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A B S T R A C T   

Stress relaxation taking place after hot deformation is modelled by incorporating the simulta
neous action of various physical phenomena. Dislocation recovery, recrystallization, and pre
cipitation are all interrelated adopting new formulations. Dislocation recovery is approached 
through a vacancy-mediated dislocation climb approach. Recrystallization is considered to be 
meta-dynamic or static, and the effects of precipitate pinning and (interstitial and substitutional) 
solute drag are incorporated. The kinetics of precipitation nucleation, growth, and coarsening are 
also taken into account; precipitate nucleation in dislocation cells is assumed and thus the 
dislocation cell evolution is accounted for. The softening behaviour is thus tracked for 6 micro
alloyed steel grades and compared with 37 softening curves for a range of temperatures and prior 
deformation rates; the modelling describes the experiments with great accuracy. The application 
of the approach to additive manufacturing microstructural relaxation is discussed.   

1. Introduction 

Stress relaxation caused by microstructural evolution after hot deformation in metals is of great technological importance as the 
mechanical properties and residual stress in the product are severely changed. For multi-pass metal thermal forming processes such as 
forging and rolling, and more recently for additive manufacturing, it is necessary to predict the evolution of mechanical properties and 
residual stress (Brown and Bammann, 2012; Li et al., 2020; Liu et al., 2020). In wrought products, such changes follow work hardening 
in deformation passes; for additive manufacturing, the quick cycles of heating and cooling impose thermal strains upon layering. The 
control of these changes is vital to ensure the dimensional accuracy and mechanical properties of the product. For instance, in hot-strip 
rolling the accurate estimation of the rolling force and residual stress to precisely control the thickness and shape of the strip is only 
possible when the softening processes between stands are accurately described (Zhao et al., 2018). Thus, to computationally optimise 
manufacturing processes it is necessary to provide a model that captures the multiple physical mechanisms behind stress relaxation. 
Such a model would allow to comprehensively understand the relation among the thermo-mechanical processing, microstructure, and 
material properties, as well as their influences in residual stress development, so as to promote a reduction in time and cost for 
developing products with better performance during the design stage (Min et al., 2020). 
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The microstructure evolution after hot deformation is a complex metallurgical process involving multiple physical phenomena. 
Generally, as shown in Fig. 1, the material after deformation at elevated temperatures will undergo processes of recovery, static 
recrystallization and grain growth, leading to a classical static recrystallization process. If dynamic recrystallization is triggered upon 
deformation, meta-dynamic recrystallization will replace the static recrystallization shown in Fig. 1. Except for the absence of an 
incubation time (tc) in the meta-dynamic recrystallization, the microstructure evolution of both meta-dynamic and static recrystal
lization is similar (Humphreys and Hatherly, 2012). Concomitantly, the nucleation, growth and coarsening of precipitates will take 
place; the effect of solute atoms pinning grain boundary motion will also be present. 

Significant effort has been put into modelling individually each basic physical process mentioned above (Dutta et al., 2001; He 
et al., 2017; Martınez-de-Guerenu et al., 2004; Min et al., 2020; Song et al., 2001; Svoboda et al., 2011; Verdier et al., 1998): recovery, 
static and meta-dynamic recrystallization, precipitation and solute drag. Although previous work has proposed models by coupling 
some of these processes (Bäcke, 2010; Buken and Kozeschnik, 2017; Engberg and Lissel, 2008; Li et al., 2009; Zeng et al., 2019; Zurob 
et al., 2002), there is currently no model combining all such processes simultaneously; this would allow to accurately predict 
microstructural evolution during and after hot deformation. Most of the related work (Brown and Bammann, 2012; Cho et al., 2019; 
Tang et al., 2020; Zurob et al., 2002) focus on the evolution of static recrystallization volume fraction which evaluate the softening 
behaviour of deformed material by a simple mixture rule based on the volume fraction. The effect of precipitates has been estimated by 
adding the Zener pressure in the driving force for recrystallization, and the solute drag effect is described by altering the grain 
boundary mobility. Zurob et al. (2002) have developed such type of model coupling recovery, static recrystallization and precipitation, 
and Tang et al. (2020) further applied it to model static softening mechanisms for multi-stage hot deformation in Al-Zn-Mg-Cu alloys. 
Although such methods provide a description of softening behaviour of the deformed material, empirical and phenomenological re
lations are introduced together with material-dependent fitting parameters, restricting their extension to new or more complex sys
tems. Moreover, the description of both meta-dynamic and static recrystallization under the same formulation has not yet been 
achieved. 

A key aspect of the modelling approach adopted here is the use of the thermostatistical theory of plasticity. Such approach 
combines dislocation multiplication and annihilation with thermodynamic variables such as temperature and composition; addi
tionally, it allows to naturally incorporate strain rate. The approach is based on the principle that, when a deformation process occurs, 
dislocations can glide a number of lattice spaces only limited by the speed of sound in the material (Galindo-Nava et al., 2012). 
However, the most likely dislocation glide configuration is determined by energy balance. The approach has been extended to 
dislocation cell formation (Galindo-Nava and Rivera-Díaz-del-Castillo, 2012) and to dynamic recovery and recrystallization (Galin
do-Nava and Rivera-Díaz-del-Castillo, 2013). Dislocation cells are treated as minimum energy configurations with misorientation and 
size allowing the uptake of further deformation. Recrystallized structures are dealt with as dislocation rearrangements, where moving 
boundaries swipe across the microstructure reducing strain energy of heavily dislocated regions. A key aspect of the thermostatistical 
plasticity theory is the capacity to incorporate composition, which prevents the need for composition-dependent fitting parameters. 
The corresponding detailed equations are introduced in the modelling section. 

The purpose of the model presented here is to provide a quantitative description of the interaction between the microstructure 

Fig. 1. Microstructure evolution: phases and deformation structures.  
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evolution and the stress relaxation after hot deformation. A new description for the overall dislocation density evolution after hot 
deformation is presented; this incorporates, for the first time, expressions for the softening effect due to recovery and post-deformation 
recrystallization, which incorporate formulations for dislocation density decrease. The multiple post-deformation physical metallur
gical mechanisms underwent by the material such as recovery, recrystallization, solute drag, and precipitation (Doherty et al., 1997) 
were incorporated in the current approach. By coupling their interaction, as illustrated in Fig. 2, a model was established uniquely 
combining kinetic and thermostatistical approaches incorporating the average dislocation density as a core state variable (Bammann 
and Solanki, 2010; Galindo-Nava and Rivera-Díaz-del-Castillo, 2013, 2014; Puchi-Cabrera et al., 2014). 

Compared to previous work, the model developed here can be distinguished by the following novel features:  

(1) The description of the overall dislocation density evolution after hot deformation directly incorporates the contributions from 
all physical phenomena. Traditional approaches calculate instead the recrystallization volume fraction and estimate the overall 
dislocation density by a weighted average of the non-recrystallized and recrystallized regions. 

(2) The model is based on kinetic and thermostatistical approaches incorporating several physical parameters, including tem
perature and chemical composition. This circumvents the need in previous work for fitting composition-dependent parameters, 
such as the activation energy and Avrami constants in phenomenological models.  

(3) An expression for the post-deformation recrystallization coefficient is proposed to quantify the capability for recrystallized 
grains to grow and occupy deformed regions. Such expression is formulated in terms of the statistical dislocation entropy after 
hot deformation; the drag energy of niobium and the pinning energy of precipitates are also taken into account.  

