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1. Introduction

The successful calculation of the general massless open string tree amplitudes [1,2] with
the pure spinor formalism [8] still does not have a counterpart involving massive states.
One of the reasons for this situation is the added complexity in the description of massive
superfields in ten dimensions and their use in constructing massive vertex operators.
However, the pure spinor formalism comes equipped with a powerful notion of a co-
homological pure spinor superspace [4]. At the massless level, BRST cohomology ma-
nipulations give rise to many simplifications that have been exploited in several papers
[5-9] culminating in the n-point tree amplitude of [1], see the review [10]. We wish to
transfer some of the techniques and knowledge accumulated with pure spinor superspace

expressions involving massless SYM superfields into the manipulation and simplification
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of massive amplitudes, with the hopes of advancing the knowledge of massive amplitudes
beyond its current limited state. The unintegrated vertex operator at the first massive
level and its superfield description was found in 2002 by Berkovits and Chandia [11], but
it took many years until it was used in the calculation of the three point amplitude with
two massless and one massive state [12].

In this paper, two major advantages of the pure spinor formalism in calculating mass-
less tree amplitudes will start to be transferred to the study of massive amplitudes: the
simplicity of the SYM superfield massless description and the BRST cohomology manipu-
lations in pure spinor superspace. To accomplish the first goal we will construct the massive
superfields for the unintegrated vertex operator using the OPEs between massless vertex
operators:l". This will then give rise to a massless representation of the massive superfields.

We will make progress towards the second goal on a case by case basis, starting with the
three point amplitude with one massive state computed in [12]. Firstly, it will be simplified
using BRST cohomology manipulations in terms of the massive superfields. Subsequently,
the massless SYM representation of the massive superfields will be plugged in, allowing
several further BRST cohomology identities for massless expressions to be used. The end
result expresses the three-point amplitude with one massive state in terms of the massless
four-point pure spinor superspace expression capturing the o’ ? correction to the massless
four-point open string tree amplitude. This result will be generalized using the component
expression of the massive partial tree amplitudes found in [15] to linear combinations of o/ 2
tree amplitudes. Finally, the generalization of this relation will be shown to follow from (or
be compatible with) the factorization of the massless tree amplitudes on its first massive
residue. Our analysis of factorization is slightly unusual as the sum over intermediate
polarizations — which usually require two amplitudes connected via a propagator — will be
used in a single amplitude with the rule k — 4, j defined in (8:25) and (B.51). This allows
us to directly relate massive and massless string amplitudes.

Throughout this paper, repeated vector indices are summed irrespective of their down-

stairs/upstairs placement and we use the convention where the symmetrization or antisym-
1

nl

metrization over n indices does not contain the normalization

I This construction with pure spinors was firstly announced in the companion of this paper

[13] and later confirmed by similar calculations in [I4].
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2. Vertex operators

Physical states in the pure spinor formalism at the mass level n are defined as ghost number
one vertex operators in the cohomology of the pure spinor BRST charge with conformal
weight n at zero momentum [16].

2.1. Massless vertices

The unintegrated and integrated vertex operators describing the massless open string states
are given by [3]

V =24y, U=00"Ag + 1M Ap + 20/ deW® + &/ N™Fp, . (2.1)

The superfields Aq, Ay, W< and F,p, = O, Ay, satisfy [17,10]

QAp+DsV = (Y"N)g Am , QWP — _i

QA,, = "W +0,,V, QFn = Om (A W) — On(Aym W),

mny\p3
(Y™ A)" Fryn 22)

where Q) = A*D,, is the pure spinor BRST operator acting on 10D superfields. The length

dimensions are chosen such that

]=2, [V]=[U]=1 [Ad=, [A"]=0, [W]=-5, [F™]=-1 (23
[Om] = =1, [do] = —5, [M"]=1, [J]=0, [N™]=0.
By stripping off A* from (2.2), one obtains the equations of motion written in terms of the
covariant derivative D,. We will use below both forms of these equations interchangeably.
For convenience, when referring to a generic SYM superfield labelled by ¢ we use the
collective notation
K; € {AL, AL, W E™™} . (2.4)

2.2. Massive unintegrated vertex
The unintegrated vertex operator V(z) containing the open-string massive states with
(mass)? = 1/a’ was found in [11],

V(2) = [\*[06° Baglolo + NI H ol + 20/ [X*[d5C7 aJolo + @/ [N [N Fammnlolo , (2-5)
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where the normal-ordering bracket [AB] is defined in (A.2). It was also shown in [11] that
this vertex is BRST closed QV = 0 when the superfields obey the equations of motion

QUAB)a = (9™aMH ), QUAH™) = (W™C), QICN" = (™) (AF )
(2.6)

where we used the definitions (2.19) and omitted the slightly more complicated equation

for A*Fyn. The length dimension of the massive superfields in (2.5) is chosen to be

V1=2, [Bagl=1, [Hnal= % , [CPa] =0, [Famn] = —% . (2.7)

2.8. Massive vertex from the OPE of massless vertices

Massive vertex operators appear in the regular terms of OPEs of massless vertices [1§].
This will allow us to construct the first-level massive unintegrated vertex operator in terms

of the massless superfields [19,20] as
V(z) = %dwUl(w)Vg(z), 20/ (ky - ko) = -1, (2.8)

where the condition

2(1/’(]61 k‘g) = —1, (29)
ensures the correct conformal weight one for the vertex V(z).

OPE of massless vertices. It is easy to see from the OPE expansion (A.I) that
V(w) = § i () Va(w) = [0V, (2.10)

where the bracketed notation for the OPEs and normal ordering is reviewed in the ap-

pendix A. Using the normal ordered massless vertex operators®

Ui(z) = [00%AL]o(2) + [T AL 1o(2) 4 2/ [do Wo(2) + /[N F™]o(2), (2.11)
Va(w) = [A\*A2]o(w) , (2.12)

2 Note that there is no normal ordering ambiguity in the massless vertices due to the SYM
equations of motion in the Lorenz gauge. Nevertheless, we write the normal ordering brackets in

order to use the OPE formulas from the vertex operator algebra axioms of the appendix A.
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we get (we write [AB]g = [AB] when convenient to avoid cluttering)

V(w) = [N [00%(ALAR)])(w) + [N [T (AL, AR} (w) — 20ik3 [N (9A;, AF)] (w)
+ [V lda (W AD)])(w) — [N (OWF Do AB)] (w)
+ [NV (E AR (w) + %(vm")ﬁé[k‘s(aF{”"A%)](w) (2.13)

The appendix A .3 contains more details of this calculation.

Note that the factors of (KjK3)(w) on the right-hand side are considered a single
operator. For example, the term [do (W{*A3)]o(w) is of the form [AB]o(w) with A = dq(w)
and B = (Wf‘A%)(w) = Wf‘(@)eikl'X(w)A%(G)eikz'X(w) = Wf‘(@)A%(Q)eik'X(w), with & =
k1 + ko.

2.4. Massive superfields in the OPE gauge
After expanding K1 = 00°D,K; + II"™ik7"K; to rewrite factors like (DATAZ) as
[ ik (AT AZ)]o + [00%(Da AT AZ)]o and using (2.9) together with the SYM equations

of motion we get (omitting the worldsheet position w from the right-hand side)
V(w) = X007 Bagl] + N[ H) + 20/ A [dpCPu]] + o/ [N X" Fomn]] - (2.14)

where the massive superfields can be read off to be
=1, m £ 1,1 n mn a/ mn mn
Bog = =20/ikg" (" Wh) g AG, — ik (" W1) (7" As)a — S FM (Y D)5 Ay, 5 (2.15)

m . (l// . n
H = AL A% 4 20'kL (K- AN A2 — 20/ik: WP DA% — Tk}npgp(fy PAy)a, (2.16)

CPy=WPA2, (2.17)
Fomn = F1 A2 (2.18)

For reasons to become clear in section 2.5, this representation of the massive superfields in
terms of massless SYM superfields will be called the OPE gauge. Their length dimensions

are easily found to agree with (2.7).

