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A B S T R A C T 

When a neutron star is spun-up or spun-down, the changing strains in its solid elastic crust can give rise to sudden fractures 
known as starquakes. Early interest in starquakes focused on their possible connection to pulsar glitches. While modern glitch 

models rely on pinned superfluid vorticity rather than crustal fracture, starquakes may nevertheless play a role in the glitch 

mechanism. Recently, there has been interest in the issue of starquakes resulting in non-axisymmetric shape changes, potentially 

linking the quake phenomenon to the building of neutron star mountains, which would then produce continuous gravitational 
waves. Moti v ated by this issue, we present a simple model that extends the energy minimization-based calculations, originally 

developed to model axisymmetric glitches, to also include non-axisymmetric shape changes. We show that the creation of a 
mountain in a quake necessarily requires a change in the axisymmetric shape too. We apply our model to the specific problem 

of the spin-up of an initially non-rotating star, and estimate the maximum mountain that can be built in such a process, subject 
only to the constraints of energy and angular momentum conservation. 

Key words: asteroseismology – gra vitational wa ves – methods: analytical – stars: neutron – stars: rotation. 
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 I N T RO D U C T I O N  

eutrons stars (NSs) are one of the densest and most compact type
f astrophysical object, consisting of 1–2 M � in few tens of km
f radius making them ideal cosmic laboratories to test physics in 
xtreme conditions (Blaschke & Chamel 2018 ). Since the disco v ery
f NSs in 1967 (Hewish et al. 1968 ), the y hav e been studied using
he entire electromagnetic spectrum (see e.g. Menezes 2021 ). 

GW170817 was the first observed binary neutron star gravitational 
ave signal, detected by both LIGO and VIRGO (Adhikari et al. 
017 ). This detection event started the study of NS physics from a
ew lens. GW170817 was a transient signal which occurred due to 
he merger of two NS. We also expect to observe continuous grav-
tational waves (CGWs) signals from spinning non-axisymmetric 
eutron stars. No such CGWs have been detected yet, but search 
fforts are ongoing (see e.g. Maggiore et al. 2020 ; Evans et al. 2021 ).

A rapidly spinning compact object like a neutron star, when 
eformed away from an axisymmetric shape, gives rise to a time- 
arying quadrupole ellipticity (for simplicity we will use the term 

ellipticity’ for ‘quadrupole ellipticity’). This non-zero ellipticity is 
ermed a ‘mountain’, which when spinning produces CGWs (see e.g. 
lampedakis & Gualtieri 2018 ). The ellipticity can be quantified as: 

22 = 

| I xx − I yy | 
I zz 

, (1) 

here I xx , I yy , and I zz are the moments of inertia of the star along the
 , y , and z-axes, respectively, with the rotation occurring along the z-
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xis. The subscript (22) reflects the fact that the corresponding (non-
xisymmetric) mass distortion is described by an ( l = 2 , m = 2)
pherical harmonic. Since the centrifugal forces generated by the 
otation gives rise to a symmetrical distortion, corresponding to an 
 l = 2 , m = 0) perturbation, they do not contribute to the generation
f CGWs (Glampedakis & Gualtieri 2018 ). 
There are two broad classes of mountain, depending on the physi-

al process which supports these non-axisymmetric deformations. 
hese are – (1) Magnetic mountains: the non-zero ellipticity is 
upported by Lorentz forces from the magnetic field of the star (see
.g. Haskell et al. 2015 ; Glampedakis & Gualtieri 2018 ). (2) Elastic
ountains: the non-zero ellipticity is sustained by elastic strain in the

rust of the star (see e.g. Haskell, Jones & Andersson 2006 , Johnson-
cDaniel & Owen 2013 ; Fattoye v, Horo witz & Lu 2018 ; Gittins,
ndersson & Jones 2020 ; Giliberti & Cambiotti 2022 ). Thermal
ountains come under the broad class of elastic mountains (Bildsten 

998 ; Ushomirsky, Cutler & Bildsten 2000 ; Osborne & Jones 2020 ;
utchins & Jones 2023 ). 
Many spinning neutron stars are observed as radio pulsars. Their 

igh moments of inertia and steady spin-down torques make them 

xtremely stable clocks. Ho we ver, observ ations sho w occasional
udden increases in their spin rates, termed as glitches ; see e.g.
uderman ( 1969 ) and Haskell & Melatos ( 2015 ). The starquake

heory was proposed by Baym & Pines ( 1971 ) to explain the glitches
bserved in the Crab and Vela pulsars, with the glitches being
aused by sudden fractures in the star’s elastically strained crust. 
his model was not able to explain the large glitches observed in
ela (Flanagan 1996 ). The currently preferred model of glitches now

nvolves unpinning of superfluid vortices (Anderson et al. 1981 ), but
tarquakes may nevertheless still occur and may even trigger the 
is is an Open Access article distributed under the terms of the Creative 
h permits unrestricted reuse, distribution, and reproduction in any medium, 

mailto:yg2n21@soton.ac.uk
mailto:d.i.jones@soton.ac.uk
https://creativecommons.org/licenses/by/4.0/


2764 Y. Gangwar and D. I. Jones 

M

u  

L
 

e  

e  

c  

t  

t  

W  

c
 

b  

a  

t  

t  

s  

t  

1
 

s  

M  

m  

c  

t  

≈  

a
 

b  

t  

B  

i  

a  

w  

W  

a  

s
 

c  

t  

e  

f  

d  

G
 

e  

g  

I  

w  

t  

m  

t  

(  

p  

t  

s  

e  

a  

t  

p  

m  

w  

c

Figure 1. Surface shape for a spinning elastically relaxed star A, that then 
spins-down to give the more slowly spinning elastically strained star B. 
Rotation is along the z-axis. 

Figure 2. As for Fig. 1 , but now the spinning elastically relaxed star A is 
spun-up to give the more rapidly spinning elastically strained star B. 
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npinning of superfluid vortices to facilitate the glitches (Epstein &
ink 2000 ). 
In the past, a few attempts were made to study the formation of

lastic mountains at glitches using the starquake model. Fattoyev
t al. ( 2018 ) explained the formation of the elastic mountain by
onsidering a portion of the crust moving radially, with the rest of
he crust remaining unchanged. As noted by the authors themselves,
his is an o v erly simplistic depiction of the formation of the mountain.

e do not expect such radial mo v ement of a part of the crust due to
rust break. A more globally consistent model is needed. 

A more quantitative description was given by Giliberti & Cam-
iotti ( 2022 ), who modelled the formation of elastic mountain on an
ccreting NS. They also argued that the centrifugal force acting on
he spinning-up NS can be strong enough to break the crust, and that
he fracture may itself occur in a non-axisymmetric way. By making
ome specific assumptions about the nature of the fracture process,
hey calculated the range of the starquake-induced ellipticity to be
0 −9 − 10 −5 . 
A detailed study of the non-axisymmetric crust failure on macro-

copic scales based on tectonic processes was performed by Kerin &
elatos ( 2022 ), who considered a spinning down NS. To model the
icrostructure and dynamics of the crust failure, they constructed a

ellular automaton. They predicted the rate of crust failure and found
hat typically the last failure event occurs when the NS spins-down to

1 per cent of its birth frequenc y. The y also calculated the ellipticity
nd gravitational wave strain as a function of the star’s age. 

In this paper, we revisit the problem of mountain formation caused
y starquakes in spinning-up stars. We use as our fundamental
ool the simple energy minimization methods first employed by
aym & Pines ( 1971 ), which allow one to gain intuitive insights

nto possible NS deformations. The original Baym & Pines ( 1971 )
nalysis specialized to axisymmetric ( m = 0) deformations, as that
as the most rele v ant to the glitch phenomena that they studied.
e extend their analysis to the non-axisymmetric ( m = 2) case,

llowing for both axisymmetric and non-axisymmetric deformations
imultaneously. 

Our parameter space is 2D, with one parameter controlling the
hange in axisymmetric shape of the star, and the other the degree
o which it becomes triaxial. We enforce angular momentum and
nergy conservation, and examine how large a mountain can be
ormed, subject only to these constraints. We also use our model to
escribe a specific mountain building scenario proposed recently in
iliberti & Cambiotti ( 2022 ). 
The structure of this paper is as follows: In Section 2 , we briefly

xplain the starquake model. In Section 3 , we write down a simple
eometric model of how the star’s shape can change at a starquake.
n Sections 4 and 5 , we give the calculation of the constants related
ith the strain and perturbed gravitational energy of the star for

he ( l = 2 , m = 2) perturbation, which we need for calculating the
ountain size. In Section 6 , we perform the calculation to check if the

otal energy of the star contains cross-terms when both symmetrical
 l = 2 , m = 0) and asymmetrical ( l = 2 , m = 2) perturbations are
resent. Section 7 gives the relation between the equilibrium shape of
he star after the starquake and its corresponding relaxed zero-strain
hape of the star for pure l = 2 , m = 2 perturbation. In Section 8 , we
stimate the change in the total energy of the star during starquake
nd find the region in the parameter space where the change in the
otal energy is ne gativ e i.e. where mountain formation is energetically
ossible. In Section 9 , we use our results to calculate the maximum
ountain that can be formed, and make contact with the recent
ork of Giliberti & Cambiotti ( 2022 ). In Section 10 , we give some

oncluding remarks. 
NRAS 532, 2763–2777 (2024) 
 E N E R G Y  C A L C U L AT I O N S  USI NG  T H E  

TA R QUA K E  M O D E L  

hen a star spins-up or -down, it tries to become more oblate or
ess oblate, respectively, due to the change in the centrifugal forces
cting on it. This is shown in Figs 1 and 2 . However, due to the elastic
ature of the crust, the star resists this shape change, which results
n the development of strain in the crust. This is quantified using the
train tensor 

 ij = 

1 

2 
( ∇ i ξj + ∇ j ξi ) , (2) 

here ξi ( r ) is the displacement field connecting the position of the
atter elements in the zero-strain NS to the one in the elastically

trained configuration. When the strain in the crust reaches a critical
imiting value, the crust will break. This was modelled by Baym &
ines ( 1971 ), who computed the displacement field ξi for a simple
niform density, uniform shear modulus stellar model. See also
ranco, Link & Epstein ( 2000 ). 
As well as making a detailed calculation of the displacement field,

aym & Pines ( 1971 ) used a simple energy-minimization model to
escribe the starquake process, which we will make use of throughout
his paper. In this section, we summarize their (axisymmetric) model,
hich we will later extend to include non-axisymmetry. 
Our star is incompressible, of uniform density, and is fluid for radii

 < r < R c , and has uniform shear modulus μ for R c < r < R,
here R c is the radius of the crust-core boundary, and R is the

tellar radius. There are studies which have considered more realistic
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lastic star with non-uniform density and shear modulus as given in 
shomirsk y et al. ( 2000 ), Cutler, Ushomirsk y & Link ( 2003 ), and
iliberti et al. ( 2020 ). We choose to use an extremely simple model,

n order to be able to carry out our calculations analytically. 
The departure of the star’s shape from being spherical can be 

uantified using the oblateness parameter 

20 = 

I zz − I z z , s 

I z z , s 
, (3) 

hich is the relative departure of the moment of inertia of the rotating
tar from the value I z z , s it would have if it were spherical, i.e. if it were
ot rotating and elastically relaxed. The subscript (20) corresponds 
o the axisymmetric perturbation l = 2 , m = 0. 

