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1 Introduction

Form factors are interesting physical observables which are situated at the interface be-

tween completely on-shell quantities such as scattering amplitudes and completely off-shell

quantities like correlation functions. In a gauge theory one typically considers the overlap

of a state created by a gauge-invariant operator O(x) with a multiparticle state (1---n|



described by the particles’ momenta pq,...,p, and other relevant quantum numbers such
as the helicity, for massless particles. We will usually consider the Fourier transform of the
form factor,

/d%eiql‘ (1---nO(z)|0) = 6W (q—ZpZ) (1---n|O(0)|0), (1.1)
=1

where the momentum delta function appears as a consequence of translational invariance
of the theory, with O(x) = exp(iPz)O(0) exp(—iPx).

Form factors appear in several interesting physical contexts. Some of the early applica-
tions include the amplitude for deep inelastic scattering, which is controlled by the matrix
element (X|[J57"(0)|p) of the hadronic electromagnetic current Jg* with an initial proton
state p and a final hadronic state X, and the ete™ — X annihilation process, governed
by the form factor (X|Ji7*(0)|0). Furthermore, the universal structure of infrared diver-
gences of amplitudes is controlled by the Sudakov form factor [1-7], with the coefficient of
the leading infrared divergence being related to the cusp anomalous dimension [8] and the
large-spin limit of twist-two operators [9]. Its universal, exponential form has inspired the
all-loop conjecture for planar MHV amplitudes in N' = 4 super Yang Mills (SYM) [10].
Another interesting application of form factors is the operator product expansion of null
polygonal Wilson loops proposed recently in [11].

Ultimately, one of the important goals and motivations for the study of form factors in
N =4 SYM is that they interpolate between off-shell and on-shell quantities. For off-shell
quantities such as two-point correlation functions, integrability has been developed into
a powerful computational tool,! and it also plays an important role in the calculation of
amplitudes [13, 14] and form factors [15, 16] at strong coupling. On the other hand, for
amplitudes at weak coupling we have so far only glimpses of hidden integrable structures,
and we hope that this interpolation will give us new insights on the role and uses of
integrability in the context of amplitudes.

Form factors in maximally N =4 super Yang-Mills at strong coupling were recently
considered in [15, 16]. At weak coupling, they were first considered in [17], and in greater
detail and generality in [18] and [19]. In particular, [18] considered form factors of the
half-BPS scalar operator Tr(¢12¢12) in N =4 SYM at tree level and one loop, where ¢ap
are the six scalar fields in the theory, A, B = 1,...,4, with ¢ap = —¢pa, with external
states containing two scalars and an arbitrary number of positive-helicity gluons. These
MHYV form factors were found to be remarkably simple. Specifically, at tree level they are
expressed in terms of a holomorphic function of the spinor variables associated to the par-
ticle momenta which is a close cousin of the Parke-Taylor MHV scattering amplitude [20].
This simplicity was also found to persist at one loop, where the result for these MHV form
factors is a remarkably simple expression which is very reminiscent of that for an n-point
MHYV amplitude at one loop.

In this paper we continue the systematic study initiated in [18]. The preceding dis-
cussion has already outlined two of the motivations for this study. Firstly, the attempt

!For a recent review see [12] and references therein.



at connecting the on-shell world of scattering amplitudes (with a flurry of new techniques
discovered over the past seven years) to that of off-shell observables in the theory, with
integrability playing a prominent role in determining the quantum structure of some of
these observables at strong and weak coupling. The second motivation is that form factors
are expressed by simple formulae despite being partially off shell. As we shall see, certain
form factors exhibit further unexpected simplicities, such as the maximally non-MHV form
factors. More concretely, in this paper we pursue the following objectives.

In section 2 we begin by extending to form factors some distinguished on-shell tech-
niques used successfully over the past years to calculate amplitudes, such as MHV dia-
grams [21] and on-shell recursion relations [22, 23]. Some of these findings are not unex-
pected — for example, MHV rules are related to an MHV Lagrangian which is applicable
also off shell [24], and recursion relations are based on factorisation, which is a general
property not only of amplitudes but also of Green’s functions [25]. Notice that MHV di-
agrams are expected to work also in the presence of multiple operator insertions. As an
application, we will explicitly solve the recursion relations for form factors where the exter-
nal state is made of gluons in a split-helicity configuration. This parallels a corresponding

explicit solution for amplitudes found in [26].

Section 3 — a central part of this paper — is devoted to supersymmetric form fac-
tors. We will find that harmonic superspace [27, 28] is a very convenient framework to
formulate and study such objects. More precisely, we consider form factors where the op-
erator inserted is the chiral part of the stress-tensor multiplet operator, which preserves
half of the supersymmetries off shell [29, 30], while the state is described using the super-
symmetric formalism of Nair [31]. Using a chiral superspace formulation we write down
supersymmetric Ward identities for these form factors, and show how they constrain their
form. As a particular application of these techniques we derive the maximally non-MHV
form factors which turn out to be surprisingly simple. Finally, we study form factors of
the full stress-tensor multiplet operator for which we introduce a non-chiral superspace
representation.

In section 4 we briefly introduce supersymmetric MHV diagrams, supersymmetric re-
cursion relations and unitarity for form factors. These generalisations are rather straight-

forward, so our presentation here is somewhat condensed.

Finally, in section 5 we introduce dual MHV rules for form factors formulated directly
in dual (super) momentum space by giving various examples at tree and one-loop level, and
point out and explain certain subtleties encountered at higher loops. In this construction,
a certain periodic kinematic configuration, emerging in the strong-coupling calculation
of [15, 16], plays a central role, and we discuss similarities with (and differences from) the
Wilson loop/amplitude duality [32-34].

The understanding of the large-z behaviour of form factors is crucial in formulating
the recursion relation, and is analysed in detail in appendix A. Finally, in appendix B we
provide a brief reminder of the dual MHV rules for amplitudes.



2 Tree-level methods

In this section we will develop and extend tree-level methods for form factors by general-
ising the corresponding methods for amplitudes, namely MHV diagrams [21] and on-shell
recursions relations [22, 23].2 We then proceed to obtain several new results including the
NMHYV and all split-helicity cases. We will not present the calculations with both methods
for all examples but wish to stress here that we have made extensive checks to confirm that
the results obtained with either method always agree. The supersymmetrisation of these
methods will be considered in section 4.

2.1 MHYV diagrams

We start with a simple extension of the MHV diagram method [21] to form factors. We will
test this here only in tree-level calculations, but the extension to loop level, following [36],
is straightforward.

Specifically, we will be interested in calculating NMHV form factors of the simplest
class of operators in N' = 4 SYM, namely the half-BPS operators Tr(¢12¢12). They take
the form

(g% (1) dra(pi) -~ d12(pj) -~ 9 (Pn—1) 97 (pn) [ Tr(d12612) ()] 0), (2.1)

where all but one of the gluons have positive helicity. The strategy of the calculation is very
simple — we need to augment the set of usual MHV vertices for amplitudes by including
a new family of MHV vertices, obtained by continuing off shell the tree-level MHV form
factors of the half-BPS operators. The expressions for these quantities were derived in [18],
and are given by

/d4x e (gt (p1) - Pra(pi) - d12(pj) -+ - g (0n) | Tr(B12612) (2)|0)

=g"2(2m)* W (>~ Mede — @) Funv (2.2)
k=1
where (i)
)
i = . 2.
MHV (12) -+« (n1) (2.3)
Here p,, := AmAm are on-shell momenta of the external particles, and ¢ := > o1 Pm 18

the momentum carried by the operator insertion. It was observed in [18] that, since (2.3)
is a holomorphic function of the spinor variables, the MHV form factors are localised on a
complex line in twistor space, similarly to the MHV amplitudes [37].

Using localisation as an inspiration, we propose to use an appropriate off-shell con-
tinuation of (2.3) as a new vertex to construct the perturbative expansion of non-MHV
form factors of the operator Tr(¢12¢12). The off-shell continuation is the standard one
introduced in [21]. The momentum L of an internal, off-shell particle is decomposed as

L = 1+ 2 where | = Az )y is an on-shell momentum and & an arbitrary reference null

2For a recent review of tree-level methods in gauge theory and gravity, see [35].
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Figure 1. The four MHV diagrams contributing to the NMHYV form factor (2.5).

momentum. The off-shell continuation of [21] consists then in using the spinor Az as the
spinor variable associated with the internal leg of momentum L, where
Loo&®
Ao = ~aa£~ . (2.4)
(AL, ¢]

The denominator in the right-hand side of (2.4) will be irrelevant for our applications since
each MHV diagram is invariant under rescalings of the internal spinor variables. Hence,

we will discard it and simply replace Af, o — Lag&4.