Massive equations of motion. Defining the contraction of the massive superfields with a

pure spinor

ABag = (AB)g, MH™=\H™), CP A= (CN?, XFumn=OF)pn, (2.19)
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and using the linearized SYM equations of motion (2.3) one readily finds the equations of

motion of the massive superfields in terms of the BRST charge Q) = A\“D,,,

QB = (q™)a(AH) (2.20)
QH™) = (\M™CA) (2.21)
QUON™ = 100 (AF) e (222

QAF) i = ik (" WAV — ik (W) Vo (223)

More details can be found in the appendix B.

2.4.1. BRST invariance of massive vertex
Recall that the BRST charge is

Q= j{dzj(z) (2.24)
where j(z) = A\*(2)do(2) = [A\*da]o(2) is the BRST current. We will evaluate the BRST

variation of the massive unintegrated vertex in two different ways: directly from the defi-

nition (2.10) and using its explicit realization (2.14).

BRST variation from the definition. The massless vertices satisfy [8,10]
QUI(w) = § 21201 () = iU (w) = Vi (w). 2:29

QVa(w) = § dzj(2)Valw) = [Vala(w) =0.
Therefore, the BRST variation of the first massive unintegrated vertex operator (2:10)
yields
QV(w) = [jV]i(w) = [§[U1Va]i]x (2.26)
= [U1[jVa)i]1 + [[jU1]1Va]1 = [0V1V2]1 = 0,

where the second line follows from (A.15) and we used (A.11) in the last equality. So the

massive unintegrated vertex (2:10) is BRST closed.

a bit tedious but straightforward. Using the identities (A.5) and (A4) gives
QV = [V = [0A*[N Bgal] — [00° [N [A*DaBys]]] + [N*007 1IN HE ]
= [ TN O gl + I NN Do HE
- %[AB[[daW]Fﬁmn]](vm")av — 20/ [dy N[N Do C7 6]]]
+ o/ [N™ N[N Dg Fomnl]] - (2.27)
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In order to compare terms we need to rewrite all nested brackets in a canonical order, say
from right to left as in [A[B[CD]]]. After some work using the identities (A.10) to (A.12)
one obtains
[)‘ﬁ[[daXy]Fan” = [da [)‘B [/\’YFan]]] + [a)\'y [AB(DaFan)]] ) (2.28)
[0 N HE']) = [007 A [N HE]],
[T CY )] = [P AN V)] — 20/ [OA A C )]
Plugging (2.28) into (2.27) and noticing that there are no normal ordering ambiguities

among A%, 00“ and the massive superfields leads to

QV = [OXN* NSk 5] — [00° [N NTS2 5. 1] + [T AN S2, )] (2.29)
+ 20/ [do[NPNVSE2] + o [N AN SD 5,0l

where
!

OANSL, = (ABOX) + 20/ (9N O™ CA) + %(amm”m(xmmn (2.30)
= —a/ik" (M W) (0" Az)

ANXNS2, = Q(AB)a — (AH™)(M™)a =0, (2.31)

ANPSGE 5 =QAH™) — (M™CA) =0, (2.32)
1

APXNTSES = Q(CN)™ — Z(Aym")o‘(AF)mn =0, (2.33)

AN S orm = QAF ) = k7 (A" W) Vo — ik} (A" W) Vs (2.34)

The simplification in (2.30) follows from the linearized SYM equations of motion and the

Dirac equation after plugging in the expression (2.15). The vanishing of the middle three

lines follows from the BRST equations of motion (2.20), (2.21) and (2.23). Therefore,

QV = —a'ik{ (A" W) (DA™ Ag) — 2/ I[N NNy kW) A2 (2.35)

where we pulled the superfields out of the normal ordering bracket as they do not have
worldsheet singularities with the operators in [N™"[A*A?]]. The identity from [11]

NN, = SN, + AN, + 5 (0N, (2:36)
rederived in (A29), implies that
QV = =ik (M "W1)(OMY™" Ag) — ik (DX W) (MY Ag) =0, (2.37)

where the Dirac equation eliminates the first two terms on the right-hand side of (2:36)
when plugged into (2.35) and we used (Ay™)a(0MY™)g + (AY™)s(OAY™)o = 0. Therefore
the unintegrated massive vertex (2:14) is BRST closed, QV = 0.
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2.5. Massive superfields in the Berkovits-Chandia gauge

We have seen above that the OPE calculation leads to an unintegrated massive vertex

operator of the form
V(w) = [A*[06° Bag]] + X*[I™ HY) + 20’ N [dsCP )] + o/ [N A Fomn]], - (2.38)

with coefficients given in (2:15) to (2.18). It does not contain the fields OA* and J that
would otherwise be present in the most general form of V' of conformal weight one and

ghost-number one. This parameterization in (2715) to (2.18) was called the OPE gauge.

Berkovits-Chandia gauge. As shown in [11], the gauge invariance 0V = Q{2 can be exploited

to obtain a new parameterization for the superfields such that

Bap =75 " Bmnp,  0"Bumnp=0,  y"PHpz=0,  0"Hpa=0, (2.39)

a 1 mpnq\« ma
C ﬁ:1(7 P q) ﬁamBnpq: v ﬁFamn:(),

which we will call the Berkovits-Chandia gauge. As a side note, the normal ordering identity
(ALE) yields [N™"[A*Fomnlolo = [A*[N™" Famnlolo + %[(vmnﬁ)\)o‘Famn]o and therefore

constraint Y"*#F,,.» = 0 implies that
[Nmn[)‘aFamn]O]O = [)\a [NmnFamn]O]O ) (2.40)

a relation that will be exploited later in (2:78).

This same gauge fixing will now be done starting from the vertex in the OPE gauge.

Gauge-fixed massive superfields. The gauge invariance of the massive vertex 6V = Q€2 with

the most general superfield 2 of conformal weight one and ghost number zero,
Q= [00%MNa]o + [da25]0 + [T Qim0 + [T Q)0 + [N Qsimnlo (2.41)

will now be exploited to go from massive superfields in the OPE gauge (2.15)-(2.18) to
massive superfields in the Berkovits-Chandia gauge satisfying (2.39).
The BRST variation Q€ = [j€2]1, where j = [A%d,]o is the BRST current, reads

(% m m\«x 1 m
00 = [00°) ]0(—DaQw +ya593m)+[n A ]O(Dagg,m - Q—Oﬂaﬁgg) (2.42)
1
2
mn\o e m B 1 mn\ B
4 [N™ Ao Do Qs + O (Qm 15 0m S — Dala — 5 (™) Dﬁgg,mn) .

«

+[dsA"lo (=DaS = 5 (™)1 Qmn = 050 ) +[IA"]0 DaSls
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However, the gauge variations of the massive superfields following from (2:43) need to be

modified by a vector-spinor parameter A? to account for the constraint [11]
1
[N XY 0Ymas — E[J/\O‘]O’ygﬁ = 20\"745 - (2.43)

The resulting gauge transformations are given by

CSBag = —Dang + ’)/CTBng , (244)
1
_ m B
OHnma = DaQsm = 5—705%% -
508 — — 2 pLaf - L (v™™)8 Qs — L 50,
o 2002 4o/ T A

1
5Fozmn = JDQQSmn + 7ma6A2 - VnaﬁAyﬁn )

and it is easy to determine the length dimensions of the gauge parameters
1 3 2 3 m mn o' 1
Q=3 [@=3. =1 [)=2 (=2 Ayl=-5 (24
Since there are no massive superfields proportional to J and OA® in the massive vertex V'

in the OPE gauge (2.38), the following constraints need to be satisfied as well

0= Doy — a/y4AL, (2.46)

1
0=0,+ fy&nﬁ@ng — D,y — E(ym”)BaDgQ5mn — 404'7215A,ﬁn )

