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A B S T R A C T

We show that a two-part pension system provides optimal capital accumulation without distorting labour
supply, thereby achieving the first-best. An economy with too little retirement saving should combine a negative
income tax with a consumption tax to replicate the first-best allocation without using any lump-sum taxes.
Our results are shown in a classic Diamond overlapping generations model that is augmented with endogenous
labour supply on the intensive margin.
1. Introduction

In many countries, there is a trend towards greater funding of
public pensions. Current projections show that ageing populations will
increase the future costs of pension provision significantly given the
falling share of young workers, the limited scope for increases in labour
supply of existing workers, and other demographic pressures. Despite
these known risks, progress in reforming pension systems has been
slow, raising several questions. Is it better to gradually phase out ex-
isting paygo systems or should policymakers rapidly implement funded
pension systems? How should labour be taxed in such systems, given
the importance of labour supply in making current pension promises
manageable? Is there an optimal pension policy for a world where
saving is too low, and if so, what does it look like?

In this paper, we consider these questions using a deliberately sim-
plified model. We set out an overlapping generations model in the spirit
of Diamond (1965) that is augmented with endogenous labour supply
on the intensive margin. Our main result is that a two-part pension
system consisting of an income tax and a consumption tax provides
optimal capital accumulation without distorting labour supply, such
that the first-best allocation is replicated for any initial capital inherited
from past policies. For an economy with too little retirement saving,
this policy achieves the first-best without using lump-sum taxes. The
first-best is the allocation chosen by a planner who maximizes a social
welfare function with positive weights on the lifetime utilities of all
generations and geometric discounting.

E-mail address: m.c.hatcher@soton.ac.uk.
1 I thank Eric French, Minchul Yum and Alessandro Mennuni for helpful comments.
2 For example, OECD (2012, 11,17) notes that pension reforms since the mid-1980s have led ‘‘to a reduction in public pension promises in many countries’’

and calls for ‘‘an expanded role for funded, private pensions’’.
3 In the economic literature, a negative income tax was proposed by Friedman (1962); the basic idea is that government support should be withdrawn at a

low marginal rate to increase incentives to work.
4 See Section 5 of Beetsma et al. (2013) (p. 153) and their Appendix C for further details.

The optimal policy depends on the savings rate in the laissez-faire
economy. If the savings rate is too high relative to the social optimum,
combining a positive income tax with a consumption subsidy curbs
the capital overaccumulation while preventing a distortion to labour
supply by making the effective marginal tax on labour zero. By contrast,
if the savings rate is too low, the optimal policy combines a negative
income tax and a positive consumption tax to encourage workers to
make extra retirement saving, while avoiding both a labour supply
distortion and the use of lump-sum taxes. Such a pension system is
in the spirit of policy recommendations that aim to increase private
retirement saving (see OECD, 2012), but bolder.2 While the suggestion
of a negative income tax is not new, its role here is to increase saving,
not the labour supply of poor households.3

Several past papers add endogenous labour supply and pensions in
the Diamond (1965) model, but most focus on the possibility of Pareto-
improving pension reforms (Breyer and Straub, 1993; Brunner, 1996),
not on policies that maximize a social welfare function. The closest
papers to ours are Abio et al. (2004) and Beetsma et al. (2013). Abio
et al. (2004) extend the steady-state result of Samuelson (1975) in
the classic Diamond model to an economy with endogenous female
labour and fertility: they show that steady-state lifetime utility is still
maximized by a paygo pension in this setting, provided the benefit
is linked to the number of children. Beetsma et al. (2013) focus on
intergenerational risk and show that a two-tier pension system achieves
the first-best in a two-period model with endogenous labour supply;
however, their result does not extend to infinitely many periods.4
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We contribute relative to these works by presenting a policy that
yields a first-best transition in an infinite-horizon Diamond model. The
ey margin in our analysis – labour supply given potentially-distorting
ncome taxes in an infinite-life economy – is absent in the above two
apers. Importantly, our results suggest a way to tackle the dearth
f private pension saving using widely available policy instruments:
ncome and consumption taxes.

2. Model

Consider an overlapping generations model with discrete time 𝑡 ∈ N,
households with two-period lives, and perfect foresight. The number of
young 𝑁𝑡 grows as 𝑁𝑡 = (1 +𝑛)𝑁𝑡−1, where 𝑁−1 > 0 is given and 𝑛 > −1
is the fixed population growth rate. All members of a generation are
identical and lifetime utility of the young born at 𝑡 is

𝑈𝑡 = ln(𝑐𝑡,𝑦) + 𝛽 ln(𝑐𝑡+1,𝑜) − 𝜃
𝑙1+𝜒𝑡
1 + 𝜒

, 𝛽 , 𝜃 , 𝜒 > 0 (1)

where 𝑙𝑡 is labour hours, 𝛽 is a private discount factor, and 𝜒−1 is the
Frisch elasticity.