2.1.1 NMHYV form factors

Using the MHV rules outlined in the previous section, we now present an example of
derivation of an NMHYV form factor. Specifically, the form factor we consider is

FaMuy (Lg1y: 2615, 39— 4g+) := (h12(p1)d12(p2)g~ (p3)g™ (p4)| Tr(h12612)(0)[0) . (2.5)

There are four MHV diagrams contributing to (2.5), depicted in figure 1. A short calcu-
lation shows that these are given by the following expressions:

26 1 (llg — pal¢]

Diagram (a) = [53] [32] <41> |<4|q —p1|5] ’

. o (23) (3lp2 + pal€]?
Diagram (b) = (345934 (2|p3 + pal€]{4|p2 + p3l€]’
(12) [¢4)? 1

Diagram (c) = [43] [3¢] (2|p3 + pal&](1]p3 + palé]’

1 (13)* (3|pa +pal¢]
s3a1 (34)(41) (1[ps + pal¢]
We have checked that the sum of all MHV diagrams is independent of the choice of the

reference spinor . A particularly convenient choice of £ is € = A4, in which case we get

Diagram (d) = (2.6)

I (1gld] | [24](23)% 1
ENvuv (Lgios 2615, 39— 4g+) = [34] (4]p2 + p3)4] L[23](41) (34) 5234]
(13)214] 1

(41)(34)[43] s301 (2.7)



It is straightforward to apply this procedure to more general form factors but for brevity
we will not present them here. However, we mention that all results derived in the next
subsection using recursion relations have been compared with formulae obtained from MHV
diagrams finding a perfect match in all cases.

2.2 Recursion relations

In this subsection we study the application of recursion relations to the derivation of tree-
level form factors. As a warm-up we will re-derive the NMHV form factor in (2.5) finding
agreement with (2.7), and then move on to consider more general cases including split-
helicity configurations. Since form factors contain a single operator insertion, it is clear that
every recursive diagram will contain one amplitude and one form factor as the factorisation
properties used in the case of tree-level recursions for amplitudes also apply to tree-level
form factors. This is the only modification to the on-shell recursion relations of [22]. In
appendix A we discuss the behaviour of form factors under large complex deformations,
and confirm the validity of the calculations below, i.e. we show that under the shifts used
the form factors vanish as z — oo.

Let us begin by re-deriving the NMHV form factor (2.5). We will use a [34) shift,
namely

~
= ~

A3 = 5\3 + 25\4, A =M — 2ZA3 . (2.8)
There are two recursive diagrams, depicted in figure 2 below. A short calculation shows
that

24 1 (Llql4]
[23][34] s234 (1]q]2] °
(13)2 1 (3lqf2]

Diagram (a) =

Diagram (b) = (34)(41) 551 (1]q|2] (2.9)
so that
1 2412 1 132 1
Pl 20351457 = 10 ) e 99 ) g 901
(2.10)

It is interesting to note that the 1/(1|¢|2] pole is in fact spurious. This can be shown by
using the identities

(1lgpal3) + (1lg p2|3) = (13)s234,
[4|p3 q|2] + [4]p1 q|2] = [42]s341 , (2.11)

which allow to recast the form factor in the alternative form

1 (14)(23)[24)? N [41][32](13)? N

s34 [23](41) 5234 5341 [24(13)

(2.12)
We have checked that our result (2.7) for the form factor derived using MHV diagrams,
and (2.12), obtained using recursion relations, are in agreement.

FNMHV(1¢12 ) 2¢>12 ) 39’ ’ 4g+) =
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Figure 2. The two recursive diagrams contributing to the NMHV form factor (2.5).

2.2.1 Recursion relations for the split-helicity form factor

In the previous section we found that the BCF recursion relation for the NMHYV form factor
with a [3,4) shift has just two diagrams. This property in fact holds for all form factors
of the form Fyo., 5, 4(1¢,24,37,...,¢7,(¢+ 1)*,...,n"), which we call henceforth split-
helicity. As we will show shortly, performing a [q, ¢+ 1) shift leads to a general, closed-form
solution of the BCFW recursion relations for this special class of form factors. Note that
all split-helicity gluon scattering amplitudes were computed in [26] — we construct here a
similar solution for form factors.

Each recursive diagram with a [g,q + 1) shift contains a three-point amplitude and
an (n — 1)-point form factor. We can neatly combine the three-point amplitude and the
propagator in a prefactor to write?

[q—lq—|—1] _ —— — n
F, o9, o= Fypspn o(14,24,3 ,...,g—1 ,q+1 ,....n 2.13
(qq +2) B — .
Fyon—qg-1(1¢,2¢,3",...,¢ ,q+2 ,...n"),
(q+ 1) (g + 1g +2) Fe2nmem1 o2 )

where the shifted spinors of the external momenta that appear in the lower-point form
factors are

[q — 1| Pgq+1
p—— , 2.14
W fg—1g+1) (2:142)
- P 2
N = oasela 2 (2.14b)
(gq+2)

with P, = pg + ...+ pp. Furthermore, the shifted spinors associated with internal legs are
relabelled as

— _ Pygtilg +1]
)\pq_lq (2 =24-14) — AT = g—1q+1]° (2.15a)
3\ 3 (4| Pgq+2
Abyirgrs F = Zatiqr2) — Mg = R (2.15b)

so that the notation remains compatible with subsequent recursions. Crucially, all lower-
point form factors appearing in (2.13) are of split-helicity form, so that the split helicity

3For the rest of this section we will always assume that the operator O = Tr(¢12612) is inserted and will
not mention it explicitly. Although the solution is presented for this particular insertion, the construction
can be generalised to form factors involving other operators.



Figure 3. The iterative structure of split-helicity form factors illustrated by a square lattice. The
three coloured paths ending on the MHYV line are in one-to-one correspondence with terms that
appear in the iterated recursion of F5 2. Similarly there will be three paths (terms) that end on the
MHVline.

form factors are closed under recursions. Once we have reduced the form factor to expres-
sions that involve only MHV and MHV terms, we can insert the shifted momenta.

It is useful to illustrate the structure of the recursion relations for split-helicity form
factors using a square lattice as in figure 3. Consider for example the form factor F5 5. In
this case, the first iteration using equation (2.13) relates F» 2 to the form factors Fs; and
F1 2, which however are neither MHV nor MHV. The next iteration leads to an expression
involving one Fy g, two Fij1’s and one Fp o evaluated at some shifted momenta. A final
iteration would then allow us to express the answer in terms of MHV and MHV form
factors alone, or even to reduce everything down to Fpo. It is also easy to see that this
pattern generalises to arbitrary split-helicity form factors and that each term generated by
subsequent recursions corresponds to a unique path between the form factor and the MHV
or MHV edges of the lattice, as illustrated in figure 3.

In principle, all we need to do to compute a split-helicity form factor is to collect all
prefactors picked up at each step of the recursion process and follow the iterated momentum
shifts along a particular path on the lattice.

2.2.2 Solution for the split-helicity form factor

A very efficient way to organise the recursion is in terms of zig-zag diagrams, like those
introduced in [26] for split-helicity gluon amplitudes. It is natural to split the terms of the
solution into those corresponding to paths ending on the MHV or MHYV lines, respectively.

Zig-zag diagrams that correspond to recursion terms with an MHV form factor will be
denoted as MHV zig-zags and the ones with an MHVform factor as MHVzig-zags. Note
that we have therefore two types of diagrams, in contrast to the case of amplitudes in [26].
One can make this separation also for amplitudes as it only means that we terminate
the iterated recursion once we reach an MHVterm, instead of recursing it further down
to Fypo (or Ao for the case of amplitudes). In the path picture of the previous section,
this separation corresponds to the fact that there is a unique path between any MHVform



factor and Fjp g, hence one can replace that part of the recursion directly with an MHVform
factor. Because the MHV zig-zags defined below are not compatible with two point objects
such as Fp o we chose to use this formalism with two types of diagrams. This has the added
advantage that it makes the parity symmetry of F,_5, o form factors manifest.

