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Abstract

In this work, we propose an inertial extragradient method for solving strongly pseudomono-
tone equilibrium problems utilizing a novel self-adaptive stepsize approach. We establish the
R-linear convergence rate of the proposed method without prior knowledge of the Lipschitz-
type constants associated with the bifunction. We also discuss the application of the obtained
results to variational inequality problems involving strongly pseudomonotone and Lipschitz
continuous mapping. Numerical examples are presented to illustrate the efficiency of the
proposed method.

Keywords Equilibrium problem - Inertial extragradient method - Strongly pseudomonotone
bifunction - R-linear rate.

Mathematics Subject Classification 47J20 - 49J40 - 49M30

1 Introduction

Let C be anonempty closed and convex subset of areal Hilbert space H.Let f : Hx H — R
be a bifunction with f(x, x) = 0 for all x € C. The equilibrium problem of the bifunction
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f on C,denoted by EP(f, C),is stated as follows:
Find x* € C such that f(x*, y) >0, Vy € C. (1)

Equilibrium problem is also called the Ky Fan inequality due to his contribution to this field
(Fan 1972). Mathematically, E P(f, C) is a generalization of various important mathematical
models including variational inequality problems, optimization problems and fixed point
problems, see (Blum and Oettli 1994; Konnov 2000, 2007; Muu and Oettli 1992; Quoc
and Muu 2012; Vuong and Strodiot 2020). EPs have been considered by many authors
in recent years, e.g., see (Combettes and Hirstoaga 2005; Hieu et al. 2018; Iusem et al.
2009; Lyashko et al. 2011; Lyashko and Semenov 2016; Moudafi 2003; Nguyen et al. 2014;
Strodiot et al. 2016; Tran et al. 2008; Vinh and Muu 2019; Vuong et al. 2015, 2012) and
the references therein. Some notable methods for EPs have been proposed such proximal
point methods (PPM) (Flam and Antipin 1997; Moudafi 1999), auxiliary problem principle
methods (Mastroeni 2000) and gap function method (Mastroeni 2003). For an excellent
collection of equilibrium modelling and applications, solutions existence as well as solution
methods for EPs, we refer the readers to a recent monograph (Bigi et al. 2019).

The PPM is often used for solving monotone EPs, in which a regularized equilibrium prob-
lem is formed at each iteration. This sub-problem is strongly monotone, hence the solution
is unique and can be computed more easily than solutions of the original problem. Solu-
tion approximations generated by the PPM will converge finitely or asymptotically to some
solution of the original EPs (Flam and Antipin 1997; Moudafi 1999).

For solving pseudomonotone EPs, a powerful algorithm is the extragradient methods
(EGM) studied originally by Korpelevich (1976) for variational inequalities and saddle point
problems. This algorithm was extended to EPs in Tran et al. (2008) where the equilibrium
bifunctions are pseudomonotone and satisfy a Lipschitz-type assumption. Under suitable
conditions imposed on parameters and bifunctions, the iterative sequences generated by
the EGM are proved to be convergent to some solution of EP(f, C). In recent years, the
extragradient methods have received great attention from the many authors, see, e.g., Censor
et al. (2011); Nguyen et al. (2014); Vuong et al. (2015). The advantage of the extragradient
method (Vinh and Muu 2019) is that the sub-problems are easier to solve than the PPM.
Moreover, it can be applied to the more general class of bifunctions.

The main drawback of EGM is that the chosen step-size depends on the Lipschitz-type
constants of the bifunctions (Dang 2017; Lyashko et al. 2011; Lyashko and Semenov 2016;
Moudafi 1999). This fact can make some restrictions in applications because the Lipschitz-
type constants are often unknown or difficult to estimate. In this work, we propose a new
inertial extragradient method for solving strongly pseudo-monotone equilibrium problem.
Note that, an extragradient method with inertial effect for solving EPs can be found in Vinh
and Muu (2019) where the inertial parameters were chosen depending on the iteration gap
and a summable sequence. In addition, no convergence rate was obtained in Vinh and Muu
(2019).

The EGM variant proposed in this paper uses a new step-size rule which does not require
the knowledge of the Lipschitz-type constants of the bifunction as in Vinh and Muu (2019).
Moreover, the inertial parameter can be chosen independently to the iterations. Under suitable
conditions on the parameters, we establish the linear convergence of the iterations to the
unique solution of the EPs. As a consequence, we provide a linear convergence rate of a
modified extragradient method for solving variational inequality problems in Hilbert spaces.