Note that we can eliminate the term involving A from the above two equations to arrive

at a single condition

1

Qla + VZXnBang - 5DQQ4 - §<7mn)6aDBQ5mn =0. (247)

2.5.1. Bog in the Berkovits-Chandia gauge

After the gauge transformation, the superfield B,g takes the form
Bgzﬁ = Bozﬁ - Dang + ’)/ZLﬁQSm (248)

Now, the bispinor B/, 5 decomposes into a one-, three- and five-form parts

1
= T ( B.. — DUQlT> + T Qi (2.49)
1 mn oT
+ %ﬁyaﬁ p’)/mnp (BO'T - DO'QlT)

1 mnpqr ot
M’yaﬁ - Ymnpqr (BUT - DUQlT)

9



However, the five-form part is BRST exact A*\° (Bag — DQA5> = 0 as shown in (B.9).
So if we choose the gauge parameter 1, = A,, where A, is defined in (B.10), we can

eliminate the 5-form piece from (2.49). Further, choosing

1
Qam = — 30 (BM - DUAT) (2.50)

eliminates the 1-form and B/, 5 becomes

1 mn oT
b = o5 8 e (Bor = Do) (2.51)

Simplifying the above expression using (B.10}), we arrive at the result

Béxﬁ = Vglﬁan;nnp (252)
where,
96 B,y = | (A1ymnpAz) + 8/ Ay, F2 ) — 4o/ (Wiy™ P Ws)
+ 2ia/k[1m(A1’7np] Wg) + 47:(1/’]@% (Al’ymnquQ) + (1 < 2)] (253)
Note that the above expression of By, , is invariant under the exchange of massless-particle
labels. However, this is still not in the Berkovits-Chandia gauge since it does not satisfy the
condition k™ B,,,,,,, = 0, where k™ = k" + k3. To satisfy this condition, we note that we

are still allowed to change Q1, = A, by shifting with any ®,, which satisfies Q(A“®,) = 0.
One can show that the following expressions are BRST closed (and also BRST exact)

NPy, = ik2 AL Vo +ikE VIA2 + AL (A" W) + (W™ A2 = Q(A; - Ag) (2.54)
. m - m 1 mn pmn
XDy, = ik (MWL) F2, +ik2EFL (M Ws) = —§Q(F1 ey

n-mn

Since the above expressions are BRST closed, we can modify the gauge parameters {21,

and €23, by terms involving ®1, and ®5,. Choosing

4
Qo = Ao + 20/ P + go/2(1>2a : (2.55)
L o ! 4 2
Q3m = _1_6'7m (BO'T — Dy, (AT +2a' Py, + ga q)27)> ’

/

we arrive at the following expression of B, ,

1 1 1.
By = 1_80'/,(W1’7man2) + §a,2k[1mk721(W17p]W2> + E@O/Q [kzqF;[mng] + (14 2)
1 1
_ §a/2(Ww’f1’f2mm’Wz) + 5o ik, Pl + (16 2)} , (2.56)
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where we used the shorthand (Wlfyklk2m”pW2) = kLkZ(Wyy®™mPTV,) in the second line.
The equivalence between the first and second lines of (2:56) follows from the Dirac equation
and 2a’k; - ko = —1. It is straightforward to show that (2.56) indeed satisfies k™ By,,,,, = 0.

The explicit form of the gauge parameters defined in (2.55) in terms of the massless

superfields is given by

1
Qg = Ea'Flmn(’ymnAg)a + 20 (Y W1) o AS' (2.57)

4 4
+ gmfzk;(ymwgapgm + gz’a'%g(ymwgamn ,
Q3 = 200’k (W1 Ag) + o/ (Wi Wa) 4+ 20/ FL AY

2 2
+ gia’zk;FfmF’;” + §z’a’2k§ananp .

2.5.2. Hp,o in the Berkovits-Chandia gauge

We next consider the superfield H,,.. After the gauge transformation, it becomes

1 m
H..., = Hpo + Do, — 2—O/’yaﬁQg : (2.58)

It is easy to see that the condition y™*?H! = =0 is satisfied provided we choose

/

Qg‘ = %,ymaﬁ <Hm,3 + DBQg,m)
. 1251 a Am 4 1271 41 mn « 2 . 1272/ mn a A2
= —4ia/ "k, WA — 3io k., A, (™" Wy)® + 3io k(Y™ W) Az, (2.59)

which implies (k7% = k™ + k5*)

! ia/ - mn m n mn
H" = o (<5 (3 Wa)a = 2R3 AL (" Wa)a + Ky AL (777 Wa)a
4K (K2 - AN (v W) e + (1<—>2)). (2.60)

It is straightforward to prove that (2.60) satisfies the transversality condition k" H/ , =0
where k" = k7" + k3. In addition, a long calculation using the massless equations of motion

(22) (stripping off the pure spinor) and the constraint 2a’k; - k3 = —1 reveals that

3
Hy,o = =(7")a” DB, (2.61)

7 mnp *
2.5.3. CB, in the Berkovits-Chandia gauge

Next, we consider the superfield C?,. Its gauge transformation implies

1 1 1
— Do Q5 — — (7™ Qsmn — — 062 . 2.62
2 4(1/,(7 )a 5 2@/6a 4 ( 6)
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After applying the Fierz identity with respect to the indices « and 3 one can eliminate the

zero- and two-form parts by choosing

= %/(Caa 21/D Qa) (2.63)
Qsmn = ‘;'wmn) ( c”, +%D QB>

In terms of the massless superfields, their explicit expressions are given by

/2
Q= ——Fm"F2

6 mn

(2.64)

3 1
Qsrmn = o (Fl[mFr?]a - 2F7}1n(ik1 ’ Az) + §ik[1m(W17n]W2) + §ik[2m(W1'7n]W2)> )

with 2a/k; - ko = —1. Plugging these into (2.62), we find (k7% = k7" + k5*),

/
C'P, = %(,ymnpr)B (12 k}n?(Wl’ynquQ) + k%kiA;Ag) . (2.65)
It is easy to see that the above expression is equivalent to (k™ = k73)
1 . mn
cP, = ik (7 LOLA: (2.66)

with B}, given in equation (256).
As a consistency check, we find that the gauge superfield parameters Q;,, 25, €24 and
Qs fixed in (2255), (2.59) and (2:64) satisfy the constraint (2.47).

2.5.4. Fomn in the Berkovits-Chandia gauge
Finally, we consider the superfield Fl,,,,. After the gauge transformation, it takes the form

1
Folcmn - Famn + _,DonSmn + VmaﬁAg - VnozBAgL . (267)

Requiring the constraint 7% F Bmn = 0 and using (2.46) and {y™,~"} = 2™" implies that

1
A = = (@95 Fomn + (7" D)0, + (1" D) ) (2.68)
 8a/
Using the expressions of Fy,, from (2.18) and Q4 and Qs,,,, from (2.64), we get
43 53 1
Ay =——A] A2 — —Al W) W) A2 2.69
- 4—2 k(R AYWS 4 20k W (kY- A%) + % k2 Wf‘(kl - A?)
n « 3 n 0% n 0%
_ 1—6a el kL AL (7P ) 4 i R GW ) REAZ — Sk KL AL (W)
1
+ go/k,ln(fy"pW 1) ko A2 — 4_8 o (K* - ANEL (v Wo)™ — 5° B2 (W) (KT - A?)
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which indeed satisfies the first equation in (2.46). Finally, we find F),,,,, in the Berkovits-

amn

Chandia gauge as

P ——A[m( W — @A},( AN 2a KL AL (P Wa) e (2.70)
1—76a Kim Apky (VP Wa2) o — 112 "(K? - ANk, (Y Wa2)a
+ zo/kf AL L (P Wa)a + Ea "y Ak, (YnlpgW2)a
- éa kp Agkt, (nipgW2)a — 2—140/(k:2 ANk (P W2 g
+ (14 2),
which satisfies ([mn| = mn —nm, k™ = k7" + k5*)
Flon = 116 (Tikipn Hygo + kg (g ) Hygs ) - (2.71)
Furthermore, using the equation of motion for H/™ [21],
Do HG" = —Gmnvag aaBl/)cm a5+ 3 Bieavag, (2.72)
several gamma matrix identities and
9pC"* 570 = ! — (™) B s (2.73)

4 /
(A\ymrabeyB!, = 20/((91,()\77”0’7”71’)\) — (91,()\7"0’77”7”)\)) ,

we obtain
/ 1 / 1 /
Q()‘F )mn = ia[m()")/n]o )‘) - 1_6617()‘7[7710 7n]p/\> ) (274>
where (AY™C'y™PA) = (AY™) o C' 5 (7P A)P.

