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The intestinal microbiota play a critical role in human health and disease, maintaining metabolic and
immune/inflammatory health, synthesising essential vitamins and amino acids and maintaining intestinal
barrier integrity. The aim of this paper is to develop a mathematical model to describe the complex
interactions between the microbiota, vitamin D/vitamin D receptor (VDR) pathway, epithelial barrier and
immune response in order to understand better the effects of supplementation with probiotics and vitamin
D. This is motivated by emerging data indicating the beneficial effects of vitamin D and probiotics
individually and when combined. We propose a system of ordinary differential equations determining
the time evolution of intestinal bacterial populations, concentration of the VDR:1,25(OH)2D complex
in epithelial and immune cells, the epithelial barrier and the immune response. The model shows that
administration of probiotics and/or vitamin D upregulates the VDR complex, which enhances barrier
function and protects against intestinal inflammation. The model also suggests co-supplementation to
be superior to individual supplements. We explore the effects of inflammation on the populations of
commensal and pathogenic bacteria and the vitamin D/VDR pathway and discuss the value of gathering
additional experimental data motivated by the modelling insights.
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2 S.J. FRANKS ET AL.

1. Introduction1

Understanding the complex interactions between the intestinal microbiota, vitamin synthesis, intestinal2

barrier integrity and the immune response, including its inflammatory component, is crucial for better3

comprehension of human health and disease (Abboud et al. 2020). Dysbiosis (i.e. an imbalance4

in microbial composition, changes in microbial metabolism, or changes in microbial distribution5

throughout the gastrointestinal tract) or adverse changes to the intestinal microbiota composition due to6

lifestyle and behavioural factors (e.g. medications and antibiotics, adopting a poor diet or changes7

in geography), damage to the host-microbiota interface, or alterations of the immune system can8

result in an increased susceptibility to pathogenic invasion and the onset of infectious disease. Such9

dysregulation can also result in a heightened immune response and chronic inflammation resulting10

in tissue damage and various diseases e.g. inflammatory bowel disease (IBD), obesity and diabetes11

(Cristofori et al. 2021).12

Manipulation of the intestinal microbiota with dietary components such as prebiotics, probiotics13

and vitamin D has been shown to contribute to the restoration of normobiosis (Tangestani et al.14

2021). Increased vitamin D receptor (VDR) expression by epithelial and immune cells may decrease15

microbial dysbiosis, enhance barrier function, increase the expression of antimicrobial peptides16

(AMPs), decrease pro-inflammatory cytokines and increase the production of beneficial short-chain17

fatty acids (SCFAs) (Abboud et al. 2020, Tangestani et al. 2021, Xong et al. 2020). AMPs (mainly18

defensins and cathelicidins) are key regulators of interactions between constituents of the microbiota19

and host tissues and exert a range of antimicrobial activities via sequestering key growth nutrients,20

permeabilising bacterial membranes and other related mechanisms, thereby playing an important role21

in the maintenance of both microbial homeostasis and host defence (Xong et al. 2020). Vitamin D has22

also been shown to preserve intestinal barrier homeostasis and tight junction complexes in the intestinal23

epithelium reducing dysbiosis and bacterial colonisation (Tangestani et al. 2021).24

Likewise, probiotics, which are ingestible health promoting living microorganisms, have also been25

shown to improve the balance of the intestinal microbiota by regulating its constituents and metabolic26

output (de Vos et al. 2017). Probiotics have been associated with protective effects in the intestine, with27

some strains regulating immune cells via the interaction of bacterial cell-wall components or secreted28

bacterial products with immune or epithelial cells in the intestinal mucosa (de Vos et al. 2017). Others29

induce alterations in production of pro-inflammatory and regulatory cytokines (Stojanov et al. 2020) or30

beneficially contribute to the organisation of the epithelial tight junctions via regulation of specific tight31

junction proteins (e.g. occludin) (de Vos et al. 2017, Mujagic et al. 2017).32

The beneficial effects of combined supplementation with vitamin D and probiotics in modulating33

the intestinal microbiota, in addition to fostering healthy microbe–host interactions, are discussed in34

(Abboud et al. 2020, Pagnini et al. 2021). This co-supplementation provides a possible therapeutic35

option for diseases such as IBD. Probiotics have been shown to increase intestinal vitamin D absorption,36

and to increase VDR protein expression and transcriptional activity (Singh et al. 2020). Likewise, VDR37

status seems to regulate the mechanisms of action of probiotics and modulate their anti-inflammatory,38

immunomodulatory and anti-infective benefits, suggesting a bidirectional interaction (Pagnini et al.39

2021, Bishop et al. 2020).40

While models describing the microbiome (Magnúsdóttir et al. 2018, Kumar et al. 2019, Shashkova41

et al. 2016, Adrian 2020), vitamin D metabolism (Chun et al. 2012, Beetjes et al. 2019), the immune42

system in response to pathogens (Stübler et al. 2023) and coupled microbe-immune system interaction43

(Hara et al. 2019) are available in the literature, the aim of this paper is to develop a novel mathematical44

model to describe for the first time the complex interactions between the microbiota, the intestinal45

barrier, vitamin D and the immune response in order to understand better the effects of individual46
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INFLUENCE OF SUPPLEMENTATION ON MICROBIOME 3

and co-supplementation of vitamin D and probiotics. The model seeks to be at a level of complexity47

appropriate to the nature of the biological components and available data.48

The complete model is split into three sub-models. These are described, along with their parameter49

values for the intestinal nutrients and bacteria (Subsection 2.1), vitamin D and its metabolites50

(Subsection 2.2) and the epithelial barrier and immune response (Subsection 2.3), along with51

simulations with and without inflammation. We believe these individual models to be of interest52

in their own right and are combined in Section 3 and solved numerically to assess the impact of53

vitamin D supplements only (Subsection 3.2), probiotics only (Subsection 3.3) and co-supplementation54

(Subsection 3.4).55

The full model will enable investigation into the proposed beneficial effects observed experimentally56

of combined supplementation, with the goal of determining whether they might improve human health.57

2. Model Formulation58

The schematic shown in Figure 1 summarises the complex interactions between the three submodels59

i.e. the intestinal microbiota, vitamin D and the immune response captured by the model. We begin

FIG. 1. The interactions between the microbiota, vitamin D and the immune response captured in the mathematical models
presented in Sections 2.1, 2.2 and 2.3, respectively.ORIG
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4 S.J. FRANKS ET AL.

by providing a detailed derivation and explanation of the mathematical equations for each of these60

processes individually. Baseline parameters and the sensitivity of the model to these are discussed61

for each sub-model and simulations presented to verify behaviour. We then consider the full model,62

combining the three model components, to predict the effect of vitamin D and probiotic interventions63

on the system. The code, in the form of a R notebook, for these latter simulations is provided in the64

supplementary material. ODEs were solved using the ode solver in R with the default integrator lsoda.65

A summary of each dependent variable in the model, along with its units, is given in Table 1.

Variable Description Units Variable Description Units
Nma Concentration of macronutrients ng/ml Nmi Concentration of micronutrients ng/ml
Nmb Concentration of metabolites ng/ml Na Concentration of alternate nutrients ng/ml
F Population of commensal bacteria CFU P Population of pathogenic bacteria CFU
D Extracellular concentration of ng/ml Da Extracellular concentration of ng/ml

25(OH)D 1,25(OH)2D
Di Intracellular concentration of ng/ml Dai Intracellular concentration of ng/ml

25(OH)D 1,25(OH)2D
VDa Concentration of VDR:1,25(OH)2D ng/ml E Volume fraction of healthy epithelial no units

complex cells
Ed Volume fraction of damaged epithelial no units M Density of macrophages cells/ml

cells R Density of regulatory cells cells/ml
Th Density of T-helper cells cells/ml B Density of plasma B cells cells/ml
G Concentration of anti-inflammatory ng/ml C Concentration of pro-inflammatory ng/ml

cytokines cytokines
t Time days

TABLE 1 Description and units of the dependent variables in the full model.

66

2.1. The microbiota67

The microbiota consists of several groups of microorganisms, including bacteria, archaea, yeast, and68

viruses. In our model we simplify to include two populations of bacteria, namely commensals F (of69

which over 90% are represented by the two phyla Firmicutes and Bacteroidetes) and pathogenic bacteria70

P (such as Salmonella and invasive E. coli).71

Interactions between bacteria, nutrients and epithelial cells are described in (Fan et al. 2021, Pickard72

et al. 2017 and Zhou et al. 2022) and summarised as follows: macronutrients Nma (e.g. carbohydrates,73

protein, fat, fibre) and micronutrients Nmi (e.g. vitamins and minerals) are consumed from the diet at74

rates N0
ma and N0

mi, respectively, with intestinal microbes and epithelial cells competing for the latter75

at rates η3 (commensals), η4 (pathogens) and η5 (epithelial cells). Commensal bacteria principally76

convert macronutrients by fermentation into metabolites Nmb (e.g. SCFAs) at rate η1, most of these77

metabolites being absorbed by the intestinal mucosa, both providing important fuel for the proliferation78

of intestinal epithelial cells (rate η6) and having beneficial effects on immune cells through induction79

of intracellular or extracellular processes. Metabolites support epithelial barrier integrity and function80

through induction of genes encoding tight junction components and exert anti-inflammatory effects in81

the intestinal mucosa by inducing anti-inflammatory cytokines. Gases (e.g. hydrogen and methane) are82

also produced during fermentation which can be utilised by some commensal microbes at rate η7 whilst83

other gases need to be expelled (e.g. hydrogen sulphide). Pathogens induce intestinal inflammation and84

use virulence factors or toxins to enable conversion of metabolic byproducts generated by commensal85
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INFLUENCE OF SUPPLEMENTATION ON MICROBIOME 5

bacteria into alternate nutrients Na (e.g. carbohydrates, ethanolamine) at rate η8. Some toxins (e.g.86

Shiga toxin) can also directly rupture the epithelial barrier, but we do not consider this mechanism87

here. The alternate nutrients are utilised as an energy source by pathogenic bacteria at rate η9, giving88

them an advantage over commensals as they lack this ability. If pathogenic bacteria bypass or avoid89

microbiota-based defences to reach host cells, they can be taken up by the cells via endocytic pathways90

and degraded by phagolysosomes, releasing micronutrients from the breakdown of the cell components91

at rate η2. Autophagy plays a role in this mechanism and is regulated by the gene ATG16L1 and can92

be induced by SCFAs (Bakke et al. 2018). We assume that excess macronutrients, micronutrients,93

metabolites and alternate nutrients are removed from the gastrointestinal tract in the faeces or flatulence94

at the same rate q. A summary of these interactions is shown in Figure 2.

FIG. 2. The microbiota and nutrient network. The model derived in equations (2.1)-(2.6) captures the reactions between
commensal and pathogenic bacteria, macronutrients, micronutrients, metabolites and alternate nutrients. The rates are defined in
Table 2.

95
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6 S.J. FRANKS ET AL.