The economy is closed and output is devoted to consumption or
nvestment:

𝑌𝑡 = 𝑁𝑡𝑐𝑡,𝑦 +𝑁𝑡−1𝑐𝑡,𝑜 +𝐾𝑡+1, ∀𝑡 ≥ 0 (2)

where we assume full depreciation of capital in a generation.
Production is Cobb–Douglas and depends on fixed total factor pro-

uctivity 𝐴 > 0:

𝑌𝑡 = 𝐴𝐾𝛼
𝑡 𝐿

1−𝛼
𝑡 , 0 < 𝛼 < 1 (3)

where 𝐿𝑡 = 𝑁𝑡𝑙𝑡 is aggregate labour hours, 𝐾𝑡 is capital at date 𝑡, and
0 > 0 is given.

2.1. First-best allocation

The planner maximizes a social welfare function with positive
weights on the lifetime utility of each generation and geometric dis-
counting:

𝑊0 =
∞
∑

𝑡=−1
𝜔𝑡𝑈𝑡, 0 < 𝜔 < 1 (4)

where 𝑈𝑡 is given by (1) and 𝜔 is the social discount factor.
The resource constraint (2) in intensive terms is

𝑦𝑡 = 𝑐𝑡,𝑦 +
𝑐𝑡,𝑜
1 + 𝑛

+ 𝑘𝑡+1, ∀𝑡 ≥ 0 (5)

where 𝑦𝑡 ∶= 𝑌𝑡∕𝑁𝑡 = 𝐴�̃�𝛼𝑡 𝑙
1−𝛼
𝑡 is output per worker and �̃�𝑡 ∶= 𝑘𝑡∕(1 + 𝑛)

s capital per worker, with 𝑘𝑡 ∶= 𝐾𝑡∕𝑁𝑡−1 and initial capital 𝑘0 =
0∕𝑁−1 > 0.

The planner’s maximization problem can be written as

max
{𝑐𝑡,𝑦 , 𝑙𝑡 , 𝑘𝑡+1}∞𝑡=0

∞
∑

𝑡=0
𝜔𝑡

(

ln(𝑐𝑡,𝑦) +
𝛽
𝜔
ln[(1 + 𝑛)(𝐴�̃�𝛼𝑡 𝑙

1−𝛼
𝑡 − 𝑐𝑡,𝑦 − 𝑘𝑡+1)]

− 𝜃
𝑙1+𝜒𝑡
1 + 𝜒

)

+ 𝑡.𝑖.𝑝. (6)

where 𝑐𝑡,𝑜 = (1 +𝑛)(𝐴�̃�𝛼𝑡 𝑙1−𝛼𝑡 −𝑐𝑡,𝑦−𝑘𝑡+1) is used and 𝑡.𝑖.𝑝. ∶= 𝜔−1[ln(𝑐−1,𝑦) −
𝜃

1+𝜒 (𝑙−1)
1+𝜒 ] is a given constant that lies outside the planner’s control

‘terms independent of planner’).
A solution to problem (6) must be Pareto efficient since each genera-

ion has a positive welfare weight 𝜔𝑡 ∈ (0, 1). Thus, the planner’s chosen
llocation is one among many Pareto efficient allocations, namely, the
ne that maximizes the social welfare function (4).

The first-order optimality conditions are

𝑐𝑡,𝑜 =
𝛽
𝜔
(1 + 𝑛)𝑐𝑡,𝑦, 𝜃 𝑙𝜒𝑡 =

𝑚𝑝𝑙𝑡
𝑐𝑡,𝑦

, 1
𝑐𝑡,𝑦

= 𝛽
𝑚𝑝𝑘𝑡+1
𝑐𝑡+1,𝑜

(7)

where 𝑚𝑝𝑙 ∶= (1 − 𝛼)𝑦 ∕𝑙 and 𝑚𝑝𝑘 ∶= 𝛼 𝑦 ∕�̃� .
𝑡 𝑡 𝑡 𝑡 𝑡 𝑡

2 
The first equation in (7) shows the optimal balance between gen-
erational consumptions; the second is optimal labour supply on the
intensive margin. The third equation in (7) is the Euler equation for
capital accumulation. At a steady state (i.e. as 𝑡 → ∞), the modified

olden Rule holds: 𝑚𝑝𝑘 = (1 + 𝑛)∕𝜔; for a discussion, see De La Croix
nd Michel (2002). Using (5) and (7), we can solve for the first-best

allocation chosen by the planner:5

𝑘∗𝑡+1 = 𝛼 𝜔𝑦∗𝑡 , 𝑙∗𝑡 =

(

(1 + 𝛽
𝜔 )(1 − 𝛼)

𝜃(1 − 𝛼 𝜔)

)1∕(1+𝜒)

(8)