This paper is organized as follows: in Sect.2, we collect some definitions and prelimi-
nary results for further use. Section 3 deals with analyzing the convergence of the proposed
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algorithm. Finally, we discuss the applications to variational inequalities in Sect. 4, following
with some numerical examples in Sect. 5.

2 Preliminaries

Let C be a nonempty closed convex subset of H. We begin with some concepts of monotonic-
ity of abifunction (Blum and Oettli 1994; Muu and Oettli 1992). A bifunction f : HxH — R
is said to be:

(i) strongly monotone on C if there exists a constant y > 0 such that

fanN+ fx0) < —yllx =yl ¥xyeC.
(i) strongly pseudomonotone on C if there exists a constant y > 0 such that
fENZ0= f(y,x) < —yllx —yII>, Vx,yeC.

(iii) satisfied Lipschitz-type condition on C if there exist two positive constants c1, ¢ such
that

FN+ 020> fx,2) —cllx —ylI? —eally —zl?, ¥x,y,z€C.

From the definitions above, it is obvious that (i) = (ii).
The normal cone N¢ to C at a point x € C is defined by

Ne(x)={weH:(w,x—y)>0,VyeC}.
For every x € H, the metric projection Pc(x) of x onto C is defined by
Pc(x) = argmin {|ly — x|/ : y € C}.
Since C is nonempty, closed and convex, Pc(x) exists and is unique.
Foreach x,z € H, by 0 f(z, x), we denote the subdifferential of convex function f(z, -) at
x,1ie.,
0f(z,x):={ueH: f(z,y) = f(z,x)+ (u,y —x),Vy € H}.
In particular,
0f(z.a)={ueH: f(z,y) = {u,y—2z),Vy € H}.
For proving the convergence of the algorithm, we need the following lemma.

Lemma 2.1 (Peypouquet 2015, Proposition 3.61) Let C be a nonempty closed convex subset
of Hand g : H — RU {400} be a proper, convex and lower semicontinuous function on H.
Assume either that g is continuous at some point of C, or that there is an interior point of C
where g is finite. Then, x* is a solution to the following convex problem min {g(x) : x € C}if
andonly if 0 € 9g(x™) + Nc(x™), where dg(-) denotes the subdifferential of g and Nc (x™)
is the normal cone of C at x*.

Definition 2.1 (Ortega and Rheinboldt 1970) Let {x,} be a sequence in H.
(1) {x,} is said to converge R-linearly to x* with rate p € [0, 1) if there is a constant ¢ > 0
such that

llx, —x*|| < cp™ Vn €N.
(ii) {x,} is said to converge Q-linearly to x* with rate p € [0, 1) if

%041 — x| < pllxy — x| Vn e N.
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3 Convergence analysis

Now, we are in a position to present a modified version of inertial extragradient method in
Vinh and Muu (2019) for solving equilibrium problems.

Algorithm 3.1
Initialization. Let ug, u; € H, .1 > 0, p € [0, 1), u € (0, 1). Let {t,} be a nonnegative real
numbers sequence such that y oo | T, < +00.

Step 1. Given the current iterates u,—1 and u, (n > 1), compute

ty =tp + p(Up — Up_1),
v, = argmin{A, f (t,,y) + %H)’ - ln||2}-
yeC

If v, = t, then stop and v, is a solution. Otherwise, go to Step 2.
Step 2. Compute

. 1
ty 1 = argmin{, f (vn, ) + 11y = tall?},

yeC
and
mi {E ||[n_vn||2+ llun+1 _vn||2 7)Ln+_[n}
2 _ 2 f(tna Mn-H) - f(tns Up) — f(Unv un—H) )
et if ftn, uny1) — f(tn, vn) — f(Up, upg1) > 0;

An -+ T, otherwise.

Setn :=n + 1 and return to Step 1.

