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Light beams characterised by a spiral front, or more generally, an optical field exhibiting a
circulating current density, are termed optical vortices. This thesis investigates two types of
optical vortices: monochromatic vortex beams under paraxial approximation and spatiotemporal
vortices, and their related research in engineering.

Firstly, for vortex beams, we present a new geometric representation framework called the
Total angular momentum-conserving Poincaré sphere (TAM-PS). A wide range of vortex beams
can be efficiently characterised by this framework. Additionally, two kinds of braid clusters based
on the TAM-PS are introduced, serving as a theoretical cornerstone for vortex beam applications.
Furthermore, a method for analysing the orbital angular momentum (OAM) and total angular
momentum (TAM) of an unknown vortex beam is introduced. This method aids in analysing the
OAM or TAM of vortex beams generated by a meta-surface integrated micro-ring during its design
phase based on simulation results. Additionally, a vortex beam reflection computation model is
studied, examining the feasibility of using vortex beams as detection signals for light detection
and ranging sensors to measure the orientation of reflecting surfaces. Secondly, two
controversies regarding spatiotemporal optical vortices (STOVs) are studied: 1. The calculation of
transverse OAM; 2. The phase distribution of STOVs in the t-x plane. Additionally, a special kind of
STOV, termed the toroidal light pulse, is introduced, and exploratory work on the toroidal
momentum for this pulse is presented.
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illustrates the eigenstates superposition process on the TAM-C with TAM = 5A
based on MATLAB computational results. In this example, § = n2 and ¢ = m.
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0h are placed in the top row, the sphere with TAM < 0# is placed in the bottom
row, and the TAM = 0# sphere is located between the two rows. The TAM
values are indicated by black numbers. The North pole of the sphere, labelled N,
corresponds to a circularly polarised vortex beam o = +1, and the value of the
OAM is indicated by purple numbers. The South pole of the sphere, labelled S,
corresponds to a circularly polarised vortex beam o = —1, and the value of the
OAM is indicated by red numbers; (b) illustrates the TAM-C PS braid cluster for
the second type. The spheres with TAM < 0A are placed in the top row, the
sphere with TAM > 0h is placed in the bottom row, and the TAM = 0h sphere is
located between the two rows. The TAM values are indicated by black numbers.
The North pole of the sphere, labelled N, corresponds to a circularly polarised

beam ¢ = +1, and the value of the OAM is indicated by purple numbers. The



Table of Figures

Figure 2.7

Figure 3.1

Figure 3.2

Figure 3.3

Figure 3.4

Figure 3.5

South pole of the sphere, labelled S, corresponds to a circularly polarised vortex

beam o = —1, and the value of the OAM is indicated by red numbers........ 54

(a) A schematic diagram for TAM conservation process; (b) A schematic diagram

for TAM NoN-CoONSErvation ProCeSS. ....cuiiiieciiieeeiciieeeeeieeeesireeesserreeessreeeeseenes 57

Panel (A) [125] depicts a micro-ring OAM laser facilitated by a guided wave-
driven meta-surface. The unidirectional phase modulation provided by the
meta-surface breaks the degeneracy of the counterclockwise and clockwise
whispering gallery modes within the micro-ring resonator, resulting in selective
OAM radiation. Panel (B) [125] presents a schematic diagram for a guided wave-
driven meta-surface. The phase of the light extracted from a guided wave by
each meta-atom can be individually tuned. An array of meta-atoms on the
waveguide works together to form specific wavefronts and perform various
functions, such as beam deflection and focusing. Panel (C) [125] illustrates the
formation of the extracted wave's wavefront. The total phase shift of the
extracted wave at coordinate x consists of two components: the phase
accumulation Sx from the guided wave propagation and the abrupt phase
change A¢(x) induced by the meta-atom. Panel (D) [125] shows a schematic of
a metal/dielectric/metal sandwich-structured meta-atom positioned on top of a

photonic integrated WaveguUIde. .......ccccvieieeciiii e 62
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Definitions and Abbreviations

Definitions and Abbreviations

AM .o, Angular momentum.

SAM ...oiiiiiiiee e Spin angular momentum. It is associated with the right- and left-

circularly polarised light.

OAM ..cooiiiieeeee e, Orbital angular momentum. It is associated with twisted phase fronts
of light.
Optical vorteX.....cccoeevveeeennnee. A light beam characterised by a spiral front, or more generally, an

optical field exhibiting a circulating current density, is termed the

optical vortex.

III

Paraxial approximation........ In geometric optics, “paraxial” means the light is well-collimated, all
light rays make only slight angles with the beam axis; In wave optics,
the angular spectrum of paraxial beams primarily consists of plane

waves, which propagate along the beam axis.

Transverse Wave .................. The electric vector of a wave oscillates perpendicular to the direction
of propagation.

Direction of propagation...... The Poynting vector points in the direction of wave propagation.

Transverse.....cccccvveeeeeeeeeennn, Motion or some quantities in a position or direction that is

perpendicular to the direction of propagation.

Longitudinal .........cccceeeueneen. Motion or some quantities in a position or direction that is along the

direction of propagation.

Vector nature of light........... Light is an electromagnetic wave. Because the electric and magnetic
fields of electromagnetic waves are vector quantities, light exhibits

vector nature.

LG beam ....ccccvveeecciieeecnne, Laguerre Gaussian beam, solutions to paraxial wave equation in
cylindrical coordinates. And it carries well-defined OAM. For details,

please check chapter 1.1.1.2

VB et Vector beam. Light beams have spatially variant states of polarization
or inhomogeneous polarisation, but no phase vortices, are usually

called vector beams. VBs carry no OAM
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Definitions and Abbreviations

Monochromatic light...........

Polychromatic light..............

Optical pulses ........ccouveeeeeen.

Transverse OAM ..................

XXiv

Vector vortex beam. Beams with both inhomogeneous polarisation
and phase vortices are called vector vortex beams. VVBs carry OAM

owing to their spiral phase fronts.

Only a single optical frequency is contained in the monochromatic

light.

The antonym of monochromatic light which has a board range of

optical frequencies.

Optical pulses are flashes of light. Lasers are frequently used to
generate very short optical pulses (laser pulses). They are transmitted

in the form of laser beams which have highly directed energy.

Intrinsic OAM oriented transverse to its propagation direction. The
vortices generated in space-time (also termed spatiotemporal optical
vortices (STOV)) can carry the transverse OAM (also named

spatiotemporal OAM (ST-OAM))

Spatiotemporal optical vortices. It is an optical vortex with phase and

energy circulation in a spatiotemporal plane [45].
Spatiotemporal orbital angular momentum

In an optical sensing process, the device or hardware takes and
transduces intensity distribution, power, polarisation states, etc.,
these physical properties of light into usable information. More

specific definition of sensing is driven by application perspectives.
Light Detection and Ranging

Time of flight

Amplitude-modulated continuous wave

Frequency modulated continuous wave

Degrees of freedom



Chapter 1

Chapter 1 Introduction

1.1 Structure of the Entire Thesis

This thesis begins with an overview of the entire work, along with a summary of optical vortices
and angular momentum, providing the necessary background knowledge and introduction. Two
types of optical vortices are investigated in this work: monochromatic vortex beams under the
paraxial approximation and spatiotemporal vortices. Additionally, their related research in
engineering is presented in the following chapters. Due to the two research objects (two types of
the optical vortices) in this thesis, the following chapters can be classified into two categories:

Chapters 2, 3 and 4 are classified into one category; Chapter 5 is classified separately.

In Chapter 1.2, the background knowledge involved in the thesis, including fundamental concepts

and methodologies, is explained and detailed.

The vortex beam, associated with optical angular momentum (AM) [1,2,3], has been widely
studied as a promising resource for optical manipulation [4]. Due to the variety of types of vortex
beams [5], a method to characterise them efficiently is needed. Consequently, in Chapter 2, a
geometric representation framework for vortex beams is presented, termed the total angular
momentum-conserving Poincaré sphere (TAM-PS). Additionally, two types of TAM-PS braid
clusters are introduced. Chapter 2 serves as a theoretical cornerstone for the application research
of vortex beams. Based on this framework, a wide range of vortex beams can be characterised

efficiently.

Micro-ring vortex beam emitters are one of the popular methods for vortex beam generation [6].
Researchers in this field call for a general method that can help numerically analyse the orbital
angular momentum (OAM) or total angular momentum (TAM) of the generated vortex beams.
Therefore, in Chapter 3, an approach to analysing vortex beams is introduced. This study
facilitates the examination of OAM or TAM in vortex beams produced by a meta-surface

integrated micro-ring, using simulation data during the design stage.

Vector beams and vector vortex beams (VVBs) are expected to be applied to light detection and
ranging (LiDAR) sensors [7]. Under this context, the feasibility of using vector beams or VVBs as
detection signals to determine the orientation of a reflecting surface is examined in Chapter 4. We
present the modelling and analysis of vector beams and vector vortex beams for optical sensing
applications. It develops a computational model that examines the reflection characteristics of

vector beams (VB) and vector vortex beams (VVB).
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Research on vortex beams carrying longitudinal OAM is growing rapidly and has been applied to
diverse areas [8,9,10,11,12]. However, research on transverse OAM carried by optical pulses or
wave packets is still in an emerging stage [13]. These optical pulses are spatiotemporal optical
vortices (STOVs), a type of specially designed optical pulse that has become a popular research
area in recent years [14]. Chapter 5 presents some theoretical studies of STOVs and transverse
OAM, intending to provide useful insights for optical vortex research. This chapter is structured
into two sections. The first section investigates the transverse OAM carried by STOV and their
phase distribution. The second section, drawing inspiration from the definition of angular
momentum, introduces and elaborates on a new physical quantity for an innovative type of
optical pulse known as the “toroidal pulse”, which is provisionally referred to as “toroidal

momentum”.

Chapter 6 provides the conclusion for the entire doctoral thesis. Additionally, discussions on the
future developments and research prospects concerning optical vortices and optical angular

momenta are included.

1.2 Fundamental Theories of Optical Vortices and Angular Momentum

A light beam, characterised by its spiral front, or more broadly, an optical field with a circulating
current density, is known as an optical vortex. This phenomenon is linked to optical angular
momentum (AM). For over three decades, optical vortices have been a crucial element of modern

optics, leading to significant advancements and a wide range of applications [15].

1.2.1 Understanding Optical Angular Momentum and Its Associated Fields
1.2.1.1 Fundamentals of Optical Spin and Orbital Angular Momentum

After the foundational work by Poynting [16] and the initial experimental evidence provided by
Beth [17], angular momentum has been recognized as a fundamental characteristic of light.
Specifically, spin angular momentum (SAM) is generated by the circularly polarised state of a light
beam. In 1992, Allen et al. initiated a new phase in optical AM research by reporting orbital
angular momentum (OAM) in vortex beams [18], which was later experimentally confirmed by
another research group [19]. From then on, the field of optical AM has evolved into a major area

of scientific inquiry [20].

SAM is closely associated with the circular polarisation of light, where the positive (o = +1#) and

negative helicities (o = —1#A) correspond to right- and left-circularly polarised light, respectively.
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Figure 1.1 [21] illustrates schematics of right- and left-circularly polarised light beams along with

their respective SAM values.

Figure 1.1 shows a schematic of two circularly polarised light beams along with their associated
SAM [21]. The state of circular polarisation, either right or left, is determined by the
direction of the polarisation field's rotation and the convention applied, specifically
from the perspective of the source or the receiver. This figure adopts the viewpoint
of the source. The symbol |R) represents the right-circularly polarised light beam,

and the symbol |L) represents the left-circularly polarised light beam.

As for the OAM, it is generated by the circulation of momentum and phase, and it is independent
of the light's polarisation. OAM can be classified into two types: longitudinal OAM and transverse
OAM. This section assumes that the optical field is a monochromatic beam under paraxial
approximation, referring specifically to longitudinal OAM. Transverse OAM, which pertains to

IM

optical pulses, will be discussed in section 1.1.4. In geometric optics, “paraxial” implies that the
light is well-collimated, with all light rays making only slight angles with the beam axis. In wave
optics, the angular spectrum of paraxial beams predominantly comprises plane waves that

propagate along the beam axis.

Longitudinal OAM has been extensively studied and applied since it was closely linked to optical
vortices, in particular, Laguerre Gaussian beams. The longitudinal OAM carried by monochromatic
beams under paraxial approximation is intrinsic and oriented along the beam’s axis. “Intrinsic”
indicates that the OAM is independent of the coordinate origin [22]. Unlike SAM, the value of
intrinsic OAM can be any integer, including zero. Figure 1.2 [23] displays a diagram of vortex

beams with various values of longitudinal OAM, denoted by the variable m.
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Figure 1.2 shows diagrams of monochromatic vortex beams under paraxial approximation with
different longitudinal OAM. There are three columns. The first column to the third
column displays diagrams of beams carrying different OAM, corresponding phase
distributions, and intensity distributions in the transverse plane. The symbol m

represents the value of the OAM [23].

Consequently, in optics, SAM and OAM are distinct quantities [24, 25]. In the following sections,

the separation of SAM and OAM will be demonstrated.

We know the classical definition of angular momentum is [26]

]=fx><pdv. (1.1)

x represents the radial position and p represents the respective linear momentum density of the

electromagnetic field. Then, Eq. (1.1) can be written as [27]
jzsofxx(ExB)dv. (1.2)

Introducing the vector potential A, we have
EXB=ExXx(VxA) =VA-E—- (E-V)A (1.3)

Substitute Eq. (1.3) into Eq. (1.2), we have,
J= sojx X (VA E)dv — 30_[" X [(E - V)A]dv. (1.4)

VA can be rewritten using index notation, and we are working under the Cartesian metric [28]

24,
L
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The terms VA - E and (E - V)A can also be rewritten in the following forms:

94
VA-E = z%Ejei. (1.6)
i L
04,
(E-V)A =2Ejaei. (1.7
i J

Substitute Eqg. (1.6) and (1.7) into Eq. (1.4) and use the Levi-Civita symbol €; ;  to rewrite the

cross- product terms: x X (VA - E) and x X [(E - V)A] . Then we have

04,
X X (VAE) =Zei_j_kxj(VA-E)kei :ZEi'j'kxj ax E e; =
LTk LTk bk
DB ez a Z E,(x X V)4, . (1.8)
p iLjk
94,
X [(E-D)A] = ) ey ((E-DA) e = Y ey | Y SE, e =
i)k iLjk p P
94,
Z € kX 5—Eye;. (1.9
LI e, P E

iL.jkp

Rewrite Eq. (1.9) using the total differential

0Ay 0(x;ALE,) 0x;
z fi,j.kxj—axp Epei = Z i — € Z Ei,j,kAkEp@ei—

LD i.jkp 0%y Ljkp
aEp
Z Ei,j,k .X'jAk —ax e;. (110)
Ljkp P

By analysing the three terms on the right side of Eq. (1.10) respectively, we get

I(xAE
E €y L) (x’ k E o § € Arer| = § o [E,(x x A)] = V- [E(x x A)] (1.11)
P

i,j,k.p i,jk
6x]
Z El} kAk a = Z Ei,j,k Sj’pAkEpei = Z Ei,j,k AkE]-ei =ExA (112)
i,jk.p i,j,k i,jk
JE,
Z el]kx]Aka e; Z €;jx% Acei(V-E) =0 (1.13)
i,j,k.,p i,k

If these equations were studied in locations of space very far from the charge distribution p, then
we could set the charge terms to be zero in Maxwell’s equations. Therefore, V- E = 0, and Eq.

(1.13) equals 0. Substitute Eq. (1.8) and Egs. (1.11-1.13) into Eq. (1.4), and we have
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]=sofxx(ExB)dv=gof ZEp(xxV)Ap—V-[E(xxA)]+E><A dv  (114)
P

The second term of Eq. (1.14) can be rewritten as [ V- [E(x X A)]dv = {R.[E(x x A)] - ds
according to the Gauss’ theorem. Then with the assumption that the optical field exists in a finite
space but integrating in an infinite space we have @E[E(x x A)] - ds = 0. Consequently, Eq.

(1.14) can be rewritten as

]=eof D E(xxV) 4, +ExA|dv=1+S (1.15)
14

The first term of Eq. (1.15) is the orbital component (L) associated with the OAM, and the second

term is the spin component (S) associated with the SAM [29].
1.2.1.2 Circularly Polarised Light Beams and Spin Angular Momentum (SAM)

Monochromatic light under paraxial approximation is a time-harmonic electromagnetic wave:

0A E
E=——=—-iwA, A=— (1.16)
ot iw

Substitute Eq. (1.16) into E X A and the time average of the spin angular momentum is

& . E
Savg S Z_[ Re (E T) dv (117)
For simplicity, we assume the light is circularly polarised and propagates along the z direction:
E=(e,tie))E, (1.18)
Substitute Eq. (1.18) into Eq. (1.17), we have
_ & 2
Savg = iezz Ey* dv (1.19)

The energy of the electromagnetic field is

w—1 sE2+iBZd— E,%d (1.20)
=3 oLo 1 0 V= | &Ly av .

Substitute Eq. (1.20) into Eq. (1.19), we have

SRS

Sasg = T, (1.21)

Use the reduced Planck's constant to express w:
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w = hw (1.22)
Finally, Sy, is

S,,, = te,h (1.23)

avg
Therefore, the quantum number of SAM for circularly polarised beams is+1 or —1.

1.2.1.3 Laguerre-Gaussian Beams and Longitudinal Orbital Angular Momentum (OAM)

Light is an electromagnetic wave described by Maxwell’s equations. Based on the assumption that
light propagates in a linear, isotropic, homogeneous, and source-free space, a simplified version

of Maxwell's equations, known as the Helmholtz equations, can be obtained:
2,2y (H) _
W +k)(£)—0 (1.24)

Here, € and H are the spatially dependent parts of the electric and magnetic fields, i.e., E =
Re[€exp (—iwt)] and H = Re[H exp (—iwt)]. k is the overall wavenumber, given by k = w/c.
To avoid inconsistencies between V- E = 0 and the paraxial approximation to the electric field
Helmholtz equation, as detailed by Lax et al. [30], we use the Helmholtz equation for the vector
potential A shown in Eq. (1.25) to study the paraxial approximation to the Helmholtz equation

[31].
VZA+ k%A =0, A = Re[Aexp (—iwt)] (1.25)

We assume the optical field is uniformly polarised, meaning it has a constant polarisation vector
of unit modulus. Consequently, the vectorial form of the Helmholtz equation can be transformed

into the scalar wave equation, which is
VZU+k2U =0 (1.26)

Based on the assumption of paraxial approximation and z is chosen as the direction of light
propagation, we can consider the U(r) as shown in Eq. (1.27) as the ansatz for a solution to the

scalar Helmholtz equation Eq. (1.26) [32]
U(r) = u(r) exp(ikz) (1.27)

Substitute Eq. (1.27) into Eq. (1.26), we have
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V2u(r) exp(ikz) + k?u(r) exp(ikz) = 0, =
0zU(r) + 05U(r) + 0Z[u(r) exp(ikz)] + k*u(r) exp(ikz) = 0, =
FU(r) + 05U + 0,{0,[u(r) exp(ikz)]} + k*u(r) exp(ikz) = 0, =
07U(r) + 05U () + ikexp(ikz)d,u(r) + exp(ikz) 07u(r) — k? exp(ikz) u(r) + -
ikexp(ikz)d,u(r) + k*u(r) exp(ikz) = 0, =
0FU(r) + 05U(r) + exp(ikz) 0Zu(r) + 2ikexp(ikz)d,u(r) = 0. (1.28)

After that, a partial differential equation for the amplitude distribution u can be obtained:
Ofu + 0ju + 0Zu + 2ikd,u = 0. (1.29)

Because the paraxial approximation which indicates the profile of the light beam changes very
slowly along the propagation direction (z-direction), the term d2u can be neglected in Eq. (1.29).

