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Abstract

In this paper, we propose and analyze a third-order dynamical system for finding zeros
of the sum of two generalized operators in a Hilbert space H. We establish the exis-
tence and uniqueness of the trajectories generated by the system under appropriate
continuity conditions, and prove exponential convergence to the unique zero when the
sum of the operators is strongly monotone. Additionally, we derive an explicit dis-
cretization of the dynamical system, which results in a forward—backward algorithm
with double inertial effects and larger range of stepsize. We establish the linear con-
vergence of the iterates to the unique solution using this algorithm. Furthermore, we
provide convergence analysis for the class of strongly pseudo-monotone variational
inequalities. We illustrate the effectiveness of our approach by applying it to structured
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1 Introduction

In practical applications, many nonlinear phenomena can be represented as finding a
zero of a monotone operator. This problem arises in various contexts, such as solving
variational inequalities related to monotone operators, minimizing convex functions,
finding fixed points of nonexpansive mappings, and more. One of the most widely
used methods for solving this problem is the proximal point algorithm, which was
originally proposed by Martinet and systematically studied by Rockafellar [39] in the
context of Hilbert spaces.

Another important problem is to find a zero of the sum of two maximally monotone
operators

find x, € H suchthat 0 € A(xy) + B(xy). (1.1)

Problem (1.1) arises in a wide range of applications such as convex optimization,
image processing, and signal processing. A crucial special case of Problem (1.1) is
the following variational inequality (VI) problem

find x,, € H such that 0 € N¢(xy) + B(xy), (1.2)

where C is a nonempty closed convex subset of H and N¢ (x,) is the normal cone of
C at x,.. When B is single-valued, the VI problem (1.2) is equivalent to finding a point
x4 € C such that

(B(x5),y —x4) 20 VyeC. (1.3)

The Douglas-Rachford splitting algorithm [22], presented by Lions and Mercier
[32], is a fundamental method to solve such problems. Under additional assumptions
on the involved operators, linear rates of convergence for the algorithm are possible.
Some other splitting methods are derived from the Douglas-Rachford algorithm (such
as the primal-dual hybrid gradient method [35], Alternating Direction Method of
Multiplier (ADMM) [23], and Spingarn’s method of partial inverses [23]). There are
many other methods for solving Problem (1.1), especially when one of the operators
is single-valued. A popular method for solving this problem is the forward—backward
algorithm, which consists of a forward step with one operator and a backward step with
another. The algorithm generates a sequence of iterates that converges to a solution
under suitable assumptions on the operators. The forward—backward algorithm has
been widely studied and applied in both finite-dimensional and infinite-dimensional
settings [11, 24, 33, 38].

Nowadays, there is a growing interest in connecting and integrating optimization
with other fields. This research direction has become increasingly attractive as it can
provide new insights into optimization results and lead to interesting findings. Among
the emerging research directions, there is a line of works that uses ordinary differential
equations (ODEs) to design algorithms for optimization problems [2, 3, 9, 14], varia-
tional inequalities [18, 27, 34, 43], monotone inclusions [1, 5, 6], fixed point problems
[15, 17] and equilibrium problems [20, 36, 42, 45]. Using ODE interpretation not
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only provides a better understanding of Nesterov’s scheme, but also helps design new
schemes with similar convergence rates. The readers can refer to [9, 10, 18, 40] and
references therein for more examples.

1.1 Some Historical Aspects

The Heavy Ball with Friction method is a popular optimization algorithm based on
inertial dynamics. The algorithm was proposed by Polyak to accelerate the gradient
method in optimization [37]. It introduces an inertial system with a fixed viscous
damping coefficient

PO +yxV@) + V@) =0, (1.4)

for minimizing a convex and differentiable function f. Note that, when f has a Lips-
chitz continuous gradient then V f is a co-coercive operator (see definition in Sect. 2).
Attouch and Alvarez extended the heavy ball dynamical system (1.4) for constrained
optimization as well as co-coercive operator in [4]. Recently, Bot and Csetnek [15]
studied the second order dynamical system with variable viscous damping coefficient

2@ +yOxV @)+ 11)B(x(1) =0,

for finding a zero of a co-coercive operator B. The results were applied to second
order forward—backward dynamical systems for monotone inclusion problems (1.1)

D@ +yOxV @) + 2O (0) — Tax(t) — nB(x ()] =0, (1.5)

where A is maximal monotone and B is co-coercive. Here J4 = (I + A)~! is the
resolvent of an operator A with I stands for the identity operator. When the operator is
only merely monotone but not co-coercive, a second order forward—backward—forward
dynamical system and its discretization have been recently proposed and investigated
in [19]. In particular, when the operator A 4+ B is strongly monotone, the exponential
convergence rate of the second order dynamical system (1.5) was obtained in [16].
Under suitable conditions on parameters, the authors established the convergence rate
of O(e™") for the trajectories.

Attouch, Chbani and Riahi are the first authors who studied third order dynamical
system for minimizing a convex and differentiable function in Hilbert spaces [7, 8].
They proposed and studied the (TOGES) dynamical system [7]

x®) + %x(z)(t) + 0 0@ + Ve +xVy =0, (16)

200 —

—
Using the temporal scaling techniques, the third order dynamical system (1.6) was
reformulated as a second order dynamical system and the convergence analysis was
obtained using Lyapunov’s energy function techniques developed for second order
dynamical system. The authors showed a convergence rate of the values of the order
t%, ie. f(x(r) +txM (1)) —infy f < t% for some constant C > 0 and obtained the
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convergence of the trajectories towards optimal solutions of min, <7 f (x). When the
objective function f is strongly convex, the authors established an exponential rate
of convergence. Proximal-based algorithms obtained by temporal discretization of
(TOGES) was also investigated. Nevertheless, the rate of values of f (x(¢)) in (TOGES)
in only of order % ie. f(x(t) —infy f < g which is not completely satisfactory
from the point of view of fast optimization. Hence, very recently, an improved version
of (TOGES), called (TOGES-V) has been proposed and investigated by the same
authors in [8]

O + 0 4 22D ) 4 vy (x(r) + izx“kr)) —0,

where they obtained the rate O (i) for f(x(t)) —infy f.

3

1.2 Our Contributions

In this paper, we propose for the first time a third order dynamical system for the
monotone inclusion (1.1) and investigate its convergence properties in both continu-
ous time and discrete time settings. The motivation of considering third (or higher)
order dynamical system comes from the fact that it can potentially provide faster con-
vergence rate, as seen in optimization problems [7, 8]. This will be also the case of
monotone inclusion obtained in this paper. Indeed, we derive the convergence rate of
O(e®") for some & > 1 (in particular for ¢ = 2) under suitable choices of parame-
ters, which is significantly faster than the classical results obtained in [16] for second
order dynamical systems. In discrete setting, the third order dynamical system pro-
vides a new forward backward algorithm with double momentum and a larger range
of stepsize.

