BOUNDARY REPRESENTATIONS OF HYPERBOLIC GROUPS: THE
LOG-SOBOLEV CASE

KEVIN BOUCHER AND JAN SPAKULA

ABSTRACT. We study boundary representations of hyperbolic groups I' on the (compactly
embedded) function space W°&2(9T') C L?(9T), the domain of the logarithmic Laplacian on
OT'. We show that they are not uniformly bounded, and establish their exact growth (up a
multiplicative constant): they grow with the square root of the length of g € I'. We also obtain
LP—-analogue of this result. Our main tool is a logarithmic Sobolev inequality on bounded
Ahlfors—David regular metric measure spaces.

1. INTRODUCTION

To state the main results of this paper, let us start with a Gromov hyperbolic group I, acting
properly, cocompactly, and by isometries, on a Gromov hyperbolic space (X, p). The Gromov
boundary 0X can be endowed with a visual metric d, and a Radon measure v, such that action
of I' on 0X preserves the class of v (i.e. maps sets of measure zero to sets of measure zero),
hence the Radon—Nikodym derivative of the action of any g € I' exists. Thus, for any z € C,
0 < Re(z) < 1, the formula

(1) m(9)0(€) = (%) (&) - o(g7"¢)
where £ € 0X, ¢ : 0X — C, g € T', formally defines a representation of I" on functions on 0.X.
These are the so-called boundary representations [2, 9].

In this paper, we focus on the case Re(z) = % — these are of course isometric on L?; in
the context of Lie groups they would be referred to as ”principal series representations”. The

representation 71 is sometimes referred to as the Koopman representation, or the quasi-regular
2

representation. Nevertheless, there is a (compactly embedded) dense subspace of L?(9X') which
is preserved under the representation, namely the domain of the so-called logarithmic Laplacian
[10]; we denote this space W'°82(9X) in this paper. We are interested in norm bounds for 7,
for the natural norm on W2 (which makes it into a Hilbert space). We also address the
LP—analogue of this setup, p > 1.

Let us provide some context for considering the space W82 On R", there are fractional
Sobolev spaces W*? for s € (0,1) which interpolate between L? and the standard W2. One
way to describe the norm on W#*?2 is by way of a non-local Dirichlet form given by the con-
volution kernel | - |7"72%. See for example [6], Section 2]. When appropriately normalised, the
norms indeed converge to the L? and W'? norms for s — 0% and s — 1~ respectively (see
e.g. [0, p.9] and references therein). However when the norms are not normalised, for s — 0
they converge to the norm coming from the kernel |- — - |7", leading to the function space that
we refer to W'°&?2 in this paper, cf. below.

In [4] the authors considered boundary representations on the fractional Sobolev spaces
W#P(0X) and proved that they are uniformly bounded. This piece deals with the ‘limit case’
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of s = 0. As an application of our main Theorem below, we observe that these uniform
boundedness bounds on W#P(0.X) can not be "uniform uniform’ as s — 0; see Proposition
below for a precise statement.

For our results, we need the setting to be a little nicer than an arbitrary Gromov hyperbolic
space (X, p). Any Gromov hyperbolic group I' acts properly and cocompactly on a strongly
hyperbolic space (X, p) (with some parameter € > 0), cf. [I4] and references therein. One of the
main features of strong hyperbolicity that we need is its CAT(—1)-like behaviour at infinity:
if 0,2,y € X, denote the Gromov product by (z,y), = (p(0,z) + p(o,y) — p(x,y)). Then
(-, )0 extends continuously to 0X and the formula d(&,n) = exp(—€(£,n),), &, n € 0X, defines
a metric on 0.X. This is not generally true when X is not-strongly hyperbolic.

Finally, let D be the Hausdorff dimension of (0.X, d), and v be the D-dimensional Hausdorff
measure on 0X. Then v is Ahlfors—David D-regular, i.e. v(B(£,7)) < rP for € € 90X, r €
0, diam(0.X)] and B(&, r) denoting the closed ball about & with radius . This is true whenever
X is hyperbolic [5].

We record this setup as an Assumption for easy reference.

Assumption (Hyp). Let I be a non—elementary Gromov hyperbolic group, acting properly
and cocompactly on a roughly geodesic, strongly hyperbolic space (X, p) (with parameter ¢).
Fix 0 € X. Denote the Gromov boundary of X by Z = 0X; let d({,n) = exp(—e(£,n),) for
&,nm € Z; and let v the D-dimensional Hausdorff measure on (Z,d), which is Ahlfors—David
D-regular.

Note that under this Assumption, diam(Z) = v(Z) = 1.
Before stating the results, we need to introduce a different notation (”reparametrise”) the

boundary representations : this better matches the established notation for function spaces
(e.g. LP)E|. Let p > 1, s € [-D/p,D/p|, t € R. Denote

(2) 78 (@)(€) = (g7 771 (E) - w(g'e),

whereg e T,¢: Z - C,£€ Z,and |(g7")| : Z — (0, 00) is the metric derivative of the action
of g on Z: see Subsection [2.1| below, or [13, Section 4]. Under Assumption |(Hyp), its power is
exactly the Radon—Nikodym derivative of the action.

The final ingredient for the results is notation for some function spaces on Z. For a function
¢ : Z — C, we use the notation ||¢[|¢ to denote the norm of ¢ in the function space F, for
example ||¢||». For a bounded linear operator 7" : F — F, we denote by ||T'|| g its operator
norm. For 1 <p < oo and ¢ : Z — C, denote

®) Euent) = || 5 2  awigpavto

For p = 2, this is a Dirichlet form [§], whose domain contains all a-Holder continuous functions
for 0 < o < 1. We denote its domain in LP(Z) by W' &?(Z). Endowed with the norm
011080 = 1170 +Elog,p(9), it is a Banach space, dense in L? (see [4, Section 4] for arguments),
and reflexive for p > 1. The "log” refers to the fact that it is the domain of the so-called
logarithmic Laplacian on Z, see [10].

Theorem 1.1. In the setting of Assumption |(Hyp), let 1 < p < oo and t € R. Then we have
1732 ()% gyoe.y =2 1+ plgo, 0) for any g € T.

1 When p = 2, the 72" from and ”s + it” here are related by s + it = D(% — z). In particular, s = 0

corresponds to Re(z) = 1.
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This is a precise estimate — however one can show that these representations can not be
uniformly bounded by a more general argument, as outlined in the next paragraph. Before
that discussion, let us state our application to uniformly bounded boundary representations.
Recall that for s € (0,1), W*P denotes the function space arising from the form

) El0) = [| e avtyav(a)

72
analogously as WP above.

Proposition 1.2. In the setting of Assumption |(Hyp), let 1 < p < oo, t € R, and g € T.

Then

L+ plgo, o) < Tim inf |5 (9) |G ws).