Then, Eq. (1.29) can be rewritten as:
0fu + 0ju + 2ikd,u = 0. (1.30)

Eqg. (1.30) is known as the paraxial wave equation. By rewriting it in in cylindrical coordinates
(p, @, z), as shown in Eq. (1.31), we obtain one of its solutions, termed the Laguerre-Gaussian (LG)

mode/beam.
1 2, Lo : Y
(;ap tOp+ 505+ 21k62> ub = 0. (1.31)

Here p represents the radial coordinate and ¢ represents the azimuthal coordinate. Eq. (1.32) uf;

is the normalized form of the LG beam [32]:

1] 2 ikp®z
Cis (V2 o 202\ £ 5 .
S __to (P 2l 2P 2(z2+22) it ,[-i(2p+I£1+1)x(2)]
ul, = LGL(p, @, z) = < ) e WX (2L <—>e RYZ7) g9 el=li2p x2)1(1.32)
: pipe Jw(z) \w(2) P \w?(2)

Here, £, p and w(2) represent azimuthal index, radial index, and beam width, respectively; The

2

normalisation constant is denoted as C}g = /2I¢+1p1 /n(p + |1])!; The Rayleigh range, zg = m;o,
serves as a measure for the focal region; The term (2p + |€| + 1) ¥ (2) corresponds to the Gouy
phase which characterises a phase shift of it that occurs across the focal region of any spherical

converging wave, and this behaviour is evident from the function's form: tany(z) = z/zx.

Importantly, the phase factor e®? is responsible for well-defined OAM. It involves the dynamic
rotation of light rays around the central axis of the beam, where £ is named the topological (TC)
number, taking values of 0 or any integer [18]. Eq. (1.33) is the expression of the longitudinal OAM

flux density p, (7, ) in polar coordinates:
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0
pz(r, @) = " (x X iV)¥ = ¥*(r, w)%‘l’(r, ®) (1.33)

Here, x represents the position operator; iV, represents the linear momentum operator; x X iV,
defines the OAM operator; ¥ represents the field of vortex beams under paraxial approximation.

Then, the quantum number (or topological charge) of the longitudinal OAM (T'Cp4p) is:

IJ p.(r, @)rdrde
TC = 1.34
OAM ™ [[ wwrdrde (1.34)

Substitute Eq. (1.32) into Eq. (1.34), LG beams’ TCy 45, equals £ . Additionally, these LG beams

form an orthogonal set in the mode index p and £ when integrated over the full p — ¢ plane:

2 00
[0 [ pouttyo.0. 000,020 = Simpe (1.35)
0 0

The following Figure 1.3 [32] is the intensity profiles of LG beams. Panel (a) has mode indices £ =
1,p = 0; panel (b) has mode indices £ = 5,p = 0; panel (c) has mode indices ¥ = 2 ,p = 1;
panel (d) has mode indices £ = 2 ,p = 2.

Figure 1.3 The intensity distribution of LG beams with different modes in transverse plane (x —
y plane); Panel (a) has mode indices £ = 1,p = 0; panel (b) has mode indices £ =
5,p = 0; panel (c) has mode indices £ = 2,p = 1; panel (d) has mode indices £ =
2,p=2[32].
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1.2.2 Vector Beams and Vector Vortex Beams

Polarisation is vector nature of light. There are two types of polarization states. The first type is
independent of the spatial position of the transverse plane of the beam which is also named
homogeneous polarisation states. Examples include linear, elliptical, and circular polarisation. The
second type consists of light beams with spatially variant states of polarisation, such as cylindrical
vector (CV) beams, which are cylindrically symmetric in polarisation. This category includes
radially polarised beams, azimuthally polarised beams, and CV beams with hybrid polarisation
states [33]. Additionally, “lemon” and “star” polarised beams also belong to vector beams. And
due to topological structures caused by the beams’ dislocation, the beams are named “lemon” or

“star” [34].

Vector beams (VB) and in particular vector vortex beams (VVB) are natural solutions to the full
vector wave equation [35]. More commonly, they are represented as the superposition of

orthogonal scalar fields with orthogonal polarisation states [36], as shown in Eq. (1.36)

VB) = pix |R§R>+¢fL |L§L>, (1.36)
IRER) = = eitro (e, — ié))
V2 o

1 .
|Lf) = ﬁe”’”’(éx +ié,),

iR = sin (B/2),

L = cos (B/2) e*i®,

We use the notation |VB) to represent a vector beam. The symbols |R*’R) and |L{’L)represent a
pair of orthogonal eigenstates. Specifically, these eigenstates are right-circularly and left-circularly
polarised LG beams with OAM quantified as £z h, £ f, respectively. The symbols ¢£R, fL
represent the coefficients of these two eigenstates, which are defined by relative intensity
(variables g € [0, 7] ) and relative phase ( ¢ € [0,27] ). In following, several types of VBs which

are the research objects in Chapter 4 will be introduced.

In this thesis, to avoid ambiguity, light beams with spatially variant states of polarisation or
inhomogeneous polarisation, but without phase vortices, are usually called vector beams. Beams
with both inhomogeneous polarisation and phase vortices are called vector vortex beams. Vector

beams carry no OAM, whereas VVBs carry OAM due to their spiral phase fronts [5]

® Radially polarised beam
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In Eq. (1.36), if £ = 1,¢;, = —1,and ¢ = 0, the radially polarised beam is defined. Figure
1.4 shows a diagram for the intensity and polarisation distribution of the radially polarised
beams. The colormap from blue to white to red represents increasing intensity. The intensity
has been normalised by the maximum. Since the OAM modes carried by the eigenstates are
not zero, the intensity distributions have doughnut shapes, with vanishing intensity at the
centre; The size of the lines represents polarisation states of that area. To make the diagram
clearer, the size of the line is set to be proportional to the intensity of that area;
consequently, the polarization state at the centre of the images is a small point. This also
applies to the diagrams of field distribution demonstrated in the following sections. Because
the direction of polarisation is along the radial direction, this light is named radially polarised

beam.

%10 (m)

%10 an)

Figure 1.4 shows a diagram of intensity and polarisation distribution of the radially polarised

light beam in its cross section. The colormap from blue to white to red indicates

increasing intensity. The intensity has been normalised by the maximum.

® Azimuthally polarised beam

In Eq. (1.36),if £ = 1,¢;, = —1,and ¢ = m, the azimuthally polarised beam is defined. Figure 1.5

shows a diagram of the intensity and polarisation distribution of the azimuthally polarised beams.

Because the direction of polarisation is along the azimuthal direction, this light is termed

azimuthally polarised beam.

-1.5 0 15
%1075 (m)

Figure 1.5 shows a diagram of intensity and polarisation distribution of the azimuthally

polarised light in the beam’s cross section. The colormap from blue to white to red

indicates increasing intensity. The intensity has been normalised by the maximum.

® Vector beams with hybrid states of polarisation and two types of VVBs
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In Eq. (1.36), if the moduli of 5 and #; are larger than 1, and ¢ = 0, the vector beams with
hybrid states of polarisation beam are defined. Figure 1.6 shows diagrams of the intensity and
polarisation distribution of three types of these beams. And if £z = —1,¢; = —2,and ¢ = 0; the
“lemon” polarised vortex beam is defined; if £ = 1,€; = 2,and ¢ = 0, the “star” polarised

vortex beam is defined. Figure 1.7 shows diagrams of the intensity and polarisation distribution of

1
: ¥ ﬂu.&
06 108
0 {
04 ‘ 104
=16 Hu.z
0

0
150 1.5 15 0 158 156 0 15

a. x10° (m) b. %107 (m) C. %107 (m)

the two types of VVBs.

%10 (m) <107 (m)

Figure 1.6  shows diagrams of intensity and polarisation distribution of the three types of vector
beams with hybrid states of polarisation in beams’ cross section. The corresponding
light’s eigenstates of panel (a), (b) and (c), are: (g = 2,4, =—=2,¢p =0); (€ =
3,4, =-3,¢0 =0); ({r =4,2, = —4,¢ = 0), respectively. The colormap from blue
to white to red indicates increasing intensity. The intensity has been normalised by

the maximum.

%10° (m) <107 (m)

45 0 15 45 0 15
<10% (m) b %107 (m)

Figure 1.7 shows diagrams of the intensity and polarisation distribution of the “lemon” and
“star” polarised VVB in their cross section. The colormap from blue to white to red
indicates increasing of the intensity. The corresponding light’s eigenstates of panel

(a)and (b) are: (g =—1,¢;, =—=2,¢ =0); ({r = 1,2, = 2,¢ = 0), respectively.

1.23 Optical Pulses and Spatiotemporal Angular Momentum
1.23.1 Optical Pulses

Optical pulses (also termed wave packets or pulsed beams) are flashes of light [37]. Lasers are
frequently used to generate very short optical pulses. These pulses are transmitted in the form of
pulsed beams that have highly directed energy. Optical pulses can be ultrashort due to the
tremendously high optical frequencies. Generally, the spatial and temporal factors of the optical

pulse, or their equivalents in the Fourier domain, are separated [38]:
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E(x,y,2,t) = Exy,(x,y,2)E,(1) (% exp(ikyz) exp(iwgt) (1.37)
After the Fourier transform to t, the electric field E will be
E(x,y,2,®) = Eyy,(x,y,2)Et(w) o< exp(ikyz) 8(w — wy) (1.38)
After the Fourier transform to x, y, z , we have,
E"(kx, ky, ks, t) = Exyz(kx, ky, kZ)Et(t) « 6(kx)6(ky)6(kz — ko) exp(iwgt) (1.39)
After the Fourier transform to both time and space, we have,
C(ky, ky, by @) = Eryy(kys ky k) Ep (@) o« 8(ky)(ky)S(k, — ko) 8(w — wy) (1.40)

ky, ky, k, are the x—, y—, z — components of the wave vector k; w is the frequency; w,

represents the central frequency, and ky = w,/c is the corresponding overall wavenumber.

It should be noted that, sometimes, the spatial and temporal factors of the optical pulse might
not be separated [39]. In the study of optical pulses, the spectral representation on the surface of
the light cone is a useful tool that provides physical intuition to help research the pulses’ structure

and behaviour. We start with the dispersion relationship (Eq. (1.41)) firstly [40],

2

K2+ k2 + k2 = (%) (1.41)

Eq. (1.41) mathematically corresponds to a 4D hyper cone. To visualise it in 3D space, the
assumption that the optical field is cylindrically symmetric is applied. Indeed, most of the time,
researchers are interested in cylindrically symmetric optical fields, so this assumption is

reasonable. Under this assumption, Eq. (1.41) can be rewritten as

ki + k7 = (%)2 (1.42)

where k, = ’k,% + k32,, and k, = 0. After that, the dispersion relationship Eq. (1.42) can be

visualised in 3D space defined by {kr, k,, %}
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kz

k-
Figure 1.8 shows a diagram of the spatiotemporal spectral representation on the surface of

light-cone in a 3D space defined by {kr, k,, %}

Usually, a pulsed beam (optical pulse/ wave packets) is given in terms of a slowly varying envelope
Y(x,y,zt) and a carrier term exp(ikoz — iwyt). The envelope Y (x, y, z; t) can be expressed by

the angular spectrum:

Y&y, z;t) = f f j dkdkyd(w — wo) P (kx, ky, (w — wo)) ellrhxtyly+alies—ko)=(@-wo)t} (1 43)

where l[)(kx, ky, (w— a)o)) is the Fourier spectrum of ¥ (x, y, 0; t). Based on the assumption that
the optical field is cylindrically symmetric, we can rewrite the above equations in polar
coordinates. Consequently, the following relations hold in both Fourier space and physical space,

as shown in Eq. (1.44) and Eq. (1.45).

k
ky = |k%+kj; ¢ = arctan <k_y>' ky = k.sing; ky, = k.cos¢ (1.44)
X
e [xZ g2 g = IN. o = rcing: v —
r =4/x?+ y?%; ¢ = arctan (;) ; X =71Sing; y =rcos@ (1.45)

Then, rewriting Eq. (1.43) in polar coordinates, we have

Y(x,y,z;t) = ff kydk,dpd(w — wo) P(ky, d, (0 — wp))e!Tkrcos(@=@)+zlks—ko)~(w=-wo)t],
Aw Aw]

¢ €[-m, 7]k, €[0,00),w—w, € [—7,+ > (1.46)

where Aw represents the frequency spectral width of the pulse. Bessel beams are the simplest
monochromatic solutions to wave equations [41] and their azimuthal, radial, and axial parts are
all separated. Then, 1/3(kr, ¢, (w — wo)) can be given in the form of separated radial and

azimuthal parts:

~ 1 O e
Pk (@ = 00)) =5 > ek, (0 — @0)) (1.47)
{=—00

The corresponding envelope of the wave packet in real space is
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+00

Y(r, @,z t) = Z eite f f kydk,d(w — wo) o (k) Ps(kr, (0 — wp))elZkamko)=(@=w0)t] | (1.48)
f=—00

where J,(§) is the Bessel function of the first kind. This is the approach to studying the optical

pulse. One thing worth noting is that there is an azimuthal phase factor e¥? in Bessel beams. This

phase factor is the same as that in LG modes, which indicates that the Bessel beam can carry OAM

as well [32]. However, unlike LG beams, which are solutions to the paraxial wave equation, Bessel

beams are exact solutions to the full Helmholtz equation.

1.2.3.2 Transverse Angular Momentum and Spatiotemporal Optical Vortices

The monochromatic vortex beam under paraxial approximation (i.e., LG beam) is usually used to
refer to optical OAM [42]. More precisely, this OAM is longitudinal OAM, which is collinear with
the momentum of the vortex beam, and its projection on the beam axis is quantised. The study
and application of the vortex beam have been actively pursued [43, 44]. Consequently, one
naturally inquires: Is there any optical field that can carry intrinsic OAM oriented transversely to
its propagation direction? The answer is: Yes. Spatiotemporal optical vortices (STOV), which are
optical vortices with phase and energy circulation in a spatiotemporal plane [45], can carry

transverse OAM (also named spatiotemporal OAM (ST-OAM)) [41,46,47].

In 2012, Konstantin Yu. Bliokh et al. provided an exhaustive introduction to transverse OAM [41],
which expanded the concept of intrinsic OAM and optical vortices to polychromatic states in
space-time. This work was done based on the assumption that polarisation states can be
neglected. The visualisation of the spatiotemporal characteristics of the transversely moving
Bessel pulsed beam is displayed in Figure 1.9. Panel (a) shows its spectrum depicted on the
surface of the light cone in the (w, ky, k, ) space, demonstrating the creation of a vortex loop
when projected onto the(w, k,) plane. Panel (b) illustrates the transversely moving Bessel pulsed
beam’s real-space intensity and phase distribution evolution in the (t, y) plane, with varying

propagation position [41].
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Figure 1.9 (a) shows a spatiotemporal spectrum for a transversely moving Bessel pulsed beam,
represented on the surface of the light cone within the (w, ky, k, ) space, revealing
the formation of a vortex loop when projected onto the (w, k, ) plane. The colormap
at the bottom right corner of the spectrum depicts the phase dislocation. (b) shows a
schematic of the spatiotemporal characteristics of the transversely moving Bessel
pulsed beam. Real-space evolution is presented through distributions in the (t,y)

plane at different positions, and the corresponding phase distributions are shown

below [41].

Recently, there have been significant advances in experimental research [48, 49, 50] focusing on
STOVs that carry transverse OAM. The emergence of these pulses is expected to bring forth
innovative geometries and functionalities to vortex states, expanding their applications into the
field of spatiotemporal dynamics and ultrafast processes. Figure 1.10 shows the 3D profile of a

spatiotemporal optical vortex carrying transverse OAM [51].

Following the method for studying optical pulses shown in section 1.2.3.1, the expression of the

STOV carrying transverse OAM in polar coordinates of x-z domain can be obtained:

1 © - o . .
lP(,r.’ ¢; t) — Jff dkrd(pdA(x) kr% Z l/)(kr; Aw) eL{’goeLkﬁcos(d)—(p)e—Lkorcoscpe—lAcut
f=—00
= z elt®g—ikorcosp f dk,dAw k, P(k,; Aw)],(k,r)e Aot (1.49)

f:—OO
Eqg. (1.49) will be elaborated and explained in detail in Chapter 5. Please refer to section 5.2. The
formula for the quantum number (or topological charge (TC)) of the transverse OAM (tOAM) is
shown in Eq. (1.50) [51].

[r X Im[¥Y*V¥]dV

TC of tOAM = = ¢ 1.50
of IER TG (1.50)
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Figure 1.10 depicts the 3D profile of a STOV carrying transverse OAM. The colour bar shows the
phase [51].

1.24 Optical Sensing

Light has rich physical properties that can be measured, for example: obtaining light power with a
power meter [52]; measuring polarisation states with polarimeters [53]; generating 2D maps of
intensity distribution of light with imagers [54]; and determining the spectral composition of light
with a spectrometer [55]. In an optical sensing process, the device or hardware captures and
transduces physical properties of light into usable information. Most of the time, the definition of

optical sensing is driven by application perspectives, and there are no uniform descriptions of it.

Optical sensing plays a crucial role in various areas like consumer electronics, industrial sensing,
and automotive applications. These scenarios include 3D biometric security [56], industrial
measurement [57] and detection applications [58], as well as autonomous driving and light
detection and ranging (LiDAR) sensor [59], among others. A variety of sensing technologies can be
used in sensing processes, such as structured light [60, 61], time-of-flight [62, 63, 64,65], and self-

mixing interference [66, 67, 68].

The LiDAR sensor is used to determine distances by directing a laser at an object or surface and
measuring the time it takes for the reflected light to return to the receiver. It can be categorized
into the two schemes: pulsed time of flight (TOF) [69, 70] and amplitude-modulated continuous
wave (AMCW) TOF [71, 72]. Additionally, another sensing scheme named frequency-modulated
continuous wave (FMCW) is also commonly used in LiDAR. By analysing the beat sighal between
the emitted and reflected frequency-modulated optical signals, both the distance and the velocity

of a moving object can be measured [73, 74].
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Chapter 2 Geometric Representation of Vector Vortex
Beams: The Total Angular Momentum-
Conserving Poincaré Sphere and Its Braid

Clusters

This chapter presents the total angular momentum-conserving Poincaré sphere (TAM-C PS), which
offers a novel framework for efficiently characterising a wide range of vector vortex beams (VVB).
Unlike other types of Poincaré spheres, the TAM-C PS achieves a better balance between
generality and validity while also providing a clearer physical interpretation. By linking the poles of
different spheres, the study also introduces two distinct categories of TAM-C PS braid clusters,
enabling the representation of various Poincaré spheres within a unified framework. The Poincaré
spheres family includes the classical, higher-order, hybrid-order, Poincaré sphere with orbital
angular momentum, and TAM-C PS. This is the first clear and unified approach to expressing
multiple Poincaré spheres within a single framework. The TAM-C PS and its braid clusters can be
employed to guide the generation of targeted VVB, offer a geometric description for optical field

evolutions, and calculate the geometric phase of optical cyclic evolution.

