of the primaries, based on which the initial condition of the baseline quasi-periodic orbit in
the substitute model J2-ER3BP+GH can be determined. The initial condition can then be converted to an initial state
in the HF model using the routine presented in Appendix. Assuming that the substitute model reflects the realistic
dynamical environment, the converted initial condition will propagate into a trajectory revolving around the baseline

orbit for a long term in the HF model. Steps to produce bounded orbits can be summarized by the flow chart in Fig. [f]

V. Results

A. Application to Phobos exploration
Regarding the Mars-Phobos system, Mars’ reference radius is 3396 km and J; is 0.00196, the inclination of their

orbit, 1.07°, is small and ignored in the J2-ER3BP+GH, and the osculating eccentricity slightly varies around the mean
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eccentricity of 0.015. Based on Kozai’s description (i.e., Eq. (7)), the osculating a and mean @ are 9378 km and 9374.4
km, respectively. Given the close distance to Mars and relatively low gravity, Phobos has a small sphere of influence
(Sol) below its surface and the Hill’s sphere reaching just 4 km above its surface.

Figure[7] shows the family of near-planar periodic QSO around Phobos in the J2-CR3BP+GH and the associated
QPO propagated for 30 days in the J2-ER3BP+GH with fy = —25°. Note that while POs can be perfectly planar in the
J2-CR3BP+JM with only zonal terms, some adjustments on the POs in the out-of-plane direction appear to account for
the tesseral and sectional terms in the J2-CR3BP+GH. In Fig.[7] the baseline POs are covered by the span of QPOs. As
seen in the close-up figure, the QPO closely revolves around the baseline QSO. Figure [8]presents the envelope of the
QPOs starting at various fy for the QSO of a dimension of 24 x 48 x 18 [km] (i.e., Ax X Ay X A7), which belongs to the

3-dimensional 4:5 resonant family.

100
80+ ) closeu
26.8 P
60 -
26.6
40
26.4
20+
i ol 26.2
>
20+ 267 ~
—PO in J2-CR3BP+GH
——QPO in J2-ER3BP+GH
40 25.8
' -0.5 0 0.5
60 - J
-80 1
-100 ‘ : :
-60 -30 0 30 60

Fig.7 Near-planar periodic QSOs around Phobos in the Mar’s J,-perturbed circular problem and corresponding
QPOs in the elliptic problem.

Table 1 Specifications of different dynamic models for Phobos orbiting

Dynamic model J2-ER3BP+GH ER3BP+GH HF model
. . L . Sun: point-mass;
Gravity models Mars: 2% 0; Mars: point-mass; Mars: 10 x 10;
Phobos: 4 x 4 Phobos: 4 x 4
Phobos: 4 x 4
Ephemeris Jo-perturbed elliptic elliptic mar097

Orientation coplanar & tidal locked  coplanar & tidal locked pck00010

The J2-ER3BP+GH is a substitute model whose validity should be examined. It is also desirable to know whether

the J; perturbation should be particularly considered or whether the ER3BP plus moon’s gravity model, ER3BP+GH, is
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Fig. 8 Envelop of the QPOs associated with a 3DQSO around Phobos.

sufficient. Table[T]lists details of the dynamic models selected for comparison and evaluation. The used full Martian
spherical harmonics gravity model is truncated at the 10th degree and order, whose values are available from the
jgmro_110b model [37] developed by JPL. The used full Phobos model is truncated at the 4th degree and order, whose
values were provided by the CNES Geodesy group based on Gaskell’s Phobos shape model [38]. Higher-degree terms
do not significantly affect the QSO more than 10 km above the surface of Phobos. The HF model considers ephemeris
and gravity models of the Sun, Mars, and Phobos, where the ephemeris and orientation of the celestial bodies are
obtained from the kernel files mar097 and pck®0010[39]] developed by JPL.

In the examples of comparison, the initial epochs of the HF model are arbitrarily selected to be 2026-02-15 12:00
and 2026-03-15 12:00 UTC, where fj of the primary orbit are —125° and 150°, respectively, and the 29 x 46 [km]
QSO is selected to be the baseline orbit. The orbit evolution for 5 days in different models is shown in Fig. 0] and
Fig.[T0] The closeup of Fig[0b]displays an evident deviation of the HF trajectory from its baseline QPO obtained in the
ER3BP+GH for fj = 150°. The deviation is larger for the situation with fy = —125°. Figure [T0b|shows that the HF
trajectory closely coincides with the baseline QPO accounting for the J, term of Mars. This difference highlights the
necessity of considering the perturbation from Mars’ oblateness. Figure[I0]also implies that designed orbits from the
J2-ER3BP+GH can sustain for a long time in the realistic dynamical environment without stationkeeping Av, provided
no operational errors. Compared to the situation resulting from the CR3BP, which is shown in Fig. [T} the dynamical
perturbation on the baseline orbits has been significantly reduced. The difficulty of maintaining the baseline orbit in a

realistic environment should be minimized accordingly.

