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ABSTRACT

When a neutron star is spun-up or spun-down, the changing strains in its solid elastic crust can give rise to sudden fractures
known as starquakes. Early interest in starquakes focused on their possible connection to pulsar glitches. While modern glitch
models rely on pinned superfluid vorticity rather than crustal fracture, starquakes may nevertheless play a role in the glitch
mechanism. Recently, there has been interest in the issue of starquakes resulting in non-axisymmetric shape changes, potentially
linking the quake phenomenon to the building of neutron star mountains, which would then produce continuous gravitational
waves. Motivated by this issue, we present a simple model that extends the energy minimization-based calculations, originally
developed to model axisymmetric glitches, to also include non-axisymmetric shape changes. We show that the creation of a
mountain in a quake necessarily requires a change in the axisymmetric shape too. We apply our model to the specific problem
of the spin-up of an initially non-rotating star, and estimate the maximum mountain that can be built in such a process, subject

only to the constraints of energy and angular momentum conservation.
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1 INTRODUCTION

Neutrons stars (NSs) are one of the densest and most compact type
of astrophysical object, consisting of 1-2Mg in few tens of km
of radius making them ideal cosmic laboratories to test physics in
extreme conditions (Blaschke & Chamel 2018). Since the discovery
of NSs in 1967 (Hewish et al. 1968), they have been studied using
the entire electromagnetic spectrum (see e.g. Menezes 2021).
GW170817 was the first observed binary neutron star gravitational
wave signal, detected by both LIGO and VIRGO (Adhikari et al.
2017). This detection event started the study of NS physics from a
new lens. GW170817 was a transient signal which occurred due to
the merger of two NS. We also expect to observe continuous grav-
itational waves (CGWs) signals from spinning non-axisymmetric
neutron stars. No such CGWs have been detected yet, but search
efforts are ongoing (see e.g. Maggiore et al. 2020; Evans et al. 2021).
A rapidly spinning compact object like a neutron star, when
deformed away from an axisymmetric shape, gives rise to a time-
varying quadrupole ellipticity (for simplicity we will use the term
‘ellipticity’ for ‘quadrupole ellipticity’). This non-zero ellipticity is
termed a ‘mountain’, which when spinning produces CGWs (see e.g.
Glampedakis & Gualtieri 2018). The ellipticity can be quantified as:
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where /.., I,,, and I, are the moments of inertia of the star along the
X, y, and z-axes, respectively, with the rotation occurring along the z-
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axis. The subscript (22) reflects the fact that the corresponding (non-
axisymmetric) mass distortion is described by an (I =2, m = 2)
spherical harmonic. Since the centrifugal forces generated by the
rotation gives rise to a symmetrical distortion, corresponding to an
(I =2, m = 0) perturbation, they do not contribute to the generation
of CGWs (Glampedakis & Gualtieri 2018).

There are two broad classes of mountain, depending on the physi-
cal process which supports these non-axisymmetric deformations.
These are — (1) Magnetic mountains: the non-zero ellipticity is
supported by Lorentz forces from the magnetic field of the star (see
e.g. Haskell et al. 2015; Glampedakis & Gualtieri 2018). (2) Elastic
mountains: the non-zero ellipticity is sustained by elastic strain in the
crust of the star (see e.g. Haskell, Jones & Andersson 2006, Johnson-
McDaniel & Owen 2013; Fattoyev, Horowitz & Lu 2018; Gittins,
Andersson & Jones 2020; Giliberti & Cambiotti 2022). Thermal
mountains come under the broad class of elastic mountains (Bildsten
1998; Ushomirsky, Cutler & Bildsten 2000; Osborne & Jones 2020;
Hutchins & Jones 2023).

Many spinning neutron stars are observed as radio pulsars. Their
high moments of inertia and steady spin-down torques make them
extremely stable clocks. However, observations show occasional
sudden increases in their spin rates, termed as glitches; see e.g.
Ruderman (1969) and Haskell & Melatos (2015). The starquake
theory was proposed by Baym & Pines (1971) to explain the glitches
observed in the Crab and Vela pulsars, with the glitches being
caused by sudden fractures in the star’s elastically strained crust.
This model was not able to explain the large glitches observed in
Vela (Flanagan 1996). The currently preferred model of glitches now
involves unpinning of superfluid vortices (Anderson et al. 1981), but
starquakes may nevertheless still occur and may even trigger the
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unpinning of superfluid vortices to facilitate the glitches (Epstein &
Link 2000).

In the past, a few attempts were made to study the formation of
elastic mountains at glitches using the starquake model. Fattoyev
et al. (2018) explained the formation of the elastic mountain by
considering a portion of the crust moving radially, with the rest of
the crust remaining unchanged. As noted by the authors themselves,
this is an overly simplistic depiction of the formation of the mountain.
We do not expect such radial movement of a part of the crust due to
crust break. A more globally consistent model is needed.

A more quantitative description was given by Giliberti & Cam-
biotti (2022), who modelled the formation of elastic mountain on an
accreting NS. They also argued that the centrifugal force acting on
the spinning-up NS can be strong enough to break the crust, and that
the fracture may itself occur in a non-axisymmetric way. By making
some specific assumptions about the nature of the fracture process,
they calculated the range of the starquake-induced ellipticity to be
1072 — 1073,

A detailed study of the non-axisymmetric crust failure on macro-
scopic scales based on tectonic processes was performed by Kerin &
Melatos (2022), who considered a spinning down NS. To model the
microstructure and dynamics of the crust failure, they constructed a
cellular automaton. They predicted the rate of crust failure and found
that typically the last failure event occurs when the NS spins-down to
~ 1 per cent of its birth frequency. They also calculated the ellipticity
and gravitational wave strain as a function of the star’s age.

In this paper, we revisit the problem of mountain formation caused
by starquakes in spinning-up stars. We use as our fundamental
tool the simple energy minimization methods first employed by
Baym & Pines (1971), which allow one to gain intuitive insights
into possible NS deformations. The original Baym & Pines (1971)
analysis specialized to axisymmetric (m = 0) deformations, as that
was the most relevant to the glitch phenomena that they studied.
We extend their analysis to the non-axisymmetric (m = 2) case,
allowing for both axisymmetric and non-axisymmetric deformations
simultaneously.

Our parameter space is 2D, with one parameter controlling the
change in axisymmetric shape of the star, and the other the degree
to which it becomes triaxial. We enforce angular momentum and
energy conservation, and examine how large a mountain can be
formed, subject only to these constraints. We also use our model to
describe a specific mountain building scenario proposed recently in
Giliberti & Cambiotti (2022).

The structure of this paper is as follows: In Section 2, we briefly
explain the starquake model. In Section 3, we write down a simple
geometric model of how the star’s shape can change at a starquake.
In Sections 4 and 5, we give the calculation of the constants related
with the strain and perturbed gravitational energy of the star for
the (/ = 2, m = 2) perturbation, which we need for calculating the
mountain size. In Section 6, we perform the calculation to check if the
total energy of the star contains cross-terms when both symmetrical
(I =2,m = 0) and asymmetrical (/ = 2, m = 2) perturbations are
present. Section 7 gives the relation between the equilibrium shape of
the star after the starquake and its corresponding relaxed zero-strain
shape of the star for pure / = 2, m = 2 perturbation. In Section 8, we
estimate the change in the total energy of the star during starquake
and find the region in the parameter space where the change in the
total energy is negative i.e. where mountain formation is energetically
possible. In Section 9, we use our results to calculate the maximum
mountain that can be formed, and make contact with the recent
work of Giliberti & Cambiotti (2022). In Section 10, we give some
concluding remarks.
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Figure 1. Surface shape for a spinning elastically relaxed star A, that then
spins-down to give the more slowly spinning elastically strained star B.
Rotation is along the z-axis.

Z axis

X axis

Figure 2. As for Fig. 1, but now the spinning elastically relaxed star A is
spun-up to give the more rapidly spinning elastically strained star B.

2 ENERGY CALCULATIONS USING THE
STARQUAKE MODEL

When a star spins-up or -down, it tries to become more oblate or
less oblate, respectively, due to the change in the centrifugal forces
acting on it. This is shown in Figs 1 and 2. However, due to the elastic
nature of the crust, the star resists this shape change, which results
in the development of strain in the crust. This is quantified using the
strain tensor

1
3= E(visi + V&), 2

where &;(r) is the displacement field connecting the position of the
matter elements in the zero-strain NS to the one in the elastically
strained configuration. When the strain in the crust reaches a critical
limiting value, the crust will break. This was modelled by Baym &
Pines (1971), who computed the displacement field &; for a simple
uniform density, uniform shear modulus stellar model. See also
Franco, Link & Epstein (2000).