2.1 Introduction

Light is composed of many photons that are absorbed and emitted by atomic systems as
electromagnetic radiation. This property classifies light as an electromagnetic wave [75]. An
electromagnetic wave can be defined and described by a vector field, which contains two degrees
of freedom (DoF): spatial DoF and a polarisation DoF [76]. In recent years, both DoF have
garnered significant attention and have been studied and applied in various fields. For instance,
polarisation DoF have found applications in tight focusing of light beams [77], particle acceleration
[78], vectoral Doppler metrology for detecting universal motion vectors [79], nonlinear optics
[80], and classical entanglement [81]. The spatial DoF of light can be controlled by manipulating
the OAM. This has led to what we now refer to as structured light [82]. Structured light has been
applied in areas such as imaging and microscopy [83], optical trapping [84-85], and quantum
computing [86], to name a few. By controlling these two DoF of light, we can generate a variety of
more complex optical fields. A concise method to characterise and describe these complex optical
fields is highly desired. The Poincaré sphere is a powerful and practical tool, providing a
descriptive framework for these complex optical fields, characterising their physical properties,

and finding broad applications in engineering.
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The Poincaré sphere as a representation within the optical context of Bloch spheres shown in
Figure 2.1 [87]. Different polarisation states of optical fields can be identified and represented
using this framework. The right and left circular polarisation states define its north and south
poles, creating a pair of orthogonal eigenstates [88]. Any additional pure-state field can be
superposed by employing complex linear combinations of these two fundamental basis vectors.
This implies that four real numbers are needed to describe such a pure-state field [88]. However,
only the relative phase between the two orthogonal bases has physical significance. Therefore,
three real numbers are sufficient to characterise these pure-state fields, leading to the
construction of a three-dimensional Poincaré sphere. The relative phases of orthogonal bases are
represented by two angles, § and ¢, which are mapped to the polar and the azimuthal angle of
the Poincaré sphere, respectively. Consequently, different polarisation states of light beams can
be mapped onto the Poincaré sphere, providing a geometric model that offers an intuitive and
insightful representation framework for complex optical fields’ polarisations, leading to several
applications [89]. By defining the Stokes parameters S,, S, S2, S3, we can geometrically project
arbitrary pure states, as represented in Figure 2.1, onto the Poincaré sphere. The parameter S,
represents the normalised optical field intensity, and it is reflected in the Poincaré sphere as the
sphere's radius. The three parameters S¢, S and S§ are the unit sphere coordinates defining
three mutually orthogonal axes for the Poincaré spheres. Subsequently, any pure-state field can
be mapped onto a sphere. The Stokes parameters I, Q, U, and V offer an alternative
representation of the polarisation state, which proves experimentally convenient as each

parameter corresponds to a sum or difference of measurable intensities.

S=I=E:+E
51=Q=E—F?
S;=U=2EE, cosd
S3 =V =2E.E,sind

yx

radius = 1> > Q>+ U? + V2

Figure 2.1 shows a schematic of the Poincaré spheres [87].

The classical Poincaré sphere (Classical-PS) was introduced in 1892 as a representation within the
optical context of Bloch spheres. Various polarisation states of light fields can be clearly
characterised on it [88]. Its north and south poles are defined as left and right circular

polarisations, which form an orthogonal basis. Any other pure-state field can be constructed
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through complex linear combinations of these two basis vectors. However, the Classical-PS cannot

describe higher-order solutions of Maxwell's vector wave equation.

In 2011, Giovanni et al. developed a new type of Poincaré sphere called the higher-order Poincaré
sphere (HOPS) by extending the complex Jones vector basis of plane-wave polarisation [90];
Unlike the eigenmodes corresponding to the two poles of the Classical-PS, HOPS introduces
orbital states of equal magnitude but opposite handedness in its expressions. It should be noted
that different OAM states are orthogonal to each other, making OAM states a complete
orthogonal basis, allowing any light field to be decomposed on this basis. Therefore, the
introduction of OAM still ensures the orthogonality of the eigenmodes. In this way, the
introduction of spatial DoF is achieved, and a special type of light beam, the cylindrical vector

beam, can be characterised within the framework of the Poincaré sphere.

In 2015, Yi et al. introduced the hybrid-order Poincaré sphere (HyOPS), which shares a similar
definition with HOPS [91]; Unlike HOPS, HyOPS allows arbitrary selection of the state value and
sign of OAM. The green dashed lines in Figure 2.2 illustrate this modified definition. This makes

HyOPS a more generalised Poincaré sphere, capable of expressing VVB.

A brief overview of the development process of Poincaré spheres is provided in Figure 2.2 (a—c),
depicting Classical-PS, HOPS, and HyOPS, respectively. The dashed lines connecting the spheres
represent the evolutionary progression of the definition of each generation of Poincaré spheres
relative to the Classical-PS. It should be noted that HOPS has two types, as shown in subgraphs 2.2
(b1) and (b2). Subgraph 2.2 (b1) illustrates the case where the handedness of OAM and SAM is
identical, whereas subgraph 2.2 (b2) depicts the scenario where their handedness is opposite.
Consequently, the polarisations of the optical fields represented by the spheres in subgraphs 2.2
(b1) and (b2) are different. Subgraph (c2) represents an ill-defined HyOPS, which will be discussed

in the next subsection.
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Figure 2.2 This diagram serves as a schematic representation of the evolutionary development
process of Poincaré spheres. It illustrates the progression of Poincaré spheres from
left to right, beginning with the classical Poincaré sphere (Classical-PS); the higher-
order Poincaré sphere (HOPS) for the first and second types; and the hybrid-order
Poincaré sphere (HyOPS). The dotted line represents the changes in the eigenstate
definition of the new-generation Poincaré spheres compared to Classical-PS, as
elaborated upon in the introduction. In the legend, “R” and “G” represent red and
green, respectively; “N” and “S” mean the north and south poles of the spheres. (a)
Classical-PS. (b1) HOPS for the first type, where the SAM and OAM have the same
handedness. (b2) HOPS for the second type, where the SAM and OAM have opposite
handedness. (c1) HyOPS. (c2) The ill-defined HyOPS.

By extending the complex Jones vector basis of plane-wave polarisation, the introduction of
spatial DoF to Poincaré spheres is achieved. However, HOPS do not incorporate an important type

of light beam: VVB, into the Poincaré sphere framework.

Compared to HOPS, the HyOPS allows arbitrary selection of the state value and sign of OAM.
Consequently, VVB can be expressed in the Poincaré sphere framework, making HyOPS a more
generalised Poincaré sphere. However, it should be noted that some HyOPS are ill-defined. This
issue arises from the geometric mismatch of the eigenmode, leading to a contradiction: the
optical fields represented based on the definition of eigenstates by HyOPS sometimes do not
satisfy the definition of Stokes parameters, as shown in subgraph 2.2 (c2). It can be observed that
the radii of the eigenmodes corresponding to the two poles of the sphere are significantly
different. Because the beam radius (defined at the point of maximum intensity, relative to the
beam centre) is directly proportional to the magnitude of the TC, |#|. (Corresponding to the
modulus of the OAM eigenvalue), i.e., T4, % |£]. Therefore, the geometric size of beams carrying
different OAM values will differ, especially when there is a substantial difference between the TC

values carried by the two eigenmodes. This significant size mismatch in the eigenstates results in
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the outcome shown in subfigure 2.2 (c2), which is inconsistent with the definition of Stokes

parameters.

Consequently, it is evident that the existing frameworks for representing VVB based on Poincaré
spheres are not sufficiently comprehensive. Furthermore, the multitude of Poincaré sphere
representation frameworks lacks an integrated system, making it challenging for researchers to
immediately grasp due to the diverse and intricate definitions and their respective scopes. HOPS
and HyOPS, also known as higher-order Poincaré spheres, introduce spatial DoF. The eigenmodes
of these higher-order Poincaré spheres, defined simply by incorporating OAM based on demand,

lack consideration from a more fundamental physical perspective.

2.2 Method

In this work, vortex beams are monochromatic paraxial approximated. This refers to a class of
well-collimated beams in which [92]. Within this context, the quantum number for total angular
momentum (TAM: t) can be expressed as the sum of the quantum numbers for spin angular
momentum (SAM: o) and orbital angular momentum (OAM: £) [93]. However, it's important to
clarify that the value of the TAM cannot always be straightforwardly defined as the sum of the
value of SAM and OAM. This is particularly true in cases involving tight focusing, where these two
types of angular momentum may not be distinctly separable within an optical field [94, 95].
Nevertheless, for monochromatic beams under paraxial approximation, these two inherently
different forms of angular momenta can be well-distinguished: SAM is defined by the dynamic
rotation of electric and magnetic fields around the direction of propagation and is described by a
characteristic phase factor el®? where o is the spin quantum number, taking values of +1 or -1;
OAM is defined by the dynamic rotation of light rays around the central axis of the beam and is
described by a characteristic phase factor ei*?, where £ is the topological charge (TC) number,
taking values of 0 or any integer. It is worth noting that SAM and OAM are related to the circular
polarisation of the electric field and the helical wave front of the beam [96], respectively, in the
case of paraxial beams. Furthermore, both azimuthal angles ¢ and ¢ are defined in the transverse
plane (e.g., x-y plane) orthogonal to the direction of light propagation (e.g., z-direction), with
their values ranging from [0, 27]. Thus, the definitions of these two azimuthal angles are
equivalent, allowing the phase factor of the vortex beams to be expressed as el(d+O)®,
Consequently, the value of TAM is given by (o + £)A per photon. This conclusion can also be
verified using group theory, where infinitesimal operators provide the starting point for defining
the corresponding groups. SAM characterises the intrinsic polarisation DoF, while OAM
characterises the orbital DoF [97]. Since these two quantities are generated in different spaces,

their commutation relation can be expressed as [98]
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[S,L] = 0. (2.1)

When operators S and L act together on one system, the corresponding action of the infinitesimal

rotation can be expressed as

[1-1(50)as] @ [1- 1 (557) ao]
,_6®1+1®1L) ~dg
h

(2.2)

Then the TAM can be defined as

J=S®1+1QL. (2.3)

The 1 0of S ® 1in Eq. (2.3) represents a unit position operator in orbital space, and thatof 1 @ L

represents a unit operator in spin space. Eq. (2.3) can be expressed in a more concise form as
J=S+L. (2.4)

Consequently, the value of the vortex beam’s TAM is t = (o + £)h. An arbitrary pure state can be
built through the complex linear combination of two eigenstates, represented as the North and
South poles on the Poincaré sphere. Accordingly, the mathematical expression for a vortex beam

under paraxial approximation corresponding to a point on the TAM-C PS is formulated as follows:
Y Y s | ot
e = vt [N} + 0S| (25)

1 .
|NIfN> = e (e - iéy)'

V2
ng _ 1 —itso( 5 N
| P’ =5 (éx +iey),
£ .
W = sin (8/2),
l,l)fs = cos (B/2)e*®.
We use the notation |;) to represent a monochromatic beam under paraxial approximation
corresponding to a point with TAM = th on the TAM-C PS. The symbols |N1f"’> and |S£S> represent

a pair of eigenstates located on the North and South poles of the TAM-C PS, respectively.
Specifically, these eigenstates represent right-circularly and left-circularly polarised vortex beams
with OAM quantified as £y h, £sh, respectively. The symbols 1/),{,”, zp,f,s represent the coefficients
of these two eigenstates, which are defined by relative intensity (variables g € [0, ] ) and

relative phase ( ¢ € [0,27] ).

Based on the requirement of TAM conservation: The TAM (denoted as t#) of light beams

corresponding to points on the same spherical surface should be the same. The polarisation state
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at the North pole is designated as right-handed circular polarisation (¢ = +1), while the state at
the South pole is established as left-handed circular polarisation (6 = —1). As a result, the TC of
the OAM at the North poleis £y = t — 1, and at the South pole, itis £, = t + 1. The OAM at the

South pole is greater than that at the North pole by 2.

By defining the Stokes parameters, we can geometrically project arbitrary pure states, as
represented by Eq. (2.5), onto the TAM-C PS. The Stokes parameters for the TAM-C PS are
specified as outlined in Eq. (2.6) - (2.9) [99].:

so = ||+ (sl = "+ fote] = (26)
$1= 2R3(<N§”|¢t>* <S£S|¢t>) = sinf cos ¢, 2.7)

S, = 21m(<N§”|lpt)* <S,f5|z/)t)) = sinfsing, 2.8)

53 = |<N§N|‘/’t>|2 - |<S£S|1/’t>|2 = cos . (2.9)

The parameter S, represents the normalised optical field intensity, and it is reflected in the TAM-
C PS as the sphere's radius. By examining the expressions for Sy, S,and S5 (Eq. (2.7) -(2,9)), we can
see that these three parameters are precisely the expressions for the unit sphere coordinates.
Therefore, using the parameters S;, S,and S3, we define three mutually orthogonal axes for the

TAM-C PS. Subsequently, any pure-state field can be mapped onto the sphere.
23 Results

23.1 Total Angular Momentum-Conserving Poincaré Sphere and Its Properties

In the previous section, we defined the Stokes parameters of TAM-C PS. With the help of S1, S2,
and S3, we can establish a three-dimensional coordinate system illustrated in Figure 2.3, which
also shows a TAM-C PS with TAM = 5h. The intensity and polarisation distributions of pure states
in all figures are the results of numerical calculations performed using MATLAB. The axes coloured
in red, green, and blue correspond to Sy, S;and S5 respectively; the sphere's radius is defined by
So- Additionally, Figure 2.3 displays the intensity and polarisation distribution of four types of
beams. These beams are represented by two pairs of antipodal points on the sphere's equator.
Variations in intensity are illustrated through gradations in colour, while the polarisation
attributes of the fields are conveyed by the form and orientation of lines. Because of the
conservation of TAM, for the sphere depicted in Figure 2.3, eigenmodes corresponding to its

North pole (|N{;N))) have SAM and OAM values of 0 = +1, £ = +4, respectively, while those
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corresponding to its South pole (|S.gs>) have SAM and OAM values of 6 = —1 and £ = +6,

respectively.

Figure 2.3 shows a schematic for the total angular momentum-conserving Poincaré sphere
(TAM-C PS) with TAM= +5#. Beams represented by the poles are circularly polarised
vortex beams and those depicted by points on the equator are cylindrically polarised

vortex beams, a specific category of VVB.

According to Eq. (2.5), VVB represented on the equator (f = /2 ) exhibit cylindrical polarisation
characteristics with SAM=0A and OAM=5hA. Additionally, points not on the two poles and equator
correspond to elliptically polarised vortex beams with TAM=5A. This is a direct consequence of
TAM conservation. Using MATLAB, we computed the wavefront phase, intensity, and polarisation
distribution of a specific equatorial light field represented by the TAM-C PS through the

superposition of eigenstates, as shown in Figure 2.4.

OAM= +4h +6h +5h

TAM=+5h

SAM= +1h

Figure 2.4 illustrates the eigenstates superposition process on the TAM-C with TAM = 5# based
on MATLAB computational results. In this example, § = /2 and ¢ = 7. The phase
distributions of the wavefront of two eigenstates and the resulting beam are placed
at the top of the image; the intensity and polarisation distribution of the two
eigenstates and the resulting beam are placed at the bottom of the image. Circular

lines represent circular polarisation states, with green indicating right-circular
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polarisation (RC) and black indicating left-circular polarisation (LC); the green and

black lines indicate the radially polarised state (R) of the resulting beam.

From Figure 2.4, we can observe that the wavefront phase of the resulting beam repeats 5 times,
indicating that the beam possesses an OAM with a value of 5A. The calculated result matches the
prediction of OAM=5%A based on Eq. (2.5). At the bottom of Figure 2.4, the red doughnut shape

represents the intensity distribution, and the green and black lines indicate the polarisation state

of the resulting beam which matches our expected radial polarisation state.

2.3.2 Total Angular Momentum-Conserving Poincaré Sphere Clusters

This part presents the structure and properties of TAM-C PS braid clusters. Noether's theorem
states that each conservation law corresponds to a fundamental symmetry (invariance) within the
field of physics, with the conservation of angular momentum being associated with rotational
symmetry in a system [100]. This implies that each TAM-C PS we build inherently represents a
rotationally symmetric system. By connecting spheres with different TAM values, we can describe
the non-conservation of TAM or non-rotationally symmetric systems. This inspires the idea of
using two TAM-C PSs to represent Classical-PS, HOPS, and PS-OAM spheres. Figure 2.5 shows how
Classical-PS, HOPS, and PS-OAM can be represented by two TAM-C PSs.

TAM=2

.5, TAM=4

] : PS-0AM

\ ~
\ s
oY Q
. 3
.+

Figure 2.5 A schematic diagram illustrates how Classical-PS, HOPS, and PS-OAM can be

represented by two TAM-C PSs. In particular, (a) The Classical-PS can be built from
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two TAM-C PSs with TAM= +1#% and TAM= —1#; (b) The HOPS (|£| = 1) can be
represented by two TAM-C PSs with TAM= —2h and TAM= +2#; (c) The PS-OAM
(I£] = 2) can be represented by two TAM-C PSs with TAM= +2# and TAM= +4#. In
all cases, the South pole and North pole of the TAM-C PSs correspond to left-
circularly polarisation (¢ = —1) and right-circularly polarisation (¢ = +1),
respectively. The numbers near the two poles indicate the OAM values. It is worth
noting that HyOPS was not included in this cluster, as all spheres in the cluster

belonged to the HyOPS family.

Based on the definitions and properties of the existing Poincaré spheres: Classical-PS has no OAM
DoF, the HOPS requires opposite-signed OAM at its two poles, and the PS-OAM requires identical
OAM at its two poles. We can redefine them by connecting the North pole of one TAM-C PS to the
South pole of another, thereby establishing a new set of poles. This approach allows for the
characterisation of Classical-PS, HOPS, and PS-OAM within the framework of TAM-C PS, as
illustrated in Figure 2.5. It is important to note that HyOPS does not need to be re-built because
all Poincaré spheres discussed in this paper fall under the category of HyOPS. Based on these
conclusions, we built a braid cluster that can contain the Poincaré spheres mentioned in this
study. Figures 2.6 (a) and 2.6 (b) are two types of braid clusters. Because there are two categories
of HOPS due to the different definitions of their values of OAM of their eigenstates (as explained
in the introduction), to comprehensively cover all possible cases, we built these two clusters. The
values of TAM can be divided into three types: TAM= 0#, > 0h and < 0hA. Therefore, we classify
TAM-C PS into three types. The arrangement of these three types of spheres is shown in Figure

2.6.

Table 2.1 A table of angular momentum (AM) carried by the eigenstates of different types of
Poincaré Spheres (PS); “N” and “S”: the eigenstates represented by the North and
South Poles on the sphere; SAM: the spin angular momentum related to circular
polarization states (+1: right; -1: left); OAM: the orbital angular momentum (L, Ly, Ls,
and J: they can be taken as 0 or any integer). TAM, total angular momentum
(TAM=SAM+OAM); Because HyOPS allows for the selection of any value of OAM, the
notations “Ly” and “Ls” represent the arbitrary value of the OAM of the eigenstate;
For TAM-PS, optical fields represented by points on it have the same value of TAM,

”J ”

so we use the symbol “J” to represent the value of TAM of optical fields represented

by a TAM-PS.