Remark 3.1 The self-adaptive stepsizes {XA,} chosen as in (2) is allowed to increase from
iteration to iteration showing that the self-adaptive stepsize in this work is different from the
studied self-adaptive stepsize in the literature (Hieu et al. 2018; Dang 2017; Muu and Quoc
2009; Tran et al. 2008; Vinh and Muu 2019). The initial stepsize A1 chosen in (2) could be
arbitrary large allowing fast convergence from the beginning of the iterations. In particular,
(Vinh and Muu 2019, Algorithm 1) proposed an inertial extragradient method for solving
pseudo-monotone EPs with fixed stepsize and inertial parameters were chosen along the
course of iterations depending on a summable series, which were different from Algorithm
(3.1). In addition, the linear convergence rate was not investigated in (Vinh and Muu 2019).

In order to establish the convergence of Algorithm 3.1, we assume that bifunction f : H X
H — R satisfies the following conditions.

Condition 1

(A1) f is y-strongly pseudomonotone on C.

(A2) f satisfies Lipschitz-type condition on H with two constants ¢ and c;.

(A3) f(x, ) is convex and lower semicontinuous on H for every fixed x € H.

(A4) Either intC # @ or f(x, -) is continuous at some point in C for every x € H.

Remark 3.2 From the condtions (A1) and (A2) we get f(x,x) = 0 forall x € C. It is also
known that under Condition 1, the problem EP(f,C) has unique solution (Muu and Quy 2015).
Itis easy to see that the uniqueness of solution is guaranteed by the strong pseudomonotonicity
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of the bifunction f. For generic conditions of solution existence and their relaxations, we
refer the readers to an excellent survey (Bigi et al. 2013, Section 2). In particular, the most
simplest conditions for solution existence are: C is a bounded and convex set; f(x,-) is
convex for each x € C and f (-, y) is continuous for each y € C.

Next, we will establish the convergence rate of Algorithm 3.1. We start with the following
lemmas which play an important role in proving the convergence of the proposed algorithm.

Lemma 3.1 (Yang 2020) Let Condition 1 be satisfied. Let {),} be a sequence generated by
Algorithm 3.1. Then

lim A, = A € | min L,M AL +T,
n—00 2max{cy, ¢z}

where T =) 02| Ty.

Lemma3.2 Forany A > Qandx,t € H, let

. 1
z = argmin {?\f(x,y)+§||y—t||2}, (3)
yeC

then
Afx,y) = f(x,2) ={t—2z,y—2) VyeC.

Proof Since z is the unique solution of the strongly convex minimization problem (3). The
optimality condition (Lemma 2.1) implies that there exists s € d f (x, z) such that

Oeis+z—t+ Nc(2),
Hence, by definition of this cone, we obtain that
(t—z—As,y—2) <0 VyeC. “)
On the other hand, since s € d f(x, z), we have
f&.y) = fx,2) = (s,y—z2) VyeC. (&)
Combining (4) and (5), we obtain
AfGy) = fx2) =z (s, y—2) =t -z, y—2) VyeC.

Lemma 3.3 Let C be a nonempty, closed and convex subset of H and f : H x H — R
be a bifunction satisfying Condition 1. Let u be the unique solution of EP(f, C). Then the
Sfollowing inequality holds

A A
ltpst — ull® < Nty — > — (1 - u—”) ltn — vall* — (1 - u—")num —ul?
)‘IH-I kn-&—l
— 20y llvn — ull?. (©6)
Proof From

. 1
Up41 = argmin {)\nf(vnv )+ E”)’ - tn”z} ,
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by Lemma 3.2, we get

A (f ns ) = [, tpy1)) = {ty — Upy1, Yy — upy1) Yy € C.

Substituting y := u € C, we obtain

An(fUp,u) — fUps upg1)) = (tn — Upg1, U — Upy1). @)

Since u is the unique solution of EP(f, C) and v, € C, we have f (u, v,) > 0. By the strong
pseudomonotonicity assumption of f, we obtain f (v,, u) < —y ||v, — u||?. It implies from
(7) that

_)Lnf(vnv un+l) > (tn —Up41, U — unJrl) - )\nf(vn’ u)
> (tn — tng1, 10— tng1) + Ay llon — ull®. ®)
Again, since
. 1 2
Uy = argmin )Lnf(tna)})"l‘iny_tn” s
yeC