2.5.5. Massive superfields in the BC gauge: summary

In summary, the massive superfields in the Berkovits-Chandia gauge written in terms of
massless Superﬁelds are given by the equations B}, 5 = vy5" By, With B n (2:56),

mnp mnp

H!, . from (2:60), C'#, from (2:63) and F’,,, from (270). Dropping the ’ superscript from

3 These results were firstly announced in November 2023 (3] and later confirmed with inde-

pendent calculations by [14].
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the notation and using k™ = k7" + k3, one can show using the SYM equations of motion

(2:2) that the above expression satisfies

Bozﬁ = ’Y;nfganmnp y (275)
3 n
Hma - ?('7 p)o/jD,Banpa
1
O’Ba = Zikm(anpq)BaBnpw
1 ) .
Famn - E <72k[mHn]oz + qu(lyq[m)aBHn]ﬁ) 5

where ([mn] = mn — nm)

1 1
Bunp = 50/ (Wit ¥ mm0w) 4+ — o ik )

- F%+uﬁmy 20/ky - ky = —1,

[m*n
(2.76)
in agreement with [11]. Moreover, the equations of motion of the superfields in the combi-

nation (2:19) are given by

QUB)w = (3™ )a(AH) . (2.77)
QUH™) = (0N,
QN = 109" AF )

QUF ) = 5010 = 160" C ).

and resemble the massless SYM equations of motion (2.2). Note that the gauge transfor-
mations (2.44) preserve the first three equations but not the last. Finally, in the Berkovits-

Chandia gauge the unintegrated vertex operator at mass level one becomes

V = [)\a [aeﬁBag]o]o + [)\a [HmHgL]Q]Q + 204/[)\a [dgcﬁa]o]o + o [)\a [NmnFamn]o]o , (278)

where the normal-ordering bracket [AB]y is defined in (A.2), and we used (2.40). Alterna-

tively, it can also be suggestively rewritten in terms of the definition (2:19) as
V = [00%(B\)a]o + [T (AH™)]o + 2a/[do (CN) o + &/ [N™™(AF ) mn]o (2.79)

resembling the massless integrated vertex operator (2.11).

In the context of scattering amplitudes, the massless representation of massive super-
fields can be viewed as swapping a string label, say k for the massive string, by a pair
of massless string labels, say i,j (i=1 and j=2 in the example of (2.76)). At the level of
superfields (both in the OPE or Berkovits-Chandia gauge), this swap will be denoted by

E—)i,j, 201’(]6,"]6]') =-1, (280)

where the constraint on the momenta must accompany the change of the superfields.
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3. Relation between massive and massless string amplitudes

In this section we will show that using the massless parameterization of the massive su-
perfields gives rise to an explicit relation between massive and massless amplitudes of the
open string. The combinatorics of which can be described by an algorithm [22] closely
related to the descent algebra [23,24]. To see this relation, we reinterpret the factorization
condition to perform the equivalent of the sum over intermediate polarizations on a single

amplitude rather than a quadratic expression connected via a propagator.

3.1. 3-point massive amplitude revisited

The tree-level scattering amplitude of two massless and one massive state was firstly com-
puted using the pure spinor formalism in [12]. The result, despite correct, was obtained
in a rather convoluted way using the OPEs of the pure spinor formalism after performing
the 6 expansions of the massive superfields obtained in [21]. Consequently, the simplicity
of the result was lost. However, one can exploit the cohomological structure of the pure
spinor formalism together with the equations of motion (2.20) to (2:23) to obtain a simple
answer written in pure spinor superspace.

We start with the three-point amplitude prescription for massless strings labelled by

1 and 2 and one first-level massive string labelled by 3
4ia’?A(1,2)3) = (VO30 v) (3.1)

where V() and V() denote the massless and first-level massive unintegrated vertices
(2712) and (R778) (the superscript indicates the mass and has been added for clarity).

[ [y

The normalization on the left-hand side was chosen to make the amplitude dimensionless,
(A(1,2]3)] = 0.

We will use the techniques of [§,6,1] in which the OPEs among the vertices are evalu-
ated up to the plane-wave factors. This results in a chiral CFT correlator multiplying an
overall Koba-Nielsen factor [12]

2a’ky -k 2a’ky -k 2a’kak ~13%23
T = |zp|*® P12 2|7 F1F8 | 25 * T2 = === (3.2)
212
which follows from momentum conservation and k3 = k3 = 0, k3 = —1/a/. In addition,

the CFT correlator is evaluated up to BRST exact terms and this will be indicated by
A ~ B. Defining
Ly ~ V3 V"] (3.3)
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we get

. 1 1 z z
4ia/? A(1,2|3) = (—<L§1v2> - —<V1L§2>>I = 2Ly Vo) + 22 (Vilg) . (34)
231 32 212 212
A straightforward OPE calculation yields
/
L1 = —20/(AHI) 0, Vi + 20/ (C5))P DV — %(AFg)mn(Avm"Al) . (3.5)

The equation of motion (2.2) can be used to rewrite the second term of (875) as

20/(C3A)’DgVi = =20/ (C3N) QAL + 20/ (\y™ C3\) AT (3.6)
/

= —20/Q(A103) + T (AF3)mn(\y"" A1) + 20/ (A" CaN AT
leading to cancellations in (8.5). Furthermore, dropping the BRST exact term we arrive at

L§1 ~ —20/(>\H§n)8m‘/1 + 20/()\’7”103)\)14;“
~ =2/ AHTQAL 4 20/ (NHEF) My W1) + 20/ (Ay™C3\) AT
~ 20/ Q((NH5")Ay,) + 20/ (AHZ") (A W)
~ 20/ (AH3") (Aym W), (3.7)
where we used the equations of motion (2.21) and QAL = 9,,V1 + (A, Wh). It is easy

to see that QLg; = 0, as expected from the definition (8.3) and the identities (2.25) and
(2.26). After plugging in L;; from (8.3) into (8.4) the three-point amplitude becomes

4ia’? A(1,2]3) = —20 ’223<(mel)v2<m3 )) — 2a '213 Vi(MymW2)(AHTY))  (3.8)

To simplify this answer further we will need the following:
Lemma. In pure spinor superspace, the following is true:

(VoA W) AHT)) = (Vi Ay Wa) AH)) (3.9)
Proof. Note that

QM Wiz) = Vi(M"Wa) — Vo (A" W), (3.10)

where W5 is the Berends-Giele current defined in [25]. Therefore,

(Vi(dymW2)(AHZ")) = (Q(MymWi2) (AHZ")) + (Va(Aym W1 ) (AHZ")) (3.11)
= (AMymWi2) QAHZ")) + (Va(Aym W) (AHZ"))

= ((MymWi2) A" CsA)) + (Va(Aym W) (AHZ"))

= (Va(Mym W) (AHZY))
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where we used BRST integration by parts to arrive at the second line followed by the
equation of motion (2:2I) and the identity (Aym)a(AY™)s = 0 in the last line, finishing
the proof. L[]

Finally, using the Lemma (8.9) in (8:8), the three-point amplitude of two massless

states and one first-level massive state becomes

A(1,213) = == (Vi (A Wa) AHE)) (3.12)

i
2a/
This is independent of worldsheet positions as expected from Mobius invariance. Moreover,
it is easy to show that the amplitude is BRST invariant.

