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a b s t r a c t 

A multiscale dislocation-based model was built to describe, for the first time, the microstructural evo- 

lution and strain-hardening of {332} 〈 113 〉 TWIP (twinning-induced plasticity) Ti alloys. This model not 

only incorporates the reduced dislocation mean free path by emerging twin obstacles, but also quantifies 

the internal stress fields present at β-matrix/twin interfaces. The model was validated with the novel 

Ti-11Mo-5Sn-5Nb alloy (wt.%), as well as an extensive series of alloys undergoing {332} 〈 113 〉 twinning at 

various deformation conditions. The quantitative model revealed that solid solution hardening is the main 

contributor to the yield stress, where multicomponent alloys or alloys containing eutectoid β-stabilisers 

exhibited higher yield strength. The evolution of twinning volume fraction, intertwin spacing, dislocation 

density and flow stress were successfully described. Particular attention was devoted to investigate the 

effect of strain rate on the twinning kinetics and dislocation annihilation. The modelling results clarified 

the role of each strengthening mechanism and established the influence of phase stability on twinning 

enhanced strain-hardening. Strain-hardening stems from the formation of twin obstacles in early stages, 

whereas the internal stress fields provide a long-lasting strengthening effect throughout the plastic de- 

formation. A tool for alloy design by controlling TWIP is presented. 

© 2019 The Authors. Published by Elsevier Ltd on behalf of Acta Materialia Inc. 

This is an open access article under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ) 
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. Introduction 

Titanium alloys have been serving as structural materials 

or aerospace applications, owing to their high specific strength 

strength-to-weight ratio), corrosion resistance and attractive frac- 

ure toughness (the energy required to propagate cracks [1] ). The 

emand of environment friendly and fuel efficient aircraft calls for 

ew structural applications of Ti alloys. Boeing 787 Dreamliner 

tilises 15% Ti of alloys upon structural weight, this accounts for 

he largest weight percentage of Ti used in civil aeroplanes to 

ate [1] . In response to the radical B787, Airbus put forward the 

ew A350XWB (extra wide body) where the applications of Ti 

lloys reach 14% by structural weight compared to 6% on A380 

2] . Similar to other metals, Ti alloys can be strengthened through 

he controlled creation of internal defects or interfaces that ob- 

truct dislocation motions [3] . The strength-ductility trade-off

an be effectively overcome by introducing mechanical twinning 

r strain-induced phase transformations, which simultaneously 

mprove the strength and uniform elongation through significant 

train-hardening. β-Ti alloys retaining the bcc (body-centred cu- 

ic) structure exhibit phase-stability-sensitive deformation modes 
∗ Corresponding author. 

E-mail address: p.rivera1@lancaster.ac.uk (P.E.J. Rivera-Díaz-del-Castillo). 
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ncluding strain-induced α′′ martensitic transformation (or- 

horhombic) [4] , strain-induced ω phase transformation (hexago- 

al or trigonal) [5] , {332} 〈 113 〉 twinning [6] , {112} 〈 111 〉 twinning

7] and dislocation slip [8] . In general it is believed that the 

equired fault energy ( γ FE , the energy to inelastically shear the 

aterial in one-atomic-layer) to operate the different deforma- 

ion modes follows: (γF E ) slip > (γF E ) { 112 }〈 111 〉 > (γF E ) { 332 }〈 113 〉 > 

γF E ) β→ α′′ [9,10] . 

Mechanical twinning is a fundamental deformation mode that 

ompetes against dislocation slip in crystalline solids. {112} 〈 111 〉 is 
 common twinning system in both bcc and fcc (face-centred cu- 

ic) metals where atoms shear along closely packed planes and 

irections. However, {332} 〈 113 〉 is unique as the most operative 

winning system in metastable bcc Ti alloys. Crocker [11] intro- 

uced a fundamental crystallographic model and comparatively 

nvestigated both {112} and {332} twinning systems. He pointed 

ut that pure shear occurs in {112} 〈 111 〉 twins with a magnitude 

f 1 / 
√ 

2 where no atomic shuffling happens. On the other hand, 

332} 〈 113 〉 twinning can only move one-half of the atoms from the 

ntwinned lattice sites with an associated shear strain of 1 / (2 
√ 

2 ) , 

o that additional shuffling is necessary to transport the rest of the 

toms to their correct positions. Tobe et al . [12] suggested that 

he decreased β-stability in metastable Ti alloys causes a lower 

hear modulus c ′ = (c 11 − c 12 ) / 2 , where c ij represents each elastic
. This is an open access article under the CC BY license 

https://doi.org/10.1016/j.actamat.2019.11.009
http://www.ScienceDirect.com
http://www.elsevier.com/locate/actamat
http://crossmark.crossref.org/dialog/?doi=10.1016/j.actamat.2019.11.009&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:p.rivera1@lancaster.ac.uk
https://doi.org/10.1016/j.actamat.2019.11.009
http://creativecommons.org/licenses/by/4.0/


G.-H. Zhao, X. Xu, D. Dye et al. Acta Materialia 183 (2020) 155–164 

s

t

c

n

f

c

T

d

b

T

t

i

t  

l

f

S

 

d

m

o

i

[

p

c

(

o

m

e

w

n

t

l

a

h

m

m

a

i

d

i

s

p

v

1

i

t

i

d  

s

r

C

2

m

u

(  

f

o

t

t

r

c

2.28 2.30 2.32 2.34 2.36 2.38 2.40 2.42 2.44 2.46
2.75

2.76

2.77

2.78

2.79

2.80

2.81

2.82

2.83

Ti-20V-2Nb-2Zr

Ti-12V-2Fe-1Al

Ti-14V-2Fe-1Al

Ti-16V-1Fe

Ti-15Mo-5Zr
beta

alpha+beta alpha

Ti

Ti-10Cr

Ti-10Mo-1Fe

Ti-15Mo

B
on

d
or

de
rB
o

Mean d-orbital energy level Md

Ti-11.5Mo-6Zr-4.5Sn

Ti-14Mo

Ti-15.5V

Ti-15V-3Cr-3Sn-3Al

Ti-6Cr-4Mo-2Al-2Sn-1Zr

Ti-20V-3Sn

Slip / Twinning Ms= R.T.