As well as making a detailed calculation of the displacement field,
Baym & Pines (1971) used a simple energy-minimization model to
describe the starquake process, which we will make use of throughout
this paper. In this section, we summarize their (axisymmetric) model,
which we will later extend to include non-axisymmetry.

Our star is incompressible, of uniform density, and is fluid for radii
0 <r < R., and has uniform shear modulus pu for R. < r < R,
where R, is the radius of the crust-core boundary, and R is the
stellar radius. There are studies which have considered more realistic
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elastic star with non-uniform density and shear modulus as given in
Ushomirsky et al. (2000), Cutler, Ushomirsky & Link (2003), and
Giliberti et al. (2020). We choose to use an extremely simple model,
in order to be able to carry out our calculations analytically.
The departure of the star’s shape from being spherical can be
quantified using the oblateness parameter
I 2z Izz s

€0 = ——"+ . - 3)

2z,

which is the relative departure of the moment of inertia of the rotating
star from the value 7, ; it would have if it were spherical, i.e. if it were
not rotating and elastically relaxed. The subscript (20) corresponds
to the axisymmetric perturbation / =2, m = 0.

To find the equilibrium shape one needs to consider the competi-
tion between the centrifugal forces caused by rotation, which tend to
make the star oblate, the gravitational forces, which tend to make the
star less oblate, and elastic forces, that tend to force the star towards
the shape that would reduce the elastic strain energy to zero. The
total energy of the star can be written as:

ET = Egrav + Emt + Estrainv (4)

where E,,, is the gravitational potential energy, Ey is the Kinetic
energy, and Eg.,, is the elastic strain energy. We are considering
small departures from sphericity.

For the gravitational energy,

Egrav = Egrav,s + SEga (5)

where Egp,, s is the gravitational potential energy of the spherical
configuration of the star. The gravitational energy must be a minimum
when €9 = 0, motivating the relation

SE, = Axel,, (6)

with A a constant. For our uniform density incompressible star of
mass M and radius R:
3 MG

25 R

This expression for Ay is mentioned in Baym & Pines (1971). They
did not derive this expression, but instead gave the reference Love
(1944). Since we did not find the derivation in Love (1944), we
derived the expression for Ay explicitly using the method set out in
section 7.3 of Shapiro & Teukolsky (1983); see also our Appendix B.

For the kinetic energy,

L2

21 2z '

where L is the angular momentum.
The moment of inertia about the rotation axis, /., can be written

2

in terms of the oblateness parameter using equation (3):
I; = Lo (1 + €2). )

The elastic strain energy must be minimized when the actual shape
€59 1s equal to the shape €59 ¢ at which the strain is zero, motivating
the relation

Eqnain = Bao(€20 — €20,0)°, (10)

where By is a constant. For our uniform shear modulus crust, with
inner and outer radii R, and R,

57
By = —uVe, 11
20 SOM (11)

where V. is the volume of the crust (Baym & Pines 1971). We have
replaced the total volume V in the expression of By, as given in

@)

A

Eio = (8)
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Baym & Pines (1971), with the volume of the crust V.. We can write
expression (11) in terms of the thickness of the crust AR as,

57 )
Byy = — (4w R°AR). (12)
50
Collecting the above pieces the total energy is
LZ
21 (1 + €x)

To calculate the equilibrium shape €59, minimize Et with respect
to €9, keeping the angular momentum L constant:

Er = Eguays + + A20€§0 + Bao(€a0 — €200)*.  (13)

Izz,sQ2 + BZO
= €20,0-
4(Ay + By) Az + By

This equation gives the relation between the equilibrium shape (e30)

and the elastically relaxed shape (e€39) of the star. The first term,

proportional to ©2, can be identified as the centrifugal distortion.

The second term, which remains when 2 is set to zero, is the

(axisymmetric) distortion supported by the elastic strains in the crust.
We can write equation (14) as,

€0 (14)

€0 = €g + b€ 0, (15)
where
5 RQ? f \° R
== =176 x 1073 —6 16
=5 oM x (100 Hz) M, (16)

using Q =27 f, and

By By
by =—"—7—~—
A+ By Ay
38T uR>AR R2AR
= TR 28~ 228 x 1075 T2 (17
M2G M2,

In (16) and (17), we have scaled to the canonical values, M; 4 the
mass in units of 1.4 Mg, R¢ the NS radius in units of 10%cm, u the
shear modulus of the crust in units of 10*® erg cm~2, and AR5 the
thickness of the crust in units of 10> cm.

This analysis is not applicable to mountains as it is specific
to axisymmetric perturbations, but can be modified to consider
| =2, m = 2 perturbations. If we neglect rotation, we can straight-
forwardly modify equation (13) to give

Et = Egav s + Aped, + Balen — eno), (18)

where the parameters €;, and €3, o describe the shape of the actual
equilibrium configuration, and the zero-strain configuration, both
non-axisymmetric. Minimization with respect to €;, then gives

Bi

= —— . 19
A22—|—322€22’0 (19)

€22
This gives the relation between the equilibrium shape (e,;) and the
elastically relaxed shape (€2, ) of the star for the non-axisymmetric
(I =2, m = 2) perturbation.

In the literature till now, the values of A, and By, were assumed
to be identical to A,y and Byy. Since, we have A,y > Byg, we can
make the approximation

Bi Bx» B

= eng N ——eng N —eno ~ 10 ey, (20)
Axp + By Ay

€2 ~
Ap

where the last equality is motivated by equation (17). This indicates
that the actual mountain size is always much smaller than its relaxed
m = 2 shape. In Sections 4 and 5, we will explicitly calculate the
values of By, and Ay, and verify that this is indeed the case.

MNRAS 532, 2763-2777 (2024)
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3 DISPLACEMENT VECTOR FIELD AND
ELLIPTICITY

In order to model triaxial deformations, we will need the form of the
displacements field 5 that generates the non-axisymmetric pertur-
bation from the spherical configuration. This immediately presents
us with a problem. In the axisymmetric perturbation (I = 2, m = 0)
we had rotation as the physical deforming process, which enabled
computation of a unique displacement field in the strained star
(Baym & Pines 1971; Keer & Jones 2014). In the non-axisymmetric
perturbation (! = 2, m = 2), we do not have such an a priori physical
deforming process. We will therefore have to choose for ourselves
the form of a 1-parameter family of solutions.
In our calculation, we choose the following displacement field:

£ = anV(rYn(6, ¢)). 1)

Strictly, one has to take the real part of the displacement field
vector 522 to obtain the physical displacement. The parameter a»;
controls the size of the perturbation. This is in fact precisely
the form of the displacement field one gets when computing the
[ =2, m = 2oscillation mode of a fluid, incompressible, uniform
density non-rotating spherical star. These oscillation modes (57,,[)
are called Kelvin modes (Thomson 1863). For this reason we will
term this the ‘Kelvin mode’ displacement field, but it should be
understood that our displacements are constant in time (aside from
the time generation generated by the rigid rotation of the star), not
oscillatory.

For reasons of simplicity, we will continue to follow the treatment
of Baym & Pines (1971) and model our NSs as incompressible,
uniform density, with a non-zero (but uniform) shear modulus ©
only for the crustal region R, < r < R. Since the energies involved
in our calculations are of the second order (in the parameter o, ), we
need to verify if the displacement vector field we have chosen ensures
the incompressibility of the star to the second order. However, we
immediately find a problem — the displacement field of equation (21)
gives a contraction of the star if one computes to second order in
. This issue of lack of volume conservation to second order was
first pointed out in Yim & Jones (2022) who modelled Kelvin modes
proper (i.e. stellar oscillations), who noted that it is a consequence
of the Kelvin mode solutions being calculated to only first order.

This problem can be most easily demonstrated by calculating the
volume change due to the perturbation. If we allow the displacement
field to act on a spherical star of radius R, volume V = 47 R3/3, the
deformed star is a (triaxial) ellipsoid, with radii along x, y, and z
axes:

. B 1 /15
01=R+$ (”=R,9=5,¢'=0>=R l—|—(¥22§ g N

(22)

. _ I B . _ 1 /15
02:R+€ (r R,9—2,¢—2)—R<1 0[225 27_[>a
(23)
a3=R+E@Fr=R,0=0) =R, (24)

where £ is the radial component of the displacement field. As the
deformed star is an ellipsoid, its volume is given by the standard
formula

4
V= ?nalazag. (25)
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If V5 denotes the volume of the spherical star of radius R, the
fractional change in the volume is then

V—Vs 15
T —gagz, (26)

demonstrating the reduction in volume.