𝑐∗𝑡,𝑦 =
𝜔(1 − 𝛼 𝜔)
𝛽 + 𝜔

𝑦∗𝑡 , 𝑐∗𝑡,𝑜 =
𝛽(1 − 𝛼 𝜔)(1 + 𝑛)

𝛽 + 𝜔
𝑦∗𝑡 (9)

where 𝑦∗𝑡 = 𝐴(�̃�∗𝑡 )
𝛼(𝑙∗𝑡 )

1−𝛼 .
The optimal savings rate in capital 𝛼 𝜔 depends on the capital share

and social discount factor; see (8). Optimal labour supply depends on
the ratio of the private and social discount factors, 𝛽∕𝜔; the ratio of the
abour share (1 − 𝛼) to the consumption share (1 − 𝛼 𝜔); and the labour
reference parameters 𝜃 , 𝜒 . All uninvested output is consumed, with the
ptimal split between young-age and old-age consumption depending

on 𝛽 and 𝜔; see (9).

2.2. Decentralized economy

We now turn to the decentralized economy. Households maximize
lifetime utility by choosing saving 𝑠𝑘𝑡 and labour hours 𝑙𝑡. They face an
income tax (or subsidy) at rate 𝜏 ∈ (−∞, 1) and a consumption tax (or
ubsidy) at rate 𝜏𝑐 ∈ (−1,∞). The proceeds from the two taxes finance
 paygo-type pension 𝑃𝑡 ∈ R to the current old.

The problem solved by a representative young born at date 𝑡 is

max
𝑠𝑘𝑡 ,𝑙𝑡

𝑈𝑡 = ln(𝑐𝑡,𝑦) + 𝛽 ln(𝑐𝑡+1,𝑜) − 𝜃
𝑙1+𝜒𝑡
1 + 𝜒

s.t.

(1 + 𝜏𝑐 )𝑐𝑡,𝑦 =(1 − 𝜏)𝑤𝑡𝑙𝑡 − 𝑠𝑘𝑡 , (1 + 𝜏𝑐 )𝑐𝑡+1,𝑜 = 𝑟𝑡+1𝑠
𝑘
𝑡 + 𝑃𝑡+1

(10)

where the factor prices 𝑤𝑡, 𝑟𝑡 and the pension 𝑃𝑡+1 are taken as given.
The first-order conditions are

1
𝑐𝑡,𝑦

= 𝛽
𝑟𝑡+1
𝑐𝑡+1,𝑜

, 𝜃 𝑙𝜒𝑡 =
(1 − 𝜏)𝑤𝑡
(1 + 𝜏𝑐 )𝑐𝑡,𝑦

. (11)

The Euler equation in (11) has the usual form. Intuitively, there is no
marginal intertemporal distortion in this equation since consumption
is taxed at the same rate 𝜏𝑐 at both ages. By contrast, there is a ‘tax
wedge’ 1−𝜏

1+𝜏𝑐
in the intratemporal labour supply condition in (11).

Total contributions to the pension system at date 𝑡 are

𝐶𝑡 = 𝜏 𝑁𝑡𝑤𝑡𝑙𝑡 + 𝜏𝑐 (𝑁𝑡𝑐𝑡,𝑦 +𝑁𝑡−1𝑐𝑡,𝑜) (12)

and the paygo pension 𝑃𝑡 to each old is given by a transfer rule:

𝑃𝑡 = (1 + 𝑛)[𝜏 + 𝜏𝑐�̃�]𝑤𝑡𝑙𝑡 (13)

where �̃� = 1−𝛷
1−𝛼 and the coefficient 𝛷 ∈ (0, 1) must give a balanced

budget (see below).
The pension transfer rule (13) implies that a total share 𝜏 + 𝜏𝑐�̃�

of labour income goes to pensions. Hence, for positive shares, there is
a transfer of labour income from the young to the retired old, with
1 + 𝑛 = 𝑁𝑡∕𝑁𝑡−1 being a ‘growth factor’ that reflects the difference
between the number of young contributors, 𝑁𝑡, and the number of old
recipients 𝑁𝑡−1.

If 𝜏𝑐 = 0, rule (13) has the intuitive interpretation that income tax
collected from workers is remitted to pensioners, as in Belan et al.
(1998) or Fedotenkov (2016). The extra term 𝜏𝑐�̃� in square brackets
arises because pensions are also financed by consumption taxes; as we
shall see, this addition is crucial: given endogenous labour supply, a

5 Further details of the planner problem and its solution are provided in
the Supplementary Appendix.
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one-part pension system based on labour or consumption taxes alone
cannot replicate the first-best allocation.6