Mf= R.T.

Ti-Mo vector

Ti-V vector Ti-20V

Ti-11Mo-5Sn-5Nb

Fig. 1. TWIP Ti alloys and their locations on the so-called Bo − Md map. M s = R.T. 

and M f = R.T. refer to martensitic transformation starting temperature equals to 

room temperature and transformation finishing temperature equals to room tem- 

perature, respectively. The empirical borders (dashed curves) i.e. slip / twinning , M s = 

R.T ., M f = R.T . and phase boundary are extracted from Morinaga et al. [21] . 
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tiffness component in cubic symmetry [13] . They found that lat- 

ice instability makes {112} 〈 111 〉 twinning unlikely to operate be- 

ause the lattice modulation induced extra shuffling for such twin- 

ing, and therefore {332} 〈 113 〉 twining turned to be energetically 

avourable. 

TWIP effect provides delayed necking in tension through ac- 

ommodative twinning shear, which is especially important for bcc 

i alloys because they display negligible uniform elongation when 

eformation is operated by only dislocation slip [14] . There has 

een a number of physics-based models attempting to describe 

WIP effects in fcc metals [15] . Rémy investigated the growth of 

win volume fractions and the critical strain for twin formation 

n low-SFE (stacking fault energy) Co-Ni alloys [16] . He presented 

he first model on {112} 〈 111 〉 twin nuclei by considering a three-

ayer microtwin mechanism. Two perfect dislocations split into 

ault pairs and react on the primary slip plane to produce three 

hockley partial dislocations on adjacent planes via the reaction: 
1 
2 〈 110 〉 + 

1 
2 〈 101 〉 → 3 × 1 

6 〈 211 〉 . Bouaziz introduced the well-known

ynamic Hall–Petch effect in TWIP steels, where the dislocation 

ean free path is significantly reduced due to the emergence of 

bstructive twin boundaries [17] . Later the effect of backstress was 

ntroduced as dislocation pile-up contributes kinematic hardening 

18] . Recently, Galindo-Nava and Rivera-Díaz-del-Castillo [19] re- 

orted a dislocation-based model particularly considering the nu- 

leation and growth mechanisms of {112} 〈 111 〉 twins and TRIP 

transformation-induced plasticity) effect in austenitic steels. The 

peration range of deformation twinning and martensitic transfor- 

ation in different strain levels was related to stacking fault en- 

rgy. In the past decades, {112} twinning mechanisms have been 

ell explored in TWIP steels [20] , however the nucleation and ki- 

etics of the {332} twinning in Ti alloys are quite different from 

he partial dislocation dissociation mechanism. It makes the estab- 

ished twinning models in fcc steels hard to be applied to bcc Ti 

lloys. To the best of the authors knowledge, at present no strain- 

ardening model has been reported for {332} 〈 113 〉 TWIP Ti alloys. 

The objective of this work is to introduce a dislocation-based 

odelling approach to quantitatively evaluate the strengthening 

echanisms, as well as to describe the microstructural evolution 

nd strain-hardening in TWIP Ti alloys. The model incorporates (i) 

sotropic hardening through the growth of dislocation forest; (ii) 

ynamic grain refinement by emerging of twin obstacles and (iii) 

nternal stress fields induced by kinematic hardening. The paper is 

tructured as follows: Section 2 presents a review of empirical ap- 

roaches that connect alloy compositions and deformation modes 

ia electronic structure concepts. In Section 3 , a new quaternary Ti- 

1Mo-5Sn-5Nb alloy is produced and experimentally investigated 

n terms of the mechanical properties and deformation microstruc- 

ure. An integral constitutive model embedding twinning kinetics 

s developed in Section 4 . The model was validated with a large 

ataset of TWIP Ti alloys in Section 5 . In Section 6 , the overall con-

titutive modelling approach is outlined, and the effect of strain 

ate and intrinsic phase stability on strain-hardening is discussed. 

oncluding remarks are presented in Section 7 . 

. An integral approach to composition, deformation mode and 

echanical properties 

Morinaga proposed an alloy design approach based on molec- 

lar orbital calculations [21,22] . Two key parameters, bond order 

 Bo ) and metal d -orbital energy level ( Md ), were calculated and

urther linked to phase stability. Bo exhibits the electron cloud 

verlap between solute and solvent, which is a measurement of 

he covalent bond strength between the alloying elements and 

he matrix. Md correlates with the electronegativity and atomic 

adii of the solutes. The average value Bo and Md can be simply 

omputed by taking the compositional average: Bo = 

∑ 

(Bo) X and 
i i 

156 
d = 

∑ 

(Md) i X i , where X i is the atomic percent of i solute. Em- 

irical borders in Fig. 1 not only divide α, α + β and β phase re- 

ions, but also aid in distinguishing different deformation modes 

 slip / twinning , M s = R.T . and M f = R.T . ). This diagram has been ex-

ensively utilised to produce alloys with desired TWIP or combined 

WIP/TRIP effects [4] . 