Lemma 3.2 implies

A (f (s 1) = f (s V) = (g — VU, thnget — ). ©9)
Adding (8) and (9) we get
20 (f s tng1) = (o 0) = f (Vn Unt1))
> 2ty — Upo ngt — On) + 20ty — tpg1, 4 — Ung1) + 2hn¥ g — ul?
= (Ita — vall* + lttngr — vall* = ltng1 — ta 1)+
+ (ltn = gt 1P+ Netngr — wll® = tw — ull®) + 200y 00 — ull?®

= lltw = vall® + g1 — Vall* + ltngr — ull® = ltn — ull® + 220y llva — ul*.
This implies that

ltnsr = ul® < Ntw = ull® = lltn — vall> = lttns1 — vall® + 220 (f (tu tng1)

— fltns vn) = f@ns ttng1)) = 22y 00 — ul*. (10)

On the other hand, from the definition of the sequence A, we get

2(f (ty, upns1) — ftn, vp) — f(Un, Upy1)) < )Llujrl <||tn - Urz”2 + lups1 — Un||2>o
(11)

Substituting (10) into (11) we obtain

A A
litns1 — ull®* < lltn — ull* — (1 T )nzn —vl? — <1 —p— >||un+1 — v 12
)‘n-H )\n—H

— 20y v — ull.

In the following theorem we will show that the sequence {u,} generated by Algorithm 3.1
converges strongly to the unique solution u with a R-linear rate.
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Theorem 3.1 Let C be a nonempty closed convex subset of H. Let f : H x H — R be a
bifunction satisfying Condition 1. Let 0 € (0, 1) be arbitrary and p be a real number such
that

we

0<p= (12)

T we+2w+€’
(1= yi

4 72
{u,} generated by Algorithm 3.1 converges in norm to the unique solution u of the problem
EP(f,C) with a R-linear rate.

1
where w = 1 — min } and € := 5(1 — w)(1 — 0)60. Then the sequence

Proof First, we show that there exists N1 € N such that
luns1 — ul* ollty — ull® = €lluns1 — ta|* Vo = Ny. (13)

Indeed, it follows from Lemma 3.1 that lim;, o A, = A > 0 and since u < 1, there exists
N > 0 such that

An
1—pn >0 Vn>N.
)WL+1

Thanks to (6) and 6 € (0, 1), we have for all n > N that

A
2 2 n 2
luppr —ull” < Ity — ull _<1_ﬂ )”Un_[n”
)\n+l

A
- (1 - n3 ! ) (1= O)ltpt1 — vall® = 20y Vg — ul?

n+1
A
=||tn—u||2—(1—u - )envn—rnn2
Ant1
A
—(l—u - )(1—6)[||vn—rn||2+||un+1—vnnz]—2xny||vn—u||2
)\n-&-l
2 An 2
<ty —ul®—(1-p Ollvn — 1ol
)\n+l

1 A
- = (1 o ) (1 =) ltns1 — tall* = 227 1w — ull?,
)Ln+l

(14)

where we have used the Cauchy—Schwartz inequality in the last estimation. Moreover, we
get

! An 1 1
lim 7(1—/¢L )(1—9):5(1—u)(1—9)>5(1—/0(1—0)0,

n—>00 2 An+1
A 1—wo yi
fim (1= 12" Yo =(—pwo > 2min] L= 71
nsto Jore1 42
1—wo yi
lim A,y = Ay >min{¢, y—}
n— 00 4 2

Using the definition of the limit, there exists Ny € N and N; > N, such that for all n > N

1(1— A”)1—9>11— 1—0)0
= me ( )_5( w)( )6,

2 nl
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A 1 —wo yi
<1—M L )QZZminlﬂ,y—},
)LnJrl 4 2

(1= wo L)‘}
4 T2

and
Any > min {
Using (14) we obtain for all n > Ny that

A =)o ya
ltn41 _“”2 < ltu _u”z_zmln{T J/Z llvn _tn”

1
— 5 (1= =0)0llunsr - tall®

1—n)o A
Comin [ L2M8 VAL
4 2

1
= llty — ul* — S U= =00 unsr — tall*

1 0 A
2 min {( 4‘” Y2 }(II o — o2 + low — ull?)

2 1 2
= litn = ull™ = (0 =) (1 = 0)Fllun 1 — tall
.| a —M)9 V?n
—min | ———— lltn —ul?