The MHV zig-zags are parameterised with 2k + 1 labels
2<a1 <" <ap<q—1 and n>b;y>--->byy1 >q, k>0,
representing expressions in the following manner

a; a1 +1

N1 Ny N.
= 1S (2.16)
] D1Ds D3
n bi+1 b bo+1 b qg+2q+1
while the MHVzig-zags are parametrised with 2k + 1 labels
2<by <--<bpp1<q and n>a;>--->ap>q+1, k>0,
representing expressions, similarly shown below
3 by b +1 by by+1
? Ny N3Ny
= (2.17)
1 D1Ds D3
n ap+1 ax g+2q+1

where Ni23 and Dj o3 are defined as

N1 = (U P2y Pay 1,6y Pay 1,00 Pz 165+ Papy 1 19)
X [2|Pay 41,61 Pay 41,00 Pas 1,65 -+~ P2 10)°
No = (b1 4+ 1by)(ba + 1ba) - - - (bp41 + Lbgy1)
N3 = [aja1 + 1] -+ [ag ag, + 1] (2.18a)
Dy =Py P2y Pr Lo i, PqQ,ka
Dy = Z417,4-1
Ds = [2[Pyp, |b1 + 1)(b1|Pay 11,6, [an]ar + 1| Pay 41,6, b2 + 1) -+ (Or1 [ Py [a — 1]



Ny = g+ 1B, r1get o Provrans Porvars Povra 11
X g+ 1P, 10410 Prattan Pratr,a0 Foy 1,60 Foy+1,112]
Ny = [b1 by + 1]+ - [bpp1 bpgr + 1]
N3 = (ay +1ap)---(ag + lag)
Dy Pb2 +1, 1P1721+1 a1Pb22+1 a 'P52k+1,q+1
Dy = Za g11Zq42,1
D3 = (1Py, 1 1|b1][b1 4+ 1Py, 41 g, la1 + 1)(@1] Py, g 5, 1b2] - [bx + 1Py, 11 g1l + 2),
(2.18b)

with
Zig=(ii+ 1) (G—1j),  Zij=[ii+1]---[j—1]]. (2.18¢)
The split-helicity form factor is then the sum of all recursion terms, or equivalently the
sum of all possible MHV and MHVzig-zags, which is equal to
Z N1N2N3 Z ]\71]\72]\73

oo iy D1P2Ds

q 2,n—q—2 — (219)

Notice that for the form factors with equal number of negative and positive helicity glu-
ons, the MHVzig-zags can be obtained from the MHV ones by changing (2,3,...,q) —
(Ln,...,q+ 1) and (ij) — [ji].

Let us now explain the precise relation between the zig-zag diagrams and the paths on
the split-helicity form factor lattice. Let a path with ry steps to the right, I steps to the
left followed by 79 steps to the right etc. be represented by

R™...R2[hR™, (2.20)
Then an MHV zig-zag labelled by {a;, b;} corresponds to the path:
[m—lRpbi—ba | rar—ar_, Rbk_bk+qu_1_akak—(q+1)’
while an MHVzig-zag labelled by {a;, b;} corresponds to the path:
R5L1+1L52*51 . Rak*ak—lLEkal*EkRak*q*qu*Ekalfl )

Note that if there are no a; indices in the MHV zig-zag diagram we set a; = 1; and if there
are no a; in the MHV zig-zag diagram we set a; = n. All powers in the above formulae are
modulo n.

2.2.3 Examples

Here we present some examples to show that the solution (2.19) reproduces the correct
expressions.

,10,



n o n-1 ) 4

Figure 4. Correspondence of lattice paths and MHV zig-zags for NMHV form factors.

MHYV case. The zig-zag diagrams collapse onto a point between 1 and 2 as there are
neither b; nor a;. Hence, the only contributions are Ny = (12) and Dy = F5; and

Fin-3(14,24,3",...,n") = (23) <3§11>2.>. n1)’ (2.21)

as required. The situation for MHV amplitudes is similar [26]. An equivalent calculation
for the MHVzig-zag gives the MHVform factor.

NMHYV case. At four points, there is exactly one MHV and one MHVzig-zag, repre-
senting one move to the left and one move to the right. Comparing with equations (2.16)
and (2.17) one can read off by = 4 for the MHV zig-zag and b; = 2 for the MHVzig-zag.

Fiq
- AR (lgl) 1
4 - = [32][43] (1][2] s34 (2.22)
32 @2 1 2.23)

(34)(41) (1/ql2] 5341

Fiq 9
N\ -
1

This result is in agreement with the previous section.

In general, for the NMHYV form factors, there is one MHVzig-zag corresponding to the
path which proceeds along the NMHYV line until it reaches the MHV edge of the lattice,
and n — 3 MHV zig-zags where the path shifts onto the MHV edge before it arrives at the
MHVedge. The MHV paths and the corresponding zig-zags are shown in figure 4.

An N°MHYV example. As it can be seen from the lattice in figure 3, there are three
MHYV and three MHVterms in the recursion of the six-point split-helicity form factor. These
are listed below, where the subscripts encode the shape of the path as described earlier.
For example, Fry is the term which corresponds to the path that starts with a step to
right and terminates at the MHV edge with two steps to the left. The MHV terms are:

— 11 —



e by =5, no a:

3
2 4 2
25 1 [5]Py4]1
1 . R3BAMASI6L) B2, 21Pasl6)
6
e by =6, no a:
3
2 4 2
Frpp — _ 1 1 (1 Po6Pug|4)[2|Pssl4) (2.24D)
1 5 (45)(56)[23] P2276sz,6 [2| P,6|1) (6] Py,6|3]
6
(] 6126, 62:5, a1:2:
3
2 4 2
Fupg — _ 1 L (U Py6Ps6P55[5][2 P .6.P555)
) 5 [34]45] P3sP3sP3s [2|P26]1)(6]P561|2][3| Ps 5/6)
6
(2.24c)
The MHVterms are:
e b =3 noa
3
2 4
(14)2 1 (4]|Py1|2]
FRR = = ’ (225&)
) L (45)(E6)(61)[23) P2, (1|Pal3
6
ebi=2n0a
3
2 4 2
) 5 [34][45](61) PisP3, (1]P31]2][3|P5 516)
6

- 12 —



1 1 (4] Py P31 |1)2 (5| Py P36 Ps,1|2]

FRrir = =
(45)(56) P5 P3¢ Pfg (11 Ps1|2][3|Ps5,6]1) (6] Pa,6|3][4] Py 6)

(2.25¢)

We have checked this result against an MHV diagram calculation and both methods yield
the same result.

3 Supersymmetric form factors and Ward identities

The purpose of this section is to write down supersymmetric Ward identities for certain
appropriately defined form factors of supersymmetric operators. By solving these Ward
identities, we will learn about the structure of these form factors.

To begin, we recall the familiar fact that in A/ = 4 SYM one can efficiently package
all scattering amplitudes with fixed total helicity and fixed number of particles n into a
superamplitude [31], thereby making manifest some of the supersymmetries of the theory.
This object depends on auxiliary fermionic variables 7; 4, one for each particle i = 1,...,n,
with A an anti-fundamental SU(4) index. The superamplitude can be Taylor-expanded in
the n variables, with a specific correspondence between powers of 7 and particular external
states. This correspondence can be read off from the Nair super-wavefunction [31], which
encodes all the annihilation operators of the physical states,

NATB NANBIC -
o1 O (0)+ T X (p) +mmnsmg ™ (p), (3.1)

®(p,n) == g* (p) + 14N (p) +
where (g7 (p),...,g (p)) are the annihilation operators of the corresponding states. In
order to select a state with a particular helicity h;, we need to expand the superamplitude
and pick the term with 2 — 2h; powers of ;.

This familiar framework becomes richer for form factors. Indeed, one can consider form
factors of bosonic operators — such as Tr(¢appap) — with an external supersymmetric
state described using the Nair approach, but one can also supersymmetrise the operator
itself, as we shall see in the next section.

