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Abstract

Aiming to uncover the CP properties of spin-0 particle Dark Matter (DM), we explore a
two-component DM scenario within the framework of 3-Higgs Doublet Models (3HDMs),
a well-motivated set-up previously studied due to the complementarity of its collider and
astrophysical probes. We devise benchmark points in which the two components of DM
have same CP in one case and opposite CP in another. We then show several cross
section distributions of observables at collider experiments where the two cases are clearly
distinguishable.
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1 Introduction

The Standard Model (SM) of particle physics has undergone rigorous testing in recent decades,
culminating in 2012 with the discovery of a spin-0 boson by the ATLAS and CMS experiments
at the CERN Large Hadron Collider (LHC). This particle, with a mass of approximately 125
GeV, has been identified as the last missing component of the SM [1,2]. Despite the fact that
the properties of the observed scalar align with those expected of the SM-Higgs boson, the
possibility remains that it could be part of an extended scalar sector.

Although no evidence for physics Beyond the SM (BSM) has yet emerged, it is clear that the
SM is not the complete theory of Nature. One significant limitation is its inability to provide
a viable candidate for Dark Matter (DM). According to the standard cosmological ACDM
Model [3], DM should be a particle that is stable over cosmic time-scales, cold (non-relativistic
at the onset of galaxy formation), non-baryonic, neutral and weakly interacting, criteria that
are not fulfilled by any of the particles contained in the SM.

Several theoretical candidates have been proposed, with Weakly Interacting Massive Par-
ticles (WIMPs) [4-6] being among the most studied. These particles are predicted to have
masses ranging from a few GeV to a few TeV. Nevertheless, the precise nature of these DM
particle remains elusive.

WIMPs generally exhibit stability due to the preservation of a specific discrete symmetry.
For instance, neutralinos, which are prominent candidates for supersymmetric DM, remain sta-
ble because of the R-parity conservation [7,8]. In models featuring Universal Extra Dimensions,
bosonic DM candidates gain stability through KK-parity, a remnant of momentum conserva-
tion in the extra dimension [9,[10]. Additionally, in non-minimal Higgs scenarios, scalar DM
candidates are stabilised by a conserved Zy symmetry within the scalar potential [11-18].

A straightforward model that offers a spin-0 DM candidate is the Inert Doublet Model
(IDM) [13]. This model includes one inert doublet and one Higgs doublet, also referred to as
[(1+1)HDM, and has been the focus of significant research in recent years (see, e.g., [14,(16,/17]).
In the IDM, the additional SU(2)y scalar doublet shares the same quantum numbers as the
SM Higgs doublet. One possible vacuum configuration for this model is (v, 0), where the first
doublet acquires a non-zero Vacuum Expectation Value (VEV) and is termed the active doublet.
The second doublet, known as the inert doublet, does not develop a VEV and thus does not
participate in Electro-Weak Symmetry Breaking (EWSB). Since the inert doublet does not
couple with fermions and is uniquely Zs-odd in the model, it provides a stable DM candidate:
the lightest neutral Zs-odd particle.

The I(1+1)HDM can be viewed as a specific instance of the Higgs-portal DM model, where
the interaction between the DM sector and the SM occurs through Higgs boson exchange
[19-21]. Consequently, the coupling between DM and the Higgs boson, denoted as gnpmpu,
influences the DM annihilation rate (ov), the DM-nucleon scattering cross section opy_n,
and the invisible decays of the Higgs boson. Addressing all these experimental constraints
simultaneously can be quite challenging, as demonstrated in studies such as [22-24].

One approach to overcoming this challenge is to break the direct relationship between the
annihilation rate and the direct detection cross section by incorporating co-annihilation pro-
cesses involving DM and other nearly-mass-degenerate inert particles. These co-annihilation



processes can alter the effective annihilation cross section, thereby affecting the DM relic den-
sity. For instance, in the I(1+1)HDM, the DM candidate might co-annihilate with neutral or
charged Zs-odd particles. Models with a richer particle spectrum could accommodate more co-
annihilation processes. An effective way to introduce such additional processes is by including
an extra inert singlet |[25H27|] or an extra inert doublet [18,128]. In the context of the 3-Higgs
Doublet Model (3HDM), also known as the I(2+1)HDM [29-37] in the above configuration,
such additions can effectively address these constraints.