The equations governing the concentrations of the different nutrient types are then96

dNma

dt
= N0

ma −η1FNma −qNma, (2.1)

dNmi

dt
= N0

mi +η2NmbEP−η3FNmi −η4PNmi −η5ENmi −qNmi, (2.2)

dNmb

dt
= η1FNma −η6ENmb −η7FNmb −η8NmbCP−qNmb, (2.3)

dNa

dt
= η8NmbCP−η9NaP−qNa, (2.4)

where E represents the volume fraction of epithelial cells that are healthy, with tight junctions between97

them (so that E = 1−Ed where Ed is the volume fraction of damaged epithelial cells) and C denotes the98

concentration of pro-inflammatory mediators which we assume to be a measure of inflammation. We99

assume in this sub-model that they are both constant. Over 90% of SCFAs produced by the intestinal100

microbiota are absorbed by the mucosa to support the growth and proliferation of epithelial cells101

(Conlon et al. 2014) so we assume that η6E ≫ η7F and η8CP.102

We assume that commensal and pathogenic bacteria acquired from diet and the environment103

enter the intestinal tract at rates F0 and P0, respectively. We include an additional input term for104

the commensal bacteria population to incorporate probiotic supplementation at rate Pb. Probiotics105

are identified by specific strains (e.g. Lactobacillus, Bifidobacterium) that influence the intestinal106

microbiota in different ways. Here we assume that they increase the number of commensals,107

which will enhance the production of beneficial bioactive metabolites. We assume that commensal108

bacteria proliferation depends upon availability of micronutrients and metabolites (converted from109

macronutrients) and the rates of proliferation are proportional to the consumption rates η3 and110

η7, respectively, with proportionality constant β1. The pathogenic bacteria also compete for the111

micronutrients and utilise these and the alternate nutrients (converted from metabolites) for proliferation112

at rates proportional to their rates of consumption η4 and η9, respectively, with proportionality constant113

β2.114

In addition, commensal microbes mediate pathogen colonization resistance by producing toxic/115

anti-microbial substances e.g. bacteriocins, secondary bile acids and fermentation products such as116

SCFAs and AMPs that directly inhibit the growth of pathogens at rate β5. Commensals also enhance117

intestinal barrier function via their impact on tight junction proteins and mucus production and induce118

AMP production by epithelial cells and autophagy to destroy pathogens at rate β3. They also activate119

the immune response by stimulating innate phagocytic cells (e.g. macrophages) to produce AMPs and120

recruit other innate and adaptive immune cells to contain and eradicate pathogens at rate β4. Activated121

mucosal plasma B cells produce antibodies, specifically immunoglobulin A (IgA), which is transported122

by intestinal epithelial cells into the mucus layer where it becomes secretory IgA (sIgA). sIgA coats123

pathogens, directly hindering their function and facilitates recognition and subsequent elimination of124

pathogens by innate immune cells at rate β6. Note that we do not include adhesion or niche exclusion in125

our model. Commensal and pathogenic bacteria are removed from the system by degradation or flushed126

out in the faeces and we assume this happens at the same rate as the excess nutrient removal i.e. q.127
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INFLUENCE OF SUPPLEMENTATION ON MICROBIOME 7

The equations governing the number of bacteria in the two populations are then given by128

dF
dt

= F0 +Pb + f (BT )β1(η3Nmi +η7Nmb)F −qF, (2.5)

dP
dt

= P0 + f (BT )β2(η4Nmi +η9Na)P−β3EP−β4MP−β5FP−β6BP−qP, (2.6)

where M denotes the density of macrophages, B the density of activated plasma B cells (both assumed129

constant in this sub-model) and the dimensionless growth function f (BT ), defined by130

f (BT ) = 1− BT

K

represents logistic growth with carrying capacity K so that the growth of the total population density of131

bacteria BT = F +P has a maximum size K which can be sustained in the intestine given the resources132

available.133

We assume the microbiota are in homeostasis and consist mainly of commensal bacteria at t = 0,134

i.e.135

Nma0 = Nmass , Nmi0 = Nmiss , Nmb0 = Nmbss , Na0 = Nass , F0 = 0.99×1014, P0 = 0.01×1014, (2.7)

where subscript ss denotes the nutrient concentration at steady state.136

2.1.1. Parameter values and sensitivity analysis for microbiome model137

Parameter values are not readily available. However, we can make estimates for the consumption rate of138

macronutrients N0
ma, micronutrients N0

mi, commensal F0 and pathogenic bacteria P0, the rate of removal139

of these in the faeces q and also the carrying capacity K (see Table 2). Note that we do not take into140

account the gastrointestinal transit times. From clinical studies we also know approximate rates of141

intake of probiotics Pb. The number of microbes consumed in the diet is given in Lang et al. 2014142

as 1.3×109 CFU/day and we assume that pathogenic bacteria make up approximately 5% of the total143

intake. We also assume that the daily intake of macronutrients and micronutrients, the rate of removal144

of nutrients and bacteria in the faeces and the daily intake of commensal and pathogenic bacteria are all145

proportional. These are summarised, along with estimates for the remaining parameters not available in146

the literature, in Table 2. These have been chosen to produce biologically realistic results.147

Given the considerable uncertainty in the choice of parameter values, a standard local sensitivity148

analysis is performed to analyse the effects of changing the individual parameters on the nutrient149

concentrations and bacterial populations. The following method is also applied to the vitamin D and150

vitamin D receptor, epithelial barrier and immune response models described in Sections 2.2.1 and151

2.3.1.152

Method for sensitivity analysis. Using the baseline parameter values in Table 2, we solve our system153

of ODEs (2.1)-(2.6) to large time to determine the nutrient concentrations and bacterial populations at154

steady state. We then estimate the local effect of parameters on these steady states by increasing and155

decreasing each parameter individually by 10%, and again, solving to large time to determine the new156

steady state. The sensitivity is then calculated by the relative change in our output variable at steady157
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8 S.J. FRANKS ET AL.

Parameter Description Value Units
N0

ma Rate of intake of macronutrients 400 g/day
N0

mi Rate of intake of micronutrients 9 g/day
q Rate of faecal removal of excess nutrients and bacteria 0.13 day−1

F0 Rate of intake of commensal bacteria 1.24×109 CFU/day
P0 Rate of intake of pathogenic bacteria 0.06×109 CFU/day
Pb Rate of intake of probiotics 1×109-1×1011 CFU/day
K Carrying capacity 1×1014 CFU
η1 Rate of uptake of macronutrients by commensal 1×10−14 (CFU.day)−1

bacteria
η2 Rate of release of micronutrients from degradation of 1×10−17 (CFU.day)−1

pathogenic bacteria
η3 Rate of consumption of micronutrients by commensal 1×10−14 (CFU.day)−1

bacteria
η4 Rate of uptake of micronutrients by pathogenic bacteria 1×10−14 (CFU.day)−1

η5 Rate of consumption of micronutrients by host 0.01 day−1

epithelial cells
η6 Rate of utilisation of metabolites by epithelial cells 0.1 day−1

η7 Rate of utilisation of metabolites by commensal bacteria 1×10−17 (CFU.day)−1

η8 Rate of production of alternate nutrients 1.3×10−9 ml/(ng.CFU.day)
η9 Rate of consumption of alternate nutrients by pathogens 1×10−14 (CFU.day)−1

β1 Proportionality parameter 2.44×105 CFU/ng
β2 Proportionality parameter 2.44×104 CFU/ng
β3 Rate at which pathogenic bacteria are destroyed 0.5 day−1

by autophagy and AMPs from epithelial cells
β4 Rate at which pathogens are destroyed by macrophages 9.17×10−9 ml/day
β5 Rate at which pathogens are destroyed by commensals 1×10−17 (CFU.day)−1

β6 Rate at which pathogens are destroyed by sIgA 1.03×10−6 ml/day

TABLE 2 Definition, value and units of the nutrient model parameters. In developed
countries, adults consume on average approximately 400 g/day of macronutrients and
9 g/day of micronutrients (Salazar et al. 2019). They typically expel 128 g/day of
faeces of which there are approximately 1×1011 bacteria/g of wet stool so that the total
number of bacteria removed in the faeces is 1.28×1013 bacteria/day−1 (Sender et al.
2016). Expressing this in terms of the total number of bacteria in the intestine gives
an approximate value of q = 0.13 day−1. In a healthy diet we consume approximately
1.3×109 CFU/day (Lang et al. 2014) and we assume 5% of these microbes are pathogenic.
There are approximately 1×1014 CFU of bacteria in the intestinal tract so we assume that
the carrying capacity K equals this value.

state in relation to the relative change in the parameter i.e.158

Sensitivity =
∆y/y
|∆θ |/θ

(2.8)

where y is the output variable, i.e. Nma, Nmi, Nmb, Na, F and P, and θ is the parameter so that ∆θ =159

1.1× θ and ∆θ = 0.9× θ . This provides a measure of how much the concentration of nutrients or160

number of bacteria increase or decrease in relation to an up- or down-regulation in the parameter value.161
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INFLUENCE OF SUPPLEMENTATION ON MICROBIOME 9

We assume that values for the volume fraction of healthy epithelial cells E, macrophage density M,162

pro-inflammatory cytokine concentration C and plasma B cell density B are constant i.e.163

E = 0.9, C = 0.45 pg/ml, M = 4.9×105 cells/ml, B = 3.8×103 cells/ml,

representing low levels of inflammation in which the epithelial barrier is compromised, increasing164

signalling of pro-inflammatory cytokines that activate macrophages and B cells. Concentrations and165

densities have been approximated to be half the measured values from in-house human data on the166

pro-inflammatory cytokine IFN-γ , plasma B cells and macrophages in blood in diseased individuals167

experiencing inflammation.168
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FIG. 3. The effect of varying parameter values on the steady state concentrations of macronutrients, micronutrients, metabolites
and alternate nutrients and the number of commensal and pathogenic bacteria. Baseline parameter values are taken from Table 2
and each parameter is sequentially varied by a 10% decrease (black) and a 10% increase (red). Sensitivity is defined by equation
(2.8). We assume low levels of inflammation so E = 0.9, C = 0.45 pg/ml, M = 4.9×105 cells/ml, B = 3.8×103 cells/ml. Note
that n=η and b=β .