The electronic parameters of TWIP Ti alloys [23–30] were cal- 

ulated and the alloy compositions are located in the Bo − Md map 

n Fig. 1 . The parameters are only composition dependent, whereas 

he alloy processing conditions are not reflected. Most of TWIP al- 

oys agree with the empirical borders in Fig. 1 , locating them in the 

winning area. Nevertheless, it is interesting to witness that some 

lloys violate the boundary constraints and locate in the slip re- 

ion. Such phenomena indicate that the empirical borders may not 

e accurate guidelines for TWIP/TRIP alloy design. Yet the Bo − Md

ap still provides a visual aid to demonstrate the effect of each 

lloying element on the transition between deformation modes. 

Tensile stress-strain curves of TWIP alloys are replotted in 

ne single graph ( Fig. 2 ) for clear comparison. The corresponding 

ource to each curve is shown in Table 1 . {332} 〈 113 〉 is the dom-

nant twinning mode for all documented alloys. Although strain- 

nduced β → ω transformation is observed in some of the Ti-V and 

i-Cr based alloys, ω phase transformation is known to have a 

arginal contribution to strain-hardening [4] . A significant advan- 

age of TWIP Ti alloys compared to the TRIP/TWIP ones is that the 

ield strength of the former can easily achieve over 600 MPa with 

ontrolled grain size and solid solution hardening, whilst preserv- 

ng excellent ductility and ultimate strength. It is useful to compar- 

tively study the alloy compositions with their deformation mode 

eferring to Bo − Md map and their mechanical properties. 

. Experimental results 

.1. Materials and experimental procedure 

A new quaternary Ti-11Mo-5Sn-5Nb alloy (wt.%) is proposed 

n this work. Its location on the Bo − Md map is highlighted in 

ig. 1 . The as-cast ingot with a cross-sectional area of 23 × 23 mm 

2 



G.-H. Zhao, X. Xu, D. Dye et al. Acta Materialia 183 (2020) 155–164 

Fig. 2. Tensile stress-strain curves of TWIP Ti alloys at room temperature 

[23,24,26,28–30,32] . The yield stress can achieve over 600 MPa with controlled 

grain size and solid solution hardening. Meanwhile excellent plastic elongation 

( > 20%) can be preserved through significant strain-hardening (300 – 450 MPa). 
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Fig. 3. Tensile stress-strain curve of the Ti-11Mo-5Sn-5Nb alloy and the corre- 
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gation via twinning-induced strain-hardening. 

l

b

d

c

c

t

t

T

a

s

t

g

c

4

4

s

fl

t

s

u

s

d

w

d

u

t

c

M  

s

ε  

w

c

as hot shape-rolled in the β-phase field (900 ◦C) to a bar with 

 cross-section area of 13 × 13 mm 

2 . Then the bar was solution- 

reated at 900 ◦C for 30 min followed by water quenching. Tensile 

amples with gauge dimensions of 1.5 × 1.5 × 19 mm 

3 were ma- 

hined and polished in the as-solution-treated state. Tensile tests 

ere performed along the rolling direction with an extensometer, 

nder a constant strain rate ˙ ε = 5 × 10 −4 s −1 . Electron backscat- 

er diffraction (EBSD) was performed on a ZEISS Sigma scanning 

lectron microscope (SEM). Bruker QUANTAX software was used 

o acquire and post-process data. The gauge and the tab/gauge 

onnecting areas were characterised comparatively to reveal the 

winning formation in different strain levels. In both areas the to- 

al map size is 286.4 × 214.8 μm 

2 and the scanning step size is 

.6 μm. The undeformed tab area was also observed in EBSD for 

btaining the average grain size. The total map size in the tab 

rea is 1909 × 1432 μm 

2 and the scanning step size is 3 μm. 159

rains were scanned in the tab area, and the average grain size is 

39 μm with a standard deviation of 76 μm. Both microscope work- 

ng distance and detector-to-sample distance are around 15 mm. 

00–140 pixels were used to calculate the pole figures. EBSD maps 

ere post-processed, grains containing less than five pixels were 

emoved and the zero solution pixels were filled with an average 

alue of their surrounding pixels. 

.2. Mechanical properties and microstructure 

Fig. 3 shows the stress-strain curve and the corresponding 

train-hardening rate ( θ = d σ/d ε) of Ti-11Mo-5Sn-5Nb. The yield 

tress and ultimate tensile stress were 490 MPa and 788 MPa, re- 

pectively, where necking initiated at 24% strain. A typical strain- 

ardening rate curve of TWIP alloys was exhibited, i.e. a long 

teady plateau in the intermediate stage (10% – 20% strain) 

f deformation. In contrast with this, Ti alloys with combined 

WIP/TRIP effects usually exhibit a much higher strain-hardening 

ate [31,33] , which increases from early stages and achieves a max- 

mum value at intermediate strains. The increased strain-hardening 

ate in TWIP/TRIP alloys is caused by the simultaneous activation 

f mechanical twinning and martensitic transformation, where the 

rimary α′′ martensite may produce extra barriers to obstruct dis- 
157 
ocation motions [33] . Therefore the TWIP and TWIP/TRIP alloys 

ehave differently in terms of strain-hardening rate. 

Fig. 4 displays EBSD maps at different regions of a specimen 

eformed until fracture (26% strain). The nearly unstrained mi- 

rostructure at the tab/gauge connecting area ( Fig. 4 a and b) was 

aptured, where a small amount of thin twinning bands were ac- 

ivated in some of the grains. At the heavily stained gauge area, 

hickened and dense twining bands took shape ( Fig. 4 c and d). 

wins were transferred through neighbouring grain boundaries 

nd became nucleation spots for new twins due to the localised 

tress concentrations. The increased number of twins promoted 

he twinning area fraction to over 50%. In next section, an inte- 

ral model is developed to describe the dynamically refined mi- 

rostructure by twinning and the enhanced strain-hardening. 