(4) An expression for the precipitate number density is proposed assuming a random particle distribution at subgrain boundaries.  
(5) The average subgrain boundary pinning energy due to precipitation was derived. 
(6) An expression for the critical subgrain size for static recrystallization is derived from energy balance based on the thermo

statistical plasticity theory. Such expression incorporates the effects of composition, precipitation and solute drag, making the 
calculation of critical subgrain size more robust and adaptable. In contrast, traditional approaches adopt a fixed grain boundary 
energy that is often fitted. 

The approach developed in this work is applied to metal thermal forming processing, accurately predicting the stress relaxation 
process coupling the multiple physical mechanisms in a broad range of steel grades and deformation conditions. This work is in 
sections: the details for modelling, including the aforementioned unique approaches, are presented in Section 2. The selection of 
parameters and the validation of the model are described in Section 3. Section 4 is the discussion and Section 5 presents concluding 
remarks. 

2. Model 

The softening of metals after hot deformation is a complex process due to the simultaneous activation of a range of metallurgical 
processes; these include static recovery, post-deformation recrystallization, solute drag and precipitation, which influence each other. 
Softening can be described in terms of a decaying average dislocation density. Given that static recovery and post-deformation 
recrystallization are the main contributions to softening, the evolution of the average dislocation density is proposed: 

dρ(t)
dt

= − fSRVρ(t) − fRXρ(t) (1)  

where t is time, fSRV is the static recovery coefficient, fRX is the post-deformation recrystallization coefficient and ρ is the average 
dislocation density. The effects of solute drag and precipitation are introduced as described in subsequent sections. Adopting the Taylor 

Fig. 2. Relationship among physical metallurgical processes.  
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relation (Bailey and Flanagan, 1967; Kassner, 2018), the stress relaxation process can be described based on the evolution of the 
average dislocation density obtained from solving Eq. (1): 

σ = σ0 + αμMb
̅̅̅ρ√ (2)  

where σ0 is the steady state stress, α = 0.3 is a dislocation–dislocation interaction coefficient (Martınez-de-Guerenu et al., 2004; 
Verdier et al., 1998), μ is the shear modulus, M = 3.1 is the Taylor factor (Bäcke, 2010; Zurob et al., 2002) and b is the magnitude of the 
Burgers vector. 

2.1. Static recovery 

As the displacement of dislocations occurs, annihilation takes place when dislocations of antiparallel Burgers vector meet, with the 
rate of annihilation depending on the (waiting) time for such encounter to take place. Correspondingly, the static recovery coefficient 
fSRV can be defined as the frequency of annihilation, i.e. fSRV = 1/tw, where tw is the average waiting time. Based on this idea, the 
approach given by Huang et al. (2011) is adopted to calculate tw. Its underlying physical idea is to assume that edge dislocation climb is 
the main mechanism of recovery at high temperature, and that two dislocations of opposite sign forming a dipole edge dislocation 
configuration will meet as a result of the climb. The average waiting time tw = hd/vc is calculated from the average distance hd for 
dislocations to move before annihilation and the velocity vc of the edge dislocation climb; hd is assumed to be equal to the average 
distance l = 1/ ̅̅̅ρ√ between dislocations. When the velocity of the edge dislocation climb is expressed as (Huang et al., 2011): 

vc = 2ncb2ϑD
̅̅̅̅̅ρ0

√ exp

⎛

⎝ −

(
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√
−

̅̅̅ρ√
)

ξμb4
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− 1
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(3)  

the static recovery coefficient can be derived: 

fSRV = 2ncb2ϑD
̅̅̅̅̅ρ0

√ exp

⎛

⎝ −

(
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kT
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− 1
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(4) 

Where nc is the number of nearest neighbours for diffusion (~11 for face-centred cubic metals (Argon and Moffatt, 1981)), ϑD is the 
Debye frequency, ρ0 is the initial dislocation density after hot deformation (t = 0), ξ is the stress intensity factor, USRV is the recovery 
activation energy, T is the absolute temperature, k is the Boltzmann constant and R is the ideal gas constant. 

2.2. Precipitation 

2.2.1. Precipitation modelling 
Precipitation after hot deformation is modelled by integrating nucleation, growth, and coarsening (Deschamps and Brechet, 1998; 

Dutta et al., 2001; Mukherjee et al., 2014; Perez et al., 2008; Perrard et al., 2007). The assumption followed by Perrard et al. (2007), 
and Dutta and Sellars (1987), that the nucleation of precipitates after hot deformation only occurs on dislocations, is followed here. 
The precipitation incubation time is ignored (Dutta et al., 2001; Zurob et al., 2002). Correspondingly, the changes in Gibbs energy 
ΔG(Rp) associated with the formation of a precipitate in a supersaturated solid solution is estimated as (Okaguchi and Hashimoto, 
1992; Zurob et al., 2001, 2002): 

ΔG
(
Rp
)
=

4
3

πR3
pΔGv + 4πR2

pγ −
ln
(
Rp
/

b
)

2π(1 − ν) μb2Rp −
1
5

μb2Rp (5)  

where the first term on the right-hand side represents the chemical free energy, the second term represents the interfacial free energy, 
and the last two terms stand for the increase in elastic energy due to dislocations decorated by spherical precipitates of radius Rp; ν is 
the Poisson’s ratio, γ is the interphase energy per unit area and ΔGv is the chemical driving force for precipitation. For the NbC 
precipitate, ΔGv = − RT

Vm
ln CNbCC

Ce
NbCe

C 
(Dutta et al., 2001; Perrard et al., 2007), where vm is the molecular volume of NbC, CNb and CC are the 

instantaneous concentrations of Nb and C in mole fraction in the matrix, while Ce
Nb and Ce

C are the equilibrium concentrations in the 
matrix as determined from the solubility product Ks at the annealing temperature. The classical expression for the critical nucleation 
radius Rpc = − 2γ/ΔGv (Dutta et al., 2001) is substituted into Eq. (5) to calculate the energy barrier for precipitate nucleation. This 
expression only incorporates the chemical free energy and the interfacial free energy; the effect of dislocation strain on precipitate 
nucleation is not accounted for. Based on the classical nucleation theory, the critical radius for nucleation in this approach corresponds 
to the maximum value ΔG∗ of the Gibbs energy ΔG(Rp) (Maugis and Gouné, 2005; Perez et al., 2008), thus, Rpc can be calculated from: 

∂ΔG
(
Rp
)

∂Rp
= 0 (6) 

Then, by substituting the critical radius into Eq. (5), the maximum value of the Gibbs energy, i.e. the energy barrier for nucleation, 
can be obtained from ΔG∗ = ΔG(Rpc). Then, the nucleation rate is obtained as (Dutta et al., 2001; Zurob et al., 2002): 
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dN
dt

|nucleation = (N0 − N)Zβexp
(

−
ΔG∗

kT

)

(7)  

where N is the number of precipitates per unit volume, N0 is the initial number of available nucleation sites per unit volume which is 
proportional to the number of substitutional sites on dislocations per unit volume (Perrard et al., 2007; Zurob et al., 2002), i.e. N0 =

Fρ/b, where F is a proportionality constant; Z is the Zeldovich factor, β is the critical solute attachment rate; according to the derivation 
of Russell (Russell, 1980), Zβ can be approximated as Zβ = DpipeCNb/a2, where Dpipe is the pipe diffusion coefficient and a is the lattice 
spacing. 