Figure 3 demonstrates that the parameters that are the most influential on the bacterial populations169

are the rates of intake of micronutrients N0
mi and macronutrients N0

ma, proportionality parameters β1170

and β2, the rate at which pathogenic bacteria are destroyed by autophagy and AMPs from epithelial171

cells β3, the consumption of micronutrients by commensals η3 and the rate of uptake of micronutrients172

by pathogenic bacteria η4 and the rate of faecal removal q. A decrease in q, the rate of production173

of alternate nutrients η8, η4 and β2 and an increase in N0
mi, η3, β3 and β1 results in an increase174
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10 S.J. FRANKS ET AL.

in metabolites, which are utilised by the commensal bacteria resulting in growth of the commensal175

population and a decline in pathogens. A decrease in N0
mi, η3, β1, β3, the rate of consumption of176

macronutrients by commensals η1 and an increase in N0
ma, β2 and η4 increases the concentration of177

macronutrients, which decreases the concentration of metabolites, inhibiting the commensal population.178

Similarly, a decrease in η3 and η4 and an increase in N0
mi increases the concentration of micronutrients179

that are consumed by the pathogens, also inhibiting the commensal population.180

The sensitivity of the model to the immune/inflammatory variables, i.e. E, C, M, B, is shown181

in Figure 4 keeping the baseline parameters in Table 2 constant and increasing and decreasing the182

values for E, C, M and B above by 10%. All of the variables are sensitive to changes in the183

volume fraction of healthy epithelial cells, in particular, macronutrients, micronutrients and pathogens184

decline with an increase in E whilst metabolites, alternate nutrients and commensals increase. The185

concentration of metabolites is also influenced by the concentration of pro-inflammatory cytokines.186

The densities of macrophages and plasma B cells are not influential on the bacterial populations or187

nutrient concentrations for the specified changes of magnitude.188
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FIG. 4. The effect of varying parameter values on the steady state concentrations of macronutrients, micronutrients, metabolites
and alternate nutrients and the number of commensal and pathogenic bacteria. Baseline parameter values are taken from Table 2
with E, B, C and M sequentially varied by a 10% decrease (black) and a 10% increase (red). Sensitivity is defined by equation
(2.8).

As the system of equations is too complicated to solve analytically for the steady state solutions, we189

also consider sensitivity of the model to a wide range of initial data to large time and Figure 5 illustrates190

how the steady state values of the model variables change with an increasing initial pathogen population191

P0 with the initial concentrations of nutrients and population of commensal bacteria remaining constant.192

When the initial pathogen population exceeds a certain threshold (approximately >1×1012 CFU), the193

pathogenic bacteria dominate, utilising the alternate nutrients to proliferate faster than the rate they are194

being destroyed by AMPs and the inflammatory response. This indicates that the system is bistable,195

suggesting that when the microbiome is in sufficient dysbiosis, it triggers the transition from a non-196

inflammatory to an inflammatory steady state.197

Changes in initial nutrient concentrations and the population of commensals (not shown) do not198

influence the steady state values of Nma, Nmi, Nmb, Na, F and P.199
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FIG. 5. The predicted steady state concentrations of nutrient and bacterial populations from solving equations (2.1)-(2.6 with
baseline parameters given in Table 2 with increasing initial pathogen population P0. As before, E = 0.9, C = 0.45 pg/ml, M =
4.9×105 cells/ml, B = 3.8×103 cells/ml. Initial conditions for Nma, Nmi, Nmb, Na and F are constant.

2.1.2. Model results for microbiota200

Using the parameter values in Table 2 and solving equations (2.1)-(2.6), Figure 6 shows the201

predicted behaviour of the nutrient concentrations and bacteria populations over time with no probiotic202

supplementation and with and without inflammation. For simulations of a healthy state with no203

inflammation present, we assume that the concentration of pro-inflammatory cytokines C = 0.27 pg/ml,204

densities of macrophages and plasma B cells are M = 3.4× 105 cells/ml and B = 2.6× 103 cells/ml,205

respectively, with no damaged epithelial cells, i.e. E = 1. Under inflammatory conditions, C, M and B206

are upregulated and E is downregulated as the epithelial cells experience damage.207

In a healthy individual with no inflammation, the concentration of nutrients and bacterial208

populations attain a steady state. The concentration of alternate nutrients Na is small, so that the209

commensal bacteria dominate, utilising the metabolites and micronutrients to proliferate and inhibiting210

the growth of pathogenic bacteria. Under inflammatory conditions, the population of pathogenic211

bacteria grows, resulting in fewer commensals to consume the macronutrients (hence the concentration212

of Nma increases) and convert them into metabolites. The concentration of metabolites therefore213

decreases, providing less fuel for the intestinal epithelial cells, instead favouring conversion to alternate214

nutrients by the pathogenic bacteria. Pathogenic bacteria then utilise these alternate nutrients to215

proliferate at a rate greater than the rate at which they are eliminated by AMPs and the inflammatory216

response. The concentration of micronutrients remains almost unchanged.217

2.2. Vitamin D and the Vitamin D Receptor218

We assume that vitamin D (25(OH)D), denoted by D, is converted in the kidney by 1-α-219

hydroxylase (CYP27B1) into its active form 1,25-dihydroxyvitamin D (1,25(OH)2D), represented by220

Da. However, 1,25(OH)2D can directly inhibit expression of CYP27B1 as a safeguard mechanism221
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FIG. 6. Simulations predicting the concentrations of macronutrients Nma, micronutrients Nmi, metabolites Nmb, alternate nutrients
Na and populations of commensals F and pathogens P from solving equations (2.1)-(2.6) with baseline parameter values given
in Table 2 with (red line) and without (blue line) inflammation. C = 0.27 pg/ml, M = 3.4×105 cells/ml, B = 2.6×103 cells/ml
and E = 1 for the non-inflammatory case and C = 0.91 pg/ml, M = 9.8× 105 cells/ml, B = 7.6× 103 cells/ml and E = 0.8 for
the inflammatory case. Note that probiotic supplementation is not considered here, so Pb = 0.

against hypercalcaemia (Tang et al. 2019). Availability of 25(OH)D from the diet, supplements and222

sunlight is denoted by D0. In Jones et al. 2013, it was shown that probiotic supplements increase serum223

concentrations of 25(OH)D in humans and can increase intestinal vitamin D absorption (Abboud et al.224

2020). We therefore include a saturating term involving the probiotics with maximum production rate225

δ1. The equations governing the serum concentrations are226

dD
dt

= D0
(

1+
δ1Pb

Kδ +Pb

)
− kdD

δ (1+Da)(KD +D)
−δ2D, (2.9)

dDa

dt
=

kdD
δ (1+Da)(KD +D)

−δ3Da, (2.10)

where kd/δ (1+Da) is the maximal rate of conversion of 25(OH)D to 1,25(OH)2D, KD is the Michaelis-227

Menten constant, δ2 is the rate of degradation and conversion to other metabolites of 25(OH)D and δ3228

is the degradation rate of 1,25(OH)2D.229

As discussed in Chun et al. 2012, the serum vitamin D binding protein (DBP - this is the main serum230

carrier of vitamin D metabolites) and to a lesser extent, albumin, play a key role in the bioavailability231

of 25(OH)D and 1,25(OH)2D. Some functions of vitamin D are more closely correlated with levels of232

free 25(OH)D, rather than the total serum concentration. We therefore assume that the concentrations233

of free 25(OH)D and 1,25(OH)2D, denoted by D f and Da f , respectively, are given by234

D f = µ f D, Da f = µa f Da (2.11)

where µ f and µa f denote the proportions of total 25(OH)D and 1,25(OH)2D that are free. Data presented235

in Chun et al. 2012 showed that for a physiological concentration of serum 25(OH)D (50 nM) and236
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INFLUENCE OF SUPPLEMENTATION ON MICROBIOME 13

FIG. 7. The vitamin D network. The model derived in equations (2.9)-(2.14) describes the conversion of 25(OH)D into its
active form 1,25(OH)2D, the diffusion of the free forms of these across the epithelial and macrophage cell membranes and the
binding with the vitamin D receptor. The rates are defined in Table 3.

1,25(OH)2D (100 pM), the percentage of free 25(OH)D and 1,25(OH)2D in vivo ranged from 0.026-237

0.074% and 0.4-1.3%, respectively.238

We assume that free vitamin D and its metabolites can diffuse across the membrane from the239

extracellular space into the intracellular fluid of macrophages and vice versa, and likewise for epithelial240

cells lining the intestinal wall. The extracellular concentrations of 25(OH)D and 1,25(OH)2D act as a241

source for intracellular levels of vitamin D metabolites but as the blood volume is much larger than242

the intracellular volume we assume (as in Chun et al. 2012) that the extracellular levels are little243

affected by intracellular dynamics. Intracellular 25(OH)D is converted into 1,25(OH)2D via the enzyme244

CYP27B1 and both 25(OH)D and 1,25(OH)2D bind to the vitamin D receptor (VDR), which functions245

as a transcription factor regulating gene expression. The magnitude of this response depends upon246

the concentration of ligand and receptor present. This is a key mechanism underpinning the innate247

antibacterial responses. However, 25(OH)D has a 500-fold lower affinity for VDR than 1,25(OH)2D, so248

we only consider the binding of 1,25(OH)2D to the VDR. The intracellular concentrations of 25(OH)D,249
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14 S.J. FRANKS ET AL.

denoted by Di and 1,25(OH)2D, denoted by Dai is governed by250

dDi

dt
= (µ f D−Di)(σ1M+σ2E)−

kdiDi

δi(1+Dai)(KDi +Di)
−δ4Di, (2.12)

dDai

dt
= (µ faDa −Dai)(σ1M+σ2E)+

kdiDi

δi(1+Dai)(KDi +Di)
−δ5Dai , (2.13)

where kdi/δi(1+Dai) is the maximal rate of conversion of intracellular 25(OH)D to 1,25(OH)2D, KDi251

is the Michaelis-Menten constant, σ1 and σ2 are the permeabilities of macrophages and epithelial252

cells, respectively, to the vitamin D metabolites, δ4 is the rate of degradation and conversion to other253

metabolites of intracellular 25(OH)D and δ5 is the degradation rate of intracellular 1,25(OH)2D. M and254

E represent the density of macrophages and volume fraction of epithelial cells present. It should be255

noted that T cells and B cells do not express VDR until they are stimulated with a mitogen or antigen256

(pathogenic or commensal) and, therefore, there appears to be a threshold for activation of intracellular257

1,25(OH)2D (Karmali et al. 1991). However, we do not include this complexity.258

We assume that VDa represents the complex VDR:1,25(OH)2D that is responsible for inducing259

the cellular response. The most sensitively regulated gene for 1,25(OH)2D-VDR is CYP24A1 which260

encodes the enzyme 24-hydroxylase. This acts as a feedback mechanism to convert 1,25(OH)2D to261

1,24,25(OH)3D, which is a much less active vitamin D metabolite and binds to VDR with lower affinity262

(Chun et al. 2012). 1,25(OH)2D therefore actively promotes its own inactivation and we encompass this263

into the last term in the equation264

dVDa

dt
= δ6DaiV −δ7VDa . (2.14)

Here δ6 is the rate at which 1,25(OH)2D binds to the VDR, V is the concentration of VDR and δ7 is the265

rate of conversion or degradation.266

Probiotics increase VDR protein expression and transcriptional activity which regulates host267

response to invasive pathogens (i.e. upregulates function of intestinal epithelial barrier, production268

of AMPs from epithelial cells and immune cells and autophagy and downregulates pro-inflammatory269

cytokines) and commensal bacteria in innate and adaptive immunity (de Vos et al. 2017, Mujagic et al.270