. Model development 

.1. Evolution of microstructure and dislocation density 

Prescribing the multiplication of dislocation density is neces- 

ary for investigating the evolution of twin volume fraction and 

ow stress. Dislocation activity in the β-matrix is affected when 

he twinning volume fraction f tw 

increases to accommodate extra 

train. The total macroscopic strain increment d ε can be described 

sing a rule of mixtures incorporating twinning and dislocation 

lip contributions: 

ε = (1 − f tw 

) dεdis + εtw 

df tw 

(1) 

here d εdis is the strain increment in the untwinned β-matrix un- 

ergoing dislocation slip and df tw 

is the increment in twinning vol- 

me fraction. The Taylor factor M is used to describe an average 

exture orientation in the isotropic model, which depends on the 

rystallographic nature of the assumed slip or twinning system. 

 = 2 . 8 was calculated for bcc metals [34] . Thereafter the relation-

hip between macroscopic strain and shear strain is expressed as: 

= γ /M. The shear strain of {332} 〈 113 〉 twinning is γtw 

= 1 / (2 
√ 

2 )

here one-half atoms are rearranged by shuffling. Thus Eq. (1) be- 

omes 
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Fig. 4. (a) EBSD pattern quality map and (b) Inverse pole figure (IPF) at tab/gauge connecting area of the deformed (26% strain) Ti-11Mo-5Sn-5Nb, where thin deformation 

twins are visible. (c) Pattern quality map and (d) IPF in the gauge area, showing heavily deformed microstructure with dense twinning bands. (e) Pole figures of {332} 〈 113 〉 
twinning corresponding to the detected areas in (f) the enlarged twinning zone. 
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Dislocations travel along certain slip planes between obstructive intertwin spacing 

L . (b) Dislocation mean free path 
 is continuously reduced due to the combined 

effects of dynamic grain refinement and the increased dislocation forest. (c) Dis- 
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i

[

a

d  

a

n

s

f

w

ε

dεdis 

dε
= 

1 

1 − f tw 

(
1 − 1 

2 

√ 

2 M 

df tw 

dε

)
(2) 

The evolution of dislocation density ρ as a function of macro- 

copic strain can be expressed as: 

dρ

dε
= 

dρ

dεdis 

dεdis 

dε
= 

dρ

dεdis 

1 

1 − f tw 

(
1 − 1 

2 

√ 

2 M 

df tw 

dε

)
(3) 

here d ρ/ d εdis represents the evolution of dislocation density in 

he untwined β-matrix. It results from the competition between 

islocation accumulation d ρ+ /d εdis and annihilation d ρ−/d εdis due 

o dynamic recovery [19] . The dislocation storage term incorpo- 

ates contributions from (i) the dislocation forest induced by dislo- 

ation interactions; (ii) the dislocation impedance by grain bound- 

ries; and (iii) the dynamically decreased intertwin spacing L 

 Fig. 5 a). Deformation twins can be regarded as thin circular disks 

ccording to the stereological relationship built by the Fullman’s 

olumetric analysis [16] . If N L is the number of twin intersected by 

ny line per unit length, one obtains: 

1 

L 
= 

1 

2 t 

f tw 

1 − f tw 

(4) 

here t is the mean twin thickness. 

The dislocation mean free path 
 is the distance travelled by a 

islocation segment before it is stopped by the interaction with 

icrostructural features such as other dislocations (in a forest), 

rain boundaries and β-matrix/twin interfaces. Their relationship 

an be expressed as a harmonic mean: 

1 



= k 

√ 

ρ + 

1 

D 

+ 

1 

L 
(5) 

here k is a dislocation storage coefficient. The incremental dislo- 

ation storage rate d ρ+ /d εdis = Mb/ 
, where b is the magnitude 

f the Burgers vector. Thus the evolution of the dislocation density 

n the β-matrix facilitated by dislocation slip is given by: 

dρ

dεdis 

= 

dρ+ 

dεdis 

− dρ−

dεdis 

= M 

(
k 

b 

√ 

ρ + 

1 

bD 

+ 

1 

2 tb 

f tw 

1 − f tw 

− f DRV ρ
)

(6) 

here f DRV is the dynamic recovery coefficient and the ( f DRV ρ) term 

ccounts for dislocation annihilation. 
158 
Twinning kinetics df tw 

/dε in Eq. (2) is a key factor represent- 

ng the growing rate of twin volume fraction. Olson and Cohen 

35] described the kinetics of strain-induced martensitic nucle- 

tion in austenitic steels by using a simple shear band model 

f sb / (1 − f sb ) = α0 dε, where f sb is the shear bands volume fraction

nd α0 represents its formation rate at low strains. This mecha- 

ism was further derived to describe the twinning kinetics in TWIP 

teels by Bouaziz [17,18] , which expresses the evolution of twin 

raction as a function of strain: 

f tw 

= F 0 
{

1 − exp 

[
− β0 (ε − εT ) 

]}
m (7) 

here F 0 is the maximum twin fraction, m is a fixed exponent and 

is the critical strain at the onset of twinning. β is the twinning 
T 0 
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inetics parameter which increases at higher strain rate and with 

ower β stability. Upon differentiating Eq. (7) , the twinning kinetics 

f tw 

/dε becomes: 

df tw 

dε
= F 0 β0 m exp 

[
− β0 (ε − εT ) 

]{
1 − exp 

[
− β0 (ε − εT ) 

]}
(m −1)

(8) 

It not only governs the microstructural evolution in early stages 

f deformation, but also further influences kinematic hardening 

nd the flow stress response. 