The main result of [4] is that each ngr)it is uniformly bounded on W*?; the above Proposition
shows that the uniform boundedness constants tend to infinity as s — 07 (when one does not
renormalise).

Returning to (non-) uniform boundedness on W°&? we observe in Proposition below
that under mild hypotheses, a compactly embedded sub-representation of a uniformly bounded
representation can not be uniformly bounded. Let us recall some terminology first: We say
that a representation 7 : I' — B(V') of a group I' on a Banach space V' is uniformly bounded,
if sup,eq ||m(g)]| < oo. We say that 7 is weakly mizring, if for any 6 € V* (the topological dual
of V), any v € V, and any € > 0, there exists g € I" such that |#(7(g)v)| < e. We say that 7 is
mizing, if |I'| = oo and for any 6 € V* and any v € V, we have lim,_,., 0(7(g)v) = 0.

Proposition 1.3. Let 7 : G — B(V) be a weakly mizing, uniformly bounded representation
of a group G on a Banach space V with a separable dual V*. Suppose that a linear subspace
W C V is preserved under 7, and is endowed with a norm such that the inclusion W — V is
compact. Then 7 is not uniformly bounded on W'.

Remark 1.4. By a similar argument as our proof of the above Proposition, one can prove the
following variant: assume that 7 is mixing and uniformly bounded, V' is an arbitrary Banach
space, and W — V is compact. Then limg_, ||7(9)| w) = oo.

The above Proposition applies to our setup for 1 < p < oo, since 7rz-(f ) is isometric on LP

(cf. ), mixing, and W'°&? is compactly embedded in LP, as detailed in the Propositions

below. We discuss the case p = 1 in Section m We also note that while Wz(f ) is isometric on

L?, the representation grows exponentially when considered on L" for r # p, see Proposition
9.9l

Proposition 1.5. Under Assumption|(Hyp), for any 1 < p < oo andt € R, the representation

ng) is mizing on LP(Z). The representation wé” is weakly mizing on the subspace L} of L*(Z)

consisting of functions with zero average.

Proposition 1.6. In the setting of Assumption let 1 < p < oo. Then W°sP(Z) is
compactly embedded in LF(Z).

In fact this is true more generally, Assumption [(Ahlf)| below is sufficient, see Section .

Finally, as we require this for the proof of Theorem [1.1, we prove a logarithmic Sobolev
inequality in general Ahlfors—David regular spaces, cf. Theorem 4.1} This is perhaps known to
the experts in the area, but we were unable to find a proof in the literature in this generality,
and thus we provide a proof.
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2. PRELIMINARIES

2.1. Setup. The results in this paper hold in varying degree of generality, so let us record the
assumptions here, in decreasing strength. The strongest setup is that of the above Assumption
[(Hyp)} however in some Sections we in fact do not need the ”inside” (i.e. the space (X, p)),
but only a metric measure space Z thought of as ”a boundary” (i.e. Z = X in |(Hyp)).

Assumption (Haus). Let (Z,d) be a bounded metric space of Hausdorff dimension D, such
that its D-dimensional Hausdorff measure v is Ahlfors—David D-regular.

This is provides sufficient link between the measure and the metric to perform some calcu-
lations involving the Mobius self-maps of Z. (For example, the uniform boundedness results
of [4] apply in this generality.) Let us recall the formulas we need.

Recall that a Mobius map is a function g : (Z,d) — (Y,d') between metric space which
preserves cross-ratios, i.e. the quantity [z, y; z, w] = %, whenever this expression makes
sense. We denote by Mob(Z) the group of self-homeomorphisms of (Z, d). For any g € M6b(Z)
there exists a metric derivative of g, that is, a Lipschitz function |¢'| : Z — (0, c0) satisfying

the geometric mean value property

(5) d*(g&, gn) = |9'1() 1g'|(n) d*(&,m)  for all g € Mdb(Z), &,n € Z.

see e.g. [13, Lemmas 6, 7] (cf. also [17]). Now, if v is the D-dimensional Hausdorff measure
which is also Ahlfors regular, g preserves the class of v and (a power of) |¢’| gives the Radon—
Nikodym derivative of the action (see e.g. [13, Lemma 8§]):

(6) dv(gé) = |g'|P(&)dr(¢)  forall g € Mob(Z) and € € Z.
We further have a cocycle formula
(7) [(gh)'[(€) = 1g'[(RE) [R'|(§)  for all g, h € M&D(Z) and £ € Z.

Finally, the function spaces, and various Sobolev inequalities, work even more generally:

Assumption (Ahlf). Let (Z,d,v) be a bounded metric measure space, which is Ahlfors—
David D-regular (for some D > 0).

2.2. Notation. We write A < B when A < ¢B for some constant ¢ > 0 which depends only
on the underlying space, and parameters p and ¢. If we want to emphasise the dependence on
a particular parameter, we may write A <; B. Furthermore, we write A < B iff A < B and

B < A.

2.3. Strong hyperbolicity. Let us return to the setting of Assumption and be more
precise. Let (X, p) be a metric space. It is roughly geodesic if there exists C' > 0 such that
for all z,y € X there exists a function v : [a,b] — X with y(a) = z, v(b) = y, and for all
s, 8" € [a,b] one has |s — §'| — C < p(y(s),7(s") < |s =&+ C.

A metric space (X,p) is strongly hyperbolic with parameter € > 0 if exp(—e(z,y),) <
exp(—e(z, 2),) + exp(—e(z,y),) for all z,y,z,0 € X [14, Definition 4.1]. Fix o € X. As
mentioned above, then (-,-), extends continuously to X U dX, and d(§,n) = exp(—€(&,n),)
defines a metric on 0X [14, Theorem 4.2].

In this setting, we have a formula for |¢/|. First the Busemann function: for £ € 0X,
x,0 € X, denote B(&, x,0) = —2(&, x), + p(z,0) (secretly thinking it "equals p(&,z) — p(€,0)”).
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Then for g € T" we have |¢'|(§) = exp(—€B(€, go,0)) = exp(2¢(&, go), — €p(go,0)) [14, Section
6.2].
We record a fact well-known to experts, and for the sake of completeness also a short proof.

Proposition 2.1. Suppose|(Hyp). Then there exist M > 0 such that for any g € ' there exists
¢ € 0X such that |g| — M < (£, go), < |g|.

Proof. The second inequality (for any ¢ € 0X) follows immediately from the definition of
Gromov product.

For the first inequality, fix ny,me € 0X, n1 # n9; this is possible since the action of I" is
assumed to be non-elementary. A direct calculation shows that for any g € I',w € X, we have
(go,w)o+ (g7 0, g7 W), = |g|, and by continuity of the Gromov product on X U9X this holds
for w € 0X as well. Hence

max({(go, gm)o, (90, gn2)0) = |g| — min({g~ 0, m)o, (g7 0,m2)0) > |g| — (M1, m2)0 — 6,

where § > 0 is the hyperbolicity constant. Hence, choosing £ = gn; which realises max;_; 2(go, g7:) o,
the claim follows with M = (ny,m2), + 9. O

2.4. Zygmund/Orlicz spaces. We shall need Zygmund spaces LPlog L (p > 1) and Leyp;
they are also instances of more general Orlicz spaces. We recall the definitions and some facts
about them. Let (Z,v) be a measure space, with v(Z) < oco.