To gain more insight, we can compute the corresponding (La-
grangian) density perturbation using equation (B32) from Fried-
man & Schutz (1978)

A . 1 . . . .
7” = —Vit' + S(VE'VE +VEVE) + 06, @7

‘We obtain a non-zero value for the second order density perturbation,
independent of position within the star:

Ap 15

P 3702 (28)

We see that the decrease in the volume is compensated exactly by
the increase in the density, consistent with conservation of mass.

This shrinking of the star is reflected in a non-zero value for the
change in the internal energy of the NS, something which we would
expect to be zero for an incompressible star, and therefore neglected
in the formulae of Section 2. The change in internal energy § Eiy can
be computed using equation (B48) of Friedman & Schutz (1978),
which gives

3 GM?
SR o,. (29)

The shrinking of the star has resulted in a positive perturbed internal
energy, of second order in o;.

The spatial uniformity of the density perturbation indicated that
the Kelvin mode displacement field is producing a contraction linear
in radius r. To enforce incompressibility to second order we therefore
add a corresponding spherical expansion to compensate:

SEn =

- 5r
£ = anV(r*Yn(0, ¢)) + —a3,é.. (30
8

We can interpret this as, along with the Y, perturbation there is also
a Yy perturbation which causes the spherically symmetric expansion
of the radius of the star. The radii of the star along x, y, and z-axes
becomes

a1:R+$’<r:R,0:%,¢:O)

5 1 /15
= (1+§a%2) (1+6¥222 271) 31)

r (= To=r
ar =R+ (r RO=7.¢=7
5 1 [15
=R(1+ a2 ) |1—0on=t/—]|. 32
(+8na22>( a222\/27r> ¢2)
. 5
a3=R+g'(r=R,9=0)=R(1+8—a§2). (33)
T

One can easily verify that this modification gives zero density,
volume, and internal energy perturbations up to second order in
apy. In what follows, we will therefore take equation (30) as our
1-parameter family of (/ = 2, m = 2) stellar deformations.

Note that for the uniform density triaxial ellipsoids that we
consider in this paper, once one has specified the radii ay, a;, as,
one can immediately compute the corresponding moments of inertia
I, Iy, I.; using the (exact) formulae (Chandrasekhar 1969)

_ M(a% + a%)

IXX
5

(34)
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Figure 3. Schematic picture of the three stars relevant to the computation of
the constants Ay and Bj,. Star S is the background spherical star. A is the non-
spherical zero-strain configuration and B is the elastically strained equilibrium
configuration of the star. é; A and S;B are the displacement fields of the star A
and B w.r.t. to the background spherical star S. S;B is the displacement field
of the star B w.r.t. to its zero-strain configuration A. Similarly, esa and esp
are the ellipticities of the star A and B w.r.t. to the background spherical star
(es = 0). eap is the difference in ellipticity of the star A and B.

M 2 2
I, = Mfa; +ai) (35)
’ 5
M 2 2
I, = M_ (36)
5
Substituting these into the definition of €5, of equation (1) gives
ai —a;
€)= T 37)

Then substituting for the radii a,, a, using equations (31) and (32)
gives, to leading order in oy,

/15
€ = — 0. (38)
2

This is useful as it will allow us to convert between ellipticities and
vector field displacements.

4 CALCULATION OF THE STRAIN ENERGY

In this section, we will calculate the strain energy of the triaxially
deformed star and the corresponding constant B, i.e. find the
m = 2 version of equation (11). In Section 5, we will consider
the (perturbed) gravitational energy, computing Ay, i.e. the m = 2
version of equation (7).

In performing these calculations, it is useful to identify several
related stellar configurations, and the displacement fields that connect
them, as summarized in Fig. 3. Star S is non-rotating, elastically re-
laxed, and therefore spherical. Star A is non-spherical but elastically
relaxed, i.e. has zero strain; it is not an equilibrium solution. Star B
is the actual equilibrium solution, where strains in the now-stressed
elastic crust contribute to the force balance. It is the form of star B
that we ultimately wish to calculate. All three stars have the same
mass. ESA and SSB are the dlsplacement fields of A and B w.r.t. to
the background spherical star S. SAB is the displacement field of the
star B w.r.t. to its zero-strain configuration A. Similarly, esa and €sg
are the ellipticities of A and B w.r.t. to the background spherical star
(es = 0). exp is the difference in ellipticity of stars A and B.

Elastic mountain formation via starquakes 2767

As the neutron star spins-up (or -down), it develops strain in its
crust. This gives rise to the strain energy (Thorne & Blandford 2017,
section 11.4)

Etrain = / udav (39)
where U is the strain energy density given as
U = /J“Eijzijv (40)

where p is the uniform shear modulus and %;; the strain tensor of
equation (2)

1
X = E(E,@B + SJA;,B), (41)
where we use the Kelvin mode displacement field vector £2B (30)
for the (I = 2, m = 2) perturbation which connects the fluid elements
between star A and star B as shown in Fig. 3.

Next, we calculate the different components of the strain
tensor. Expressions for the complete strain tensor X;; are given in
Appendix A. Inserting (A4) into (40), we get
U= WE ) = e, (42)

J J 4
where 2B is the amplitude of the displacement field EAB of
equation (30). We see that the strain energy density is uniform, i.e.
independent of position. The volume integration of the strain energy
density U over the crust of the star is then a simple multiplication
by the crustal volume (the spherical shell R, < r < R), giving the
total strain energy:

R)u(esP)?. (43)

The phenomenological expression for the strain energy in terms
of ellipticity is given as per equation (10) above,

Egrain = BZZ(GZS;3 - 622 ()) (44)
SB

Egtrain = 5(R3

where €3, is the ellipticity of the equilibrium configuration B of
the star as shown in Fig. 3, and 622 o is the ellipticity of star A. By
definition, these two stars are connected by the displacement field
&xp and so, using equation (38), we have

15
€ —eno =€ T\ o @y (45)

Inserting (45) into the phenomenological expression of the strain
energy (44) and then comparing it with (43) we get,
1

By = EVcIJ«, (46)

where V. is the volume of the crust. Comparing (11) and (46), we
get the following relation between B, and By,
25

By, = —B: 47
2 = 57 Ba. 47

We will use this result later.

5 CALCULATING THE GRAVITATIONAL
POTENTIAL ENERGY

In this section we will calculate the perturbed gravitational energy
for the case of [ =2, m =2, using the formalism described in
Friedman & Schutz (1978), i.e. find the m = 2 version of equation
(7). As a check on our result, we also obtain the gravitational energy
perturbation using formalisms described in Shapiro & Teukolsky

MNRAS 532, 2763-2777 (2024)
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(1983) and in Chandrasekhar (1969). Calculation under Shapiro &
Teukolsky (1983) formalism is shown in Appendix B.

Equation (B56) of Friedman & Schutz (1978) gives an expression
for perturbed gravitational energy accurate to second order in the
displacement field &:

V50V 5D

SE gy = V; d V8P
o /{pé + p&! +8 G

+§p§fgfv,-v_,»q>] av, (48)

where @ is the unperturbed gravitational potential inside the star.
For our uniform density star, the unperturbed » < R gravitational
potential is given by

2 2 2
o = gnGp(r —3R"). (49)

The relevant perturbation is the Kelvin mode displacement field
vector éSB which connects the fluid elements between star S and
star B as shown in Fig. 3, as per equation (30). We also need the
corresponding perturbed gravitational potential, §®.

An important point to notice here is the domain of integration in
equation (48) is infinite. Therefore, while calculating the third term
of (48), one has to consider both §®;,,(0 < r < R)and § O((r > R).
These are given in Yim & Jones (2022):

47pGl rl

3P = —malm RI—2 Yin (0, @), (50)
47pGl R
3Dy = _T—I—lal'nWYlm(e’ ?). (S1)

Note that the crustal shear modulus does not appear in either of these
expressions for the perturbed gravitational potential; the potential
energy depends only the shape of the star, not its composition.

Inserting all the required terms into (48) and performing the
integration, we obtain

3
8Egay = mGMZ(agf)z. (52)

To calculate the constant A, we will equate (52) with the
phenomenological expression for the perturbed gravitational energy

8Egray = Ana(50)7, (53)
where
ASBI . — ASBJ
255_?, — | XX yy | . (54)
IZZ.S

Here ASB],, and ASBJ yy are the differences in moment of inertia of
the triaxial strained star B along the x- and y-axis, respectively w.r.t.
to the spherical configuration S. The eccentricity parameter €52 is

related to the Kelvin mode parameter o352 in exactly the same way

as the parameter €2 is related to the parameter ass® as given in

equation (38) above, i.e.