A comment on notation — we denote a form factor as (0|®(1)--- ®(n) O |0) or equiv-
alently (1---n|O |0), where |i) := ®7(i)|0) is a Nair superstate, which satisfies

0 -~

(i| P ={ilpi,  (2]Q={(i[Xmi, <i|Q=(i|am>\i, (3.2)

where the derivative in the last equation acts on the state on its left. We also adopt the
notation (1---n|:= (0|®(1)--- ®(n).
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3.1 Form factor of the chiral stress-tensor multiplet operator

We now consider the form factor of the chiral supersymmetric operator* 7 (z, %) considered
recently in [29, 30]. This operator is the chiral part of the stress-tensor multiplet operator,
T(2,0%) :=T(z,07,0_ = 0,u) and we report here its expression from [29] for convenience,

T(2,07) = Tr(67F ™) +i2V20 Tr(\[*¢" )
0L e Te (MNP — /20t

05 (NN, — av2LorC bo )6t

:1))(9*)4 L. (3.3)

ORI (FEAE gl fmeh ) +

Notice that the (§7)° component is nothing but the scalar operator Tr(¢++¢T+), whereas
the (7)* component is the on-shell Lagrangian.

Next we describe how to use supersymmetric Ward identities in order to constrain form

factors, slightly extending the usual procedure for amplitudes. Ward identities associated

with a certain symmetry generator s which leaves the vacuum invariant are obtained in a

standard way [38—41] by expanding the identity

0 = (0][s, ®(1)--- &(n) O]|0), (3.4)
0 = (0®(1)---@(n)[s, O10) + > (0]D(1) - [s, ®(0)]--- D(n) O0) . (3:5)
i=1

For instance, by considering s to be the momentum generator P and using [P,, O(z)] =
—i0,0(x) as well as the first equation of (3.2), we obtain

— i (0]@(1) - - (n) 9,0(x) |0) + (Zm) (0l@(1) - -- ®(n) O(x)|0) =0 . (3.6)
1=1

Fourier transforming x to ¢ and integrating by parts one obtains

<q—§p,~>F(q;l,...,n):O, (3.7)

where

F(g;1,...,n) = /d4x e~ (1...n|O(z) |0) . (3.8)

From this it follows that
Flgtoon) = €60 (g= Y n) 39)
i=1

4A quick reminder of harmonic superspace [27, 28] conventions, following closely [29, 30]. We introduce
the harmonic projections of the 67 and 0% superspace coordinates and of the supersymmetry charges Q%,
Q_Qy as 01 == GSU”A'“, 0%, = 05u?,, and Q%, := u1,Q%, QLY = uX‘lQ_Q’-4 with the harmonic SU(4) v and

@ normalised as in section 3 of [29].
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C can be fixed by further integrating both sides of (3.9) with a d*q measure and using (3.8),
which leads to C' = (0|®(1)--- ®(n) O(0) |0) = (1---n]O(0)]0) .

Similarly, we now consider Ward identities for the harmonic projections Q%,, a = 1,2,
of the Q-supersymmetry generators. We obtain

n
0 = (0]@(1)--- ®(n)[Qs, T(x,61)]10) + Y (0] ®(1) - [Qs, B(i)]--- P(n) T (2,67)]0) .
- (3.10)
We now have to discuss how supersymmetry acts on the chiral part of 7 (x,07) as well as
on the states.

In general the supersymmetry algebra closes only up to gauge transformations and
equations of motion,® however we consider here gauge-invariant operators such as 7 which,
furthermore, are made only of a subset of all fields, namely ¢*5, )\é and F,3. It is an
important fact that the algebra of the QQ-generators closes off shell on the chiral part of
7 [29], and hence these generators can be realised as differential operators. Of course,
representing the QQ-generators in terms of differential operators is, in general, problematic,
because the full supersymmetry algebra closes only on shell.

Moreover, for the chiral operator 7 (z, 07) we have broken Q~ since we have set = = 0
and hence we do not have a representation for this operator. For the (Qy-variation of

7 (z,0") we have,

0

[Q_,T(.%',(9+)] =0, [Q+,T(1‘,9+)] = i89+

T(x,07) . (3.11)

Note that since we consider the chiral part of the stress-tensor multiplet we have set 8 = 0
and hence we have dropped 6 dependent terms in the realisation of @ and ). Then the first
relation is obvious since 7 (z,67") is independent of #~. This also makes manifest the fact
that all component operators of 7 (z,6") are annihilated by Q%, [29]. On the other hand,

%, relates different components of the supermultiplet, as the second relation in (3.11)
shows.

We define the super form factor as the super Fourier transform of the matrix element

(1---n|T (z,07)]0), i.e.

+a,_ «

Fr(g, 1451, n) = /d4:cd4e+ e 0 H0E ) (1 | T(,67)]0) ,  (3.12)

where 7¢, is the Fourier-conjugate variable to 6. Note that there is no v, variable, since
0. % has been set to zero in order to define the chiral part of the stress-tensor multiplet.
The Ward identities (3.10) can then be recast as

<Z)‘Z77—,Z> .7:]’((],’)’_{_,1,,771) = 07
i=1

(Z)\in+,i - W+> Fr(q,v+31,...,n) =0, (3.13)
i=1

5We would like to thank Paul Heslop for a useful conversation on these issues.
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where we have also introduced
Nai = UalAi - (3.14)

In arriving at (3.13) we have used (3.11) as well as the second relation in (3.2). Next, we
observe that (3.13) are solved by

Fr(gv4:1,...,n) = ¢W <q_z)\i5\i> s (’Y+—Z77+,i>\i> 5(4)<Z77—,Mi> R, (3.15)
=1 =1 =1

for some function R which in principle depends on all bosonic and fermionic variables. The
simplest example is that of the MHV form factor, where the function R has a particularly
simple expression derived in [18], namely

MHV 1
R = oty (3.16)
Notice that for an N*MHYV form factor, R has fermionic degree 4k.

We can further constrain R by using some of the @Q-supersymmetries. More pre-
cisely, an inspection of the supersymmetry transformations of the fields reveals that a Q~
transformation on the chiral part of the stress-tensor multiplet produces operators which
are part of the full stress-tensor multiplet but not of its chiral truncation. Also, since
[Q_, T (x,07)] = 0 we cannot realise Q~ such that its anticommutator with Q_ gives a
translation. One could of course still write a Ward identity for @, but this would involve
operators of the full multiplet.

On the other hand, the Q*-supersymmetry charge moves in the opposite direction
of Q4 across the different components of 7 (x,07), and is therefore realised as Q;t =
—0+29/0x%.

We should stress at this point that the supersymmetry algebra on component fields
closes only up to equations of motion and gauge transformations (the latter drop out since
we consider gauge invariant operators). An important exception is the subalgebra formed
by the @Q’s alone which does close off-shell for the fields appearing in 7 (z,0") [29]. Now
we use the fact that matrix elements of terms proportional to equations of motion vanish
at tree level, to argue that for our tree-level form factors the algebra formed by Q4 and
Q7 does close and, therefore, can be realised in the fashion described above. Thus, we can
consider the QT Ward identity, which gives, after integrating by parts and using the third
relation of (3.2),

.0 0
A - Fr(g,va31,...,n) = 0. 3.17
(S 5igy, ~ a0, )Fr@mite ) (3.17)

Acting on (3.15), we obtain the following relation for R,

s <C] - Zn: >\i5\z> 5@ <7+ - Zn: 77+,z')‘i> s < Zn: 77,i)\i> [< Zn: A P 0 0 >R
i=1 i=1 i=1

—q =0.
Oy Oy

(3.18)
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Notice that (3.18) implies a realisation of the supersymmetry generators on the form fac-
tor as

n n
Qia = Z )\?77+a,i - Via ) an = Z A?n*a,i ) (3'19)
=1 =1

whereas for QI“,

0
Qad . 3.20
Z 877+a 7 8'704 +a ( )

3.2 Examples

In the previous section we have derived the general form of the supersymmetric form factor
defined in (3.12). This expression is given in (3.15), and was obtained by solving Ward
identities related to translations and Q4-supersymmetries. The use of Q1 supersymmetry
led to the constraint (3.18) on the function R. For the sake of illustration, we now present
a few examples of component form factors derived from (3.15).

3.2.1 Form factor of Tr(¢™T¢™™)

Our first example is the form factor of Tr(¢*t+¢* ), which appears as the (7)%-term in
the expansion of 7 (z,6%) in (3.3). In this case, since

/ Aot %3 e = ()4, (3.21)

we need to extract the (v, )* component of (3.15). This gives

/d‘*xema | Te(¢T o) (2)]0) = 6¢ <q - Z)\ i >5<4> (ZZ:;”—W) R, (3.22)

or

(el T 6 ) 00) =69 (Y n-aidt ) 7. (32
=1

Notice that with the help of (3.23) we can rewrite the supersymmetric form factor
fT(Q7’Y+;17"'7n) as

Fr(g,v+:1,...,n) = oW ( ZAA)(S( (w—Zm,m) (1---n|T(0,0)[0) , (3.24)
=1

since 7(0,0) := Tr(¢TT¢*)(0). In other words, the function R appearing in the 7 (z,67)
form factor can be calculated from the form factor of its lowest component® Tr(¢* ¢+ )(0).
Similar considerations apply to form factors of other half BPS operators such as Tr(¢™ )™
with n > 2.