52



Chapter 2

Classical
AM PS HOPS PS-OAM HyOPS TAM-PS

PS

+1 +1 +1 +1 +1
SAM

-1 -1 -1 -1 -1

0 +L -L L Ly )1
OAM

0 -L +L L L, J+1

+1 +L+1 -L+1 L+1 L,+1 J
TAM

-1 -L-1 +L-1 L-1 L1 J

Panel (a) and panel (b) of Figure 2.6 illustrate two types of TAM-C PS braid clusters. In panel (a),

the spheres with TAM > 0# are placed at the top of the image; spheres with TAM < 0#h are

positioned at the bottom, and spheres with TAM = 0# are placed slightly to the left in the middle

of the two types of spheres. In contrast, in panel (b), the second type of cluster inverts the relative

positions of spheres with TAM > 04 and TAM < 0h. The green, orange, and dark blue lines in the

figure represent Classical-PS, HOPS, and PS-OAM, respectively.
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(Positive)TAM=

(North
pole)OAM=

TAM=0

= Classical-PS
(South
pole)OAM= = HOPS
(Negative)TAM= -1 -2 -3 -4 PS-0AM
(a)
(Negative)TAM= -1 -2 -3 -4

TAM=0

(Positive) TAM=

Figure 2.6

54

= Classical-PS
“== HOPS
= PS-0AM

(b)
(a) shows the TAM-C PS braid cluster for the first type. The spheres with TAM > 04
are placed in the top row, the sphere with TAM < 0# is placed in the bottom row,
and the TAM = 0A sphere is located between the two rows. The TAM values are
indicated by black numbers. The North pole of the sphere, labelled N, corresponds to
a circularly polarised vortex beam o = +1, and the value of the OAM is indicated by
purple numbers. The South pole of the sphere, labelled S, corresponds to a circularly
polarised vortex beam o = —1, and the value of the OAM is indicated by red
numbers; (b) illustrates the TAM-C PS braid cluster for the second type. The spheres
with TAM < 0A are placed in the top row, the sphere with TAM > 0# is placed in the
bottom row, and the TAM = 0% sphere is located between the two rows. The TAM
values are indicated by black numbers. The North pole of the sphere, labelled N,
corresponds to a circularly polarised beam ¢ = +1, and the value of the OAM is
indicated by purple numbers. The South pole of the sphere, labelled S, corresponds
to a circularly polarised vortex beam ¢ = —1, and the value of the OAM is indicated

by red numbers.
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2.4 Discussion

The followings are some important features of the TAM-C PS and its braid clusters:

1. Onone TAM-C PS, the value of OAM of the beam represented by its North pole is always 2A
less than that of the beam represented by its South pole.

2. In panel (a) of Figure 2.6, all HOPS belong to the second category. Notably, the TAM-C PS
sphere with TAM= 0# is equivalent to the HOPS with poles carrying [1A| OAM.

3. Inpanel (b) of Figure 2.6, nearly all HOPS belong to the first category, except for the TAM-C PS
with TAM= 0% (which, as mentioned in the last point, is equivalent to the second category of
HOPS with poles carrying |1/| OAM).

4. The PS-OAM sphere is built by linking the North pole of one TAM-C PS with the South pole of
another sphere, both having the same OAM value. This implies that the orbital states of the
two eigenmodes represented by the North and South poles of the PS-OAM sphere are not
orthogonal. Despite the non-orthogonality of the orbital states, the polarisation states of the
two poles remain orthogonal to each other. Therefore, the PS-OAM sphere can be considered
as a special type of Classical-PS with a specific OAM state.

5. Panel (a) and panel (b) of Figure 2.7 illustrate two types of light beam evolution paths within
the braid clusters. In panel (a), the black line depicts a closed path starting from the North
pole, passing through the South pole, and returning to the North pole. This closed path can be
further reduced to the collection of blue lines and eventually to a single point. In contrast, the
solid line in panel (b) cannot be reduced to a single point like the closed curve in panel (a).
Inspired by this geometric property, we attempt to find its corresponding physical
significance. These two types of paths represent two distinct evolution processes. The first
type (panel (a)) corresponds to the TAM conservation process of a rotationally symmetric
system, as the entire optical field evolution process occurs on the same TAM-C PS. Through
calculation, it can be shown that the geometric phase associated with this cyclic evolution
process is always zero (details of the calculation will be presented later). In contrast, the
second type of optical field evolution path represents the TAM non-conservation process,
corresponding to a rotational symmetry-breaking system, and the geometric phase generated

by this process is generally non-zero.

When a pure state ¥ (R) undergoes a cyclic optical evolution within the parameter space R,
returning to its initial state, an additional phase (geometric phase) emerges in addition to the

dynamic phase. This geometric phase is given by the equation [101], [102]:
x(C) =— fde -V(R) (2.10)
Cc
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V(R) is the Berry curvature, defined as:
V(R) = —Vg X A, (R) (2.11)
A,,(R) is named the Berry connection, as given in [102]:
A, (R) = i (R) |Vl (R)) (2.12)

Where 1 (R) is the pure-state which is represented by a point on the TAM-C PS. And Eq. (2.13) is

the expression for Yy (R) in polar coordinates:

1 [P 1 [P
P(R) = ﬁsingeﬂ[?(f"’ﬂ)](ér —jé,) + ﬁcosge_l[f({)s_l)](ér +jé,) (2.13)

where (é,, é,) is a set of orthogonal unit vectors for states of polarisation in polar coordinates.

The transformation relationship between the two bases (&, é,) and (&, é,) is:
éx =cos@é, —singé, (2.14)
é, =singpé,. +cospé,
And then, we have
éx +ié, =cospé, —sinpé,+isinpé,. +icospé, = eiq’(ér +jé¢) (2.15)
€y — &, =cos@pé. —sinpé, —isinpé, —icospé, = e~ (e, —Jjéyp)

the relation of ¢ - ®/2 is a consequence of transformation between the physical SU (2) space of
the light beam and the topological SO (3) space of the Poincaré sphere. Notations 3 and ® denote

the polar and azimuthal angles of the Poincaré sphere, respectively.

The Berry connection A4, (R) has three components in spherical coordinates, which are 4,, Ag,
and Ag. By substituting Eq. (2.13) into Eq. (2.12), the expressions of these three components can

be obtained, as shown below:

A, = i(Yp(R)|0,|(R)) = 0 (2.16)

Ag = i(ll'(R)|Zﬁ|l/J(R)) = %singcosg(NlN) —%singcosg(ﬂﬂ =0

_Kp®)|0elp(R)) _ 1

A =
® psinf 4psinf

[(1—cosB)(¥y + 1) + (1 + cosB)(£s — 1)].

Then, by substituting Eqg. (2.16) into Eq. (2.11), we can obtain the Berry curvature:
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Oy —4s+2
V(R) = —Vg X A,(R) =V,(R) = 4—[)2 (2.17)
After that, by substituting the Eq. (2.17) into Eq. (2.10), the geometric phase y(C) can be
calculated:
fy — s+ 2
x(C) = - ﬂds -V(R) = —%Q (2.18)
Cc

Here, Q represents the surface area enclosed by the circuit ¢ on the TAM-C PS. This equation
illustrates that the geometric phase is directly proportional to the variation in (£ — €5 + 2).
Because () — €5 + 2) equals 0 on the same TAM-C PS (this property has been discussed in the

method), both the Berry curvature and the geometric phase become null.

In terms of the breadth of the definitions, HyOPS represents the most generalised form of
Poincaré spheres. However, despite this, HyOPS itself has some limitations: it contains some
poorly defined cases (as detailed in the introduction), and due to its overly generalised nature, it
combines various Poincaré spheres into a single entity, obscuring the distinct characteristics and
application premises of individual Poincaré spheres, making it challenging for users to intuitively
grasp their differences. Hence, the TAM-C PSs can be regarded as an effective classification
method for the HyOPS family. This approach not only filters out poorly defined HyOPS but also
provides a concise and intuitive way, i.e., TAM-C PS braid cluster to characterise relationships
among different Poincaré spheres. And these braid clusters can help us identify the topological
symmetries of a given system and determine the relationships between light fields within the
system or between them and light fields in other systems. Consequently, this cluster can be used
to geometrically describe the evolution of various VVB. The TAM-C PSs serve as powerful and

useful tools in optical research and engineering.

(a) (b)
Figure 2.7 (a) A schematic diagram for TAM conservation process; (b) A schematic diagram for

TAM non-conservation process.
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2.5 Conclusion

This study introduces the concept of the conservation of total angular momentum within the
framework of the Poincaré sphere, leading to a new type of Poincaré sphere known as the total
angular momentum-conserving Poincaré sphere (TAM-C PS). By linking the poles of different
TAM-C PSs, we create two categories of TAM-C PS braid clusters. The TAM-C PS and its braid
clusters offer a comprehensive framework for the representation and characterisation of these
beams, and they can serve as a guide to generate the targeted VVBs as well. Compared to other
types of Poincaré spheres, the TAM-C PS achieves a more balanced compromise between

generality and practical application.

The TAM-C PS braid clusters include various types of Poincaré spheres, such as the classical
Poincaré sphere, higher-order Poincaré sphere, hybrid-order Poincaré sphere, and Poincaré
sphere with orbital angular momentum. This approach provides an intuitive and clear
representation of the relationships between these different types of spheres. The braid cluster
methodology holds significant practical value, including geometrically describing the evolution of
optical fields, and calculating the geometric phase for cyclic evolution. The TAM-C PS and its

associated braid clusters contribute valuable insights to the field of optics.
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Chapter 3 A Method for Analysing Angular Momentum
in Monochromatic Vortex Beams under

Paraxial Approximation

Please note this chapter is based on collaborative research. The complex amplitude data of optical
fields analysed in this part were provided by a collaborative group. Based on the complex
amplitude data provided by them, | plotted the intensity distributions and polarisation state
distributions of these optical fields. The research methods used in the chapter and the AM

spectrum obtained by analysing these fields based on the method are my personal work.

In the research area of meta-surface integrated micro-rings, during the device design and
simulation phase, analysing the OAM mode based on simulated results of resultant fields is an
unresolved issue. In this chapter, under paraxial approximation, a method for analysing the value
of OAM in scalar vortex beams and that of TAM in VVBs is presented. In addition, this work is also
expected to be applied to some optical sensing scenarios, such as identifying detecting signals
(i.e., vortex beams) from noises by OAM modes, and deducing information about objects

interacting with the vortex beam based on changes in OAM modes of signals [11].

3.1 Introduction

The study of analysing OAM modes in scalar vortex beams can be divided into two categories: (1)
Orbital angular momentum mode sorting; (2) OAM decomposition based on Fourier

transformation.
1. Orbital angular momentum mode sorting
a) Hologram

When exposed to the output from a laser or single-mode fibre, a specially designed hologram
generates a first-order diffracted beam with a helical phase structure. Conversely, when the setup
is used in reverse, it enables the coupling of light in a specific OAM state into the fibre, effectively
acting as a mode detector [103, 104]. However, such a hologram can only test one state at a
time. To examine multiple potential states, a sequence of holograms is required, which diminishes
the advantage of the extensive OAM state space. While more complex holograms can test
multiple states simultaneously, their efficiency is generally limited to the reciprocal of the number

of states [105].
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b) Interference of the beam with a plane wave

Determining the OAM state of light beams can be achieved by analysing the interference with a
plane wave and counting the number of spiral fringes in the resultant pattern [106, 107]. Another
method involves utilizing the diffraction pattern behind specific apertures to confirm the OAM
state of incoming light beams [108]. It's important to note that all these approaches require a

considerable number of photons to be in the same mode to generate a well-defined pattern.
c) Rotational Doppler effect

The inherent symmetry in helically phased beams results in a frequency shift when these beams
are rotated around their axis [109]. Each mode of OAM induces a distinct frequency sideband
[110], presenting a potential method for the OAM measurement [111]. However, the technical
challenge arises from the difficulty in accurately measuring the frequency shift. To overcome this
challenge, a static beam rotation is used [112]. While this approach mitigates some issues, the

technical demands remain considerable, especially for integration into larger systems.
d) Conformal transformation

This approach converts the helical phase structure of a vortex beam into a linear phase gradient.
This transformation is achieved using either spatial light modulators (SLMs) [113] or specially
designed elements [114, 115]. The resulting linear spread in the beam profile aids in the spatial

dispersion of OAM states, distinguishing them based on their topological charges.
e) Sending different OAM modes to different output ports [116]

Researchers suggest a modular process for OAM mode sorting. In this method, each module is
designed to receive multiple input OAM modes, output only one specific state, and redirect all

other states unaltered for subsequent processing.
2.  OAM decomposition based on Fourier transformation

The OAM of LG beams, associated with the azimuthal details of optical fields, can be correlated
with angular position through a Fourier relationship, similar to the connection between linear
momentum and linear position [117, 118]. Given the 2m periodicity of the angular variable, the
relationship takes the form of a Fourier series, resulting in discrete values for the angular

momentum, as expressed by [117].

+m

1
hi=7 . dp¥ () exp(—ilp) (.1
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W) ==y explilg) (32)
72

Here y; represents the OAM distribution and W(¢) is the angular distribution. Eq. (3.2) indicates
that an arbitrary angular distribution can be regarded as a coherent combination of different

OAM modes.

In 2017, Giuseppe Vallone published an article titled “Role of beam waist in Laguerre—Gauss
expansion of vortex beams” [119]. The important conclusion of this paper is that only LG modes
with the same beam waist satisfy the orthogonal relation. In the same year, another study [120]
introduced decomposing an optical field into Laguerre-Gaussian (LG) modes for optical image
processing. Subsequently, a paper titled "Laguerre-Gaussian Mode Expansion for Arbitrary Optical
Fields Using a Subspace Projection Method" [121] presented a general method of LG mode
expansion for an arbitrary field. It is found that the local frequency distribution of the LG function
consists of two parts, the quasi-periodic part and the chirped part. The effective space-bandwidth
product of the LG function is defined as the product of the spatial width and frequency domain
width of the quasi-periodic part. Based on this space-bandwidth product definition, the criteria
for determining the beam waist parameter and the truncation order of the LG series expansion
are given. The scheme is tested for the representation of the off-axis Hermite—Gaussian mode,
showing that their method is highly accurate. Recently, Ma et al. [122] proposed a systematic
scheme for efficient LG mode expansion, incorporating an optimized beam waist for all LG

components.

Research on the generation methods of vortex beams is of great significance for studying the
properties and applications of optical vortex and AM. Optical micro-ring resonators have garnered
considerable attention in recent years due to several merits: their small size makes them easy to
integrate; their simple structure facilitates fabrication; and when combined with the mode-
support characteristics of bus waveguides, they can generate cylindrically polarised vortex beams
[123], to name a few. These attributes have led to their widespread application in optical field

manipulation, as shown in various works [124,125,126].

These ultrathin layers consist of artificial nanostructures that provide precise control over light
propagation [127]. Integration with Si photonics platforms has facilitated the manipulation and
transformation of optical modes confined in Si waveguides [128,129]. By using circulating
whispering gallery modes (WGM:s), it is possible to shape the wavefront of the output light [130,
131, 132, 133]. The following Figure 3.1 is the schematic of micro-ring OAM laser [125].
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-

’\'In GaAsP/InP

% ~ ’ * mad o ] . .g?g‘rTTMeta-alom
%.J/ SilAu )% 4tRd 0,4 2d)e,+3pd Na‘[" Yy
» meta-atom | Waveguide 5

Figure 3.1 Panel (A) [125] depicts a micro-ring OAM laser facilitated by a guided wave-driven
meta-surface. The unidirectional phase modulation provided by the meta-surface
breaks the degeneracy of the counterclockwise and clockwise whispering gallery
modes within the micro-ring resonator, resulting in selective OAM radiation. Panel
(B) [125] presents a schematic diagram for a guided wave-driven meta-surface. The
phase of the light extracted from a guided wave by each meta-atom can be
individually tuned. An array of meta-atoms on the waveguide works together to form
specific wavefronts and perform various functions, such as beam deflection and
focusing. Panel (C) [125] illustrates the formation of the extracted wave's wavefront.
The total phase shift of the extracted wave at coordinate x consists of two
components: the phase accumulation Sx from the guided wave propagation and the
abrupt phase change 4¢(x) induced by the meta-atom. Panel (D) [125] shows a
schematic of a metal/dielectric/metal sandwich-structured meta-atom positioned on

top of a photonic integrated waveguide.

Panel (A) of Figure 3. 1 illustrates a schematic of a micro-ring OAM laser. This laser utilizes an
InGaAsP/InP multi-quantum-well (MQW) micro-ring resonator. Each meta-surface supercell is
composed of four meta-atoms with Au/Si/Au sandwich structures. These supercells are
periodically patterned on top of the micro-ring. The meta-atoms are positioned 140 nm away

from the centre of the waveguide to ensure optimal spatial overlap with the WGM.

The total phase shift of the extracted wave from the driven meta-surfaces is contributed by two
factors: (1) the propagation phase accumulation (fx), and (2) the abrupt and spatially variant
phase shift denoted by the symbol A¢(x) as shown in panel (C). Therefore, the phase distribution

of the extracted wave can be expressed as follows [125]

¢(x) = Agp(x) + Bx (3.3)

To achieve full wavefront control, it is essential to induce a phase shift of at least 27 through
meta-atoms. Consequently, the authors designed a nano-bar antenna with a metal-dielectric-
metal structure (specifically Au/SiO2/Au in this reference) as shown in panel (D). The bottom gold

cuboid is excited by the evanescent tail of a guided wave, inducing an electric dipole. A
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counteracting dipole is induced in the top gold cuboid. However, the electric dipoles in the top
and bottom gold cuboids do not entirely cancel each other out, leading to a net electric dipole

resonance. This results in an abrupt phase shift of approximately 2m in the transmitted wave.

The micro-ring resonator inherently supports two degenerate whispering gallery modes (WGMs):
a clockwise (CW) mode and a counterclockwise (CCW) mode, each carrying high-order orbital
angular momentum (OAM) [134]. When these degenerate WGMs interact with a meta-surface on
the micro-ring that introduces a unidirectional phase gradient d¢/d¢ (where ¢ is the azimuthal
angle), the radiated light from the CW and CCW modes will acquire additional but opposite
momenta. One of the radiation modes cannot propagates in free space because its wave vector
too large, while the other can be radiated into free space with a well-defined OAM order,
resulting in the radiation of either the CCW or CW mode. Suppose we aim to extract the CCW

mode to form OAM emission in free space. The propagation constant of the mth-order CCW

2Ny,
y

WGM is given by Secw = = M /R, where n,, is the modal index and R is the radius of the

micro-ring. A guided wave-driven meta-surface is placed on the micro-ring to induce a phase
gradient equivalent to a wave number k,,; = — 2711 , where A is the length of the supercell
composed of a set of meta-atoms. The azimuthal phase dependence of the OAM emission can be
expressed as ¢ppam (@) = L¢. Due to momentum conservation, the following condition must be
satisfied [134].

2mR
P = Poam = bcew + Pms = BeewRo — T§0 (34)

The guided wave-driven meta-surface is positioned on the micro-ring to create a phase gradient.
; . L 27R
Given that the total number of meta-surface supercells on the micro-ringis N = %, a well-

defined topological charge from Eq. (3.4) can be driven [134]:
f=M-N (3.5)

In practical scenarios, generated vortex beams often carry OAM with multiple modes rather than
just one. The research group | collaborate with has presented research on asymmetric vortex
beam emission in a meta-surface-integrated micro-ring. The micro-ring they designed can
generate different OAM-carrying beams by manipulating the wavelength of the light source.
Figure 3.2 (a) and (b) illustrate the simulated and theoretical intensity and distribution of the
beam generated by a meta-surface integrated micro-ring with OAM of £ = —9. The term

I”

“theoretical” here means that, according to the principle of the meta-surface micro-ring resonator
as previously mentioned, especially Eq. (3.4) and Eq. (3.5), the device can be designed to generate

a target optical field carrying a certain mode OAM.
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Figure 3.2 Panel (a) and panel (b) illustrate the simulated and theoretical intensity and
distribution of the optical field generated by meta-surface integrated micro-ring

resonator with OAM of £ = —9.

Comparing above two subgraphs, it becomes evident that the two are not entirely consistent. This
discrepancy arises from the fact that the purity of the OAM of £ = —9 carried by the meta-surface
integrated micro-ring generated beam is not 100%. To determine the purity of OAM of beams
generated by a designed device, researchers often need to fabricate the device and test it. The
testing methods frequently involve analysing the interference patterns of the fundamental
Gaussian mode and the generated beams [135]. By counting the number and direction of

interference fringes, researchers can determine the value and handedness of angular momentum.