In contrast to the classical monotone inclusion problem, where each individual
operator A and B is required to be (maximally) monotone, we only require A and B to
be generalized monotone (see Definitions in Sect. 2). This approach allows us to handle
not only the classical monotone inclusion problem but also the problem of finding zeros
of the sum of a weakly monotone operator and a strongly monotone operator, and
the pseudo-monotone variational inequalities. Applications of these models include
minimizing the sum of a weakly convex function and a strongly convex function [21,
26] or minimizing a pseudo-convex function. The convergence analysis developed in
this paper is purely relied on Lyapunov’s energy function techniques, in contrast to
the temporal scaling technique using in [7, 8]. In summary, our contributions are as
follows:

e Propose a third order dynamical system for the sum of two generalized monotone
operators.

e Establish the existence and uniqueness of the trajectories generated by the proposed
dynamical system.

e Provide the exponential convergence analysis of the trajectories to the unique
solution of the inclusion, and show that it is faster than classical results.
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e Investigate the temporal discretization of the system and prove the linear con-
vergence of the corresponding forward-backward algorithm with double inertial
effects.

e Study the third order dynamical system for strongly pseudo-monotone variational
inequalities.

The paper is structured as follows. In Sect.2, we introduce some terminologies
and results that are necessary for the analysis presented in the subsequent sections. In
Sects. 3 and 4, we focus on solving Problem (1.1) under the assumption of generalized
monotonicity of the operators involved. In Sect. 3, we propose a third-order dynamical
system and establish its exponential convergence to the zero of Problem (1.1). The
explicitdiscretization of this system leads to a new forward backward algorithm studied
in Sect.4. In Sect.5, motivated by the third-order dynamical system, we find the
solution of Problem (1.2) under the assumption of strong pseudo-monotonicity of the
operator B.

2 Preliminaries

We start the section with listing the notations used. The set of integers is denoted by
Z and the set of real numbers is denoted by R. Let Z>; = {j € Z : j > 1} and
R0 = {t € R: ¢ > 0}. The symbol g% stands for the k-th derivative of the function
g.

Throughout this work H is a real Hilbert space with inner product (-, -) and induced
norm | - ||. We use the notation A : H =2 H to indicate that A is a set-valued operator
defined on H, and A : H — H to indicate that A is a single-valued operator on H.

Let A be an operator on H. The graph of Ais GraA = {(x,u) € HxH,u € A(x)}.
The inverse of A, denoted by A™!, is the operator with graph Grad~! = {(u, x) €
HxH,ue Ax)}.

2.1 Generalized Monotone Operators

We first recall some generalized versions of monotone operator defined and studied
in [21, 29].

Definition 2.1 The operator A : H = H is called y4-monotone if there exists a scalar
y4 € R such that

(w—=v,x = y) = yallx = yI> V(x ), (v, v) € Graa,
The constant y4 is referred to the monotonicity modulus of A. We also say that A is

maximally ya-monotone if it is y4-monotone and there is no y4-monotone operator
whose graph strictly contains GraA.

Remark 2.2 Note that in the definition of generalized monotonicity, y 4 can be negative.
If y4 = 0, then the generalized monotonicity reduces to the classical monotonicity.
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If y4 > 0, then A is strongly monotone. Finally, if y4 < 0 then A is called weakly-
monotone. For more detailed discussion on (maximally) monotone operators and the
connection to optimization problems, we refer the readers to [12, 13, 21].

Definition 2.3 The single-valued operator T : H — 'H is called

1. yr-strongly pseudo-monotone if yr > 0 and
(T(),y—x)20= (T(),y —x) = yrlx —y|?

forall x, y € H.
2. yr-cocoercive if yr > 0 and

(T) =T, x =) ZyrITC) =TWI* Va,y e H.
3. Ly-Lipschitz continuous if Lt > 0 and
ITx) =TI <Lrlx—yl Yx,yeH.
Remark 2.4 1tis clear from the Cauchy—Schwartz inequality that if T is yr-co-coercive

then it is 1/yr-Lipschitz continuous.

The resolvent of an operator A is denoted as Jx 2 (I + A7, where I is the

identity operator. We will need the following properties of resolvent operator.
Lemma 2.5 [21] Let A : 'H = 'H be an ys-monotone operator and let v > 0 such

that 1 + wya > 0. Then the followings hold:

1. Jya is single-valued;
2. Jwa is (1 + wya)-co-coercive;
3. dom J,a = H if and only if A is maximally ys-monotone.

2.2 Absolutely Continuous Functions

Definition 2.6 A function / : R~¢ — R is called locally absolutely continuous if it
is absolutely continuous on every compact interval, which means that for each interval
[fo, 1] there exists an integrable function g : [fg, f;) — R4 such that

t

h(t) = h(ty) ~|—/g(s)ds vt € [tg, 11].

1o
Remark2.7 If h : R~y — R? is a locally absolutely continuous function, then it

is differentiable almost everywhere and its derivative agrees with its distributional
derivative almost everywhere.
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Proposition 2.8 Fors,u > 0 and m € Z>, it holds

S m—l N
/ ¢ ydt = e | Y ()" gW(s) | + (o) f g (1) dt
u Jj=0 u
m—1
_eus Z(_S)lﬂfl*‘]g(])(u)
Jj=0

Proof The case when m = 1 is done by using integration by parts. Now we suppose
that the conclusion holds for m and prove the case m + 1. Indeed, we have

S

s
fetag(m+l)(t) d[ — /618 dg(m)(t) — el&‘g(m)(t)
u

u

s
N
—¢ / e'® g™ (1) dt,
u
u
which together with the induction assumption completes the proof. O

2.3 AThird Order Dynamical System
In this paper, we propose the following dynamical system for Problem (1.1).

YO ) + aay® () + a1y V(1) + aoly(t) — Twa(y(t) — wB(y(1))] =0,
2.1

where oy, a1, @g, @ > 0 and yV) (19) = v;, j € {0, 1,2}.
The solution of dynamical system (2.1) is understood in the following sense.

Definition 2.9 A function y(-) is called a strong global solution of Eq. (2.1) if it holds:

1. Forevery j € {0, 1,2, 3}, y(j) : [to, +00) — H is locally absolutely continuous;
in other words, absolutely continuous on each interval [§, n] for n > § > 1.

2. YO0 +a2y@ @) +aryD (1) +aoly(1) = Jwa (y(1) —@B(y(1)))] = 0 for almost
every t > 1.

3. yW(tp) = v;, j €1{0,1,2}.

Proposition 2.10 (Equivalent form) Equation (2.1) is equivalent to the system
xW () = Gx(1)), where G : H x H x H — H x H x H is defined by

G(x1, x2,x3) = (X2, X3, —1X2 — a2x3 — op[x1 — Jwa(x1 — wB(x1))]),

where (x1,x2,x3) € H x H x 'H.