1. Stationkeeping
Table [2] presents the operational environment for stationkeeping: the ground-based OD errors in the RTN coordinate

frame and the control interval, according to the MMX project team [10]. Given the OD errors, control interval
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Fig. 9 Quasi-periodic QSO obtained in the ER3BP+GH and its evolution in the high-fidelity model.

50 .

40

30

20

Phobos
~—— QPO in J2-ER3BP+GH
Orbit in HF model

=30
40
-50 L I L
-20 0 20
x [km]
(@) fo = ~125°

y [km]

472

47
46.8
46.6
46.4
46.2

46

closeup

45.8
45.6
Phobos \[ 1454
QPO in J2-ER3BP+GH | / |\
Orbit in HF model ! ! 05 0 03 !
-20 0 20
x [km)]
() fo = 150°

Fig. 10 Quasi-periodic QSO obtained in the J2-ER3BP+GH and its evolution in the high-fidelity model.
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Table 2

Condition Value
lo(AR) 20 m
1o (AT) 175 m
1o (AN) 4 m
1o (AVg) 53 mm/s
lo(AVr) 6 mm/s
lo(AVy) 1 mm/s
Control interval > 5 days

Operational environment for stationkeeping around Phobos [10]

constraint, and the limited stability domain of QSO, the stationkeeping operation is a challenging task. The baseline orbit

should enjoy sufficient effective stability. Therefore, the baseline QPO is obtained in the substitute model sufficiently

considering the dynamical perturbation, namely, the J2-ER3BP+GH.

Table 3 Examined representative QSO

QSO dimension Maximum latitude  Referred to as
20 x 27 [km] 0 QSO-Lc
30 x 49 [km] 0 unstable QSO
31 x 51 [km] 0 WS QSO
24 x 48 x 18[km] 36.9° 3DQSO-L37
28.5 x50 x 21.5 [km] 37° 3DQSO-M37
29 x 50 x 20 [km] 34.6° 3DQSO-M35

It is desirable to orbit closely around the target, even near an instability region. Additionally, orbits of certain

latitudes can facilitate global mapping and landing in the polar regions. The stationkeeping performance is examined

over representative low-altitude planar QSO and 3DQSO. The QSOs to be examined are summarized in Table[3] One is

the 20 x 27 [km] QSO, which is a very low baseline orbit referred to as the “QSO-Lc” in the MMX mission. One is the

30 x 49 [km] QSO, which intersects with the unstable period-3 family in the J2-CR3BP+GH and is referred to as the

“unstable QSO”. The slightly away 31 x 51 [km] QSO is considered weakly stable and referred to as the “WS QSO”. The

selected 24 x 48 x 18 [km] 3DQSO, which is from the 4:5 family, has a low altitude and a maximum geocentric latitude

of 36.9° and is referred to as the “3DQSO-L37”. The slightly farther 28.5 x 50 x 21.5 [km] 3DQSO, which is from the

6:7 family, has a maximum latitude of 37° and is referred to as the “3DQS0O-M37”. The less inclined 29 x 50 x 20 [km]

3DQSO, which is from the same 6:7 family, has a maximum latitude of 34.6° and is referred to as the “3DQSO-M35".

Table 4 Summary of Monte-Carlo simulations of stationkeeping in the high-fidelity model

QSO types Success rate  Average Av/time [cm/s] 1o (Av/time) [cm/s] Av/5 days [cm/s]
QSO-Lc 100% 9.2 8.4 9.1
Unstable QSO 84% 7.6 5.6 7.6
WS QSO 100% 8.8 6.1 8.6
3DQSO0-L37 94% 19.5 17.4 18.1
3DQSO-M37 98% 40.7 30.0 38.6
3DQS0O-M35 100% 354 22.5 33.7
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The stationkeeping adopts a straightforward target-point method. At the epoch that an impulsive Av is performed,
the initial condition of the baseline QPO is computed for the then phase f of the primary orbit. The initial state is
propagated into a baseline trajectory until the next control epoch. The three Av components are solved to minimize
distances between the baseline trajectory converted in the HF model and the truth trajectory propagated in the HF model
at a series of phases along the orbit (i.e., the targeted points), in a weighted least-square sense. Orbit determination
errors are effective at control epochs, influencing the judgment and outcome of the control Av. The next Av is performed
at a point after 5 days when the propagated state is closest to the nominal initial condition. To compute Av quickly and
robustly, the STM is integrated along with the orbit. To be specific, Av is adjusted using the gradient-based differential
correction method, where the gradient is derived from the STM. In addition, for a very stable QSO like the QSO-Lc that
can tolerate certain deviations without divergence, the control Av is not always applied. Av is performed only if the total
residuals exceed a threshold. The threshold and weights of the residuals at the target points are determined via trial and
error. For the unstable QSO and the 3DQSO, the threshold is two orders smaller than that of the QSO-Lc.