To find the equilibrium shape one needs to consider the competi- 
ion between the centrifugal forces caused by rotation, which tend to 
ake the star oblate, the gravitational forces, which tend to make the

tar less oblate, and elastic forces, that tend to force the star towards
he shape that would reduce the elastic strain energy to zero. The
otal energy of the star can be written as: 

 T = E grav + E rot + E strain , (4) 

here E grav is the gravitational potential energy, E rot is the kinetic 
nergy, and E strain is the elastic strain energy. We are considering 
mall departures from sphericity. 

For the gravitational energy, 

 grav = E grav , s + δE g , (5) 

here E grav , s is the gravitational potential energy of the spherical 
onfiguration of the star. The gravitational energy must be a minimum 

hen ε20 = 0, moti v ating the relation 

E g = A 20 ε
2 
20 , (6) 

ith A 20 a constant. For our uniform density incompressible star of
ass M and radius R: 

 20 = 

3 

25 

M 

2 G 

R 

. (7) 

his expression for A 20 is mentioned in Baym & Pines ( 1971 ). They
id not derive this expression, but instead gave the reference Love 
 1944 ). Since we did not find the deri v ation in Lo v e ( 1944 ), we
erived the expression for A 20 explicitly using the method set out in
ection 7.3 of Shapiro & Teukolsky ( 1983 ); see also our Appendix B .

For the kinetic energy, 

 rot = 

L 

2 

2 I zz 
, (8) 

here L is the angular momentum. 
The moment of inertia about the rotation axis, I zz , can be written

n terms of the oblateness parameter using equation ( 3 ): 

 zz = I z z , s (1 + ε20 ) . (9) 

The elastic strain energy must be minimized when the actual shape 
20 is equal to the shape ε20 , 0 at which the strain is zero, moti v ating
he relation 

 strain = B 20 ( ε20 − ε20 , 0 ) 
2 , (10) 

here B 20 is a constant. For our uniform shear modulus crust, with
nner and outer radii R c and R, 

 20 = 

57 

50 
μV c , (11) 

here V c is the volume of the crust (Baym & Pines 1971 ). We have
eplaced the total volume V in the expression of B 20 , as given in
aym & Pines ( 1971 ), with the volume of the crust V c . We can write
xpression ( 11 ) in terms of the thickness of the crust �R as, 

 20 = 

57 

50 
(4 πR 

2 �R) μ. (12) 

Collecting the abo v e pieces the total energy is 

 T = E grav , s + 

L 

2 

2 I z z , s (1 + ε20 ) 
+ A 20 ε

2 
20 + B 20 ( ε20 − ε20 , 0 ) 

2 . (13) 

To calculate the equilibrium shape ε20 , minimize E T with respect 
o ε20 , keeping the angular momentum L constant: 

20 = 

I z z , s 	
2 

4( A 20 + B 20 ) 
+ 

B 20 

A 20 + B 20 
ε20 , 0 . (14) 

his equation gives the relation between the equilibrium shape ( ε20 )
nd the elastically relaxed shape ( ε20 , 0 ) of the star. The first term,
roportional to 	2 , can be identified as the centrifugal distortion. 
he second term, which remains when 	 is set to zero, is the

axisymmetric) distortion supported by the elastic strains in the crust. 
We can write equation ( 14 ) as, 

20 = ε	 + b 20 ε20 , 0 , (15) 

here 

	 = 

5 

6 

R 

3 	2 

GM 

= 1 . 76 × 10 −3 

(
f 

100 Hz 

)2 
R 

3 
6 

M 1 . 4 
, (16) 

sing 	 = 2 πf , and 

 20 = 

B 20 

A 20 + B 20 
≈ B 20 

A 20 

= 

38 πμR 

3 �R 

M 

2 G 

≈ 2 . 28 × 10 −5 μ30 R 

3 
6 �R 5 

M 

2 
1 . 4 

. (17) 

n ( 16 ) and ( 17 ), we have scaled to the canonical values, M 1 . 4 the
ass in units of 1 . 4 M �, R 6 the NS radius in units of 10 6 cm , μ the

hear modulus of the crust in units of 10 30 erg cm 

−3 , and �R 5 the
hickness of the crust in units of 10 5 cm . 

This analysis is not applicable to mountains as it is specific
o axisymmetric perturbations, but can be modified to consider 
 = 2 , m = 2 perturbations. If we neglect rotation, we can straight-
orwardly modify equation ( 13 ) to give 

 T = E grav , s + A 22 ε
2 
22 + B 22 ( ε22 − ε22 , 0 ) 

2 , (18) 

here the parameters ε22 and ε22 , 0 describe the shape of the actual 
quilibrium configuration, and the zero-strain configuration, both 
on-axisymmetric. Minimization with respect to ε22 then gives 

22 = 

B 22 

A 22 + B 22 
ε22 , 0 . (19) 

his gives the relation between the equilibrium shape ( ε22 ) and the
lastically relaxed shape ( ε22 , 0 ) of the star for the non-axisymmetric
 l = 2 , m = 2) perturbation. 

In the literature till now, the values of A 22 and B 22 were assumed
o be identical to A 20 and B 20 . Since, we have A 20 � B 20 , we can
ake the approximation 

22 = 

B 22 

A 22 + B 22 
ε22 , 0 ≈ B 22 

A 22 
ε22 , 0 ≈ B 20 

A 20 
ε22 , 0 ≈ 10 −5 ε22 , 0 , (20) 

here the last equality is moti v ated by equation ( 17 ). This indicates
hat the actual mountain size is al w ays much smaller than its relaxed
 = 2 shape. In Sections 4 and 5 , we will explicitly calculate the

alues of B 22 and A 22 and verify that this is indeed the case. 
MNRAS 532, 2763–2777 (2024) 
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 DISPLAC EMENT  V E C TO R  FIELD  A N D  

LLIPTICITY  

n order to model triaxial deformations, we will need the form of the
isplacements field � ξ that generates the non-axisymmetric pertur-
ation from the spherical configuration. This immediately presents
s with a problem. In the axisymmetric perturbation ( l = 2 , m = 0)
e had rotation as the physical deforming process, which enabled

omputation of a unique displacement field in the strained star
Baym & Pines 1971 ; Keer & Jones 2014 ). In the non-axisymmetric
erturbation ( l = 2 , m = 2), we do not have such an a priori physical
eforming process. We will therefore have to choose for ourselves
he form of a 1-parameter family of solutions. 

In our calculation, we choose the following displacement field: 

� 22 = α22 ∇( r 2 Y 22 ( θ, φ)) . (21) 

trictly, one has to take the real part of the displacement field
ector � ξ22 to obtain the physical displacement. The parameter α22 

ontrols the size of the perturbation. This is in fact precisely
he form of the displacement field one gets when computing the
 = 2 , m = 2 oscillation mode of a fluid, incompressible, uniform
ensity non-rotating spherical star. These oscillation modes ( � ξlm 

)
re called Kelvin modes (Thomson 1863 ). For this reason we will
erm this the ‘Kelvin mode’ displacement field, but it should be
nderstood that our displacements are constant in time (aside from
he time generation generated by the rigid rotation of the star), not
scillatory. 
For reasons of simplicity, we will continue to follow the treatment

f Baym & Pines ( 1971 ) and model our NSs as incompressible,
niform density, with a non-zero (but uniform) shear modulus μ
nly for the crustal region R c < r < R. Since the energies involved
n our calculations are of the second order (in the parameter α22 ), we
eed to verify if the displacement vector field we have chosen ensures
he incompressibility of the star to the second order. Ho we ver, we
mmediately find a problem – the displacement field of equation ( 21 )
ives a contraction of the star if one computes to second order in
22 . This issue of lack of volume conservation to second order was
rst pointed out in Yim & Jones ( 2022 ) who modelled Kelvin modes
roper (i.e. stellar oscillations), who noted that it is a consequence
f the Kelvin mode solutions being calculated to only first order. 
This problem can be most easily demonstrated by calculating the

olume change due to the perturbation. If we allow the displacement
eld to act on a spherical star of radius R, volume V = 4 πR 

3 / 3, the
eformed star is a (triaxial) ellipsoid, with radii along x , y , and z
xes: 

 1 = R + ξ r 
(
r = R, θ = 

π

2 
, φ = 0 

)
= R 

( 

1 + α22 
1 

2 

√ 

15 

2 π

) 

, 

(22) 

 2 = R + ξ r 
(
r = R, θ = 

π

2 
, φ = 

π

2 

)
= R 

( 

1 − α22 
1 

2 

√ 

15 

2 π

) 

, 

(23) 

 3 = R + ξ r ( r = R, θ = 0) = R, (24) 

here ξ r is the radial component of the displacement field. As the
eformed star is an ellipsoid, its volume is given by the standard
ormula 

 = 

4 π

3 
a 1 a 2 a 3 . (25) 
NRAS 532, 2763–2777 (2024) 
f V S denotes the volume of the spherical star of radius R, the
ractional change in the volume is then 

V − V S 

V S 
= − 15 

8 π
α2 

22 , (26) 

emonstrating the reduction in volume. 
To gain more insight, we can compute the corresponding (La-

rangian) density perturbation using equation (B32) from Fried-
an & Schutz ( 1978 ) 

�ρ

ρ
= −∇ i ξ

i + 

1 

2 
( ∇ i ξ

i ∇ j ξ
j + ∇ i ξ

j ∇ j ξ
i ) + O( ξ 3 ) . (27) 

e obtain a non-zero value for the second order density perturbation,
ndependent of position within the star: 

�ρ

ρ
= 

15 

8 π
α2 

22 . (28) 

e see that the decrease in the volume is compensated exactly by
he increase in the density, consistent with conservation of mass. 

This shrinking of the star is reflected in a non-zero value for the
hange in the internal energy of the NS, something which we would
xpect to be zero for an incompressible star, and therefore neglected
n the formulae of Section 2 . The change in internal energy δE int can
e computed using equation (B48) of Friedman & Schutz ( 1978 ),
hich gives 

E int = 

3 

8 

GM 

2 

πR 

α2 
22 . (29) 

he shrinking of the star has resulted in a positive perturbed internal
nergy, of second order in α22 . 