2017, Stojanov et al. 2020). In Lu et al. 2020 a single dose of probiotic resulted in an increase in VDR271

and autophagy signalling and inhibited inflammation. In our model, the concentration of VDR, V , is272

therefore assumed to depend upon the intake of probiotics Pb so that it takes the saturating form273

V =
δ8(a+Pb)

Pb +KV
, (2.15)

where V = δ8a/KV when Pb = 0. A summary of these interactions is shown in Figure 7.274

We assume that at time t = 0 the concentration of serum 25(OH)D is constant and the concentrations275

of its metabolites are at steady state, i.e.276

D0 = Dss, Da0 = Dass , Di0 = Diss , Dai0
= Daiss

, VDa0
=VDass . (2.16)

2.2.1. Parameter values and sensitivity analysis for vitamin D model277

Most parameter values are available from Chun et al. 2012 and Beetjes et al. 2019. The remainder278

were estimated to obtain results similar to measurements from experimental studies in the literature. A279

summary of values with units and references is given in Table 3.280
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INFLUENCE OF SUPPLEMENTATION ON MICROBIOME 15

Parameter Description Value & Units Reference
D0 Production of 25(OH)D from diet and sunlight variable nM/day

kd/δ Maximal rate of conversion of extracellular 25(OH)D 24 nM/day Chun et al. 2012
to 1,25(OH)2D

KD Michaelis Menten constant for extracellular 25(OH)D 1000 nM Chun et al. 2012
binding to CYP27B1

δ1 D0δ1 is the maximum production rate of vitamin D 0.3
dependent upon probiotics

δ2 Degradation of extracellular 25(OH)D 0.048 day−1 Beetjes et al. 2019
δ3 Degradation of extracellular 1,25(OH)2D 14.4 day−1 Beetjes et al. 2019
µ f Proportion of total extracellular 25(OH)D that is free 0.05 % Chun et al. 2012
µa f Proportion of total extracellular 1,25(OH)2D that is free 0.85 % Chun et al. 2012
σ1 Permeability of macrophages to free 25(OH)D 144 day−1 Chun et al. 2012

or 1,25(OH)2D
σ2 Permeability of epithelial cells to free 25(OH)D 144 day−1

or 1,25(OH)2D
kdi/δ Maximal rate of conversion of intracellular 25(OH)D 24 nM/day Chun et al. 2012

to 1,25(OH)2D
KDi Michaelis Menten constant for intracellular 25(OH)D 1000 nM Chun et al. 2012

binding to CYP27B1
δ4 Degradation of intracellular 25(OH)D 0.048 day−1 Beetjes et al. 2019
δ5 Degradation of intracellular 1,25(OH)2D 14.4 day−1 Beetjes et al. 2019
δ6 Rate at which 1,25(OH)2D binds to VDR 24×10−7 nM−1day−1 Chun et al. 2012
δ7 Rate of degradation of VDR:1,25(OH)2D 0.024 day−1

δ8a/KV Concentration of VDR 1.2 nM Chun et al. 2012
KV Saturation constant 1 CFU/day
Kδ Saturation constant 5×108 CFU/day

TABLE 3 Definition, value and units of the vitamin D model parameters. Note that 1 nM of
25(OH)D = 2.5 ng/ml.

Employing a similar method to that described in Subsection 2.1.1, using constant values for the281

volume fraction of healthy epithelial cells E and macrophage density M, indicates that the concentration282

of vitamin D and its metabolites is dependent upon several different parameters (see Figure 8). All of283

the variables are sensitive to the rate of intake of 25(OH)D by diet and sunlight D0, the maximum284

production rate of vitamin D dependent upon probiotics δ1, the degradation of 25(OH)D δ2, the285

Michaelis-Menten constant for extracellular 25(OH)D binding to CYP27B1 KD and the maximal286

rate of conversion of extracellular 25(OH)D to 1,25(OH)2D kd . The intracellular and extracellular287

concentrations of 1,25(OH)2D and VDR:1,25(OH)2D complex are also dependent upon the degradation288

rate of 1,25(OH)2D δ3. The intracellular metabolites Di and Dai are influenced by the proportion289

of their extracellular versions that are free i.e. µ f and µa f , respectively. The concentration of the290

VDR:1,25(OH)2D complex is also sensitive to the latter, in addition to the rate at which 1,25(OH)2D291

binds to VDR δ6, the rate of degradation of VDR:1,25(OH)2D δ7 and the concentration of VDR δ8.292

None of the variables depend upon s = σ1 = σ2, which could be interpreted as the change in the term293

M+E, and the model is insensitive to changes in initial conditions.294

2.2.2. Model results for vitamin D/VDR pathway295

We solve equations (2.9)-(2.14) using the parameter values given in Table 3 for vitamin D and its296

metabolites. Vitamin D intake D0 is chosen to represent production of 25(OH)D from diet and sunlight297
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FIG. 8. The effect on varying parameter values on the steady state concentrations of extra- and intra-cellular 25(OH)D,
1,25(OH)2D and the complex VDR:1,25(OH)2D. Baseline parameter values are taken from Table 3 and each parameter is
sequentially varied by a 10% decrease (black) and a 10% increase (red). Sensitivity is defined by equation (2.8) and s represents
the permeability of macrophages and epithelial cells to 25(OH)D and 1,25(OH)2D i.e. s=σ1=σ2. The volume fraction of epithelial
cells E = 0.9 and density of macrophages M = 4.9×105 cells/ml. Note that m=µ and d=δ .

only (no supplements) and Pb = 0, representing no daily supplement of probiotics. Figure 9 shows the298

predicted concentrations over time with and without inflammation.299
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FIG. 9. Simulations predicting the effect of inflammation on the concentrations of extracellular and intracellular 25(OH)D and
1,25(OH)2D and of the VDR:1,25(OH)2D complex from solving equations (2.9)-(2.14) with baseline parameter values given in
Table 3. The density of macrophages increases from M = 3.4×105 (blue) to M = 9.8×105 cells/ml (red) and the volume fraction
of healthy epithelial cells decreases from E = 1 (blue) to E = 0.8 (red). Supplementation is not considered here, so Pb = 0 and
D0 = 3.2 nM/day (8 ng/ml day−1), which represents intake of vitamin D from diet and sunlight only.

Under non-inflammatory conditions (i.e. when the density of macrophages M = 3.4×105 cells/ml300

and the volume fraction of healthy epithelial cells E = 1), the concentrations of serum and intracellular301
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INFLUENCE OF SUPPLEMENTATION ON MICROBIOME 17

25(OH)D and 1,25(OH)2D and VDR:1,25(OH)2D complex remain constant. As reported in Tang et302

al. 2019 and Souberbielle et al. 2016, there is an approximate 1000-fold difference between the303

serum concentrations of 25(OH)D and its metabolite, which is also predicted by our model. Under304

inflammatory conditions, the density of macrophages M increases and the volume fraction of healthy305

epithelial cells decreases so that M > 3.4× 105 and E < 1. This increases the magnitude of the term306

(σ1M+σ2E) as there are overall more cells which 25(OH)D and 1,25(OH)2D can enter and bind to the307

vitamin D receptor. The local sensitivity analysis presented in Section 2.2.1 suggests that an increase in308

this term has a negligible effect on the levels of 25(OH)D and its metabolites. This is also demonstrated309

in Figure 9.310

2.3. The intestinal epithelial barrier and the immune response311

We recall that epithelial cells are either healthy or damaged, so that the sum of their volume fractions312

E +Ed = 1. (2.17)

SCFAs (metabolites) provide energy for the proliferation of epithelial cells at rate ε1 and VDR313

expression (which is enhanced by probiotics) upregulates the epithelial barrier function at rate ε2314

through induction of genes encoding tight junction components. However, pro-inflammatory mediators315

and toxins from inflowing pathogenic bacteria damage the epithelial cells at rate ε4 and ε5, respectively,316

with macrophages removing damaged cells at rate ε3. We therefore have317

dE
dt

= ε1NmbEd +(ε2VDa + ε3M)Ed − ε4CE − ε5PE, (2.18)

dEd

dt
= ε4CE + ε5PE − (ε2VDa + ε3M)Ed − ε1NmbEd (2.19)

The microbiota are involved in the training and development of major components of the host’s318

innate and adaptive immune systems (Zheng et al. 2020). A multitude of immune cells play a role in319

maintaining the integrity of the intestinal barrier and the model is restricted to include macrophages320

(density M), T-helper cells (density Th), plasma B cells (density B) and a combined regulatory T and321

B cell density term R, which dampens down the immune response. It is important to include all these322

individual cell terms due to their specific functions in modifying, via the vitamin D receptor, the immune323

response. For example (as detailed in Subsection 2.2 and the model formulation below), antigen-324

presenting cells such as macrophages intracellularly convert 25(OH)D to active 1,25(OH)2D. This may325

then act locally (intracrine) to modify macrophage function via the vitamin D receptors expressed by the326

same cells. The VDR:1,25(OH)2D complex released by macrophages may also affect adjacent T and327

B cells by promoting regulatory cell function and inhibiting T-helper and plasma B cell proliferation328

(Lopez et al. 2021). The model has been established to incorporate these cell-specific differences.329

Epithelial and immune cells release a variety of chemokines and cytokines that have a range330

of functions. We consider here generic pro-inflammatory-type and anti-inflammatory-type cytokines331

denoted by C and G, respectively. A summary of the interactions between these components is shown332

in Figure 10.333

Innate immune response. Intestinal mucosal macrophages are positioned in the subepithelial lamina334

propria where they can regulate inflammatory responses to bacteria that breach the epithelium, protect335

the mucosa against harmful pathogens, and scavenge dead cells and foreign debris (Smith et al.336

2011). These macrophages exhibit greater phagocytic ability than other macrophages and under healthy337
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18 S.J. FRANKS ET AL.