For p > 1, denote ®,(t) = |t|Plog™ [t|P for t € R, where log™ (s) = max(0, log,(s)), log*(0) =
0. Also denote ¥(t) = |t| for t € (—1,1) and ¥(¢) = exp(|t| —1) for |[t| > 1. These are examples
of the so-called Young functions in the theory of Orlicz spaces. Let ® be one of the functions
defined in this paragraph.

The Orlicz space Lg(v) is the space of (a.e.—equivalence classes of) measurable functions
f:Z — C, such that [, ®(|f|/k)dv < oo for some k > 0 [I5, III]. When ® = ®; above, the
resulting space is also referred to as a Zygmund space L log L; we shall use this notation for it.
When ® = &, we will use the notation L?log L, and when ® = ¥ we write Leyp,; the measure
space (Z,v) being understood from the context.

There are several ways to define (equivalent) norms on Lg (), we shall use the Luxemburg
norm [15, Theorem II1.2.3]: for f € Lg(v), we put

0 Il =it (k=01 | @(fl/k)av <1},

z
An immediate consequence of this definition is that if f € L”log L, then fP € Llog L and
(9) 17 zrog L = [1f 1170 10g 2

Note that if ¥(Z) < oo and p > 1, then L>® C Lo, C LPlogL C LP C LlogL C L.
For example, the first inclusion when v(Z) = 1 follows by observing that [, U(|f|/k)dv <
(|| f|L>®||/k). Since ¥(1) = 1, we obtain that || f| .., < ||f]lze-

Finally, ®; and ¥ form a so-called (normalised) complementary Young pair [15, 1.3 and 11.4],
and hence a generalised Holder’s inequality holds [I5, Proposition I11.3.1]:

Proposition 2.2. If f € LlogL and g € Leyp, then

(10) j 91w < [ fzrosz - 19 zues
A

3. BASIC CALCULATION

In this section we go through a calculation which shows how to reduce bounding the repre-

sentation 7T£f ) to having an appropriate Sobolev inequality and bounding certain multipliers.

Somewhat similar calculations have been used before; the earliest place the authors are aware
of is [12].



BOUNDARY REPRESENTATIONS OF HYPERBOLIC GROUPS: THE LOG-SOBOLEV CASE 6

Proposition 3.1. In the setting of Assumption letp>1,teR, ¢ € WsP(Z) and
g € Mob(Z). Then

(11) Eiogp (T (9)0) < C1 - Eiogp(0) + Co [Ogall - 16101051
where
e g
(12) 0,u(w) = [ 1 PO
Z

To proceed from this result towards a norm bound for the representation, the L” log L term
will be controlled by [|¢]|?;10e, using the logarithmic Sobolev inequality (Corollary . We
refer to the control on the Ley, term as ‘geometric control’; as it requires knowing something
about the behaviour of metric derivatives |¢|. In the setting of Assumption |(Hyp), we obtain
geometric control which is linear in p(go, 0) in Section [5 Corollary [5.2}

Remark 3.2. For comparison, a very much analogous calculation can be performed to show
that Wgﬁ)it is uniformly bounded on fractional Sobolev spaces W*P(Z) (for sp < D, 0 < s < 1),
cf. [, Section 7]. In that context, for the final steps one uses a dual pair of Lorentz spaces
L(%, o0) and L(D%Sp, 1), fractional Sobolev inequality, and can establish a uniform geometric
control.

Proof. We calculate:

xJ

(p) (p)
p it (bf Mt ¢ P
51og,p(7r§t)(9)¢) = ) ™ (9) (d)D(ﬁ,ﬂ-n) (9)o(n)l dv(&)dr(n)
o 11 a—1Y| 5 —it 1y (LYo it —1,\|P
B sl 2
Z2
e |||~ it | it p
[ et~ ZOXE g pavepavtc
Z2
or |||~ it | it P .
Z2
|l IDD/ 22”:;(() lg’ \DD/(ZP)iZ(w)
_ [ o7 ) W )(w lggl) /e o0f dv(w)dr(C).
Zu2 )
Using that |z +y + 2|P < 377 !(|z[? + |y|? + |2|P), we continue:
|g/|P/ o)t ¢y 1 p
g'|P/@p)Fit(y,
<y Eugy0)+ 23 | [ IO Lau() - o) Pavte)

YAVA
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For the remaining integral, we use the notation ©,; from , and use Holder’s inequality
(10):

g/ P

D/(2p) it (g, 1
JJ lg'l /;D’ W(C dv(Q) - |op(w)[Pdr(w) = J@g,t(W)|¢(w)|pdV(W)

< ||@g,t

Lexp |||¢|pHLlogL

= H@g,t”Lexp ) ||¢||iplogL'
This finishes the proof. U

4. LOGARITHMIC SOBOLEV INEQUALITY
The results in this Section hold under Assumption |(Ahlf) i.e. in bounded Ahlfors-David

regular metric measure spaces.

Theorem 4.1. Let (Z,d,v) be a bounded Ahlfors—David D-regular metric measure space, and
let p> 1. Then for any measurable function f : Z — C we have

ot W (Y@ = FP
(13) J 1108 iy < i + [ S avieavn.

By the definition of Luxemburg norm on the space LFlog L (and using ||f|[zr < ||flwosr),
we immediately obtain:

ZQ

Corollary 4.2 (The logarithmic Sobolev inequality). Under the assumptions of Theorem
we have

||f||LplogL =< ||f||W10g,p-

We start the proof of Theorem with some estimates in Ahlfors-David metric measure
spaces. Lemma below is essentially [10, Lemma 1.2 (4)]; we reproduce the proof here to
keep track of constants in the statement.

Lemma 4.3. Let (Z,d,v) be a bounded Ahlfors—David D-regular metric measure space. Denote
0 < ¢ <1< C tobe the reqularity constants, i.e. cr® < v(B(-,r)) < CrP for0 < r < diam(Z).
Then for any & € Z and 0 < r < diam(Z), we have

v (B0) | 1 ()

Z\B(&r)
Proof. Using the layer cake formula, we have

dv(n) B r=D oy, diam(2)~P
Z\B,L i o Liam(z)_D v({d P&, -) > t}) dt + JO v(Z\ B(&,r))dt.

The latter integral equals
diam(Z)™P - v(Z \ B(¢,r)) < diam(Z)" - v(Z) < C.