3.2. Massless representation of the massive 3-point amplitude
Plugging in the massless representation of the massive superfield (AH3") in the OPE gauugelé

given in (B.2) (with the relabeling 1 — 3, 2 — 4) into (3.12) one gets

A(1,2]3 Vi( My W) (B3 K Vi + k5 (A" Ws) AY)) (3.13)

)‘§—>3,4 =

where 3 — 3,4 defined in (2:80) represents the change to the massless representation
of the massive superfield (AH3"), and we dropped the BRST exact term k5'Q(W3A,) in
(AH3F") from (B.2) because Vi(Ay™Ws3) is BRST closed. Using the equation of motion
kyVy = QA} — (Ay"Wy) one rewrites the first term inside the parenthesis in (8.13) as

FP Vi = Q(F™AY) — Fy™ (M Wa) — k§" (A" W) A7 . (3.14)
Therefore, discarding the BRST exact term from (B.14), one obtains
FP™ Vs + KO0 Wa) AT~ —FJ™ (O™ W) + (™ W) (ks - As). (3.15)

Plugging (3.15) into (B.13) and using (Aym)a(AM™)s = 0 to drop the second term from

(8.15) one finally arrives at

A(1,2[3 Vi(Aym Wa) F5"" (A Wa)) - (3.16)

)‘§—>3,4 - _<

4 Using BRST cohomology manipulations, one can show that the pure spinor superspace ex-

pression (8.13) is also obtained if (AH3") in the Berkovits-Chandia gauge is used instead.
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The superspace expression in the right-hand side of (3.16) is easily identified as the kine-

matic factor of the massless four-point open-string amplitude at one loop [26,5]
A(1, 2, |§)\§%3v4 = —(Cij2,3,4), 20'k3 - ky = —1, (3.17)

where Cf9 3.4 is the four-point BRST invariant defined in [27,28] whose explicit compo-
nent expansion [29] can be downloaded from [30]. When all states are bosonic, (C1|23,4)
is proportional to the famous tgF'* combination, where the tg tensor can be found in [31].
The constraint in the momenta is written explicitly for emphasis (as it is already implic-
itly required by (2:80)). Alternatively, the four-point BRST invariant was shown to be

-

proportional to the o/ 2 string correction of the massless four-point amplitude, denoted by
AFY(1,2,3,4) BT

A(1,23 = —AF(1,2,3,4),  2a'ks kq=—1. (3.18)

)‘§—>3,4

Since the pure spinor superspace expression (3.16) contains four superfields and it is BRST
invariant, one can expand it in components using regular four-point kinematics and apply
the massive kinematics constraint 2a/(ks - k4) = —1 at the end of the calculations. Using
the normalization ((Ay™8)(AY"8)(AYP0)(0vVmnph)) = 2880a’” of the pure spinor bracket
[3] we get

AL2B3)], 5, = —o'?(ky - ko) (kg - k3)ASYM(1,2,3,4),  2d'ks -ks=—1, (3.19)

where ASYM(1,2,3, 4) represents the four-point SYM field-theory amplitude.

Component expansion. On the one hand, the component expansion of the amplitude (8.12)
when all external states are bosonic can be computed using the theta expansion of H'
found in [21],

A(1,213) = & f1" 15" g3mm + 2i€T k5 €5b3mnp + (1 < 2) , (3.20)

where gp,, is the symmetric traceless and by, is the 3-form polarization subject to

k™ gmn = k"™ bmnp = 0. The length dimensions of the quantities in (8.20) are
[A(1,2|3)] =0, [gmn] =0, [brmnp] = 1. (3.21)

In addition, f{"" = kel — kle]" is the component field-strength and we rescalled the

overall normalization of the amplitude given in [21] for convenience.
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As shown in [21], the massive polarizations of the open string can be extracted from

the massive superfields in the Berkovits-Chandia gauge as

9

1
Imn = a(DV(mHn))‘ezo’ bmnp - ganp‘HZO ’ (322)

where the overall normalizations were chosen for convenience. Using the massless repre-
sentations of the massive superfields H}" and B, from (2.75) in the Berkovits-Chandia

gauge with labels 1 and 2 as in (2.76) yields [13]

1 1
Imn(1,2) = 8 (e"eh + efeh — §5mn(61 ce2)) (3.23)
1
+ —o/ (2(kT'kY — 2KT" kS ) (eq - e2)

24
+ 6(]6?6111 + k’gdfb)(kl : 62) — 6mn(k1 . 62)(162 . 61) + (1 g 2))

1
+ —04/2]{3117% ?2(]{1 . 62)(162 . 61)

6

v yrm n p) [m n p

bnp(1,2) = 6% (ki"eted + ky e el)
i %a’z(kgmkgeg](@ cer) R By - e2)), 20 (ky - hy) = —1,

where the notation g,,,(1,2) emphasizes the labels 1 and 2 of the massless polarizations
on the right-hand side. Using the transversality (k; - ¢;) = 0 and that the states 1 and 2
are massless, k2 = k3 = 0, together with the constraint 2a/(k; - k2) = —1, one can easily
check that they are transverse, k75gmn(1,2) = 0 and k75bnp(1,2) = 0 as well as traceless
symmetric (gmy,) and antisymmetric (by,n,) in their vectorial indices.

Finally, it follows from the above discussion that the two expressions (8:20) and (3:19)

of the three-point amplitude with one massive and two massless states are related by
93mn = Imn(3,4),  b3mnp = bmnp(3,4) 20/ (k3 - ky) = —1. (3.24)

More generally, we define in analogy with (2.80) the same notation k — 4, j to represent

the swap to massless polarizations in place of the massive polarizations:
k=47 Gkmn=9mn(6:7) s  bkmnp = bmnp(i,7) 20/ (k; - kj) = -1, (3.25)

where ¢y (7, 7) and by (4, j) are given by (8:23).
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3.83. Massive amplitudes as linear combinations of massless amplitudes

The observation (3.17) generalizes to higher multiplicities. To see this, we use the per-
turbiner construction of A(P|n) recently found in [15]. In that paper, the superstring
amplitude involving n—1 massless states and one massive state n was packaged in terms

of (n—3)! worldsheet integrals F) and partial subamplitudes A(1, P,n—1|n) as

A(LQn=1,n) = > FYA(L, Pn—1|n), (3.26)
PeS,_3

where P and @) are words comprised of particle labels (letters) and F(g have the same
functional form as the string disk integrals in the massless string scattering amplitude
[1,2,82,83]; the only difference stems from the massive constraint k2 = —1/a’ affecting the
relations among Mandelstam variables. When all external states are bosonic, the partial
amplitudes A(1, P|n) with |P| = n—1 massless states and one massive state at the first

massive level are given by [15],
A(PIn) = ¢p" gnmn + p " bpmnp (3.27)

where the | P| massless states are encoded in

oo Y PR+ ere(P), 329
XY =P

p=2i Z exkyey — 3 Z exeyey +cyc(P),
XYy=P XY Z=P

where e and f¥" are the Berends-Giele multiparticle polarizations of [84],

1

=1z D Flkyex) + R (3.29)
P —
XY=P
P =kpep —kpep — > (eRel — exey).

XY=P

In addition, the notation +cyc(P) instructs to add the cyclic permutations of the letters
in P, XY=P denote the deconcatenations of P into non-empty words X and Y, and
ki, =k R4+ R

2J...p
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Upon plugging the massless representations (8.23) of the massive polarizations into

the amplitude (8.27), replacing the massive state n by two massless states labelled n and

a

n+1, straightforward but tedious calculations® show that:

A(172|§)‘§_>374 = —(C1)2,3.4) » 20'ks - ky = -1, (3.30)
A<17 2, 3‘4)‘494’5 = _<Ol|23,4,5> ) 2O/k4 ks =—1 ’
A(1,2, 3,4|§)‘§_>5,6 = —(C1)234,5,6) » 20'ks - ke = —1,

where the substitution rule in the left-hand side is given by (3.25), and the constraint in
the momenta is written down for emphasis (in addition to featuring in (8.25)). The explicit
components of the scalar BRST invariants are available to download from [30] and can be

used to check the relations above. These results suggest the following generalization,

A(17 P‘E)‘Q—)n,n—l—l = _<01|P,n,n+1> ) QO/kn : kn—i—l — _1, (331)

relating the massive string amplitude with one massive external state to the o/ % sector of

the massless tree-level string amplitudes.