A representative firm hires capital and labour from households in
competitive factor markets at prices 𝑟𝑡 and 𝑤𝑡, respectively. The firm
maximizes profit each period:

max
𝐾𝑡 , 𝐿𝑡

𝐴𝐾𝛼
𝑡 𝐿

1−𝛼
𝑡 − 𝑟𝑡𝐾𝑡 −𝑤𝑡𝐿𝑡

which yields the factor prices

𝑟𝑡 = 𝛼 𝐴
(

𝐾𝑡
𝐿𝑡

)𝛼−1
= 𝑚𝑝𝑘𝑡, 𝑤𝑡 = (1 − 𝛼)𝐴

(

𝐾𝑡
𝐿𝑡

)𝛼
= 𝑚𝑝𝑙𝑡. (14)

Competitive equilibrium is a set of allocations and prices such that for all
𝑡 ≥ 0:

(i) 𝑠𝑘𝑡 , 𝑙𝑡 solve the maximization problem of the date 𝑡 young given
the taxes 𝜏 , 𝜏𝑐 , the pension transfer rule (13), and the profit-
maximizing factor prices (14).

(ii) The pension system has a balanced budget: 𝑃𝑡 − 𝐶𝑡∕𝑁𝑡−1 = 0.
(iii) Aggregate capital equals aggregate saving, 𝐾𝑡+1 = 𝑁𝑡𝑠𝑘𝑡 , and the

aggregate resource constraint (2), and the per-worker resource
constraint (5), hold.

Given (11)–(13) and conditions (i)–(iii), the allocations at the com-
petitive equilibrium are:

𝑘𝑡+1 =
𝛽(1 − 𝛼)(1 − 𝜏)

1 + 𝛽
𝑦𝑡, 𝑙𝑡 =

(

1 + 𝛽
𝜃

)1∕(1+𝜒)
(15)

𝑐𝑡,𝑦 =
(1 − 𝛼)(1 − 𝜏)
(1 + 𝛽)(1 + 𝜏𝑐 )

𝑦𝑡, 𝑐𝑡,𝑜 =
(

𝛼 + (1 − 𝛼)𝜏 + (1 −𝛷)𝜏𝑐
1 + 𝜏𝑐

)

(1 + 𝑛)𝑦𝑡

(16)

where 𝛽 ∶= 𝛽 𝛼
𝛼+(1−𝛼)𝜏+(1−𝛷)𝜏𝑐

and 𝑦𝑡 = 𝐴�̃�𝛼𝑡 𝑙
1−𝛼
𝑡 as above.

Coefficient 𝛷 is from the pension transfer rule, (13), and must be
onsistent with the balanced-budget condition in (ii), implying 𝛷 =
𝑡+1∕𝑦𝑡. In the Supplementary Appendix we show that 𝛷 must solve a
uadratic equation and 𝜏 , 𝜏𝑐 , 𝛷 can be set to achieve the first-best.7

3. Optimal policy

We now turn to optimal policy. We first show that an income tax
or consumption tax alone cannot achieve the first-best allocation. We
hen characterize the optimal two-part pension system (where ‘optimal’
eans that the social welfare function (4) is maximized). To guarantee

he existence of an optimal policy, we make the following assumption.

Assumption 1. We assume that 𝛽(1 − 𝛼)∕𝛼 > 𝜔(1 − 𝜔).
If Assumption 1 does not hold, the transfers required to correct the

savings rate and labour supply are ‘too large’ (see Proposition 2 and Fn.
1 below). Since 𝜔 ∈ (0, 1), the usual assumption 𝛼 ∈ (0, 1), 𝛽 > 0 does
ot guarantee Assumption 1 holds (as 0 < 𝜔(1 − 𝜔) ≤ 1∕4); instead, we

require that the private discount factor 𝛽 is large enough (or the capital
share 𝛼 small enough). Although this means our optimal policy will not
pply to economies with low private discount factors and large capital
hares, Assumption 1 holds for a wide range of plausible parameter
alues, and is comfortably satisfied in our numerical example below.8

6 The rule (13) contrasts with an alternative approach of paying a fixed
ension per old by varying the contribution rate. We do not consider this
pproach since a time-varying income tax adds an intertemporal wedge in the
uler equation if consumption taxes are set to eliminate the labour tax wedge
n (11).

7 The quadratic is 𝜏𝑐𝛷2 − [𝛼(1 + 𝛽) + (1 − 𝛼)𝜏 + 𝜏𝑐 ]𝛷 + 𝛼 𝛽(1 − 𝛼)(1 − 𝜏) = 0 by
using (15) and 𝛷 = 𝑘𝑡+1∕𝑦𝑡.

8 Note: 𝜔(1 −𝜔) ≤ 1∕4 (with equality for 𝜔 = 1∕2), so Assumption 1 holds for
all 𝛼 ∈ (0, 1∕2], 𝛽 > 1∕4. Clearly, if the social discount factor is some 𝜔 ≠ 1∕2,
then these (sufficient) conditions can be weakened.
3 
3.1. Analytical results

We first clarify the conditions for which the laissez-faire competitive
equilibrium is sub-optimal and then show that a one-part pension
system cannot correct this. We then turn to a two-part pension system
which is first-best. Proofs of all results appear in the Appendix.