15
eS8 = Ea%. (55)

Comparing (52) with (53) we get,

3
MGW@?Y An(en). (56)
Inserting the expression of ellipticity €52 (55) into (56) we get,
GM?
Ay = %R (57)
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This gives us the value of the constant Ay,. Taking the ratio of Ay
(7) and Ay, (57), we get the following relation,
1

Ap = gAQO. (58)

We will use this result later.

6 ALLOWING FOR BOTH AXISYMMETRIC
AND NON-AXISYMMETRIC PERTURBATIONS

In areal NS, there will be axisymmetric strains, due to spin-up/spin-
down, and also non-axisymmetric ones, supporting a mountain. We
therefore need to model both (( =2,m =0) and (I =2, m =2)
deformations simultaneously. The expression for the energy of such
a star will certainly contain the terms given in equations (13) and (18)
for the separate contributions, but one can ask, will there be cross-
terms, i.e. terms proportional to the product of the small parameters
describing each sort of perturbation? In this section we show there
are no such cross-terms.

In the case of slow rotation of uniform density stars, the form of
the [ = 2, m = 0 perturbation are known, as described in Baym &
Pines (1971) and Keer & Jones (2014)

V(r) deo(G) A

=U@r)Y(0 59
E20 = U Ya(O)F + a0 (59)
where

2 TA
Ur)= —1/ = Q — Q)3 — 8R? 60
(r) 2\ s 1+bm( 5 — S2.)0Gr r) (60)
and
2 T A 5
V)= ==/ = Q- Q) [ =r* —4R*?). 61
=3 \/ S Tt b 28 A)(zr " ®1)
Here, A = . Note that expression (59) is strictly true only for

a uniform den51ty elastic star (i.e. the whole star is elastic), for
which Baym & Pines (1971) find by = m We make the
approximation that (59) is the correct elgenfunctlon for the star
having finite crust thickness AR with by as given in equation
(17). This should be a good approximation given the small effect
of elasticity on the shape of the star.

The displacement field (59) relates two configurations of the star,
which can be identified with stars A and B of Fig. 3, if we now
picture both stars as axisymmetric, with A being relaxed and having
an angular velocity €24, and B being obtained by spinning up/down A
to angular velocity g, and therefore being strained. As before, star
S is a reference star of the same mass, but spherical and unstrained.
Then we can take

A 2 2
o0 = ——— (825 — £2%), (62)
1+ by

as the small dimensionless parameter describing the effect of rotation
on the star.

Given (59), we can calculate the radii along the x, y, and z axes
for any uniform density spherical elastic star that is spin-up from
Qar =0to 2 > 0:

1
=R+g’(r:R,9_%,¢=o)=R(1+a205), (63)
a2:R+§’(r_R0_%q):%):R(l-f-Otzo%), (64)
—R4E(r =R, 0=0) =R —ax), (65)

where & is the radial component of the displacement field (59).
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We can then calculate the corresponding oblateness parameter €,
as defined in equation (3). First, using equation (36) in equation (3)
we have
_ (a} +a3) —2R?
- 2R?

Then, substituting the radii a; and a, of equations (63) and (64) we
obtain

€20 (66)

2

o
€0 = 00 + % (67)

For ayy « 1, this can be inverted:

2

€
O R €30 — % (68)

This result will prove useful, as it will allow us to translate between
oblateness and vector field displacements.

When both the perturbations / =2, m =0 and [ =2, m = 2 are
present, we can write the full displacement field as the linear
combination of S;o of equation (59) for and E;z of equation (30),
so that

g = 0620550 + 0122522- (69)

The parameter a,;, as discussed in Section 3, controls the size of the
| = 2, m = 2 perturbation. The expression for the total energy of the
spinning star can then be written as:

2

Emtal = Egrav.s + F + A20(€25(1)3)2 + B20(E§(])3 - 625(1;_‘0)2
+A22(€§;)2 + Bzz(ézsé3 - E;ﬁo)z + Azo.zzéggézsf
+B0.22(€55 — €300)(€33 — E370), (70)

where €58 and €5F are the equilibrium oblateness and ellipticity as
mentioned in the previous sections. €3, and €35, are the zero-strain
configurations which can be mapped from the background spherical
configuration using the rotation (59) and Kelvin mode displacement
field 5 (30), respectively. Note that we have allowed for the presence
of cross-terms in both the gravitational potential energy and in the
elastic energy through the introduction of new parameters Ay 2, and
Byo.22, respectively.

First consider the elastic strain energy. The methodology used
here is similar to the one we followed for the calculation of B, in
Section 4. For the displacement field (69), we get

Xy Ty = (@) (S + @ (B + ajp e 57
+anasy 25.221,2;’_ (71)

Inserting (71) into the expression of strain energy density (40) and
doing the volume integration gives

Euin = 1 / (@BPERP + @SR + afBalP 5252
+agy gy BTV (72)
: 2 20 an i :
The expressions of X" and X}’ are given in Appendix A. We get

3 15

DED N e Vg asPasPr? cos 2¢. (73)
This gives
/V SHE2AV = /V SRE2AV =0, (74)

and (72) becomes

20 22
Egtrain = Eslmin + E

strain

=387 (R* — R)u(es?)” + 5(R* — RHu(sy)*. (75)
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We therefore find that there are no cross strain energy terms
when both perturbations are present. Therefore, the last term of
(72), which corresponds to the cross-term in the strain energy
Byo (€55 — €530)(€38 — €32), is zero. The value of E20, obtained
here, when inserted into the equation (10), gives the expression for
By (11) which agrees with the one given in literature (Baym & Pines
1971).

Next, we calculate the cross-term for the perturbed gravitational
potential energy corresponding to Ay 2€50€52 in the expression of
the total energy (70). For this we use the expression for perturbed
gravitational energy (48) from Friedman & Schutz (1978). Using
(50) and (51), we get the following expressions of the perturbed
gravitational potential §®;, (0 < r < R) and §P.(r > R), respec-
tively,

87 pG 87 pG

iy = — g’ 2072 Yao(0) — o2 4y 2 Vs (6, $), (76)
81pG R’ 870G R’

0Dey = _TaZOFYZO(G) - TOQZFYZZ(Q’ ¢)' (77)

Inserting the expression of displacement field of equation (69), the
unperturbed gravitational potential energy of equation (49), and the
perturbed gravitational potentials of equations (76) and (77) into (48)
then gives the perturbation in the gravitational potential energy. The
expression is large, so we will not write it down, but one easily finds
that that there are no cross-terms due to the orthogonality property of
the spherical harmonics Y, and Y», when integrated over a 2-sphere.

7 ELLIPTICITY AT EQUILIBRIUM

Given that there are no cross-terms in the expression for the star’s
energy, equation (70) reduces to the sum of the separate spherical,
m = 0 and m = 2 contributions:

L2

ET = Egrav.s + 7 + 320(625(1)3 - 6;&0)2 + "420(65(])3 2

z

-Hf?zz(ézsé3 - 62520)2 + A22(€§?)27 (78)

Perturbation / = 2, m = 2 do not contribute to the kinetic energy
because we have §1 sz = 0. One can find this result in the section 8.5.1
of Yim (2022).

It follows that the m = 0 and m = 2 deformations are those ob-
tained by analysing each case separately. Explicitly, if one minimizes
Er of equation (78) with respect to ey, keeping L, €390, €22, and
€0 fixed, one obtains equation (14) for €59, containing the expected
centrifugal and elastic deformation terms. If instead one minimizes
Et with respect to €, keeping L, €9, €200, and €2, fixed, one
obtains equation (19) for €y;,

Given equations (47) and (58), we can see that just as By < Ay,
we also have By, < Aj,. Using these relations we obtain
Ba_25Bp )
We point this out as it is these ratios that determine how large an actual
deformation (e or €3,) one gets for a given zero strain reference
shape (€200 Or €22,0).

For both axisymmetric and non-axisymmetric deformations, the
effects of elasticity are weak compared with gravity, and the actual
deformation resulting from a given reference shape are small. The
numerical factor that appears in equation (79) is specific to our simple
uniform density uniform shear modulus stellar model, but we expect
the result Byy/Az ~ Bay/Az will remain true for more realistic
stellar models, providing the effects of elasticity remain small.
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Figure 4. Schematic picture of the starquake model of Section 8. We are
looking at the stars in the x-y plane, with rotation along Oz. Star S (red) is the
non-rotating elastic spherical star. It spins-up and goes to the configuration
E (yellow). At this point, the crust breaks and acquires a new equilibrium
configuration Q (green). Qg (grey) is the relaxed shape for the new equilibrium
shape Q.