Massless string amplitudes at o/ % order. To make the connection to the o/? correction of
massless string tree amplitudes even clearer, we can explicitly rewrite (3.31) in terms of

AP the ’? corrections to massless string amplitudes defined by [27]
A(L,2,...,n) = AY™M(1,2, ... n) + o’ AT (1,2,...,n) + O(*) . (3.32)

To see this, we note that the BRST invariants (C|x y,z) can be expanded in terms of
permutations of AF 4, as argued in [27]. The precise permutations in this expansion turns
out to be related to the Solomon descent algebra, as described in [22]. In particular, for
each n-point BRST invariant C|x,y,z characterized by words X,Y and Z, one can define
precise permutations 7;|x,y,z of n labels (from the letters in 1, X, Y, Z) dubbed BRST-

invariant permutations. For example,
Y1)2,3,4 = Wi2sa + Wiz + Wizag + Wizao + Wigos + Wigsa, (3.33)

where a permutation o is written as W, for typographical reasons.

® We acknowledge the use of FORM [33].
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The relation found in [22] expands the BRST invariants as permutations of A Y

1 pa

(Ciixv,z) = EAF (Mx,v,2) = > AT (o). (3.34)

OEY1|X,Y,Z

[N

For instance, using the permutations in (8.33) one gets

1 ;4
(Cij2,3,4) = EAF (7112,3,4) (3.35)

é(AF4(1234) + AT (1243) + AT (1324)
+ AT (1342) + AT (1423) + AT (1432))
= A" (1234),

where in the last line we used the total symmetry of A 4(1234).
In view of the identity (B.34), the general observation (8.31) yields a expansion in

permutations of A !

1
A(1, Pn)| — A" (Vpmms1), 207Ky kg = —1. (3.36)

n—n,n+1 - 6

For example, one gets

4 4 4 4 4 4
—6A(1,2,3|4 = Afysss — Alosss — Alouss + Afosss + Alasss — Algsas (3.37)

”4—)4,5

F F F F F F
+ A13245 - A13254 + A13425 - A13524 - A14235 - A14325 )

where the explicit permutations in 7)23 45 and the algorithm to generate them can be
found in [22]. Note that we used the parity and cyclicity in the form of AF4(1, 2,...,n) =
(=1)"AF"(1,n,n—1,...,2) to reduce the number of terms in (3.37).

3.4. Relating massive and massless string amplitudes via unitarity

In this section we will show that the result (3.31) can be explained from the factorization

LA}
of the massless string amplitude in its first massive pole® . To see this, one computes the

residue of the massless n-point tree-level amplitude when s,,_1 , = —1 (setting o/ = %)

6 See [36] for similar considerations with the RN'S formalism.
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3.4.1. 4-point factorization

The massless 4-point tree amplitude is given by

P<834)F(823)
Ay = A(1,2,3,4) = (C . 3.38
4 ( ) < 1|2,3,4> P(l + S34 + 823) ( )
Using the well known result that Res,—_,(I'(z)) = (—1)"/n! we get [B7]
Res (A4) = —(Cij2,34), 8314 =—1, (3.39)

834:—1

which explains the first line of (8.30).

3.4.2. 5-point factorization

The five-point analysis proceeds similarly. But note that the Mobius symmetry gauge fixing

(21, 24, 25) — (0,1, 00) in the usual formula [1,2]
As = A(1,2,3,4,5) = AYM(12345) Fys + AYM(13245) F3, (3.40)

with

1 z3
Fy3 =/ dzg/ dzy “12954 Is, F3o —/ dZS/ dzy “18%24 1. (3.41)
0 0

212234 2«'13224
is not well suited to obtain the residues with respect to s45, since z5 — oo and the cor-
responding factor of z:3° is absent in the Koba-Nielsen factor Zs = 2512251°255° 2,5 255" .
However, one can exploit the cyclicity of A5 to compute the residue as s;2 = —1 and then
apply three cyclic rotations in succession s1o2 — So3 — S34 — S45 to obtain the residue as

s45 = —1. The calculations done in [B8] show that

Res (As) = s34B(s135-+523, 834)(AYM(12345) (823_M>_AYM<13245)813824>
S12=— 535 535
(3.42)
L(z)I'(y)
L (z+y)

where B(z,y) = is the Beta function. After noticing that

1

_£(C5|43,2,1> = AYM(12345) <323 _ s2a(s13 + 523)

S35

— AYM(13245) 213728 (3 43)
835

which can be shown using the algorithm of [28] to rewrite

(Csjaz21) = AYM(52134) 512815 — AV (52143) 512514 (3.44)
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and expressing the result in the basis of AYM(12345) and AYM(13245), one gets

Res (As) = s34B(s13 + 523, 534)(Csj43,2,1) s12 = —1. (3.45)

S12=—1

The cyclic rotations of (3.45) give rise to

Res 1(A5) = s12B(814 + 515, 512)(C3)21,5,4) 5 S45 = —1
Sa5=—
= —512B(—s12 — 513,512)(C1j23,4.5) » S45 = —1, (3.46)
where in the last line we used the canonicalization identity [25] (C3j21,5.4) = —(Cij23,4,5)

and momentum conservation. This is compatible with the factorization

Res (4s) = > A(1,2,3]z)A(4,5]z), (3.47)

S45=—

where ) | denotes a sum over the massive polarizations at the first mass level. To see this,

note that the three- and four-point string amplitudes with one massive state x are [15]

(14 s93 = —S12 — S23)

A(l, 2, 3|§) = 812B(—812 — 513, 812)14(1, 2, 3|§) 5 (348)
A(4,5]z) = A(4,5]z)

where A(P|x) is given by (3.27) (see also [B9,40]). Compatibility of (3.46), (3.47) and (B.48)
requires that

ZA(L 2,3|lz)A(z]4,5) = —(Chj23,4,5), s45 = —1, (3.49)
which can be explicitly checked using (8.52) below.

3.4.3. Sum over intermediate massive polarizations

The justification given above for the first two lines of (3.30) was obtained by computing
the first massive residue of the massless amplitudes. A more direct derivation follows from
the interpretation that the left-hand sides of (3.30) are given by an sum over intermediate

massive polarizations

A(L,2,...,n—1|n)| => A(L2,...,n—1lz)A(n,n+ 1|z). (3.50)

n—n,n+1
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To see this, note that the massless representation rules of (3.23) encapsulated in (B8:25)

- |

follow from the factorization relations

ngn gpq >¢12 - gmn 1 2 Z bmnp qrs k) (1155 - bmnp(L 2) I (351>

where ¢ was defined in (3.28), and the momenta is k = k1 + k2. Moreover, the sum

over the massive states x is performed by the completeness relations [41)],

5 (K153 (—4) = i (k- 2m) by + 2000 (3.52)

1
— (ko + 200 (kpky + 21p) + (m > )

5 b (R)ars(—H) = 55 (b ) (k20 s+ 20 + o],

DO

where [mnp| instructs to antisymmetrize over the indices mnp and we set o =

With this interpretation, the relations (3.30) can be written as
ZA 2|2)A(3,4)z) = —(Crjosa), 20/ (ks ka) = —1, (3.53)
ZA 1,2,3]z)A(4,5]z) = —(Cijas,45), 20/ (kg-ks) = —1,

ZA 12,3, 4|2)A(5,6|z) = —(Chj2sas6), 20 (ks - ke) = —1,
and have been explicitly verified. They suggest the generalization

> AL Plz)A(n,n+1]z) = —(Cripnnsr)s 20/ (kn - kng1) = =1, (3.54)

as the equivalent statement to (8.31). However, note the interpretation difference in how

unitarity is actually implemented to arrive at the equivalent results (3.54) and (3.31).