To describe the average precipitate growth rate during the nucleation-growth stage, the classical Zener equation (Zener, 1949) for 
growth rate is modified as (Deschamps and Brechet, 1998; Dutta et al., 2001): 

dRp

dt
⃒
⃒growth =

Dbulk

Rp
⋅

CNb − Ce
Nbexp

(
R0
/

Rp
)

Cp
Nb − Ce

Nbexp
(
R0
/

Rp
)+

1
N

dN
dt
(
φRpc − Rp

)
(8) 

The first term on the right-hand side accounts for the growth of existing precipitates and the second term accounts for the effect of 
new nuclei on the average radius. Where Dbulk is the bulk diffusivity of solute atoms in the austenite, which will be replaced by an 
effective diffusion coefficient Deff to account for the effect of pipe diffusion through dislocation cores on growth when precipitates 
nucleate on dislocations (Medina et al., 2020; Mukherjee et al., 2014; Zurob et al., 2002), and the effective diffusion coefficient is 
calculated from the weighted mean of the bulk diffusion and pipe diffusion coefficients Deff = DpipeπR2

coreρ + Dbulk(1 − πR2
coreρ)

(Dutta et al., 2001), where Rcore is the radius of the dislocation core; Cp
Nb is the concentration of Nb in the precipitate; R0 is a capillarity 

radius calculated by R0 = Rpcln(CNb/Ce
Nb) (Deschamps and Brechet, 1998); φ is a factor to account for the fact that the nucleated 

precipitates should be slightly larger than the critical radius to ensure a stable growth, and the value φ = 1.05 (Deschamps and 
Brechet, 1998; Dutta et al., 2001) is adopted. 

As the supersaturation of solute in solid solution decreases during the nucleation-growth stage, the critical radius for precipitate 
nucleation will continuously increase. When the critical radius of precipitates nearly becomes equal to the mean radius, the coarsening 
stage begins. During coarsening, larger particles grow at the expense of their smaller counterparts, resulting in an increase in the mean 
radius and a decrease in the precipitate number density. Correspondingly, the precipitate coarsening rate and the evolution of pre
cipitate number density are described from (Dutta et al., 2001): 

dRp

dt
⃒
⃒coarsening =

4
27

Ce
Nb

Cp
Nb − Ce

Nb
⋅

R0Deff

R2
p

(9)  

dN
dt
⃒
⃒coarsening =

4
27

Ce
Nb

Cp
Nb − Ce

Nb
⋅

R0Deff

R3
p

[
R0CNb

Rp(Cp
Nb − CNb)

(
3

4πR3
p
− N

)

− 3N

]

(10) 

In order to track the transition from growth to the coarsening stage, a coarsening fraction Fc = 1 − erf
[

4
(

Rp
Rpc

− 1
)]

is introduced 

by Deschamps and Brechet (Deschamps and Brechet, 1998) to provide an overall description of the evolution of the precipitate radius: 

dRp

dt
= (1 − Fc)

dRp

dt
⃒
⃒growth + Fc

dRp

dt
⃒
⃒coarsening (11) 

When Rpc = Rp, Fc = 1; when Rpc ≪ Rp, Fc = 0. Similarly, the overall evolution of the precipitate number is described by: 
⎧
⎪⎪⎨

⎪⎪⎩

dN
dt

= Fc
dN
dt
⃒
⃒coarsening if −

dN
dt
⃒
⃒coarsening >

dN
dt

|nucleation

dN
dt

=
dN
dt

|nucleation if −
dN
dt
⃒
⃒coarsening <

dN
dt

|nucleation

(12) 

Fig. 3. Schematic view of precipitate distributions (a) at random and (b) at subgrain boundaries. (c) Interaction between a subgrain boundary and a 
single precipitate. 
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From mass balance, the instantaneous concentrations of Nb in the matrix can be obtained (Dutta et al., 2001): 

CNb =

(

CNb0 −
4
3

πR3
pNCp

Nb

)/(

1 −
4
3

πR3
pN
)

(13)  

where CNb0 is the initial concentration of Nb. 

2.2.2. Precipitate distribution and average pinning energy on subgrain boundaries 
In the model outlined above, the description of precipitate number density N in Eqs. (7) and (10) is based on a random distribution, 

as schematically shown in Fig. 3(a). However, a more realistic assumption for the precipitate distribution is that the particles lie on (or 
around) subgrain boundaries in the hot-worked structure (Hansen et al., 1980). Because dislocations mainly concentrate on subgrain 
boundaries, the formation of precipitates around the subgrain boundaries is energetically favourable, all precipitates are assumed to 
have centres within a distance Rp of the subgrain boundary, i.e. precipitates are distributed with within a range of 4Rp on both sides of 
the subgrain boundary, as shown in Fig. 3(b). The conservation of number of particles requires the number density of precipitates 
around the subgrain boundaries Nsg to satisfy: 

4πR2
g ⋅ 4Rp ⋅ Nsg = 2 ⋅

4
3

πR3
g ⋅ N (14)  

where Rg is the subgrain radius, 4πR2
g ⋅ 4Rp represents the volume of precipitates distributed around the subgrain boundary and the 

factor 2 accounts for precipitates from adjacent subgrains. Substituting the volume fraction of precipitates fv = 4
3 πR3

gN into Eq. (14), 
Nsg is expressed as: 

Nsg =
Rg

8πR4
p
fv (15) 

Eq. (15) converts the precipitate number density (calculated under the assumption of a random distribution) to that for precipi
tation on subgrain boundaries. 

The average pinning energy Eap is defined as the average energy to be overcome as a subgrain boundary moves a subunit b on a 
precipitate particle, when incorporating the interaction between precipitates and subgrain boundaries. It is assumed that the boundary 
meets the particle at an angle of 90◦ as Gladman (1966) and Nes et al. (1985) have done, i.e. the boundary intersects the particle across 
a diametral plane. With this assumption, as shown in Fig. 3(c), the tensions γ1 and γ2 of interface between particle and subgrain on both 
sides of the subgrain boundary cancel each other out, only the surface tension γGB of the subgrain interface acts on the particle. T T The 
drag force Fp can be calculated as: 

Fp = 2πRpcosθ ⋅ γGBsinθ (16)  

then combining the displacement dx = Rpcosθdθ, the total energy to be overcome when the boundary passes the particle can be 
obtained: 

Qp =

∫ Rp

0
Fpdx =

2
3

πR2
pγGB (17) 

Following the definition of average pinning energy above, 

Eap =
Qp

Rp
b =

2
3

πRpγGBb (18) 

This is a novel expression for the energy interaction between on precipitate and subgrain boundaries. 