Proposition 1. Let 𝑠 ∶= 𝛽
1+𝛽 be the savings rate out of labour income

at the laissez-faire competitive equilibrium. If 𝑠 = 𝑠∗ ∶= 𝛼 𝜔
1−𝛼 , then setting

𝜏 = 𝜏𝑐 = 0 (i.e. no intervention) achieves the first-best allocation. If 𝑠 ≠ 𝑠∗,
the laissez-faire competitive equilibrium allocation deviates from the first-
best allocation: there is over-saving if 𝑠 > 𝑠∗ (under-saving if 𝑠 < 𝑠∗). When
𝑠 ≠ 𝑠∗, no one-part pension system can achieve the first-best allocation.

Proposition 1 shows that the laissez-faire competitive equilibrium
(no intervention) yields the first-best only if a specific relationship holds
between the private discount factor 𝛽, the capital income share 𝛼, and
social discount factor 𝜔. If so, then the savings rate 𝑠 = 𝛽

1+𝛽 (which is
ncreasing in 𝛽) equals the socially-optimal value 𝑠∗, and the resulting
llocation matches the planner’s, since marginal distortions are avoided

if taxes are absent.9
Otherwise, 𝑠 ≠ 𝑠∗ and government intervention may raise social

welfare given by (4). What Proposition 1 clarifies, however, is that no
one-part pension system – using 𝜏 or 𝜏𝑐 alone – can achieve the first-
best. The intuition is quite simple. If 𝑠 ≠ 𝑠∗, then saving in equilibrium
s suboptimal, being too high if 𝑠 > 𝑠∗ and too low if 𝑠 < 𝑠∗. An income

tax 𝜏 can restore the optimal saving rate, but will introduce a marginal
distortion to labour supply – see (11) – that is absent in (7). A similar
rgument applies to the consumption tax 𝜏𝑐 .

Hence, the ‘friction’ of a marginal tax on labour supply prevents a
ne-part pension system achieving the first-best. If labour supply were
nstead exogenous as in the Diamond (1965) model, this difficulty is
voided and replicating the first-best is simple: the optimal allocation
ollows when 𝜏𝑐 = 0 and the income tax 𝜏 is chosen to give optimal

saving in capital (see (8)), the only choice variable.10 With endogenous
abour supply, however, getting the ‘right’ savings rate in capital is not
nough to achieve an optimal allocation because setting 𝜏 ≠ 0 adds a
arginal distortion to labour supply via the tax wedge 1−𝜏

1+𝜏𝑐
in (11), and

this wedge cannot be eliminated unless consumption taxes are used (i.e.
𝜏𝑐 ≠ 0).

We now show that a well-designed two part pension system can
chieve the first-best allocation despite the friction of a marginal in-
ome tax.

Proposition 2. The first-best allocation is achieved by a pension system
with 𝛷 = 𝛼 𝜔 and

𝜏 =
𝛽(1 − 𝛼) − 𝛼 𝜔(1 + 𝛽)
𝛽(1 − 𝛼) − 𝛼 𝜔(1 − 𝜔)

, 𝜏𝑐 = −𝜏 , 𝑃𝑡 = −𝜏 𝛼(1 +𝑛)(1 −𝜔)𝑦∗𝑡 (17)

where 𝑃𝑡 > 0 if and only if 𝑠 < 𝑠∗ (i.e. 𝛽
1+𝛽 < 𝛼 𝜔

1−𝛼 ).

Proposition 2 gives the optimal two-part pension system. The con-
sumption tax has equal magnitude to the income tax but opposite sign
(i.e. 𝜏𝑐 = −𝜏) since this makes the effective marginal tax on labour
zero – see Prescott (2004, p. 8) and (11) – thus preventing a marginal
distortion to labour supply. When this condition is met, the first-order
condition for labour supply matches the planner’s in (7), given that
𝑚𝑝𝑙𝑡 = 𝑤𝑡 and 1−𝜏

1+𝜏𝑐
= 1. Under the optimal policy, the old receive

 positive share of output,11 and 𝛷 = 𝛼 𝜔 (= optimal savings rate

9 Note that 𝑠 = 𝑠∗ can also be expressed as 𝛼 = 𝛼∗ ∶= 𝛽
𝛽(1+𝜔)+𝜔

or
𝛽 = 𝛽∗ ∶= 𝛼 𝜔

1−𝛼(1+𝜔)
(for 𝛼(1 + 𝜔) ≠ 1).