The spatial uniformity of the density perturbation indicated that
he Kelvin mode displacement field is producing a contraction linear
n radius r . To enforce incompressibility to second order we therefore
dd a corresponding spherical expansion to compensate: 

� 22 = α22 ∇( r 2 Y 22 ( θ, φ)) + 

5 r 

8 π
α2 

22 ̂  e r . (30) 

e can interpret this as, along with the Y 22 perturbation there is also
 Y 00 perturbation which causes the spherically symmetric expansion
f the radius of the star. The radii of the star along x , y , and z-axes
ecomes 

 1 = R + ξ r 
(
r = R, θ = 

π

2 
, φ = 0 

)

= R 

(
1 + 

5 

8 π
α2 

22 

)( 

1 + α22 
1 

2 

√ 

15 

2 π

) 

, (31) 

 2 = R + ξ r 
(
r = R, θ = 

π

2 
, φ = 

π

2 

)

= R 

(
1 + 

5 

8 π
α2 

22 

)( 

1 − α22 
1 

2 

√ 

15 

2 π

) 

, (32) 

 3 = R + ξ r ( r = R, θ = 0) = R 

(
1 + 

5 

8 π
α2 

22 

)
. (33) 

ne can easily verify that this modification gives zero density,
olume, and internal energy perturbations up to second order in
22 . In what follows, we will therefore take equation ( 30 ) as our
-parameter family of ( l = 2 , m = 2) stellar deformations. 
Note that for the uniform density triaxial ellipsoids that we

onsider in this paper, once one has specified the radii a 1 , a 2 , a 3 ,
ne can immediately compute the corresponding moments of inertia
 xx , I yy , I zz using the (exact) formulae (Chandrasekhar 1969 ) 

 xx = 

M( a 2 2 + a 2 3 ) 

5 
, (34) 
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Figure 3. Schematic picture of the three stars rele v ant to the computation of 
the constants A 22 and B 22 . Star S is the background spherical star. A is the non- 
spherical zero-strain configuration and B is the elastically strained equilibrium 

configuration of the star. � ξSA and � ξSB are the displacement fields of the star A 

and B w.r.t. to the background spherical star S. � ξAB is the displacement field 
of the star B w.r.t. to its zero-strain configuration A. Similarly, εSA and εSB 

are the ellipticities of the star A and B w.r.t. to the background spherical star 
( εS = 0). εAB is the difference in ellipticity of the star A and B. 
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 yy = 

M( a 2 3 + a 2 1 ) 

5 
, (35) 

 zz = 

M( a 2 1 + a 2 2 ) 

5 
. (36) 

ubstituting these into the definition of ε22 of equation ( 1 ) gives 

22 = 

a 2 1 − a 2 2 

a 2 1 + a 2 2 

. (37) 

hen substituting for the radii a 1 , a 2 using equations ( 31 ) and ( 32 )
ives, to leading order in α22 , 

22 = 

√ 

15 

2 π
α22 . (38) 

his is useful as it will allow us to convert between ellipticities and
ector field displacements. 

 C A L C U L AT I O N  O F  T H E  STRAIN  E N E R G Y  

n this section, we will calculate the strain energy of the triaxially
eformed star and the corresponding constant B 22 , i.e. find the 
 = 2 version of equation ( 11 ). In Section 5 , we will consider

he (perturbed) gravitational energy, computing A 22 , i.e. the m = 2
ersion of equation ( 7 ). 

In performing these calculations, it is useful to identify several 
elated stellar configurations, and the displacement fields that connect 
hem, as summarized in Fig. 3 . Star S is non-rotating, elastically re-
axed, and therefore spherical. Star A is non-spherical but elastically 
elaxed, i.e. has zero strain; it is not an equilibrium solution. Star B
s the actual equilibrium solution, where strains in the now-stressed 
lastic crust contribute to the force balance. It is the form of star B
hat we ultimately wish to calculate. All three stars have the same

ass. � ξSA and � ξSB are the displacement fields of A and B w.r.t. to
he background spherical star S. � ξAB is the displacement field of the 
tar B w.r.t. to its zero-strain configuration A. Similarly, εSA and εSB 

re the ellipticities of A and B w.r.t. to the background spherical star
 εS = 0). εAB is the difference in ellipticity of stars A and B. 
As the neutron star spins-up (or -down), it develops strain in its
rust. This gives rise to the strain energy (Thorne & Blandford 2017 ,
ection 11.4) 

 strain = 

∫ 
Ud V (39) 

here U is the strain energy density given as 

 = μ� ij � ij , (40) 

here μ is the uniform shear modulus and � ij the strain tensor of
quation ( 2 ) 

 ij = 

1 

2 
( ξAB 

i; j + ξAB 
j ; i ) , (41) 

here we use the Kelvin mode displacement field vector � ξAB ( 30 )
or the ( l = 2 , m = 2) perturbation which connects the fluid elements
etween star A and star B as shown in Fig. 3 . 

Next, we calculate the different components of the strain 
ensor. Expressions for the complete strain tensor � ij are given in
ppendix A . Inserting ( A4 ) into ( 40 ), we get 

 = μ� ij � ij = 

15 

4 π
μ( αAB 

22 ) 
2 , (42) 

here αAB 
22 is the amplitude of the displacement field � ξAB of 

quation ( 30 ). We see that the strain energy density is uniform, i.e.
ndependent of position. The volume integration of the strain energy 
ensity U o v er the crust of the star is then a simple multiplication
y the crustal volume (the spherical shell R c < r < R), giving the
otal strain energy: 

 strain = 5( R 

3 − R 

3 
c ) μ( αAB 

22 ) 
2 . (43) 

The phenomenological expression for the strain energy in terms 
f ellipticity is given as per equation ( 10 ) above, 

 strain = B 22 ( ε
SB 
22 − εSA 

22 , 0 ) 
2 , (44) 

here εSB 
22 is the ellipticity of the equilibrium configuration B of 

he star as shown in Fig. 3 , and εSA 
22 , 0 is the ellipticity of star A. By

efinition, these two stars are connected by the displacement field 
AB and so, using equation ( 38 ), we have 

SB 
22 − εSA 

22 , 0 = εAB 
22 = 

√ 

15 

2 π
αAB 

22 . (45) 

Inserting ( 45 ) into the phenomenological expression of the strain
nergy ( 44 ) and then comparing it with ( 43 ) we get, 

 22 = 

1 

2 
V c μ, (46) 

here V c is the volume of the crust. Comparing ( 11 ) and ( 46 ), we
et the following relation between B 20 and B 22 , 

 22 = 

25 

57 
B 20 . (47) 

e will use this result later. 

 C A L C U L AT I N G  T H E  G R AV I TAT I O NA L  

OTENTIAL  E N E R G Y  

n this section we will calculate the perturbed gravitational energy 
or the case of l = 2 , m = 2, using the formalism described in
riedman & Schutz ( 1978 ), i.e. find the m = 2 version of equation
 7 ). As a check on our result, we also obtain the gravitational energy
erturbation using formalisms described in Shapiro & Teukolsky 
MNRAS 532, 2763–2777 (2024) 
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 1983 ) and in Chandrasekhar ( 1969 ). Calculation under Shapiro &
eukolsky ( 1983 ) formalism is shown in Appendix B . 
Equation (B56) of Friedman & Schutz ( 1978 ) gives an expression

or perturbed gravitational energy accurate to second order in the
isplacement field ξ : 

E grav = 

∫ 
V 

[
ρξ i ∇ i � + ρξ i ∇ i δ� + 

1 

8 πG 

∇ i δ� ∇ 

i δ� 

+ 

1 

2 
ρξ i ξ j ∇ i ∇ j � 

]
d V , (48) 

here � is the unperturbed gravitational potential inside the star. 
For our uniform density star, the unperturbed r < R gravitational

otential is given by 

 = 

2 

3 
πGρ( r 2 − 3 R 

2 ) . (49) 

The rele v ant perturbation is the K elvin mode displacement field
ector � ξSB which connects the fluid elements between star S and
tar B as shown in Fig. 3 , as per equation ( 30 ). We also need the
orresponding perturbed gravitational potential, δ� . 

An important point to notice here is the domain of integration in
quation ( 48 ) is infinite. Therefore, while calculating the third term
f ( 48 ), one has to consider both δ� int (0 ≤ r ≤ R) and δ� ext ( r > R).
hese are given in Yim & Jones ( 2022 ): 

� int = −4 πρGl 

2 l + 1 
αlm 

r l 

R 

l−2 
Y lm 

( θ, φ) , (50) 

� ext = −4 πρGl 

2 l + 1 
αlm 

R 

l+ 3 

r l+ 1 
Y lm 

( θ, φ) . (51) 

ote that the crustal shear modulus does not appear in either of these
xpressions for the perturbed gravitational potential; the potential
nergy depends only the shape of the star, not its composition. 

Inserting all the required terms into ( 48 ) and performing the
ntegration, we obtain 

E grav = 

3 

10 πR 

GM 

2 ( αSB 
22 ) 

2 . (52) 

To calculate the constant A 22 we will equate ( 52 ) with the
henomenological expression for the perturbed gravitational energy 

E grav = A 22 ( ε
SB 
22 ) 

2 , (53) 

here 

SB 
22 = 

| � 

SB I xx − � 

SB I yy | 
I z z , s 

. (54) 

ere � 

SB I xx and � 

SB I yy are the differences in moment of inertia of
he triaxial strained star B along the x - and y -axis, respectively w.r.t.
o the spherical configuration S. The eccentricity parameter εSB 

22 is
elated to the Kelvin mode parameter αSB 

22 in exactly the same way
s the parameter εAB 

22 is related to the parameter αAB 
22 as given in

quation ( 38 ) abo v e, i.e. 

SB 
22 = 

√ 

15 

2 π
αSB 

22 . (55) 

omparing ( 52 ) with ( 53 ) we get, 

3 

10 πR 

GM 

2 ( αSB 
22 ) 

2 = A 22 ( ε
SB 
22 ) 

2 . (56) 

nserting the expression of ellipticity εSB 
22 ( 55 ) into ( 56 ) we get, 

 22 = 

GM 

2 

25 R 

. (57) 
NRAS 532, 2763–2777 (2024) 
his gives us the value of the constant A 22 . Taking the ratio of A 20 

 7 ) and A 22 ( 57 ), we get the following relation, 

 22 = 

1 

3 
A 20 . (58) 

e will use this result later. 

 A L L OW I N G  F O R  BOTH  AXI SYMMETRIC  

N D  NON-AXI SYMMETRI C  P E RTU R BAT I O N S  

n a real NS, there will be axisymmetric strains, due to spin-up/spin-
own, and also non-axisymmetric ones, supporting a mountain. We
herefore need to model both ( l = 2 , m = 0) and ( l = 2 , m = 2)
eformations simultaneously . The expression for the energy of such
 star will certainly contain the terms given in equations ( 13 ) and ( 18 )
or the separate contrib utions, b ut one can ask, will there be cross-
erms, i.e. terms proportional to the product of the small parameters
escribing each sort of perturbation? In this section we show there
re no such cross-terms. 