.2. Kinematic hardening at β-matrix/twin interfaces 

Dislocations are obstructed at coherent β-matrix/twin inter- 

aces causing internal stress fields (backstress) to further impede 

he progress of slip. Conventionally the backstress by dislocation 

ile-ups at grain boundaries is expressed as: σb = Mμbn/D, where 

is the shear modulus and n is the number of dislocations 

topped at grain boundaries on a given slip plane [36] . Thereafter 

he backstress in TWIP alloys becomes: 

T = Mμb 

(
1 

L 
+ 

1 

D 

)
n (9) 

here the harmonic mean ( 1 /L + 1 /D ) takes into account disloca-

ion pile-ups at both twin and grain boundaries. The flux of dis- 

ocations arriving at interfaces per slip plane in the untwinned β- 

atrix is: 

dn 

dεdis 

= M 

λ

b 

(
1 − n 

n 

∗

)
(10) 

here λ is the mean spacing between slip planes and λ/ b can be 

nterpreted as the distance between slip planes necessary to op- 

rate deformation [36] . n ∗ is the maximum number of disloca- 

ions that can pile-up at interfaces on a given slip plane, which 

etermines the maximum backstress that can achieve. Combining 

q. (2) and (10), the flux of dislocations with macroscopic strain is 

iven by: 

dn 

dε
= 

dn 

dεdis 

dεdis 

dε
= M 

λ

b 

(
1 − n 

n 

∗

)
1 

1 − f tw 

(
1 − 1 

2 

√ 

2 M 

df tw 

dε

)
(11) 

Fig. 5 shows a schematic representation of the strain-hardening 

echanisms in the present model. Mechanical twinning nucleates 

t small strains, usually at the elastic stage for {332} 〈 113 〉 twins.

ig. 5 a and b illustrate the dynamic grain refinement: the for- 

ation of new twin obstacles gradually reduces the dislocation 

ean free path, thereby enhancing dislocation storage and ensuing 

sotropic hardening [20] . Fig. 5 c demonstrates the long-range inter- 

al stress by dislocation pile-ups. Considering a dislocation source 

hich emits a series of dislocations under the effect of external 

hear stress τ , where the dislocations travel lying in the same slip 

lane. Eventually the leading dislocation meets barriers such as 

-matrix/twin interface or grain boundary configurations so that 

urther expansion of the dislocation loop is prevented. The dis- 

ocations then pile-up behind the leading dislocation. They inter- 

ct elastically and their spacing decreases towards the front of the 

ile-up, which exerts a back shear stress τ b to the source [37] . The 

nternal stress field continuously concentrates at the gradually in- 

reased β-matrix/twin interfaces, leading to a long-term strength- 

ning contribution to the flow stress. 

.3. Yield stress prediction and flow stress evolution 

The flow stress evolution led by the increase in dislocation 

ensity can be expressed by the dislocation forest model [38] . 

ithin this, the critical stress σ f to destroy a dislocation junc- 

ion and to remobilise the dislocation lines is proportional to μb / l ,
159 
here l is the distance between the intersecting obstacles along 

he dislocation line. Thus the average value of this distance scales 

s 1 / 
√ 

ρ and ρ is the average dislocation density. This leads to 

he well-known Taylor relation: σDF = αMμb 
√ 

ρ, where α ≈ 0.3 

eflects the average strength of dislocation interactions (junction 

trength) over all existing configurations. Moreover, the backstress 

erm in Eq. (9) increases as the number of pile-up dislocations n 

pproach to the maximum value n ∗. Incorporating the twinning 

nhanced isotropic hardening and the kinematic hardening, the 

ow stress evolution can be established: 

= σ0 + αMμb 
√ 

ρ + Mμb 

(
1 

L 
+ 

1 

D 

)
n (12) 

here σ 0 is the friction stress comprised of the critical resolved 

hear stress of pure Ti ( τ CRSS ), solid solution hardening ( σ ss ) and 

rain boundary strengthening ( σ HP ): 

0 = 

[ 
MτCRSS + 

(∑ 

i 

B 

3 / 2 
i 

X i 

)
2 / 3 + 

k Y √ 

D 

] 
G (T , ˙ ε) (13) 

here X i is the atomic fraction of solute i and B i reflects the solid 

olution hardening coefficient, which accounts for shear modulus 

isfit and lattice parameter misfit between solvent and substitu- 

ional solutes. The value of B i for each individual solute in multi- 

omponent Ti alloys was calculated in a recent work [34] . k Y is the

all–Petch coefficient of Ti alloys. G (T , ˙ ε) is a function of temper- 

ture and strain rate accounting for thermally activated effects al- 

ered between dislocation slip and deformation twinning. The yield 

tress can be calculated by: σY = σ0 + αMμb 
√ 

ρ0 , where ρ0 re- 

ects initial dislocation density before deformation. 

. Model validation 

The model was tested against experimental data for an exten- 

ive range of TWIP Ti alloys ( Table 1 ). Fig. 6 shows a comparison

etween the predicted and the measured yield stress. The alloys 

ere deformed at room temperature under a unified strain rate 

in the order of 10 −4 s −1 ). The yield stress predictions exhibit 

ood agreement with the experimental data. Fig. 7 shows the 
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Table 1 

The compositions, operative deformation modes, grain size D and strain rate ˙ ε of the documented 

TWIP Ti alloys. 

Alloy (wt.%) Deformation modes D (μm) ˙ ε (s −1 ) Ref. 