For the former, we calculate:
—-D —D

J v({d P& ) >t})dt = J v({d(¢,-) < t—l/D}) dt
diam(Z)~? diam(Z)~P
T—D
1 -D
<[ = Boslt)n o
diam(Z)—P

= log(diam(Z)”) — log(r”) = Dlog(diam(Z2)/r),
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where < uses Ahlfors regularity. The claim now follows. O

The next Lemma upgrades one side of the above estimate to complements of arbitrary
measurable subsets E C Z; it is an analogue of [6, Lemma 6.1].

Lemma 4.4. Let (Z,d,v) be a bounded Ahlfors—David D-regular metric measure space. Then
for any E C Z and any £ € Z, we have

dv(n) :
J e > —clog(v(E)) + ¢Dlog(diam(Z)) + clog(c),

Z\E
where 0 < ¢ < 1 is the lower reqularity constant, i.e. cr? < v(B(-, 7)) for all 0 < r < diam(Z).

Proof. With a = ¢ %P we have v(B(£,ar)) > caPr? = rP. Denote B = B(£,ar) with
r =v(E)D. Then v(B) > v(E), and so

v(Z\E)NB)=v(B)—v(ENB)>v(E)—v(ENB)=v(EN(Z\ B)).
It follows that

J dv(n) _ J dv(m) dv(n)
dP(&,n) dP(&,n) dP(&,m)
Z\E (Z\E)NB (Z\E)N(Z\B)
d
> (ar) v ((Z\ E) N B) + J dDZé”;)
(2\BEN(2\B)
d
> (ar)Pv(EN(Z\ B)) + J dD'é"?)?)
(2\EN(2\B)
dv(n) dv(n)
- J i J aP (e, )
EN(Z\B) (Z2\E)"(2\B)
_ J dv(n)
dP(&,n)’
Z\B
with Lemma [.3] above, we continue:
> cD (log(diam(Z)) — log(ar))
= cDlog(diam(Z2)) — clog(v(E)) — eDlog(c™V/P). O

Proof of Theorem[{.1. We start with a series of reductions. We assume that f € LP and
Elog p(f) < 00, otherwise the inequality holds trivially.

By adjusting the asymptotic constant in the inequality, we can assume that v(Z) = diam(Z) =
1.

The inequality doesn’t change if we multiply f by a scalar, and holds when f = 0, so we
may assume || f|z» = 1.

As ||z] = |y|| < |x — y| for any x,y € C, it is sufficient to prove the inequality for |f]|, and
thus we can assume that f > 0.

Finally, we claim that it suffices to prove the inequality

(14 [ o118 lgpds <1+ Euea0)
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for ¢ = max(f,1). Indeed, the values of the left-hand sides of and are the same, and
Erogp(9) < Eiogp(f), since if 0 < f(z) <1 and f(y) > 1, then

|f(y) = f(@)] = fly) = f(z) > fly) =1 =g(y) — g(z)|.

Observe that ||g||» < 2'/7.

Summarizing, for the rest of the proof we assume that f: Z — [1,00) and 1 < ||f|%, < 2,
and we aim to prove for such f.

For the bulk of the argument, we closely follow the proof of the standard fractional Sobolev
inequality in [6, Section 6]. We use the same notation for easier comparison.

We discretise: for k € Z we denote A;, = {|f| > 2*} and ar = v(A;). We further subdivide
into Dy = {2¥1 > |f] > 2¥} and denote dj, = v(Dy). Note that since v(Z) = 1, we have
a,' > 1 and thus log(a; ') > 0 for all k € Z such that a;, # 0. Furthermore a; = 1 for all k < 0
by our assumption on f, and a; > ag4q for all k.

Observe that

(15) S a2t < 3 | 1@ Pa©) = 171 <2

1€EL 1€EL D;

In fact ), , d;2"" < const, but we shall not need the other bound.
For (z,y) € D; x D; with j <i— 2 one has |f(z) — f(y)| > 2", and thus

3 J (@) ~ f(y)!pdy(y) > 2”<§1’jezj§izj dv(y)

= d(z, y)P d(z, y)P
i<i—2 Dj D,
d(z, y)P
Z\A;—1
(16) > co2” log(a; ) — c12%

for suitable constants ¢y, ¢; > 0 by Lemma [£.4, Now we execute the main scheme of the proof
of [0, Lemma 6.3]: obtain the analogues of [0, (6.15)—(6.17)] using our (16). For any i € Z we
thus have

Y Z ‘[[ Wdy(@dy(y) > o2 log(a;))d; — ¢127d;

jez
i<i-2 DixDj

Denoting S =", c; ., 02" log(a;_!;)d;, summing over i, and using (17]), we further get
f(z) = fQ)I”
(18) JJ —————dv(z)dr(y) > cpS — 2¢;.
N
a; 170 j<i—2 DixDj
Coming back to and noting that d; = a; — ZEEZ,KZ@‘—H dp, we also get
[f(z) = f)I”
j%%%g D,L'XD]'

2 Co <2pi log(a;y)a; — D tez, tzie1 2r 10g(az‘:11)d€> —a2"d;.

Running the same calculation as in [0 (6.14)] yields

S > Z Z 2P log(a; ", )dy.

€7, a;_17£0 (€T, £>i+1
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Using this, , and ( . ) in what follows, we start by summing over ¢ in ((19)):

z > ﬂ 0 =L gy

1EL JEZL
a; 170 j<i— 2DX J

> ¢ opi log(a opi log(a; )de| — 1 Pi.
Z i 1 Z Z a;_ 1 Z

€L i1€L LEL €L
_a,,b-71730 a; 170 £>i+1 a; _17#0

> ¢ Z opi log(ai__ll)az- -S| —2¢

i€L

Lai—17#0
i fy)Pr
2o ¥ 2ineta- XY [ =S
i€Z i€Z JEL ,Z/)
a; _1#0 a; _17#0 j<i— 2D XD
—401.

By moving the integral on the right-hand side to the left, we obtain

S Bt i = D Y st jo -2

d(z,y)
icZ JEZL DXD, Y i€z
a; 170 j<i—2 X a; 170

As in [6, (6.19)], by using symmetry and that the sets D; x D; partition Z?, we get
_ P .
H Mdu(m)du(y) +4c1 > ¢ Z 2P log(a; ) )ay
72 d(l.? y) i€Z

a;—170

N

= Co Z 2" log(a; 7 )a;

i=1
N

(20) > Co Z 2" log(a; 'y )di,
i=1

where N = max{i : a;_1 # 0} € NU {oo}, or equivalently, N is the smallest integer (or oco)
such that f < 2V almost everywhere. To finish the proof, we depart from [6]. By Markov’s
Inequality and , we have

ar, = v ({|f]? > 2P¥}) < 27PF||f1f, < 27PRHE
Consequently, if a; 1 # 0, then
log(a;}) > log (270D 71) = log(2701)) — log(2%1).