2.3. Post-deformation recrystallization 

2.3.1. Post-deformation recrystallization coefficient 
During recrystallization at high temperature, the strain-free recrystallized nuclei in certain parts of the deformed region will grow 

at the expense of consuming the deformed or recovered microstructure; the high angle grain boundaries quickly sweep the high 
dislocation density area to form a new region with pretty low dislocation density (Humphreys and Hatherly, 2012). The average 
dislocation density will greatly decrease during this process. The recrystallization coefficient fRX in Eq. (1) quantifies the capability for 
recrystallized grains to grow and occupy deformed regions. Galindo-Nava and Rivera-Díaz-del-Castillo (2013) have provided an 
expression for fRX in terms of the ratio between the potential sites for growth and the number of growing grains, fRX = (Nnucl −

Ngrowth)/Ngrowth; where the numerator equals to difference between the total number of subgrains Nnucl from whom grain growth occurs 
and the number of growing grains Ngrowth, accounting for the potential sites for growth; grain growth is a thermally activated process, i. 

e. Ngrowth = Nnuclexp
(

− QRX
kT

)

. Although this method has successfully described the dynamic softening behaviour caused by dynamic 

recrystallization during hot deformation in pure FCC metals, alloy steels and low-alloy steels (Galindo-Nava et al., 2014), it cannot be 
directly applied to post-deformation recrystallization. This is because during hot deformation, the stored strain energy, which is the 
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driving force for recrystallization, will decrease due to dynamic softening, but the continuous work input from external forces will 
compensate for the loss of stored energy. Conversely, during annealing the stored strain energy will monotonically decrease, resulting 
in a depletion of the driving force for recrystallization. Thus, recrystallization rate decays with the progress of static softening. This 
process is accelerated with an increase in temperature, which in turn increases the grain boundary mobility and promotes grain 
growth. 

Post-deformation recrystallization may be meta-dynamic or static, depending on whether dynamic recrystallization occurs or not 
during hot deformation. If the strain is less than a critical value triggering dynamic recrystallization, static recrystallization may arise 
in the subsequent annealing process; otherwise, meta-dynamic recrystallization will take place (Sakai et al., 2014). For meta-dynamic 
recrystallization, grain growth is triggered post-deformation on freshly recrystallized nuclei; the dynamically recrystallized grains that 
just nucleated, and that are already present upon the completion of deformation. Thus, in meta-dynamic recrystallization no incu
bation time is required (Elwazri et al., 2004; Sakai et al., 2014, 1988). It follows that the kinetics of meta-dynamic recrystallization is 
much faster than that of static recrystallization following deformation, indicating a stronger ability to occupy the deformed regions 
(Sakai et al., 2014; Tang et al., 2016). However, meta-dynamic recrystallization can still be effectively described by the same form of 
equation as describing static recrystallization, even though it does not involve an incubation time (Elwazri et al., 2004). Both processes 
undergo grain growth once recrystallization is initiated as grain grows as a result of interface migration. 

Considering all the above, to describe the post-deformation recrystallization, a unified equation is proposed in this work: 

fRX = λ
(

ρ
ρ0

)Tm
T
(

exp
(

QRX

kT

)

− 1
)

(19)  

where λ ≥ 1 is an acceleration factor for meta-dynamic recrystallization to capture the stronger ability to occupy deformed regions, 
which value depends on the volume fraction of dynamically recrystallized grains. When dynamic recrystallization has not taken place, 
the value is set to 1. In the second term, ρ/ρ0 is used to characterize the effect of the stored energy decay and the power term Tm/T is to 
scale the effect of temperature; Tm is the material’s melting temperature. The third term in the right hand side represents the ratio 
between the potential sites for growth and the number of growing grains. It follows the method proposed by Galindo-Nava and 
Rivera-Díaz-del-Castillo (2013), in which grain growth is treated as a thermally activated process and QRX is the energy barrier for 
grain growth. 

2.3.2. Energy barrier QRX 
The energy barrier QRX accounts for the factors promoting and suppressing grain boundary motion. By considering the recrys

tallized grain to be the result of a dislocation arrangement, the associated energy for grain boundary motion can be approximated by 
the dissipation energy of dislocations movement on the migrating boundary (Galindo-Nava et al., 2014): 

Edisp = ng
l
b

[(

1 +
∑

i
x1/3

i

)(

1 +
∑

s
x1/3

s

)]− 1

TΔS (20)  

where ng is the number of dislocations comprising the boundaries, xi and xs are the atom fraction of the ith interstitial element and the 
sth substitutional element, respectively. ΔS is the statistical dislocation entropy to account for the thermally-activated dislocation slip 
paths (Galindo-Nava et al., 2014): 

ΔS = kln
( ε̇0 + ϑ

ε̇

)(1+
∑

i
x1/3

i )(1+
∑

s
x1/3

s )
(21)  

where ε̇0 = cbρ is the limiting upper value for strain rate, and c is the speed of sound in the material. ϑ = ϑDexp
(

− Em
RT

)

is the 

migration frequency of vacancy and Em is the vacancy migration energy. Here, ϑ represents the number of atomic sites a vacancy jumps 
per second and accounts for the interaction of vacancy and dislocation. ε̇ is the strain rate during stress relaxation. 

Friedel (1964) and Vohringer (1987) proposed that the internal stress relaxation corresponds to dislocation annihilation and 
rearrangement, and there is a plastic relaxation strain which can substitute the equivalent elastic strain. Therefore, the corresponding 
strain rate ε̇ can be related to stress relaxation (decrease rate of the flow stress) by: 

dσ
dt

= − ε̇E (22)  

where E is the Young’s modulus. Such relation is consistent with the observation of Hasegawa et al. (1982), obtained by associating the 
length changes of uniaxially deformed Al single crystals during recovery with the dislocation annihilation and the annealing times. 
This relationship has been used to establish a recovery model in the study of Verdier et al. (1998) and Tang et al. (2020). From Eq. (2), 
the rate of decrease in the flow stress can be expressed as: 

dσ
dt

=
αμbM
2 ̅̅̅ρ√

dρ
dt

(23) 

Combing Eqs. (22) and (23), and substituting E = 2(1+ν)μ (Saxena et al., 2018), the strain rate can be obtained: 

J. Zhao et al.                                                                                                                                                                                                            



International Journal of Plasticity 151 (2022) 103219

8

ε̇ = −
αμbM

4(1 + ν) ̅̅̅ρ√
dρ
dt

(24) 

The energy barrier that prevents the grain boundary migration mainly originates from four contributions: the strain of high-angle 
grain boundaries, the pinning effect of interstitial atoms, the solute drag effect due to substitutional atoms and the pinning due to 
precipitates.  

(1) The strain energy EHAGB of high-angle grain boundaries is proportional to the total strain energy stored in them, EHAGB =

ng
ψ
2 μb2l, where ψ = 0.6 is the energy fraction for FCC metals (Galindo-Nava and Rivera-Díaz-del-Castillo, 2013).  

(2) Based on the ability of solute elements to hinder the migration of grain boundaries, the solute drag energy of substitutional 
atoms is estimated from two contributions. One is from the effect of niobium, which has a strong tendency to associate with 
defects such as vacancies and dislocations more strongly than any other common solute element (Hashmi, 2014). Given that the 
boundaries move through the vacancy-mediated climb of dislocations (Winning et al., 2010), the drag energy of niobium ENb 
estimated from niobium-vacancy interactions is: 

ENb = 2 ⋅
πngl

b
⋅ x1/3

Nb ⋅
(
Eb +Ef

)
(25)   

where the 2 factor is to account for the boundary encountering niobium atoms on both sides; the second term πngl/b is the total number 
of potential sites encountering niobium atoms at grain boundaries in which the numerator accounts for the perimeter of a grain; xNb is 
the atomic concentration of niobium, x1/3

Nb is the concentration per unit length and accounts for the probability of a boundary 
encountering a niobium atom; the last term is the energy to escape the effect of a single niobium atom, where Eb is the binding energy 
of niobium to vacancy and Ef is the vacancy formation energy. 