FIG. 10. The immune response network. The model derived in equations (2.18)-(2.25) details the interactions between the
intestinal epithelial barrier and the innate and adaptive immune responses. The parameters are defined in Tables 4 and 5.

conditions lack the normal pro-inflammatory cytokine release that can be switched in disease (Smith et338

al. 2011). Pathogenic bacteria stimulate priming of intestinal macrophages through pro-inflammatory339

cytokines (rate ι1) that promote recruitment of neutrophils to the site of infection which eradicate the340

pathogens. Macrophages are long lived, dying (or migrating) after weeks or months (rate ι3), this rate341

increasing under inflammatory conditions (De Maeyer et al. 2021). Newly arriving macrophages have342

a more pro-inflammatory phenotype in the elderly that is reduced under the effect of anti-inflammatory343

mediators, rate ι2 (De Maeyer et al. 2021). Vitamin D impairs the activation of macrophages as an344

increase in VDR expression downregulates the pro-inflammatory cytokines. The equation for M is thus345

dM
dt

= ι1C− ι2GM− ι3M. (2.20)

T and B cells. Naive T cells (T ) differentiate into the subpopulations, regulatory T cells (Tregs) and Th346

(consisting of Th17, Th1 and Th2) cells, favouring the development of Tregs in the presence of VDR.347

Commensal bacteria and probiotics also promote Tregs differentiation but, conversely, pathogenic348

bacteria downregulate Tregs (Yamamoto et al. 2020).349

B cells are, like T cells, part of the adaptive immune response. They are in the blood and lymph350

nodes, as well as in the intestinal mucosa. B cells differentiate into several subpopulations: of interest351

here are the plasma B cells, which produce IgA, and regulatory B cells Bregs, which, like Tregs, dampen352

down the immune response (Yamamoto et al. 2020). Specific probiotics can also affect differentiation353

(Cristofori et al. 2021) but we do not consider this mechanism here. We combine Tregs and Bregs into354
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INFLUENCE OF SUPPLEMENTATION ON MICROBIOME 19

one variable denoted by R that satisfies the equation355

dR
dt

=
(ι4VDa + ι5F)

1+ ι6P
− ι7R, (2.21)

where ι4 and ι5 denote the rates that T cells and B cells differentiate into regulatory T and B cells in356

the presence of VDR and commensal bacteria, respectively. ι6 is the rate at which differentiation into357

regulatory cells is inhibited by pathogenic bacteria and ι7 is their combined natural death rate.358

Antigen-specific T cells proliferate and are activated at the site of contact in response to pathogenic359

bacteria (rate ι10) and high concentrations of pro-inflammatory cytokines (rate ι9). They also utilise360

metabolites for proliferation (rate ι8). However, VDR, probiotics and commensal bacteria can inhibit T361

cell proliferation and pro-inflammatory cytokine production. Hence362

dTh

dt
=

(ι8Nmb + ι9C+ ι10P)
(1+ ι11VDa + ι12F)

− ι13Th, (2.22)

where ι13 is the natural death rates of Th cells.363

B cells are activated at rate ι14 by taking up bacterial products (metabolites). Th cells make pro-364

inflammatory cytokines to help B cells mature (rate ι15) to make antibodies, specifically IgA. Vitamin365

D impairs the activation of macrophages and B cells (rate ι16) and low serum levels of 25(OH)D have366

been shown to be inversely correlated with IgA (Yamamoto et al. 2020). The equation governing plasma367

B cells is thus368

dB
dt

=
ι14Nmb + ι15C

1+ ι16VDa

− ι17B, (2.23)

where ι17 is the natural death rates of B cells.369

Pro- and anti-inflammatory mediators. VDR expression upregulates anti-inflammatory cytokines370

produced by epithelial cells at rate α1 (Abboud et al. 2020). Commensal bacteria stimulate anti-371

inflammatory cytokine production by regulatory T and B cells at rate α2. Macrophages also produce372

anti-inflammatory cytokines after consuming damaged epithelial cells (rate α3) and pathogens (rate α4)373

(Yamamoto et al. 2020). The dynamics of the anti-inflammatory cytokines is then374

dG
dt

= γg +(αg +α1VDa)E +α2FR+(α3Ed +α4P)M−α5G, (2.24)

where α5 is the natural degradation rate and intestinal epithelial cells release anti-inflammatory375

cytokines at a low-level background rate αg. γg represents the background production of anti-376

inflammatory cytokines by other cells.377

Pro-inflammatory cytokines are released when the epithelial cells are stressed (due to pathogenic378

bacteria at rate α6EdP). VDR reduces pro-inflammatory cytokines (rate α8) and it has been shown379

that a deficiency of VDR expression in macrophages and granulocytes results in an increase in pro-380

inflammatory cytokines (Nielsen et al. 2018). Further production of pro-inflammatory cytokines is381

carried out by activated innate immune cells (rate α7) and by Th cells in response to the pathogenic382

bacteria (rate α10). Commensal bacteria lead to a downregulation of pro-inflammatory cytokine383

production by macrophages, rate α9. Regulatory cells also dampen down their production by increasing384

the concentration of anti-inflammatory cytokines that decrease the macrophage density (Yamamoto et385
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20 S.J. FRANKS ET AL.

al. 2020). Hence386

dC
dt

= γc +(αc +α6P)Ed +
α7M

(1+α8VDa +α9F)
+α10PTh −α11C, (2.25)

where α11 is the natural pro-inflammatory cytokine decay rate and damaged intestinal epithelial cells387

release pro-inflammatory cytokines at a low-level background rate αc. γc represents the background388

production of pro-inflammatory cytokines by other cells.389

We assume initially, at time t = 0, that the epithelial barrier is healthy and the density of immune390

cells is at steady state:391

E0 = 1, Ed0 = 0, M0 = Mss, R0 = Rss, Th0 = Thss , B0 = Bss, G0 = Gss, C0 =Css. (2.26)

where subscript ss denotes the immune cell densities at steady state.392

2.3.1. Parameter values and sensitivity for immune response model393

All the parameters in this sub-model are unknown but estimates are given in Tables 4 and 5.394

Parameter Description Value Units
ε1 Proliferation rate of intestinal epithelial cells 4.9×10−13 (ng.day)−1

ε2 Rate of repair of damaged epithelial cells by VDR 2×109 ml/(ng.day)
ε3 Removal rate of damaged epithelial cells by macrophages 3.17×10−6 ml/day
ε4 Damage to epithelial cells by pro-inflammatory mediators 2.7×103 ml/(ng.day)
ε5 Damage to epithelial cells by pathogenic bacteria 1×10−12 (CFU.day)−1

TABLE 4 Definition, baseline values and units for the epithelial barrier model
parameters.

Given the lack of information on the parameters, the sensitivity analysis is particularly important395

for this sub-model. We use constant values for the bacterial populations F and P, the concentration of396

metabolites Nmb and the concentration of the VDR:1,25(OH)2D complex VDa and implement a similar397

method to that described in Subsection 2.1.1 to assess the sensitivity of the model to local changes in398

the baseline parameters given in Tables 4 and 5. The sensitivity plots are presented in Figure 11.399

The volume fraction of healthy and damaged epithelial cells is sensitive to the rates of repair of400

damaged epithelial cells by VDR and of damage to epithelial cells by pathogenic bacteria, ε2 and ε5,401

respectively. These two parameters also influence the density of macrophages and plasma B cells and402

the concentration of anti- and pro-inflammatory cytokines, along with the natural degradation of pro-403

inflammatory cytokines α11 and the rate of pro-inflammatory cytokine release by damaged epithelial404

cells αc. A decrease in the death rate of macrophages ι3 and an increase in the rate of activation405

of macrophages by pro-inflammatory cytokines ι1 results in an increase in macrophages and anti-406

inflammatory cytokines. The latter is also influenced by its production rate by macrophages after407

consuming pathogenic bacteria α4 and the rate that T and B cells are differentiated into regulatory408

cells in the presence of commensal bacteria ι5. Also of note is the sensitivity of plasma B cells to their409

rate of maturation in the presence of pro-inflammatory cytokines ι15, the rate of their inhibition by VDR410

ι16 and their natural death rate ι17. Regulatory cells are sensitive to a decrease in their death rate ι7 and411

changes to the rate of their production in the presence of VDR ι4. Finally, a decrease in the rates of412

inhibition to Th cell proliferation by VDR ι11 and natural death of Th cells ι13 and an increase in the413
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INFLUENCE OF SUPPLEMENTATION ON MICROBIOME 21

Parameter Description Value Units
ι1 Rate of activation of macrophages by pro-inflammatory cytokines 1.35×109 (ng.day)−1

ι2 Rate of inhibition of macrophages by anti-inflammatory cytokines 1.13×102 ml/(ng.day)
ι3 Natural death rate of macrophages 1 day−1

ι4 Rate that T/B cells are differentiated into T/B regulatory cells 2.38×1011 (ng.day)−1

in presence of VDR
ι5 Rate that T/B cells are differentiated into T/B regulatory cells 8.5×10−11 (CFU.ml.day)−1

in presence of commensal bacteria
ι6 Rate at which differentiation into regulatory cells is inhibited 1×10−14 CFU−1

by pathogenic bacteria
ι7 Combined natural death rate of T/B regulatory cells 1 day−1

ι8 Rate of utilisation of metabolites for T-helper cell proliferation 2.57×10−8 (ng.ml.day)−1

ι9 Rate of T-helper cell proliferation in response to 1.12×109 (ng.day)−1

pro-inflammatory cytokines
ι10 Rate of T-helper cell proliferation in response to 1.05×10−7 (CFU.ml.day)−1

pathogenic bacteria
ι11 Rate of inhibition to T helper cell proliferation by VDR 4×106 ml/ng
ι12 Rate of inhibition to T helper cell proliferation by commensals 1×10−15 CFU−1

ι13 Natural rate of T-helper cell death 10 day−1

ι14 Rate of activation of plasma B cells by bacterial products 1.28×10−8 (ng.ml.day)−1

ι15 Rate of maturation of plasma B cells in presence of 5×108 (ng.day)−1

pro-inflammatory cytokines
ι16 Rate of inhibition of plasma B cells by VDR 4×108 ml/ng
ι17 Natural death rate of plasma B cells 0.81 day−1

α1 Production rate of anti-inflammatory cytokines by epithelial cells 7.08×105 day−1

upregulated by VDR
α2 Production rate of anti-inflammatory cytokines by T and B 2.07×10−21 ng/(CFU.day)

regulatory cells stimulated by commensal bacteria
α3 Production rate of anti-inflammatory cytokines by macrophages 1.13×10−7 ng/day

after consuming damaged epithelial cells
α4 Production rate of anti-inflammatory cytokines by macrophages 1.69×10−20 ng/(CFU.day)

after consuming pathogenic bacteria
α5 Natural degradation rate of anti-inflammatory cytokines 7.5×102 day−1

α6 Production rate of pro-inflammatory cytokines in response 9.3×10−18 ng/(CFU.ml.day)
to damaged epithelial cells

α7 Production rate of pro-inflammatory cytokines by activated 5.94×10−11 ng/day
innate immune cells

α8 Inhibition of pro-inflammatory cytokines by VDR 4×107 ml/ng
α9 Inhibition of pro-inflammatory cytokines by commensals 5×10−15 CFU−1

α10 Production rate of pro-inflammatory cytokines by T helper cells 8.78×10−24 ng/(CFU.day)
α11 Natural degradation rate of pro-inflammatory cytokines 1.2 day−1

αc Rate of pro-inflammatory cytokine release by damaged epithelial cells 2.3×10−3 ng/(ml.day)
αg Rate of anti-inflammatory cytokine release by healthy epithelial cells 1.77×10−3 ng/(ml.day)
γc Background production rate of pro-inflammatory cytokines 3.24×10−4 ng/(ml.day)
γg Background production rate of anti-inflammatory cytokines 0.35 ng/(ml.day)

TABLE 5 Definition, baseline values and units for the immune response model parameters.