Thus we have

szog (), >szog D), — log(227+]) zzwd

N
> 27 pz 2P 1ogt (2P0H1)) g, — 210g(2%P11)

=1
> 270 |77 1og" 7 Pdy — 2log(271),

This, together with , implies , and we are done. Il
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5. GEOMETRIC CONTROL

In this section we estimate the multipliers (12)) from Proposition , and for this we need
the ”inside”, i.e. the setting of Assumption In this setting, let us extend the notation
for the metric d as follows: if x € X and £ € Z = 0X, let d(x,§) = exp(—e€(x,§),). As
X is strongly hyperbolic, this extension of d still satisfies a ”triangle inequality”, meaning

d(z,§) < d(x,n)+d(n,&) for any x € X,n,{ € 0X.
Recall the formula for the multipliers that we estimate in this section: for g € I'; t € R,

/ p)+it p
and w € Z, we have Oy (w) = [, d P (w,() % - 1) dv(¢). Using the formulas from
2.3] we have

|9'/(w) = exp(2e(w, go)o) exp(—ep(go, 0)) = d~*(w, go) exp(—ep(go, 0)),

i p
and hence we can rewrite O44(w) = [, d " (w,() ‘% - 1‘ dv(¢). There is nothing

special about go € X, so, abusing the notation somewhat, let us write for a € X,

- (o)™

Proposition 5.1. In the setting of Assumption|(Hyp) and notation , foranyt e R, a € X,
and n € Z we have

p

dv(¢).

(21) 0,,(w) = Jd—% 0

Ou(n) <¢ —log(d(a,n)) + p(a,0) + 1.

Corollary 5.2. In the setting of Assumption |(Hyp) and notation from Proposition
for any g €T and t € R, we have

19g.ll 1., =¢ 1+ p(go,0).

Proof. For any g € I' and w € Z we have 0 < (x,w), < p(x,0), and thus —log(d(go,w)) <
ep(go,0). Hence by Proposition[p.1jwe have |0~ < (Coe+C1)p(go, 0)+Cs. The conclusion
now follows since L™ C Ley, (as v(Z) = 1 the constants even stay the same). O

We need some preparation for the proof of Proposition . The following is [4, Lemma 6.1]
(the proof is a standard layer—cake calculation).

Lemma 5.3. Suppose |(Ahlf ). Then for any a < D, £ € Z, and 0 < r < diam(Z), we have

J dv(n)  p-a

<r
de(&,m)
B(&,r)

There is no bound when o = D, however there is an estimate if we are in the setting of
Assumption [(Hyp)| and consider a € X and B(a,r) = {{ € Z | d(a,z) < r}. First we need a
lemma.

Lemma 5.4. In the setting of Assumption|(Hyp), for any a € X, and 0 <r <1 = diam(Z),
we have v(B(a,r)) < rP. For 0 <r < exp(—ep(a,0)), Bla,r) = 0.

Proof. This follows from the fact that there exists ¢ > 1, such that for any a € X there exists
0 € 90X, such that B(A,r/c) C B(a,r) C B(6,cr) whenever B(a,r) # (. (One can take # in a
”shadow” of a.) This, in turn, follows from approximating finite collections of points in X by
trees, cf. for instance [3, Theorem 2.4].

The second claim, observe that for any w € 90X, (a,w), < p(a,o0). Equivalently, d(a,w) >
exp(—ep(a,o)). d
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Lemma 5.5. In the setting of Assumption |(Hyp), for any a € X, and exp(—ep(a,0)) < r <
1 = diam(Z), we have

d
J dD?éC:)Z)) < 1+ ep(a,0) +log(r) <1+ ep(a,o).
B(a,r)

For 0 <r < exp(—ep(a,0)), the integral is zero.

Proof. Denote |a| = p(a,0). Then for any w € Z we have exp(—e¢|a|) < d(a,w), or equivalently,
d=P(a,w) < exp(eDlal).
Otherwise, we use the layer cake formula to get

—D

v(w r exp(eDlal)
[ dié, . J v(B(a,r))dt +J v({d P (a,-) > t}) dt

Cd) 0 r—D
B(a,r)

The former of the two integrals above equals r~Pv(B(a,r)) < 1 by Lemmal[5.4] For the latter,
we calculate:

exp(eDlal) exp(eDla])
J v ({dP(a, ) > 1)) dt = J v ({d(a,-) < £/P)) dt

7’7D
exp(eDlal)
J tldt = [log(t)]j’i%(emal)

D(e|al + log(r)).
Note that €|a| + log(r) > 0. The claim follows. O

Proof of Proposition[5.1 We follow the same scheme as [4, Section 6].
Fix a € X and n € Z. Denote |a| = p(a,0) and
U(n) = B(n,d(a,n)/2), Ula) = Bla,d(a,n)/2).
The set U(a) is empty when d(a,n)/2 < exp(— e|a|) or equivalently when |a|+2 log(2)
Consider £ € U(a). Then d(a, &) < 3d(a,n) < 3(d(a,&)+d(&,n)), and hence d(a,

)
Next, we have d(a,n) < d(a,§&) + d(&,n) < 2d(€ 77) Conversely, d(&,n) < d(a,§) +
3d(a,n). Summarising, we have

(22) §€U(a) = d(a,§) < d(a,n) < d(&n).

Symmetrically, we have

(23) §elUmn) = d(&n) <d(a,n) =< d(a,f).

Finally, in W := Z\ (U(a) UU (7)), a similar calculation with the triangle inequality gives
(24) d(a,n) < 2d(a,§) < d(&,n).

For easy reference, recall that for any z,y € C we have

(25) |z =y < 277N (Jal? + [y]P).

We now estimate the integral in the Statement of the Proposition on three subsets of Z.

On W, we have that Ea ”g < 2. We use and Lemma to estimate

A

Mo
(5,77)-
(a,m) <

d(a,n)] D/p+it|P

’1_ d(ag) 1
J dD (&, 1) dv(§) < J mdy(é) < 1—logd(a,n).

w Z\U(n)
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On U(a), when nonempty, we start with again, then use (22)). For the last step we use
Lemma [5.4) and Lemma [5.5] to get

d(a,n) ] D/p+it |P

1 —
‘ d(a.8) v(U(a)) J 1
dv(§) < + ———dr (¢
| e < * | mug™e
Ula) Ula)
<1+ |al.
Finally, we deal with U(n). Here Ea g € [2,2], and so the Mean Value Theorem will imply

the first < in the calculation below. Next, the triangle inequality gives that

< d(&:m)

dad)
‘1 S Tan)

d(a,n)

This, followed by and Lemma finish the estimate:

_ n)1D+it|P _ d(an)
[, o
dP(&,n)
U(n) U(n)
. 1 O
J dr(a dD p(£ n)
U(n)

6. PROOF OF THEOREM [L.1]

In this Section, we finish the proof of Theorem[I.1 As mentioned above, the basic calculation
(Proposition , together with the logarithmic Sobolev inequality (Theorem and geomet-

ric control (Corollary imply that for any g € ', €log7p(7r§f) (9)9) <t (1+p(g0,0)) - (1D 7y108.0-
To finish the bound on W7 we observe that 7T§f ) (g) preserves LP-norm:

20) @l = [P e O dvle) = [ o) dvte) = 1

Z Z

The final piece is to show the lower bound on ||7T(p )( )||wios.r. The constant function 1
has norm 1 in W'&? (under Assumption [(Hyp)). Using the logarithmic Sobolev inequality
(Corollary , we have

178 (@1 0s = 177 () L0105 = 17 (9) 1) 210 2
and the desired conclusion now follows from the next Proposition.