The drag effect of the remaining substitutional atoms on the migrating boundary is weaker and the drag energy Esol can be 
calculated from (Galindo-Nava et al., 2014): 

Esol = − ng
l
b
∑

sol
x1/3

sol ΔGsys (26)  

where 
∑

solxsol accounts for the total atom concentration of the remaining solute and ΔGsys is the free energy of the mixture. 
(3) The energy to be overcome due to interstitial atoms impeding grain boundary motion is estimated by the subgrain boundary 

energy γGB around the potential sites for carbon segregation at boundaries (Galindo-Nava et al., 2014): 

Einter = 2πngγGBx1/3
C lb (27)  

where xC is the atomic concentration of carbon. Here, only the effect of carbon is considered, it should be replaced by the total 
interstitial atom concentration 

∑
ixi if other elements are included, such as boron. 

(4) The pinning energy from precipitates Ep is equal to the average pinning energy of a single precipitate Eap (Eq. (18)) multiplied by 
the number of precipitates on the boundaries: 

Ep = 2N1/3
sg ⋅ πngl ⋅ Eap =

(
4π
3

)2
3

πngblγGB

(
Rgfv

6Rp

)1
3

(28)  

where N1/3
sg (obtained from Eq. (15)) is the number of precipitates per unit length around the boundary and accounts for the probability 

of precipitates on the boundary, the factor 2 is to account for the boundary encountering precipitates on both sides. 
Incorporating all the factors for the energy barrier, QRX calculated from 

QRX = Ssub
(
Edisp − EHAGB − ENb − Esol − Einter − Ep

)
(29)  

where Ssub = 6b/(ngkcl) accounts for the available sites for grain nucleation on pre-existing subgrains per dislocation and kc 

=
12π(1− ν)

2+ν

(

1+ TΔS
μb3/2

)

(Galindo-Nava et al., 2014). Substituting Eqs. (20) - (28), the energy barrier QRX is derived as: 

QRX =
6
kc

(

kTln
( ε̇0 + ϑ

ε̇

)
− 0.3μb3 − 2πx1/3

Nb
(
Eb + Ef

)
+
∑

sol
x1/3

sol ΔGsys 

− 2πb2x1/3
C γGB −

(
4π
3

)2
3

πb2γGB

(
Rgfv

6Rp

)1
3
)

(30) 

Both static and meta-dynamic recrystallization can be described by the same formulation, as the associated grain growth process is 
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equal, only differing by the presence of an incubation time (Elwazri et al., 2004). Thus, QRX for grain growth does not depend on 
whether it is static or meta-dynamic recrystallization, but the calculated results of energy barrier for both are different because the 
deformation state variables are different in the calculation. Incorporating Eq. (30) into Eq. (19), the post-deformation coefficient can 
be calculated by: 

fRX=λ
(

ρ
ρ0

)Tm
T
(

exp
(

6
kckT

(
kTln

(ε̇0+ϑ
ε̇

)
− 0.3μb3 − 2πx1/3

Nb
(
Eb+Ef

)

+
∑

sol
x1/3

sol ΔGsys − 2πb2x1/3
C γGB −

(
4π
3

)2
3

πb2γGB

(
Rgfv

6Rp

)1
3
))

− 1

)

(31) 

If fRX ≤ 0 the recrystallization is energetically unfavourable, then the fRX is set to 0. 

2.4. Incubation time for static recrystallization 

If the process of post-deformation recrystallization is static recrystallization (dynamic recrystallization is not initiated during 
deformation), it is necessary to determine the incubation time during annealing. Considering grain nucleation from subgrains 
(Humphreys, 1997; Hurley and Humphreys, 2003), they should display a critical size before becoming a recrystallized nucleus. Thus, 
an incubation time is required for subgrains to grow to a critical size (Zurob et al., 2006), as formulated next. 

2.4.1. Critical subgrain size 
During annealing, dislocations rearrange by recovery; once high angle boundaries form by the accumulation of dislocations in the 

boundaries, the subgrain may become a nucleus to initiate recrystallization (Humphreys and Hatherly, 2012). From the point of view 
of energy balance, to initiate recrystallization the total stored energy at the boundaries should be equal to the addition of (Galin
do-Nava and Rivera-Díaz-del-Castillo, 2013): (1) the strain energy to nucleate the dislocation-free grain Egrain = ng

μb2

2l
(bxgrain), (2) the 

displacement energy for boundary-dislocation to initiate grain growth Edisp (Eq. (20)), and (3) the equivalent slip energy for dislocation 

migration from the subgrain interior to the boundaries Eint = nint
l
b[(1 +

∑
ix

1/3
i )(1 +

∑
sx

1/3
s )]

− 1
TΔS. Due to the presence of solute 

atoms and precipitates, the total stored energy is comprised of the stored energy of dislocation at boundaries Esub = ng
1
2 μb2l, the 

solute-drag energy ENb (Eq. (25)) and Esol (Eq. (26)), the impeding energy from interstitial atoms Einter (Eq. (27)) and the pinning 
energy from precipitates Ep (Eq. (28)). Therefore, the energy balance can be expressed as: 

Esub + ENb + Esol + 9Einter + Ep = Egrain + Edisp + Eint (32)  

where the factor 9 accounts for the number of directions for interstitial atoms interacting with the subgrain boundaries (Galindo-Nava 
et al., 2014); xgrain in Egrain accounts for the boundary length of the cross-section of an incipient grain; nint = ng/kc in Eint is the 
number of dislocations in subgrain interiors (Galindo-Nava and Rivera-Díaz-del-Castillo, 2013). Substituting corresponding expres
sions into Eq. (32), the critical subgrain size to start recrystallization Rc is derived as: 

Rc =
xgrain

2π =
1

2πbρ

(

1 +
4πx1/3

Nb
(
Eb + Ef

)

μb3 −

2
∑

sol
x1/3

sol ΔGsys

μb3 +
36πγGBx1/3

C

μb

+

(
4π
3

)2
32πγGB

μb

(
Rgfv

6Rp

)1
3

− 2
(

1 +
1
kc

)
kT
μb3 ln

( ε̇0 + ϑ
ε̇

)
)

(33)  

2.4.2. Incubation time 
The growth rate of average subgrain size is determined by (Humphreys and Hatherly, 2012): 

dRg

dt
= PsbMsb (34) 

When precipitation takes place, Psb represents the net driving force for subgrain growth and can be calculated by (Humphreys and 
Hatherly, 2012; Momeni et al., 2014): 

Psb =
2γGB

Rg
−

3γfv

2Rp
(35) 

Msb is the mobility of subgrain boundaries and can be expressed as (Humphreys and Hatherly, 2012): 

Msb =
m0

T
exp
(

−
Qm

RT

)

(36)  

where m0 is a material constant, Qm is the activation energy of subgrain boundary mobility. 
By integrating Eq. (34), the average size of subgrain at time t is obtained as: 
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Rg = Rg0 +

∫ t

0
PsbMsbdt (37)  

where Rg0 is the initial average subgrain size. Considering a Rayleigh distribution of subgrains, the largest subgrain size Rgmax is 
approximately 2.5Rg (Zurob et al., 2006). Based on the basic idea of nucleation criterion mentioned before, i.e. Rgmax = Rc, the 
incubation time tc can be obtained by solving the following equation: 

2.5
(

Rg0 +

∫ tc

0
PsbMsbdt

)

= Rc(tc) (38) 

If the largest subgrain size is always smaller than the critical subgrain size, i.e. Eq. (38) has no solution, it indicates recrystallization 
will not occur within the given annealing time. 