10 Consumptions are implied by the capital choice. With exogenous labour
supply, capital and consumptions follow (15)–(16) in the market economy and
the optimal allocations are (8)–(9), but with exogenous labour of 1 in both
cases. It is easy to show that 𝜏 = 𝛽(1−𝛼)−𝛼 𝜔(1+𝛽)

(1−𝛼)(𝛽+𝜔)
, 𝜏𝑐 = 0 achieves the optimal

allocation.
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Fig. 1. Transition dynamics under the optimal policy for 𝑠∗ ≈ 0.43. Optimal policy is implemented at date 0. Solid line: case of over-saving: 𝛽 = 0.85 (𝑠 = 𝛽
1+𝛽

> 𝑠∗), initial capital
𝑘0 ≈ 0.150, optimal taxes are 𝜏 = 0.072, 𝜏𝑐 = −𝜏. Dashed line: case of under-saving: 𝛽 = 0.65 (𝑠 < 𝑠∗), initial capital 𝑘0 ≈ 0.116, optimal taxes are 𝜏 = −0.083, 𝜏𝑐 = −𝜏. Variables in
plots 2–5 are ratios to the terminal (i.e. steady-state) values as 𝑡 → ∞. Note: % c.e. is the consumption-equivalent increase in lifetime utility, and ‘d.o.b.’ is date of birth.
out of 𝑦𝑡), such that the optimal coefficient in the pension transfer
rule (13) is �̃�∗ = 1−𝛼 𝜔

1−𝛼 , thereby matching this ratio in the planner’s
optimal labour supply equation, (8). Intuitively, this says that to ‘hit’
the optimal labour supply, the policymaker must correct for the income
effect arising from the fact that a correction to the saving rate affects
labour income.

In the case of over -saving, a positive income tax 𝜏 > 0 is combined
with a consumption subsidy 𝜏𝑐 < 0. Intuitively, a positive income tax
corrects the over-saving by curbing capital accumulation, while setting
𝜏𝑐 = −𝜏 eliminates the ‘tax wedge’ in the first-order condition for
labour supply, (11). Interestingly, the consumption subsidy exceeds the
amount raised by the income tax – see (17) – so this case results in a
negative pension (lump-sum tax).

For under -saving – i.e. ‘strained’ pension systems – a negative income
tax 𝜏 < 0 is used alongside a consumption tax 𝜏𝑐 > 0. This raises the
savings rate to the socially-optimal level while keeping labour supply
undistorted (given that 𝜏𝑐 = −𝜏). In this case, the pension to the old
is positive: consumption tax revenue more than pays for the income
subsidy; see (17). Thus, while typical policy recommendations call for
governments to reduce reliance on paygo, our results suggest that a
bold policy of negative income taxes alongside a standard consumption
tax will raise retirement saving sufficiently, while avoiding lump-sum
taxes.

3.2. Discussion

We have presented an optimal pension policy where the two parts –
the income tax and consumption tax – are set to be equal and opposite
in sign to avoid distorting labour supply. The sign of the income tax
is determined by whether the economy’s ‘natural’ savings rate at the
laissez-faire equilibrium is too high or too low, relative to the social
optimum.

11 The share of output going to old-age consumption (see (16)–(17)) is
𝛼(1 − (1 − 𝜔)𝜏) = 𝛼 𝛽 𝜔(1−𝛼 𝜔)

𝛽(1−𝛼)−𝛼 𝜔(1−𝜔) , which is > 0 if and only if Assumption 1 holds
(i.e. 𝛽(1 −𝛼)∕𝛼 > 𝜔(1 −𝜔)). Hence, Assumption 1 ensures the share of output to
the old is not negative (or undefined), which cannot be an optimal allocation.
4 
In the case of under -saving, the optimal policy combines a negative
income tax and a positive consumption tax, with the old receiving
an unfunded pension that is strictly positive. In this important case –
which seems of most relevance given demographic trends – there are no
lump-sum taxes and thus our proposed policy looks highly attractive.
In the case of over -saving, the pension paid to the old is negative
(Proposition 2), implying a lump-sum tax on retirees (whose choices
are past). Here the policy looks less attractive but – as argued in the
Introduction – retirement saving appears to be too low rather than too
high.

Our policy implications are quite different to existing works. In Abio
et al. (2004) there is no consumption tax in the optimal policy because
pensions are financed by an income taxes on males, whose labour
supply is taken as inelastic. As a result, tax distortions to labour supply
are absent, and a consumption tax has no role. In Beetsma et al.
(2013), the optimal policy in their two-period economy requires a
lump-sum tax and a distortionary tax to labour income of the young is
absent; thus, again, there is no need for a consumption tax. Importantly,
while intergenerational risk is a major focus in Beetsma et al. (2013),
we instead emphasize a marginal income tax on young workers, and
recall that their optimality result does not hold in an infinite horizon
overlapping generations economy, while our result does.