Proof The conclusion follows from doing the change of variables

(10, %20, x30) = (y©), YV 0, y2 ).

O
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Theorem 2.11 (Existence and uniqueness of a solution) Consider dynamcial system
(2.1), where g, a1, o0, @ > 0 and the operator A : H = H is ya-maximally mono-
tone, B : H — 'H is yp-monotone and L-Lipschitz such that 1 + wy4 > 0. Then for
each vy, v1, vy € H there exists a unique strong global solution of (2.1).

Proof We endow H x H x H with scalar product

(1, ¥2, ¥3), (215 22, 23)) HxHxH = V1, 21) + (¥2, 22) + (13, 23) .

We show that the operator G is Lipschitz. Indeed, let y = (y1,y2,)3),2 =
(21,22, 23) € H x H x H. We have

| Twa (1 — @B(1)) — Jwa(z1 — @B ()2

< mllm —z1 —w(B(y) — B@))I?
1 1)?
< %nm L

and so
IG() — G rprrs < Iy2 — 220> + Iy — 2311
+(@f +0d +209)[Iv2 = 227 + 1ys = I + Iyt — 21

HToa(1 = 0BOD) = Toa(er — 0B’

2 2
< lly2 —z2ll” + lly3 — z3ll

2
2, 2 2 (1+ol) )
+af + o3 +203) |1+ — | lly —
(al oy OlO)I: (1+0)7/A)2 ”y Z”HXHXH
(14 wL)?
<1 2 2090 (14— V| 1y — 7112 )
_[ + (o7 + oy +20p) | 1 + U+ oyn)? 1y = 2l mxm

By using the Cauchy—Picard theorem (see, for example, [28, Proposition 6.2.1]), we
get the existence and uniqueness of a strong global solution. O

2.4 Difference Operators
In the section, we give the discrete counterpart of the dynamical system (2.1). To
that aim, we recall the operation of forward difference and its properties used in the

convergence analysis. For z : Z — H and k € Z>1, we denote

zA(KH) £ (ZA(K))A, where zA(n) L2041 —z().
Remark2.12 Let f,g,h : Z — H and 6 € R. It can be proven that
(h, &)™ (n) = (K™ (n), g™ () + (h* (n), g(m)) + (h(n), g (),
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and consequently

0" B () = 0"9) (n) + (1 — 0)8"g(n),
ULIH2@ = 1212 +2(f2 ), f()).

Consider the difference equation, which is the discrete version of (2.1):

A0 + @ 1) + a1z (1) + aolz(n) — Twa (z(n) — @B (z(n)))] = 0,

where oy, a1, ag, w > 0.

Proposition 2.13 (Equivalent form) Equation (2.2) has an equivalent form

zm+3)=C@—a))z(n +2)+ Qap —a; —3)z(n + 1)

+ (o1 + 1 —a2)z(n) — aolz(n) — Jwa(z(n) — wB(z(n)))].

Proof The proof makes use of the facts that

A0 =z +2) — 22+ 1) + z(n),
AV = 21 +3) = 3z(n +2) + 3z(n + 1) — z(n).

Remark 2.14 The numerical scheme (2.3) can be re-written as

n+3)=z(0+2)+ 2 —-0ax)(z(n +2) —z(n+ 1))
+ (@2 —ar — D +1) —z(n))
—ap[z(n) — Joa(z(n) — @B(z(m))],

which is a forward—backward algorithm with double momentum.

3 Continuous Time Dynamical System

2.2)

(2.3)

2.4)

In this section, we will establish the exponential convergence of dynamical system

(2.1) under the following assumption and notations.

Assumption 3.1 (i) The coefficients o, r1, g > 0.

(i1) The operator A : ‘H = 'H is maximally y4-monotone, B : ' H — H is yp-

monotone and L-Lipschitz continuous such that

Y2 ya+yp>0.

3.1
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(iii) The parameter w > 0 satisfies

1 4+ wys > 0, (3.2)
1 L?
—>—+4+L—y. 3.3)
w 4y

Remark 3.1 Condition (3.1) implies that the sum operator A + B is strongly monotone
but not the individual operator A, B. A similar condition was studied in [21]. An
direct application of this model is to minimize a sum of a weakly convex function and
a strongly convex function. Condition (3.2) is imposed to ensure that the resolvent
operator J,, 4 is single valued. Finally, condition (3.3) means that the stepsize w must
be bounded from above. Note that condition (3.3) gives

L? 1
1> = .
v s+rv-1L

Hence, we can find & > 0 such that

1>6 L? ! 34
>0> — —. .
1
4y SH+v-L
The following notations are used.
2 1 L? 20y(1 -6
gé—w —4y—-L——|, 5%&_ (3.5)
20y +1 \w 40y 20y +1

3.1 Global Exponential Convergence

First, we consider the dynamical system (2.1) whose the global convergence relates
to the following parameters

A2 = %’ B A Lan
4 1= -
A2 _0%:1 -3, { L& Z)(QZ 201) Co o (3.6)
A L o 2 ’
AO = Ol_()l — 20{2, 0
We denote the functions
a®) 2 ly@) —x*, b 2 Iy® @)% 3.7)

Theorem 3.2 Suppose that the operators A and B satisfy Assumption 3.1. Let x, be
the unique solution of Problem (1.1). Let 0 satisfy (3.4) and denote the parameters as
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in (3.5)—(3.6). Assume that there exists € > 0 such that the following conditions hold

—&3 + e —aje + Sap > 0, (3.8)
Are? — A+ Ag > 0, (3.9)
362 — 2006 +a; > 0, (3.10)
—2A2e+ A1 >0, (3.11)
—Bie+ By > 0, (3.12)
oy > 2e. (3.13)

Then the trajectories y(-) generated by dynamical system (2.1) converges exponentially
10 Xy, i.e., there exist positive numbers [i, n such that

ly() = x*| < wlly(to) — x* | ™" Vi > 1.

Proof In the next arguments, we often use the identities:

0 =200,V ),

b0 =2(y00. YV 0) + 22012 =2(yO 0. YO 1)) + 2620),

Since

aV0) =2(y0 .y~ x.).

a® ) =2(yP @), y(0) = x) +2010),

a0 =2(y0 ). 30 = x.) + 36 ).
we have

2(yO0) + a2y + ary V0, y0) - x.)
= a® @) + a2a® (1) + a1V (1) — 36\ (1) — 20201 (0). (3.14)

We observe

Iy @) + a2y (@) + a1y P ()]
= 162 (1) + 2016 (1) + albi (1) + bV (1) + (@3 — 2a1)ba (1) + b3 (7).
(3.15)
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Using the definition of resolvent, equation (2.1) gives the following

5 <y<3> (1) + o2y (1) + a1y V(1)
@0

+ y(r)) — B(y(®)
Y0 + P @) +ay V@)

wo)

(3) 2) (6))
YP @) +azy ao(r) +ayo | y(t)) |

€ (A+B) (
which combined with 0 € (A + B)(x,) and the y-monotonicity of A + B implies

YO @) + 00y P (1) + a1y (1)
(o71)]

3) 2) [€))
S<B<y 1)+ a2y® () + ary “)+y<z)>

+y(t)_x*

o0

3) 2 o)
—B(y(t)) _ y (t)+‘x2)’wa(0t)+0l1y ([)’

YO + a2y @) + a1y P (1)
o)

+ y(t) — x*>.