6One could arrive at (3.24) in a much more straightforward way by noticing that 7 (z,01%) =
exp(iPx) exp(iQ% .05 )T (0,0) exp(—iPz) exp(—iQ%,01*) and using the invariance of the vacuum under
supersymmetry and translations.
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3.2.2 Form factor of the on-shell Lagrangian

As a second important example, we now consider the form factor for the on-shell La-

grangian, whose expression is [29]

1

1
L = Tr[— QFQBFW V290 [ ap, AB] — .

30", 6“P)[pan. dep]| - (3.25)
Notice that it contains the self-dual part of Tr(F2). The on-shell Lagrangian appears as the
(6%)4 coefficient of the expansion of 7 (z,67) in (3.3). The corresponding Fourier transform
gives

/ dot e a9yt = 1, (3.26)

i.e. we have to take the O(7") component of (3.15). This is simply

(1---n|L£(0)]0) = 5<8><§n:nixi> ‘R. (3.27)
=1

It is interesting to note that for an MHV form factor, (3.27) is formally identical to the tree-
level MHV superamplitude, except for a delta function of momentum conservation which
now imposes » ., p; = ¢ rather than the usual momentum conservation of the particles.
This allows us to make an interesting observation for the limit ¢ — 0 in which this form
factor reduces simply to the correspond scattering amplitude. Actually, it turns out that
any form factor with the on-shell Lagrangian £ inserted reduces to the corresponding
scattering amplitude in the ¢ — 0 limit, since the insertion of the action corresponds to
differentiating the path-integral for the amplitude with respect to the coupling [42-44].

Another observation is that for the case of a gluonic state with MHV helicity config-
uration, (3.27) agrees with the Higgs plus multi-gluon or “¢-MHV” amplitude considered
in [45]. Indeed, if we have a gluonic state, we can effectively replace the on-shell La-
grangian (3.25) with its first term, the square of the self-dual field strength.

3.2.3 Why is the maximally non-MHYV form factor so simple?
The simplest tree-level form factor is the MHV form factor, e.g.

.. 4
172+ i e (n = 1) PRt Te(E2,)(0) [0) = (i) : 3.28
Interestingly, there are non-MHYV form factors whose expression is also remarkably simple.
Consider for example that of the self-dual field strength with an all negative-helicity gluons
state — we refer to this as the “maximally non-MHV” form factor. The result for this

quantity is [45]

q4

<1—...n_]Tr(FSQD)(0)’0> = [1 2][2 3][n 1] )

(3.29)
In the following we wish to show that the simplicity of (3.29) is determined by the super-

symmetric Ward identity discussed earlier, and is linked to that of the MHV super form
factor (3.16).
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Recall from (3.24) that the super form factor of the chiral part of the stress-tensor
multiplet 7 (z,0") has the form

Fr=6W (q -y >\i5\i> s <W+ - ZnJr,z’)\z‘) Fg2, (3.30)
i=1

=1

where

Fyz = (1---n| Te(¢TT¢T)(0)]0) = 5<4><§n:77_,iAi> R. (3.31)
=1

RMHV

For the MHYV helicity configuration, the function is given in (3.16),

FMHV _ S (ST i)

(12) - -- (n1) (3.32)

We can now use this fact and perform a Grassmann Fourier transform in order to derive
the maximally non-MHV super form factor,

FAMEV H /d i, AT (4)[§22]::L 1[21]>\) . (3.33)

Thus, the maximally non-MHV super form factor for the chiral part of the stress-tensor
multiplet is

FEMIY 50 (q— Zw) (% - Zmz ) FTMIV L (3.34)
i=1

We now focus on the component corresponding to the self-dual field strength, which can
be obtained from the coefficient of (7, )?. This is given by’

()L D

- > i) 2k l[kl]
:5(4)<Zn+7,~)\i> <7 N L) )

2 12]--- ]
i D RO
12 o] U
- (3.35)

Equation (3.35) shows that there is a non-vanishing maximally non-MHV form factor for
the self-dual field strength, whose expression is precisely given by (3.29).

"In the following equation we omit a trivial delta function of momentum conservation.
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3.3 Form factor of the complete stress-tensor multiplet

In this section we consider the form factor of the the full, non-chiral stress-tensor multiplet
T (z,6%,0_). We can write this as®

T(2,0%,0-) == Te(WH W)
= T QeH-QT () () 70T Qe mI0-Q7 (3.36)

= Te(¢* o)+ (01)L+ (0-)' L+ (0T 0"0) (0 0”0 )Tpu + -,

where we have indicated only some terms of the full multiplet.

The right-hand side of (3.36) is an expansion in the chiral as well as anti-chiral variables
6+ and A_. We can parallel this feature in the states by using a non-chiral description as
in [46] with fermionic variables n; and 7. With this choice, the supersymmetry algebra
is realised on states as

0
(11Q+ = (i[Ainti,  (1]Q- = (iP\ia~_,
;i
(G107 = il (197 = (il (337)

This non-chiral representation can be obtained via a simple Fourier transform of half of
the chiral superspace variables. In terms of the Nair description of states, this amounts to

introducing a new super wavefunction,

B i) = [ T B ) (3.38)
=gt ) )P+ o))+ g D))

As a result, operators and superstates live in a non-chiral superspace. The non-chiral form
factor in this representation is defined as

Flg,v+,7 31,...,n) = /d43: dot dAg_ e ilan 0t H0-57) (1---n|T(z,0",0.)[0).
(3.39)

In order to write down Ward identities for (3.39), we consider the action of supersymmetry
generators on the operator 7 (z,0%,6_):

(@ T(2,0%,00)) =i T(x,0%,0-), [Q-T(x,0%,0-)] = ~0-, T(x,0%.0.),
@ T0% 0] = = 0 TG00 ), [QFT(w07.0)] = 0% ) T(w.0%,0-) .

(3.40)

8Notice that the second equality is true only up to equations of motion because the non-chiral algebra
closes only on shell. In the following we will work at tree level and hence this point will not affect our
considerations.
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Following closely the derivation of the Ward identities described in the previous section,
we arrive at the following relations for each supersymmetry generator,

0 )
Qr: (A —74)F =0, Q- : <q87y— —Aaﬁ_)}'zo, (3.41)
. : _ o <0
@ (TA=AIF=0, Q% (4, —Ag )F=0, (3.42)

and hence the form factor in (3.39) takes the form

4 <q - Z_; )\iS\i> 5 (’Y+ - Z;n-i-,i)‘i) ( Z i ) o2 (343)

for some function .7-"(220.
A useful observation is that (220 can be obtained from the corresponding function
introduced in (3.30) for the chiral form factor via a half-Fourier transform on the n and 7

variables, as
~ n . ~— ~
f£§(>‘a)‘an+af}_) = H/dzn,l e ‘7:(;52 (>‘a)"77+577*) : (344)
=1
In the remaining part of this section we would like to show a few applications of this

formulation.
To begin with, we specialise to the MHV case, for which we have

Fp "= ﬁ/dQU—,i ein—ifl; 6(4)(2?:1 n*yi)‘i)
i=1

¢* (12) - -+ (n1)
— <kl>2 - n. 2 e
-~ (12)--- (nl) igl(m )+ ) (3.45)

The MHV form factor of Tr(¢t)? is then obtained by extracting the coefficient of
(v+)*(77)* in (3.43), and thus it is immediately seen to give the correct answer. The form
factor with an insertion of the chiral Lagrangian £ (which includes Tr(Fgp)) is obtained

by taking the coefficient of (v4)%(37)%:

MHV _ MHV _ (kl)* 2 2 T (i 2
Fr = Zn-i-l -7:¢2 = 12)--- (nl) <77+,k77+,l i};[l(m ) > + , (3.46)

as expected. Finally, in order to obtain the form factor with £ (which includes Tr(F3gp)),

we extract the coefficient of (v4)*(77)°:

FRY = 6<4><§n:m A@>f“§HV _ qu“ﬁ;ﬂ Zm (k1) (k1] ﬁ
=1 _
= . [IG)? (3.47)

i=1

which is indeed also correct.
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4 Supersymmetric methods

In this section we take a brief survey of various methods that can be used to calculate
form factors of the complete stress-tensor multiplet, at tree and loop level. These are
simple but interesting extensions of well-known techniques for scattering amplitudes —
MHYV diagrams [21], on-shell recursion relations [22, 23] and (generalised) unitarity [47-50]
— thus we will limit ourselves to highlighting the peculiarities we encounter when dealing
with form factors. The non-supersymmetric versions of these methods have been considered
earlier in section 2 and in [18].