In short, our two main policy prescriptions – (i) equal and opposite
consumption and income taxes to prevent labour supply distortion; and
(ii) a negative income tax plus a positive pension – appear novel, and
our optimal policy fills a gap in the existing literature.

3.3. Numerical example

We set the capital share at 𝛼 = 0.30 and the social discount factor at
𝜔 = 0.995. The labour preference parameters are set at 𝜃 = 4 and 𝜒 = 2;
the latter implies a Frisch elasticity of 0.5. We fix productivity at 𝐴 = 1
and population growth at 𝑛 = 0.05. We set the private discount factor
at either 𝛽 = 0.85 (over-saving) or 𝛽 = 0.65 (under-saving), and initial
capital per worker 𝑘0 is set at the steady-state value in the laissez-faire
economy for each case.

The optimal policy is implemented from date 0 onwards and we
simulate the resulting transition dynamics under the assumption that
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the reform (i.e. the change in policy) is unanticipated. Generational
welfare effects are consumption-equivalent gains (or losses) relative to
he no-reform counterfactual. The results are shown in Fig. 1.

For the case of over-saving (solid line, 𝛽 = 0.85), the optimal policy
as capital falling and converging to a lower long run value (top right).
his is achieved by an income tax, and a consumption subsidy, of

7.2%. Consumption when young falls only marginally at date 0 because
the wage is unchanged and the effective labour tax is zero (only 𝛽
changes); by contrast, consumption when old increases sharply due
to the consumption subsidy, with the subsequent reduction in private
aving (capital) reducing the consumption increase for later generations
bottom panel).12 Labour supply ‘jumps’ to its new value, which is

slightly higher. Looking at the generational welfare effects (top left),
we see that there is a Pareto improvement – all generations are better
off – given initial capital overaccumulation.13

Now consider the case of under -saving (dashed lines, 𝛽 = 0.65), that
is, ‘low’ initial capital. An increase in physical capital is accomplished
through a negative income tax and a positive consumption tax of about
8.3%. The transition paths are essentially ‘mirror images’ of the over-
saving case.14 One important difference, however, is that there is no
areto improvement in this case. This is intuitive given that there is
nitially under-saving in capital, and we see that both the initial old
nd the first young generation are hit hard by the optimal policy. It
akes several generations until capital has increased sufficiently that
ubsequent generations are better-off. In short, given the relatively high
ocial discount factor 𝜔 = 0.995, the optimal policy trades off the wel-
are losses of the initial generations against the gains of the subsequent
enerations in order to maximize the social welfare function.

4. Conclusion

We have presented a simple two-part pension system that achieves
the first-best allocation with endogenous labour supply for any initial
capital. In the case of under-saving, an unfunded pension is paid
o the old which is financed by consumption tax revenue net of a
abour income subsidy. This policy raises the private savings rate to
 socially optimal level, avoids the use of lump-sum taxes, and leaves

labour supply undistorted because the consumption tax and the labour
ncome tax are equal in magnitude but opposite in sign. Such a policy

seems worthy of further investigation given the urgency and apparent
difficulty of solving the dearth of private pension saving using widely
available policy instruments.

Appendix

Proof of Proposition 1. Setting 𝜏 = 𝜏𝑐 = 0 in (15)–(16) yields

𝑡+1 = 𝛽(1−𝛼)
1+𝛽 𝑦𝑡, 𝑙𝑡 =

(

1+𝛽
𝜃

)
1

1+𝜒 , 𝑐𝑡,𝑦 = ( 1−𝛼1+𝛽 )𝑦𝑡, and 𝑐𝑡,𝑜 = 𝛼(1 + 𝑛)𝑦𝑡.
omparing with (8)–(9), the first-best allocation is achieved if and only

if 𝛽(1 − 𝛼) = 𝛼 𝜔(1 + 𝛽), which requires 𝛽
1+𝛽 = 𝛼 𝜔

1−𝛼 , i.e. 𝑠 = 𝑠∗. If 𝑠 > 𝑠∗,
hen 𝛽(1−𝛼)

1+𝛽 > 𝛼 𝜔, so there is over-saving relative to the socially optimal
rate (see (8)); on the other hand, if 𝑠 < 𝑠∗, then the above inequality is
reversed and, by an analogous argument, there is under-saving.