Proposition 6.1. In the setting of Assumption|(Hyp), letp > 1. Then we have || (ng) (1) L10gL >
p(go,0), for anyt € R and g € T.
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Proof. Let C' > 0 be the constant from Lemma below, and suppose that g € T' satisfies
p(go,0) > 2C. Then for any 0 < k < L¢(p(go,0) — 2C) we have

Jcbl (=2 (@17()/k) dv(©) = + [ 1671P(©) - 1og* (I(g7Y|1P(€) /) dv(e)

Z Z

j log* (|(g71)'|P (gw) /) dv(w)

r

= e

| =

log" (lg'|~" (w)/k) dv(w)

[ 01912 @)/8) ave)

>

| =

1 De

1
=7 log e + - ‘[ p(go,0) — 2(w, go), dv(w)
z

1 D
> ——+ —=(plgo,0) = 20) > L,

From the definition of Luxemburg norm, for g as above, we now have that || (7ri(f ) (1) L10g L >

ETDf(p(go, 0) — 2C). Consequently, H(m(f) (9)1)?||L10g L > p(go,0) for any g € I'. O

Lemma 6.2. In the setting of Assumption|(Hyp), there exists C' > 0, such that for any a € X,
J {w,a), dv(w) < C.

Proof. Since the action of I' on X is cocompact, we can assume that a = go for some g € I'.
By Proposition [2.1] there is £ € Z with |g] < (go,§), + M for a spatial constant M > 0.
By hyperbolicity, for any w € Z, we have min({(w, go),, (90,£),) < (w,&), + . Thus either
(W,90)s < (W, &)+ d or (W,90), < lg] < (90,80 + M < {(w,&), + d + M; in either case
(w,90)0 < (w,§)o + 0+ M.

Hence it suffices to bound [,(w, ), dv(w) by a constant, independently of £ € Z. However
ae(w, £), < explae(w, £),) = d*(w, &) for any o > 0, so we are done by Lemma [5.3]

Alternatively, one can perform a direct calculation using the Shadow Lemma. U

7. PROOF OF PROPOSITION [1.2} NON-UNIFORM BOUNDEDNESS

Proposition [I.2] follows from Theorem [I.I) and Corollary [7.2] This, in turn, will follow from
a general observation; applied in the setting |(Hyp)| with a fixed p > 1, for V' = Lip(Z), the
vector space of Lipschitz functions, with the norm [|¢|]}, = [|¢||7» + C - Lip(¢)?; || - ||s denoting

the W#P-norms for s € (0,1), and T = W(’fit(g) for a fixed g € I' and t € R.

s

Proposition 7.1. Let V' be a vector space with a norm |- ||v. Let || - ||s, s € [0, %] be a family
of norms on'V' such that for all v € V, limy_ [|z||s = ||z]lo, and ||z||s < ||z[lo for all s € (0, 3).
Let Ty, s € (0,3) be a family of linear operators on V, such that SUD,e(0,1) | T5||s < oo, and T
converge to Ty pointwise on 'V as s — 07. Denote by ||Ts||s the operator norm of Ty acting on

(V)| - |ls)- Then
1760 < liminf || Ty]|s-
s—0t

Proof. First, || Ty|lo < oo, since for any ¢ € V' we have
1Toello = lim [[Ti¢lls < sup || Ts[lslllls < sup{|Tslsl[llo.
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Fix an € > 0, and take ¢ € V', such that ||¢|lo = 1 and || Tpé||o > ||To|lo — €. For all sufficiently
small s > 0, we have that | To¢ — Ts¢||y < € and |||Too|lo — [|[To¢]|s| < €. Thus

ITodllo = [1Tsolls] < W Togllo — ITodlls| + [[[Todlls — I T5lls|
S €+ ||T0¢ - Ts¢||s S €+ ”TOQZ) - Ts¢||\/ S 2e.
Consequently,
[Tollo < e+ [[Todllo < 3e + [|Tsglls < 3¢ + [ T5lls - l|9ls < 3e + (| T35,

and we are done. O

Corollary 7.2. In the setting of Assumption|(Hyp), let g €T, p>1,t € R. Then
17 (@)l sy <l inf 72 (9) [ wer).
s—07+

Proof. We let V = Lip(Z), and ¢ € V we denote |||}, = ||¢]|7, + C - Lip(¢)? with a constant
C > 0 specified below. Denote S = min(%, 1). For s € (0,5], we let ||| = [|o[|7, + Esp(0),
the norm on WP, and finally we let ||¢||o denote the W»!¢-norm. Clearly ||¢|ls < ||¢[lo and
limg o+ [|@lls = ||@]lo. To observe that ||¢s]|s < ||¢]|v, one estimates the numerator in & ,(¢)
by the (p-th power of the) Lipschitz constant Lip(¢), to be left with [, . d=*(&,n) dv(§)dr(n)
for a = D+ sp—p < D —£. In this range, the integrals are uniformly bounded by a constant,
see e.g. [4, Lemma 6.1].

Finally, we let T, = Wii)it(g) for s € [0, S]. The fact that for any ¢ € V, limg o+ [|T5¢—To0||v
is a straightforward calculation, using the fact that |(g~!)’| is Lipschitz and bounded away from
0, see e.g. [13, Lemma 7]. Uniform boundedness of ||7%||s is proved in [4, Proposition 9.6]. The
desired conclusion now follows from Proposition [7.1] Il

8. COMPACT EMBEDDING

We aim for showing that W°sP(Z) is compactly embedded in LP(Z) for p > 1. We
will use compactness of integral kernel operators given by off-diagonal cut-off kernels K, =
X{(€w)e22]d(€,w)>e} ~d~P fore>0 (Proposition . Proposition shows how can one use this
to obtain a compact embedding result, but we need to set up some notation first.

The argument presented here follows the same structure as [10, Subsection 3.1], in a slightly
more general setting.

Suppose that (Z, v) is a probability measure space. For a measurable function K : Z? — C,
we denote the corresponding integral kernel operator by

Te(0)(€) = | K)ol dv(w).
Z
Next, if K > 0, for 1 < p < oo we denote the "energy” by

Epac(9) = [ 1660 — 6P K (6.) du(©)dv(w),
72
and finally the ”"domain” by
Wr(Z) = {¢ € L"(Z) | &x(9) < o0}
When appropriate, we endow W (Z) with a norm |||, = [|0]17» + Ep.x(9).