4
. 1 0 A 1
=<1—m1 {( 4’” ,yz })ntn ull® = S0 = (1 = )01 = 1o
0 A 1
< (1= min { S22 22 Yy = P = S0 =00 = 000l 1

2 2
= ollty —ull” = €llupt1 — tll”

Next, we show that the sequence {u,} converges strongly to the unique solution u of the
problem EP(f, C). Indeed, we have

ltw — ull> = (1 + p)(un — u) — p(tp—y — w)|?
=1+ p)llun — ull® = pllun—t — ull* + p(1 + p)llun — wp—1]?
and
ltns1 = tall* = lttns1 — ey — Pt — tn—1)|?
= lltns1 — unll* + p*ttn — tun—1II* = 20 (Uns1 — tn, iy — Un—1)
> Nungr — unll* + 02w — n—1 1> = 2plltns1 — wnllllttn — tn—1 |
> Nungr — unll* + 02w — wn—1 1> = plltnsr — wnll* = plltn — un—11I>
= (1 = P)llunt1 — unll* = o1 = p)lly — wp—1l*.
Combining these inequalities with (13) we obtain
ltntt —ull® < 0+ p)llun — ull* = wpllun—1 — ull* + wp(1 + p)ln — un—1
—e(1 = P)lluns1 — unll* + €0(1 = p)ln — un—11*> Vn > Ny,

@ Springer f bMA



An inertial extragradient... Page90f18 363

or equivalently
2 2 2
lunt1 — ull® — wplluy — ull* + (1 — p)luntr — unll
< @ [llun = ul® = pllun—y — ul® + €1 = p)llun — un-11%]
— (we(1 — p) —wp(1 + p) — ep(1 = p)) Uy — up—11I> Vn = Ny.
Setting
By o=y — ull® = pllun—r — ull* + €(1 — p)lluy — un—11%,
since w € (0, 1), we can write
Zutt < lunsr — ull® = oplluy —ull® + et = p)uns1 — un®
<w¥, — (e(1 — p) —wp(1 + p) — ep(1 — p)) llun — up—1|I* ¥n > Ni.
‘We show that
we(l — p) —wp(l + p) —ep(l —p) = 0.
Indeed, from (12) we get p € [0, 1), thus we obtain 1 + p < 2 and p(1 — p) < p, hence

we(l — p) —wp(1+ p) —ep(l — p) = we(l — p) —2wp — €p
= we — p(we + 2w +€) > 0.

Therefore
Ynt1 S wX, Vn> N

Next, we show that X,, > 0 for all n. From (12) we deduce
we we €
< < = s
T wet+2w+e T we+2w 2+4¢€

which implies p < w. Using this fact, we obtain

=1 —e(l = p)lluy — ull* + € = p) (llun — ull® + llun — tn—111*) = plltta—r — ull?

1_
> (1= e(l = p)lun —ull® + 6(72”

ln—1 — ull® — plln—1 — ull*
> (1 —e( —p)luy —ul* = 0.
Hence

n—N1+1
EanwEns«-«sw’ ! 2N1-

Xy, n

2
”un _u” =< le—lw s

which means that {u,} converges R-linearly to u.

Remark 3.3 Using the similar technique in Vinh and Muu (2019); Yang (2020), one can
obtain the weak convergence of Algorithm 3.1 under conditions: f is pseudomonotone on
C; f(-,y) is weakly upper semicontinuous on C, (A2), (A3), (A4) and the solution set
EP(f,C) # (. We omit the proof here.
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4 Application to variational inequalities

In this Section, we discuss the applications of the main result obtained in Sect. 3 for solving
variational inequality problems in Hilbert spaces. Let f(x,y) = (F(x),y —x), Vx,y € C,
where F : H — H is a continuous mapping. Then the equilibrium problems (1) becomes
the variational inequality problem, i.e., find x* € C such that

(F(x*),y—x*) >0 VyeC. (15)
The solution set of (15) is denoted by Sol(F, C). Moreover, we have
. 1
v = argmin{i, f (tn, ) + 511y = I} = Peltn = 2n F (1))
yeC

We recall that the mapping F is §-strongly pseudomonotone on C if there exists a constant
8 > 0 such that

(F(x).y —x) 2 0= (F().y = x) 2 8| — y||> Va.yeC.
If F is L-Lipschitz continuous and strongly pseudomonotone, then the conditions (A1)-(A4)

L
hold for f with ¢ = ¢ = —. Note that, under these assumption, Sol(F, C) is nonempty

and singleton (Kim et al. 2016). For solving variational inequality, we propose the following
algorithm.