In the case of slow rotation of uniform density stars, the form of
he l = 2 , m = 0 perturbation are known, as described in Baym &
ines ( 1971 ) and Keer & Jones ( 2014 ) 

� 20 = U ( r ) Y 20 ( θ ) ̂ r + 

V ( r ) 

r 

d Y 20 ( θ ) 

d θ
ˆ θ (59) 

here 

( r ) = 

2 

5 R 

2 

√ 

π

5 

λ

1 + b 20 
( 	2 

B − 	2 
A )(3 r 

3 − 8 R 

2 r ) (60) 

nd 

 ( r ) = 

2 

5 R 

2 

√ 

π

5 

λ

1 + b 20 
( 	2 

B − 	2 
A ) 

(
5 

2 
r 4 − 4 R 

2 r 2 
)

. (61) 

ere, λ = 

5 
8 πGρ

. Note that expression ( 59 ) is strictly true only for
 uniform density elastic star (i.e. the whole star is elastic), for
hich Baym & Pines ( 1971 ) find b 20 = 

57 μ
8 πGρ2 R 2 

. We make the
pproximation that ( 59 ) is the correct eigenfunction for the star
aving finite crust thickness �R with b 20 as given in equation
 17 ). This should be a good approximation given the small effect
f elasticity on the shape of the star. 
The displacement field ( 59 ) relates two configurations of the star,

hich can be identified with stars A and B of Fig. 3 , if we now
icture both stars as axisymmetric, with A being relaxed and having
n angular velocity 	A , and B being obtained by spinning up/down A
o angular velocity 	B , and therefore being strained. As before, star
 is a reference star of the same mass, but spherical and unstrained.
hen we can take 

20 = 

λ

1 + b 20 
( 	2 

B − 	2 
A ) , (62) 

s the small dimensionless parameter describing the effect of rotation
n the star. 
Given ( 59 ), we can calculate the radii along the x , y , and z axes

or any uniform density spherical elastic star that is spin-up from
A = 0 to 	B > 0: 

 1 = R + ξ r 
(
r = R, θ = 

π

2 
, φ = 0 

)
= R 

(
1 + α20 

1 

2 

)
, (63) 

 2 = R + ξ r 
(
r = R, θ = 

π

2 
, φ = 

π

2 

)
= R 

(
1 + α20 

1 

2 

)
, (64) 

 3 = R + ξ r ( r = R, θ = 0) = R(1 − α20 ) , (65) 

here ξ r is the radial component of the displacement field ( 59 ). 
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We can then calculate the corresponding oblateness parameter ε20 , 
s defined in equation ( 3 ). First, using equation ( 36 ) in equation ( 3 )
e have 

20 = 

( a 2 1 + a 2 2 ) − 2 R 

2 

2 R 

2 
. (66) 

hen, substituting the radii a 1 and a 2 of equations ( 63 ) and ( 64 ) we
btain 

20 = α20 + 

α2 
20 

4 
. (67) 

or α20 � 1, this can be inverted: 

20 ≈ ε20 − ε2 
20 

4 
. (68) 

his result will pro v e useful, as it will allow us to translate between
blateness and vector field displacements. 
When both the perturbations l = 2 , m = 0 and l = 2 , m = 2 are

resent, we can write the full displacement field as the linear 
ombination of � ξ20 of equation ( 59 ) for and � ξ22 of equation ( 30 ),
o that 

� = α20 � ξ20 + α22 � ξ22 . (69) 

he parameter α22 , as discussed in Section 3 , controls the size of the
 = 2 , m = 2 perturbation. The expression for the total energy of the
pinning star can then be written as: 

 total = E grav , s + 

L 

2 

2 I zz 
+ A 20 ( ε

SB 
20 ) 

2 + B 20 ( ε
SB 
20 − εSA 

20 , 0 ) 
2 

+ A 22 ( ε
SB 
22 ) 

2 + B 22 ( ε
SB 
22 − εSA 

22 , 0 ) 
2 + A 20 , 22 ε

SB 
20 ε

SB 
22 

+ B 20 , 22 ( ε
SB 
20 − εSA 

20 , 0 )( ε
SB 
22 − εSA 

22 , 0 ) , (70) 

here εSB 
20 and εSB 

22 are the equilibrium oblateness and ellipticity as 
entioned in the previous sections. εSA 

20 , 0 and εSA 
22 , 0 are the zero-strain 

onfigurations which can be mapped from the background spherical 
onfiguration using the rotation ( 59 ) and Kelvin mode displacement 
eld � ξ ( 30 ), respectively. Note that we have allowed for the presence
f cross-terms in both the gravitational potential energy and in the 
lastic energy through the introduction of new parameters A 20 , 22 and 
 20 , 22 , respectively. 
First consider the elastic strain energy. The methodology used 

ere is similar to the one we followed for the calculation of B 22 in
ection 4 . For the displacement field ( 69 ), we get 

 ij � ij = ( αAB 
20 ) 

2 ( � 

20 
ij ) 

2 + ( αAB 
22 ) 

2 ( � 

22 
ij ) 

2 + αAB 
20 α

AB 
22 � 

20 
ij � 

22 
ij 

+ αAB 
20 α

AB 
22 � 

22 
ij � 

20 
ij . (71) 

nserting ( 71 ) into the expression of strain energy density ( 40 ) and
oing the volume integration gives 

 strain = μ

∫ 
(( αAB 

20 ) 
2 ( � 

20 
ij ) 

2 + ( αAB 
22 ) 

2 ( � 

22 
ij ) 

2 + αAB 
20 α

AB 
22 � 

20 
ij � 

22 
ij 

+ αAB 
20 α

AB 
22 � 

22 
ij � 

20 
ij )d V . (72) 

he expressions of � 

22 
ij and � 

20 
ij are given in Appendix A . We get 

 

20 
ij � 

22 
ij = � 

22 
ij � 

20 
ij = −3 

2 

√ 

15 

2 πR 

2 
αAB 

20 α
AB 
22 r 

2 cos 2 φ. (73) 

his gives ∫ 
V 

� 

20 
ij � 

22 
ij d V = 

∫ 
V 

� 

22 
ij � 

20 
ij d V = 0 . (74) 

nd ( 72 ) becomes 

 strain = E 

20 
strain + E 

22 
strain = 38 π( R 

3 − R 

3 
c ) μ( αAB 

20 ) 
2 + 5( R 

3 − R 

3 
c ) μ( αAB 

22 ) 
2 . (75) 
e therefore find that there are no cross strain energy terms
hen both perturbations are present. Therefore, the last term of 

 72 ), which corresponds to the cross-term in the strain energy
 20 , 22 ( εSB 

20 − εSA 
20 , 0 )( ε

SB 
22 − εSA 

22 , 0 ), is zero. The value of E 

20 
strain obtained

ere, when inserted into the equation ( 10 ), gives the expression for
 20 ( 11 ) which agrees with the one given in literature (Baym & Pines
971 ). 
Next, we calculate the cross-term for the perturbed gravitational 

otential energy corresponding to A 20 , 22 ε
SB 
20 ε

SB 
22 in the expression of 

he total energy ( 70 ). For this we use the expression for perturbed
ravitational energy ( 48 ) from Friedman & Schutz ( 1978 ). Using
 50 ) and ( 51 ), we get the following expressions of the perturbed
ravitational potential δ� int (0 ≤ r ≤ R) and δ� ext ( r > R), respec-
ively, 

� int = −8 πρG 

5 
α20 r 

2 Y 20 ( θ ) − 8 πρG 

5 
α22 r 

2 Y 22 ( θ, φ) , (76) 

� ext = −8 πρG 

5 
α20 

R 

5 

r 3 
Y 20 ( θ ) − 8 πρG 

5 
α22 

R 

5 

r 3 
Y 22 ( θ, φ) . (77) 

Inserting the expression of displacement field of equation ( 69 ), the
nperturbed gravitational potential energy of equation ( 49 ), and the
erturbed gravitational potentials of equations ( 76 ) and ( 77 ) into ( 48 )
hen gives the perturbation in the gravitational potential energy. The 
xpression is large, so we will not write it down, but one easily finds
hat that there are no cross-terms due to the orthogonality property of
he spherical harmonics Y 20 and Y 22 when inte grated o v er a 2-sphere.

 ELLIPTICITY  AT  EQUI LI BRI UM  

iven that there are no cross-terms in the expression for the star’s
nergy, equation ( 70 ) reduces to the sum of the separate spherical,
 = 0 and m = 2 contributions: 

 T = E grav , s + 

L 

2 

2 I zz 
+ B 20 ( ε

SB 
20 − εSA 

20 , 0 ) 
2 + A 20 ( ε

SB 
20 ) 

2 

+ B 22 ( ε
SB 
22 − εSA 

22 , 0 ) 
2 + A 22 ( ε

SB 
22 ) 

2 , (78) 

erturbation l = 2 , m = 2 do not contribute to the kinetic energy
ecause we have δI 22 

zz = 0. One can find this result in the section 8.5.1
f Yim ( 2022 ). 
It follows that the m = 0 and m = 2 deformations are those ob-

ained by analysing each case separately . Explicitly , if one minimizes
 T of equation ( 78 ) with respect to ε20 , keeping L , ε20 , 0 , ε22 , and

22 , 0 fixed, one obtains equation ( 14 ) for ε20 , containing the expected
entrifugal and elastic deformation terms. If instead one minimizes 
 T with respect to ε22 , keeping L , ε20 , ε20 , 0 , and ε22 , 0 fixed, one
btains equation ( 19 ) for ε22 , 
Given equations ( 47 ) and ( 58 ), we can see that just as B 20 � A 20 ,

e also have B 22 � A 22 . Using these relations we obtain 

B 22 

A 22 
= 

25 

19 

B 20 

A 20 
. (79) 

e point this out as it is these ratios that determine how large an actual
eformation ( ε20 or ε22 ) one gets for a given zero strain reference
hape ( ε20 , 0 or ε22 , 0 ). 