Ti-10Cr {332} & β → ω 120 8 . 33 × 10 −4 [30] 

Ti-7Mo-3Cr {332} & {112} 12 – 190 4 . 0 × 10 −4 [31] 

Ti-10Mo-1Fe {332} 196 2 . 8 × 10 −5 – 2 . 8 × 10 −1 [24] 

Ti-10Mo-2Fe Slip + {332} 200 2 . 78 × 10 −4 [14] 

Ti-11.5Mo-6Zr-4.5Sn {332} 200 5 . 2 × 10 −4 [29] 

Ti-13Mo-18Zr {332} & {112} 49 1 . 0 × 10 −3 [32] 

Ti-15Mo {332} 84 2 . 78 × 10 −4 [23] 

Ti-15Mo-5Zr {332} 200 5 . 2 × 10 −4 [29] 

Ti-12V-2Fe-1Al {332} 51 5 . 0 × 10 −4 [27] 

Ti-14V-2Fe-1Al {332} 39 5 . 0 × 10 −4 [27] 

Ti-15.5V {332} & β → ω - - [25] 

Ti-16V-1Fe {332} & β → ω 20 5 . 0 × 10 −4 [27] 

Ti-20V {332} & β → ω 200 5 . 2 × 10 −4 [29] 

Ti-20V-3Sn {332} 200 5 . 2 × 10 −4 [29] 

Ti-20V-2Nb-2Zr {332} 8 – 28 1 . 0 × 10 −3 [26] 

Ti-6Cr-4Mo-2Al-2Sn-1Zr {332} & {112} 140 5 . 0 × 10 −4 [28] 

(a) (b)

(c) (d)

Fig. 7. Microstructure and flow stress evolution as a function of strain in Ti-15Mo. (a) The growth of twin volume fraction f tw started at the onset of critical strain. 

(b) The reduced intertwin spacing L due to the formation of twin obstacles. (c) The average dislocation density ρ increased by twinning enhanced dislocation accumu- 

lation. (d) Macroscopic stress-strain curve showed exceptional strain-hardening. 
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d

odel validation in Ti-15Mo alloy, an average twin thickness 

 = 1.2 μm was adopted from experiments [23] . The critical strain 

or twin nucleation εT is estimated to be 0.2% from quantitative 

etallography [6] . The twin volume fraction increased at the onset 

f critical strain ( Fig. 7 a), meanwhile the intertwin spacing con- 

omitantly dropped ( Fig. 7 b). Both factors reached an asymptote 
160 
fter 15% strain, at which more than 50% twin frac- 

ion was achieved. The evolution of dislocation den- 

ity was simulated in Fig. 7 c, which raised from an ini- 

ial value of 7.3 × 10 13 till 1.8 × 10 15 m 

−2 at the point 

f ultimate tensile stress. The modelled flow stress well 

escribed the experimental stress-strain curve in Fig. 7 d. The twin- 
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Table 2 

Numerical values of the physical constants and of the identified parameters. 

Parameter Description Value Ref. 

M Taylor factor 2.8 [34] 

μ Shear modulus 39 GPa [39] 

k Y Hall-Petch constant 0.87 MPa · m 

1/2 [34] 

α Dislocation interaction constant 0.35 [38] 

b Magnitude of Burgers vector 2.8 Å [39] 

t Average twin thickness 1.2 μm [23] 

λ Spacing between slip planes 150 nm [40] 

m Exponent for twinning kinetics 1.2 ± 0.03 This work 

F 0 Max twinning volume fraction 0.6 ± 0.05 This work 

n ∗ Max number of piled-up dislocations 8 ± 1 This work 

ρ0 Initial dislocation density 7.3 × 10 13 m 

−2 [24] 

k Dislocation storage coefficient 0.04 ± 0.002 This work 

f DRV Dynamic recovery coefficient 4 ± 0.05 This work 

a F 0 = 0 . 5 ± 0.04 and f DRV = 8 ± 0.05 for Ti-10Mo-1Fe deformed at ˙ ε = 2 . 8 × 10 −1 s −1 . 
b The values of standard error associated with the identified parameters is based on the 

sensitivity analysis. 

(a) (b)

(c) (d)

Fig. 8. Model validation in Ti-10Mo-1Fe at the strain rates of 2 . 8 × 10 −5 and 2 . 8 × 10 −1 s −1 , respectively. (a) An elevated twinning kinetics was shown at high strain rate. 

(b) The intertwin spacing L decreased promptly in early stages of deformation. (c) The dislocation density ρ increased faster at high strain rate due to the rapidly reduced 

dislocation mean free path. (d) Flow stress evolution as a function of strain. 

n
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(

t

t

i

ing kinetics parameter of Ti-15Mo is β0 = 18 at ˙ ε = 2 . 78 × 10 −4 

 

−1 . The parameters used for modelling are defined in 

able 2 . 

Fig. 8 shows the model validation in Ti-10Mo-1Fe at low strain 

ate ˙ ε = 2 . 8 × 10 −5 s −1 and high strain rate ˙ ε = 2 . 8 × 10 −1 s −1 

24] . The alloy exhibited clear strain-rate-dependent performance. 

t high strain rate, both twin fraction and dislocation density in- 
161 
reased significantly in early stages to accommodate the rapid 

eformation. However, it showed lower maximum twin fraction 

 F 0 < 50%) and less plasticity. A high strain rate tends to promote 

he twin growth rate by increasing the twinning kinetics parame- 

er ( β0 = 20 ) compared to that ( β0 = 14 ) at low strain rate. 

The model was applied to predict the twinning evolution 

n a wider number of TWIP alloys such as Ti-11Mo-5Sn-5Nb, 
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(a) (b)

Fig. 9. (a) The predicted twinning fraction f tw evolution in Ti-11Mo-5Sn-5Nb, Ti-11.5Mo-6Zr-4.5Sn, Ti-15Mo-5Zr and Ti-20V-3Sn. (b) The corresponding stress-strain be- 

haviours which can be well reproduced by adjusting the twinning kinetics parameter β0 . 