Algorithm 4.1

Initialization. Let ug, u; € H, .1 > 0, p € [0, 1), u € (0, 1). Let {t,} be a nonnegative real
numbers sequence such that Y oo | T, < +00.
Step 1. Given the current iterates u,_1 and u, (n > 1), compute

th = tp + p WUy — tty—1),
v, = Pty — M F(ty)).

If v, = t, or F(t,) = O then the stop and t,, is a solution of VI (15). Otherwise, go to Step 2.
Step 2. Compute

Upt1 = Pc(ty — A F(vy)),

and

wllty — Un||2 + unt1 — Un”2
5 s A+ Ty
Apil = 2 {F(vy) — F(tn), upt1 — vp)
" if (F(a) = F(ta), ttn41 = va) > 0;

Mn + T, otherwise.

Setn :=n + 1 and return to Step 1.

The following result is a direct consequence of Theorem 3.1.

Theorem 4.1 Assume that F : H — H is L-Lipschitz continuous on H and §-strongly

pseudomonotone on C. Let 6 € (0, 1) be arbitrary and p be a real number such that
we
O0<ps—"F7-—,
we + 2w+ €
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(L—wo yx

4 2
generated by Algorithm 4.1 converges in norm to the unique solution u € Sol(F, C) with a
R-linear rate.

1
where @ :== 1 — min } and € 1= 5(1 — w)(1 —0)0. Then the sequence {u,}

Remark 4.1 As a consequence of Remark 3.3 we can also obtain the weak convergence of
Algorithm 4.1 under conditions: F is pseudomonotone on H; F is L-Lipschitz continuous
on H; F is sequentially weakly continuous on C and the solution set Sol(F, C) # 0.

5 Numerical lllustrations

In this section, we consider some numerical results to illustrate the linear convergence of
Algorithm 3.1 and compare its performance with the relaxed projection algorithm (Vuong
and Strodiot 2020) and the inertial extragradient algorithm proposed by Vinh and Muu (2019).
The codes are implemented in MATLAB.

Example 1: The bifunction f of the equilibrium problem comes from the Cournot-Nash
equilibrium model considered by Quoc and Muu (2012). It is defined for each x, y € R, by

f,y)=(Px+Qy+r,y—x)

where r € R, and P and Q are two square matrices of order 5 such that P — Q is symmetric
positive definite. It was proved by Quoc and Muu (2012) that the function f is strongly
pseudo-monotone with modulus y = A,;;, (P — Q), the smallest eigenvalue of P — Q and
f satisfies the Lipschitz-type condition with modulus ¢; = ¢, = %IIP — Q. As in Quoc
and Muu (2012), in our test, the vector r and the matrices P and Q are chosen as follows:

1 312 0 00 .61 0 00
-2 2360 00 1160 00
r=| —-1]; P=|10 03520(; 0=|0 01510
2 0 0 2330 0 0 1 150
-1 0 00 03 0 0 0 02
The constraint set of this problem is defined by

5
C=1xeR|) x>0 —5<x<5 i=12345],
i=1
and its solution x* is given by
x* = (—0.725388, 0.803109, 0.72000, —0.866667, 0.200000)” .

In this example, y = Apin(P — Q) =0.7192and L = |P — Q|l,c1 =2 = %IIP - 0| =
1.45. The stopping condition is ErrorBound = ||u,4+1 — u,|| < 1075.

For the projection type algorithms in Vuong and Strodiot (2020), we choose A = 1.9xy /L?
with the non-relaxed parameter (@ = 1, red curve in Fig.1) and A = y/L? with the over-
relaxed parameter («;,,x = 1.014, black curve in Fig. 1). Moreover, the blue curve in Fig. 1
presents the inertial extragradient algorithm in Vinh and Muu (2019) with the stepsize A =
i, 8§ =0.6ande, = n%, n=1,2,.. Figure 1 presents the comparisons of the performance
of these methods with ug = u; = (2, 1,4, —1, —2)T and the stopping condition 1075, 1t
is clear that Algorithm 3.1 (green curve in Fig. 1) outperforms the others thanks to the very
large initial stepsize (A1 = 5000) and inertial effect even though it is quite small (p = 0.003).
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Fig. 1 Performance of different algorithms when ug = u; = (2, 1,4, —1, —2)T

The sequence {7, } is chosen the same as {¢€,}. It is also noticed that the error estimates in
Algorithm 3.1 has some oscillation phenomenon, which is well understood in algorithms
with inertial effects for solving optimization problems. We believe that this is also the case
for algorithms with inertial effects for solving EPs.