Proposition 8.1. Let (Z,v) be a probability measure space, and let K : Z? — [0, 00) be locally
integrable on Z* \ {diagonal}. Let 1 < p < co.
Suppose that there is a sequence K, : Z* — [0,00] of kernels, such that for all n € N:

(1) K, < K (pointwise);
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(2) Tk, is a compact operator on LP(v);
(3) denoting Ny, (€) = [, Kn(§,w)dv(w), we have essinf N,, — 0o as n — 00;

Then WPE s compactly embedded in LP(v).

Proof. For a.e. £ € Z, we have that K,(&,-)/N, (&) dv(-) is a probability measure on Z; in the
next calculation, we use Holder’s inequality for these measures. Let ¢ € WP (Z) C LP(Z).
Then

6= T @) = | |66~ kg | Kalw)tw) dvie)|/ante)
=[] tote) = otwn - 5 v ante
< [ [rote - st 5D anpnte)
< (essinf V)1 [ 1946) - )P (€.0) dvf)n @)

< (essinf N,,) ™' - &,k (9).

Since the constant in the last formula tends to 0 as n — oo, and NLnTKn is compact, it follows

that we can approximate any bounded set in W?%(Z) by a compact set in LP(Z), in LP-norm.
Hence the inclusion W?X(Z) — LP(Z) is compact. O

Proposition 8.2. Let (Z,d,v) satisfy i.e. it is an Ahlfors—David D-regular bounded
metric measure space. Fore > 0, denote by K, : Z* — [0, 00) the function K, = X{(6w)eZ2|d(£w)>e}"
d=P. Then for any 1 < p < oo, Tk, is compact on LP(Z). Furthermore, the function N, (see
) satisfies essinf N, — oo as € — 0T,

Proof. As each K, is a bounded function on a finite measure space Z2, the integral kernel
operators Tk, are (LP — LP)-Hille-Tamarkin operators [I1, p. 403], and hence compact [I1],
Theorem 15.15]. This shows the first claim.

For the second claim, Lemma {4.3| gives N > log(diam(Z)/e) — oo as € — 0. O

Proposition [I.6] now immediately follows from Propositions [8.1] and [8.2]

Remark 8.3. Recall that approzimation numbers sp(T'), k € N, of a linear operator T': X — Y
between Banach spaces X and Y are defined as

sp(T) == inf{||T — F|lpx,y) | F: X =Y with rank(F) < k}.

When X and Y are Hilbert spaces and 7' is compact, then (equivalently) sx(7T") are the singular
values, i.e. eigenvalues of |T| = (T*T)Y/2.

Suppose that (Z, d, v) satisties|(Ahlf){and 1 < p < co. Denote the by J, : W°sP(Z) — LP(Z)
the compact embedding from Proposition [1.6f We note that [10, proof of Theorem 3.6] shows
that s,(J2) = O((logk)~%/2). In fact, essentially the same proof carries through for general
1 < p < oo, since the operators 7, and P, from [10] extend to bounded operators on L?
by the Schur test. Subsequently, switching || - [|7, to || - ||7, at the last step then yields
si(Jp) = O((log k)~1/7).

9. MIXING

The aim of this section is to prove Propositions from the Introduction related to mixing:
Proposition [I.3] about unboundedness, the p > 1 case of Proposition [I.5 about mixing, and
Proposition (9.3} - 3| below about exponentlal growth.



BOUNDARY REPRESENTATIONS OF HYPERBOLIC GROUPS: THE LOG-SOBOLEV CASE 17

Proof of Proposition[1.5 Suppose, for contradiction, that 7 is uniformly bounded on W. Let
w € W\ {0}, and denote 6y, 0;,... a dense subset of V*. Note that one can apply the weak
mixing condition to finitely many functionals 6 at the same time; and use this inductively to
obtain a sequence (g,);2, C I, such that for all n € N, |6;(7(g,)w)| < £ for all 0 <4 < n.

As 7 is assumed to be uniformly bounded on W, the set {m(g,)w|n € N} is bounded in W,
hence pre-compact in V. Thus there exists a subsequence, continued to be denoted (g, )nen,
and a vector v € V', such that 7(g,)w — v in norm in V. As w # 0 and 7 is uniformly bounded
on V, the sequence ||7(g,)w|| is bounded away from 0, and hence v # 0. On the other hand,
we also have that 0;(v) = lim,, ., 6;(7(g,)w) = 0 for all i € N. It follows that v = 0 by density,
which is a contradiction. U

We record some prelimiary observations, perhaps well-known to experts. In the rest of this
section, we will denote |g| = p(go, 0) for g € I" when working under Assumption [(Hyp)!

Proposition 9.1. Suppose|(Hyp) Then we have the following estimates for Zr(g) = [, |¢'|* (&) dv(§),
with the implied constants depending on T > 0 but not on g € I':

(1) ForT=0 orT =D, =Z7(g) = 1.
(2) For 0<T < £, Z7(g) < exp(—€Tg]).
(3) For T'= 3, Er(g) < |g| - exp(—€T|g]).
(4) For T > 2 Z1(g9) < exp(e(T — D)lg)).

Proof. First, the claim is trivial when 7" = 0, and the change of variable formula gives the case
T=D.
Next, we calculate

J g1 (&) dv(€) = Jexp (€T(2(¢, go)o — |g)) dv (&)

Z Z

— exp(~eTlgl) [ exp (2676, 30))) dv(¢).
z
For this, we use a cover of 90X from [I3, Proof of Proposition 20| into ‘annuli about go’
(alternatively, one could use the Shadow Lemma directly): there exists a spatial constant
a > 0 and sets Ay = {€ € 0X | ka < (£,g90), < (k+ 1)a} for 0 < k < N(g) (more about the
integer N(g) below) such that v(Ay) < exp(—Deak). Thus we have
N(g)

(27) Jexp (2¢T°(€, go),)) dv(&) =< exp ((27 — D)eak) .

0

S

B
Il

Z

When 2T — D < 0,ie. T < %, the geometric series is convergent, and case follows.