Inserting some numerical values for the case of mountains, we
have

1 M?
Ay = —GM? =2.091 x 10%erg—, 80
27 95R TR, (80)
1
By = EMVC' (81)
‘We can write B,, in terms of AR as follows,
By =27 R*AR = 0.628 x 10%erg u3R2ARs. (82)
For the mountain size itself, we have
€ = bneny, (83)
where
by — B2 Bn_ 50m wRPAR
27T Ap+ By Ay M?G
R}AR
~ 3.005 x 1075302625 (84)
M
i4

Substituting (84) into (83) we get,

R}AR
S8 ~ 3.005 x 10—5625;}0%.
1.4

(85)
Expression (85) quantifies the smallness of the equilibrium ellipticity
of the star relative to its relaxed (zero-strain) star ellipticity.

8 CHANGE IN TOTAL ENERGY DURING
STARQUAKE

We will now apply our starquake model to a specific scenario, of
the same sort considered by Fattoyev et al. (2018) and Giliberti &
Cambiotti (2022), and described schematically in Fig. 4.

We start with a non-rotating spherical elastically relaxed star S.
We spin it up to pre-quake equilibrium configuration E, modelling
the rotation as a perturbation, as described in Section 6. The crust of

MNRAS 532, 2763-2777 (2024)

star E then fractures, and the star acquires a new equilibrium shape Q,
with star Qg being the relaxed configuration for the new equilibrium
shape Q.

To build intuition, in Section 8.1 we consider fractures described
by pure m = 0 perturbations, while in Section 8.2 we consider frac-
tures described by pure m = 2 perturbations. Then, in Section 8.3,
we consider the case in which we are really interested, with a
combination of m = 0 and m = 2 perturbations.

Crucially, we enforce both angular momentum and energy con-
servation. Angular momentum conservation is enforced by requiring
that the angular momentum of star Q is the same as that of star
E. Energy conservation is enforced by requiring that the energy of
star Q is equal to or less than that of star E, as a realistic fracture
will generate heat within the star, and also emit gravitational waves,
things which we do not explicitly include in our energy calculations.
Note that as long as the quake is axisymmetric, the gravitational wave
emission will not carry any angular momentum (see e.g. Yim & Jones
2022).

We take the view that star E is given, leaving us with a two-
parameter family of possible quakes, corresponding to the m = 0
and m = 2 perturbations. We take as our two free parameters the
changes in relaxed shapes Aeyy o and A€y 0. We wish to find the
region in this parameter space for which starquakes are allowed, and
how large a mountain can be formed.

8.1 Perturbation/ =2, m =0

The expression for the total energy of the star E, for pure m =0
perturbations, is given as (13). To find the shape of star E, we
minimize this energy as described previously, keeping the angular
momentum L and reference shape € fixed. This gives the usual
relation (14) between the equilibrium shape and the elastically
relaxed shape. However, in this case we have €y = 0, as star E
was obtained by spinning up the spherical and relaxed star S, so (14)
reduces to

]zz,sgz

S (86)
4(Az0 + Byo)

€20

When the crust breaks, the axisymmetric perturbation (e;)
changes, on top of the star E. The moment of inertia and the angular
velocity of the star E transformsas I — I + Al and Q2 — Q + AQ,
respectively. Since, the angular momentum is conserved, we have

L=+ADQ+AQ) =IQ. (87)

Rearranging equation (87) gives,

Al AQ Al AQ

—_— = . (88)
I Q I Q

The change in the moment of inertia is given as

Al = A(Izz,s(l + €x)) = Izz,sAE20- (89)

Using (88) and (89) we get,

AQ A

S o (90)
Q 1 =+ €20 —+ AEQO

To find the relation between the actual change in shape A€y in
going from star E to star Q, to the change in reference shape A€y o,
we perturb (14). This gives

20, QAQ 4 By A
4(Az + By) Az + B

Aeyy = €20,0- On
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Using (86) and (90), (91) becomes
2e20 A€ Bao
I+e0+ Aexy Az + B
The above equation is a quadratic in A€yg. Using the standard formula
for finding the roots of a quadratic and then performing linearization,

we get the following relation between Aeyy and Aeyg g to the leading
order in by,

Aeyy = by A€y (1 — 2ey). 93)

AEZ() = — A€20.0~ (92)

The change in the kinetic energy between the two equilibrium
configurations E and Q is given as

L’ )_ (I:2)?
21 (1 + €) 20 (1 + €20)*
Inserting the expression of moment of inertia (9) and €,y (86) into
(94) we get,

1.2
AE, = — %
2

Aﬁ:A( Aex. (94)

A€y = —2(Az + Bag)ernAexy. 95)

The change in the gravitational potential energy between the two
equilibrium configurations is given as

AE, = A(Axery) = 2AexnAéx. (96)
We see that,
AEg + AEk = —2320620A620. (97)

To calculate the change in the strain energy, we cannot use the
perturbation method, as used so far, because we will allow for order
unity changes in strain energy, i.e. we will allow the star to loose all
or most of its strain energy, corresponding to a single large fracture
event. To calculate the change in the strain energy between the two
equilibrium configurations, we will therefore simply calculate the
strain energy of the respective configurations (E and Q) and take the
difference:

AE, = E2 — EF = By(esp — e3,0)° — Baolehy — €5y o). (98)
We have,
€5 = €2 + Aex (99)
and
630,0 = €20,0 + A€z0,0 = A€0- (100)
Inserting (99) and (100) into (98), we get
AE, = Byy(ex + Aézg — Aérg ) — Baoedy. (101)
We insert (93) into (101) and further simplify it. This gives,
AE; = ByAe3y o — 2BaeanAex,o + 2BrexnAex

+Bag A€y — 2By AexAey. (102)

The change in the total energy for the m = 0 perturbation is given
as,

AEr = AEx+ AE, + AE, = ByAe€3,, — 2BxexnAéxn

+Bz()AE§O — 2320A620A620,0. (103)

The change in the energy, corresponding to AEy + AE, (97), gets
completely cancelled by the third term in the expression of AE;
(102). Also, the energy given by equation (97) is b, times smaller
than the leading order terms in A E;. Since, the third and fourth term
in (103) are order of magnitude smaller than first two terms, we can
ignore them. This gives,

AET = Bzer%O,O - 2320620A620’0. (]04)
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Figure 5. Change in energy for an axisymmetric star that undergoes a purely
axisymmetric change in reference shape of size Aey o, as described in
Section 8.1. We have set €590 = 0.1 in this plot.

Therefore, to the leading order, the change in the total energy A Et
includes contribution only from A Ej. In (104), the free parameter is
A€y 0. The total change in energy will be negative as long as,

AEZO,O < 2620. (105)

This has a simple physical interpretation. For very small values of
Ae€y o the strain energy is guaranteed to decrease, as some of the
strain created by spinning up the spherical star is relieved. All of this
strain would be relieved if A€y g = €0, as the new reference shape
would match the actual shape of the star. If the star ‘overshoots’, less
energy is relieved. In the case of overshooting as far as A€y g < 2¢€0,
the new strain is equal in magnitude to the pre-quake strain, but is
acting to make the star more, not less, oblate, and the change is
energetically neutral, in terms of strain energy.

For a given €9, the variation of % with A€y is shown in
Fig. 5. We have set €y = 0.1 corresponding to the fastest rotating
pulsar (716 revolutions s~1). One can chose any value of €59 and the
curve in Fig. 5 will scale accordingly.

Also, we verified that if we include 3rd order terms in the
expression of the total energy as shown below,

LZ
21“.5(1 + 620)

73 / 3
+Ay€3 + Byo(€20 — €20,0)7,

Er = Egays + + Azpey + Bao(€a0 — €20,0)°

(106)

the correction terms in A E1 would be of higher order. Therefore, we
can safely assume (13) as our model of analysis.

8.2 Perturbation! =2, m =2

We will now calculate the change in the total energy for a pure
m = 2 perturbation of star E. The expression of the total energy of
the pre-quake equilibrium star E is given by equation (13). When the
starquake occurs, star E acquires a new equilibrium configuration
Q. At the starquake, we add only the non-axisymmetric perturbation
(€22) on top of the star E. The expression of the total energy of the
new equilibrium star Q is given as,

2

21&.5(1 + 620)

+Anes, + Bn(en — €2,0)

Er = Egavs + + Azpezy + Bao(€a0 — €20,0)°
(107)

Here, €3, is the relaxed ellipticity of star Qp. To get the relation
between the new equilibrium Q and its relaxed shape Qg of the star
for this m = 2 perturbation, we minimize (107) w.r.t. €y, at fixed L,

MNRAS 532, 2763-2777 (2024)
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€20, €20,0, and €x; 9. This gives

By By
== P et . 108
€22 A» + B €220 A €22,0 (108)
Perturbing (108) to describe the change in going from E to Q gives
Aexp = Lﬁfzz,o = bnAeny, (109)
Axn + Bn

The change in the strain energy stored in the crust between the two
equilibrium configurations E and Q, for pure m = 2 perturbation is
given as

AE; = By(en — €n0) (110)

Since, there is no mountain before the starquake, we can write the
equilibrium shape (€;) and the relaxed shape ellipticity (€22,0) of
star Q as the change in the equilibrium (Ae€y,) and relaxed shape
ellipticity (Aex, o) between star E and Q, i.e.