Since the operator B is L-Lipschitz, we can estimate the right hand side of the inequal-
ity above and then

Yy + a2y @) + a1y )
)

+ y(@) — x4

1
= <L - 5) 1Y) +a2y® () + ey VoI
200

< (y%) +ary@ () + a1y D ()

o

+ y(r)) — B, (1) - x*>
00 + @) + ey V0. y0) — x.).
wo()
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Note that by the Cauchy—Schwarz inequality

< 5 (y%) + a2y () + a1y D (@)

200]

+ y(t)) = B(y(®), y(®) - x*>

IA

L
” ly® () + a2y @ (6) + a1y P @)l - ly(t) — x«|

Iy @) + 02y@ @) + a1y V@1 + 0ya).

IA

405(2)9)/

Thus, we get

YO @) + 0y P (@) + o1y V(1)
ao

+ (1) — x4

1 1 L?
< (L - =+ —) YD) + a2y® @) + aryP @)
o w 40y

b <y(3)(t) +a2y@ @) + a1y V), y) — x*> +6ya(r). (3.16)
wo(

Note that

YO @) + oy P (@) + o1y V(1)
(o71)]

+y(t)_x>k

14
= ly® @) + a2y® @) + a1y O + ya)
0

2y
+oo (y(3)(t) +ay®@@) + a1y D), y(t) — x*> .

Inserting the equality above into (3.16), we obtain

V4
a—||y<3><t> +ay@ @) + a1y P @)1 + sapa(r)
0
20020 + a2y +ayPw, v —x) <0, 31D
which implies, by (3.14) and (3.15), that

a® (1) + a2a® (1) + a1aV (1) 4 Saa(t)
+A26\P (1) + A6V (0) + Aobi (1) + BibS" (1) + Boba(t) + Cobs (1) < 0.

By (3.4), we have £ > 0 and so is Cy. Thus, we can write

a® (1) + a2a® (1) + a1aV (1) + Sepa(t)
+A426\2 (1) + A6V (0) + Aob (1) + B1bS" (1) + Boba (1) < 0.
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Multiplying both sides by @) and then using Proposition 2.8, we get
e CTO(e? —aze +anals) + (@2 — £)aV () +aP (5)]

S
+(—&> + ane? — a8 + Sag) / U0 g () dt
0]

eSO [(—Are + Abi(s) + AsbD (5)]

5
+(A2e? — A1e + Ag) / U0 (Hdt
0]

s
+B1 S by(s) + (—Bre + Bo) / F0hy (1)t < Dy,
1

0

for some constant Dj, which implies, after using (3.8), (3.9), (3.12) and (3.4), that

fOT0[(e? — are + ap)als) + (a2 — &)aV (s) +aP(5)]
+eEETO[(—Age + ADDi(s) + Axby ()] + B1efC by (s) < Dy,

Intergrating the above inequality with respect to the variable s € [#); ] we deduce

1
UM (1) 4 (@ — 26)e* U a(t) + (3e* — 226 + 1) f e q(s)ds

4]

t
+A2e5 T 0py (1) + (2428 + Ay) / e ST0py (s)ds < Dyt + Da.

fo

for some constant D,. Using (3.10), (3.11), (3.4), we get
UM (1) 4 (ap — 26)ef ™ a(r) < Dyt + Ds. (3.18)
Note that equation (3.18) reduces to the following
a(t) < e~ (2720 py
t

+ef<azfze><zfro>/e(az%e)(sfm)(Dls+D2)ds'

10
for some constant Ds.
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— Tfay > 3¢, then @238 —10) < ((2=38)(1—10) ypd g0

t
a(t) < e”@20—0) py 4 =el—10) /(Dls + D) ds. (3.19)

fo

— If2¢ < ap < 3¢, then ¢@2739)6—10) < 1 and so

t
a(t) < e~ @=290=0) | py 4 / (D1s + Do) ds | . (3.20)

fo
The arguments above show that y(-) converges exponentially to x,. O

Remark 3.3 1t follows from (3.19) that a(#) converges to 0 with the rate of O ((P 2+
Ot + Rt)e™ ") for some constants P, Q, R, while the rate obtained from (3.20) is
O((Pt? + Ot + Rt)e~@728") 'With the suitable choice of & and «, these rates can
be controlled so that they are faster than the rate O (e ™) of the second order dynamical
systems established in [16].

3.2 Parameters Choices

We now discuss the question “how to find £?”. It can be seen from (3.19) that the larger
¢ implies the faster rate. Finding the maximal value of ¢ is cumbersome as it depends
on many other parameters. However, we will discuss how to find a "good enough" ¢
in this section. The following remark offers a way which concerns the coefficients.

Remark 3.4 If Ay, A1, By satisfy
Ag, A1, By > 0, (3.21)

then conditions (3.8)—(3.13) can be obtained by letting ¢ — 0.

In the following result, we simplify the assumption (3.21) in algebraic terms of the
coefficients «g, a1, or.

Corollary 3.5 Consider equation (2.1), under Assumption 3.1. Let x, be the unique
solution of Problem (1.1). Let 0 satisfy (3.4). Denote (3.5)—(3.6). Then y(-) converges
exponentially to x, provided that coefficients oy, a1, o2, @ satisfy the following con-
ditions

o2
o) < =2, (3.22)
2
10 0512
g < -min{ —=, — ¢. (3.23)
3 20[2
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Let us first examine Theorem 3.2 when ¢ = 1, for which it matches the rate obtained
for the second order dynamical system established in [16].

Theorem 3.6 Suppose that the operators A and B satisfy Assumption 3.1. Let x, be
the unique solution of Problem (1.1). Let 0 satisfy (3.4) and denote the parameters as
in (3.5)-(3.6) and

1
£ 3.24
=75 (3.24)

Then y(-) converges exponentially to x,. provided that coefficients ag, o1, a2, @ satisfy

ar > max{3, 3¢ + 2, 4¢}, (3.25)

B £ max {2ar — 3, 92y —3)} < a1 < £ 0.5a2(c2 — 1), (3.26)
A0 —ar+1 N . fai(ee—=2) aj(ap —a+1)

q= —— <op<p =L -min , .