rate of Th cell proliferation in response to pro-inflammatory cytokines ι10 results in an increase in the414

density of Th cells.415

The sensitivity of the model to the variables Nmb, F , P and VDa is shown in Figure 12. To ensure that416

the total population of bacteria (F +P) does not exceed its maximum value of 1×1014 we consider a 1%417
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FIG. 11. The effect of varying parameter values on the steady state volume fractions of healthy and damaged epithelial cells,
densities of macrophages, regulatory cells and plasma B cells and concentrations of anti- and pro-inflammatory cytokines.
Baseline parameter values are taken from Tables 4 and 5 and each parameter is sequentially varied by a 10% decrease (black) and
a 10% increase (red). Sensitivity is defined by equation (2.8). We assume that the pathogenic population P = 3.5× 1013 CFU,
VDR complex VDa = 1.83×10−7 ng/ml, commensal population F = 6.4×1013 CFU and concentration of metabolites Nmb = 768
g. Note that i=ι , a=α , e=ε and g=γ .

change in F and P. All variables are sensitive to a change in the concentration of the VDR:1,25(OH)2D418

complex, particularly plasma B cells (2-fold change). An increase in the population of pathogenic419

bacteria results in a decrease of healthy epithelial and regulatory cells and an upregulation of damaged420

epithelial cells, macrophages, Th cells, plasma B cells and cytokines. The density of regulatory cells421

increases or decreases with corresponding changes to commensal bacteria.422

The steady state volume fractions of epithelial cells, immune cell densities and cytokine423

concentrations are not influenced by changes in the initial conditions.424
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FIG. 12. The effect of varying parameter values on the steady state volume fractions of healthy and damaged epithelial cells,
densities of immune cells and concentrations of pro and anti-inflammatory mediators. Baseline parameter values are taken from
Tables 4 and 5 with Nmb and VDa sequentially varied by a 10% decrease (black) and a 10% increase (red). F and P are sequentially
varied by a 1% decrease (black) and a 1% increase (red). Sensitivity is defined by equation (2.8).

2.3.2. Model results for immune response425

We solve equations (2.18)-(2.25) using the parameter values in Tables 4 and 5 to predict the426

time evolution of epithelial cells, immune cells and inflammatory mediators. We assume constant427

values for the commensal and pathogenic bacteria and the concentrations of metabolites and of the428

VDR:1,25(OH)2D complex, based on the steady state values predicted in the previous two sections429

with and without inflammation.430
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FIG. 13. Simulations predicting the volume fraction of healthy E and damaged epithelial cells Ed , the densities of macrophages
M, regulatory cells R, Th cells Th and plasma B cells B and the concentrations of anti- and pro-inflammatory cytokines, G and C,
from solving equations (2.18)-(2.25) with baseline parameters given in Tables 4 and 5. Values for VDa , Nmb, F and P have been
taken from the steady state solutions with and without inflammation predicted in Figures 6 and 9 i.e. VDa = 1.83× 10−7 ng/ml,
Nmb = 1530 g, F = 9.94×1013 CFU, P = 9.6×107 CFU (blue) and VDa = 1.83×10−7 ng/ml, Nmb = 3.4 g, F = 3×1013 CFU,
P = 6.9×1013 CFU (red).ORIG
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Figure 13 illustrates the dependence of the epithelial and immune cells on the concentration of431

metabolites, populations of bacteria and the VDR:1,25(OH)2D complex. As Nmb decreases, the volume432

fraction of healthy epithelial cells very quickly decreases as metabolites provide energy for their433

proliferation. This results in an increase in damaged epithelial cells that are under stress, increasing434

signalling of pro-inflammatory cytokines that upregulate the density of macrophages, Th and plasma435

B cells. The concentration of anti-inflammatory cytokines also increases as they attempt to counteract436

the effects of the pro-inflammatory mediators. The density of regulatory cells decreases as pathogenic437

bacteria downregulate their production.438

2.4. Sensitivity analysis for integrated model439

The three models described by equations (2.1)-(2.26) are now combined so that quantities treated as440

constant in the sub-models, now vary and are determined from their ODE. A similar method to that441

described in Subsection 2.1.1 is used to assess the sensitivity of the integrated model. Sensitivity plots442

for the bacterial populations, VDR:1,25(OH)2D complex, volume fraction of healthy epithelial cells443

and concentration of pro-inflammatory cytokines are presented in Figures 31-33 in Appendix A.444

Sensitivity of the model to local changes in the baseline parameters given in Tables 2-5 indicates445

that the parameters influencing the bacterial populations, concentrations of nutrients, concentrations446

of 25(OH)D and its metabolites, volume fractions of healthy and damaged epithelial cells, densities447

of immune cells and cytokine concentrations are the same as for the individual sub-models described448

in subsections 2.1.1, 2.2.1 and 2.3.1. However, the volume fraction of healthy and damaged epithelial449

cells, densities of immune cells and cytokine concentrations are additionally dependent upon parameters450

influencing the populations of pathogenic bacteria and the VDR:1,25(OH)2D complex. This is451

consistent with the sensitivity analysis performed in Figure 12 for the immune sub-model, which452

showed that the immune variables had a high dependence on P and VDa . Figure 32 suggests that453

the commensal and pathogenic bacterial populations, concentrations of VDR:1,25(OH)2D and pro-454

inflammatory cytokines and volume fraction of healthy epithelial cells are insensitive to small doses455

of probiotics. Similarly, the bacterial populations are not influenced by low levels of vitamin D456

supplementation. However, an increase in vitamin D intake results in an increase in VDR:1,25(OH)2D457

and healthy epithelial cells and a decrease in pro-inflammatory cytokines, indicating its potential458

therapeutic benefits.459

The sensitivity of the full model to the initial conditions is also the same as for the individual sub-460

models, where the steady state values of the model variables are only influenced by changes in the461

initial pathogen population P0 (see Figure 14). As in section 2.1.1, the system is bistable so that when462

the initial pathogen population exceeds approximately 0.27×1013 CFU, it transitions to an inflammatory463

state resulting in an increase of damaged epithelial cells, signalling of pro-inflammatory cytokines and464

activation of immune cells.465

The predictions for the full model are presented in the following section, where we also explore the466

effect of supplementation of vitamin D and probiotics on the model variables.467

3. Results - Integrated model468

3.1. Model results for integrated model - no supplementation469

We solve the full model given by equations (2.1)-(2.26) using the parameter values in Tables 2-5 to470

predict the time evolution of nutrients and bacteria, vitamin D and its metabolites, epithelial cells,471

immune cells and inflammatory mediators under normobiosis and dysbiosis. We assume that dysbiosis472
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FIG. 14. The predicted steady state concentrations of nutrients, bacterial populations, epithelial cells and immune response from
solving equations (2.1)-(2.26) with baseline parameters given in Tables 2-5 with increasing initial pathogen population P0 and
decreasing commensal population F0. Initial conditions are given by equations (2.7), (2.16) and (2.26) with P0 increasing from
1×1012 to 0.5×1014 and F0 remaining constant at 0.5×1014. Probiotic and vitamin D supplementation is not considered.

is caused by an imbalance in bacterial composition and simulate this by changing the initial composition473

of commensal and pathogenic bacteria based on the steady state solutions predicted for the inflammatory474

case in Figure 6. Initial conditions for the remaining variables do not change. A comparison between475

the predicted values of the model variables for the two scenarios is presented in Figures 15-17.476

Model predictions are similar to those obtained for the individual sub-models with the population477

of pathogenic bacteria growing under inflammatory conditions, heightening the immune response and478

causing damage to the host epithelial cells. Pro-inflammatory compounds enhance the production of479

alternative nutrients (in Figure 15, Na at steady state increases from 0.4g to 340g between the non-480

inflammatory and inflammatory states) which are utilised by the pathogenic bacteria so that they481

dominate over the commensals. Enhanced production of alternative nutrients is often seen with severe482

inflammation and may reflect a dysregulated/inappropriate immune response as observed in cytokine483

storms and sepsis. It is worth noting however, that the upregulated immune response doesn’t appear to484

suppress the pathogen population.485
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FIG. 15. The predicted concentrations of macronutrients, micronutrients, metabolites, alternate nutrients and populations of
commensal and pathogenic bacteria, from solving equations (2.1)-(2.26) with baseline parameters given in Tables 2-5 for an
individual with normobiosis (blue) and dysbiosis (red). Initial conditions are given by equations (2.7), (2.16) and (2.26) but
in the dysbiosis case, the initial populations of commensal and pathogenic bacteria are altered so that F0 = 2.86× 1013 and
P0 = 7.07 × 1013 at t = 0. These values have been taken from the inflammatory case in Figure 6. Probiotic and vitamin D
supplementation is not considered.
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FIG. 16. The predicted time evolution of extracellular and intracellular 25(OH)D and 1,25(OH)2D and the VDR:1,25(OH)2D
complex, from solving equations (2.1)-(2.26) with baseline parameters given in Tables 2-5 for an individual with normobiosis
(blue) and dysbiosis (red). Initial conditions are given by equations (2.7), (2.16) and (2.26) but in the dysbiosis case, the initial
populations of commensal and pathogenic bacteria are altered so that F0 = 2.86× 1013 and P0 = 7.07× 1013 at t = 0. These
values have been taken from the inflammatory case in Figure 6. Probiotic and vitamin D supplementation is not considered.
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FIG. 17. The predicted volume fraction of healthy and damaged epithelial cells, densities of macrophages, regulatory cells, Th
cells and plasma B cells and concentrations of anti- and pro-inflammatory cytokines, from solving equations (2.1)-(2.26) with
baseline parameters given in Tables 2-5 for an individual with normobiosis (blue) and dysbiosis (red). Initial conditions are given
by equations (2.7), (2.16) and (2.26) but in the dysbiosis case, the initial populations of commensal and pathogenic bacteria are
altered so that F0 = 2.86×1013 and P0 = 7.07×1013 at t = 0. These values have been taken from the inflammatory case in Figure
6. Probiotic and vitamin D supplementation is not considered.