A622:€2QZ_62EZZEQZ_O:€22 (111)
and

_ .0 E _ —
A€o =¢€pg—€png=¢€no—0=€ny (112)

Inserting (111) and (112) into (110), we get
AE, = Bp(Aey — Aéy ) ~ BnAes, . (113)

The change in the gravitational potential energy, between the two
equilibrium configurations E and Q, for pure m = 2 perturbation is
given as,

AE, = Anéy, = ApAe,. (114)
Using (109), we get
AE, = BnbnAes, . (115)

The change in the gravitational potential energy AE, is by, order
of magnitude smaller than A E. Therefore, the change in the total
energy is given as,

AEr ~ AE, ~ ByAey, . (116)

Since the change in the total energy of the star is positive, we see
that it is not possible for a star to have a pure m = 2 perturbation. It
follows that any m = 2 perturbation must always be present with a
axisymmetric m = O perturbation. We go on to consider this case in
Section 8.3.

8.3 Perturbation m = 0 and m = 2 present together

Previously in Section 7, we showed that when both the perturbations
m = 0 and m = 2 are present together, the changes in the energies
of the star for the respective perturbations are independent of each
other. Therefore, to obtain the expression of the change in the total
energy, when both the perturbations are present, we can simply add
the results (104) and (116) given in Section 8.1 and Section 8.2,
respectively. This gives

AET = B20A5§(),0 — 2320620A620,0 + Bzz.Aé%zyo (117)

Here, we have two free parameters, A€y o and Ae€y; o. Fig. 6 shows
(in green) the curve in the 2D parameter space of A€y o and Aex o
when A Et = 0. For a mountain to form, we need

AET = B20A€§0,0 - szoezoAEzovo + BZ2A€§2,0 < 0, (1]8)
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Figure 6. Illustration of the region in our (A€, 0, A€ 0) parameter space
for which AET < 0. The green curve marks the elliptical boundary of this
region, where A Et = 0; energetically allowed points lie on and below this
curve, in the green shaded region. We give the position of three different
configurations of the star. Point A (green) marks the position of the star with
largest mountain. The vertical red line gives the configurations of the star
which releases maximum amount of energy while forming a mountain. This
is shown explicitly in one of the cases as shown by the horizontal red line
where point B (red) indicates the position of the star with a mountain size as
discussed in a recent study Giliberti & Cambiotti (2022) and point C (black)
gives the position of the star configuration with the same mountain as star B,
but which requires the least energy.

which is the region inside the green curve. We can re-write (117) in

the form given as,

(Aexo — €0)* | Bn(Aeno)

2 2
€20 €30B20

1. (119)

This clearly shows that the curve (green) is an ellipse. Note that we
can, without loss of generality, consider only the upper half of the
ellipse, as we can always map e < 0 to €y > 0 through a m/2
rotation in the x-y plane; see e.g. Jones (2015).

The form of this curve can be easily understood. As demonstrated
in Section 8.2, when A€y is zero, it is not energetically possible
to form a mountain, so A€y, o = 0; some of the strain energy stored
in the axisymmetric deformation has to be liberated to build the
mountain. This explains why the curve starts at the origin. As €30
then increases, the liberated axisymmetric strain energy can then be
used to build a mountain, so A€y, increases also. The liberated
axisymmetric strain energy is a maximum when A€y o = €9, as
described in Section 8.2 (see discussion following equation 105), so
this is where €35 o peaks. As A€y o is increased further, the axisym-
metric strain energy liberated in the quake decreases, decreasing the
mountain Aey; o, until we reach Aeyy o = 2€39, where the liberated
axisymmetric strain energy is zero, and no mountain can be built (as
per equation 105).

9 ANALYSIS AND INTERPRETATION

We will now examine some of the consequences of our model.
In Section 9.1 we talk about maximum mountain sizes, while in
Section 9.2 we show how the recent analysis of Giliberti & Cambiotti
(2022) can be described within our framework.

Throughout this section, we will continue to imagine we start with
anon-rotating elastically relaxed spherical star S that is then spun-up
to some angular velocity €2 to give the rotating, elastically strained
star E, with a given oblateness €;, which then undergoes a starquake
to form a triaxial star Q. We will continue to use A€y o and A€y o
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as the two free parameters describing the quake, i.e. the m = 0 and
m = 2 changes in reference oblateness and ellipticity.

9.1 The maximum mountain

Before calculating the largest mountain than can form when star
E undergoes a quake, we calculate the most energetically favoured
change in axisymmetric configuration when creating a mountain of
given size€y,. This is obtained by minimizing the energy perturbation
A E7 of equation (117) at fixed A€y o. This gives,

AEZ(),() = €)0. (120)

This simply says that the most energy is liberated if the m =0
reference shape increases by an amount A€y o equal to the original
oblateness e of star E. This is shown as the vertical red line A€y o =
€0 in Fig. 6.

The largest mountain that can be formed in the starquake corre-
sponds to the topmost point of the ellipse, shown as the green point
and labelled as star A in Fig. 6. Setting A€y o = € and AET =0
in equation (117), we obtain

AE;‘;E = —€)0. (121)
This is the reference (i.e. zero strain) shape for this mountain. To
obtain the actual mountain size we can use equation (109), obtaining

~/ B2 B>y .

Ax

This is our main result; it is the largest mountain that one can build
when star E undergoes a starquake, subject to the constraints of
angular momentum conservation and energy conservation. Note the
presence of the geometric mean of By and B, in the expression
of Aejy™. The building of an m = 2 mountain necessarily requires
a release of m = 0O strain, coupling the two sorts of deformation
together.

Al = 2. (122)

9.2 Description of Giliberti & Cambiotti (2022)

As a further application of our model, we now use it to describe a
particular mountain-building starquake scenario presented in Gilib-
erti & Cambiotti (2022). Our formalism will allow us to explore a few
things not considered in Giliberti & Cambiotti (2022). We will show
that the model of Giliberti & Cambiotti (2022) involves not only an
m = 2 change, but necessarily also an m = 0 change. We will be
able to calculate the corresponding reference shape the post-quake
star would have, i.e. how its zero-strain configuration is reconfigured
in the quake, for both the m = 0 and m = 2 perturbations. We will
also confirm that (at fixed angular momentum) the energy of the
star does indeed decrease, and how close the Giliberti & Cambiotti
(2022) mountain is to the maximum possible mountain that the quake
process allows, as per equation (122) above.

Giliberti & Cambiotti (2022) considered several different stellar
configurations, which we will now describe. We display them
schematically in Fig. 7, where we show the cross-section in the
x-y plane, with, as always, rotation along the z-axis. We greatly
exaggerate the size differences between different stars for clarity.

The non-rotating elastically relaxed spherical star S is shown as
a pink disc. This is then spun-up to give the star that exists just
prior to the starquake. This is star E, and is rotating, elastically
strained and axisymmetric, with moment of inertia tensor AIE =
Diag(AIE,, AIE, AIE). It is shown as the yellow disc. If all of the

xXx?
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y axis

X axis

F

Figure 7. Schematic depiction of various configurations of the spinning up
star in x-y plane, with rotation along the z-axis. The pink disc S represents the
spherical non-rotating zero strain configuration. The yellow disc E represents
the elastic strained axisymmetric configuration just before the glitch. The
blue disc F represents a star with the same angular momentum as E, but
elastically relaxed and axisymmetric (i.e. equivalent to a fluid). The red
ellipse Q represents the post-glitch equilibrium shape. The black ellipse Qg
represents the elastically relaxed shape corresponding to star Q. We assume
that the moment of inertia along the x-axis is smaller than the moment of
inertia along the y-axis for both Q and Qq configurations. The differences in
shape of the various configurations are greatly exaggerated for clarity.

strain in star E is relieved (at fixed angular momentum), through
either a series of starquakes, or through some plastic creep, one
would obtain a configuration corresponding to a fluid star F, with a
slightly larger oblateness than star E. This is shown as the blue disc,
and is rotating, unstrained, and axisymmetric, with the moment of
inertia tensor AI¥ = Diag(AIL,, AIL,, AIE).

Giliberti & Cambiotti (2022) wrote the post-quake configuration
as AIQ = Diag(AIg, AIva, AIZ%), which we show as the red ellipse
Q in Fig. 7. Note that, simply for the sake of definiteness, we have
assumed the symmetry-breaking is such that the radius along the x-
axis is larger than the radius along the y-axis, so that AIQ < AI}Qy.