= ) 3 2ay — 3

(3.27)

Proof First, we show that (3.25) ensures the validity of (3.26); that is é < E Indeed,

it follows from (3.25) that o> > 3 and so 2 — 3 < 22~ Also from (3.25), we
have oy > 4¢ and then

az(ap — 1) - (20 — 3)
2 4

> @2y — 3).

Next, we show that (3.25)—(3.26) ensure the validity of (3.27); thatis ¢ < p. Itresults
from (3.25) that oy > 3¢ + 2 and so

ar—ax+1 aj(ar —2)
_— < — < —
8 s 3
Meanwhile, by (3.26), we have o] > ¢(2as — 3), which gives

o —ap + 1 aj(a] —ap + 1)
_— < —
1) 200 — 3

Now we can obtain the exponential convergence of y(-) by using Theorem 3.2 for
e =1 O

Now let us examine Theorem 3.2 when ¢ = 2. In this case, we will obtain from
(3.19) that the convergence rate of a(¢) is

O((Pt* + Qt + R)e™),

which is faster than the rate O (e~") obtained in [16] for the second order dynamical
system.
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Theorem 3.7 Suppose that the operators A and B satisfy Assumption 3.1. Let xy be
the unique solution of Problem (1.1). Let 6 satisfy (3.4) and denote the parameters
as in (3.5)—(3.6) and (3.24). Then y(-) converges exponentially to x, provided that
coefficients o, a1, 00,  satisfy

oy > max{8yp, 6, 6p + 4}, (3.28)
— A1
B £ max{4(ar —3).4p(a2 —3)} <a1 < B = Eaz(otz -2), (3.29)
2 -2 4 1
gé g(m —2ap+4) <ap <P = lay -min{%, g(otz —4)}.
(3.30)

Proof Like in Theorem 3.6, we must check é < E Indeed, we have

Jea(en —2) > Janer —3) > dplar — 3.
Next is to prove ¢ < p. It follows from (3.29) that
a1 > 4(ar —3) > 2(xp — 2),
which gives
o] —2ap +4 > 0. (3.31)

Again using (3.29), we get a1 > 4¢(ap — 3), which gives

14 2
L (3.32)
200 -3) " 8
From (3.31)—(3.32), we obtain
o —20+4 2
loay - ———— > — -2 4). 3.33
aj s 3) > 8(0l1 ay +4) (3.33)

We observe a1 (o — 69 —4) + 12¢(ap — 2) > 0, which is equivalent to saying that
1 2
Lay - g(a2—4) > 5(011 — 20y +4). (3.34)

Hence, the inequality ¢ < p follows from (3.33)—(3.34). We left the reader to checking
(3.8)—(3.13). Thus, y(-) converges exponentially to x,. Moreover, it follows from
(3.19) that the convergence rate is

O((Pt* + Qt + R)e ™),

for some constants P, Q, R. O
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4 Discrete Time Dynamical System

In this section, we establish the linear convergence of the numerical scheme (2.3) for
solving (1.1) under the following additional assumption.

Assumption 4.1 The coefficients «g, o1, ey satisfy

£

— (1 —ay +ap) > 1, “.1)
(o))

£

— Qo —ap) < 3, “4.2)
ap

Zal

— >3, 4.3)
a0

where £ is defined in (3.5).

We denote the following parameters

D, & %ﬂ -3,
0 A/
¢ E1 = —~(ap —201) + 3,
D, 2 24, -3, . B (4.4)
A la? Eo =4 (@7 — 201 — apa1) + o + 3,
D():a—ol—Zaz—Oll, 0
V4
Foé—(l—a2+a1)—1 4.5)
[e1h)
and
(k)
u(n) 2 llz(n) — x>, @) 2 12%7 )% (4.6)

Remark 4.1 Under Assumption 4.1, we have Fy, E1, D, > 0. Note also that under
Assumption 3.1, the stepsize w must be bounded from above, i.e.

4y
< —5—-7.
L2+ 4Ly —4y?

This upper bound of w is larger than that of the classical forward—backward algorithm,
whichis w < i—’; (see e.g. [13, Proposition 25.9]) when A is maximal monotone and
B is y — strongly monotone and L-Lipschitz continuous.

4.1 Global Linear Convergence
Theorem 4.2 Suppose that the operators A and B satisfy Assumption 3.1. Let xy be

the unique solution of Problem (1.1). Let 0 satisfy (3.4) and denote the parameters as
in (3.5), (4.4), (4.5) and Assumption 4.1 holds. Assume that there exists & > 0,& # 1
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such that the following conditions hold

—& + at? — a1€ +dag > 0, @.7)
D2E? — Di£ + Dy > 0, 4.8)
382 — 2a0€ + g > 0, (4.9)
—2Dy€ + Dy > 0, (4.10)
—Ei& + Ep > 0, (4.11)
oy > 3E. 4.12)

Then z(n) converges linearly to xy, i.e. there exist M > 0 and q € (0, 1) such that
lz(n) — x|l < Mq" Vn.
Proof Since

u™(n) = 2(z%(n), z(n) — x) + c1(n),
wA ) =2(227 ), 20n) = ) + 2¢f (0) + 201 () = 20,

uA(S) (n) = 2<ZA(3) (n), z(n) — x*>

+3¢2% () + 3¢2 () — 3¢2 () — 3c2(n) + c3(n),
we have
2 <ZA(3) (n) + azzA(Z) (n) + ale(n), z(n) — x*>
= u®? () + aou®? () + a1u® (n)
2)
—3c 7 (n) — az + 3)et (n) — oz + ap)er (n)
3¢5 (n) + (a2 + 3)c2(n) — c3(n). (4.13)
We observe

® @
1227 (n) + 2™ (n) + ez )|
@
= Ol]ClA (n) + azalclA(n) + a%cl(n)
+(a2 — 2a1)cd (n) + (@3 — 201 — axar)ea(n) + (1 — az + ap)cz(n).
(4.14)
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Using the definition of resolvent, equation (2.2) gives

AG A A
B (z (n)+ozzza (n) +a1z%(n) +Z(n)>
0

AY0) + a2zt () + 122 ()

—B(z(n)) —
wo
AG AD A
c(A+B) <Z (n) +a2za (n) + a1z (n) +Z(n)> ’
0

which combined with 0 € (A + B)(x,) and the y-monotonicity of A 4+ B implies

2
AY0) + 222 (n) + 122 ()
4 +z(n) — x«
a0
A(3) A(Z) A
n)+ao n)+ao n
§<B<Z () + 0222 (n) 12()+Z(n)>
(1))
AG) A A
227 (n) +a2z®  (n) + o127 (n)
—B(z(n)) — ,
o
AY0) + a2z (n) + 122 ()
o +z(n) — x4 ).
0

Since the operator B is L-Lipschitz, we can estimate the right hand side of the inequal-
ity above and then

A® AQ A 2
ME (n) + a2z™  (n) + 127 (n) R
Qo
A® A® A
< <B (Z L L +z(n)> — Bz(n), z(n) — x*>
0