For both axisymmetric and non-axisymmetric deformations, the 
ffects of elasticity are weak compared with gravity, and the actual
eformation resulting from a given reference shape are small. The 
umerical factor that appears in equation ( 79 ) is specific to our simple
niform density uniform shear modulus stellar model, but we expect 
he result B 22 /A 22 ∼ B 20 /A 20 will remain true for more realistic
tellar models, providing the effects of elasticity remain small. 
MNRAS 532, 2763–2777 (2024) 
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M

Figure 4. Schematic picture of the starquake model of Section 8 . We are 
looking at the stars in the x- y plane, with rotation along Oz. Star S (red) is the 
non-rotating elastic spherical star. It spins-up and goes to the configuration 
E (yellow). At this point, the crust breaks and acquires a new equilibrium 

configuration Q (green). Q 0 (grey) is the relaxed shape for the new equilibrium 

shape Q. 
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Inserting some numerical values for the case of mountains, we
ave 

 22 = 

1 

25 R 

GM 

2 = 2 . 091 × 10 52 erg 
M 

2 
1 . 4 

R 6 
, (80) 

 22 = 

1 

2 
μV c . (81) 

e can write B 22 in terms of �R as follows, 

 22 = 2 πμR 

2 �R = 0 . 628 × 10 48 erg μ30 R 

2 
6 � R 5 . (82) 

or the mountain size itself, we have 

SB 
22 = b 22 ε

SA 
22 , 0 , (83) 

here 

 22 = 

B 22 

A 22 + B 22 
≈ B 22 

A 22 
= 

50 πμR 

3 �R 

M 

2 G 

≈ 3 . 005 × 10 −5 μ30 R 

3 
6 �R 5 

M 

2 
1 . 4 

. (84) 

ubstituting ( 84 ) into ( 83 ) we get, 

SB 
22 ≈ 3 . 005 × 10 −5 εSA 

22 , 0 

μ30 R 

3 
6 �R 5 

M 

2 
1 . 4 

. (85) 

xpression ( 85 ) quantifies the smallness of the equilibrium ellipticity
f the star relative to its relaxed (zero-strain) star ellipticity. 

 C H A N G E  IN  TOTA L  E N E R G Y  D U R I N G  

TA R QUA K E  

e will now apply our starquake model to a specific scenario, of
he same sort considered by Fattoyev et al. ( 2018 ) and Giliberti &
ambiotti ( 2022 ), and described schematically in Fig. 4 . 
We start with a non-rotating spherical elastically relaxed star S.
e spin it up to pre-quake equilibrium configuration E, modelling

he rotation as a perturbation, as described in Section 6 . The crust of
NRAS 532, 2763–2777 (2024) 
tar E then fractures, and the star acquires a new equilibrium shape Q,
ith star Q 0 being the relaxed configuration for the new equilibrium

hape Q. 
To build intuition, in Section 8.1 we consider fractures described

y pure m = 0 perturbations, while in Section 8.2 we consider frac-
ures described by pure m = 2 perturbations. Then, in Section 8.3 ,
e consider the case in which we are really interested, with a

ombination of m = 0 and m = 2 perturbations. 
Crucially, we enforce both angular momentum and energy con-

ervation. Angular momentum conservation is enforced by requiring
hat the angular momentum of star Q is the same as that of star
. Energy conservation is enforced by requiring that the energy of
tar Q is equal to or less than that of star E, as a realistic fracture
ill generate heat within the star, and also emit gravitational waves,

hings which we do not explicitly include in our energy calculations.
ote that as long as the quake is axisymmetric, the gravitational wave

mission will not carry any angular momentum (see e.g. Yim & Jones
022 ). 
We take the view that star E is given, leaving us with a two-

arameter family of possible quakes, corresponding to the m = 0
nd m = 2 perturbations. We take as our two free parameters the
hanges in relaxed shapes �ε20 , 0 and �ε22 , 0 . We wish to find the
egion in this parameter space for which starquakes are allowed, and
ow large a mountain can be formed. 

.1 Perturbation l = 2 , m = 0 

he expression for the total energy of the star E, for pure m = 0
erturbations, is given as ( 13 ). To find the shape of star E, we
inimize this energy as described previously, keeping the angular
omentum L and reference shape ε20 , 0 fixed. This gives the usual

elation ( 14 ) between the equilibrium shape and the elastically
elaxed shape. Ho we ver, in this case we have ε20 , 0 = 0, as star E
as obtained by spinning up the spherical and relaxed star S, so ( 14 )

educes to 

20 = 

I z z , s 	
2 

4( A 20 + B 20 ) 
. (86) 

When the crust breaks, the axisymmetric perturbation ( ε20 )
hanges, on top of the star E. The moment of inertia and the angular
elocity of the star E transforms as I → I + �I and 	 → 	 + �	,
espectively. Since, the angular momentum is conserved, we have 

 = ( I + �I )( 	 + �	) = I 	. (87) 

earranging equation ( 87 ) gives, 

�I 

I 
= −�	

	
− �I 

I 

�	

	
. (88) 

he change in the moment of inertia is given as 

I = � ( I z z , s (1 + ε20 )) = I z z , s �ε20 . (89) 

sing ( 88 ) and ( 89 ) we get, 

�	

	
= − �ε20 

1 + ε20 + �ε20 
. (90) 

To find the relation between the actual change in shape �ε20 in
oing from star E to star Q, to the change in reference shape �ε20 , 0 ,
e perturb ( 14 ). This gives 

ε20 = 

2 I z z , s 	�	

4( A 20 + B 20 ) 
+ 

B 20 

A 20 + B 20 
�ε20 , 0 . (91) 
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sing ( 86 ) and ( 90 ), ( 91 ) becomes 

ε20 = − 2 ε20 �ε20 

1 + ε20 + �ε20 
+ 

B 20 

A 20 + B 20 
�ε20 , 0 . (92) 

he abo v e equation is a quadratic in �ε20 . Using the standard formula
or finding the roots of a quadratic and then performing linearization, 
e get the following relation between �ε20 and �ε20 , 0 to the leading 
rder in b 20 , 

ε20 = b 20 �ε20 , 0 (1 − 2 ε20 ) . (93) 

The change in the kinetic energy between the two equilibrium 

onfigurations E and Q is given as 

E k = � 

(
L 

2 

2 I z z , s (1 + ε20 ) 

)
= − ( I zz 	) 2 

2 I z z , s (1 + ε20 ) 2 
�ε20 . (94) 

nserting the expression of moment of inertia ( 9 ) and ε20 ( 86 ) into
 94 ) we get, 

E k = − I z z , s 	
2 

2 
�ε20 = −2( A 20 + B 20 ) ε20 �ε20 . (95) 

The change in the gravitational potential energy between the two 
quilibrium configurations is given as 

E g = � ( A 20 ε
2 
20 ) = 2 A 20 ε20 �ε20 . (96) 

e see that, 

E g + �E k = −2 B 20 ε20 �ε20 . (97) 

To calculate the change in the strain energy, we cannot use the
erturbation method, as used so far, because we will allow for order
nity changes in strain energy, i.e. we will allow the star to loose all
r most of its strain energy, corresponding to a single large fracture
vent. To calculate the change in the strain energy between the two
quilibrium configurations, we will therefore simply calculate the 
train energy of the respective configurations (E and Q) and take the
ifference: 

E s = E 

Q 
s − E 

E 
s = B 20 ( ε

Q 
20 − ε

Q 
20 , 0 ) 

2 − B 20 ( ε
E 
20 − εE 

20 , 0 ) 
2 . (98) 

e have, 
Q 
20 = ε20 + �ε20 (99) 

nd 
Q 
20 , 0 = ε20 , 0 + �ε20 , 0 = �ε20 , 0 . (100) 

nserting ( 99 ) and ( 100 ) into ( 98 ), we get 

E s = B 20 ( ε20 + �ε20 − �ε20 , 0 ) 
2 − B 20 ε

2 
20 . (101) 

e insert ( 93 ) into ( 101 ) and further simplify it. This gives, 

E s = B 20 �ε2 
20 , 0 − 2 B 20 ε20 �ε20 , 0 + 2 B 20 ε20 �ε20 

+ B 20 �ε2 
20 − 2 B 20 �ε20 �ε20 , 0 . (102) 

The change in the total energy for the m = 0 perturbation is given
s, 

E T = �E k + �E g + �E s = B 20 �ε2 
20 , 0 − 2 B 20 ε20 �ε20 , 0 

+ B 20 �ε2 
20 − 2 B 20 �ε20 �ε20 , 0 . (103) 

he change in the energy, corresponding to �E k + �E g ( 97 ), gets
ompletely cancelled by the third term in the expression of �E s 

 102 ). Also, the energy given by equation ( 97 ) is b 20 times smaller
han the leading order terms in �E s . Since, the third and fourth term
n ( 103 ) are order of magnitude smaller than first two terms, we can
gnore them. This gives, 

E T = B 20 �ε2 
20 , 0 − 2 B 20 ε20 �ε20 , 0 . (104) 
herefore, to the leading order, the change in the total energy �E T 

ncludes contribution only from �E s . In ( 104 ), the free parameter is
ε20 , 0 . The total change in energy will be ne gativ e as long as, 

ε20 , 0 < 2 ε20 . (105) 

his has a simple physical interpretation. For very small values of
ε20 , 0 the strain energy is guaranteed to decrease, as some of the

train created by spinning up the spherical star is relieved. All of this
train would be relieved if �ε20 , 0 = ε20 , as the new reference shape
ould match the actual shape of the star. If the star ‘o v ershoots’, less

nergy is relieved. In the case of overshooting as far as �ε20 , 0 ≤ 2 ε20 ,
he new strain is equal in magnitude to the pre-quake strain, but is
cting to make the star more, not less, oblate, and the change is
nergetically neutral, in terms of strain energy. 

For a given ε20 , the variation of �E T 
B 20 

with �ε20 , 0 is shown in
ig. 5 . We have set ε20 = 0 . 1 corresponding to the fastest rotating
ulsar (716 revolutions s −1 ). One can chose any value of ε20 and the
urve in Fig. 5 will scale accordingly. 

Also, we verified that if we include 3rd order terms in the
xpression of the total energy as shown below, 

 T = E grav , s + 

L 

2 

2 I z z , s (1 + ε20 ) 
+ A 20 ε

2 
20 + B 20 ( ε20 − ε20 , 0 ) 

2 

+ A 

′ 
20 ε

3 
20 + B 

′ 
20 ( ε20 − ε20 , 0 ) 

3 , (106) 

he correction terms in �E T would be of higher order. Therefore, we
an safely assume ( 13 ) as our model of analysis. 