3.2. Vitamin D supplementation486

Approximately 50% of the global population have insufficient levels of vitamin D (50-75 nmol/L) and487

around 35% are deficient (<50 nmol/L) (Nair et al. 2012, Palacios et al. 2014). We therefore explore the488

impact of vitamin D supplementation on individuals with various initial serum 25(OH)D concentrations.489

Simulation of the same dose of vitamin D (D0) being given to both vitamin D deficient and sufficient490

(>75 nmol/L) individuals on the resulting serum levels of 25(OH)D is shown in Figure 18.491

All individuals eventually attain the same steady state concentration of serum 25(OH)D following492

supplementation, but the most deficient individuals take longer to achieve this concentration.493

Supplementation therefore has less of an effect on healthy individuals and the simulation suggests that494

those that are deficient need to take supplements for longer to have the greatest benefit.495

We now examine the effect of changing the dose of vitamin D, D0, on a deficient individual with496

levels of inflammation predicted in Figures 15-17 for dysbiosis. Simulations of the serum levels of497

25(OH)D and its metabolites with supplementation corresponding to 10-20µg/day, no supplementation498

and a reduced vitamin D intake are presented in Figure 19.499

The serum levels of 25(OH)D increase approximately linearly with vitamin D intake, reaching a500

maximum steady state concentration following a constant daily dose at around 80 days. When intake of501

vitamin D is too low, levels of 25(OH)D decrease, so that the individual becomes vitamin D deficient.502

Doses of 10, 15 and 20 µg/day all result in concentrations of 25(OH)D above the healthy serum level503

(75 nmol/L) thought to be necessary to maximise the effect of vitamin D on calcium, bone and muscle504

metabolism (Holick et al. 2011, Rosen et al. 2012) and compare favourably with the profile of measured505

serum vitamin D levels in healthy older adults supplemented with varying doses of vitamin D over six506

months presented in Figure 2A in Graeff-Adams et al. 2020.507
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FIG. 18. Simulations predicting the effect of vitamin D supplementation on individuals with varying initial serum concentrations
of 25(OH)D solving equations (2.1)-(2.25) with baseline parameters given in Tables 2-5. The initial serum concentrations of
25(OH)D are D0 = 5(green),25(red),45(blue),65(orange),and 85(black) nmol/L and the intake rate D0 = 5 nmol/L day−1.
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FIG. 19. The predicted time evolution of extracellular and intracellular 25(OH)D and 1,25(OH)2D and the VDR:1,25(OH)2D
complex with increasing vitamin D intake from solving equations (2.1)-(2.25) with baseline parameters given in Tables 2-5. Initial
conditions are assumed to be the steady state values predicted in Figures 15-17 for the dysbiosis case. A daily intervention of
vitamin D supplements is administered from day 100. Simulations represent reduced intake of vitamin D (D0 = 1 nmol/L day−1)
(red), no supplementation (D0 = 3.2 nmol/L day−1) (blue), supplementation of 10 µg/day of 25(OH)D (D0 = 6.5 nmol/L day−1)
(green), 15 µg/day (D0 = 8.3 nmol/L day−1)(orange) and 20 µg/day (D0 = 10 nmol/L day−1) (black).

Increasing vitamin D intake also increases extracellular 1,25(OH)2D, intracellular 25(OH)D,508

intracellular 1,25(OH)2D and the VDR:1,25(OH)2D complex. While we observe a linear relationship509

between 25(OH)D and 1,25(OH)2D, experimentally Tang et al. 2019 did not observe a strong510

correlation in their serum concentrations despite a direct enzymatic conversion between them. However,511

as shown in Chun et al. 2012, Beetjes et al. 2019 and Tang et al. 2019, there is an upward trend of512
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serum levels of 1,25(OH)2D with increasing serum 25(OH)D and our predictions are within the range513

observed. The serum and intracellular concentrations of 25(OH)D and 1,25(OH)2D reach a maximum514

steady state concentration at approximately the same duration after supplementation commences i.e. at515

80 days, but the VDR:1,25(OH)2D complex does not attain steady state until much later, at around 180516

days.517
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FIG. 20. The predicted concentrations of macronutrients, micronutrients, metabolites, alternate nutrients and populations of
commensal and pathogenic bacteria with increasing vitamin D intake from solving equations (2.1)-(2.25) with baseline parameters
given in Tables 2-5. Initial conditions are assumed to be the steady state values predicted in Figures 15-17 for the dysbiosis
case. A daily intervention of vitamin D supplements is administered from day 100. Simulations represent reduced intake of
vitamin D (D0 = 1 nmol/L day−1) (red), no supplementation (D0 = 3.2 nmol/L day−1) (blue), supplementation of 10 µg/day
of 25(OH)D (D0 = 6.5 nmol/L day−1) (green), 15 µg/day (D0 = 8.3 nmol/L day−1)(orange) and 20 µg/day (D0 = 10 nmol/L
day−1) (black). Note the magnified scale of the vertical axes for Nmi, Log F and Log P in order to observe more clearly the effect
of supplementation on these variables.

Figures 20 and 21 show the nutrient concentrations, bacterial populations, epithelial cells and518

immune response with increasing vitamin D intake. With no intervention, vitamin D concentrations519

remain constant and epithelial cells under low-level stress release pro-inflammatory cytokines that520

stimulate macrophages, plasma B cells and Th cells. When the vitamin D intake is reduced, the vitamin521

D receptor complex is downregulated, decreasing the density of regulatory cells and increasing the522

production of pro-inflammatory cytokines by the damaged epithelial cells and hence the densities of523

macrophages, Th cells and plasma B cells. Anti-inflammatory mediators also increase, dampening down524

the effect of the inflammatory cytokines. There is small decrease in the concentration of metabolites as525

more are converted into alternate nutrients by pathogen-induced inflammation.526

When vitamin D intake increases, the VDR complex is upregulated, which helps repair the527

epithelial barrier. An increase in VDR also promotes the development of regulatory cells, inhibits528

T cell proliferation and pro- and anti-inflammatory cytokine production, impairs the activation of529

macrophages and B cells and increases the population of commensal bacteria and concentration of530

metabolites.531
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FIG. 21. The predicted volume fraction of healthy and damaged epithelial cells, densities of macrophages, regulatory cells, Th
cells and plasma B cells and concentrations of anti- and pro-inflammatory cytokines with increasing vitamin D intake from solving
equations (2.1)-(2.25) with baseline parameters given in Tables 2-5. Initial conditions are assumed to be the steady state values
predicted in Figures 15-17 for the dysbiosis case. A daily intervention of vitamin D supplements is administered from day 100.
Simulations represent reduced intake of vitamin D (D0 = 1 nmol/L day−1) (red), no supplementation (D0 = 3.2 nmol/L day−1)
(blue), supplementation of 10 µg/day of 25(OH)D (D0 = 6.5 nmol/L day−1) (green), 15 µg/day (D0 = 8.3 nmol/L day−1)(orange)
and 20 µg/day (D0 = 10 nmol/L day−1) (black).

Figure 22 shows a summary of the predicted populations of commensal and pathogenic532

bacteria, concentration of VDR:1,25(OH)2D complex, volume fraction of healthy epithelial cells and533

concentration of pro-inflammatory cytokines following the constant daily intervention of vitamin D534

supplements (intakes ranging from 1-10 nmol/L day−1) for 180 days presented in Figures 19-21. The535

concentration of VDa increases linearly with vitamin D intake but F , P, E and C all saturate with high536

doses, indicating that there is a diminishing return on health benefit for higher doses of vitamin D intake.537

3.3. Probiotic supplementation538

The effect of daily administration of probiotics on the model variables is shown in Figures 23-25.539

Increasing doses of probiotics (Pb) ranging from no supplements to 2× 1010 CFU/day were given from540

day 100 without vitamin D supplementation.541

Following supplementation, the serum concentration of 25(OH)D and its metabolites increase but542

this is not a linear effect. Similarly, the increase in healthy epithelial cells and decrease in immune543

cell density is not linear with probiotic intake. In agreement with Jones et al. 2013, serum vitamin D544

increased by approximately 25% after probiotic administration. As for vitamin D supplementation, the545

upregulation of the VDR:1,25(OH)2D complex in response to probiotics dampens down inflammation546

and increases the volume fraction of healthy epithelial and regulatory cells but to a lesser extent than547

that observed in Figure 21.548

Figure 26 shows a summary of the predicted populations of commensal and pathogenic549

bacteria, concentration of VDR:1,25(OH)2D complex, volume fraction of healthy epithelial cells and550

concentration of pro-inflammatory cytokines following the constant daily intervention of probiotic551

supplements (intakes ranging from 100-1×1011 CFU/day) for 180 days presented in Figures 23-25.552
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FIG. 22. The predicted populations of commensal and pathogenic bacteria, concentration of VDR:1,25(OH)2D complex, volume
fraction of healthy epithelial cells and concentration of pro-inflammatory cytokines on day 180 following daily intervention of
vitamin D supplements from day 0 determined from solving equations (2.1)-(2.25) with baseline parameters given in Tables 2-5.
Vitamin D intake ranges from D0 = 1−10 nmol/L day−1 and initial conditions are assumed to be the steady state values predicted
in Figures 15-17 for the dysbiosis case.
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FIG. 23. The predicted concentrations of extracellular and intracellular 25(OH)D and 1,25(OH)2D and VDR:1,25(OH)2D
complex with increasing probiotic intake from solving equations (2.1)-(2.25) with baseline parameters given in Tables 2-5. Initial
conditions are assumed to be the steady state values predicted in Figures 15-17 for the dysbiosis case. A daily intervention of
probiotic supplements is administered from day 100. Simulations represent no supplements (Pb = 0) (blue), Pb = 1×109 CFU/day
(red), 5×109 CFU/day (green), 1×1010 CFU/day (orange), 1×1011 CFU/day (black).

All variables remain unchanged until the intake of probiotics exceeds approximately 1×107 CFU/day553

when F , VDa and E start to increase and P and C decrease. E, C and VDa all saturate with high doses554

indicating that there is a diminishing improvement in epithelial barrier repair and anti-inflammatory555
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FIG. 24. The predicted concentrations of macronutrients, micronutrients, metabolites, alternate nutrients and populations of
commensal and pathogenic bacteria with increasing probiotic intake from solving equations (2.1)-(2.25) with baseline parameters
given in Tables 2-5. Initial conditions are assumed to be the steady state values predicted in Figures 15-17 for the dysbiosis case.
A daily intervention of probiotic supplements is administered from day 100. Simulations represent no supplements (Pb = 0)
(blue), Pb = 1×109 CFU/day (red), 5×109 CFU/day (green), 1×1010 CFU/day (orange), 1×1011 CFU/day (black). Note the
magnified scale of the vertical axes for Nmi, Log F and Log P in order to observe more clearly the effect of supplementation on
these variables.
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FIG. 25. The predicted volume fraction of healthy and damaged epithelial cells, densities of macrophages, regulatory cells, Th
cells and plasma B cells and concentrations of anti- and pro-inflammatory cytokines with increasing probiotic intake from solving
equations (2.1)-(2.25) with baseline parameters given in Tables 2-5. Initial conditions are assumed to be the steady state values
predicted in Figures 15-17 for the dysbiosis case. A daily intervention of probiotic supplements is administered from day 100.
Simulations represent no supplements (Pb = 0) (blue), Pb = 1×109 CFU/day (red), 5×109 CFU/day (green), 1×1010 CFU/day
(orange), 1×1011 CFU/day (black).ORIG
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benefits for higher doses of probiotic intake. However, the bacterial populations continue to increase556

(commensals) and decrease (pathogens) at high doses.557
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FIG. 26. The predicted populations of commensal and pathogenic bacteria, concentration of VDR:1,25(OH)2D complex, volume
fraction of healthy epithelial cells and concentration of pro-inflammatory cytokines on day 180 following daily intervention of
probiotic supplements from day 0 determined from solving equations (2.1)-(2.25) with baseline parameters given in Tables 2-
5. Probiotic intake ranges from Pb = 100− 1× 1011 CFU/day and initial conditions are assumed to be the steady state values
predicted in Figures 15-17 for the dysbiosis case.