For each examined QSO, 100 Monte Carlo runs of stationkeeping for 30 consecutive controls in the HF model
are performed. The simulations start at 2026-02-01 12:00 UTC, where fy = —83°. The simulated timeline is longer
than 150 days, long enough to tell whether the orbiting operation is robust. The statistical result is summarized in
Table|4] The stationkeeping cost generally increases with A, and A,, which is consistent with the velocity trend of the
QSO0s. Although dynamical perturbation is minimized, due to the intrinsic QSO instability property and disturbance
from OD errors, safe orbiting on the unstable QSO, which intersects with the unstable 3:1 resonance, 3DQSO-L37,
and 3DQSO-M37, which are close to the upper instability region (see Fig.[2)), cannot be ensured. Nevertheless, robust
orbiting is achieved for low-altitude QSO, weakly-stable QSO, and 3DQSO with a latitude up to 35°, a result previously
deemed impossible in realistic setups. The stationkeeping cost is also much smaller than that of previous trials verified
in the HF model [19}/40]. The stationkeeping costs of 0.5 m/s per month for the planar QSO and 2 m/s per month for
the 3DQSO are considered acceptable. Figure[TT|shows examples of the maintained orbit legs for the three baseline
QSOs that can be robustly maintained. The high-fidelity stationkeeping simulations confirm the effective stability of the

baseline orbits and the validity of the J2-ER3BP+GH.

B. Application to Dimorphos exploration

Information on the gravity models and ephemerides of the Didymos system to date is of limited accuracy. To
represent a possible Didymos-Dimorphos dynamical environment, their trajectories and gravity models are generated
based on their orbit and shape parameters from recent observation and the DART’s experiment [41H43]]. The presumed
parameters are listed in Table[5] Dimorphos is considered perfectly tidally locked with its principal axis always pointing
to the center of Didymos. Based on the point mass model, the theoretical Sol of Dimorphos extends to 160 km from

its center, or 80 km from its surface. Given the tri-axial ellipsoid shape parameters, the gravity harmonics terms J3,
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Fig. 11 Examples of the maintained QSO legs in the high-fidelity model.

Table 5 Presumed parameters of the Didymos-Dimorphos system

Parameter Value
Didymos major axis, [m] 851
Didymos intermediate axis, [m] 849
Didymos minor axis, [m] 620
Diameter of volume-equivalent sphere for Didymos, [m] 761
Sidereal period of Didymos’ spin, [h] 2.26
Dimorphos major axis, [m] 177
Dimorphos intermediate axis, [m] 174
Dimorphos minor axis, [m] 116
Diameter of volume-equivalent sphere for Dimorphos, [m] 151
Density of Didymos system, [kg/m?] 2400
Osculating semi-major axis of the binary orbitat f =0, [m] 1200
Osculating eccentricity at f =0 0.044
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Ca2, J4, C42, and Cy4 of both bodies can be calculated [44]. The rest of the Stroke coefficients are assumed to be zero.
Asteroids are usually highly irregular. Here, J, of Didymos is estimated to be 0.1168, 50 times larger than that of Mars.
Ephemerides of Didymos and Dimorphos are obtained by integrating their initial position and velocity based on the

osculating elements at fy = 0 under their non-spherical gravity fields.

Table 6 Specifications of different dynamic models for Dimorphos orbiting

J2-ER3BP+GH ER3BP+GH HF model
. Didymos: 2x0; Didymos: point-mass;  Didymos: 4x4;
Gravity models Dimorphos: 4x4 Dimorphos: 4x4 Dimorphos: 4x4
Ephemeris Jo-perturbed elliptic elliptic produced

Orientation coplanar & tidal locked coplanar & tidal locked coplanar & tidal locked