.2 Perturbation l = 2 , m = 2 

e will now calculate the change in the total energy for a pure
 = 2 perturbation of star E. The expression of the total energy of

he pre-quake equilibrium star E is given by equation ( 13 ). When the
tarquake occurs, star E acquires a new equilibrium configuration 
. At the starquake, we add only the non-axisymmetric perturbation 

 ε22 ) on top of the star E. The expression of the total energy of the
ew equilibrium star Q is given as, 

 T = E grav , s + 

L 

2 

2 I z z , s (1 + ε20 ) 
+ A 20 ε

2 
20 + B 20 ( ε20 − ε20 , 0 ) 

2 

+ A 22 ε
2 
22 + B 22 ( ε22 − ε22 , 0 ) 

2 . (107) 

ere, ε22 , 0 is the relaxed ellipticity of star Q 0 . To get the relation
etween the new equilibrium Q and its relaxed shape Q 0 of the star
or this m = 2 perturbation, we minimize ( 107 ) w.r.t. ε22 at fixed L ,
MNRAS 532, 2763–2777 (2024) 
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20 , ε20 , 0 , and ε22 , 0 . This gives 

22 = 

B 22 

A 22 + B 22 
ε22 , 0 ≈ B 22 

A 22 
ε22 , 0 . (108) 

erturbing ( 108 ) to describe the change in going from E to Q gives 

ε22 = 

B 22 

A 22 + B 22 
�ε22 , 0 = b 22 �ε22 , 0 , (109) 

The change in the strain energy stored in the crust between the two
quilibrium configurations E and Q, for pure m = 2 perturbation is
iven as 

E s = B 22 ( ε22 − ε22 , 0 ) 
2 . (110) 

ince, there is no mountain before the starquake, we can write the
quilibrium shape ( ε22 ) and the relaxed shape ellipticity ( ε22 , 0 ) of
tar Q as the change in the equilibrium ( �ε22 ) and relaxed shape
llipticity ( �ε22 , 0 ) between star E and Q, i.e. 

ε22 = ε
Q 

22 − εE 
22 = ε22 − 0 = ε22 (111) 

nd 

ε22 , 0 = ε
Q 

22 , 0 − εE 
22 , 0 = ε22 , 0 − 0 = ε22 , 0 (112) 

nserting ( 111 ) and ( 112 ) into ( 110 ), we get 

E s = B 22 ( �ε22 − �ε22 , 0 ) 
2 ≈ B 22 �ε2 

22 , 0 . (113) 

The change in the gravitational potential energy, between the two
quilibrium configurations E and Q, for pure m = 2 perturbation is
iven as, 

E g = A 22 ε
2 
22 = A 22 �ε2 

22 . (114) 

sing ( 109 ), we get 

E g = B 22 b 22 �ε2 
22 , 0 . (115) 

he change in the gravitational potential energy �E g is b 22 order
f magnitude smaller than �E s . Therefore, the change in the total
nergy is given as, 

E T ≈ �E s ≈ B 22 �ε2 
22 , 0 . (116) 

Since the change in the total energy of the star is positive, we see
hat it is not possible for a star to have a pure m = 2 perturbation. It
ollows that any m = 2 perturbation must al w ays be present with a
xisymmetric m = 0 perturbation. We go on to consider this case in
ection 8.3 . 

.3 Perturbation m = 0 and m = 2 present together 

reviously in Section 7 , we showed that when both the perturbations
 = 0 and m = 2 are present together, the changes in the energies

f the star for the respective perturbations are independent of each
ther. Therefore, to obtain the expression of the change in the total
nergy, when both the perturbations are present, we can simply add
he results ( 104 ) and ( 116 ) given in Section 8.1 and Section 8.2 ,
espectively. This gives 

E T = B 20 �ε2 
20 , 0 − 2 B 20 ε20 �ε20 , 0 + B 22 .�ε2 

22 , 0 (117) 

Here, we have two free parameters, �ε20 , 0 and �ε22 , 0 . Fig. 6 shows
in green) the curve in the 2D parameter space of �ε20 , 0 and �ε22 , 0 

hen �E T = 0. For a mountain to form, we need 

E T = B 20 �ε2 
20 , 0 − 2 B 20 ε20 �ε20 , 0 + B 22 �ε2 

22 , 0 < 0 , (118) 
NRAS 532, 2763–2777 (2024) 
hich is the region inside the green curve. We can re-write ( 117 ) in
he form given as, 

( �ε20 , 0 − ε20 ) 2 

ε2 
20 

+ 

B 22 ( �ε22 , 0 ) 2 

ε2 
20 B 20 

= 1 . (119) 

his clearly shows that the curve (green) is an ellipse. Note that we
an, without loss of generality, consider only the upper half of the
llipse, as we can al w ays map ε22 < 0 to ε22 > 0 through a π/ 2
otation in the x- y plane; see e.g. Jones ( 2015 ). 

The form of this curve can be easily understood. As demonstrated
n Section 8.2 , when �ε20 , 0 is zero, it is not energetically possible
o form a mountain, so �ε22 , 0 = 0; some of the strain energy stored
n the axisymmetric deformation has to be liberated to build the
ountain. This explains why the curve starts at the origin. As ε20 , 0 

hen increases, the liberated axisymmetric strain energy can then be
sed to build a mountain, so �ε22 , 0 increases also. The liberated
xisymmetric strain energy is a maximum when �ε20 , 0 = ε20 , as
escribed in Section 8.2 (see discussion following equation 105 ), so
his is where ε22 , 0 peaks. As �ε20 , 0 is increased further, the axisym-
etric strain energy liberated in the quake decreases, decreasing the
ountain �ε22 , 0 , until we reach �ε20 , 0 = 2 ε20 , where the liberated

xisymmetric strain energy is zero, and no mountain can be built (as
er equation 105 ). 

 ANALYSI S  A N D  I NTERPRETATI ON  

e will now examine some of the consequences of our model.
n Section 9.1 we talk about maximum mountain sizes, while in
ection 9.2 we show how the recent analysis of Giliberti & Cambiotti
 2022 ) can be described within our framework. 

Throughout this section, we will continue to imagine we start with
 non-rotating elastically relaxed spherical star S that is then spun-up
o some angular velocity 	 to give the rotating, elastically strained
tar E, with a given oblateness ε20 , which then undergoes a starquake
o form a triaxial star Q. We will continue to use �ε20 , 0 and �ε22 , 0 
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s the two free parameters describing the quake, i.e. the m = 0 and
 = 2 changes in reference oblateness and ellipticity. 

.1 The maximum mountain 

efore calculating the largest mountain than can form when star 
 undergoes a quake, we calculate the most energetically fa v oured
hange in axisymmetric configuration when creating a mountain of 
iven size ε22 . This is obtained by minimizing the energy perturbation 
E T of equation ( 117 ) at fixed �ε22 , 0 . This gives, 

ε20 , 0 = ε20 . (120) 

his simply says that the most energy is liberated if the m = 0
eference shape increases by an amount �ε20 , 0 equal to the original 
blateness ε20 of star E. This is shown as the vertical red line �ε20 , 0 =
20 in Fig. 6 . 

The largest mountain that can be formed in the starquake corre- 
ponds to the topmost point of the ellipse, shown as the green point
nd labelled as star A in Fig. 6 . Setting �ε20 , 0 = ε20 and �E T = 0
n equation ( 117 ), we obtain 

εmax 
22 , 0 = 

√ 

B 20 

B 22 
ε20 . (121) 

his is the reference (i.e. zero strain) shape for this mountain. To
btain the actual mountain size we can use equation ( 109 ), obtaining 

εmax 
22 = 

√ 

B 22 B 20 

A 22 
ε20 . (122) 

his is our main result; it is the largest mountain that one can build
hen star E undergoes a starquake, subject to the constraints of

ngular momentum conservation and energy conservation. Note the 
resence of the geometric mean of B 20 and B 22 in the expression
f �εmax 

22 . The building of an m = 2 mountain necessarily requires
 release of m = 0 strain, coupling the two sorts of deformation
ogether. 

.2 Description of Giliberti & Cambiotti ( 2022 ) 

s a further application of our model, we now use it to describe a
articular mountain-building starquake scenario presented in Gilib- 
rti & Cambiotti ( 2022 ). Our formalism will allow us to explore a few
hings not considered in Giliberti & Cambiotti ( 2022 ). We will show
hat the model of Giliberti & Cambiotti ( 2022 ) involves not only an
 = 2 change, but necessarily also an m = 0 change. We will be

ble to calculate the corresponding reference shape the post-quake 
tar would have, i.e. how its zero-strain configuration is reconfigured 
n the quake, for both the m = 0 and m = 2 perturbations. We will
lso confirm that (at fixed angular momentum) the energy of the 
tar does indeed decrease, and how close the Giliberti & Cambiotti 
 2022 ) mountain is to the maximum possible mountain that the quake
rocess allows, as per equation ( 122 ) abo v e. 
Giliberti & Cambiotti ( 2022 ) considered se veral dif ferent stellar

onfigurations, which we will now describe. We display them 

chematically in Fig. 7 , where we show the cross-section in the
- y plane, with, as al w ays, rotation along the z-axis. We greatly
xaggerate the size differences between different stars for clarity. 

The non-rotating elastically relaxed spherical star S is shown as 
 pink disc. This is then spun-up to give the star that exists just
rior to the starquake. This is star E, and is rotating, elastically
trained and axisymmetric, with moment of inertia tensor �I E = 

iag( �I E xx , �I E xx , �I E zz ). It is shown as the yellow disc. If all of the
train in star E is relieved (at fixed angular momentum), through
ither a series of starquakes, or through some plastic creep, one
ould obtain a configuration corresponding to a fluid star F, with a

lightly larger oblateness than star E. This is shown as the blue disc,
nd is rotating, unstrained, and axisymmetric, with the moment of 
nertia tensor �I F = Diag( �I F xx , �I F xx , �I F zz ). 

Giliberti & Cambiotti ( 2022 ) wrote the post-quake configuration 
s �I Q = Diag( �I Q xx , �I Q yy , �I Q zz ), which we show as the red ellipse
 in Fig. 7 . Note that, simply for the sake of definiteness, we have

ssumed the symmetry-breaking is such that the radius along the x-
xis is larger than the radius along the y-axis, so that �I Q xx < �I Q yy . 

Giliberti & Cambiotti ( 2022 ) argued that the post-quake configura-
ion is expected to lie between the elastic and fluid configurations, as
ketched in Fig. 7 , i.e. the red ellipse Q must lie between the pre-glitch
lastically strained configuration E (yellow disc) and the zero-strain 
uid configuration F (blue disc). The authors concluded that the 
aximum value of �I Q yy − �I Q xx is �I E xx − �I F xx . This corresponds

o the red ellipse of Fig. 7 just touching its bounding discs E and
. This was computationally useful, as the stellar configurations E 

nd F can both be computed as perturbations away from star S.
iliberti & Cambiotti ( 2022 ) did this numerically for SLy and BSk21

quations of state, while we do so analytically, using the displacement 
ector field ( 59 ), valid for our uniform density incompressible
tars. 

The radii of star E are given by the equations presented in Section 6 ,
y setting the starting angular velocity to zero (corresponding to the
on-rotating relaxed star S) and the final angular velocity to 	, the
MNRAS 532, 2763–2777 (2024) 
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Table 1. Summary of changes in oblateness, ellipticity, and energy for the 
star configurations A, B, and C as described in Section 9 , and illustrated in 
Fig. 6 . Rows 1 and 2 give the change in the equilibrium oblateness ( �ε20 ) 
and ellipticity ( �ε22 ) for the equilibrium shape Q for the three different 
configurations A, B, and C. Similarly, rows 3 and 4 give the change in the 
relaxed shape oblateness ( �ε20 , 0 ) and ellipticity ( �ε22 , 0 ) for the equilibrium 

shape Q 0 . Last row 5 gives the change in the total energy during the starquake. 