4. Conclusions

In this paper we found an explicit realization of the massive superfields describing the open
string states at the first mass level in terms of massless SYM fields. This was achieved
through the calculation of OPEs between massless vertices, giving rise to a massless rep-

resentation in the so-called OPE gauge (2.15)-(2:18). Additional manipulations were used
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to fix the gauge invariance of the unintegrated vertex operator due to BRST-exact pieces,
with the end result being the massless representation in the Berkovits-Chandia gauge (2.75)
and (2.76).

After simplifying the three-point amplitude of two massless and one massive state

obtained in [12] to a single pure spinor superspace expression,

A(lv 2@) = V1(>‘f7mW2)(>‘H§n)> ) (4'1)

i
207
the massless representation of the massive superfield H" was then used through the su-
perspace substitution (2.80). The resulting expression (8.16) related, at the superspace
level, the massive amplitude (4.1) to the o ? correction of the massless four-point open
string amplitude as captured by the scalar BRST invariants [25]. The generalization of

this relation was proposed as

A(l, P|ﬂ>}ﬂ—>n,n—l—1 == _<CI|P,n,n+1> 5 2Oélkn . kn—i—l =—-1 N (42)

where the restriction n — n, n+1 on the left-hand side was defined in (8.25) from superfield
considerations and later justified via factorization in (8:5%). The proposal (4.2) was then
explicitly checked in terms of polarizations and momenta up to n = 6 and shown to be
compatible with unitarity via the residue of the massless amplitudes at their first massive
pole. The translation from the right-hand side of (4.2) to linear combinations of o/ ? massless
amplitudes A" (defined in [27]) follows from the descent algebra algorithm described in
R2).

It would be interesting to invert the relation (4.2) to find the pure spinor superspace
expression of the partial massive amplitudes (8.2%). In addition, it may be possible to turn
the observations in this paper into a constructive algorithm to compute massive amplitudes

starting from the known expressions of the o/ ? massless open string amplitudes.
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Appendix A. OPEs of non-free fields

As explained in [42], a free field is defined as a field whose OPE with itself or its derivatives
contain a single constant term. In the pure spinor formalism, the fields are not in general free
as can be seen from the OPE of d, (z)dg(w) or N™"(2)NP4(w). In this case, the definition
of normal ordering of operators and the calculation of OPEs with normal ordered operators
is done following a generalization of the conventional Wick theorem rules, see e.g. [43,42].

Let us briefly review the calculation of OPEs involving composite operators following the
exposition of [44,45] (see also [4G.47]).

A.1. Operator product expansion of composite operators

The OPE of A and B is defined as (NN is a finite positive integer)

N
A(z)B(w) = > % (A1)
and the normal-ordered product of A and B, denoted (AB)(w), is given by
(AB)(w) = % . CiZwA(z)B(w) = [AB]p(w). (A.2)

Generalized Wick theorem. The calculation of nested OPEs of non-free fields can be done
entirely at the level of the OPE brackets introduced above. The underlying techniques
follow from the Borcherds identity

; (f) [ABlr4j+1Clp+q+1—5 = (A.3)
(_1)j <§) <[A[BC]Q+1+j]p+r+l—j - (_1)T+ab[B[AC];D-I—l—i—j]q—l—r—l—l—j), p,q, T € Z
=0

which plays a major role in vertex operator algebra [48]. In the above, a,b denote the
Grassman parities of A and B, respectively. The two special cases of the Borcherds identity
that are frequently used follow from (p+1=m,¢+1=n,r=0) and (p=0, ¢+1=n,r+1=m);
they give rise to identities for [A[BC|,],, and [[AB],,C], [44,45]:

m—1

AIBCY L = (-)1BIACKL + 3 (™

)[[AB]m—jC]n+j , m>1 (A.4)

[AB]Cl, = 3 (-1 (m - 1) (AIBCls sy + (—1)™ [ BIAC] 4 1)mny1) (A5)

3=0



where we used (m_l) =(" ! ) and relabeled m —1—j — j in (A.4). In particular, when

J m—1— =
the composite operators are normal ordered we get”‘ [43,47)
n—1
1
[A[BCLo], = (<1 [BIAC]Jo + [[AB],Clo + 3 (” Z. )HABM_ZCJZ- (A6)
=1
n—1
= (~1)° ( [AC],]o + Z 19 [BA]nClo + 3 (—1)[[BALC) - )
=1
[AB)oCln = Y ([A[BClutl-; + (=1)*[B[AC]j41)n—j1) (A.7)
7=0

Z_: A0n2]2+z (63ABCH+J]0+( )“b[éjB[AC]n+j]0>

Repeated application of these rules allow the computation of OPE brackets with arbitrary

nesting. Some useful relations obeyed by the brackets are

[A[BClolo = (=1)"[B[AC]o O+Z Y [0'[ABL:Cly (A-8)
[[AB]oC)o = [A BCO]O-i—Z A[BCiJo + (—1)*[0"B[AC);]o) (A.9)

and (with n a non-negative integer):

(BAL = (-1 ([ABlu + Y (-1)' 50 (AB]y.) (A.10)
[0AB],, = (1 = n)[AB]n— (A.11)
[ADB],, = 8[AB], + (n — 1)[AB],_ (A.12)
[AB]_, = i[a”AB]O (A.13)
4B, = T Lgiap, (A14)

(")
Note that 0[AB],, = [0AB], + [A0B],. In addition, [A, ]; is a graded derivation over all

other brackets. This means that
[A[BC]n)1 = [[AB]1iCl + (—=1)*[BIAC)], - (A.15)

Furthermore, if the conformal weights of A and B are h4 and hp then [AB],, has conformal

weight ha + hp — n, i.e., the bracket [ |,, has conformal weight —n.

" Note (”) = (—1)m(_”+m_1) when n < 0 implies (—31) = (—1).

m m
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A.1.1. OPEs of superfields in a plane-wave basis

A superfield K; € [Ay, A, W, F™"] in a plane wave basis is expanded as
Ki(z) = K;(0, X) = K;(0(2))e X | (A.16)

for example Al (2) = Al (0(2))e?**X(2). We are interested in the OPE of two such super-
fields. The definition of the OPE given in (A.1)) needs to be generalized when the operators
ik-X

involve plane-wave factors e as the behavior

eth1 X (2) etk X (W), — (5 w)za/kl"~62 [1+ (2 — w)iky - 0X(2) + O((z — w)2)] etk X (W),

where k3 = k1 + k2 is not of the form (A.1) unless 2a/k; - ko is an integer. However, when
2a’k; - ko = —1 the OPE can be written as

N

Kl(z)Kg(w) = Z %, 2(1/’]{1 . ]{32 =-1 (A17>
with
[KlKQ]O(U)) = 8K1(w)K2(w) y <A18)

(K1 K] (w) = Ky (w) K (w),
[KlKg]nzg(’w) = O

To see this, note that there is no worldsheet singularity between the factors K;(6); the

OPE singularity comes entirely from the plane waves using 2a/ky - ko = —1,

ik - X(w) ytke- X (w
,eile(z).,eiksz(w).: e’ ( )e 2 ( )

(z —w) [1+ (2 — w)iky .8X(z)+(f)((z_w)2)} (A.19)

The factors K;(6) contribute via the Taylor expansion
K1(0(2) K2(0(w)) = K1(0(w)) K2(0(w)) + (2 — w) 90 0o 1 (0(w)) K2 (0(w)) + O((2 —w)?).