Giliberti & Cambiotti (2022) argued that the post-quake configura-
tion is expected to lie between the elastic and fluid configurations, as
sketched in Fig. 7, i.e. the red ellipse Q must lie between the pre-glitch
elastically strained configuration E (yellow disc) and the zero-strain
fluid configuration F (blue disc). The authors concluded that the
maximum value of AI)% — AIQ is AIE — AIF . This corresponds
to the red ellipse of Fig. 7 just touching its bounding discs E and
F. This was computationally useful, as the stellar configurations E
and F can both be computed as perturbations away from star S.
Giliberti & Cambiotti (2022) did this numerically for SLy and BSk21
equations of state, while we do so analytically, using the displacement
vector field (59), valid for our uniform density incompressible
stars.

The radii of star E are given by the equations presented in Section 6,
by setting the starting angular velocity to zero (corresponding to the
non-rotating relaxed star S) and the final angular velocity to €2, the
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Table 1. Summary of changes in oblateness, ellipticity, and energy for the
star configurations A, B, and C as described in Section 9, and illustrated in
Fig. 6. Rows 1 and 2 give the change in the equilibrium oblateness (Ae€xg)
and ellipticity (Aeyp) for the equilibrium shape Q for the three different
configurations A, B, and C. Similarly, rows 3 and 4 give the change in the
relaxed shape oblateness (Ae€zg,0) and ellipticity (Aep o) for the equilibrium
shape Q. Last row 5 gives the change in the total energy during the starquake.

A B C
by )
Aex b€ S(e20 — 3 bao€ao
2 2
By by _ by _ %0
Aexn bxexy/ 5, (€20 — 3) 5 (€20 — 4
A Ly — 0
€20,0 €20 3 (€20 — %) €20
By 19 f%o 19 5%0
Aexyp €204/ By, 50(€20 — 5 50(€20 — 5
1957By 2 53398y 2
AEr 0 ~ 1250 €20 ~ 72500 €20
angular velocity of star E. Equation (63) gives
E E 1
a =ay, =R |1+ 50{20 (123)
where, from equation (62)
A
oy = ——Q° (124)
1+ by

The radii of star F are of the same form, but with departures from
star S a factor (1 4 byg) larger (as per equation 62):

1

ay =ay =R [1 + Sl +b20)] (125)
In the model of Giliberti & Cambiotti (2022), we can now

immediately write down the radii of star Q. Along the x-axis, it
has the radius of star F, so that

1
a = al =R [1 + 50620(1 + bzo)} , (126)
while along the y-axis, star Q has the same radius as star E:

1
a=d5 =R {1 + 50{20:| , (127)

Given the radii of the equilibrium shape Q, we can easily calculate
the oblateness ez% and ellipticity ezQz. Using equation (66) we have

h20a20 az
20
e

0
- 128
€59 = 00 + 5 2 ( )
while equation (37) gives
b
2~ %“20 (129)

Of most interest here are the changes in 62% and ezQz, in going from
star E to star Q. The oblateness (m = 0) of star E is given by equation
(67) (with arp given by equation 124), so we have:

1 1
Aey = €5 — ek = Ebzootzo A EbZOQO' (130)

The ellipticity (m = 2) of star E is, by assumption, zero, so we
have

byaz 1
Aepy=ed—eb =€l = 5~ Ebzoézo. (131)

In both equations (130) and (131), we have approximated equation
(68) as ayg ~ €.
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This is a simple result: the mountain formation scenario of
Giliberti & Cambiotti (2022) consists of equal increases in €xn
(creating the mountain) and in €y (releasing some axisymmetric
strain). We record these results in the middle column of Table 1.

Having calculated the changes in equilibrium shape, as
parametrized by A€y and Ae€j,, we can easily calculate the changes
in the corresponding reference shapes, A€o and A€y . For the
axisymmetric change, we can use equation (93) to give

1 2
€20
A€o = 3 <€20 - T) (132)

while for the non-axisymmetric change we can use equation (109)
to give

by 6%0
A = - = . 133
€22,0 2bry (620 4 ( )
Using (47) and (58) we have
by  ByAn 19

720 . (134)
by  AxByp 25
so that
19 €2
A = — - = . 1
€20 =35 (620 1 (135)

We record these values in column B of Table 1.

We can now plot the position of star B in our 2D parameter space;
see the red point in Fig. 6. Reassuringly, star B lies inside the green
bounding ellipse, so does indeed correspond to a decrease in the star’s
energy. We can in fact compute the change in energy, A Et, simply
by plugging our results for A€y and Ae€yy o into equation (117).
The resulting (negative) expression is given in column B, bottom
row, of Table 1.

We can compare the size of the mountain formed in the Giliberti &
Cambiotti (2022) process with the size of the maximum mountain,
constrained only by angular momentum and energy conservation.
Taking the ratio of the €33 of equation (122) with the mountain size
of equation (131), denoted below as egz'c‘:

& _,An [Bn( 1\ /25 €0\
—> < ~6 (1+4)~3.97.

6262'(:' Azz Bzo 1-— % 57

(136)

This shows, to the leading order, the maximum mountain size €3, is

approximately four times larger than the mountain €3 built in the
Giliberti & Cambiotti (2022) scenario.

As a final application of our model, we can consider a star C,
defined to have the same mountain €;, as that of Giliberti & Cambiotti
(2022; equation 131), but lying on the red vertical maximal energy-
release line of Fig. 6. We record its parameters in the final column
of Table 1. Such a star has the same A€y, and the same A€y as
star B. However, it has A€y o = €20, as per equation (120). Using
equation (93) this gives A€y = byp€ap. These values can then be
substituted into equation (117) to give the total energy change Et.
Note that, as expected, the energy release in forming star C is larger
(in magnitude) than that released in forming star B.

10 SUMMARY

We have extended the Baym & Pines (1971) energy-based analysis of
starquakes, originally developed for glitches in axisymmetric stars,
to allow for non-axisymmetric shape changes. We followed Baym &
Pines (1971) in using a very simple stellar model, with uniform
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density and uniform crustal shear modulus, which allowed for a fully
analytic treatment. We modelled the non-axisymmetric shape change
as asimple (/ = m = 2) vector spherical harmonic, supplemented by
a spherical (/ = m = 0) piece in order to give volume conservation
to second order in the size of the perturbation. This allowed us to
compute the changes in energy (summing over kinetic, gravitational,
and elastic strain energy contributions) between different stellar
configurations. We showed that there are no cross-terms in the
expression of the total energy of the star when both the symmetrical
(I =2, m = 0) and asymmetrical (! = 2, m = 2) perturbations are
present simultaneously.

We verified that the effect of elasticity is small for non-
axisymmetric crustal strains, just as it is for axisymmetric ones.
Quantitatively, the size of the non-axisymmetric ellipticity €,, for a
star whose zero strain shape is €y ¢ is given by

u3oRi ARs

: (137)
Mty

€Epn X £€22.0 ~ 3.005 x 10_56210

An '
i.e. the crust has to have a very large zero strain distortion to produce
a significant gravitational wave emitting mountain. This result was
expected, but the values of the coefficients A, and By, specific to
the non-axisymmetric case had not been computed previously, only
their axisymmetric equivalents A,y and Byg.

As an application of our formalism, we described the case of a
non-rotating spherical elastically relaxed star being spun-up and then
undergoing a single large starquake, as considered in Fattoyev et al.
(2018) and Giliberti & Cambiotti (2022). The quake was described
by two free parameters: A€y o and Aeyy o, the changes in zero strain
shape of the m = 0 and m = 2 perturbations, respectively. We found
the region in this parameter space consistent with angular momentum
and energy conservation (AJ =0, AE < 0). We showed that the
largest mountain that can be built, subject only to these constraints,
is given by:

~/ B2 B>
emax €

= G CEP 138
b2 A €20 (138)

where €, is the rotational oblateness of the pre-quake star. We
showed that this is approximately a factor of 4 larger than the
mountain built in the particular fracture scenario explored in Gilib-
erti & Cambiotti (2022). We also showed that the formation of
a mountain always requires a change in axisymmetric shape too;
some axisymmetric energy has to be given up in order to build the
mountain.

To get a rough estimate of the maximum mountain size, we can
insert € of equation (16) into equation (138), as in our model this
oblateness comes from the centrifugal forces in the spinning star:

/57 By f )2 /~L30R2AR5

max — T e, ~7.98 x 1078
2T 754, x (100 Hz M,

(139)

This result is to be interpreted as follows: if an initially non-rotating,
elastically strained star is spun-up to rotation rate f, and then
undergoes a crustquake, it is the maximum mountain that can be
formed.