Due to the complex simultaneous processes accounted for in this model, a flow chart is show shown in Fig. 4 to outline the sequence 
of calculations undertaken in this approach. The presence of static or meta-dynamic recrystallization in Fig. 4 depends on whether 
dynamic recrystallization was previously triggered during the deformation process (Uranga et al., 2003). As for Nb-free steels, in the 
calculation initialization step shown in Fig. 4, when Nb is absent, the precipitation calculation is not performed. 

3. Model validation 

3.1. Model parameters 

Successful coupling of the complex softening physical processes after deformation (Fig. 2) can be confirmed through a series of 
stress relaxation experiments. In such experiments, specimens will be compressed first at a given strain, strain rate and temperature, 
with the stroke being fixed after deformation and the stress at different moments recorded to obtain the stress relaxation curves. The 
model presented here is tested against 37 stress relaxation curves obtained from experiments (Bäcke, 2010; Engberg and Lissel, 2008; 
Miao et al., 2010; Zhang et al., 2008). These experimental curves feature 6 microalloys under a wide range of deformation conditions. 
Table 1 shows the corresponding chemical composition of each steel. 

The physical parameters input to the model are shown in Table 2. Except for the stress intensity factor ξ = 32 and the constant of 
subgrain boundary mobility m0 = 1.02× 107, which were fitted to our dataset of experimental results within reasonable ranges 

Fig. 4. Model calculation flow chart.  
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according to the literature (Humphreys and Hatherly, 2012; Nes, 1997), all physical parameters used in the present model were 
adopted from literature or computed using thermochemical software. The recovery activation energy is expected to be between 0.6 and 
1 times the self-diffusion energy of pure γ-iron (Nes, 1995; Zurob et al., 2002); here a value of USRV = 0.8QFe is chosen. The magnitude 
of the Burgers vector b, the lattice spacing a, the radius of the dislocation core Rcore and the proportionality constant F depend on the 
type of crystal structure. Widely used values are listed in Table 2 for FCC. As studied by Xu (1997), the binding energy of niobium to 
vacancy Eb is in the range of 0.15 to 0.60 eV, and the common value of 0.45 eV for Nb microalloyed steel (Wang et al., 2018) is adopted 
in the present study. ΔGsys values for low-alloy steels were fitted to a formula to describe the temperature variation based on calcu
lations from Thermocalc by Galindo-Nava et al. (2014) and for the tested composition ranges the values did not vary significantly with 
composition (less than − 2 kJ•mol− 1). Since the compositions of tested steels in this work are within their tested range, the same 
equation was employed for all cases. The remaining parameters in Table 2, such as the vacancy formation energy Ef, the migration 
energy Em, the self-diffusion energy of pure γ-iron QFe, the bulk diffusion Dbulk and the pipe diffusion coefficients Dpipe, all come from 
established literature (Allen and Was, 1998; Dutta et al., 2001; Galindo-Nava et al., 2014; Geise and Herzig, 1985; Momeni et al., 2014; 
Vasilyev et al., 2011; Zurob, 2003; Zurob et al., 2002) and have been used in many other studies. 

According to the observation of Winning et al. (2001), the activation energy of low angle grain boundary mobility is very close to 
the self-diffusion activation energy. Here it is assumed that the activation energy of subgrain boundary mobility, Qm, equals the 
self-diffusion activation energy of austenite. The drag effect of Nb on subgrain boundary mobility is captured through the effect of Nb 
on self-diffusion activation energy and an empirical formula Qm = QFe + 132,594(100xNb)

0.263 derived by Vasilyev et al. (2011) from 
experiments is used to evaluate Qm with different contents of Nb. 

Based on calculations from ThermoCalc software (version 2019b with TCFE9 database) (Andersson et al., 2002), there are no 
vanadium precipitates present in the austenite temperature region for the steels listed in Table 1. Furthermore, the equilibrium 
concentration of Ti at 1523 K is only 0.004% for steel 6#, indicating that TiN hardly dissolves before deformation. With this in mind, 
the precipitation process of TiN during stress relaxation will not be considered in steel 3#, 4# and 5# owing to the small Ti con
centration. Instead, the effect of TiN particles on softening behaviour depends on their size and volume fraction before stress relax
ation. The volume fraction is obtained by mass balance similar to Eq. (13). The measurements of Zhang et al. (2018) on a steel similar 
to 6# show that the size of TiN particles after reheating is between 30 and 100 nm. Therefore, an average size of 65 nm is set as for TiN 
particles. In addition, the solubility product of NbC from the calculation of ThermoCalc is fitted by the expression log10Ks = A − B/T for 
steel 2# and 4# to 6#, and the fitting constants A and B are shown in Table 3. 

3.2. Comparison with experimental data 

The stress evolution can be calculated from Eq. (2) by substituting into the average dislocation density extracted from Eq. (1). The 
initial average dislocation density ρ0 is estimated by Eq. (2) based on the initial stress σ(t = 0) and the steady-state stress σ0 obtained 
from the experimental results. Furthermore, the meta-dynamic recrystallization acceleration factor λ is set to 3 for all test conditions 

Table 1 
Composition of experimental steel (wt.%).  

Steel C Mn Si Al Nb Ti V N Reference 

1# 0.200 1.200 0.400 0.030 – – – – (Zhang et al., 2008) 
2# 0.200 1.200 0.400 0.030 0.030 – – – (Zhang et al., 2008) 
3# 0.064 0.648 0.007 0.041 0.002 0.001 0.004 0.006 (Engberg and Lissel, 2008) 
4# 0.065 1.085 0.007 0.055 0.034 0.001 0.006 0.004 (Bäcke, 2010) 
5# 0.066 1.323 0.036 0.040 0.055 0.001 0.005 0.005 (Bäcke, 2010) 
6# 0.040 1.750 0.220 0.030 0.100 0.015 – 0.004 (Miao et al., 2010)  

Table 2 
Physical parameters employed in the model.  

Symbol Value Reference 

b (nm) 0.258 (Frost and Ashby, 1982) 
a (nm) 0.445 (Dutta et al., 2001) 
Rcore (nm) 0.5 (Dutta et al., 2001) 
Eb (eV) 0.45 (Wang et al., 2018) 
Ef (eV) 1.4 (Allen and Was, 1998) 
QFe (kJ/mol) 312 (Vasilyev et al., 2011) 
Em (eV) 1.28 (Galindo-Nava et al., 2014) 
Dpipe (m2/s) 4 × 10− 4exp(− 172,500/RT) (Zurob et al., 2002) 
Dbulk (m2/s) 8.3 × 10− 5exp(− 266,500/RT) (Geise and Herzig, 1985) 
F 0.0075 (Zurob, 2003) 
μ (MPa) 85,335–34T (Galindo-Nava et al., 2014) 
γ (J/m2) 0.5 (Dutta et al., 2001) 
γGB (J/m2) 0.32 (Momeni et al., 2014) 
ΔGsys (kJ/mol) 16–0.045T-1.4× 10− 5T2  (Galindo-Nava et al., 2014)  

J. Zhao et al.                                                                                                                                                                                                            



International Journal of Plasticity 151 (2022) 103219

12

with the partial dynamic recrystallization. The initial subgrain size is estimated from the initial average dislocation density by the 
method developed by Galindo-Nava and Rivera-Díaz-del-Castillo (2012). 