A preliminary observation is that the form factor of the complete stress-tensor multiplet
operator 7 (z, 9+,9~,) can be expressed in terms of that of its lowest bosonic component
Tr(¢tT¢tT), as we have shown in (3.43), namely

n n n
F =" (q = w) 5 (w - me) 5@ (& - ﬁ;x) 5, (4

i=1 i=1 i=1
where F5 = (1. n|Tr(¢""¢77)(0)[0) and the superstate (1---n| is here in the non-
chiral representation. One can then switch instantly to the chiral representation via a half-
Fourier transform from the 77~ to the ny variables. Hence, we only need to devise methods
to calculate the form factor (1---n|Tr(¢+ ¢+ )(0)|0) using a chiral representation for the

external state. This is the problem we address in the following.’

4.1 Supersymmetric MHYV rules
We begin with a lightning illustration of super MHV rules. Here, the super MHV form
factor,

_ 5(4)(‘1 - Zz Az;‘x) 5(4)(21‘ )‘iﬁi,—)

.7:MHV(1,2a T ,n;Q) = <1 2><2 3> o <’I’L 1> ) (4'2)

is continued off shell with the standard prescription (2.4) of [21], and used as a vertex
in addition to the standard MHV vertices. Form factors have a single operator insertion,
hence we only draw diagrams with a single form factor MHV vertex. As an example,
consider the NMHYV tree-level super form factor. It can be computed by summing over all
diagrams in figure 5(a), whose expression is

n i+n—2

0 0 . L o . .
Fomy /d4Pij /d477p Aty iy v, Pij) p2 Aty (G+1, =1, ~P:q)
i=1 j=it1 ij
= . R . ij K)N . .
MV = 2 (i=1 Py) (P i){j Py)(Py §+1) P} £ T

We have also calculated tree-level N2MHYV super form factor up to six points and checked
that the results are all independent of the choice of reference spinor. We have also re-
derived the split-helicity form factors, and checked numerical agreement with the results
presented in section 2.2.1.

9To simplify our notation, we will drop from now on the subscript in Fy2.
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Figure 5. (a) MHV diagram for a tree-level NMHV form factor. (b) MHV diagram for a one-loop
MHYV form factor.

As an additional example, consider the one-loop MHV super form factor. Follow-
ing [36], this can be computed by summing over all diagrams in figure 5(b), and is given by

n i+n—1 D D
W _ dPL, dPL, /d4 /d4 N

'A%\?[)HV(Z. cosdi Ly La) }—15/?%1\/(—1?27 —Ly,j+1,...,i—-1;q) .

Finally, we note that the MHV vertex expansion may be proved at tree level along the
lines of [51], namely by using a BCFW recursion relation with an all-line shift and showing
that this is identical to the MHV diagram expansion.

4.2 Supersymmetric recursion relations

Now we consider a simple extension of the supersymmetric version [52, 53] of the BCFW
recursion relation [22, 23]. We choose to work with an [i,7) shift, \; — \; + 2\;, A; —
Aj — z\i, m; — n; + znj. Factorisation requires that each term in the recursion relation
must contain one form factor and one amplitude. Hence, for each kinematic channel we
need to sum over two diagrams, with the form factor appearing either on the left-hand or
right-hand side, see figure 6. The result one obtains by summing over these two classes of
diagrams has the form

1
FO) = 3 [ dPatnp Fule=) y Anla=za)
a,b ab

1
+Z/d4pd477p -AL(Z:ch)PQ fR(ZZZCd) . (4.5)
cd cd

One point deserves a special attention, namely the large-z behaviour of the form fac-
tor. Recall that in order to have a recursion relation without boundary terms we need
F(...Dir---,Pj,...) = 0as z — co. We discuss this important point in appendix A, where
we prove that the condition mentioned above is indeed satisfied. We would also like to
point out that the basic seeds in the form factor recursion relation are the two-point form
factor, together with the three-point amplitudes.
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Figure 6. The two recursive diagrams discussed in the text.

Pa l2 Pa+1

Pa+2

Py ! Pyr—1
Figure 7. A two-particle cut diagram for a one-loop form factor.

4.3 Supersymmetric unitarity-based method

Supersymmetric generalised unitarity, as well as supersymmetric MHV rules, are easily
applied to form factors. Consider for example a two-particle cut, depicted in figure 7. On
one side of the cut we have a tree-level form factor, on the other a tree scattering amplitude.
For the case of a one-loop supersymmetric MHV form factor, the two-particle cut is equal to

iy s ™ / dLIPS(l, lo; P) / d*n, / d*n, (4.6)
fls/(l]l){v(_l% —l1,b,...,a; q)Al(\?[%{V(ll,ZQ, (a+1)...,(b—1)),
where the Lorentz-invariant phase-space measure is
dLIPS(ly,ly; P) == dP1y dPl, 6T (13)61 (13)0P (I + 1o + P) . (4.7)

The sum over all possible states which can propagate in the loop is automatically
performed by the fermionic integration. A simple calculation gives

(aa+1>(l2l1> <b—1b><lll2>
(al2>(l2 a + 1> <b — 1l1><ll b>

which reproduces the result derived in [18] using component form factors and amplitudes.

1 0
‘7_—15/[%1\/ = 1&/{%1\/ /dLIPS(ll,ZQ;Pa+1,b1)

Sa+1,b—1—cut

. (48)

5 Dual MHYV rules for form factors

It was shown in [54] that the expectation value of supersymmetric Wilson loops in momen-
tum twistor space generates all planar amplitudes in A" = 4 SYM, and dual MHV rules
in momentum twistor space were proposed in [55]. Inspired by these results, dual MHV
rules directly formulated in dual momentum space were introduced in [56]. In these rules
a lightlike closed polygon formed by linking the on-shell momenta of the external parti-
cles following their colour ordering plays an important role. Note that the same polygon
appears in the amplitude/Wilson loop duality [32-34].
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! T4 X7 Z10

Figure 8 The kinematic configuration in dual momentum space used to calculate three-point
form factors using dual MHV rules.

In this section we extend these rules to the calculation of form factors of the special op-
erator considered in previous sections, namely the chiral part of the stress-tensor multiplet
operator. It turns out that the rules for the amplitude have to be modified only slightly.
More precisely, there are no new vertices to be introduced, and we only have to modify (su-
per)momentum conservation of the particles in order to account for the (super)momentum
injected by the operator. In the dual momentum picture, this implies the breaking of the
closed null contour describing the particle’s momenta.

The vertices of this open polygon in dual supermomentum space are labelled by
(.%'Z', @z) [57], with!®

Ty — i1 = pi = Niki ©i — Oip1 = Aimi, (5.1)

with
n n
wz—$i+n22pj =q, 0©; — Oitn ZZ)\J‘UJ =7, (52)
Jj=1 Jj=1

where ¢ () is the (super)momentum carried by the operator. Note that in the previous
equation we have effectively injected the (super)momentum of the operator between on-
shell states labelled by ¢ — 1 and ¢ and this is where the breaking of the polygon occurs. For
each diagram an appropriate choice for the location of the breaking will have to be made.
Furthermore, in this section we consider the chiral operator 7 (z,0") for which v_ = 0,
and hence ©;,_ — ©;;,,— = 0. For amplitudes we have of course ¢ = 0 and v = 0 which
would bring us back to a closed lightlike polygon.

In practice it is useful to convert the open polygon for form factors into a periodic
configuration in dual momentum space with period ¢ () in the bosonic (fermionic) direction
as in figure 8. This is partially motivated by a duality observed at strong coupling in [15, 16]
where form factors are related to the area of minimal surfaces ending on an infinite periodic
sequence of null segments at the boundary of AdS. In [18] an attempt was made to map
this geometric picture to weak coupling, in a way similar to the amplitude/Wilson loop
duality [33, 34].