A B C 

�ε20 b 20 ε20 
b 20 
2 ( ε20 − ε2 

20 
4 ) b 20 ε20 

�ε22 b 22 ε20 

√ 

B 20 
B 22 

b 20 
2 ( ε20 − ε2 

20 
4 ) b 20 

2 ( ε20 − ε2 
20 
4 ) 

�ε20 , 0 ε20 
1 
2 ( ε20 − ε2 

20 
4 ) ε20 

�ε22 , 0 ε20 

√ 

B 20 
B 22 

19 
50 ( ε20 − ε2 

20 
4 ) 19 

50 ( ε20 − ε2 
20 
4 ) 

�E T 0 − 1957 B 22 
1250 ε2 

20 − 5339 B 22 
2500 ε2 
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ngular velocity of star E. Equation ( 63 ) gives 

 

E 
1 = a E 2 = R 

[
1 + 

1 

2 
α20 

]
(123) 

here, from equation ( 62 ) 

20 = 

λ

1 + b 20 
	2 . (124) 

he radii of star F are of the same form, but with departures from
tar S a factor (1 + b 20 ) larger (as per equation 62 ): 

 

F 
1 = a F 2 = R 

[
1 + 

1 

2 
α20 (1 + b 20 ) 

]
(125) 

In the model of Giliberti & Cambiotti ( 2022 ), we can now
mmediately write down the radii of star Q. Along the x-axis, it
as the radius of star F, so that 

 

Q 
1 = a F 1 = R 

[
1 + 

1 

2 
α20 (1 + b 20 ) 

]
, (126) 

hile along the y-axis, star Q has the same radius as star E: 

 

Q 
2 = a E 2 = R 

[
1 + 

1 

2 
α20 

]
, (127) 

Given the radii of the equilibrium shape Q, we can easily calculate
he oblateness εQ 

20 and ellipticity εQ 

22 . Using equation ( 66 ) we have 

Q 

20 = α20 + 

b 20 α20 

2 
+ 

α2 
20 

4 
(128) 

hile equation ( 37 ) gives 

Q 

22 ≈
b 20 α20 

2 
. (129) 

Of most interest here are the changes in εQ 

20 and εQ 

22 , in going from
tar E to star Q. The oblateness ( m = 0) of star E is given by equation
 67 ) (with α20 given by equation 124 ), so we have: 

ε20 = ε
Q 

20 − εE 
20 = 

1 

2 
b 20 α20 ≈ 1 

2 
b 20 ε20 . (130) 

The ellipticity ( m = 2) of star E is, by assumption, zero, so we
ave 

ε22 = ε
Q 

22 − εE 
22 = ε

Q 

22 = 

b 20 α20 

2 
≈ 1 

2 
b 20 ε20 . (131) 

n both equations ( 130 ) and ( 131 ), we have approximated equation
 68 ) as α20 ≈ ε20 . 
NRAS 532, 2763–2777 (2024) 
This is a simple result: the mountain formation scenario of
iliberti & Cambiotti ( 2022 ) consists of equal increases in ε22 

creating the mountain) and in ε20 (releasing some axisymmetric
train). We record these results in the middle column of Table 1 . 

Having calculated the changes in equilibrium shape, as
arametrized by �ε20 and �ε22 , we can easily calculate the changes
n the corresponding reference shapes, �ε20 , 0 and �ε22 , 0 . For the
xisymmetric change, we can use equation ( 93 ) to give 

ε20 , 0 = 

1 

2 

(
ε20 − ε2 

20 

4 

)
(132) 

hile for the non-axisymmetric change we can use equation ( 109 )
o give 

ε22 , 0 = 

b 20 

2 b 22 

(
ε20 − ε2 

20 

4 

)
. (133) 

sing ( 47 ) and ( 58 ) we have 

b 20 

b 22 
= 

B 20 A 22 

A 20 B 22 
= 

19 

25 
. (134) 

o that 

ε22 , 0 = 

19 

50 

(
ε20 − ε2 

20 

4 

)
. (135) 

e record these values in column B of Table 1 . 
We can now plot the position of star B in our 2D parameter space;

ee the red point in Fig. 6 . Reassuringly, star B lies inside the green
ounding ellipse, so does indeed correspond to a decrease in the star’s
nergy. We can in fact compute the change in energy, �E T , simply
y plugging our results for �ε20 , 0 and �ε22 , 0 into equation ( 117 ).
he resulting (ne gativ e) e xpression is giv en in column B, bottom

ow, of Table 1 . 
We can compare the size of the mountain formed in the Giliberti &

ambiotti ( 2022 ) process with the size of the maximum mountain,
onstrained only by angular momentum and energy conservation.
aking the ratio of the εmax 

22 of equation ( 122 ) with the mountain size
f equation ( 131 ), denoted below as εG . C . 

22 : 

εmax 
22 

εG . C . 
22 

= 2 
A 20 

A 22 

√ 

B 22 

B 20 

(
1 

1 − ε20 
4 

)
≈ 6 

√ 

25 

57 

(
1 + 

ε20 

4 

)
≈ 3 . 97 . 

(136) 

his shows, to the leading order, the maximum mountain size εmax 
22 is

pproximately four times larger than the mountain εG . C . 
22 built in the

iliberti & Cambiotti ( 2022 ) scenario. 
As a final application of our model, we can consider a star C,

efined to have the same mountain ε22 as that of Giliberti & Cambiotti
 2022 ; equation 131 ), but lying on the red vertical maximal energy-
elease line of Fig. 6 . We record its parameters in the final column
f Table 1 . Such a star has the same �ε22 and the same �ε22 , 0 as
tar B. Ho we ver, it has �ε20 , 0 = ε20 , as per equation ( 120 ). Using
quation ( 93 ) this gives �ε20 = b 20 ε20 . These values can then be
ubstituted into equation ( 117 ) to give the total energy change E T .
ote that, as expected, the energy release in forming star C is larger

in magnitude) than that released in forming star B. 

0  SUMMARY  

e have extended the Baym & Pines ( 1971 ) energy-based analysis of
tarquakes, originally developed for glitches in axisymmetric stars,
o allow for non-axisymmetric shape changes. We followed Baym &
ines ( 1971 ) in using a very simple stellar model, with uniform
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ensity and uniform crustal shear modulus, which allowed for a fully
nalytic treatment. We modelled the non-axisymmetric shape change 
s a simple ( l = m = 2) vector spherical harmonic, supplemented by
 spherical ( l = m = 0) piece in order to give volume conservation
o second order in the size of the perturbation. This allowed us to
ompute the changes in energy (summing o v er kinetic, gravitational, 
nd elastic strain energy contributions) between different stellar 
onfigurations. We showed that there are no cross-terms in the 
xpression of the total energy of the star when both the symmetrical
 l = 2 , m = 0) and asymmetrical ( l = 2 , m = 2) perturbations are
resent simultaneously. 
We verified that the effect of elasticity is small for non- 

xisymmetric crustal strains, just as it is for axisymmetric ones. 
uantitatively, the size of the non-axisymmetric ellipticity ε22 for a 

tar whose zero strain shape is ε22 , 0 is given by 

22 ≈ B 22 

A 22 
ε22 , 0 ≈ 3 . 005 × 10 −5 ε22 , 0 

μ30 R 

3 
6 �R 5 

M 

2 
1 . 4 

, (137) 

.e. the crust has to have a very large zero strain distortion to produce
 significant gravitational wave emitting mountain. This result was 
xpected, but the values of the coefficients A 22 and B 22 specific to
he non-axisymmetric case had not been computed previously, only 
heir axisymmetric equi v alents A 20 and B 20 . 

As an application of our formalism, we described the case of a
on-rotating spherical elastically relaxed star being spun-up and then 
ndergoing a single large starquake, as considered in Fattoyev et al. 
 2018 ) and Giliberti & Cambiotti ( 2022 ). The quak e w as described
y two free parameters: �ε20 , 0 and �ε22 , 0 , the changes in zero strain
hape of the m = 0 and m = 2 perturbations, respectively. We found
he region in this parameter space consistent with angular momentum 

nd energy conservation ( �J = 0 , �E < 0). We showed that the
argest mountain that can be built, subject only to these constraints,
s given by: 

max 
22 = 

√ 

B 22 B 20 

A 22 
ε20 = 

√ 

57 

5 

B 22 

A 22 
ε20 , (138) 

here ε20 is the rotational oblateness of the pre-quake star. We 
howed that this is approximately a factor of 4 larger than the
ountain built in the particular fracture scenario explored in Gilib- 

rti & Cambiotti ( 2022 ). We also showed that the formation of
 mountain al w ays requires a change in axisymmetric shape too;
ome axisymmetric energy has to be given up in order to build the
ountain. 
To get a rough estimate of the maximum mountain size, we can

nsert ε	 of equation ( 16 ) into equation ( 138 ), as in our model this
blateness comes from the centrifugal forces in the spinning star: 

max 
22 = 

√ 

57 

5 

B 22 

A 22 
ε	 ≈ 7 . 98 × 10 −8 

(
f 

100 Hz 

)2 
μ30 R 

6 
6 �R 5 

M 

3 
1 . 4 

. 

(139) 

his result is to be interpreted as follows: if an initially non-rotating,
lastically strained star is spun-up to rotation rate f , and then
ndergoes a crustquake, it is the maximum mountain that can be 
ormed. 

There is ho we ver a limit to the applicability of this result, as the
blateness in the spinning up star, and the mountain formed in the
uake event, will be limited by the crust’s finite breaking strain. The
aximum mountain size imposed by the finite breaking strain has 

een examined many times previously (Haskell et al. 2006 ; Johnson-
cDaniel & Owen 2013 ; Gittins et al. 2020 ; Gittins & Andersson

021 ; Morales & Horowitz 2022 ), but in the context of our simple
odel, we can set the ellipticity at the time of the crustquake to the
reaking strain σbreak . Setting ε	 = σbreak in equation ( 16 ) then gives
he maximum frequency f break that the star can be spun-up to before
racture: 

 break ≈ 753 Hz 

(
σbreak 

10 −1 

M 1 . 4 

R 

3 
6 

) 1 
2 

. (140) 

e have parametrized in terms of a breaking strain of 0.1, moti v ated
y the high levels of braking strain found in the molecular dynamics
alculations of Horowitz & Kadau ( 2009 ). The corresponding upper
imit on the mountain can be obtained by substituting this into the
econd equality of equation ( 139 ), or, more directly, by setting ε	 =
break in the first equality: 

max 
22 , break = 1 . 13 × 10 −5 

(σbreak 

10 −1 

) μ30 R 

3 
6 �R 5 

M 

2 
1 . 4 

. (141) 

his is the largest mountain that could be produced if an initially
on-rotating star is spun-up all the way to the point where the strain
n its crust reaches the breaking strain, and then a crustquake occurs
orming the largest possible mountain. 