Materials
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Fig. 10. Flow chart illustrating an integral modelling approach incorporating yield stress predictions and strain-hardening evolutions. The inputs include material information 

such as alloy composition, shear modulus, grain size and initial dislocation density, as well as deformation conditions. 
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i-11.5Mo-6Zr-4.5Sn (Beta III), Ti-15Mo-5Zr and Ti-20V-3Sn [29] in 

ig. 9 . Their flow stress can be well reproduced by adjusting one 

ingle variable, the twining kinetics parameter β0 . The value of β0 

or each alloy is shown in Fig. 9 a and the strain-hardening is pro-

oted as increasing β0 . Twinning kinetics is not only dependent 

n strain rate, but also sensitive to the alloy composition that de- 

ermines the intrinsic phase stability. Less stabilised alloys display 

ncreased β0 , which is facilitated by the easy nucleation of shear 

ands. The model validations confirmed that macroscopic strain- 

ardening can be described at multiple length scales. 

. Discussion 

.1. Overview 

An integral modelling approach is proposed to describe the 

icrostructural evolution and mechanical behaviour of {332} 〈 113 〉 
WIP Ti alloys. A flow chart is shown in Fig. 10 to illustrate the

alculation methodology. The model is comprised of two major as- 

ects: yield stress prediction and strain-hardening description. In- 
162 
ut follows aspects of (i) the nature of the alloy, (ii) its process- 

ng history and (iii) the deformation conditions (centre column in 

ig. 10 ). The solid solution hardening σ SS can be quantitatively cal- 

ulated from a given alloy composition. Meanwhile, the compo- 

itions plays a key role in determining β-phase stabilities which 

urther control twinning kinetics. The grain size D and the stored 

islocation density ρ0 after thermomechanical treatments are in- 

ut to calculate grain boundary strengthening σ HP and dislocation 

orest strengthening σ DF , respectively. Besides ρ0 is fixed as ini- 

ial value for modelling dislocation multiplication d ρ/ d ε. The evo- 

ution of dislocation density is a competing process between dislo- 

ation generation d ρ+ /d εdis and dynamic recovery d ρ−/d εdis . The 

ater term is sensitive to deformation conditions e.g. strain rate and 

emperature, because the dislocation annihilation process is ther- 

ally activated and governed by the glide of dislocations at low 

nd medium temperature regimes. The dislocation activities take 

lace in the untwinned β-matrix; however, the growth of both 

win fraction and dislocation forest reduce the available path for 

islocations to freely glide. Moreover, internal stress fields were 

uilt at twin interfaces due to dislocation pile-ups. By aggregating 
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Table 3 

The contributions of the solid solution hardening σ SSH and the grain boundary 

strengthening σ HP in each Ti alloy. The calculated yield stress and experimental 

yield stress are listed for comparison. The stress unit is MPa. 

Alloy (wt.%) σ SSH σ HP Cal. σ Y Exp. σ Y 

Ti-11Mo-5Sn-5Nb 226.7 ± 26.7 76.3 575.7 ± 36.3 490 

Ti-6Cr-4Mo-2Al-2Sn-1Zr 300.5 ± 32.3 76.1 719.3 ± 45.7 670 

Ti-12V-2Fe-1Al 166.6 ± 26.2 126.2 665.3 ± 38.3 725 

Ti-14V-2Fe-1Al 171.1 ± 19.9 144.1 687.9 ± 26.9 743 

Ti-10Mo-1Fe 133.6 ± 21.7 67.8 594.1 ± 35.1 652 

Ti-10Mo-2Fe 177.2 ± 19.8 67.2 637.1 ± 33.6 776 

Ti-11.5Mo-6Zr-4.5Sn 275.1 ± 29.7 63.6 631.4 ± 39.1 575 

Ti-13Mo-18Zr 317.8 ± 25.2 128.6 749.1 ± 38 800 

Ti-20V-2Nb-2Zr 123.2 ± 18.1 141.7 537.6 ± 32.2 531 

Ti-15Mo-5Zr 176.8 ± 22.3 63.6 513.1 ± 40.9 521 

Ti-7Mo-3Cr 182.5 ± 19.6 106.2 681.4 ± 36.9 695 

Ti-16V-1Fe 132.3 ± 22.9 201.2 706.2 ± 36.5 716 

Ti-20V-3Sn 169.7 ± 23.8 53.0 495.4 ± 38.3 386 

Ti-20V 92.2 ± 19.6 53.0 417.9 ± 38.6 358 

Ti-10Cr 341.7 ± 23.4 60.6 775.1 ± 36.7 726 

Ti-15Mo 107.6 ± 16.7 98.2 578.5 ± 26.1 608 

Note the yield stress of each alloy was calculated using σY = σ0 + αMμb 
√ 

ρ0 , 

where the expression of σ 0 is in Eq. (13) . The yield stress of pure Ti is within the 

range of 180 – 480 MPa [42] . The contribution from dislocation forest strengthen- 

ing is around 91 – 93 MPa by accounting the initial dislocation density varies in 

the range of 7 . 3 − 7 . 5 × 10 13 m 

−2 . 
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he left column in Fig. 10 , the yield stress is predictable. On the

ther hand, flow stress evolution in the right column can be mod- 

lled by combining the twinning enhanced isotropic hardening and 

he internal stress field by kinematic hardening. Dislocation slip ac- 

ivities without twinning can be expressed using a simple Kocks–

ecking approach [41] dρ
dε

= M( k 
b 

√ 

ρ − f DRV ρ) . In the case, the 

islocation accumulation rate is the fundamental quantity for 

train-hardening which only accounts for the increase in forest 

islocation density. Since the bcc β-Ti alloys show poor strain- 

ardening in tension and negligible uniform elongation ( < 3%) at 

oom temperature, the pure slip model is less appropriate for bcc 

i alloys. 