1 1 ;
+— <L - _> 1227 (1) + a2z 1) + 122 )12
o w

1
- (zA@ ) + a2z ) + 122 (), 2(n) — x*> .
we()
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Note that by the Cauchy—Schwarz inequality

<B (ZA(3) (1) + a2z2? () + a1z (n)
ap

+ z(n)) — B(z(n)), z(n) — x*>

L 3) )
sa—onzA () + a2z () + a1z ()| - lz(n) — x|
A® A2 A 2
< 227 () + @2z () + a1z )| + Oyu(n).
40y aj
Thus, we get

2
2V 4+ 22 (1) + 0122 ()

)

+z(n) — x

1 1 L?
<— (L - =+ —) 1227 () + @222 () + a1 22 W) + Oy un)
o w 40y

<ZA(3> ) + OQZA(Z) () + a1z (), z(n) — x*>. (4.15)
wo()

y |

Y 3) 2)
= ;nzA (n) + a2z® " () + a1z ) |1* + yu(n)
0

Note that

AY0) + a2z (n) + 122 ()

200]

+z(n) — x4

2
+ 22 (A7 )+ 0z )+ ez ). 2m) — )
0

Inserting the equality above into (4.15), we get

V4
— 11227 ) + a2 () + ez )] + St ()
0

+2 <ZA(3) 1) + 2227 () + 0122 (), 2(n) — X*) <0,
which implies, by (4.13) and (4.14), that

uAG) (n) + oczuA(Z) (n) + Ol]I/tA(n) + Sapu(n)
+ch§2)(n) + D]Cﬁl)(n) + Doci(n) + E1C§1)(n) + Eoca(n) + Foez(n) < 0.

By (4.1), the inequality above gives

uAG) (n) + otzuA(z) (n) + aluA(n) + Sagu(n)

D22 (1) + D1c2(n) + Doci (n) + Erc (n) + Eoca(n) < 0.
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Setting

2 1

& a—
1-§

Then & > 1 and conditions (4.7)—(4.12) can be written as

Through multiplying both sides by ¢

Sage® + a1eX(1 — &) + (e + 1 —e)(1 — )% > 0,
Doe? + Di(1 — e)e + Da(1 — £)> > 0,

o182 + 2a06(1 — &) +3(1 — ) > 0,
Die+2Dy(1 —¢) >0,

Epe + E1(1 —¢) >0,

gy +3(1 —e) > 0.

"+3 and then using Remark 2.12,
@2t )2 (1) + (28 + 1 — &) (" u™)2 (n)

+Hare? + (a2e + 1 — &) (1 — &)1(e"u)* (n)

+ [Bage® + a162(1 — &) + (e + 1 — &)(1 — &)*] " u(n)

>0 (by (4.16))
+D2(e" 22 () + [D1e — Da(e — DIE" e (n)
+[Doe? + Di(1 — &)e 4+ Da(1 — &)*1&" ey (n)
>0 (by (4.17))

+E1(e"2e)2(n) + [~ E1(e — 1) + Ege] e"ea(n) < 0.

>0 (by (4.20))

Letm € Z>;. After summing fromn =0ton =m — 1,

(4.16)
4.17)
(4.18)
(4.19)
(4.20)
4.21)

208 () 4 (e + 1 — )" T B (m) + (o162 + (ae + 1 — £)(1 — &))" u(m)
+Dse" el (m) + [Die — Da(e — D™ ey (m) + Ere™ 2 en(m) < My,
—_—

=0 (by (4.2))

where M| is some positive constant. Again using Remark 2.12,
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=0 (by (4.19)
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Let k € Z>». After summing fromm = 1tom =« — 1,

MU () + [ane + 2(1 — &)]euk) + Dag"Tlei (k) < Mk + Mo,
———’
>0 (by (43))

where M5 is some positive constant. Again using Remark 2.12,

(u)® (k) + [one +3(1 — &)1e¥u(k) < Mk + Mo,
>0 (by (4.21))

which implies, after summing from « = 2 to k = n — 1, that
"u(n) < Min®> + Mon + M3 < Man>.

Here n € Z>3 and M3, M4 are some positive constants. Let g such that 1 < g < .
We have

Myn? g\" Myn? q\"
wm = === (7)o =ms(3)

where M5 is some constant. The inequality above means that z(n) converges linearly
to x. O

4.2 Parameters Choices

Let us discuss now how to choose the parameters fulfilling all Assumptions in Theorem
4.2. Note that if Dg, D1, Eg satisfy

Dy, Dy, Eg > 0, (4.22)

then conditions (4.16)—(4.21) hold by letting & — 0.
The following result simplifies the assumption (4.22) in algebraic terms of the
coefficients o, a1, or.

Corollary 4.3 Suppose that the operators A and B satisfy Assumption 3.1. Let x be
the unique solution of Problem (1.1). Let 6 satisfy (3.4) and denote the parameters
as in (3.5) (4.4), (4.5). Then z(n) converges linearly to x, provided that coefficients
o, o1, 02, @ satisfy

oy < 2, (4.23)
2
0, — 1 2 4.24
max{0, oy } <o <a2+2 ( )
o
{-mn{ ——, 1 — . 4.25
g < £ - min o T 200 o + oy ( )
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. C{2 . 0[2
% 9%
Proof Since o < aa e have Eg > oy + 3 > 0. Also using a1 < D and the

fact that oy < 2, we get

2
s (4.26)
ar +2 2

a) <

which gives (4.2). It follows from (4.26) that o} < &y and so

Loy Zotf
—_— > ——— > .
3 o] + 2ap

The last inequality proves (4.3). Thus, Assumption 4.1 holds. Note that

2 2
2
) - @
ar +2 ar+3

o] < )

which gives

Loyan Ea%
>
200 + 3 o1 + 20

> )

and then Dy > 0. O

Remark 4.4 Note that there are common choices of parameters satisfied both Corollary
3.5 (as ¢ — 0) and Corollary 4.3 (as & — 0). The reader can check the following
selection

oy < 1,
2
)
a)p < s
oy +2
. 1 0512
g < {-min{ -—ajap, ——— ¢ .
3 o1 + 200

Remark 4.5 An important application of the monotone inclusion (1.1) is the following
important optimization problem

min f(x) + g(x), 4.27)
xeH

where f : H — R is a differentiable function with L-Lipschitz continuous gradient
for some L > 0 and g : H — R U {+o0} is a proper and lower semicontinuous
function.

Recall that the Fréchet subdifferential of g at x is defined by

dg(x) == {u € 'H, lim inf
y=x Iy — x|

fO) — f(&x)—(u,y —x) >0}.
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It is well known that if g is differentiable at x, then 3 g(x) = {Vg(x)}. When g
is a convex function, the Fréchet subdifferential coincides with the classical convex
subdifferential, i.e.

dg(x) = dg(x) ={ueM: g(y) = g(x) + (u, y — x) ¥y € H}.