Clearly, our model is highly idealized, and needs to be impro v ed
n several ways, as we now discuss. 

(i) We assumed all the strain in the crust to be coming from the
entrifugal force, but from realistic glitch models we know that the
eutron superfluid component is important too. Superfluid vortices, 
hen pinned, give rise to strain in the crust due to the Magnus force

cting on the vortices. A more accurate model could be built by
onsidering the strain in the crust to be coming from both centrifugal
nd Magnus forces (Ruderman 1991 ). 

(ii) We assumed a star with an incompressible fluid core with
niform density and uniform shear modulus of the outer crust. This
odel should be impro v ed by considering a realistic EOS. 
(iii) To model the non-axisymmetric perturbation we chose a 

Kelvin mode’ displacement field which is valid only for an in-
ompressible fluid star; exploration of a range of non-axisymmetric 
uadrupolar deformation would be worthwhile, ideally moti v ated by 
 more detailed analysis of how the crust actually fails. 

(iv) We examined the mountain formation under the Newtonian 
ramework. Further refinement could be achieved by examining it 
ithin the relativistic framework (see e.g. Gittins & Andersson 2021 ). 
(v) In a real accreting star, the accretion process itself continually

ushes fluid elements through the crust. A treatment that allows for
his could show if this tends to reduce the strain built up by the
ncreasing centrifugal forces. 

(vi) For simplicity, we follo wed Fattoye v et al. ( 2018 ) and
iliberti & Cambiotti ( 2022 ) in considering the spin-up of a

pherical unstrained star. The availability of a spherical unstrained 
ackground made the application of perturbation theory particularly 
traightforward. More realistically, the pre-quake star would have, 
t the very least, an ( l = 2 , m = 0) relaxed shape. Closely related
o this, it would be good to model an isolated neutron star, being
pun-down by , say , electromagnetic torques. Such a star will surely
ave an ( l = 2 , m = 0) relaxed shape. 
To sum up, until now starquakes have only been modelled under

he assumption of symmetric crust breaking. We found that non- 
xisymmetric starquakes are energetically allowed and hence, in 
uture, it would be useful to build in-depth models for the asymmetric
rust breaking. And, quite apart from its interest for continuous 
ra vitational wa ve generation, non-axisymmetric shape changes may 
lso have implications for the modelling of glitches themselves. We 
herefore suggest that a combined glitch model, involving both crust 
MNRAS 532, 2763–2777 (2024) 



2776 Y. Gangwar and D. I. Jones 

M

f  

d  

A

T  

d  

a  

E  

T  

D

T

R

A
A  

B  

B
B  

C  

C
E
E
F
F  

 

F
F
G
G  

G
G
G  

 

H
H
H  

H  

H
H
J
J
K
K
L  

M
M
M
O
R
R
S  

T
T  

 

U
Y  

Y

A

I

�

W  

a

ξ

w

Y

 

d  

1  

p

�

 

a  

r  

f

�

�

�

�

�

�

A
T
G

A  

g  

g  

t  

h

∇

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/532/2/2763/7710135 by U
niversity of Southam

pton user on 22 August 2024
ractures and superfluid unpinning, is worthy of exploration. We
efer further investigation of this interesting issue to future research.
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PPENDI X  A :  STRAIN  TENSOR  

n this appendix, we will calculate the strain tensor 

 = 

⎡ 

⎣ 

� rr � rθ � rφ

� θr � θθ � θφ

� φr � φθ � φφ

⎤ 

⎦ = 

1 

2 
( ξAB 

i; j + ξAB 
j ; i ) . (A1) 

e are using the Kelvin mode displacement field vector for the l = 2
nd m = 2 perturbation, 

� AB 
22 = αAB 

22 r 

(
2 Y 22 ̂  e r + 

d Y 22 

d θ
ˆ e θ − 2 

sin θ
Y 22 ˆ e φ

)
, (A2) 

here 

 22 = 

1 

4 

√ 

15 

2 π
sin 2 θe i2 φ. (A3) 

Expressions for the strain tensor components in spherical coor-
inates are taken from the book Thorne & Blandford ( 2017 ) (Box
1.4). Gi ven belo w is the complete strain tensor for the l = 2 , m = 2
erturbation. 

 

22 = 

αAB 
22 

2 

√ 

15 

2 π

⎡ 

⎣ 

sin 2 θ cos 2 φ sin θ cos θ cos 2 φ − sin θ sin 2 φ
sin θ cos θ cos 2 φ cos 2 θ cos 2 φ − cos θ sin 2 φ

− sin θ sin 2 φ − cos θ sin 2 φ − cos 2 φ

⎤ 

⎦ (A4) 

In the similar way, one can calculate the strain tensor � 

20 
ij for the

xisymmetric perturbation l = 2 , m = 0. For this case, we use the
otation displacement field ( 59 ). We get the following expressions
or the components of the strain tensor � 

20 
ij , 

 

20 
rr = αAB 

20 (3 cos 2 θ − 1) 

(
2 

R 

2 
+ 

5 r 2 

2 R 

2 
− 4 

)
, (A5) 

 

20 
θθ = αAB 

20 

[(
5 r 2 

2 R 

2 
− 4 

)
(2 − 3 cos 2 θ ) − r 2 

R 

2 
(3 cos 2 θ − 1)) 

]
, 

(A6) 

 

20 
φφ = αAB 

20 

[
− r 2 

R 

2 
(3 cos 2 θ − 1) −

(
5 r 2 

2 R 

2 
− 4 

)]
, (A7) 

 

20 
rθ = � 

20 
θr = αAB 

20 

6 

R 

2 
sin 2 θ( R 

2 − r 2 ) , (A8) 

 

20 
θφ = � 

20 
φθ = 0 , (A9) 

 

20 
rφ = � 

20 
φr = 0 . (A10) 

PPENDI X  B:  ALTERNATI VE  M E T H O D O L O G Y  

O  C A L C U L ATE  T H E  PERTURBED  

R AV I TAT I O NA L  E N E R G Y  

s a check on our calculations for the ( l = m = 2) perturbation in the
ravitational potential energy of Section 5 , we followed the method as
iven in Shapiro & Teukolsky ( 1983 ). This method involves solving
he Poisson’s equation using Green’s function in terms of spherical
armonics. We begin by solving the Poisson’s equation 

 

2 � = 4 πGρ, (B1) 
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here ρ is the matter density of the star and � is the gravitational
otential of the star. We find the solution of ( B1 ) using Green’s
unction 

 = −Gρ

∫ 
d 3 x ′ 

| x − x ′ | . (B2) 

n spherical coordinates we can expand 1 
| x −x ′ | in terms of the spherical 

armonics ( Y 

m 

l ): 

1 

| x − x ′ | = 4 π
∞ ∑ 

l= 0 

1 

2 l + 1 

r l < 

r l+ 1 
> 

l ∑ 

m =−l 

Y 

m 

l ( θ, φ) Y 

m 

l ( θ ′ , φ′ ) , (B3) 

here r < 

is lesser of the two quantities r and r ′ and r > 

is the greater
f the two quantities r and r ′ . Inserting ( B3 ) into ( B2 ) we get 

 = −Gρ

∫ 
V 

4 π
∞ ∑ 

l= 0 

1 

2 l + 1 

r l < 

r l+ 1 
> 

l ∑ 

m =−l 

Y 

m 

l ( θ, φ) Y 

m 

l ( θ ′ , φ′ )d V , 

(B4) 

 = −Gρ4 π
∫ 2 π

0 

∫ π

0 

∞ ∑ 

l= 0 

1 

2 l + 1 

(∫ r 

0 

( r ′ ) l+ 2 d r ′ 

r l+ 1 

+ 

∫ R ′ 

r 

r l d r ′ 

( r ′ ) l−1 

) 

l ∑ 

m =−l 

Y 

m 

l ( θ, φ) Y 

m 

l ( θ ′ , φ′ ) sin θ ′ d θ ′ d φ′ , (B5) 

here the domain of integration is over the volume of the triaxial
llipsoid. The polar equation of the surface of the ellipsoid is given
s 

cos 2 φ sin 2 θ

a 2 1 

+ 

sin 2 φ sin 2 θ

a 2 2 

+ 

cos 2 θ

a 2 3 

= 

1 

R 

2 
s ( θ, φ) 

, (B6) 

here R s ( θ, φ) is radius of the triaxial ellipsoid and a 1 , a 2 and a 3 are
he radii along the x −, y -, and z-axis, respectively, related to a small
imensionless parameter as shown below: 

 1 = R 

(
1 + 

ε22 

2 

)
, (B7) 
2024 The Author(s). 
ublished by Oxford University Press on behalf of Royal Astronomical Society. This is an Open
 https://cr eativecommons.or g/licenses/by/4.0/), which permits unrestricted reuse, distribution, and rep
 2 = R 

(
1 + 

ε2 
22 

4 

)
, (B8) 

 3 = R 

(
1 − ε22 

2 

)
. (B9) 

here ε22 is the ellipticity parameter defined in equation ( 1 ). The
hoice of radii a 1 , a 2 , and a 3 as shown abo v e, conserv es the volume
f star up to the second order in ε22 , which is essential for calculating
he change in gravitational potential energy. Solving ( B5 ) for l = 0
nd l = 2 we get, 

 = 

2 

3 
πGρ[ r 2 − 3 R 

2 ] + R 

2 Gρ
2 π

15 
ε2 

22 + Gρr 2 
1 

4 
(3 cos 2 θ − 1) (

4 πε22 

5 
− 11 πε2 

22 

10 

)
− Gρr 2 π sin 2 θ cos 2 φ

10 
ε22 . (B10) 

ext, we calculate the gravitational potential energy using 

 grav = 

ρ

2 

∫ 
V 

� d 3 x, (B11) 

here V is the volume occupied by the triaxial ellipsoid. Inserting
 B10 ) into ( B11 ), we get 

 grav , s = −3 GM 

2 

5 R 

, δE grav = 

GM 

2 

25 R 

ε2 
22 , . (B12) 

 grav , s is the leading order gravitational potential energy and δE grav 

s the perturbed gravitational potential energy. This result agrees 
ith the one we got earlier in Section 5 . We also used this method

o calculate the change in gravitational potential energy for a pure
 l = 2 , m = 0) perturbation, verifying successfully the result given
n Baym & Pines ( 1971 ), i.e. our equations ( 6 ) and ( 7 ). 

As (yet) another check, we also calculated the perturbed gravi- 
ational potential energy for ( l = 2 , m = 2) using the formalism of
handrasekhar ( 1969 ) and obtained the same result as abo v e. 
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