The emergence of a periodic configuration is also natural from a field-theoretic point
of view once one takes into account that the operator insertion is a colour singlet, and

°Tn order to avoid confusion with the variables 6’s introduced in earlier sections, we denote by © the
variables living in dual super momentum space.
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Figure 9. The same kinematic configuration presented in figure 8, in terms of momentum twistor
space variables.

Figure 11. Corresponding MHV diagrams for the three-point tree NMHYV form factor.

hence does not interfere with the colour ordering of the external state. In other words,
the (super)momentum carried by the operator can be inserted between any pair of particle
momenta without spoiling the ordering. Precisely by resorting to a periodic configuration
we can account for this property, as figure 8 clearly shows.

One can also consider this periodic kinematic configuration in momentum twistor
space [58], as shown in figure 9, with space-time points being mapped to lines in twistor
space: (x;,0;) ~ Z;_1 N\ Z;, where

Zi = (NiyVis Xa) 5 Vi = TN = Tit1 i, Xi = Oi\i = Qi1 . (5.3)

5.1 Examples

In this section we want to explain the dual MHV rules by discussing a number of simple
examples of tree-level and one-loop form factors. The dual MHV rules in dual momentum
space for N' = 4 amplitudes are summarised for the reader’s convenience in appendix B,
and we refer to [56] for full details.

The first example is that of an NMHV three-point form factor. The corresponding
diagrams are shown in figure 10, and are in one-to-one correspondence with three conven-
tional MHV diagrams, depicted in figure 11. Notice that the three diagrams in figure 10
can be obtained by selecting the appropriate period in figure 8.
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The extension to n-point NMHV form factors is immediate — we consider all dual
MHV diagrams where one propagator connects two external vertices within one period.
The final result is given by summing over all translationally inequivalent diagrams as

n i+n—1

(i—11) (1—=17) 1
Fry = g N ‘ /d4m' 8% (Cijmij + ©45),
NMHV — MHV;];ﬂL2 i—1 6” > <j_1 &j><€” ]> x?j J J ] J
(5.4)
where the spinor |¢;;) associated to the internal leg is defined as
Cij) = |@i51€] (5.5)

and where |{] is an arbitrary reference spinor. Notice that the particle labels of spinor
variables ¢ and ¢ + n are identified in this expression. Importantly, the fact that we are
calculating a form factor rather than an amplitude — and the corresponding dependence on
q and v — is completely encoded in the periodic kinematic configuration as defined earlier.
Furthermore, we observe that every diagram in the sum corresponds to a particular period
(see figures 10 and 11).

Notice that diagrams where a propagator connects two adjacent points give a vanishing
result, and therefore are not included in the summation. On the other hand, diagrams
where a propagator connects two points separated by exactly one period or more are non-
vanishing, and have to be excluded since there is no corresponding conventional MHV
diagram. For instance, among the three-point diagrams in figure 10 we do not include the
diagram with a propagator connecting points 1 and x4. This is an example of a more
general fact: diagrams where a single propagator connects points x; and x; with |i — j| > n
have to be discarded. This applies to any loop order. The reason for this rule is that there
are no corresponding supersymmetric MHV diagrams.

As an aside we mention that (5.4) can also be written in terms of momentum twistor

variables as

n i+n—1
0 0 oL .
fIEH\)/IHV:fls/H){VZ Z [k, i—1,4,5—1,4], (5.6)
i=1 j=i+2

where Z, is the reference momentum twistor, chosen as
Z.=(0,&0), (5.7)
and [x,i—1,4,j—1, 7] is defined in (B.4).

The case of one-loop MHV form factors is similar to the tree-level NMHV case. The
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Figure 12. A special diagram with two propagators with momenta x;; and z;y,7. In the dual
MHYV diagram there are two propagators with momenta x1; and x45, and two vertices, x1 and x;.
Such diagrams correspond to the last three lines of (5.8).

n-point one-loop MHV form factor is given by

n i+n—1

(i—11) (j—17)
Fh = 70 /d4x dor > (i o _ 58
MHAV MHV e = 54 (i=1 Lir){ir ) (G—1 Lr){Lrj ) (58)
1 1 1
d4 i 50|8 Lirnir + ©; /d4 ‘50‘85 nri + Or;
(ar ) (i1 x?I/ nir 0°° (Lirniz I)x%j nrj 6 (Lrinrj 1j)

n

vy /d #1401 ; (i—=1 L)l Lir)(lir ) (Lirlipng) Limrlir)

1 1
5 /d477z1 8B (Lirmir + ©41) /d477i+nl 8B (Lisni it + Oiinr)
i1 Litnl

/d4$1/d8@p54(1‘1/[ - xim)éo‘S(G)m — @“_m) .

Notice that we have treated a special class of diagrams differently, corresponding to the
last three lines in (5.8). These are diagrams where the two propagators have momenta ;7
and T;5,7. An example of such a diagram in the case of a three-point form factor is shown
in figure 12.

The three-point dual MHV diagrams at one loop are shown in figure 13. The diagrams
in figure 13 (g)-(i) are of the special class described earlier in figure 12. Note that in the case
of loop diagrams we also have to include diagrams where two adjacent points or two points
separated by exactly one period are connected by two or more propagators (see figure 13
diagrams (a)-(c) and (g)-(i) respectively). We should also stress that all diagrams where
two points z; and x; with |i — j| > n are connected must be discarded. Generalisations to
non-MHYV form factors are straightforward.

Finally we compare the dual MHV diagrams with the periodic Wilson line diagrams
studied in [18]. We can see that an identical truncation was necessary in order to obtain
the correct result: in a single MHV diagram the external vertices which are connected
to propagators must reside within one period, and the whole form factor is obtained by
summing over all translationally inequivalent diagrams.
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(h

Figure 13. Dual MHYV diagrams for the three-point MHV form factor at one loop.

5.2 Higher-loop diagrams

At higher loops, the situation becomes more involved. To illustrate the main novelty we
consider the two-point MHV form factor at two loops.!!

As prototypical examples, we consider two particular diagrams, depicted in figures 14
and 15. In the first diagram, the form factor MHV vertex is inserted in the exterior part of
the diagram, whereas in the second situation it is inserted in the interior. On the right-hand
side of each figure we also draw the corresponding dual MHV diagram. Let us start with
the first, simpler situation. There is no subtlety in defining the internal region momenta
xy and zy. The momenta in the propagators in the outer loop are xo7, 35 and x1y, and
it is straightforward to write down the two-loop dual MHV integrand. In the notation of
appendix B, there are two internal vertices, two external vertices at x; and zo (with
being a two-point vertex) and four propagators, as shown by dark bullets and dark wavy
lines in figure 14 (b).

Consider now the second, more subtle situation drawn in figure 15. In order to assign
region momenta consistently to all regions in this diagram, we need to introduce an addi-
tional loop momentum x j» such that x; — z ;7 = ¢, in exactly the same way as 1 —x3 = q.
Similarly, one can also introduce xj» such that z;y — x; = ¢q. The dual MHV diagram is
shown in figure 15(b).

As before, we consider only translationally inequivalent diagrams within one period.
Each such diagram will have two one-point external vertices, two three-point internal ver-
tices and four propagators, as shown by dark bullets and dark wavy lines in figure 15(b).

"ncidentally, we recall that while at one loop it has been proved that (four-dimensional) MHV diagrams
reproduce complete amplitudes [59], there is no such statement at two loops and beyond. However, MHV
diagrams at two loops and beyond can be used effectively to compute unregulated integrands of amplitudes
(and form factors, as demonstrated here) which have recently attracted great interest in their own right [60].
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Figure 14. (a) First MHV diagram for a two-loop, two-point MHV form factor. (b) The corre-
sponding dual MHV diagram.

Figure 15. (a) Second MHV diagram for a two-loop, two-point MHV form factor. (b) The
corresponding dual MHV diagram.

The expression of this dual MHV diagram is then

1 1

d*z;d®O /d% d®e

/ e (Crolry)(rslry){Lrlra) TR Crilyr)lorlyr)(Lyrly)
(12) (21) (5.9)

(Llor) (€ar2) (2015){€151) ’

1 1
2 /d47712 SO (Cramps + @12)x2 /d477J1 B (Cnn +00)

72 71

1 1
2 /d477[J 8B rymrs + @IJ)QSQ /d4771J’ S’y +©rp)

i L

/d4$[/d8@[/54($11/ + $13)50|8(911/ + @13) /d4$Jld8@J/54($JJ/ — 1’13)(50‘8(®JJ/ —0O13) .