3.4. Vitamin D and probiotic supplementation558

Simulations predicting the effect of combining vitamin D and probiotic supplements and comparing559

levels with those predicted with no supplements, vitamin D only and probiotics only are shown in560

Figures 27-29. Daily supplements are administered individually or in combination on day 100 and the561

response of the nutrient concentrations, bacteria populations, levels of vitamin D and its metabolites,562

volume fraction of epithelial cells and the immune response before and after the intervention are563

predicted numerically.564

As with the individual supplementation described in the previous two subsections, administration565

of vitamin D and/or probiotic supplements upregulates the vitamin D receptor which helps repair the566

epithelial barrier function and stimulates the production of regulatory cells. An increase in macrophages567

enhances the capacity for VDR:1,25(OH)2D-mediated elimination of pathogenic bacteria, resulting in568

an upregulation of commensal bacteria and metabolites as more SCFAs are being produced, providing569

energy for epithelial cell proliferation. Concomitantly, the same VDR:1,25(OH)2D interaction is able570

to modify antigen-presentation and activated T cell function to promote attenuation of inflammatory571

T cell responses and enhance tolerogenic regulatory cell activity. In this way vitamin D can act as a572

double-edged sword within the immune system by enhancing innate antimicrobial immunity, whilst573

simultaneously protecting against potential tissue damage associated with over-exuberant adaptive574

immunity.575

As observed in the individual models, vitamin D supplements enhance the positive effects more than576

probiotics but taking them in combination results in the greatest benefit. However, co-supplementation577
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FIG. 27. The predicted concentrations of macronutrients, micronutrients, metabolites, alternate nutrients and populations of
commensal and pathogenic bacteria with vitamin D and probiotic co-supplementation from solving equations (2.1)-(2.25) with
baseline parameters given in Tables 2-5. Initial conditions are assumed to be the steady state values predicted in Figures 15-17 for
the dysbiosis case. A daily intervention is administered from day 100. Simulations represent no supplements (Pb = 0, D0 = 3.2
nmol/L day−1) (blue), probiotic supplement only (Pb = 5×109 CFU/day, D0 = 3.2 nmol/L day−1) (red), vitamin D supplement
only (Pb = 0, D0 = 6.5 nmol/L day−1) (green) and combined vitamin D and probiotic supplements (Pb = 5× 109 CFU/day,
D0 = 6.5 nmol/L day−1) (orange). Note the magnified scale of the vertical axes for Nmi, Log F and Log P in order to observe
more clearly the effect of supplementation on these variables.

produces a combined effect that is less than the sum of the two separate supplements administered578

individually. This is illustrated more clearly in Figure 30, where a comparison between the steady states579

of the metrics F , P, D, VDa , E and C for the different supplementation regimens is shown.580

4. Discussion581

Clinical studies examining the possible interactions between vitamin D/VDR pathway and probiotic582

administration in modulating intestinal inflammation are emerging, and results from initial studies583

provide a promising therapeutic option for a variety of human diseases (Abboud et al. 2020, Pagnini584

et al. 2021). The principal aim of this study was to develop a novel mathematical model to describe585

the possible interactions between probiotics and vitamin D for promoting intestinal homeostasis and586

immune health.587

Mechanistic information and clinical observations from the literature were used to develop the588

model and inform parameter values where possible. The model simulates the concentration of nutrients589

in the intestine, populations of commensal and pathogenic bacteria, the concentrations of vitamin D and590

its metabolites, the volume fractions of healthy and damaged epithelial cells, the densities of immune591

cells and the concentrations of anti- and pro-inflammatory mediators with and without supplementation.592

However, the model is sensitive to the choice of parameters and the lack of information on certain593

parameters, particularly in the immune response model, is a limitation of this study. A better594

understanding of the parameters that govern the bacterial and inflammatory response is essential for595

more quantitative predictions.596
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FIG. 28. The predicted concentrations of extracellular and intracellular 25(OH)D and 1,25(OH)2D and VDR:1,25(OH)2D
complex with vitamin D and probiotic co-supplementation from solving equations (2.1)-(2.25) with baseline parameters given
in Tables 2-5. Initial conditions are assumed to be the steady state values predicted in Figures 15-17 for the dysbiosis case. A
daily intervention is administered from day 100. Simulations represent no supplements (Pb = 0, D0 = 3.2 nmol/L day−1) (blue),
probiotic supplement only (Pb = 5×109 CFU/day, D0 = 3.2 nmol/L day−1) (red), vitamin D supplement only (Pb = 0, D0 = 6.5
nmol/L day−1) (green) and combined vitamin D and probiotic supplements (Pb = 5× 109 CFU/day, D0 = 6.5 nmol/L day−1)
(orange).

Nevertheless, the parameters have been chosen so that the model is able to predict similar qualitative597

behaviour to that observed clinically and our attempt to understand the mechanistic interactions598

between the intestinal microbiota, immune response and vitamin D and probiotic supplementation599

has highlighted the need for future experimental studies measuring, for example, the microbiota600

composition, immune cell phenotypes, inflammatory markers, dietary intake, intestinal barrier integrity601

markers and markers of vitamin D homeostasis.602

Vitamin D levels are low in the UK population (Hyppönen et al. 2007), and in most other603

populations, and vitamin D levels among British adults are inversely associated with infection risk604

(Berry et al. 2011), suggesting that the influence of low vitamin D status on immune competence is a605

public health problem. Our model has been able to illustrate the potential benefits of supplementation606

and indicates how the administration of vitamin D supplements to deficient individuals could help them607

attain the desired vitamin D levels, while suggesting that supplementation has less of an effect on608

healthy individuals. The model has also predicted that vitamin D supplementation upregulates the VDR609

complex, which enhances barrier function (and hence increases AMP production by epithelial cells),610

maintains innate and cell-mediated immunity and prevents low-grade inflammation. In Ogbu et al. 2020,611

it is hypothesised that an upregulation of VDR may increase the commensal production of SFCAs and612

this proposed behaviour has been captured in our model.613

Specific strains of probiotics have different functions and mechanisms of action. They need to614

survive the passage through the upper gastrointestinal tract and colonise the intestine so that they615

can affect the immune system positively. By incorporating probiotic supplementation into the input616

terms in the equations representing the commensal bacteria population and serum concentration of617

25(OH)D, our model has suggested that administration of probiotics supports the maintenance of618
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FIG. 29. The predicted volume fractions of healthy and damaged epithelial cells, densities of macrophages, regulatory cells,
Th cells and plasma B cells and concentrations of anti- and pro-inflammatory cytokines with vitamin D and probiotic co-
supplementation from solving equations (2.1)-(2.25) with baseline parameters given in Tables 2-5. Initial conditions are assumed
to be the steady state values predicted in Figures 15-17 for the dysbiosis case. A daily intervention is administered from day
100. Simulations represent no supplements (Pb = 0, D0 = 3.2 nmol/L day−1) (blue), probiotic supplement only (Pb = 5× 109

CFU/day, D0 = 3.2 nmol/L day−1) (red), vitamin D supplement only (Pb = 0, D0 = 6.5 nmol/L day−1) (green) and combined
vitamin D and probiotic supplements (Pb = 5×109 CFU/day, D0 = 6.5 nmol/L day−1) (orange).
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FIG. 30. A comparison summary of the normalised populations of commensal and pathogenic bacteria, concentration of
VDR:1.25(OH)2D complex, volume fraction of healthy epithelial cells and concentration of pro-inflammatory cytokines predicted
on day 180 following no supplementation (N) and daily interventions of probiotics only (P), vitamin D only (VD) and vitamin D
and probiotic co-supplementation (VD+P) from day 0 taken from Figures 27-29.ORIG
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immune cells, enhances intestinal barrier function and protects against intestinal inflammation by619

mediating inflammatory signalling molecules. The model has also predicted that co-supplementation620

of vitamin D and probiotics increases the positive effects, as vitamin D intestinal absorption and VDR621

protein expression are upregulated, enhancing their anti-inflammatory benefits. Whilst there are benefits622

of combining the two supplements the overall effect is less than the sum of the individual ones and623

unfortunately, the model does not predict the same synergistic effects of co-supplementation intimated624

in some studies reviewed by Abboud et al. 2020. This indicates that more clinical studies and a greater625

understanding of the parameters needs to be carried out to clarify the health benefits.626

Under inflammatory conditions our model has predicted the loss of intestinal barrier function and627

growth of the pathogenic bacteria. This can result in the translocation of pathogenic bacteria and their628

structural components into the bloodstream causing inflammation elsewhere in the body. The structural629

complexity and functional capability of the intestinal microbiota declines with poor diet and age and630

is likely a factor causing immunosenescence in older people (Wu et al. 2021). Extending our model to631

examine these spatial aspects is an interesting area for future study.632

The relationship between the intestinal microbiota and human health is an area of increasing interest,633

and our model, which is parameterised as fully as the available literature allows, is the first to explore634

the complex interactions between the various mechanistic components and determine the impact of635

manipulating the intestinal microbiota with dietary components. Despite our many assumptions, the636

model produces biologically realistic predictions and hence would seem to provide a credible basis for637

future work in this area.638
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Appendix A642

Sensitivity of the full model to local changes in the baseline parameters given in Tables 2-5 is shown643

in Figures 31 (microbiota model parameters), 32 (vitamin D model parameters) and 33 (epithelial and644

immune response model parameters) for variables F , P, VDa , E and C.645
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FIG. 31. The effect of varying parameter values on the steady state bacteria populations, VDR:1,25(OH)2D complex, volume
fraction of healthy epithelial cells and concentration of pro-inflammatory cytokines. Baseline parameter values are taken from
Tables 2 and each parameter is sequentially varied by a 10% decrease (black) and a 10% increase (red). Sensitivity is defined by
equation (2.8). Note that n=η and b=β .
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FIG. 32. The effect of varying parameter values on the steady state bacteria populations, VDR:1,25(OH)2D complex, volume
fraction of healthy epithelial cells and concentration of pro-inflammatory cytokines. Baseline parameter values are taken from
Tables 3 and each parameter is sequentially varied by a 10% decrease (black) and a 10% increase (red). Sensitivity is defined by
equation (2.8). Note that m=µ , d=δ .ORIG
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FIG. 33. The effect of varying parameter values on the steady state bacteria populations, VDR:1,25(OH)2D complex, volume
fraction of healthy epithelial cells and concentration of pro-inflammatory cytokines. Baseline parameter values are taken from
Tables 4 and 5 and each parameter is sequentially varied by a 10% decrease (black) and a 10% increase (red). Sensitivity is
defined by equation (2.8). Note that i=ι , a=α , e=ε and g=γ .
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