Proposed by Weinberg in 1976 [38], 3HDMs represent a natural extension beyond the sim-
pler 2HDMs and are highly motivated. All potential finite symmetries in 3HDMs have been
thoroughly explored [39]. These models offer a promising framework for addressing the origin
and nature of the three fermion families. Specifically, the symmetry associated with the three
Higgs doublets might reflect the symmetry governing the three families of quarks and leptons.

In Ref. [40], we analysed a symmetric 3HDMs and established the conditions under which
the vacuum alignments (0,0, v3), (0,v9,v3), and (v, v2,v3) minimise the potential. In the
present context, we focus on the alignment (0,0,v3), which is particularly noteworthy due
to its similarity to the I(1+1)HDM and the absence of Flavour Changing Neutral Currents
(FCNCs).

The I(14+1)HDM continues to be a relevant model for a scalar DM candidate. However, the
range of parameter space that aligns with current experimental constraints has significantly
diminished [41H62]. Currently, two viable DM mass regions remain: a low mass region, 53 GeV
< mpu S my, and a heavy mass region mpy S 525 GeV. In all the region between my, and
525 GeV, the DM candidate annihilates very efficiently, giving a total relic density below the
observations. In order to revive this DM region and give a comprehensive model of DM, one
needs to invoke the presence of a least a second DM candidate.

In our earlier research [63,64)], we explored a two-component DM model within the frame-
work of an I(2+1)HDM that is symmetric under a Zy x Z} group. In this set-up, one inert
doublet is odd under Z, but even under Z/, while the other is the reverse. The lightest particle
from each inert doublet serves as a viable DM candidate, each possessing a different discrete
parity that works together to produce the correct relic density. We demonstrated that ad-
ditional dark particles from both doublets play a crucial role in determining the final relic
abundances of these stable particles by affecting the thermal evolution and decoupling rates of
the DM particles. A similar study was conducted within a supersymmetric framework in [65].

We showed that, if there is a significant mass difference between the two DM candidates,
both can be tested in current and future experiments, as their masses are generally near the EW
scale. Specifically, the lighter DM component can be detected through nuclear recoil in direct
detection experiments while the heavier DM component can be observed via its contribution
to the photon flux in indirect detection experiments. Additionally, we investigated collider
signatures of the I(2+1)HDM, independently of astrophysical probes, by focusing on scalar
cascade decays resulting in ¢*¢~ + K’ final states (¢ = e, and K being missing transverse
energy) at the LHC. We analysed several observable distributions, which revealed patterns
indicative of the presence of the two distinct DM candidates.

In this paper, we aim to show that when, two spin-0 DM candidates are present, such as in
the Zy x Z-symmetric I(2+1)HDM, one can infer the CP properties of the two DM candidates



with respect to each other. The outline of the paper is as follows. In section [2, we present
the scalar potential and the mass spectrum. In sections |3 and |4 we construct our benchmark
scenarios and discuss the available parameter space of the model. In section |5 we present our
collider analysis and finally draw our conclusions in section [0}

2 The Z; x Z>-Symmetric Model

The most general Z, x ZI, symmetric 3HDM potential has the following form [404|66]:

V - ‘/()+VZ2><Z57 (1)

Vo = —pi(dlen) — 13(dhen) — 13(d5ds) + Ar(@]é1)” + Aaa(dh2)? + Ass(@hs)?
FA2(9]01) (Dh62) + Aas(Bhda) (Bhda) + Aai (53) (1)
N (0] 02) (9h01) + Nag(8hd3) (Bhd2) + Ny (0361) (D103),
Vayxzy, = )\1(9251(?2)2 + )\2(¢§¢3)2 + )\3(¢§¢1)2 + h.c.,

where 1} is invariant under any phase rotation while Vz,. 7 ensures the symmetry under the
Zy X ZY group generated by

9z, = dlag(_L L, ]-) ) 9z, = dlag(L —1, 1) : (2)

Under this charge assignment, the doublet ¢3 is even under both Zy and Z), while ¢; is odd
under Z, and even under Z) and vice versa for ¢,. We assign all SM gauge and matter fields an
even charge under the Z, x Z), symmetry. In order to preserve our DM candidates the Zy x Z}
symmetry remains unbroken by the vacuum. In such a case, only ¢3 can develop a VEV and
we can identify ¢35 with the SM Higgs doublet.