(A.20)
From (A.19) and (A.20) it follows that

(K1 Ko (w) = (iky - X K1(0(w)) + 00%06 K1 (0(w))) ™ X ) Ky (0(w))er> X ()
= 0Ky (w)Ka(w) . (A.21)

Similarly, [KlKg]l(w> = Kl(w)Kg(w) and [KlKg]nzg =0.
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A.2. OPEs in the pure spinor formalism

Using conventions for the open string, some of the basic OPEs of the pure spinor formalism
used in this work are listed below (for brevity, the dependence on w is omitted on the right-
hand side):

B
800‘(2){895(11)), 1" (w), N™™(w)} ~ regular, do(2)060° (w) — (zfiaw)w (A.22)
DK . 0K . (Y"08).
do(2)K(w) — po— I (z)K(w) - —2«a po— do ()T (w) — T w
do(2)dg(w) — 5y Y w " ()" (w) —» —2« EEmEE do(2)07 (w) — P
J(z)J(w) — w0 J(2)A (w)—>z_w, N™(2)A (w)—>2 T w
gplm nla _ salm pnlp smlagpln
mn Pq _
N™™(2) NP4 (w) — P 3(2 )2

where K (w) is a generic 10D superfield that does not depend on derivatives ¥ X™ and
9%0* with k > 1.

A.3. Rearranging normal ordered brackets

The direct evaluation of the bracket Iy = o/ [[N™"F"]g[\? AZJo]1 using the rules in (ALH)
and (A.2) gives

Oé/

Ly = o/ W INT" (F™ AR)loJo + — (") 5 [ XN o Ao (A.23)
which is not the result displayed in (the last line of) (2.13). We need to do further processing
to obtain the last line in (2.13).

Notice that in the second term the SYM superfields F{"" and A% appear in different
normal ordered brackets. Therefore an expression for a massive superfield cannot be iden-
tified as the singularity between F"" and A% has not been taken into account. However,
using the identity (A.9) followed by (A.R), the normal ordered bracket from (A.18) builds

[t~ -

up and we get

[[F"™ X0 AZlo = [FT"" [\ AZlolo + [OX[F{™™ AZ]1]o (A.24)
= [N[F™™ AZlolo + [OXT (F]"" A3)]o
= [\Y(OF[™ A3)]o + [OXN (FT" Ao ,
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and the result is proportional to the massive plane wave e**3'X . Similarly, the first term in

(A.23) can be rewritten using (A.8) and [N N™"]; = —1(y™")# A7 as follows

a/

o VN AR)olo = o [IN™" N (FT™ AB)olo — - (v™") 4 [0N7 (F1"" AB)]o - (A.25)

This leads to

/

I = o/ WIN™ (F™ Aol + S () (N @F™ A3 + [0X7 (" A3 )

Oé/

— a/[Nmn[)\’B(F{nnA%)]O]O + B

(Y™™, AT (OFT™ AR )]o (A.26)
which is the result we used in the last line of (2.13).

A.3.1. Normal ordering identity

Using the pure spinor OPEs

1
NTANX] = Z (4™ )\ , [Nmn/\a]n>2 — O’
[ i=50""A) > (A.27)
AJ]y = —A® [A*J]p>2 =0,
and the identities from the appendix A we can show a normal-ordering identity given in
7]
mniyay S m 1 aypB n ) A 1 MmNy (meg A
[N™T AN Jolovgy = §[J[/\ N lolovgy + 5)\ (v )\)74‘5()\7 )*(Y"ON)y  (A.28)

and used in the proof of QV = 0 in section 2. To see this note that (A.8) implies

[N I N olovgs, = N IN™ N olovg,, + [DIN™" A TN ]ov s,

1 1
=57 ATolovEy 4+ 2A% (Y ON)y + 5 ("N (M),
1 1 1
= SN ol — 30N (A + 2N (ON), + 2 (17O (™),
1 5 1
= 5[{7[”%]0]0757 + QV(’Y”W% + §(>\7m”)a(7ma)\)w (A.29)

where we used [11] (to show it, apply [J, —]2 to both sides)
mn m 1 n n
[N Mo, = 5[TNTovg, + 2(7"0N), (A.30)

to arrive at the second line while (A.8) has been used to arrive at the third line with
[N [TN]olo = [J[A*Nolo — OAAP. Finally, (OAY™)a(Ay™) 5 + (OAY™) 5(Ay™) o = 0 leads
to the fourth line and the identity (A.28) is demonstrated.
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Appendix B. Equations of motion of massive superfields

From massless SYM in the OPE gauge. We will check that the equations of motion for the
first-level massive superfields in our representation given in (2.20) to (2:23) are implied by
the linearized SYM superfield equations of motion (2.9).

The massive equations of motion in a BRST language involve the combinations (AB),,
(AHpn), (CA)* and (AF)py, defined in (2.19). Therefore it will be convenient to list these
superfields after contracting the definitions (2.15) to (2.18) with the pure spinor A:

(AB)a = —2id'k2 (7" W1)aVa — id'kL (yaW1)a(My™™ Ag) — %F}nn(ymmavz
= —2iakp, (V" Wh)a Vo + i kT (7" W1 )a (MY "™ Ag) + i kT (A" W) (Y77 As) o

o o
SO0 )0 4D + S QL (7" As).) (B.1)

oy
(AH )y, = AL Vo + 20k} (K2 - ANV, — 2id/ kL WP DV — %k}anp(M”pAz)
= ATV + 20 k;, (K2 - ANV, — 2id kL (MW" W) A2 — 2id’k}, QW1 As),
= —2ia/ (k;gF{“"vQ F R (W) AD + k;nQ(WlAQ)) ,
(CN)* =WV, (B.3)
()‘F)mn = Flmnv2

—~
o
[\)

~

—~
@
o

N—

In order to derive the above representations one uses the gamma matrix identity Vo(8Vs) =
0, the Dirac equation, the linearized SYM equations of motion (2:2) as well as the pure

spinor constraint. In particular,
CETT (™ DYV = Q(ET (A ™ Ay)) (B.5)
In addition, the first massive state condition —2a/(k; - k2) = 1 implies that
—2id kY F"" Vo = AT'Vo + 2a/ (ko - A1) Vo (B.6)

as easily seen after expanding the linearized field-strength F{"" = k" A} — kT AT".
A straightforward calculation using the usual set of identities leads to
Q(AB)a = (M™)a[—2i/ kY FI""Va — 2ia/ k" (A" Wh) AL — i kP Q(W1y" 7" A2)]
= (™) aAHi) + (™) [2i0 K7 QW3 As) — i K Q( W1y A2)]
= ()"Ym)a()‘Hm> . (B?)
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To arrive at the last line, note that the two BRST-exact terms vanish after using y"~" =
—"A™ 4 2™ and the Dirac equation.
Now, taking into account that \y™W is BRST closed and using the SYM equations

of motion (2.2), the rewritten expression (B.2) leads to
QOH) = 20 (k1 - ko) Ay W1)Va = (Ay™CA) (B.8)

where we used the first massive state condition —2a’(k1 - k2) = 1 from (2.9) and the
definition (B.3). This proves the equation of motion (2.21).
The equation of motions (2.22) and (2:23) follow immediately from the linearized

[y

equations (2.2) and the definitions (B.3) and (B.4).

B.1. (ABX) is BRST exact

It is easy to see from (B.7) and the pure spinor constraint that (AB)) is BRST closed. We
will now show that it is also BRST exact.
From (B.1}) and the identities (Ay"™)q(M™)s = 0 and (Ay™"PX) = 0 it follows that

/
(ABX) = —2ia/ k2, (\y™W1)Va + %Q(F;Ln(mmmz)) (B.9)
1
- —2a’Q<i(k:1 AV 4+ AT (O W) + (ks - AV — ~ L (mm”Az)) ,

4 mn

where we used the linearized equations (2.2). Therefore A*\° (B3 — Do Ag) = 0 with

. my/.m . 1 mn
A = —2d/ (z(kl o) Al + AT (Y Wa) + (ks - A AL — = FL (3 Az)ﬁ) . (B.10)

4 mn
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