Currently, a comprehensive approach based on simulation results to analyse the angular
momentum in vortex beams is lacking. In collaboration with a research group, | aimed to develop
a general method based on numerically analysing the angular momentum of light beams using
simulation results from the micro-rings they designed. With this method, the analysis of the value
of OAM or the values of TAM of the beam generated by these micro-ring resonators can be
achieved during the device design and simulation phase, eliminating the need for device
fabrication and testing to verify device performance. This significantly saves time, labour, and

financial costs while enhancing the efficiency of device design and development.
3.2 Method

3.2.1 Analysis of Orbital Angular Momentum in Scalar Vortex Beams

A complete orthogonal basis of Laguerre-Gaussian (LG) modes has been introduced in Chapter 1.
By utilizing LG modes, it becomes possible to express and describe arbitrary scalar

monochromatic beams under paraxial approximation by Eq. (3.6) [121, 136].

W(r, ) = ZM C! LGL(r, ) (3.6)
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where, the parameter sz represents the OAM spectra of the complex amplitude distributed on

the r-¢ plane. By using the following 2D integrals, the Cf,’ can be calculated:

oo 2T
Ci = f rdr f (LG (r, "W (r, ¢) do (3.7)
0 0

Due to the conjugate of LGf,’(r, ¢), the field components with the longitudinal OAM relevant term
e'*® will be extracted ((e¥?)*e¥? = ¢° = 1). According to Eq. (3.6) and Eq. (3.7), the process of
the OAM analysis can be divided into two main steps. Firstly, | integrate the term [e“"p]*‘}’(r, d)
in the azimuthal direction, obtaining the radial component (¥(r)) of the W(r, ¢). Secondly, |
multiply it with the LG bases’ radial components (LGlf(r)), allowing the complex amplitude Cg to
be calculated. Figures 3.3 and 3.4 display the calculation details in matrices, showing how to
numerically analyse the OAM modes when the transverse complex field information W(r, ¢) has
been gathered. The first step is detailed in Figure 3.3. By integrating the dot product of the
conjugate matrix of the azimuthal phase factor and W(r, ¢) with respect to the azimuthal angle,
the radial component W(r) can be calculated. These components are arranged in corresponding
rows according to the values of OAM from smallest to largest. Figure 3.4 illustrates the second
step in determining the OAM spectra C{,). In this step, we need to extract the radial field
information corresponding to the OAM of interest from the matrix W(r) computed in the
previous step. Since the radial field information in each row corresponds to one mode of OAM,
extracting the radial field information from a specific row is equivalent to extracting the field
information carrying a specific OAM mode. By multiplying the extracted radial field component
information associated with a certain OAM mode by the radial distribution of the corresponding

OAM mode in the LG orthogonal bases, the OAM spectra Cf,’ can be obtained.
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Figure 3.3 displays the process of the first step of OAM mode analysing. By this step, the

distribution of the optical field varying in the r direction (¥ (r)) can be obtained.
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Figure 3.4 shows the second step to calculate the OAM spectra C,f. By multiplying the extracted
radial field component information associated with a certain OAM mode by the radial
distribution of the corresponding OAM mode in the LG orthogonal bases, the OAM

spectra sz can be obtained.

3.2.1.1 Transformation of Coordinates

It should be noted that the resultant simulated field is always expressed in Cartesian coordinates
in some simulation software. By using the command (“cart2pol”) provided by MATLAB, it is easy
to convert the coordinates (x, y) to (r, ¢). However, there is an issue in this process: the
coordinate conversion merely rewrites the coordinates (x,y) as (7, ¢), and the converted
“W(r,p)” is still arranged in the mesh defined in Cartesian coordinates. However, ¥(r, ¢) should
be rearranged according to the increasing values of r and ¢ , as shown in Figure 3.5. This step is

very important.

Nag

5A¢

4A¢

3A¢

2A¢

1A¢

0 To 1y, T2 T3 Tg .. Tg

Figure 3.5 The schematic diagram for the rearranged ¥ (r, ¢).

3.2.1.2 Optimizing Beam Width for OAM Analysis

Before the OAM analysis for arbitrary monochromatic vortex beams under paraxial
approximation, the parameter “beam width” of LG-mode bases should be initialized. The choice
of the beam width for the LG bases depends on the spot size of the vortex beam being analysed.

There are two ways to define the radius of spot sizes:
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1) The radius of the LG vortex beam is defined as the distance from the beam centre to the
points where maximum intensity is found. In this context, £ represents the topological charge
(TC) of the LG beam; w(z) is the transverse beam size; wy is the beam radius at z=0; and zj is

the Rayleigh range of the Gaussian envelope [137].

r=1na) = |—€| -w(z)
- max/) — 2 )
w(z) = wy |1+ (i) (3.8)

2) Mean-squared spot width: The radius of the spot size for our generated optical fields is

determined by the square root of the mean-squared width. [138]

2 oo
w2 = foﬂfo Tzl(p, @,Z)pdpdgo
- 2 oY)
fonfo I(p; (P;Z)pdpd(p

3.9

The first definition, expressed by Eq. (3.8), is typically used for fields with intensity distributions
identical to those of LG beams, characterised by a perfect donut shape. Conversely, the second
method (Eq. (3.9)) offers greater versatility and flexibility compared to Eq. (3.8). The vortex beams
we prepared for analysis, as illustrated in panel (a) of Figure 3.2, do not exactly match the
intensity distribution of a perfect LG beam. Therefore, in this work, | adopt the mean-squared
spot width method to define the beam width of the LG basis, based on the characteristics of the

simulated field.

3.2.2 Analysis of Total Angular Momentum in Vector Vortex Beams

Due to the structural and mode-supporting characteristics of meta-surface integrated micro-rings,
beams generated by them often fall under the category of VVBs. A VVB is a type of optical field in
which polarization and spatial mode are non-separable [34], indicating that it cannot be treated
as a scalar field. However, by utilizing the Total Angular Momentum-Conserving Poincaré Sphere
(TAM-C PS) introduced in Chapter 2, we can determine the TAM spectra of VVBs. The optical fields
corresponding to the north and south poles of the TAM-C PS represent eigenmodes, which are
right- and left-circularly polarized vortex beams. The procedure for analysing TAM of VVBs is as

follows:

Step 1. Analyse states of polarisation of optical fields using Stokes parameters. Every
monochromatic wave is, by definition, necessarily polarised [100]. The Stokes parameters provide

an alternative description of the polarisation state which is experimentally convenient because
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each parameter corresponds to a sum or difference of measurable intensities of optical fields.
And according to the Stokes parameters, the components, left- and right- circular polarisation

states (termed “L” and “R”), of the VVB can be measured.

Step 2. Analyse the value of OAM for VVB’s left and right circular polarisation states. If a VVB
under analysis is dominated by a TAM component which is th, the spectral plot should exhibit
prominent peaksatt + 1 andt — 1. The peak at t 4+ 1 represents the OAM value of its
eigenstate, left-circularly polarised vortex beam. And the peak at t — 1 represents the OAM value

of the other eigenstate, right-circularly polarised vortex beam.

3.3 Results

3.3.1 OAM Spectra of Scalar Vortex Beams from Meta-Surface Integrated Micro-ring

Resonators

The resultant vortex beam generated by the micro-ring is mainly s-polarised in spherical
coordinates (i.e., the polarisation state aligns with the azimuthal direction). Therefore, we can
only analyse the s-polarised component of the vortex beam. Since only one component of the
resultant field is analysed. The OAM analysis to the s-polarised component of the resultant field
simplifies to a scalar case. Using the method introduced in the previous section, we can obtain the
OAM spectra shown in Figure 3.6. The data for the resultant field is provided by our colleagues.
The following subfigures show the OAM analysis spectra of the vortex beam generated by

resonators with OAM design values of -7, -8, and -9, from left to right.

1.0 1.0 1.0
081 0.8 0.8
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Figure 3.6 The OAM spectra of the of the vortex beam generated by a meta-surface integrated
micro-ring resonator with different target modes of OAM (from left to right,

topological charges are -7, -8 and -9, respectively).

In Figure 3.6, the OAM value corresponding to the highest bar represents the theoretical design
value of the OAM mode of the meta-surface integrated micro-ring resonator. | noticed multiple

bars in each spectrum, indicating that there is actually multiple OAM modes present in these
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resultant optical fields. Therefore, the intensity distribution shown in panel (a) in Figure 3.2 is not

completely consistent with panel (b).

3.3.2 TAM Spectra of Vector Vortex Beams from Meta-Surface Integrated Micro-ring

Resonators

This section shows the TAM analysing results for VVBs generated by the micro-ring resonator
designed by our collaborators. By varying wavelengths, VVB carrying different TAM are generated.
The information for each analysed VVB is labelled in the legend at the upper corner of each
image. This legend includes the wavelength information of the analysed beam (in nanometres,
rounded to two decimal places, e.g., 162713 means A=1627.13nm); “N” indicates the
counterclockwise handedness of TAM, corresponding to the symbol “—" in the topological charge
of TAM; Symbols “R” and “L” stand for right-circularly, and left-circularly polarised components,

respectively.

There are two plots of spectra for each VVB, as the VVB is mapped to two eigenstates of TAM-C
PS. One spectrum shows the OAM value of an eigenstate of VVBs. The eigenstates of VVBs are the

right-circularly polarised vortex beam and the left-circularly polarised vortex beam.

We use the symbol “t” to represent the value of TAM of a VVB. Each spectral plot exhibits a
prominent peak att + 1 ort — 1. The peak at t + 1 represents the OAM value of the VVB’s one
eigenstate, left-circularly polarised vortex beam. The peak at t — 1 represents the OAM value of
the other eigenstate, right-circularly polarised vortex beam. Figure 3.7 consists of 6 images, and 2
images (e.g. “A1” and “A2”) are a set. Each set are TAM spectra for a VVB generated by the micro-
ring resonator. There are three sets of VVBs with target value of TAM of these VVB are -7, -8 and -

9, respectively.
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Figure 3.7  Set (A) TAM spectra of VVB with a target mode of TAM of -7. (A1) This spectrum

represents the value of OAM of the VVB'’s eigenstate that is the right-circularly

polarised vortex beam. (A2) This spectrum represents the value of OAM of the VVB’s

eigenstate that is the left-circularly polarised vortex beam; Set (B) TAM spectra of

VVB with a target mode of TAM of -8. (B1) This spectrum represents the value of

OAM of the VVB’s eigenstate that is the right-circularly polarised vortex beam. (B2)

This spectrum represents the value of OAM of the VVB's eigenstate that is the left-

circularly polarised vortex beam; Set (C) TAM spectra of VVB with a target mode of

TAM of -9. (C1) This spectrum represents the value of OAM of the VVB’s eigenstate
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that is the right-circularly polarised vortex beam. (C2) This spectrum represents the
value of OAM of the VVB'’s eigenstate that is the left-circularly polarised vortex beam;
The legend at the upper corner of each image includes the wavelength information of
the analysed beam (in nanometres, rounded to two decimal places, e.g., 162713
means A=1627.13nm); N indicates the counterclockwise handedness of AM,
corresponding to the symbol “—” in the topological charge of TAM; “R” and “L” stand
for two eigenstates of VVBs, which are right-circularly and left-circularly polarised

vortex beam, respectively.

34 Conclusion

Using Fourier transform, the theory of TAM-C PS provided in Chapter 2, and the fact that
Laguerre—Gaussian modes are a set of complete orthogonal bases, we establish a method for
analysing the value of OAM in scalar vortex beams and TAM in VVBs. This approach has assisted
our collaborators in analysing the OAM and TAM of vortex beams generated by their meta-
surface integrated micro-ring resonators during the design and simulation phases. This means we
do not have to physically fabricate and test the device in the early stages of research to ensure
that the resonator design can generate vortex beams with the target OAM or TAM, which can
save a significant amount of time, effort, and money. Additionally, this work is expected to be
applied to some optical sensing scenarios, such as identifying and detecting signals (i.e., vortex
beams) from noise by OAM modes and deducing information about objects interacting with the

vortex beam based on changes in OAM modes of signals.
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Chapter 4 Modelling and Analysis of Vector and Vector

Vortex Beams Reflection for Optical Sensing

Light Detection and Ranging (LiDAR) sensors can precisely determine object distances using the
pulsed time of flight (TOF) or amplitude-modulated continuous wave (AMCW) TOF methods and
velocity using the frequency-modulated continuous wave (FMCW) approach. In this chapter, we
focus on modelling and analysing the reflection of vector beams and vector vortex beams (VVBs)
for optical sensing in LIDAR applications. Unlike traditional TOF and FMCW methods, this novel
approach uses vector beams and VVBs as detection signals to measure the orientation of
reflecting surfaces. A key component of this sensing scheme is understanding the relationship
between the characteristics of the reflected optical fields and the orientation of the reflecting
surface. To this end, we develop a computational model for the reflection of vector beams and
VVBs. This model allows us to investigate critical aspects of the reflected field, such as intensity
distribution, intensity centroid offset, reflectance, and the variation of the intensity range
measured along the azimuthal direction. By thoroughly analysing these characteristics, we aim to

enhance the functionality of LiDAR sensors in detecting the orientation of reflecting surfaces.

4.1 Introduction

LiDAR is a method used to determine distances by directing a laser at an object or surface and
measuring the time it takes for the reflected light to return to the receiver, and it can be
categorised into two schemes: pulsed time of flight (TOF) [69,70] and amplitude-modulated
continuous wave (AMCW) TOF [71, 72]. Additionally, another sensing scheme called frequency-
modulated continuous wave (FMCW) is also commonly used in LiDAR. By analysing the beat signal
between the emitted and reflected frequency-modulated optical signals, both the distance and
the velocity of a moving object can be measured [73,74]. LiDAR finds extensive applications across
various scenarios: terrestrial and mobile environments [139]; environmental monitoring and
conservation [140]; archaeology and cultural heritage preservation [141,142], and autonomous
vehicles and transportation [143], to mention a few [144]. Lasers with wavelengths in the range of
600—-1000 nm are widely employed for non-scientific purposes. To ensure safety for individuals on
the ground, a popular alternative involves using 1550 nm lasers, which are considered eye-safe
even at relatively high-power levels, as this wavelength is not strongly absorbed by the eye.
However, there is a trade-off, as the current detector technology for these wavelengths is less
advanced. Consequently, these lasers are typically used at longer ranges with lower accuracies.

Additionally, these lasers find applications in military contexts because the 1550 nm wavelength is
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not visible in night vision goggles, in contrast to shorter 1000 nm infrared laser [145]. Therefore,
researchers in LiDAR technology often prioritise the wavelength of the laser. Recently, the
robustness of VVBs propagating through highly aberrated systems has been investigated,
revealing that the inhomogeneous nature of polarisation persists even as the medium undergoes
changes [146]. This approach opens avenues for the versatile application of vectorially structured
light, even in non-ideal optical systems, proving crucial for applications such as imaging and
optical communication across noisy channels. However, the research area concerning the use of
vector beams, particularly VVB, in LIDAR has not yet been thoroughly investigated. The reflection
of vector beams and VVB is worth studying as they represent a special type of structured light
combining two degrees of freedom (DoF) of light: polarisation DoF and spatial DoF. This unique
combination enables them to be mapped onto TAM-C Poincaré spheres [147]. These beams can
provide more information in optical sensing. For example, the use of beams carrying OAM to
achieve lateral motion detection has been demonstrated in previous research [148]; vectorial
Doppler metrology for particles was realised in another study [149]; and photonic Hall effects
involving optical angular momenta is also a popular research area [150]. Recently, a sensor that
can detect changes in the refractive index of biological samples based on the photonic spin Hall
effect has been proposed [151]. In recent years, a group of researchers were the first to study the
transverse and Goos—Hanchen shifts of spatiotemporal optical vortices reflected/refracted at

planar interfaces [152].

Methods for studying the reflection and refraction of a paraxial optical beam at a plane interface,
which separates two dielectric media without absorption, have been developed in [153,154]. The
incident beam has a finite spatial frequency spectral distribution under the assumption of the
paraxial approximation, which is somewhat more complex compared to the ray model for light.
The angular spectrum method is an effective approach for obtaining the spatial frequency spectra
of incident light beams. In this study [155], the reflection and transmission characteristics of a LG
beam from uniaxial anisotropic multilayered media are analysed using the angular spectrum
expansion. Additionally, the angular spectrum method has been applied in the investigation of the
photonic spin Hall effect [156]. All the works are studied under the assumption of paraxial beams;
however, this work [157] goes beyond the paraxial regime, providing analytical expressions for
the partially reflected field of LG beames. It is necessary to introduce spherical coordinates to
conveniently use the S/P-wave to describe the polarisation states of the incident beam [158].
Subsequently, the ratios of reflected light to the incident light can be obtained with the help of

the Fresnel equation.

In this work, we develop a computation model for the reflection process of VBs and VVBs and

then examine the feasibility of using these beams as the detection signal for the LiDAR sensor to
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measure the orientation of reflecting surfaces. This approach introduces a new sensing scheme

for LiDAR.
4.2 Method

4.2.1 Expressions of a Well-Collimated Incident Beam

Figure 4.1 illustrates a schematic for a beam that has undergone a Fourier transform. In this study,
under the condition that the incident beam is well-collimated, its angular spectra can be
approximated as a narrow expansion around a central wavevector k. (|k.| = 2n/1, 4
represents the wavelength) which is depicted by a black ray. The non-central wavevectors (k) can
be expressed as the vector addition of the beam’s central wavevector and a small orthogonal
deflection (A) [159]. Here, u and v are a set of orthogonal unit vectors along the direction of in-

plane and out-of-plane incidence, respectively. Consequently, we have the followings:

k=k.+A=k.+au+bv (4.1)

2
4] < |k.| = o (4.2)

Figure 4.1 shows a schematic for a paraxial approximation beam performed a Fourier
transform; k. is its central wavevector (represented by a red ray). The non-central
wave vector can be expressed as the vector addition of beam’s central wavevector k,
and a small orthogonal deflection A (depicted by a brown ray).  and v are a set of
orthogonal unit vectors along the direction of in and out of the plane of incidence,

respectively.

4.2.2 Frames of Reference and Coordinates in the Reflection Process of Light Beams

In the reflection process, two frames of reference are involved: the frame of the beam and the
frame of the lab. These are represented by yellow beam-like shapes and a blue rectangle,
respectively, as shown in Figure 4.2. Four types of coordinates are established on each frame. The

incident beam coordinates are depicted by three blue rays labelled "ngfc"e", "y” and ”Zﬁfrﬁ"e"'

’

the reflected beam coordinates are shown by three red rays labelled; the Cartesian lab
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”n o u N

coordinates are represented by three black rays labelled “X;,3”, “y” and “Z;,,”; and the spherical

lab coordinates are depicted by three green rays labelled “7", “@" and “8".

The two beam coordinates are mirror images of each other. The origin of the Cartesian lab
coordinates is set at the incident point on the interface, which is defined as the intersection point
between the central wave vector of the incident beam and the reflection interface. The central
wave vector of the incident beam and the normal to the reflection interface lie within the x-z

plane. The direction perpendicular to this plane is defined as the y-direction.

In addition, the spherical coordinate system within the laboratory frame is necessary for the study
because of the followings: 1. It allows for a convenient representation of the transform between
non-central wave vectors and the central wave vector. 2. The electric field components E, and Eg
in the spherical coordinate correspond to the s and p polarisation states in the Fresnel equation.

Consequently, building the laboratory spherical coordinate system will facilitate computations.
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Figure 4.2 shows a schematic of two frames of reference (frames of lab and beam) and four
coordinate systems (incident and reflected beam coordinates; Cartesian lab

coordinates, and spherical lab coordinates) involved in the reflection process.