With this setup, the Yukawa interactions are set to “Type-I” interactions, i.e., only the
third doublet, ¢3, couples to fermions:

Ly = Fuanm,LQ;i%un,R + T G 03dnr + Tl L O30 R + lenl_m,ng?)Vn,R +h.c. (3)

The Zy x Zi, symmetry forbids the Yukawa interactions of the first and second doublets, ¢; and
¢9, with fermions. This ensures that there are indeed no FCNCs.

In a 3HDM with two inert doublets, there are the possible effects of dark CP-violation
[32-34136/67]. In the model with Zyx Z), symmetry, all the complex phases in the scalar potential
are rephased out by the phase redefinition of the scalar fields without loss of generality. Even in
the potential without complex phases, physical CP phase can be induced by the spontaneously
breaking of the Zy x Z) symmetry, for particular choices of parameters, as discussed in [63].
However, in this paper, we consider the case without the spontaneous breaking of the Z; x Z}
symmetry so that the CP symmetry is never broken in the scalar sector.



2.1 Mass Spectrum and Physical Parameters

The vacuum alignment (0,0, v) respects the Z; x Z, symmetry of the potential in which the
doublets have the following composition:

H HY HY
¢1 - ( Hl;lel > ’ ¢2 = < H2+21'A2 ) ’ ¢3 = erhJ?;iAQ5 ) (4)
V2 V2

with the extremum condition for this state reading as

2
2 _ M3
v = —— . 5
™ (5)
The third doublet, ¢3, plays the role of the SM-Higgs doublet, with the Higgs particle h having,

by construction, tree-level interactions with gauge bosons and fermions identical to those of the
SM Higgs boson. Its mass is fixed through the tadpole conditions to be

mi = 2u3 = 20° N33 = (125GeV)?, (6)

and the AJ and H3 states are the would-be Goldstone bosons.

The two inert doublets, ¢, and ¢,, each contains two neutral particles H; and A;, and one
charged particle H with i = 1 referring to the first doublet and i = 2 to the second doublet.
From here onwards, we refer to particles from the first inert doublet as the first family and to
the particles from the second inert doublet as the second family. The masses of the two families
are calculated to be

my, = —ui+ %()\31 + Ny + 2X3)0% = —pf + Asz0?, (7)

m5, = —ui + %()\31 + Ny — 2X3)07 = —pd + Agv?, (8)

M= = —pq + %)\31@2 (9)
and

My, = —Hs + %()\23 + Ny + 200)0% = —pi + Agv?, (10)

M = i+ 5 (s + Ny — 20)0? =~ + B, (11)

milzi = —u3 + %)\231)2. (12)

For our analysis, we rewrite the parameters of the potential in terms of physical observables,
such as masses and couplings. The tree-level SM couplings in the gauge and fermionic sectors
follow exactly the SM definitions. The relevant parameters arising from the extended scalar
sector are: (i) masses of inert particles and the Higgs-DM couplings, which represent parameters



from the visible sector; (ii) self-interaction parameters, which describe interactions within the
dark sector. The full list is:

2 2 9 2 2 2 2 2 /
U My, My Migys Mgy s Miays M, M, Ao, Az, Aq, Ain, Aoz, Ao, Aga. (13)

The self-couplings A11, Aoz, ]y, A12 correspond exactly to the terms in Eq. , while the rela-
tions between remaining parameters and our chosen physical basis are as follows.

pio= —my, + Age? (14)
Ny = (myy, —mi,)/(20°), (15)
Mo = (i b, — 2 ) (10
A31 = 2A3—2)3 — éla (17)
py = —my, + A (18)
N = (miy, —mi,)/(20°), (19)
Ny = (m%2 + mib = Qmi,;)/vQ, (20)
Aoy = 2Mg — 2\ — N, (21)
A= 201 — (M2 + A)). (22)

In principle, any particle among (Hi,Ai,Hf) can be the lightest. Here, we dismiss the
possibility of Hf being the lightest, as it would mean that the DM candidate is a charged
particle. Choosing between H; and A; (or Hy and As) is related only to a change of the sign
of the quartic parameter A3 (A2) and has no impact on the ensuing phenomenology. As will be
discussed in detail in the next section, without loss of generality, we choose H; to be the DM
candidate in the first family, therefore

Mg <ma, Mgz = A3 <0, Ay +2X3 <0, (23)
Within the second family, for H, to be the DM candidate, one requires

Miy <May, Mz = A <0, X3+ 24 <0, (24)
and for A, to be the DM candidate, one requires

Ma, <My, Mz = A2 >0, Ay3—2X <0, (25)
Notice that, unlike many Zx symmetric models, the two lightest states from two doublets are
automatically stable, regardless of their mass hierarchy, as they are stabilised by different Z,
symmetries.