We notice that, if g is proper, yg-convex and lower semicontinuous then 3 g is maxi-
mally generalized y,-monotone. We assume that f and g are respectively s and y,
convex functions such that y = yy + y, > 0. Then the set of minimizers of (4.27)
coincides with the solution set of the following monotone inclusion problem

find x* € M such that 0 € V £ (x*) + dg(x™), (4.28)

for which the results obtained from previous Sections can be applied.

5 Strongly Pseudo-monotone Variational Inequality

Let C be a nonempty and closed convex subset of H. The normal cone of C at x is
defined as

Nc(x)={ueH,(u,y—x) <0, VyeC},

which is maximally monotone [13]. In this section, we focus on the restrictive category
of Problem (1.1) of the form

findx, € H suchthat 0 € A(xy) + Nc(x4). 5.1

Note that, if A is y4-monotone, then (5.1) is a special case of (1.1). Indeed, the sum
of two monotone operators is still monotone [13]. However, this is not the case if A is
non-monotone (e.g. only pseudo-monotone). For example, the operator

A(x1, x2) 1= (x] + x3)(—x2, x1)T

is pseudo-monotone but A + €/ is not (pseudo)-monotone for any € > 0 (see [41,
Counterexample 2.1]).

In this section, we will consider the case when A is y-strongly pseudo-monotone
and hence the results obtained in the previous Sections cannot be directly applied.
Problem (5.1) is equivalent to the variational inequality VI (A, C): find x, € C such
that

(A(x2),y —x4) 20 VyeC. (5.2)

For each x € 'H, there exists a unique pointin C (see, e.g., [31]), denoted by Pc (x),
such that

lx = Pc)| < llx =yl VyeC.
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Some well-known properties of the metric projection Pc : H — C are given in the
following lemma [25, 31].

Lemma 5.1 Assume that the set C is a closed convex subset of H. Then we have the
following:

(a) Pc(.) is a nonexpansive operator, i.e., for all x, y € H, it holds that
I Pc(x) = Pc)Il < llx =yl

(b) Foranyx € Handy € C, it holds that
(x = Pc(x),y — Pc(x)) =0.

Assumption 5.1 (i) The coefficients g, o1, g > 0.

(i1) The operator A : H — 'H is y-strongly pseudo-monotone and L-Lipschitz
continuous.

(iii) The parameter w > 0 satisfies

w< . (5.3)

Remark 5.2 Under Assumption 5.1 (ii) and (iii), the problem VI (A, C) has a unique
solution [30].

We will need the following important estimate and error bounds.
Proposition 5.3 [44] Let C C 'H be a nonempty closed convex subset. Let A be an
operator that is y-strongly pseudo-monotone and L-Lipschitz on C. Let x, be the

unique solution of Problem (5.2). For every w > 0 and x € 'H, we have

2
(x = Pe(x —wAX)), x —xy) = (1 - %) Ix = Pc(x —0AG)|* (5.4)

and

14+ wy +wl
I — x|l < Z—ynx — Pe(x — wAW)]. (5.5)

In the whole section, we denote

L2 2
Mél_w_’ n 4 vy ) (5.6)
14+ wy + oL
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5.1 Continuous Time
In this case, we consider
YOO + a2y® (1) + a1y V(1) + aoly(t) — Pc(y(t) — wA(y(H)] =0, (5.7)

where ) (t9) = v;, j € {0, 1,2}.

Denote
A poy
G2 =% i A pe
Ot NI N T Ko2 & (5.8)
o3 Hy £ £ (a3 —2ay), a0

G()é m—20!2,

5.1.1 Global Exponential Convergence

Theorem 5.4 Suppose that Assumption 5.1 is satisfied. Let x, be the unique solution
of Problem (5.2). Let the parameters be denoted by (5.6) and (5.8). Assume that there
exists € > 0 such that the following conditions hold

—&d toane? —aje + uneoo > 0, 5.9
G162 — Ge + Go > 0, (5.10)
362 — 2006 + a1 > 0, (5.11)
—2Gye + G >0, (5.12)
—Hje + Hy > 0, (5.13)
oy > 2e. (5.14)

Then the trajectory y(-) generated by dynamical system (5.7) converges exponentially
10 Xy.

Proof Consider the functions in (3.7). Similarly as (3.14), we also have
a® () + 0a® () + a1aV (1) = 36V (1) — 202D (1)

=2(y 0 +02y? O +ayV (0, () - x.)
= 2a0 ([=y() + Pey(®) = 0AGODL YO = %) . (5.15)

On one hand, by (5.4), we can estimate

@0 ([—=y (1) + Pc(y(t) — 0AYO)], y(1) — xi)
< —aoully(t) — Pc(y(t) — wAQO)* = ‘o%”y@ ) +a2y® ) + a1y V(0
= —aﬁo[alb?)m + a2 1B\ (1) + adby (1) + aab” (1) + (@3 — 2a1)ba (1) + b3 (1)].

(5.16)
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On the other hand, by (5.4) and (5.5), we get

a0 ([=y(#) + Pc(y(t) — 0A(y())], y(#) — xi) < —apouna(r). (5.17)
Thus, using (5.16) and (5.17), we estimate (5.15) as follows

a® (1) + 22a® (t) + a1V (1) + apuna(t)
+G2bP (1) + G 16" (1) + Gobi (1) + Hib" (1) + Hoba (1) + Kob3(1) < 0.
(5.18)

By arguments similar to those used in Theorem 3.2 but now applied to (5.18); meaning,
do integrating after three times, we get the exponential convergence of y(-). O
5.1.2 Parameters Choices

Remark 5.5 1f Gy, G, Hy satisfy
Go, G1, Hy > 0, (5.19)

then conditions (5.9)—(5.14) can be obtained by letting & — 0.

In the following result, we simplify the assumption (5.19) in the term of the upper
and lower bounds of the coefficients o, o, 2.

Corollary 5.6 Suppose that Assumption 5.1 is satisfied. Let x, be the unique solution
of Problem (5.2). Let the parameters be denoted by (5.6) and (5.8). Then the trajectory
y(-) generated by dynamical system (5.7) converges exponentially to x, provided that
coefficients o, a1, oy, w satisfy the following conditions

O{Z
o < —,
2
. o100 Ol%
o < M-miny——, — .
3 2ap

Now we examine Theorem 5.4 when ¢ = 1.

Corollary 5.7 Suppose that Assumption 5.1 is satisfied. Let x, be the unique solution
of Problem (5.2). Let the parameters be denoted by (5.6) and (5.8) and

1

v e (5.20)
un
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Then the trajectory y(-) generated by dynamical system (5.7) converges exponentially
to x,. provided that coefficients o, a1, oz, w satisfy the following conditions

ar > max{3, 3y + 2,4y}, (5.21)

E £ max {202 — 3, YRar —3)} <o < B £ 0.5aa(c0 — 1), (5.22)
Ao —ay+1 —a . Jai(l@r —2) aj(@ —ax+1)

= —————— <ay<p=pu-min , .