Notice in the last line of (5.9) the delta functions which enforce the periodicity of the super
region momenta x;» and x . One can check that (5.9) is indeed equivalent to the result of
the conventional MHV diagram in figure 15(a).

The dual MHV rules for form factors described above can be understood more naturally
if we put the periodic configuration on a cylinder of period ¢, see figure 16. In particular,
figure 16(b) corresponds to the MHV diagram in figure 15. The two coloured propagators
connecting z; and z; form a loop with winding momentum ¢, which exactly correspond to
the coloured lines in the MHV diagram in figure 15(a). We would like to stress a general
feature of the rules we have described before, namely that no single propagator can stretch
for one or more than one period around the cylinder.
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Figure 16. (a) Cylinder picture for the MHV diagram in figure 14. (b) Cylinder picture for the
MHYV diagram in figure 15. The period of the cylinder is g.

The dual MHYV rules can be applied to generic form factors. As in the case of ampli-
tudes, in order to calculate an N*MHV form factor at L loops, we need to sum over all
allowed diagrams with

#(internal vertices) = L, #(propagators) = k + 2L . (5.10)

It would be very interesting to map the dual MHV rules described here to a dual Wilson
line picture for form factors. We leave this question for future work.
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A Vanishing of form factors at large z

A.1 Bosonic form factors

In this appendix we consider a generic non-MHYV bosonic form factor of the operator Tr(¢?)
and prove that, for a [k,[) shift

j\k = 5\k + ZS\l , 5\1 = A — 2Ag, (A1)
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F(z) vanishes as z — oo if
(hg, hy) is equal to: (0,+), (+,4), (—,+), (0,0), (—,0), (—,—) . (A.2)

The proof is based on the MHV diagram expansion of form factors, and follows closely that
for amplitudes presented in [23].

To begin with, it is immediate to see that an MHV form factor (2.3) with a [k,)
shift vanishes as z — oo, with the only exception of the case (hy,h;) = (4,0). Consider
now a generic non-MHV form factor. Each MHV diagram contributing to its expansion
is a product of MHV vertices, times propagators 1/L?. These propagators will either be
independent of z, or vanish when z — co. As in [23], the spinors A\, = L|¢] associated
to internal legs can also be made z-independent by choosing the reference spinor {N to be
equal to {N = ). Thus, dangerous z-dependent terms can only arise from terms affected by
the shifts in the external legs k and I.

For the cases where (hg,h;) is (£,4) or (0,4), only the denominators acquire z-
dependence, and hence F(z) vanishes at large z. By using anti-MHV diagrams we arrive
at the same result for the case where (hy,h;) is equal to either (—,—) or (—,0). The
case (hg,h;) = (0,0) needs special attention. The case when k and [ belong to the same
MHYV vertex has already been considered, and leads to a falloff of the diagram as z — oo.
When k and [ belong to different vertices, there will be at least one propagator depending
on z, which will provide a factor of 1/z at large z. The vertex involving leg [ behaves
asymptotically as 22/z2 regardless of whether it is an MHV form factor or a conventional
MHYV vertex, while all other vertices are independent of z. We conclude that each MHV
diagram falls off as 1/z at large 2.

We mention here that the argument described above can also been applied to scattering
amplitudes. Shifting two scalars makes the amplitude vanish as z — oo provided that the
scalars take the same SU(4) indices.

A.2 Supersymmetric form factors

As we have shown in the previous appendix, the bosonic form factor vanishes at infinity

for an [i, j) shift if 4 and j are both scalars. Here we want to use supersymmetry to relate

the large-z behaviour of generic supersymmetric form factors to that of form factors with

legs 7 and j being both scalars. This will then prove the validity of the supersymmetric

BCFW recursion relation for all supersymmetric form factors in fashion similar to [53].
For supersymmetric non-chiral form factor F(\, X, 74, 77), the [¢,j) shift is

S\Z(Z) = S\z + 2’5\]‘ , j\j = )\j —zZA;,
it 7= Miy + 2054, ;=1 — 20 (A.3)

As in [53], we choose a particular transformation where
QE = 502+Qd+ ) Qf = 5; ¢ ) (A4)

where

(= .1.] ( — \inj + 5\ﬂ7i> , §= <i1j> ( — N\if)j + )\jﬁi) : (A.5)
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One can check that their action on the fermionic coordinates n, 4,7, is

¢ [:5] [F]
6Q<77k,+ = ?7;97+ = Mk+ — Mi+ 7] + N+ g (A.6)
e VA )
and in particular lemﬂL = eQET]jHr = leﬁ; = eQﬁﬁj_ = 0. Since the form factor is

invariant under Q@ and @Q_ transformations, i.e. UNF = F = F (see (3.41)), we
conclude that

i T 5 ;Aj’Aj,nj,Jraf/;;"' ;)‘n’An’nnHﬂf/;)

f(AlaS‘Ianl,Jraﬁ;;"' aAZ,S‘Zaﬁ
:‘7:()\1,5\1,77&’_’_,7737;--- 7)‘255‘2’050a 75‘j55‘j50,07 ;)‘n,j‘n’n;z,—i-’f};;) : (A8)

Thus, we can always choose a supersymmetry transformation which sets ¢ and j to be
scalars. It is important to notice that under the [i,j) shift, the transformed 7/, and 7'~
variables are independent of z. The large-z behaviour of F(z) is therefore the same as
that of the bosonic form factor with ¢ and j being scalars. This case was considered in
the previous appendix, and shown to fall off as 1/z at large z. Hence the statement is
also true for the shifted supersymmetric form factor F(z). The proof illustrated above
concerned the large-z behaviour of the full non-chiral super form factor, but a very similar
one applies to the form factor in chiral superspace, since the latter is related to the former
by a half-Fourier transform in superspace.

B Dual MHYV rules

We recall that momenta and supermomenta for a massless particle are defined in terms of
dual momenta and supermomenta as [57]

Tj — i1 = )\ZS\Z , 91 — ®i+1 = )\im , (B.l)

where z;; := x; — z; and O;; := 0; — O;.

The dual MHV diagram rules of [56] are summarised in figure 17.

In these rules, the off-shell continuation for spinors associated to internal legs, |¢;;), is
defined as usual as [21]

[lij) = x451€] (B.2)

where [¢] is an arbitrary reference spinor.

For convenience, we recall here two simple applications of these rules from [56]. A
generic dual MHV diagram contributing to an NMHV tree amplitude is pictured in fig-
ure 18(a). There are two boundary vertices and one propagator. By applying the dual
MHYV rules of figure 17, we get

(i—114) VAt ) 1

1 b =1 it gy 2y | 210 O 0. (55)
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‘ 1
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i
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(i=1 Lijy ){lijy lijo) (LijoLijg)+(Lij,_1 Lijy) (Lijy 1)

Figure 17. Feynman rules for dual MHV diagrams. (a) Propagator. (b) r-point internal vertex.
(¢) r-point external vertex.

Z; Zj71 Z; Zp ijl
T; z; ,\/ z; z; ,\I
Ty
Zi Z; Zi Z, Z;
(a) (b)

Figure 18. Dual MHV diagrams for (a) a NMHV tree amplitude, and (b) a one-loop MHV
amplitude, and the corresponding momentum twistor diagrams.

which can be easily translated in terms of the superconformal invariant R-function R,.;; :=
[x,i—1,7,7—1, 7], with

SW((i j k 1)xm + cyclic terms)

(G jhkDGEImyklmiy(lmijymijk) (B.4)

I:Z.’j7 k7l’m] =
The reference momentum twistor is Z, = (0,¢,0).
Similarly, a generic dual MHV diagram for a one-loop MHV amplitude is depicted in
figure 18(b) and is equal to

1 (i—14) (j—13)
2 d*z;d%O , . ,
gYM/ T ) (i) (=1 G (g 3) (G—1 L) (L1 5)
1 1
2 /d477z1 60I8(€m7u +®H)x2 /d4771j 50\8(51]-77,]- +©O75) . (B.5)
il Ij

In terms of momentum twistor variables this becomes [55],
g%M/d3l4zA ANd¥Zp [x,i—1,i, A, B'][*,j—1,7, A, B"], (B.6)

where (27,07) ~ Z4 A Zp and

B'=(A,B)N (*,j—1,7), B" = (A, B)N (*,i—1,1) . (B.7)
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