There is however a limit to the applicability of this result, as the
oblateness in the spinning up star, and the mountain formed in the
quake event, will be limited by the crust’s finite breaking strain. The
maximum mountain size imposed by the finite breaking strain has
been examined many times previously (Haskell et al. 2006; Johnson-
McDaniel & Owen 2013; Gittins et al. 2020; Gittins & Andersson
2021; Morales & Horowitz 2022), but in the context of our simple
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model, we can set the ellipticity at the time of the crustquake to the
breaking strain Opreak. Setting €q = Opreak in €quation (16) then gives
the maximum frequency fireax that the star can be spun-up to before
fracture:

1

Obreak M1.4 ) 2
10-1 R}

fbrez\k ~ 753Hz ( (140)
We have parametrized in terms of a breaking strain of 0.1, motivated
by the high levels of braking strain found in the molecular dynamics
calculations of Horowitz & Kadau (2009). The corresponding upper
limit on the mountain can be obtained by substituting this into the
second equality of equation (139), or, more directly, by setting eq =
Obreak 10 the first equality:

Ubreak) w30RZARs (141)

ezrgétreak =113 x 1075 ( 10-1 M2
14

This is the largest mountain that could be produced if an initially
non-rotating star is spun-up all the way to the point where the strain
in its crust reaches the breaking strain, and then a crustquake occurs
forming the largest possible mountain.

Clearly, our model is highly idealized, and needs to be improved
in several ways, as we now discuss.

(i) We assumed all the strain in the crust to be coming from the
centrifugal force, but from realistic glitch models we know that the
neutron superfluid component is important too. Superfluid vortices,
when pinned, give rise to strain in the crust due to the Magnus force
acting on the vortices. A more accurate model could be built by
considering the strain in the crust to be coming from both centrifugal
and Magnus forces (Ruderman 1991).

(i) We assumed a star with an incompressible fluid core with
uniform density and uniform shear modulus of the outer crust. This
model should be improved by considering a realistic EOS.

(iii) To model the non-axisymmetric perturbation we chose a
‘Kelvin mode’ displacement field which is valid only for an in-
compressible fluid star; exploration of a range of non-axisymmetric
quadrupolar deformation would be worthwhile, ideally motivated by
a more detailed analysis of how the crust actually fails.

(iv) We examined the mountain formation under the Newtonian
framework. Further refinement could be achieved by examining it
within the relativistic framework (see e.g. Gittins & Andersson 2021).

(v) In a real accreting star, the accretion process itself continually
pushes fluid elements through the crust. A treatment that allows for
this could show if this tends to reduce the strain built up by the
increasing centrifugal forces.

(vi) For simplicity, we followed Fattoyev et al. (2018) and
Giliberti & Cambiotti (2022) in considering the spin-up of a
spherical unstrained star. The availability of a spherical unstrained
background made the application of perturbation theory particularly
straightforward. More realistically, the pre-quake star would have,
at the very least, an (I = 2, m = 0) relaxed shape. Closely related
to this, it would be good to model an isolated neutron star, being
spun-down by, say, electromagnetic torques. Such a star will surely
have an (/ = 2, m = 0) relaxed shape.

To sum up, until now starquakes have only been modelled under
the assumption of symmetric crust breaking. We found that non-
axisymmetric starquakes are energetically allowed and hence, in
future, it would be useful to build in-depth models for the asymmetric
crust breaking. And, quite apart from its interest for continuous
gravitational wave generation, non-axisymmetric shape changes may
also have implications for the modelling of glitches themselves. We
therefore suggest that a combined glitch model, involving both crust
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fractures and superfluid unpinning, is worthy of exploration. We
defer further investigation of this interesting issue to future research.
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APPENDIX A: STRAIN TENSOR
In this appendix, we will calculate the strain tensor

2:rr Ere Erd) 1
Y= | Xgr Lgo Mgy | = E(ff}g +§ﬁ? . (AD)
gr Lo Tge

We are using the Kelvin mode displacement field vector for the / = 2
and m = 2 perturbation,

dYs

- 2
AB AB 5 A~

— 2Y. Y. , A2
22 =Qxp I ( 226y 19 €9 sin6 22e¢> ( )

where

1 /15 .
Yy = 7V o sin” fe'?? . (A3)

Expressions for the strain tensor components in spherical coor-
dinates are taken from the book Thorne & Blandford (2017) (Box
11.4). Given below is the complete strain tensor forthe = 2, m =2
perturbation.

P sin? @ cos2¢  sinf cos@ cos2¢p — sin @ sin2¢
2= 2 /= |sin6 cos6 cos 2¢ cos’fcos2¢p —cos@sin2e

5 3 (A4)
T —sin@ sin 2¢ —cos 0 sin2¢ —Cos2¢

In the similar way, one can calculate the strain tensor Eizjo for the
axisymmetric perturbation / = 2, m = 0. For this case, we use the
rotation displacement field (59). We get the following expressions

for the components of the strain tensor E[Zj(),
2 5r2
Erzg = aé“oB(?y cos? O — 1) (ﬁ + W — 4) R (AS)
5r2 r?

22 = a)f KW - 4) (2 —3cos?H) — ﬁ@ cos’ 6 — 1))} ,

(A6)
2 2
20 _ AB r 2 5r
Ty = g {—EG cos” 6 —1)— (ﬁ — 4)} , (A7)
6 .

=30 = afoBﬁ sin20(R* — r?), (A8)

Zop = g0 =0, (A9)

=3, =0. (A10)

APPENDIX B: ALTERNATIVE METHODOLOGY
TO CALCULATE THE PERTURBED
GRAVITATIONAL ENERGY

As acheck on our calculations for the (/. = m = 2) perturbation in the
gravitational potential energy of Section 5, we followed the method as
given in Shapiro & Teukolsky (1983). This method involves solving
the Poisson’s equation using Green’s function in terms of spherical
harmonics. We begin by solving the Poisson’s equation

Vi =47 Gp, (B1)
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where p is the matter density of the star and ® is the gravitational
potential of the star. We find the solution of (B1) using Green’s
function

®=-Gp [ ——. (B2)

In spherical coordinates we can expand ——
harmonics (Y;"):

\r —7 interms of the spherical

1 <1
4

zz+1rm Z YO 9)Y"©.¢), (B3

lx —x/|

where r_ is lesser of the two quantities r and " and r.. is the greater
of the two quantities r and r’. Inserting (B3) into (B2) we get

o0

o=—Gp [ x> 5y = Z Y6, )"0, ¢)aV,
1=0

(B4)
21 T 0 1 r / 1+2d /
<I>:—Gp4n/ / (/ rydr
0 0 =0 21 + 1 0 rit

R 1
+/ (;;il 1) Z Y/'(0,9)Y/" (@', ¢)sin0'd0'dg’,  (BS)

where the domain of integration is over the volume of the triaxial
ellipsoid. The polar equation of the surface of the ellipsoid is given
as

cos’psin®6  sin’¢sin’0  cos’O 1 B6)
at a3 a? R0, ¢)’

where R(0, ¢) is radius of the triaxial ellipsoid and a, a, and as are
the radii along the x —, y-, and z-axis, respectively, related to a small
dimensionless parameter as shown below:

ar =R (1 n %) (B7)
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azzR(l—{—%), (B8)
€22

as=R(1- 7) . (BY)

where €;, is the ellipticity parameter defined in equation (1). The
choice of radii a;, a», and a3 as shown above, conserves the volume
of star up to the second order in €,,, which is essential for calculating
the change in gravitational potential energy. Solving (BS) for / =0
and / = 2 we get,

2 2 2 20,27 o 21 2

o = gnG,o[r —3R°]+R G/OEG22 + Gpr 1(3 cos“ 0 — 1)

dmen  1lmes,\  Gprimsin®6cos 2(1)622. B10)
5 10 10

Next, we calculate the gravitational potential energy using
P 3

Egm:f/@dx, (B11)
2 )y

where V is the volume occupied by the triaxial ellipsoid. Inserting

(B10) into (B11), we get

3GM? GM? ,

el il 1
SR 25R %

Egray,s is the leading order gravitational potential energy and § Egry

is the perturbed gravitational potential energy. This result agrees

with the one we got earlier in Section 5. We also used this method
to calculate the change in gravitational potential energy for a pure

(I =2, m = 0) perturbation, verifying successfully the result given
in Baym & Pines (1971), i.e. our equations (6) and (7).

As (yet) another check, we also calculated the perturbed gravi-
tational potential energy for (I = 2, m = 2) using the formalism of
Chandrasekhar (1969) and obtained the same result as above.

s 8Egrav = (B 1 2)

Egrav,s - -
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