3 Construction of our Benchmark Scenarios

A detailed DM analysis of the Zy x Z symmetric 1(2+1)HDM was presented in [63,64], with
an emphasis on the astrophysical and collider probes of the model and the complementarity
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between these. For all our analyses, we use the micrOMEGAs package [68] to calculate the relic
density of the two DM candidates. For our analysis, we have used the standard assumptions
included in the code, i.e., the particles within the dark sector are in thermal equilibrium and
have the same kinetic temperature as the SM particle bath and that the DM particles freeze-
out when their number density multiplied by their annihilation cross section becomes too small
compared to the expansion rate of the Universe.

In principle, the lightest particle in each family is a viable DM candidate. As mentioned
before, in the construction of our benchmark scenarios, we take H; from the first family to
be one of the DM candidates and either Hy or A, from the second family to be the other
DM component. Note that, in any case, other dark particles from both families have a signifi-
cant impact on the final relic abundances of these two DM components, as they influence the
thermal evolution and decoupling rate of DM particles. In particular, there are two distinct
classes of processes that can influence number densities of dark particles in each sector, namely,
(co)annihilations and conversiondl]

(Co)annihilations This class contains processes of the type S;S; — SM SM, where Si
represents any of the dark particles H;, A;, or HZ-jE from each family. Specifically, we focus on
the standard DM annihilation processes H; H; — SM SM (for i = 1,2), where the outcomes
are heavily influenced by the DM particle masses. For DM particles with masses mpy S
my,/2, annihilation predominantly proceeds through Higgs-mediated channels into fermions. In
contrast, for heavier DM particles, annihilation primarily occurs into gauge boson pairs, either
directly or via the Higgs s-channel. Our analysis also includes contributions from annihilation
into virtual gauge bosons, which play a significant role in determining DM annihilation rates
for intermediate mass ranges (my/2 S mpy S my+).

Additionally, when the mass difference between the DM candidate and other neutral or
charged inert scalars in the same family is small (within 10% of the DM mass), co-annihilation
processes such as H; A;, — Z — SMSM become crucial. These co-annihilation channels are
particularly dominant for high DM masses (mpy 2 500 GeV), similar to what is observed in
the I(1+1)HDM. It is important to note that, due to the Zy x Z} imposed symmetry here, the
two dark families are separated. As a result, there are no vertices that involve fields from two
separate families, namely, Higgs or gauge bosons couple only to a pair of dark particles from
the same family.

Conversions In this class of processes, a pair of heavier dark particles from one family can
convert into a pair of dark particles from another family, S; S; — S; 5;, either directly or via
interaction with an SM particle. It is important to note that such conversions between different
families of dark particles can occur even when all self-interaction couplings are set to zero. In
Fig. [l diagrams (a) and (b) illustrate the conversion of a pair of Hy particles into a pair of H;
particles, either through Higgs-mediated processes or direct conversion.

Even if the self-interaction parameter A; were zero, diagram (a) would still contribute to

'Due to the imposed symmetry there are no processes that would be classified as semi-annihilation, i.e.,
processes of the form 5;5; — SM Sy,



the conversion process, provided that both particles interact with the Higgs boson (As 3 # 0).
We anticipate that the overall contribution could be subject to cancellations or enhancements
depending on the relative signs of AyA3 and A;. Additionally, depending on the masses and
coupling constants, we also consider processes where heavier dark particles from the second
family annihilate directly into stable particles from the first family, such as Ay Ay — h — H{H;.
All these processes are automatically incorporated into our numerical analysis.

H2 Hl H2 Hl H2 Al
\\\ I,’ ‘\\ /,' \\\ I,’
N , A A S LY A N Z L’ 9
oo X Azc Ag MaN o A . o X9
,/ \\ ,/ \\ ,/ \\
,/ \\ ,/ \\ ,/ \\
H2 Hl HQ Hl AZ Hl

Figure 1: Examples of DM conversion diagrams include: (a) Higgs-mediated conversion of
Hy,H, — HyH,, which is always present as long as Ag 3 # 0; (b) direct conversion between DM
particles, which depends on the self-interaction parameter A;; and (¢) Z-mediated conversion
resulting from co-annihilation processes, which depends on the gauge coupling g.