For the remaining cases, we need to recall from [I3, Proof of Proposition 20] that N(g)
| (supecox (€, 90)o—09)/a] —1 (where ¢ is the hyperbolicity constant). It follows that N (g)+1
9l/a
When T = %, by the above facts about N(g), the sum in is < |g|, and we are done with
(13))-

When T > £, the sum in is < exp((2T — D)eaN(g)) < exp((2T — D)e|g|), and we have
obtained the < direction of (4)). To obtain also >, by Proposition there exists a spatial
constant C' > 0 so that N(g) > |g|/a — C. The conclusion now follows. O

<

Proof of Proposition 1.5, case p > 1. Denote by ¢ the conjugate exponent to p, i.e. % + % =1.
For ¢ € L? and ¢ € L9, we want to show that lim, (7ri(f) (9)¢,v) = 0. By density, we can
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assume that ||@|| =, ||¥]r~ < 0o. Then

(w00 = || 1617 (6) - o976) - T av()

z
< lollo= - Il - | 1657117 (€) dv(o)
Z
As g — 0o < g ! — oo, it follows from Proposition that the integral above converges
to 0 as g — oo. Ul

Remark 9.2. If 1 < p < oo and ¢ are conjugate exponents (i.e. 1/p+1/q = 1), a straightfor-
ward calculation with the change of variable formula implies that for any ¢,¢ € L*> and z € C

we have (7 (g)¢, ¥) = (o, W@é(g*1)¢). Thus, in particular, if t € R and 1 < r, 7" < oo with
1/r +1/r' =1, then the adjoint of 7" (g) : L™ — L™ is 7.9 (g~1) : L™ — L"".

Proposition 9.3. If 1 < p,r < oo, p #r, then ng)

I e = exp (|3 2

grows exponentially on L"; more precisely

%—;‘-[g]) for all g € T.

Proof. If p > r, then by Remark the norm of ) (g) on L™ equals the norm of =¥’ (g~1)
on L", there p' and 7' are conjugate to p and r respectively. We then have p/ < r’ and
1/p—=1/r"=1/r—1/p=11/p—1/r|, so it suffices to prove the claim when p < r.

We estimate
| 7Pn [, = 1€ dre) = Zo(o ™)
z
with the notation from Proposition . The lower bound now follows from of that Propo-
Slti*“oor; the upper bound, take an arbitrary ¢ € L" and estimate:

(p)

T (9) >

r ‘

B(L")

T

[=2@o| < [117 7@ 1o s e ave)
7z
= [1™Y177 (9)  161P (@) - 161 () dv ()
Z
= 1g™)1”% " (gw) - 16l (w) dv(w)
zZ
< |1 yPs 2| lel
We also have |¢'|(€) = exp(e(2(£, go)o — |g])) < exp(elg|), and since |g| = |g~!], the conclusion
follows. U

10. THE CASE OF p=1

For this section we work under Assumption [(Hyp). We focus on the case p = 1 and ¢t =

0, i.e. the representation 7'('(()1) . It is not mixing on the whole of L', since (ﬂé”(g)l,l) =

I (9) 1l = [ |91 (€) du(€) = 1 forall g €T

Denote by Ly = {¢ € L' | [, ¢dv = 0} the codimension 1 subspace of functions with
zero average. Denote W8 (Z) = W'e1(Z) N L}, a (closed and codimension 1) subspace of
Wleel(Z). Observe that 7T(()1) leaves W #!(Z) invariant (this uses just the change of variable
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formula (6]), cf. (26)); denote the restriction as 7 = 7T(()1)|Wlog,1. Finally, note that that our proof
0

of the lower bound on the norm of 7T((]1) in Theorem uses 7r(()1)(-)17 hence does not apply to

.
Question 10.1. Assuming ((Hyp)| is 7 uniformly bounded?

Considering Proposition , it is currently not known to the authors whether th)og’l is

compactly embedded in L}, however 7T(()1) is weakly mixing on L}; this is the p = 1 case of

Proposition [I.5]

Proposition 10.2. The representation 7T(()1) is weakly mizing on L(0X).

We defer the proof until the end of the Section. Denoting b : I' — Wsl(Z7) b(g) =

W(()l)(g)(l) — 1, we see that b is in fact a cocycle for 7, i.e. b(g) € W' (Z). Furthermore,

the proof of the lower norm bound for w(()l) in fact establishes that this cocycle is proper;
||b(g)||W(1)og,1 = p(go,0) (cf. Proposition .

A positive answer to the above Question would provide an alternative construction for a
proper uniformly Lipschitz action of hyperbolic groups on a closed subspace of L!; this has

been established by other methods in [7, [19] 18].
Proposition 10.3. Suppose |(Ahlf). Then W°sP(Z) is a closed subspace of an LP-space.

Consequently, Wéog’l(Z) is a closed subspace of an L'-space.

Proof. Define a measure on Z x Z by du(€,n) = d=P2(€,17)dv(€)dv(n). By standard arguments,
this is a o-finite Borel measure on Z x Z. For a measurable ¢ : Z — C, denote D(¢)(&,n) =
(&) — ¢(n). Then the linear map

T W (Z) = L(Z) @, L'(Z % Z; ), ¢ (¢, D(0))
is an isometry (just from the definitions of the norms), and thus has a closed range. U

We close the section by proving Proposition , however we need to recall a result from [1].
Suppose We say that a sequence (x,,),en C X converges non-tangentially to £ € 0X, if
there exists M > 0, such that x,, — £ and (x,,, &), > d(x,,0)— M. For a non-example, consider
the free group X = F» = F(a,b), endowed the word metric d from the standard generating set,
0o=1. Let z, = a®", £ = lim,,_,00 T, = lim,, s a™. Then d(z,,0) = 3n, but (z,,&), = 2n.

In CAT(—1) setting, points £ € 0X for which there exists a sequence in X converging to
it non-tangentially are often called conical limit points, see e.g. [16, page 17|. In our setting
every £ € 0X admits such a sequence, see e.g. [I, pages 14-15] for a construction.

Lemma 10.4 ([I, Lemma 5.1]). Suppose |(Hyp). For any ¢ € L'(v), there exists Zy C 0X
with v(Zy) = 1, such that for any (gn)nen C T with (g, 0)nen converging non-tangentially to
§ € Zy, we have

lim j (6(gn) — H(E)| dv(n) = 0.

n—00
0X

We stated the Lemma slighly more generally, however the same proof as in [I] carries through.
This is essentially the statement that the action of I' on 0X is strongly almost transitive, see
[T, Section 2].

Corollary 10.5. Suppose|(Hyp) For any ¢ € L>®(v) there exists Zy, C 0X with full measure,
such that for any (gn)nen C T with g, 'o — & € Z, non-tangetially, and any v € L'(v), we
have

(28) (m$ (g7 ), 6) = () - [,y ¥ v,
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Proof. As L®(v) is dense in L'(v) and 7.} is isometric on L'(v), we can assume that ¢ € L*°.
Let Z,4 be as in Lemma m Take a (g,) CI' and £ € Zy4 as in the statement. Now

(D (g b, 6) = j 1912 (n) - (gam) - B() () = j b(w) - bgr w) du(w),

X X
and thus
(w9211, 6) = 0(€) - [y | < J (@) - |6(g7w) — 6(€)] du(w)
X
< ol - | Jolg, o) = 6(6) dviw),
X
which converges to 0 by Lemma [10.4] U

Proposition now immediately follows from the above Corollary: for any ¢ € L} and
¢ € L™, for any sequence (g, )nen as in the above Corollary, the matrix coefficients will converge
to the right-hand side of , which is zero.
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