By rewriting the small orthogonal deflection (A) in the incident beam coordinates, we have the

following:
A =ap+bv = |k;|((Rp,,, + 1) 4.3)

The angular spectrum method is commonly employed to obtain the spatial spectra of the incident
beam [160]. To better understand the role of the angular spectrum method in the study, it is
essential to review the concepts of plane waves and the angular spectrum method. Figure 4.3 is a

schematic diagram of plane waves propagating in free space:
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12y

Figure 4.3 The plane wave (represented by three grey planes) propagating along the direction
of its wavevector k (represented by a bright red ray). «, 5, and y are the angles

between the plane wavevector k and the x, y, Z axes, respectively.
The complex field expression of the plane wave in Cartesian coordinates is the following:
U(x, y, Z) — Aeik(xcosa+ycosB+zcosy) (4_4)

k is the wavenumber and a, (8, y are the angles between the plane wave vector k and x, y, z axes,

respectively. The relationship between the three angles is the following:
cos?a + cos?f + cos?y =1 (4.5)

This relationship indicates that there are only two independent variables. Consequently, Eq. (4.4)

can be rewritten as follows:
U(x y Z) — Aeik(xcosa+ycos[?) eikzdl—cosza—coszﬁ (4.6)

In Fourier optics, Eq. (4.5) is frequently rewritten as follows (A is wavelength) [161]:
Y+ E+FE == (4.7)

Hence, cosa = AF,; cosf = /1Fy.

Consequently, in the beam coordinate system, the non-central wave vectors, or the orthogonal

deflection (A) as demonstrated in Eq. (4.3), can be reformulated as follows:

[kpreenrat| = |key, | = lapl = elg = kcleosa, (4.8)
|k;wnce””“’| = |ky| = Ibv| = |k.In = |k |cosp. (4.9)

Moreover, we can find the following:
{ = cosa, (4.10)

1 = cosp. (4.11)
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4.2.3 Calculation of Reflected Optical Fields on Dielectric Materials

It is natural to study the spatial spectra of the incident light beam in the incident beam
coordinates. However, using the frame of the lab with spherical coordinates is more convenient
for calculating the ratios of reflected light to incident light using the Fresnel equation. Eq. (4.12)
illustrates the transformation of the incident light beam's spectra from beam coordinates to the
lab spherical coordinates.

|B)™ = Ry (09 Ry (SR (—0Ee0ET 1) | ) (4.12)

The symbol 95774 represents the magnitude of angle between the central wave vector and the

normal to the reflection surface. To determine the angles of incidence for non-central wave
vectors, the relationships between non-central and central wave vectors must first be clarified.
These relationships involve the angles ¢; and ;. Eq. (4.13) and Eq. (4.14) provide the expressions
for these angles [158], and Figure 4.4 is the schematic illustrating them.

blv| nlke| cosf

.2tan L) = = = 413
b= 1) = [ e Tk Isin(9rT ) Sin(OgET 19

alpl LA
9i = ggcentral + Qdef = ggcentral 4+ tan(gdef) = geentral 4+ o = geentral +§—C = ﬁfrfz‘ttral + cosa (4_14)

mnc mnc mnc |kc| mc |kc|

kout of inc plane

12
Figure 4.4 The schematic for ¢; and 6;. The Ky, inc piane (light blue dashed ray) represents the
non-central wave vector within the incident plane defined by central wavevector k.
(dark blue ray); The Koyt inc piane (Prown ray) represents the non-central wave
vector lies outside of the incident plane; The au (red ray) and bv (dark green ray) are
a set of orthogonal deflections along the direction of in and out of plane of incidence,
central

respectively. The symbol 9}, represents the magnitude of the angle of central

wave incidence. Moreover, 8, is the angle between k. and K;y, in¢ piane-

When the transfer matrix [156, 158] (T, shown in Eq. (4.15)) is clear, the ratios of reflected light

to the incident light can be calculated. The spectra of the reflected beam (|E>;ef) is the following:
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~\ref ~\inc — _ — ~\inc
|E),” =TT|E),” = F'R,(6)Rz,, ($)R, (=05t )|E), ", (4.15)
g . 1 n cot ﬁgentral
— tral _
T = PR )R BB (O = |t

F7 is the Fresnel Jones matrix [158] shown in Eq. (4.16). The symbols 1, and 75 represent the
Fresnel coefficients associated with the polarisation components parallel (;,) and orthogonal (r5)
to the plane of incidence, respectively. Using Taylor series expansion for spectral components
around the central wave vector (k) and focusing solely on the initial expansion term, we can

formulate the Fresnel Jones matrix [156, 158]

or, (6,
(O ! <1 +¢ gé ‘)) 0
FT = ! . (4.16)
or.(6;)
0 (O (1 L arre )
Therefore, the transfer matrix can be further elaborated as follows:
0r, (6;
g (1 ¢ 2P0) e coug
TT = ¢ ar.e)\| (4.17)
g corsgir e (g (14¢T500)
l

Where ¢ represents the relative dielectric constant of the reflecting surface and expressions of

7, (9) and 75 () are the following:

ecos9 — Ve —sin? 9

7, (9) = , 4.18
P ecosV + Ve —sin? 9 ( )
cos9 — Ve —sin? 9
r(9) = (4.19)

cosd + Ve —sin29

4.3 Results

A computational model for vector beams and VVBs reflection is developed by MATLAB. The
parameters for the setup of the simulation are as follows: wavelength: 532nm; beam width of
fundamental mode (the distance from the centre to points where the maximum intensity is found
[162]): 13um; frame of the figure: 30um x 30um (drawing dimensions of optical fields); pixel
array: 1024 x 1024 (the optical field distribution image features 1024 pixels in each of the

horizontal and vertical directions).
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43.1 Intensity and Polarisation Distribution of the Incident Beam and of the Reflected

Beam at the Brewster Angle

Vector beams and in particular, VVBs are natural solutions to the full vector wave equation [163],
and more commonly, they are represented as the superposition of orthogonal scalar fields, which

have orthogonal polarization states [164]. As shown in Eq. (4.20).

VL) = iR

R§R> + oyt Lf,L}, (4.20)

1
|R*’N> = —e#rP(e, —i6),

1TV

1 )
1) et v 10)

oF = sin (8/2),
L = cos (B/2) et

We use the notation |VL) to represent a vector beam. The symbols |R£R> and |L5,L> represent a

pair of orthogonal eigenstates. Specifically, these eigenstates are right-circularly and left-circularly
polarised LG beams, with OAM quantified as £z h, €, h, respectively. The symbols 1/)}€R, fL
represent the coefficients of these two eigenstates, which are defined by relative intensity
(variables 8 € [0, ]) and relative phase (¢ € [0,27]). In the following text, six types of vector

beams and VVBs, which are the research objects in this work, will be introduced.

In this work, to avoid ambiguity, light beams with spatially variant or inhomogeneous polarisation
but no phase vortices are referred to as vector beams. Beams with both inhomogeneous
polarisation and phase vortices are called VVB. Vector beams carry no OAM, whereas VVBs carry

OAM due to their spiral phase fronts [165].

There are six different types of incident beams studied: radially polarised beam, three kinds of
vector beams with hybrid polarisation states, “lemon” polarised, and “star” polarised vortex
beams. These incident beams can be expressed by the superposition of two eigenstates [166, 167,

168]:

a. Radially polarised beams (|WF1st), £, = 1,4, = —1,¢ = 0):

b. Vector beam with hybrid states of polarisation (|WRznd), £, = 2,£, = —2,¢ = 0):
c. Vector beam with hybrid states of polarisation (|[WRsrd), £, = 3,¢, = —3,¢ = 0)

d. Vector beam with hybrid states of polarisation (|WR4th), £, = 4,¢, = —4,¢ = 0)
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e. “Lemon” polarised vortex beams (|‘Plem°”), tp=—-1,4,=-2,¢ =0):
f. “Star” polarised vortex beams (|5t%"), £p = 1,€, = 2,¢ = 0):

The Brewster angle is an important property for dielectric materials. In this study, the reflection
surface is set as the glass, and its Brewster angle of glass is around 56.6° [169]. When the angle of
the incidence is equal to the material’s Brewster angle, only S-wave component is reflected [99]
The polarisation state of the S-wave is orthogonal to the plane of incidence. Figure 4.5 shows the
intensity and polarisation distribution of six types of beams mentioned earlier. Because the OAM
modes carried by eigenstates of these beams are not zero, their intensity distributions exhibit
doughnut shapes, with vanishing intensity at the centre. The size of the lines, which represent the
polarisation states of that area, is proportional to the intensity of that area. Consequently, the
polarisation states at the centre of the images are depicted by small points. The colormap from
blue to white to red indicates increasing intensity. There are two columns in the figure: the first
column shows the intensity and polarisation distributions of the six kinds of incident beams, and
the second column displays those of their reflected beams when the incident angle is at the

Brewster angle (56.6°).
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Figure 4.5

4.3.2

The first column shows the intensity and polarisation distribution of the incident
beams. From (al) to (f1) are the radially polarised beam, three types of VBs with
hybrid states of polarisation (|WRzna), |[PRsra) and |WR4th), respectively), the
“lemon”-polarised vortex beam, and the “star”-polarised vortex beam, respectively.
The second column (from (a2) to (f2)) displays the intensity and polarisation
distribution of the beams reflected on a glass surface when the incident angle is the
Brewster angle (e.g., light shown in panel (a2) is the reflected field of the light shown
in panel (al)). Since the OAM modes carried by the above beams are not zero, their
intensity distributions have doughnut shapes, with vanishing intensity at the centre.
The size of the lines (representing polarisation states of that area) in the images is
proportional to the intensity of that area; consequently, the polarisation states at the
centre of the images are small points. The colormap from blue to white to red

indicates increasing intensity.

Intensity Distribution of the Incident Beam and the Optical Field Reflected at the

Brewster Angle in Azimuthal and Radial Coordinates (¢, )

The reflected field, plotted in azimuthal and radial coordinates (¢, ), is studied. This approach

provides us with another perspective to analyse the reflected field at different incident angles.

The first column in Figure 4.6 displays the intensity distribution of the six kinds of incident beams

plotted in a new coordinate system: azimuth (—m~ + m) and radial coordinates (0~30 um). The
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intensity is normalised. It can be observed that the intensity distributions of these six incident
beams exhibit symmetry along the azimuthal direction. The intensity distributions of these beams
at the Brewster angle are also examined, and the results are shown in the second column of

Figure 4.6. The colormap from dark blue to dark red indicates increasing intensity.
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Figure 4.6 The first column shows the intensity distribution of the incident beams. From (al) to
(f1) are the radially polarised beam, three types of VBs with hybrid states of
polarisation (|WRznd), |WRsra) and |WRath), respectively), the “lemon”-polarised
vortex beam, and the “star”-polarised vortex beam, respectively. The second column
(from (a2) to (f2)) displays the intensity distribution of the beams reflected on a glass
surface when the incident angle is the Brewster angle (e.g., light shown in panel (a2)
is the reflected field of the light shown in panel (al)). These intensity distributions of
incident beams arranged in the first column and reflected beams arranged in the
second column are plotted in a new coordinate system: azimuth (—m~ + 1) and
radial coordinates (0~30 um). The colormap from dark blue to dark red indicates

increasing intensity.

According to the intensity distributions shown in Figure 4.6, we observe that these beams have
different beam widths. For the beams’ eigenstates carrying OAM, the beam width is generally
positively proportional to the modulus of the OAM. The eigenmodes’ OAM of the four types of
VBs (radially polarised beam and three types of VBs with hybrid states of polarisation) are
+1,+2, 43, and +4, respectively. Regarding the “lemon”- and “star”-polarised vortex beams,
their eigenmodes include OAM modes with moduli 1 and 2, respectively. Therefore, the beam
widths of the six types of incident beams are arranged in ascending order: radially polarised
beam < “lemon” = “star” < VB with hybrid states of polarisation (|¥Rznd) < VB with hybrid

states of polarisation (|WRsrd) < VB with hybrid states of polarisation (|WR4tr),

4.4 Discussion

In this section properties of the reflection field are explored and analysed: First, the variation of
reflectivity with the incident angle is investigated. Next, the displacement of the intensity centroid
of the reflected beam relative to the frame’s centre is examined. Finally, the range of intensity of

the reflected beam in (¢, r) coordinates is analysed.
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44.1 Reflectance Variation across Incident Angles from 1° to 85°

The reflectance of six types of beams reflected at a glass surface has been investigated, and the
results are shown in Figure 4.7. The incident angle ranges from 1° to 85°, with the reflectance
trends of different incident beams plotted using various colours and markers as indicated in the

legend.
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Figure 4.7 Trends of reflectance versus the incident angle. There are six kinds of beams studied:
the radially polarised beam, three types of VBs with hybrid states of polarisation
(denoted as “VB2” to “VB4” corresponding to |WRzna), |[WRsra) and |PRath),
respectively.), the “lemon”-polarised vortex beam, and the “star”-polarised vortex
beams. These beams are reflected at the glass surface over an incident angle range of

1° to 85°.

In Figure 4.7, it can be observed that all curves overlap. More precisely, their trends are identical.
This suggests that reflectance is independent of the type of incident beam but depends on the
interface material and incident angle, as predicted by the Fresnel equations Eq. (4.18) and Eq.
(4.19). Using vector beams and VVBs as the light source for LiDAR, the orientation of the reflective

surface can be deduced by measuring the reflectance.

44.2 Shift in the Intensity Centroid of Reflected Beams across Incident Angles from 1° to

89°

Due to the Fresnel equations, different polarisation components of light exhibit varying
reflectance, resulting in a noticeable variation in the intensity distribution of the reflected field
with changes in the incident angle which indicates that we can find the relationship between the

centroid of the intensity distribution of the reflected light field and the incident angle.

Firstly, we investigated the intensity distribution of four types of vector beams and found that
their reflected light field exhibits central symmetry. Figure 4.8 illustrates the reflected field of the

radially polarised beam as an example. The central symmetry of a radially polarised beam implies
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that the centroid of its intensity distribution remains at the centre of the image, independent of
the incident angle. Consequently, one cannot directly deduce the relationship between the
centroid of the reflected beam's intensity distribution and the incident angle. To address this
issue, we extracted a quarter of the reflected field's intensity distribution and determine the
centroid of this quarter part. Specifically, the reflected field image comprises 1024 x 1024 pixels,

but we analysed only the upper left 512 x 512 pixels. This is illustrated in Figure 4.8.

0.14
0.12

x107% (m)

15
0.1
0 {0.08
10.06
15 0.04
0.02
15 0 15
%10 (m)

Figure 4.8 The extracted quarter part (the section framed by red dotted lines) of a reflected
field, which is used to analyse the shift of the intensity centroid. The yellow point

represents the centre of the original image.

The relationship between the centroid shift in the reflected light field and the incident angle is
demonstrated in four graphs. For example, in group (1) of Figure 4.9, the following four images are
presented: a. The relationship between pixel position in the x-direction of the centroid and the
incident angle; b. The relationship between pixel position in the y-direction of the centroid and
the incident angle; c. The centroid's movement across the transverse field of the reflected beam
as it varies with the incident angle (colours ranging from blue to reddish brown indicate increasing
incident angles); d. The variation in Euclidean distance from the centroid to the original image
centre (referred to as centroid offset distance) with respect to the incident angle (colours ranging
from dark green to shallow yellow indicate increasing incident angles). We observe that each
incident angle corresponds to a specific coordinate of the centroid. However, near the Brewster
angle, the Euclidean distance from the centroid to the image centre exhibits nearly axisymmetric
characteristics. Additionally, the centroid coordinates of the intensity distribution of the reflected
light field shift in the opposite direction at the Brewster angle, and the centroids of some large-

angle incident reflection fields approximately overlap with those of small-angle incident fields.

I. The radially polarised beam
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II. The vector beam with hybrid states of polarisation (|¥Xznd)
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Figure 4.9 Four groups of graphs. Groups labelled “I” through “IV” represent the radially
polarised beam and three types of VBs with hybrid polarisation states, respectively.
Each group includes four images labelled (a) through (d): (a). the relation between
pixel position in the x-direction of the centroid and the incident angle; (b). the
relation between pixel position in the y-direction of the centroid and the incident
angle; (c). the centroid’s motion within the transverse field of the reflected beam
varying with the incident angle (colours ranging from blue to reddish brown indicate
increasing incident angles (1°~89°)); (d). the variation in Euclidean distance (referred

III

to as “offset pixel” in the diagram) from the centroid to the original image centre
(depicted as a yellow point in Figure 4.8) with respect to the incident angle (colours
ranging from dark green to shallow yellow indicate increasing incident angles

(1°~89°)).

By comparing panels (a) and (b) of the four types of VBs in Figure 4.9, we find that the coordinate
shifts of the intensity centroid of the radially polarised beam are larger. Furthermore, we can
determine the order of the coordinate shifts of the intensity centroid of the reflected field in the x

and y directions, from largest to smallest, as the incident angle varies: radially polarised beam >
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vector beam with hybrid polarisation states (|#Rznd) > vector beam with hybrid states of
polarisation (|WR3rd) > vector beam with hybrid states of polarisation (|¥R+tr). Additionally,
according to panels (d) of the four types of vector beams, the distribution of offset pixels is
axisymmetric with respect to the Brewster angle axis. This suggests that deducing the incident
angle solely from the centroid coordinates or the centroid’s offset distance relative to the centre
of the image is a challenge. To ascertain whether the incident angle is less than or greater than

the Brewster angle, it is necessary to measure the energy of the reflected field.

Additionally, the change in the shift of the intensity centroid of the reflected field for “lemon” and
“star”-polarised vortex beams is also characterised. Unlike the four vector beams, the intensity
distribution of the reflected fields of these two no longer exhibits rotational symmetry relative to
the centre of the image. Consequently, in the following section, there is no partial extraction

analysis of the intensity distribution of the reflected field. All results are shown in Figure 4.10.

i. “Lemon”-polarised vortex beam
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ii. “Star”-polarised vortex beam
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Figure 4.10 Two groups of images. Groups labelled (i) and (ii) represent “lemon”- and “star”-

polarised beams, respectively. Each group includes four images labelled (a) through

(d): (a) the relation between pixel position in the x-direction of the centroid and the

incident angle; (b). the relation between pixel position in the y-direction of the

centroid and the incident angle; (c). the centroid’s motion within the transverse field

of the reflected beam varying with the incident angle (colours ranging from blue to

reddish brown indicate increasing incident angles (1°~89°)); (d). the variation in

Euclidean distance (referred to as “offset pixel” in the diagram) from the centroid to

the image centre (depicted as a yellow point in Figure 4.8) with respect to the

incident angle (colours ranging from dark green to shallow yellow indicate increasing

incident angles (1°~89°)).

It can be observed that the shift of the intensity centroid of the two types of VVBs is almost the
same: the centroid moves primarily in the x-direction, and according to the panels (b) of the two

VVBs, we can see that the centroid remains nearly unchanged in the y-direction. Additionally, the
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range of the centroid shift in the x-direction is much larger than that of the four types of vector
beams. The axial symmetry shown in two panels (d) is similar to that of the four types of VBs; the
distribution of offset pixels is axisymmetric with respect to the Brewster angle axis. However,
unlike those four VBs, the range of the pixel coordinate shifts of the intensity centroid of the
reflected field relative to the pixel coordinates of the field origin is larger. Deducing the value of
the incident angle from the pixel coding coordinates of the centroid of the reflected field intensity
may not be sufficient. However, in scenarios where the incident angle is smaller than the
Brewster angle, or the target object undergoes small-axis rotation, the incident angle can be
deduced solely from the coordinates of the centroid of the reflected field intensity. Moreover,
when focusing solely on the range of the pixel coordinate shifts of the intensity centroid of the
reflected field relative to the pixel coordinates of the field origin, using “lemon” and “star”-

polarised vortex beams as detection signals is better.

443 Range of the Intensity of the Reflected Fields in the (¢, ) Coordinates

Although the intensity distributions of the six types of incident beams are rotationally symmetric
(as shown in Figure 4.6), their intensity remains unchanged along the ¢ direction, and the
intensity distributions of the reflected beams no longer remain unchanged along the ¢ direction.
This inspired this study to find the relationship between the angle of incidence and intensity

distribution of the reflected beam.