Again, the validity of J2-ER3BP+GH is evaluated and compared with the ER3BP+GH. Table [f]lists details of the
dynamic models used for comparison and evaluation. The solar radiation pressure, depending on the surface and mass
properties of a particular spacecraft, is not considered in the present work, while it is considered influential on spacecraft
orbits in the Didymos system in other research works [5]. Given fy = 0 and a 116.5 x 128 [m] QSO, which is within
the Sol of Dimorphos, the orbit evolution for 5 days in different models is shown in Fig.[12] It can be seen that the
span of the QPO obtained in the J2-ER3BP+GH is thinner than that in the ER3BP+GH. The ER3BP+GH assumes a
primary orbit in the two-body problem, and the conversion to the ephemeris model identifies the eccentricity, which is
an osculating one, to be 0.044 at f, = 0. By contrast, the perturbed J2-ER3BP+GH model regards the primary orbit as a
mean J,-perturbed orbit and the mean eccentricity of 0.025 is adopted [27} 45]], which results in a smaller span of QPO.
The orbits propagated in the high-fidelity model indicate that the J2-ER3BP+GH and the adopted mean eccentricity are
closer to reality: the HF trajectory coincides with the QPO obtained in the J2-ER3BP+GH, whereas the HF trajectory
evidently deviates from the QPO obtained in the ER3BP+GH. This result reveals the significant influence of the gravity
of the planet up to the 2nd degree inside the Sol of Dimporphos.

A comparison between J2-ER3BP+GH and the general restricted three-body problem is presented in Fig. [I3]
The 137 x 156 [m] QSO obtained in the CR3BP and ER3BP diverges quickly in the HF model and can crash on
Dimorphos before escaping. The same baseline QSO obtained in the J2-ER3BP+GH maintains its nominal motion in the
high-fidelity model. The lower panels present the trajectories of all bodies in the HF model, shown in the inertial frame.
The clear precession of Dimorphos’ orbit reflects the strong influence of Didymos’s oblateness, which also causes
a significant variation in osculating eccentricity. Thus, it is necessary to specifically consider the J, perturbation of
Didymos in designing harmonious orbits around Dimorphos as Fig. [[3a]demonstrates. Last, the 107x128x46 [m] orbit,
which is a 6:7 3DQSO, around Dimorphos from the J2-ER3BP+GH in different views is shown in Fig.[I4] The figure
also shows that the trajectory propagated in the HF model closely coincides with the baseline orbit from J2-ER3BP+GH

and maintains the baseline motion for an examined interval of 5 days.
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Fig. 12 Model accuracy comparison: 116.5x128 [m] QSO from substitute models and their evolution in the
high-fidelity models.
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VI. Conclusion

To support robust proximity orbiting around small moons, such as Martian moons and binary asteroid moons,
the present paper develops the “J2-ER3BP+GH” model for revealing enduring bounded orbits. The approach to
computing the bounded orbits, periodic and quasi-periodic orbits, was explained. Verification conducted in high-fidelity
environments, specifically around Phobos and Dimorphos, demonstrates the efficacy of the J2-ER3BP+GH model in
capturing the orbital dynamics near these small moons. In contrast, other substitute models like the CR3BP, ER3BP,
and ER3BP+GH prove inadequate for proper baseline orbit design in small-moon explorations, where accounting for
the J, perturbation of the planet is necessary. As the baseline orbits from J2-ER3BP+GH receive small dynamical
perturbation, for Phobos exploration, we can achieve robust stationkeeping in the weakly-stable, low-altitude, and

mid-latitude (i.e., 35°) regions at acceptably small cost: around 0.5 m/s per month for the planar QSO and 2 m/s per

month for the 3-dimensional QSO.

Appendix: Conversion to the ephemeris model
The steps of conversion from the substitute model to the full-ephemeris model used in this work are the same as
those documented in a CNES technical note [46]. The dimensionless position vector from the moon to the spacecraft, 7,

is first converted to the dimensional one, rp,,, which is expressed as,

Fms = F X LU(1) (52)
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where the time-dependent length unit LU(t) = D is the norm of the position of the moon relative to the planet, HRpmH,
read from the ephemeris. As for the time unit 7U and the angular rate i, the angular momentum # is first computed
from,

h=Rpm X Vom (53)

where V, is the velocity of the moon relative to the planet. The angular rate of the primary orbit is,

i= || /LU (54)
The time-dependent time length is computed from,
TU(t) =1/u (55)
The change rate of LU is computed from,
LU(t) = Rym - Vpm/LU (56)

The dimensionless velocity, ¥, translates to part of the dimensional velocity, v, as

Vs =V - LUJ/TU + [0,0,1]" X ris + 7 - LU (57)

For rotation from the rotating frame to the inertial frame, unit vectors of the rotating frame are first computed from

b = R | Ry 59)
i, =h/|h| (59)
iy =i, X iy (60)

The rotation matrix from the rotating frame to the inertial frame is expressed as,
T=[ ix iy I, ] (61)
Finally, the position and velocity of the spacecraft relative to the moon in the inertial frame are computed from,

Ry =T riygs 62)

Vins =T - Vs
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