Example 2: Similar to Krawczyk and Uryasev (2000); Quoc and Muu (2012), in this
example, we consider the problem of River basin pollution game. There are three players
j = 1,2, 3 located along a river. Each agent is engaged in an economic activity (paper pulp
producing) at a chosen level x;, but the players must meet the environmental condition set
by a local authority. Pollutants may be expelled into the river, where they disperse. Two
monitoring stations are located along the river, at which the local authority has set maximum
pollutant concentration levels. The revenue and the expenditure for player j are

R;(x) = [a1 — ax(x1 + x2 + x3)]x;,
and
Fj(x) = (b1j + bajxj)xj,

respectively, where the parameters a; = 3.0, a2 = 0.01, by; = 0.1,0.12,0.15, and ¢2; =
0.01, 0.05, 0.01 for j = 1, 2, 3, respectively. The profit of player j is

Kj(x) = Rj(x) - Fj(x).

The constraint on emission imposed by the local authority at location is
3
qi(x) = Zujvl-jxj <100, i=1,2,
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10 ‘ ‘
projection algorithm
relaxed projection algorithm
inertial extragradient E
adaptive stepsize inertial EG

ErrorBound

0 10 20 30 40 50
Iterations

Fig. 2 Performance of different algorithms when ug = u; = (0, 0, 07

where u; = 0.5,0.25,0.75,v;; = 6.5,5.0,5.5 and vp; = 4.583,6.25,3.75for j =1, 2, 3,
respectively. The level x; is nonnegative for j = 1, 2, 3. Players try to maximize their profit
K j (x) satisfying the condition ¢; (x) < 100,i = 1,2 and x > 0.

This problem can be reformulated as the equilibrium problem, where

a+by  a as a + by 0 0
P = ap ax+byn a ;0= 0 a+bpn O
an a ap+ by 0 0 a» + by
by —a;
andr = | bjp —a; | . Note that since P — Q is not positive definite, this linear equilibrium
biz —a;

problem is not strongly monotone. However, since P + Q and Q are positive definite, we can
choose matrix 7 = 0.1 x diag(ba1, b22, b23) such that this problem is equivalent to a strongly
monotone linear equilibrium problem as in Example 1 when Py = P+ 7,01 = Q —T
and r; = r (see Quoc and Muu (2012) for more details). For this choice, the corresponding
parameters are ¥ = Apyin(P1 — Q1) = 0.019 and L = %HP] — Q1] = 0.055. The other
parameters are similar to Example 1 except ;5 = 1.5. We also compare the performance
of four algorithms with ug = u; = (0,0,0)7 and the stopping condition ErrorBound=
lluns1 — unl < 1073 in Fig.2. Once again, Algorithm 3.1 demonstrates its effectiveness
thanks to the large initial stepsize (A; = 5000) and inertial effects.

Example 3: We continue with a very interesting model namely the Nash-Cournot
oligopolistic equilibrium models of electricity markets introduced by Contreras et al. (2004).
This model was reformulated as a strongly monotone equilibrium problem in Muu and Quy
(2015); Quoc et al. (2012). Consider a Nash-Cournot oligopolistic equilibrium model aris-
ing in electricity markets with n¢ (n = 3) generating companies and each company i
(i = 1,2, 3) (com. #) possesses several generating units n{ (gen.#). The quantities x and x¢
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Table 1 The lower and upper g g c ¢
bounds of the power generation com. # gen. # min Fmax Fmin Fmax
of the g;neratmg unit and 1 1 0 30 0 30
companies (n8 = 6)