.2. Alloying contributions to yield stress and strain-hardening 

The contribution of each strengthening mechanism is quantified 

nd listed in Table 3 . Most of the tested alloys were coarse grained

ith grain sizes in the range of 60 – 220 μm, thus the grain bound- 

ry strengthening is limited. The stored dislocation density upon 

uenching is around 7.5 × 10 13 m 

−2 , which contributes to moder- 

te strengthening by dislocation forest. The yield stress is therefore 

ainly enhanced by solid solution hardening. Multicomponent al- 

oys or alloys containing eutectoid β-stabilisers, e.g. Cr or Fe, ex- 

ibited the highest SSH effects. The eutectoid elements may cause 

evere local lattice distortion because of the large shear modulus 

nd lattice parameter misfit against the Ti solvent [34] . On the 

ther hand, Ti-V based alloys display lowest SSH and yield stress 

ue to a small shear modulus difference between V (46.7 GPa) and 

i (45.6 GPa). 

Twinning kinetics df tw 

/dε is the key parameter in the present 

odel. It is sensitive to two factors: strain rate and intrinsic phase 

tability of the alloy. The less stabilised alloys are more likely to ac- 

ivate twinning under deformation, and their twinning kinetics pa- 

ameter is promoted. The strain rate affects the twinning growth 

nd macroscopic mechanical behaviours by altering the twinning 

inetics parameter β0 , the maximum twin volume fraction F 0 and 

he dynamic recovery coefficient f DRV . The alloys deforming at high 

train rate present a rapid growth of twin fraction to accommo- 

ate the fast strain increases. However, F 0 decreases at the same 

ime and eventually fracture happens earlier. On the other hand, 

he plastic strain can be well accommodated by twinning for the 
163 
lowly deformed sample, where both strain energy and time are 

ufficient for twin nucleation and growth. The dislocation den- 

ity grows significantly in early stages of fast straining due to the 

apidly reduced dislocation mean free path. Nevertheless, the dy- 

amic recovery coefficient that governs dislocation annihilation in- 

reased at a high strain rate, which had negative effects on dislo- 

ation multiplication. The strain-hardening in early stages is con- 

rolled by the formation of new twin obstacles whereas kinematic 

ardening keeps contributing even after a dense twinning mi- 

rostructure was formed in the intermediate or late stages of de- 

ormation. 

.3. Future work 

By quantitatively evaluating the strengthening mechanisms, the 

resent model provides an efficient tool for Ti alloy design. Since 

his isotropic model is originally developed for understanding the 

ffects of alloying elements on strain-hardening as well as for de- 

cribing the macroscopic mechanical behaviour of polycrystalline 

lloys, it can hardly reflect the crystallography of isolated grains. 

n order to overcome this limitation, the next step is to embed 

he dislocation-based strain-hardening model into crystal plasticity 

ethods or visco-plastic self-consistent (VPSC) polycrystal frame- 

ork [43] . On the other hand, the nucleation and growing mech- 

nisms of the unique {332} 〈 113 〉 twinning are still unclear. An 

mpirical expression derived from the kinetics of strain-induced 

artensitic nucleation was used for describing the growing of twin 

raction. Even this expression well reproduced the experimental re- 

ults, a physics-based function is required as we further under- 

tand the mechanisms of the {332} twinning. From the point of 

esigning strong and ductile alloys, both superior yield strength 

nd exceptional strain-hardening is desired. Therefore designing 

nd modelling the TWIP Ti alloys with simultaneously activated 

332} 〈 113 〉 and {112} 〈 111 〉 twinning would be the next natural step

or future work. 

. Conclusions 

1. A dislocation-based constitutive model on microstructural evo- 

lution and strain-hardening in TWIP Ti alloys has been devel- 

oped. The dislocation storage term was enhanced by the forma- 

tion of twin obstacles that significantly reduced the dislocation 

mean free path. The internal stress fields at β-matrix/twin in- 

terfaces induced by kinematic hardening further contributed to 

the flow stress increase. 

2. The link between alloy compositions and deformation modes 

was built by the electronic parameters and the empirical bor- 

ders. Although the Bo − Md map may not be an accurate ap- 

proach for alloy design, it provides a visual aid to demonstrate 

the effect of each alloying element on the transition between 

deformation modes. A new quaternary Ti-11Mo-5Sn-5Nb TWIP 

alloy was proposed showing excellent tensile plasticity through 

significant strain-hardening. 

3. The model was validated with a wide range of TWIP Ti alloys, 

exhibiting good agreements in terms of yield stress predictions 

and flow stress evolutions. Solid solution hardening is the main 

contributor the yield stress, especially for the multicomponent 

alloys or the alloys containing eutectoid β-stabilisers e.g. Cr or 

Fe. 

4. The strain-hardening and flow stress evolution can be well 

reproduced by adjusting twinning kinetics df tw 

/dε, and this 

factor governs: (i) the growth rate of twin volume fraction; 

(ii) twinning enhanced isotropic hardening and (iii) kinematic 

hardening. The twinning kinetics parameter β0 increases at 

high strain rate and in less stabilised alloys, which is facili- 

tated by the easy formation of twinning shear. On the other 
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hand, although high strain rate promotes twinning kinetics, the 

dislocation annihilation becomes dominated and thereafter in- 

hibited strain-hardening and plasticity. By quantitatively un- 

derstanding the strengthening mechanisms and the origin of 

strain-hardening, the present work can be applied for TWIP Ti 

alloy design. 
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