Steels 1# and 2# have the same composition except that 1# does not contain Nb. Fig. 5(a) and (b) show a comparison between the 
model and the corresponding experimental results at different temperatures for both steels. For all conditions, the strain and strain rate 
are 0.22 and 1 s− 1, respectively, before stress relaxation. Following Zhang et al. (2008), partial dynamic recrystallization takes place in 
steel 1# at temperatures above 1273 K and in steel 2# above 1323 K, indicating that post-deformation recrystallization in these 
conditions is meta-dynamic. Whether it is steel 1# without Nb or steel 2# with Nb, the model shows good agreement with experi
mental results, except for steel 2# at 1173 K, where the experiment shows a moderately slower softening rate. The model predicts that 
the static recrystallization of steel 1# hardly needs an incubation time for temperatures above 1173 K. However, for steel 2# con
taining Nb, the incubation times are at a range from 0.11 to 7 s for temperatures from 1173 to 1273 K. 

A sharp inflection point in some stress relaxation curves can be found in Fig. 5(b) (e.g. at 1173 K). This stems from the abrupt 
average dislocation density reduction caused by recrystallization exceeding that of recovery only, as shown in Fig. 5(c). Furthermore, 
with a lower driving force and a longer incubation time, the inflection point is more obvious. Because of the incubation time increases, 
the recovery rate continues to decrease, which causes a greater gap in the decreasing rate of dislocation density between recovery and 
recrystallization causing a more marked inflection point. Fig. 5(d) presents the evolution of the volume fraction, average and critical 
radius for precipitates corresponding to the condition in Fig. 5(b) for steel 2#, which shows that the volume fraction increases faster 
with temperature decrease while the precipitate growth rate decreases with it. At 1223 K, the volume fraction is almost close to the 
equilibrium concentration about 90 s after deformation, and the average radius is close to the critical radius at about 120 s, which 
indicates that the precipitate begins to coarsen. However, at 1323 K, the volume fraction is almost zero, although the average radius 

Table 3 
Solubility product of NbC.  

Constant 2# 4# 5# 6# 

A 0.848 − 0.828 0.341 0.703 
B 9509.358 7585.523 9191.723 9555.107  

Fig. 5. Stress relaxation curve for (a) steel 1# and (b) steel 2# at different temperatures; the strain and strain rate are 0.22 and 1 s − 1 for all 
samples, respectively, before stress relaxation (Zhang et al., 2008); (c) shows the evolution of the average dislocation density corresponding to the 
condition in (b) for steel 2#, and the corresponding evolution of the volume fraction, average and critical radius for precipitates is presented in (d). 
MDRX: meta-dynamic recrystallization. 
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has a faster growth rate compared to that at 1223 and 1273 K. The reason behind this is the driving force of precipitation decreases 
rapidly with temperature increase, which makes it impossible to form a large number of precipitates in a short period of time. At 1273 
K, although the volume fraction is not close to the equilibrium concentration within the experimental time (600 s), it still has a high 
level; the coarsening will occur over a longer time. 

The model results and comparison to experiment for steel 3# at different strain rates and temperatures are shown in Fig. 6, where a 
strain of 0.4 was applied before stress relaxation for all working conditions. With a strain of 0.4, the stress-strain curves given in 
literature (Engberg and Lissel, 2008) show that partial dynamic recrystallization is present above 1273 K at a strain rate of 1 s− 1, but 
the dynamic recrystallization is complete at a strain rate of 0.1 s− 1 for the same temperature range. As shown in Fig. 6(a) and (b), all 
model results agree well with experimental results at strain rates of 0.1 s− 1 and 1 s− 1 for different temperatures, except for 1123 K, 
where the model shows a higher softening rate. Based on calculations by ThermoCalc, the phase transition temperature (TAr3) is 1140 K 
for steel 3#. Therefore, the discrepancy between modelling and experiment can be due to the transition from austenite into ferrite at 
1123 K, and this effect is more noticeable at a strain rate of 0.1 s− 1 as the longer deformation time causes a larger volume fraction of 
ferrite. 

Fig. 7(a) shows the results for steel 3# and 4# at the same working conditions. The post-deformation recrystallization is meta- 
dynamic for steel 3#, while that is static recrystallization for steel 4# which has a higher content of Nb. Furthermore, Fig. 7(b) – 
(f) show the results for steel 4# and 5# at different temperatures, strains and strain rates. It should be mentioned that the abrupt 
fluctuations in stress near 0.2 s for experiment are a machine artefact (Karjalainen et al., 1997), they are also found in Fig. 6 but are less 
noticeable. Ignoring these fluctuations, all results in Fig. 7 show a remarkable agreement for very wide temperature ranges at different 
compositions, strains and strain rates. 

Fig. 8(a) shows the model results for high Nb steel 6# at different temperatures with a strain of 0.29 and strain rate of 1 s− 1. 
Recrystallization does not occur after deformation below 1273 K due to the strong pining effect of precipitates and the strong drag of 
Nb atoms. As shown in Fig. 8(b), the maximum subgrain size does not exceed the critical subgrain size during the stress relaxation at 
the temperature 1173 K and 1273 K. However, for temperature 1323 K, due to the decrease in precipitation driving force, the pinning 
effect of precipitation is significantly weakened, which makes the maximum subgrain size overtake the critical subgrain size at 0.95 s, 
promoting static recrystallization. At 1373 K, dynamic recrystallization is triggered during deformation and meta-dynamic recrys
tallization occurs in the subsequent stress relaxation. Furthermore, Miao et al. (2010) observed the microstructure evolution of steel 
6# during the stress relaxation process described above and the microstructure at 3, 60 and 240 s after deformation at 1273 K are 
shown in Fig. 9(a) – (c). No obvious recrystallized structure can be found, indicating static recrystallization did not occur, consistent 
with the prediction of the model. Since recrystallization nucleation is not taking place during the stress relaxation process, the 
microstructure evolution can be regarded as the growth of subgrains to form a new grain structure. It is similar to continuous 
recrystallization as described by Humphreys and Hatherly (2012). Therefore, in this case, the subgrain size can be approximately 
estimated by the grain structure which is distinguished by the grain boundary and its orientation (Cahn and Haasen, 1983). Fig. 9(d) 
shows the subgrain size evolution calculated from the model and their comparison with the statistics obtained from experiments at 
different times (3, 60, 240 s). The maximum and minimum values have a good agreement, but the average subgrain size from the 
model is slightly larger than experiments. This can be attributed to neglecting the influence of boundary orientation changes during 
annealing. As shown by the experimental results obtained by Winning et al. (2001), low-angle boundaries move more rapidly than 
their high-angle counterparts at high temperatures. Therefore, as the recovery progresses, the average mobility of boundaries will 
decrease as some of the low angle boundaries become high angle boundaries. This causes the actual grain structure size to be smaller 
than the subgrain size calculated by the mobility of low-angle boundaries. 