We now show that if 𝑠 ≠ 𝑠∗ and one tax is zero, the first-best
annot be replicated. If 𝜏𝑐 = 0, 𝜏 ∈ (−∞, 1), then by (15)–(16), the

ratios 𝑘𝑡+1∕𝑦𝑡, 𝑐𝑡,𝑦∕𝑦𝑡, 𝑐𝑡,𝑜∕𝑦𝑡 equal the planner’s in (8)–(9) iff 𝜏 = 𝜏′ ∶=

12 Since 𝜔 ≈ 1, the optimal pension is near zero (see Proposition 2) and
𝑐𝑡=0,𝑜 increases around 8% ( 1

1−0.072
= 1.078); for reference, see the expression

for old-age consumption in (16).
13 Recall that an optimal (first-best) allocation is Pareto efficient as
enerational weights are positive.
14 The near ‘mirror images’ in plots 2–5 arise from dividing each variable

by the terminal (i.e. steady-state) value as 𝑡 → ∞. Note that these (optimal)
teady state values differ in the two cases studied (since 𝛽 differs).
5 
𝛽(1−𝛼)−𝛼 𝜔(1+𝛽)
(1−𝛼)(𝛽+𝜔) ≠ 0. But if 𝜏 = 𝜏′, first-order condition in (11) gives (at

equilibrium) 𝑙1+𝜒𝑡 = (1−𝛼)(1−𝜏)
𝜃 𝑐𝑡,𝑦∕𝑦𝑡 ≠ (𝑙∗𝑡 )

1+𝜒 ; see (7). If 𝜏 = 0, 𝜏𝑐 ∈ (−1,∞),
hen by (15)–(16), the ratios 𝑘𝑡+1∕𝑦𝑡, 𝑐𝑡,𝑦∕𝑦𝑡, 𝑐𝑡,𝑜∕𝑦𝑡 equal the planner’s

in (8)–(9) iff 𝜏𝑐 = 𝛽(1−𝛼)−𝛼 𝜔(1+𝛽)
𝜔(1−𝛼 𝜔) ≠ 0, but then the first-order condition

in (11) gives 𝑙1+𝜒𝑡 = (1−𝛼)
𝜃(1+𝜏𝑐 )𝑐𝑡,𝑦∕𝑦𝑡

≠ (𝑙∗𝑡 )
1+𝜒 since 𝜏𝑐 ≠ 0. ■

Proof of Proposition 2. Set 𝜏𝑐 = −𝜏, 𝛷 = 𝛼 𝜔. Then 𝑘𝑡+1∕𝑦𝑡, 𝑐𝑡,𝑦∕𝑦𝑡,
𝑐𝑡,𝑜∕𝑦𝑡 in (15)–(16) equal the planner’s (8)–(9) iff 𝜏 = 𝛽(1−𝛼)−𝛼 𝜔(1+𝛽)

𝛽(1−𝛼)−𝛼 𝜔(1−𝜔) .
ince 𝜏 = 𝛹 𝜏′ for 𝜏′ = 𝛽(1−𝛼)−𝛼 𝜔(1+𝛽)

(1−𝛼)(𝛽+𝜔) , 𝛹 = (1−𝛼)(𝛽+𝜔)
𝛽(1−𝛼)−𝛼 𝜔(1−𝜔) > 0 (see

Assumption 1), 𝑠𝑔 𝑛(𝜏) = 𝑠𝑔 𝑛(𝜏′). Labour supply equals the planner’s,
ince 𝑐𝑡,𝑦∕𝑦𝑡 = 𝑐∗𝑡,𝑦∕𝑦

∗
𝑡 , so (11) gives 𝑙1+𝜒𝑡 = (1−𝛼)

𝜃 𝑐𝑡,𝑦∕𝑦𝑡 = (𝑙∗𝑡 )1+𝜒 ; see
7). Given equal ratios and 𝑙𝑡 = 𝑙∗𝑡 for all 𝑡, 𝑦𝑡 = 𝑦∗𝑡 , 𝑘𝑡+1 = 𝑘∗𝑡+1,
𝑐𝑡,𝑦 = 𝑐∗𝑡,𝑦, 𝑐𝑡,𝑜 = 𝑐∗𝑡,𝑜 for all 𝑡, so the first-best allocation is replicated.
By (ii), (5), and (12)–(14), 𝑃𝑡 = (1 + 𝑛)[𝜏(1 − 𝛼)𝑦∗𝑡 + 𝜏𝑐 (𝑦∗𝑡 − 𝑘∗𝑡+1)] =
1 + 𝑛)[𝜏(1 −𝛼) + 𝜏𝑐 (1 −𝛼 𝜔)]𝑦∗𝑡 , since 𝑘∗𝑡+1 = 𝛼 𝜔𝑦∗𝑡 . Finally, given 𝜏𝑐 = −𝜏,
t follows that 𝑃𝑡 = −𝜏 𝛼(1 + 𝑛)(1 − 𝜔)𝑦∗𝑡 . Since 𝛼 , 𝜔 ∈ (0, 1) and 𝑛 > −1,
𝑃𝑡 > 0 iff 𝜏 < 0. But 𝑠𝑔 𝑛(𝜏) = 𝑠𝑔 𝑛(𝜏′), so 𝜏 < 0 iff 𝑠 < 𝑠∗. ■

Appendix B. Supplementary data

Supplementary material related to this article can be found online
t https://doi.org/10.1016/j.econlet.2024.112033.

Data availability
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