Therefore, we extracted the reflected beams’ intensity data for all points at coordinates r = 11.28
pm. Then the minimum value and maximum value are found to calculate range of the intensity.
We examined the intensity ranges of the reflected beams for incident angles ranging from 1° to

89°. Figure 4.11 shows graphs of the relation of the angle of incidence and the intensity range.
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Figure 4.11 The relationship between the angle of incidence and the intensity range. The
intensity data of the reflected beams (in the (¢, r) coordinates) at all points with r =
11.28 um are extracted, and the minimum value and maximum value are determined
to calculate the range. The intensity ranges of the reflected beams for incident angles
ranging from 1° to 89° are examined. Panels (a—f) correspond to the radially polarised
beam, three types of VBs with hybrid states of polarisation (|WRznd), |PRsra) and

|WRatn), respectively), “lemon”-polarised vortex beam, and “star”-polarised vortex

beams, respectively.

Based on the above graphs, several characteristics can be observed:
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1. Except for the vector beam with hybrid states of polarisation |WR4th), the trend of the other

five types of beams shows multivalued properties;

2. Range of the intensity of the vector beam with hybrid states of polarisation |WR4tn) is

greater than that of other beams;

3. For the four types of vector beams, the higher the modulus of OAM carried by their

eigenstates, the better the performance in deducing the incident angle from the intensity range;

4. The trend shown in graphs (e) and (f) of the “lemon” polarised and “star” polarised vortex

beams is the same.

In experiments and practical engineering, we can use area-array CCDs and line-array CCDs to
measure the intensity distribution of the light field. Line-array CCDs are more widely used in
practical applications. This is because area-array CCDs are expensive, while line-array CCDs are
more affordable and can be manufactured with many pixels. By using a line-array CCD in
conjunction with a scanning mechanism and position feedback system, the radial intensity
distribution of the light field mentioned in the text can be measured. Then, the measurement of

the orientation of the reflecting surface can be achieved.

4.5 Conclusion

In this chapter, the potential of using VBs and VVBs as detection signals for LiDAR sensors to
measure the orientation of reflecting surfaces is explored. We develop a computational model for
these beams’ reflection. With the help of this model, the relationship between the properties of
reflected optical fields and incident angles, focusing on reflectance, intensity centroid shifts, and
the intensity range of the reflected beam in the azimuthal direction, is examined. The findings
suggest that the “lemon”- and “star”-polarised vortex beams are good choices among the six
types of beams, as their ranges of the centroid shift in the x direction are much larger.
Additionally, the vector beam with hybrid states of polarisation (J¥R4tt)) stands as another good
choice because its range of intensity variation correlates monotonically with the incident angle,
and this range is greater than that of the other five types of beams. In summary, this work

provides a new sensing scheme for LiDAR research.
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Chapter 5 Spatiotemporal Optical Vortices and Optical

Toroidal Pulses

This chapter studies two types of optical fields: the spatiotemporal optical vortex and the optical
toroidal pulse. The structure of this chapter is divided into two parts according to these two types
of optical vortices. In the first part, the method for calculating the transverse OAM, sometimes
termed spatiotemporal OAM (ST-OAM), of the spatiotemporal optical vortex (STOV) is
demonstrated. Previous work on this topic by two independent research groups has been
published, but they arrived at different conclusions and omitted some details in their calculations.
Therefore, this chapter provides a detailed calculation and analysis. In the second part, inspired by
the definition of the angular momentum of light, a new physical quantity for a new type of optical
pulse termed “toroidal pulse” is defined and discussed. This new quantity is temporarily referred
to as “toroidal momentum”. Fundamental concepts of transverse OAM and STOV are detailed in

section 1.2.3. Please refer to that section before reading this chapter.
5.1 Introduction

5.1.1 Spatiotemporal Optical Vortex

Because the time dimension is introduced in the optical field leading to some intriguing optical
fields such as spatiotemporal optical vortices (STOV) [48, 49,50, 51], optical Hopfions [170], EM-
pulse [171], and more. These have emerged as highly popular research directions in recent years.
In 2012, Konstantin Yu. Bliokh and Franco Nori expanded the concept of intrinsic OAM and optical
vortices to polychromatic states in space-time [41]. Under the assumption that the polarisation
states of the optical field can be neglected, the result reveals that the existence of STOV with non-
longitudinal OAM arises from the necessity of relativistic invariance and can be achieved through
Lorentz transformations of spatial vortex beams. Consequently, spatiotemporal OAM-carrying
optical fields can naturally generate from moving sources (monochromatic) emitting stationary
vortex states in their rest frames. These findings have implications in several research areas,
including the optics of moving media [172], quantum communications with satellites [173],
collisions involving high-energy particles with OAM [174], and the astrophysical applications of
OAM in light [175,176].
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Afterwards, the STOV carrying a purely transverse OAM generated experimentally was reported in

two studies [177,51]. Figure 5.1 [51] shows a schematic diagram for the experimental and

measurement setup.

grating

K cylindrical lens
E / ., 2DSLM
H “ _—
: / G ST vortex
| . x1 CCD camera
e ° | |

1> BS |

= : f ------- ﬂ . i ,

' v R mirror

BS @ \ ______ . f = delay

Sl Reference
grating pair
N
Measured
Fringe pattern
a b
Figure 5.1

Panel (a) [51] details the experimental and measurement setup. Mode-locked pulses
from a fibre oscillator are positively chirped to about 3 ps. A chirped STOV is
generated by applying a spiral phase using a 2D SLM on the pulse shaper.
Simultaneously, a short reference pulse (~90 fs) is produced by compressing the
pulse with a pair of gratings. BS: beam splitter, SLM: spatial light modulator, CCD:
charge-coupled device. Panel (b) [51] shows the diagram of the phase measurement
method. Italic numbers show relative phases for the STOV with topological charge of
£ = 1 at different points. The STOV and the short reference pulse are then
overlapped with a delay to produce a spatial fringe pattern on the CCD camera.

These spatial fringe images at various delays are used to reconstruct the STOV's

phase profile.

The calculation of the transverse OAM of the STOV pulse, has been a hot and controversial topic
in recent years. This research is primarily represented by two groups, with Konstantin Yu. Bliokh
and S. W. Hancock as the first authors. The research results from these two groups present
different conclusions, leading to two rounds of debates on this disagreement. The development of
the research on the calculation of the transverse OAM (denoted as L) is both controversial and

interesting. The following table shows the timeline of this study:
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Table 5.1 A table showing the timeline of the two research groups on the calculation of

transverse OAM:

Round 1 Round 2

Konstantin Yu. Bliokh |Ref. [178] published in June 1. Ref.[179] published in
2021. March 2023.

2. Ref. [180] published in

June 2023.
S. W. Hancock Ref. [181] published in Ref [182] published in July
November 2021. 2023.

Before delving into the details of the two research groups’ work, some assumptions about the STOV
will be introduced. Suppose the STOV is circularly symmetric and propagates along the z -axis. In
addition, it is uniformly polarised in the direction of the y-axis. Its angular spectrum is shown in
Figure 5.2. There are two principal axes (major axis and minor axis) shown in the figure. The ratio
of the radii along the major axis and minor axis, i.e., Y= Tyqjor/Tminor, is Used to describe the
ellipticity of the STOV. If y=1, the STOV is circularly symmetric. The phase of the plane-wave
amplitudes (1 o« e¥*?) is depicted by the colormap, where @ is the azimuthal angle of polar

coordinates in the x-z plane. The topological charge of the phase dislocation is 4 (£ = 4).

5 k=
Minor
% -( axis
< =
Major b, k.
axis

Figure 5.2 shows a schematic diagram for the angular spectrum of a circularly symmetric STOV.
The ratio y of the radii along the major axis and minor axis equals 1. The phase of the
plane-wave amplitudes (i « e?®) is depicted by the colormap, where @ is the

azimuthal angle of polar coordinates in the k,-k, plane. In this figure, £ = 4.

According to the two rounds of debates on the disagreement regarding the value of the
transverse OAM carried by a circularly symmetric STOV, details of the two groups’ work are

shown in Table 5.2.
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Table 5.2 A table showing the details of research on transverse OAM calculation by two groups

1) The 1%t round

Konstantin Yu. Bliokh: In this work (Ref. [178]), for a circularly symmetric STOV in a

vacuum, the transverse OAM is quantised in multiples of 1. If the STOV is elliptical, the

-1
transverse OAM is quantised in integer multiples of %

S. W. Hancock: For a symmetric STOV propagating in vacuum, the transverse OAM is

quantized in multiples ofz; In a dispersive medium, it is quantized in integer multiples

of %, where f3, is the normalized group velocity dispersion of the material.

2) The 2" round

Konstantin Y. Bliokh:

In ref. [179], an explanation is provided for the difference in the results of the value of the
transverse OAM. Konstantin considers that the transverse OAM discussed in S. W.
Hancock’s work [181] is the total transverse OAM, while the transverse OAM studied by
Konstantin Y. Bliokh is the intrinsic part of the transverse OAM. This work provides
expressions for the intrinsic (L") and extrinsic parts of the transverse OAM (L€¥t). They

are:

y+y? —4
— L= — 5.1
5 2 (5.1)

Lt =g
Where ¢ is the topological charge of the phase dislocation, which is defined in the phase
term of the electric field expression of the pulse: E « et? Here, @ is the azimuthal angle
in polar coordinates in the x-z plane. x is a component in the transverse direction, and z is
the pulse’s propagation direction. For a circularly symmetric pulse (y=1), L™ = £. The
extrinsic aspect of the OAM is due to plane waves having the same amplitude but different
frequencies within the pulse spectrum, leading to varying photon densities. This results in
a transverse, vortex-dependent shift of the photon centroid, even in a STOV with a uniform
energy-density distribution.
In addition, in ref. [180], Konstantin discussed the subluminal propagation of the light
pulse. Konstantin considers that the subluminal propagation of the wave packet centroids
does not contradict the propagation of signals or information transfer at the speed of light.

The wave packets under consideration are solutions that are infinitely extended in both

space and time.
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S. W. Hancock: This work (ref [182]) claims that if any flow occurred along z-axis, it would
be superluminal or subluminal above or below the vortex singularity (depending on the
sign of the STOV), violating special relativity. Any valid angular momentum quantity should
be conserved during propagation. Additionally, the researcher considers that we cannot
treat £ and x as equal position quantities, and the operator of the transverse OAM should

be defined as:
Ly = —i (fi - ﬁzxi) (5.2)
0x 0¢
Where x and 3, represent the position along the x-axis and the normalized group velocity
dispersion of the material, respectively. The symbol ¢ represents the position in the

direction of propagation, defined as ¢ = v,t — z, where v, is the group velocity [183] of

the STOV, t represents time, and z is the position of the STOV along the z -axis.

By comparing the results shown in their research, it can be found that in the first round, their
contradiction is: The values of transverse OAM differ by a factor of 2 for a circular STOV pulse.
After that, in the second round, Konstantin provides an explanation for the contradiction, stating
that the transverse OAM calculated by him is the intrinsic part of the transverse OAM, whereas
Hancock’s work considers the total transverse OAM. However, Hancock does not agree with this
explanation. Firstly, he considers that research cannot treat £ and x as equal position quantities,
as shown in Konstantin’s work. The operator for intrinsic transverse OAM should have the form

shown in Eq. (5.2).

Apart from the controversy on calculations of transverse OAM, the experimental detection results
of the phase distribution of the STOV differ from its numerical results. The numerical results are
shown in the works [41, 179] by Konstantin et al. There are fork-like dislocations in the phase
distribution of the STOV, as shown in Figure 5.3. However, there are no fork-like distributions in

the experimental results shown by Hancock et al. [177], as depicted in Figure 5.4.

ni2
phase: '
q . I

In/2

Figure 5.3 The intensity (brightness) and phase distribution (colormap) of the spatiotemporal

light pulse in numerical results.
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Figure 5.4 The phase distribution for the spatiotemporal light pulse in experimental results

[181].

5.1.2 Toroidal Pulse

Figure 5.5 illustrates the schematic representation of an optical toroidal pulse. R, is the radius of
the toroidal light pulse. The iso-surface of the pulse closely resembles that of a donut's surface,
which is formally known in mathematics as a “torus”. A torus is a three-dimensional surface
formed by combining two circular motions: a primary large circle (“pulse local coordinate”)
centred around the main torus axis (marked “¢” in the figure), and a series of smaller circles
(“local coordinate fixed to transverse OAM” or “poloidal coordinate”) perpendicular to the first

circle and centred at various points along the large circle.

local coordinate fixed to

the transverse OAM
pulse local coordinate
e
C"; Flocal coordinate fixed to
: c the transverse OAM

Figure 5.5 shows a schematic diagram for an optical toroidal pulse and its local coordinates;

local coordinates are fixed to transverse OAM. R, is the radius of the toroidal light

pulse represented by the pink dashed ray. And ¢ -axis is the main torus axis.

The generation of isolated tori in the electromagnetic field was reported independently by two
research teams in 2022, marking the first-ever appearance of such findings in Nature Photonics
[171, 184, 185]. In this work [184], the toroidal pulse is generated by a STOV tube (an elongated
STOV). Then, by means of the conformal mapping, a toroidal light pulse can be generated. Figure

5.6 is the schematic diagram for the generation process of the toroidal pulse.
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) ,
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Figure 5.6 shows a schematic diagram for “bending” a STOV tube into an optical toroidal pulse

[184]
By means of the conformal mapping, the formula of the toroidal pulse is:

(R—Rg)*+¢?

YT (x,y,¢) e_(T)e”}‘pe'ikocf dk,dAw], (k1) Y (ky; Aw), (5.3)
where R represents radial coordinates defined in the x-y plane in the pulse local coordinates
system. R, is the radius of the toroidal light pulse depicted in Figure 5.5. The coordinates (7, ¢)
are the local polar coordinates fixed to transverse OAM carried by the toroidal pulse in the x, ¢
plane. This chapter follows the method of the work [184], using the scalar toroidal light pulse as
the research object to conduct some exploratory work on the definition of a quantity temporarily
named “toroidal momentum”. Figure 5.7 shows the intensity and phase distribution, represented
by brightness and colormap, respectively, of a toroidal light pulse generated by a STOV tube with

the transverse OAM with topological charge of 1.

Intensity and phase distribution of toroidal pulse

10

Figure 5.7 The intensity (brightness) and phase distribution (colourmap) of an optical toroidal

pulse

5.2 Transverse Orbital Angular Momentum of a z-Localized

Spatiotemporal Optical Vortex

Figure 5.8 is a schematic diagram for the angular spectrum of a STOV [41]. For the simplicity, the

ellipticity of the distribution of the k, and k, has been ignored (y=1, assuming the shape of this
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distribution is a perfect circle), and this optical field has a polarisation transverse (e.g., the
direction of y-axis) to the optical axis (z-axis). The colormap represents phases of the plane-wave

amplitudes.

Therefore, this STOV can carry transverse OAM (represented by a red vector in the figure named
“L”) having a 2D spatiotemporal wave packet, which is a slowly varying envelope with a carrier
term exp(ikyz — iwgt). This kind of optical field is also termed light sheets [40]. The symbol A is
the radius of the spectrum of the light pulse shown in Figure 5.8, which characterises the

monochromatic degree of the light pulse. Therefore, the parametric functions of k, and k, are:

k, = A sing; k, = Acosp (5.4)

e

Figure 5.8 shows the angular spectrum of a STOV which is circularly symmetric and has linear

n/2
phase:
T .-‘ 0

Ini2

polarisation states along the direction of y-axis; The colormap represents phases of
the plane-wave amplitudes, i.e., E;, e? where @ is the azimuthal angle of polar
coordinates in the k,-k,plane. In this figure, £ = 4; k, is the wavenumber of the

carrier term of the STOV; A represents the radius of the circular angular spectrum.

The dispersion relationship of this STOV in free space is:

K24 k2 = (%)2 (5.5)

where k, and k, are transverse and longitudinal components of the wave vector along X and

Z direction, respectively. Here, w represents the temporal frequency, and c is the speed of light in
a vacuum. Geometrically, this relationship is represented by the surface of a cone, commonly
known as the light cone shown in Figure 1.8 of Chapter 1. By combining the angular spectrum of
the STOV shown in Figure 5.8 with the light cone defined by Eq. (5.5) shown in Figure 1.8, we can
obtain a schematic diagram for the visualisation of the spectral support domain for the 2D ST
wave packet on the surface of the free space light cone, as shown in Figure 5.9. The closed curve
coloured in orange is the intersection of the cylinder defined by the STOV’s angular spectrum and

its light cone. Panel (a) shows the combination of the STOV’s angular spectrum and the light cone.
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Panel (b) is the spectral projection onto the (k,, w/c)- plane, which is a segment of a conic
section. In addition, the projection of the spectrum is extracted separately for display, and it is
coloured by a colormap. Panel (b) indicates that the relationship between k, and w/c is non-
linear. This relation can be deduced by substituting the parametric functions in Eq. (5.4) into Eq.

(5.5), and we have:

_ (w/c)? + (ko)? — (A)?
B 2k,

k, (5.6)

The non-linear relation of the k, and w/c indicates the dispersion of the light pulse. When the
pulse’s spectrum is defined, the group velocity, dispersion, and other properties are determined.

Expressions of the group velocity v, and the group velocity dispersion I are shown in Eq. (5.7) and

(5.8):
dw
Ug = E (57)
d’w

The colormap represents the frequency of the corresponding component. Colours ranging from
reddish-brown to purple indicate increasing values of the frequency. The dashed line represents
the light-line, and the middle point of the dashed line corresponds to k because this point is
mapped from the centre of the angular spectrum of the STOV. Tangents of the segment of the
conic section of the projection of the spectrum make an angle 8 with the k,, and it has the
following formula:

W — Wy

ok =k =tané (5.9)

If & € (0°,45°), the value of the velocity is less than the velocity of light; and if 6 € (45°,907), the
value of the velocity is greater than the velocity of light. Therefore, this STOV has both
superluminal and subluminal light components. Additionally, because the low frequency
propagates ahead of the high frequency, this STOV is a positively chirped pulse. The spectral
projection onto the (k,, w/c)-plane shown in panel (c) is a closed curve. Panel (d) shows a top
view of the schematic of the visualisation of the spectral support domain for the 2D ST wave

packet on the surface of the free-space light cone.
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b.
Figure 5.9

108

(a) A schematic diagram for the visualisation of the spectral support domain for the
2D ST wave packet on the surface of the free-space light cone. (b) The spectral
projection onto the (k,, w/c)-plane is a segment of a conic section. The projection of
the spectrum is extracted separately for display, and it is coloured by a colormap. The
colormap represents the frequency of the corresponding component, and it from
reddish-brown to purple indicates increasing values of the frequency. The dashed
line represents the light-line, and the middle point of the dashed line corresponds to
ko because this point is mapped from the centre of the angular spectrum of the
STOV. Tangents of the segment of the conic section of the projection of the spectrum
make an angle 6 with the k,. The range 6 € (0°, 45°) means the value of the velocity
is less than the speed of light, and the range 6 € (45°, 90°) means the value of the
velocity is greater than the speed of light. (c) The spectral projection onto the (k,,
w/c)-plane is a closed curve. (d) It is a top view of the schematic of the visualisation
of the spectral support domain for the 2D ST wave packet on the surface of the free-

space light cone.
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In Chapter 1 section 1.2.3, we introduced that a pulsed field can be expressed as a product of a

slowly varying envelope W(x, z, t) and a carrier term el(koZ = wol) \yhere wy is a fixed temporal

frequency, and ko = % is its associated wave number. The varying envelope function of the

optical field with has the angular spectrum (shown in Figure 5.10), is:
Y(x,z;t) = fff dk,dk, dAw(k,, k,; Aw)ekx* gtkzZg=ikoZ g —iAwt (5.10)

where Aw = w — wy. It is easy to calculate this slowly varying envelope function in the local

coordinate ((¢, x; t)), whose origin point is at the centre of the circle shown in Figure 5.10.