2 2 0 80 0 130

2 3 0 50 0 130

3 4 0 55 0 125

3 5 0 30 0 125

3 6 0 40 0 125
Table2 The parameters of the generating unit cost functions cj (j =1...,6)
gen.#  @;($SMw?h) Bj($/Mwh) Pj($/h) &;($/Mwh) Bj vi
1 0.0400 2.00 0.00 2.0000 1.0000 25.0000
2 0.0300 1.75 0.00 1.7500 1.0000 28.5714
3 0.1250 1.00 0.00 1.0000 1.0000 8.0000
4 0.0116 3.25 0.00 3.2500 1.0000 86.2069
5 0.0500 3.00 0.00 3.0000 1.0000 20.0000
6 0.0500 3.00 0.00 3.0000 1.0000 20.0000

are the power generation of a unit and a company, respectively. The lower and upper bounds
of the power generation of the generating units and companies are given in Table 1. The
parameters of the cost function are pointed out in Table 2.

The cost of a generating unit j (j =1, ..., 6) is determined as follows

cj(xj) = max{¢;(x;), ¢j(xj)}

where
&
Iy

&)=~ Pt Bixj+ 7,

Bj+1
~ Bj g
Vi ! (x;) bi .

Ej(x]') = 5{ij + Bj —]i— 1
It turns out that the cost of the generating unit j does not depend on other generating units.
Let us denote n¢ by the number of generating units of all companies (i.e. n = Zl”;l ny)
and /; by the index set of all generating units of the company i.

If the selling price of a unit of electricity is fixed at 378.4 — 2 Z;’il x; then the profit of the
company i that owns n{ generating units will be defined by

ng
fi)=3784-2% x| > x; =D ¢jlx))

I=1 jek jel;

where (x3;,); < Xj < (Xinax)j (G = 1,..., n®).
Foreachi =1, ..., n°, let us define

Z)’j - ZC]()’]).

Jel; JEli

pitr.y) = (37842 > x4+

J¢l; Jeli
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Fig.3 Performance of different algorithms when ug = u; = (0,0, 0, 0, 0, O)T

The Nikaido-Isoda function is defined as

n¢

FOy) =Y lpilex) = @i(x, )]

i=1

Since each company intends to maximize their profit, the oligopolistic equilibrium model of
electricity markets can be reformulated as an equilibrium problem of finding x* € C$ such
that

f(x*,y) =0, VyeC?®
where C¢ is the feasible set given by
C8 = {x8 e R™|(x5,); <% < (o) (= 1,...,n)}.

To figure out the properties of the bifunction f, first let us introduce two vectors q" =
@ ¢ ....q¢)T and g' = (!, ..., G’ )T in which

i {1 if jel

q; = .
J 0 otherwise

and q'j. =1- q;i (j =1,...,n%).By(Quoc et al. 2012, Lemma 7), the equilibrium problem
being solved can be formulated as

x*eC8: f(x*,y) =[(A+15B)x +0.5By +a]’ (y —x) +c(y) —c(x) Vy e C8,
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where the two matrices A, B, the vector a, and the cost function are identified as follows

n¢ n¢
14:2’Z:ql(ql)7"7 Bzzqu(ql)T

i=1 i=1
n¢

a=-3784Y q'. c)= Y ()= cj@).
j=1

i=1 i=1 jel;

It is worth knowing that since ¢ is a nonsmooth convex function and B is symmetric positive
semidefinite, f is continuous on C8 x C¢ and f(x,-) is convex but not smooth for all
x € C$.In addition, the function f is only monotone but it can be transformed equivalently
to a strongly monotone equilibrium problem by considering the following bifunction (see
(Muu and Quy 2015, Lemma 4)).

1
file,y) = F0,0) =30 = By —x).

We test the Algorithm 3.1 with ug = u; = (0,0,0,0,0, O)T, the initial stepsize A; =
100, the stopping condition ErrorBound=|ut,4+1 — u,|| < 1073 and small inertial effect
(p = 0.003). For the other three algorithms, since the Lipschitz constants are not available,
we select a positive stepsize so that the algorithms converge. We choose A = 0.02 for
the projection algorithm and A = 0.03, « = 0.5 for the relaxed projection algorithm. The
inertial extragradient also uses the same stepsize with the relaxed projection. The sequences
{7} and {€,} are similar to Example 1. The results are reported in Fig. 3. We realize that the
Algorithm 3.1 is still effective for this problem. We also notice that Algorithm 3.1 converges
even faster with larger inertial effect, for example p = 0.5, but in this case condition (12) is
not guaranteed.
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