Fig. 6. Stress relaxation curve for steel 3# at strain 0.4 and strain rate (a) 1 s− 1 and (b) 0.1 s− 1 (Engberg and Lissel, 2008).  
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4. Discussion 

4.1. Multiple physical processes 

A novel approach has been developed based on the thermostatistical plasticity theory to describe stress relaxation after hot 
deformation. In this method, five physical metallurgical phenomena are incorporated: recovery, static recrystallization, meta-dynamic 
recrystallization, solute drag and precipitation; they are all coupled using a unified differential equation (Eq. (1)) to capture the 
evolution of the average dislocation density. The model has been applied to microalloyed steels to describe the stress relaxation process 
with very good accuracy. More specifically, the model incorporates the following processes: 

Fig. 7. Stress relaxation curve for (a) steel 3# and 4# at the same working condition; (b), (c), (d) steel 4#, (e), (f) steel 5# at different deformation 
conditions and annealing temperature; the corresponding temperature, strain rate and strain are shown in the legend (Bäcke, 2010; Engberg and 
Lissel, 2008). Dots represent the experimental data. 
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(1) Description of recovery and both static or meta-dynamic recrystallization.  
(2) Evolution of the number density and volume fraction for precipitates.  
(3) The critical subgrain size and incubation time for static recrystallization.  
(4) Effect of solute drag and precipitation on the incubation time and softening rate.  
(5) The subgrain size evolution and distribution.  
(6) The temperature, deformation state, and composition dependence of all the above. 

Prior to this, few models could simultaneously combine these factors to describe the stress relaxation process. In the present model, 

Fig. 8. Stress relaxation curve for the (a) steel 6# at different temperatures. The true strain is 0.29 and strain rate is 1 s − 1 (Miao et al., 2010). (b) 
shows the evolution of critical and maximum subgrain size at different temperature for steel 6#. 

Fig. 9. Microstructure of steel 6# under 29% strain and holding for (a) 3 s, (b) 60 s and (c) 240 s (Miao et al., 2010); (d) shows the corresponding 
subgrain size and the model results. Dotted red boundary lines represent subgain boundaries. 
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the evolution of the average dislocation density is directly obtained by solving the unified differential equation (Eq. (1)). In contrast 
with this, previous methods (Bäcke, 2010; Engberg and Lissel, 2008; Zurob et al., 2002) first divided the material into recrystallized 
and non-recrystallized regions, and the dislocation density evolution of the non-recrystallized regions and the volume fraction of 
recrystallization were calculated separately. Then, with a given dislocation density for recrystallized regions, the average dislocation 
density of the alloy is estimated by a mixture of the dislocation density in the non-recrystallized and recrystallized regions. 

In contrast with such approaches, the softening effect of recrystallization is not described here by the evolution of the recrystal
lization volume fraction. Instead, the post-deformation recrystallization coefficient fRX (Eq. (31)) is used to incorporate the effects of 
recrystallization on softening behaviour and it can capture both static and meta-dynamic recrystallization in a simple way. Dislocation 
entropy is incorporated into the model to estimate the energy dissipation during grain boundary motion, and the effects of solute drag 
and precipitation are introduced through the calculation of an energy barrier QRX for grain growth. Since a detailed description of 
recrystallization is not incorporated in the calculation, some common fitting parameters such as grain boundary mobility and energy 
can be circumvented, which makes the model more adaptable. However, this also misses the information on the recrystallized grain 
size. 

The calculation of incubation time for static recrystallization is inspired by the treatment by Zurob et al. (2006), but the expression 
for the critical subgrain size Rc (Eq. (33)) is derived based on the energy balance introduced here for the first time. This balance 
describes the competition between the deformation stored energy and the energy required to trigger static recrystallization. Prior to 
this work, almost all related studies adopted the classical form Rc = γ/ΔG (Humphreys and Hatherly, 2012; Min et al., 2020), which 
was first derived by Bailey and Hirsch (1962), to calculate critical subgrain size. If substituting the expression of stored energy ΔG =
0.5μb2ρ (Humphreys and Hatherly, 2012; Li et al., 2009) into the classical form, it can be found that the critical subgrain size only 
depends on the grain boundary energy γ except for the average dislocation density, which indicates that a very accurate grain boundary 
energy is required to evaluate the critical subgrain size, which is hard to find and often needs to be fitted. Moreover, the grain boundary 
energy is not constant during annealing (Humphreys and Hatherly, 2012). This restricts the calculation accuracy and applicability of 
classical formulations. It is worth noting both classical approaches and Eq. (33) indicate that the critical subgrain size is inversely 
proportional to the average dislocation density. However, the present approach incorporates the effects of the solute atoms, pre
cipitates and average dislocation density on the critical subgrain size can be clearly described in Eq. (33), making such calculation 
more robust and adaptable. 

4.2. Texture and grain size evolution 

The present approach captures the overall transformation kinetics adopting a thermostatistical approach. As such, although the 
capability for recrystallized grains to grow and occupy the deformed regions is predicted, details on grain growth size are missed and 
many studies (Aashranth et al., 2017, 2018; Bozzolo et al., 2013; Zouari et al., 2014) have indicated that deformation during/after 
grain growth is important for subsequent deformation, so it shall be considered in future work. Moreover, it fails to incorporate 
detailed microstructural information required to describe plastic deformation in three-dimensional structures. These include, for 
instance, hot rolled bar with a well-defined grain orientation, or additively manufactured components where a concentrated heat 
source leads to strong texture and mechanical properties anisotropy. It is now known that in additive manufacturing techniques, such 
as laser powder bed fusion, dynamic recrystallization and recovery can take place (Heidarzadeh et al., 2021; Sabzi et al., 2020, 2021). 
The present approach would thus fail in providing such spatial information, but would be first to supply a method to describe softening 
upon building, essential to control residual stresses. 

The method provided here can readily be applied to additive manufacturing. For instance, in laser powder bed fusion, once the laser 
beam leaves the melt pool a contraction follows rapid solidification. This produces a strain rate that, rather than being described by Eq. 
(24), depends directly on the thermal gradients and process parameters such as hatch distance and layer thickness (Sabzi et al., 2020, 
2021). Given that this method allows the calculation of the dynamic recovery and recrystallization, the total strain (the sum of thermal 
and residual strains) can be calculated. 

5. Conclusions 

A model is proposed to describe the overall dislocation density evolution after hot deformation. The approach is the first in 
simultaneously accounting for softening processes including recovery and recrystallization (both static and meta-dynamic). The 
softening processes are described adopting a thermostatistical approach, which uniquely incorporates the effects of alloy composition, 
temperature and relaxation rate. 

Precipitation, accounting for the overall transformation kinetics (nucleation, growth and coarsening) is considered. Precipitate 
nucleation is considered at subgrain boundaries, so subgrain evolution is tracked throughout the stress relaxation process. Subgrain 
growth is shown to agree with experimental results. The interaction of precipitates with the recrystallization process is quantified by 
the model. 

Solute drag, both substitutional and interstitial, is accounted for in recrystallization kinetics. The precipitation kinetics thus links 
with softening as mass balance restricts the solute concentration in the matrix. 

Overall, the model precisely describes softening in 37 stress relaxation conditions for six alloy grades. The strategy outlined here 
can readily be adopted in other alloy families, and other technologies where stress relaxation is of great importance such as additive 
manufacturing. 
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