X

L - .‘ “

x local

DusE D

z local

b. e
Figure 5.10 Panel (a) is the schematic diagram of the STOV carrying transverse OAM in real

space. The coordinate (¢, x) is defined as the STOV’s local coordinates. Panel (b)
shows a schematic of the angular spectrum of STOV in local coordinate and global
coordinate; The global coordinate is represented in black; the local coordinate is
represented in red, and the centre of the circle is the origin of the local coordinate.
The phase of the plane-wave amplitudes (E « e?) is depicted by the colormap,
where ¢ is the azimuthal angle of polar coordinates in the k,-k,plane. In this figure,

£ = 4. k, represents the radius of the angular spectrum.

And then, it is easy for us to find a solution in the local coordinate by means of the Bessel

functions. And the Eq. (5.10) can be rewritten in the local coordinate as follows:

Lp(x’ B t) N Jff dkzlocaldkxlocaldA(m/j(kzlocalr kxlocal; A‘D)eikxlocal.xeikzwml.ce_ikoge_mwt (5-11)
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The angular spectrum in Cartesian coordinate (k,, k,.) is transferred to the polar coordinates
(k,, @), and the corresponding spatial polar coordinate are (r, ¢). The relations of the spatial

coordinates and momentum coordinates are:
X
r=+¢?+x2%,¢ = atan(-)
¢

¢ =rcos¢p,x = rsing

k
2 2 xlocal
ky, = \/kzlocal + Kxiocal”™ @ = atan(k—)

zlocal

kziocar = krcos®, Kyiocar = krsing (5.12)

Therefore, Eq. (5.11) can be rewritten as:
Y(r, ¢;t) = ff dk,dedAw k, P(k,, @; Aw)ekrrcos(@=¢) g—ikorcosp o —iAwt (5.13)

By means of the method of separation of variables, P (k,, ; Aw) can be expressed as:

- 1 © - .
Y(kr, @; Aw) =5 Z P(ky; Aw) e¥¥ (5.14)
f=—00
Substituting Eq. (5.14) into Eq. (5.13), we have:

1 ©— - o . .
‘P(r,qb; t) — ff dkrdqodAu) kr% Z ll)(kr;A(JL)) el#(pelkrrcos(da—(p)e—lkorcos¢e—1Awt
f:—OO

= Z eit$g—ikorcosd f f dk,dAw k, P(ky; Aw)],(k,r)e Bt (5.15)
f:—OO
Panel (a) of Figure 5.11 displays the intensity (brightness) and phase distribution (colormap) of the
STOV with transverse OAM £ = 1. Panel (b) presents the experimental measurement result of the

phase distribution for the STOV with transverse OAM £ = 1 [181].

200 n
\' o| (@
e 200 g

th?%n
3n/2 b -1GD ﬂ 1GD

Figure 5.11 Panel (a) shows the numerical result of the intensity (brightness) and phase

distribution (colormap) of the STOV with transverse OAM £ = 1; Panel (b) shows the
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experimental result of the phase distribution of the STOV with transverse OAM £ = 1
[181].

~tkorcos$ shown in Eq. (5.15) is of interest. This phase term causes the fork-like

This phase term e
phase distribution (as shown in panel (a) of Figure 5.11), which is different from the phase
distribution shown in some experimental results [51, 177]. Based on the theoretical analysis

~ikorcos$ should exist. | have tried to contact researchers who

shown above, the phase term e
conducted these experimental works to show my results and ask them why there is no fork-like
phase distribution displayed in their work. Many thanks to Prof. Zhan and Konstantin, who
confirmed the correctness of this phase term and explained that there is currently no good
method to measure that phase. Therefore, the phase distribution of the STOV shown in panel (b)
of Figure 5.11 is different from the theoretical result shown in panel (a) of Figure 5.11. More
specifically, in this work [51], researchers use a reference light beam with a longitudinal term the
same as that of the carrier term of the STOV to interfere with the STOV, and then cameras
captured the information of this coherent field as shown in Figure 5.1. This field carries the
transverse information of the STOV. To obtain the dislocation phase e*? in the x-z plane,
researchers need to measure the transverse fields at different positions along the z direction. The
measured coherent fields have vertical fringe patterns. By comparing the changes in fringe
patterns of the measured field at different positions, the dislocation phase e*? in the x-z plane

—ikgrcos¢

can be obtained. However, the phase term e , Which causes the fork-like phase

distribution in the x-z plane, cannot be deduced in this process.

Eq. (5.16) defines the density of the transverse OAM (pgam) Of the STOV. This transverse OAM is
orthogonal to the polar coordinates (7, ¢) in the x-z plane and is represented by a red arrow

termed 'L’ in Figure 5.8.

, 0
Proam = ¥r g (_a¢)q’r,¢ (5.16)
By inserting Eq. (5.15) into Eq. (5.16), we have:

Proam = (—=Tkosing + )W W, (5.17)

By integrating Eq. (5.17) we can obtain the topological charge (TC) of transverse OAM (tOAM),
which is:

21

TC of tOAM = Proam dp = £ (5.18)

an]:rd) lIlT’d) 0
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where £ is the topological charge of the transverse OAM. This result matches that of Konstantin’s
work for the transverse OAM of a circularly symmetric STOV. The above quantities are defined in
the local coordinates. We can try to transfer Eq. (5.18) to the global reference system as shown in

Figure 5.12.

z_local
Figure 5.12 A schematic diagram of the STOV’s angular spectrum represented in the polar
coordinates (kg, 8) of the global reference system.

Firstly, in momentum space, relations of components in the local coordinates (k,, ¢) and the

global coordinates (kg, 8) are shown below:

kxlocal)
)

kzlocal

2 2
k, = szlocal + Kxiocal™ @ = atan(

kziocar = krcos@, kyiocar = krsing,

, k
kp = |k,* + k.60 = atan (—x>
k,

k, = krcosO, ky = kgsin® = kyjocar,

. Kgsin®
ky = [(kgcos® — k)2 + kg(sinf)?, ¢ = atan ((k,;%len—ko)) (5.19)

Furthermore, in real space, we have following relations of components in the local coordinates

(¢, x) and the global coordinates (z, x):
zZ=¢+ .t X =X, (5.20)

where vis the group velocity of the STOV as shown in Eq. (5.7). The spatial components in the

global reference system are:

Z = Rcos®, x = Rsin® = rsing,r = /¢? + x? = \/RZ - szgt+(vgt)2 (5.21)
X X R

¢ = atan (—) = atan( ) = arcsin (—sin@). (5.22)
¢ z— vyt r

The area element is:

112



Chapter 5

dS = kydk,dp = \/(kgrcos® — ky)? + kgsind2dk,de

d(kr, @)
d(kg, )

= \/(krcos8 — ko)? + kgsinf? det dkgpd6 (5.23)

Substituting the above equations (Eq. (5.19) to Eq. (5.23)) into Eq. (5.15), we have:

. . R_. ; 2 . R_.
elt’-arcsm (?Sm@)e_lko R2—22v9t+(vgt) cos (arcsin (;sm@))

W(x,z;t) = X3 o  (krcos8 — ky)? + kgsin? - (5.24)
det 2509 g1 40 Pk, ; )], (e r)e @t eiwot
0(kr,9)

5.3 Exploring Toroidal Momentum in Toroidal Pulses

5.3.1 The Definition of Toroidal Momentum

“Toroidal momentum” is a quantity that has not been previously defined. It is newly introduced in
this work, inspired by angular momenta. Figure 5.13 is a schematic diagram illustrating how the
inspiration from angular momentum in this work led to the development of the concept defined

as toroidal momentum.

Angular momentum Spin angular momentum (SAM) Orbital angular momentum (OAM)
L=rx P W L=rxp
P
n‘ r
Toroidal momentum Spin toroidal momentum (STM) Orbital toroidal momentum (OTM)

T=RyxL

3

Figure 5.13 shows schematic diagrams for the angular momentum and toroidal momentum. The
schematic diagrams for spin angular momentum and orbital angular momentum in this figure is

based on this reference [15].

This section is studied under the assumption that the optical field has linearly polarisation states
along the along one transverse direction (i.e., the y-direction). Therefore, the case termed “Spin

toroidal momentum” is not studied in this chapter. To provide a clearer demonstration of the
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analogy process between OAM and toroidal momentum, | created Table 5.3 to provide a more

specific explanation of the process of defining toroidal momentum.

Table 5.3  Equations for angular momentum and toroidal momentum
Mechanical Quantum Expression
Longitudinal OAM p(r, @) =¥ (x X iV,)¥ = ¥* (1, ) %‘I’(r, @), where
L=xXp
flux density, p, X represents the position operator.
Quantum number
r, @)rdrd
(fz)ofthe Z:ffpz( (p) (p
[ ¥ ®rdrde
longitudinal OAM
Toroidal momentum v 9
T=RyXL o) (@) =Ry x ¥, ¥,
° flux density, pi am (oA 07 Tretag T e
Quantum number (t) v
r,¢)rdrd
of the toroidal t =Ry X ] ptO*AM( ¢ L
JI¥; s ¥rprdrde
momentum
5.3.2 Research on the Relationship Between Radius, Transverse OAM of Optical Toroidal

Pulse, and Its Toroidal Momentum

In Table (5.3), the definition of toroidal momentum is

T=RyxL

(5.25)

And according to Eq. (5.25), we can find that, once the value of the L (transverse OAM) is defined,

the magnitude of the toroidal momentum T changes proportionally with the variation of the

geometric parameter R, (the radius of the toroidal pulse) of the scalar toroidal pulse. Therefore,

the theoretical value can be computed. Figure 5.14 shows the calculation results of theoretical

value of the toroidal momentum for scalar toroidal pulses with 6 different setting value of the R,.

The parameter [ represents the value of the transverse OAM carried by toroidal pulses.
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Figure 5.14 Theoretical value of toroidal momentum calculated by Eq. (5.25).

Based on equation shown in Table 5.3 and Eq. (5.3), the numerical simulation of toroidal

momentum was carried out using MATLAB. The results are shown in Figure 5.15 below:

2000 2000 2000
RO=1 RO=2 RO=3
1000 1000 1000
~ 0 ~ 0 ~ 0
-1000 -1000 1000
2000 2000 2000
400 50 0 50 100 400 50 0 50 100 100 -50 0 50 100
ls I le
2000 2000 2000
RO=4 RO=5 R0O= 6
1000 1000 1000
& 0 & 0 & 0
1000 1000 -1000
2000 2000 -2000
4100 -50 0 50 100 4100 -50 0 50 100 100 50 0 50 100

—_—
@

I L

Figure 5.15 The simulation results of the value of toroidal momentum.

To better compare simulation results with theoretical values, the simulated and theoretical values
of toroidal momentum for toroidal light pulses with the same radius are plotted on the same

graph shown in Figure 5.16.
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Figure 5.16 Comparison of the calculated and theoretical values of toroidal momentum with

different Ry.

To further illustrate the relationship between theoretical values and simulation results under

varying radii of the toroidal pulse, | also computed the case for Ry = 30. The result is shown in

Figure 5.17:

4000 — :
R0=30

2000

=~ 0

-2000 simulation results
7 « Theoretical results

-4000

-100 -50 0 50 100
s

Figure 5.17 The calculated and theoretical values of the toroidal momentum for a pulse with the

radius of Ry = 30.

By comparing the results shown in Figure 5.16 and 5.17, we can find that the larger radii of the
toroidal pulse, the better alignment of the theoretical values and simulation results. To identify
the reason behind the better alignment of theoretical values with simulation results only within a
specific interval centred around transverse OAM’s value [ = 0, | studied the density distribution of
toroidal momentum on the x-z plane under the condition that the radii of toroidal pulses is a
variable and the topological charge of the transverse OAM carried by these pulses is a constant of

1. The results are shown in Figure 5.18. “TC” is the abbreviation of “topological charge” which
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represents the value of the transverse OAM. “R,” represents the radius of the toroidal pulse.
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Figure 5.18 The toroidal momentum density distribution.

From the above results, we can observe that a scalar toroidal pulse with a certain radius Ry can
only carry up to a corresponding maximum transverse OAM. The maximum of the transverse
OAM for several pulses with R, from 1 to 7 is shown in Figure 5.18. Additionally, two
supplementary cases are presented in this figure: one example for an ill-defined toroidal pulse
with Ry and TC values of (1, 25) and another example for a well-defined toroidal pulse with R,
and TC values of (10, 5). To clearly show the phase distribution of transverse OAM, in Figure 5.19,

another phase term (propagation phase term e ~*¥0¢) has been ignored.

25 rc 1 1 2 4 6 10 14 5
V¥ L
*.H,‘ » » - ’n‘ ;' b‘ ; 4'. FPa®
i ) a8 6 0 0 W (@)
KT - . - ‘q ¥ \g ¥ 5 f avs
e s - v
1 Ry 1 2 3 4 5 6 7 10

Figure 5.19 The maximum TC that can be carried by scalar toroidal pulses with different R,; Two
supplementary cases are placed first and last (one example of an ill-defined toroidal

pulse, and another of a well-defined toroidal pulse).

In fact, we cannot classify the pulse shown in Figure 5.20 as a “toroidal” light pulse. This type of
pulse is not stable in real space. Therefore, a light pulse with a specific R, cannot be considered
toroidal anymore when the transverse OAM exceeds its corresponding limit. The following

schematic in Figure 5.21 illustrates the deformation process of the toroidal light pulse [186]:
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Figure 5.20 Schematic of the toroidal pulse with TC = 25 and R, = 1. (a). The phase distribution
in the x-z plane. (b). The iso-surface coloured by phase distribution of the “toroidal”

pulse in 3D space.

Figure 5.21 shows a schematic of the deformation process of a toroidal light pulse. This toroidal
pulse has a constant value of radius (R,) but carries a significantly large transverse

OAM [186].
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5.4 Conclusion

In summary, this chapter introduced two main studies, each of which provided valuable insights
into optical pulses. Firstly, this chapter uses the light cone theory and momentum spectrum of
STOV to explain the process of calculating its transverse OAM, and detailed envelope function of
the STOV is also provided. Two controversies regarding STOV are discussed: the calculation of
transverse OAM, and the phase distribution of STOV in the x-z plane. The calculation result of
STOV’s transverse OAM is found to be consistent with previous findings [179], with a detailed
calculation process provided. Additionally, discrepancies between numerical calculations and
experimental observations of the phase distribution in the x-z plane of STOV are discussed.
Secondly, inspired by angular momentum, we introduce a new quantity which is temporarily
referred to as “toroidal momentum”. Exploring these light pulses not only enhances our
understanding of the physical world but also opens up exciting new research directions in optical

sensing.
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Chapter 6 Conclusion and Outlook

This thesis investigates two types of optical vortices: the monochromatic vortex beam under
paraxial approximation and spatiotemporal vortices, along with their related research in

engineering.
Chapter 1 presents fundamental concepts and the structure of the thesis.

Chapter 2 introduces the concept of the total angular momentum-conserving Poincaré sphere
(TAM-C PS). By linking poles of different TAM-C PSs, two categories of TAM-C PS braid clusters are
created. These clusters provide a framework for representing and characterising beams, guiding
the generation of targeted VVB. TAM-C PS offers a balanced compromise between generality and
application, encompassing various Poincaré spheres. This approach intuitively represents
relationships between different spheres, aids in describing optical field evolution, and calculates
geometric phases, contributing valuable insights to optics. Two potential directions for further
exploration include: The evolution of the light field state under angular momentum conservation
is an intriguing topic worth further research. The meta-surface J-plate is an optical state converter
that couples arbitrary spin and optical angular momentum states into a compact plane [187], with
trade-offs between arbitrary transformations of angular momentum and conversion efficiency.
The work in this chapter sheds light on the energy-angular momentum relationship during optical
field transformations. Building on TAM-C PS, two braid clusters are introduced, combining group
theory with Poincaré spheres to describe physical phenomena. Exploring braid clusters and the
relationship between group theory and optical angular momentum is a field worthy of in-depth

research.

Chapter 3 presents a method for analysing the value of OAM in scalar vortex beams and TAM in
VVBs. These approaches help our collaborators analyse vortex beams from meta-surface
integrated micro-rings during design and simulation, avoiding early physical fabrication and saving
time, effort, and money. Additionally, this work can aid in optical sensing, such as detecting
signals from noise and deducing object information based on OAM mode changes. However, the
current method is limited to analysing longitudinal OAM modes of monochromatic beams under
paraxial approximation (more precisely, LG beams). Future research can focus on characterising
OAM modes of non-paraxial vortex beams, potentially involving decomposition into Bessel beams
and angular spectrum analysis. If considering the vector nature of the unknown vortex beam, the
angular momenta cannot be directly divided into spin and OAM parts, requiring further research

to develop a general method for analysing angular momenta in such beams.
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Chapter 4 explores using vector beams and VVB as detection signals for LiDAR sensors to measure
the orientation of reflecting surfaces. Using the Fresnel equation, coordinate transformations, and
angular spectrum analysis, a reflection computation model for vector beams and VVB is
developed. Relations between properties of reflected vector beams and VVB and incident angles
are examined, including reflectance and intensity centroid shifts. Results show that measuring
reflectance and centroid shifts can deduce the incident angle, with hybrid polarisation vector
beams ((|WR4th)) being optimal. This study offers a new sensing scheme for LiDAR research. Due
to insufficient equipment and time constraints, experimental work on this part has not yet been
carried out, but it can be pursued in the future. Additionally, with the aid of this experimental
system, we can further research a LiDAR based on the detection principle of the rotational
Doppler effect. This LIDAR can detect the angular momentum of the object being observed.
Detecting this physical quantity can further enrich the capabilities of LiDAR in assessing the
motion and orientation of target objects. Inspired by the meta-surface integrated micro-ring laser,
we can explore its application in LiDAR systems in the future. Such a LiDAR system would have
advantages such as small size, low cost, portability, and the ability to produce a variety of laser
beam types. Besides, future research can focus on improving signal-to-noise ratio, processing
reflected signals to extract effective information, examining a greater variety type of VVB as
detection signals, and investigating the relationship between incident angle and other properties

of reflected fields, such as polarisation distribution and singularity points.

Chapter 5 explains the process of calculating transverse OAM of STOV using light cone theory and
the angular spectrum, providing a detailed envelope function and phase distribution in the z-x
plane, resolving two controversies in the field. The results align with theoretical and experimental
findings. Additionally, it introduces the concept of “toroidal momentum” in optical toroidal
pulses. These insights enhance our understanding and application of optical pulses in optical
sensing. Conclusions about the transverse OAM presented in this article are consistent with those
of a previous researcher. However, the current discussion on this issue has not yet been finalized.
So, giving a conclusion that can convince everyone is a worthwhile research direction. The
theoretical system of spatiotemporal optical vortex as well as the transverse angular momentum
has not been fully established yet. Therefore, this will also become a worthwhile research
direction. Besides, the spatiotemporal optical vortex being researched is scalar optical vortex. The
vector spatiotemporal optical vortex has not been well researched yet. In vector spatiotemporal
optical vortex, we can study the interaction of transverse spin and transverse OAM. As to the
optical toroidal pulse research, in the future, we can do relevant experiments for verification of
the toroidal momentum. Currently, research on toroidal pulses is in its early stages, and studies

on their propagation characteristics and interactions with matter have not yet been published. In
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the future, we can investigate the refraction and reflection of toroidal pulses at different
interfaces or explore the physical processes that occur when they interact with various material
interfaces. Additionally, due to the connection between toroidal pulse and Hopf fibre bundles, it is
bound to be a hot physics frontier in the future. The angular momentum characteristics,
spatiotemporal characteristics, propagation characteristics, and so on of toroidal pulse are very

worthy of attention and research directions.
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