= un 3 200 — 3

(5.23)

Proof First, we show that (5.21) ensures the validity of (5.22); that is é < E Indeed,

it follows from (5.21) that «p > 3 and so 2ap — 3 < w Also from (5.21), we
have oy > 44 and then

az(a — 1) - a2(2ap — 3)
2 4

> ¥ (2 — 3).

Next, we show that (5.21)—(5.22) ensure the validity of (5.23); thatis ¢ < p. Itresults
from (5.21) that @p > 3¢ + 2 and so

ap—ox+1 o ai(az —2)
— < — < ll/ " —
un un 3

Meanwhile, by (5.22), we have 1 > ¥ (2 — 3), which gives

a1—0tz+1< aj(a; —az +1)
un 200 — 3 '

Now we can prove the exponential convergence of y(-) by using Theorem 5.4 for
e =1 O

5.2 Discrete Time

We consider the difference equation

27 m) + 0222 (1) + @122 () + aolz(n) — Pe(z(n) — @Az (n))] =0,

(5.24)
where oy, a1, ag, w > 0.
Denote
5, Lt 5o 3 |11 e = 200) 43, (5.25)
n /‘gl To 2 %(Ol%—Zotl — o) +op + 3,
So = W—Zdz—al,
Ro2L(—wmtan—1. (5.26)
@0
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5.2.1 Global Exponential Convergence

Assumption 5.2 The coefficients «g, o1, o2, @ satisfy

Ba—wm+a)>1, (5.27)
o
m
— Qo —ap) < 3, (5.28)
(7))
Y (5.29)
a

where u is defined in (5.6).

Remark 5.8 Under Assumption 5.2, we have Ry, 71, S» > 0.

Theorem 5.9 Suppose that Assumptions 5.1 and 5.2 are satisfied. Let x. be the unique
solution of Problem (5.2). Let the parameters be denoted by (5.6) and (5.25)—(5.26).
Assume that there exists &€ > 0, & £ 1 such that the following conditions hold

£+t — 1§ + punog > 0, (5.30)
S22 — S1& + Sp > 0, (5.31)
362 — 2006 + g > 0, (5.32)
—2856+ 81 >0, (5.33)
-T&+To >0, (5.34)
oy > 3€. (5.35)

Then the sequence z(-) generated by (5.24) converges linearly to x.

Proof Consider the functions (4.6). Similarly as (4.13), we also have

uA” () + a2 () + aru® ()
=3¢t () — Qa2 + 3)e () — Qa2 + ar)er (n)
+3¢2 (n) + (a2 + 3)e2(n) — c3(n)
=2 (zAm (n) + A (n) + a1z (), z(n) — x*>
=200 (—z(n) + Pc(z(n) — wA(z(n))), z(n) — xx) . (5.36)
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On one hand, by (5.4), we can estimate

ag (—z(n) + Pc(z(n) — wA(z(n))), z(n) — x)

< —appl|z(n) — Pe(z(n) — 0Az(n))]?

22 3) 2)
= —a—ouzA () + 02z (n) + a1 22 )|

12 @
= —a—o[alc? (n) + axai e (n) + ader(n)

+(o — 2a1)e5 (n) + (@3 — 201 — cpay)c2(n) + (1 — @z + ar)ez(m)].
(5.37)

On the other hand, by (5.4) and (5.5), we get
ag (—z(n) + Pc(z(n) — wA(z(n))), z(n) — xx) < —aounu(n). (5.38)
Thus, using (5.37) and (5.38), we estimate (5.36) as follows
w7 () + a2 () + () + eopnu(n)

+85¢27 (1) + S1c2(n) + Soct (n) + Tyc2 (n) + Toca(n) + Rocs(n) < 0.
(5.39)

Setting

a 1

3 T o
1-£

then ¢ > 1 and conditions can be written as

Sape +are?(1 —e) + (e + 1 —e)(1 — ) = 0,
Soe® 4+ S1(1 — &)e + $H(1 — &) = 0,

w162 4+ 200e(1 — &) +3(1 —e)? > 0,

S1e 4+285(1 —¢) >0,

Toe+Ti(1—-¢) >0,

ey +3(1 —e) > 0.

By arguments similar to those used in Theorem 4.2 but now applied to (5.39); meaning,
do summing after three times, we get the exponential convergence of z(-). O

5.2.2 Parameters Choices
Remark 5.10 If Sy, Sy, Ty satisfy

So, 81, To > 0, (5.40)
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then we can get conditions (5.2.1)—(5.2.1) by letting & — 0.

The following result simplifies condition (5.40) in the term of the lower and upper
bounds of the coefficients «g, o1, ap. There are common choices of parameters satis-
fied both Corollary 5.6 and Corollary 5.11 below.

Corollary 5.11 Suppose that Assumptions 5.1 and 5.2 are satisfied. Let x be the unique
solution of Problem (5.2). Let the parameters be denoted by (5.6) and (5.25)—(5.26).
Then z(-) converges linearly to x, provided that coefficients oy, a1, o2, @ satisfy

oy < 2, (5.41)
2
max{0, s — 1} < o) < —2 (5.42)
) a +27
o
‘min] —A__q— . 5.43
op < M- min o T 200 oy + o ( )

2
. 0[2 . 112
Proof Since o] < o e have Tp > a» + 3 > 0. Also using o] < ) and the

fact that oy < 2, we get

2
®» 2 (5.44)
oy +2 2

o) <
which gives (5.28). It follows from (5.44) that o] < o and so

e ot
s L S .
3 o] + 2ap

The last inequality proves (5.29). Thus, Assumption 5.2 holds. Note that

2 2
2
@y 20
ar+2 ar+3

o < s

which gives

ey ot
200 + 3 o] + 2ap

>

and then S; > 0. O

Remark 5.12 We consider the following optimization problem
min f(x), (5.45)
xeC

where C is a nonempty and closed subset of H, f : H — R is a y-strongly pseudo-
convex on C and differentiable function with L-Lipschitz continuous gradient for
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some L > 0. Recall that the differentiable function f is called y-strongly pseudo
convex if there exists ¥ > 0 such that

(VIx),y —x) > 0= (Vf(y),y —x) = ylx — y|?

for all x, y € C. For more details on generalized convexity functions and their
characterization, the readers are referred to [29]. The optimization problem (5.45)
is equivalent to the following strongly pseudo-monotone variational inequality

(Vf(xe),y —x4) =20 VyeC. (5.46)

As a consequence, all the results presented in this section can be applied directly to
the pseudo-convex optimization problem (5.45).
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