As previously mentioned, the parameters of the potential in Eq. can be expressed in
terms of the masses of the scalar particles and their couplings. The masses of the inert/dark
particles, m%l,m%b,mil,miz,milli,mi[;, determine the annihilation behaviour of the DM
particles. Based on the absolute values of these masses as well as the mass splittings between
particles, different dominant channels for annihilation, co-annihilation and conversion can be
expected. Additionally, the absolute and relative values of these masses will give rise to different
potential collider signatures.

The self-couplings of the dark sector particles, denoted by A1, Aj5, A2, Ad11 and Mgy, serve two
distinct purposes. The first set governs interactions between particles from different families
and significantly influences the DM relic density via the conversion processes. Specifically, the
following couplings play a key role in shaping DM phenomenology:

GHH oy = 221+ Ao+ Mg = 4A; — (A2 + N\)o) (26)
JA A HoHy = JAsdsiil, = —4A+ Aip + Np = —4A1 +2(Ap + A)y) . (27)

In contrast, the couplings A;; and Ay do not directly impact any observable processes, nor
do they affect the DM relic density or collider signals. Nevertheless, they are essential in
determining the allowed parameter space due to their role in ensuring vacuum stability.

The couplings between the DM particles and the Higgs boson, Ay and As, play a crucial
role in governing not only DM annihilation and conversion processes but also affect the possible
invisible decays of the Higgs boson as well as direct and indirect DM detection. In our numerical
study, we identify the following interaction vertices, in particular, as having a notable impact



on the overall DM phenomenology:

GriH, = 2X3+ As1 4+ Ay = 2Ag, (28)
Ghnaar = =2+ Ag + Ny = 205 + 2(m’y, — mi,) /0%, (29)
i, = 2Xa + Aoz + Apy = 2A,, (30)
Ghasas = —2Xa+ Aoz + A3 = 20s + 2(m’, — m3,,) /07, (31)

Let us point out that, for a given mass splitting of the neutral fields within a family, the
coupling of Higgs to a pair of neutral particles could significantly change depending on the mass
ordering:

Gna;A; — GhHH; = { where  A; = 2|m’%, —mj, | /v*. (32)

—A; it ma, < mpg,
To clarify the importance of this statement, consider the following set-up. Within the first
family, we take the CP-even state H; to be the DM candidate, therefore,

OhA A, — GhiH, = FO1 = Gha A, > GhEyH - (33)

This means that, in the regions of the parameter space where the H;-A; mass splitting is largeﬂ
(meaning A is large), the co-annihilation processes between H; and A; are not very efficient.
As a result, the annihilation cross section, proportional to gnm, n, = 2A3, must be sufficiently
large to avoid over-closing the universe. To conclude, when the CP-even (scalar) state is the
DM candidate, if the Higgs coupling to the CP-even particle, gnm, 1, , is positive, then the Higgs
coupling to the CP-odd particle gpa,4, will also be positive.

Now, consider a case where the CP-odd particle A; is the DM candidate, hence,

ghAlAl - th1H1 = _Al = ghA1A1 < th1H1 9 (34)

which means that, in the regions of the parameter space where the A;-H; mass splitting is large
and as a result, the H;-A; co-annihilation processes are not efficient, the annihilations of A;
through Higgs, proportional to gpa, 4, = 2A3 — A should be largeﬂ Note that for a sufficiently
large A;-H; mass splitting, i.e., sufficiently large Ay, the Higgs coupling to the CP-odd particle
Jha, 4, could be negative, even if gpp, i, is positive. We find this to be the case in a large region
of the parameter space.

In constructing our benchmark scenarios, we take advantage of the fact that the sign of
the Higgs-DM coupling depends on the CP properties of the DM particles. Therefore, we
expect that interference effects between the diagrams carrying these couplings and others would
produce contributions to the cross section that are distinctive of the relative CP status of the
two DM candidates in our chosen BSM scenario.

2Which is satisfied when |A3| is large while in agreement with all theoretical and experimental bounds.

3Conversion processes could also contribute to reducing the relic abundance of A; provided the particles
from the second family are lighter than A;. These processes are again proportional to gna,4, and, therefore,
similar to the annihilation processes, benefit from a large gn4,4,. A large A; could also enhance the conversion
processes through the direct conversion diagram. If the particles of the second family are not lighter than the
particles in the first family, the conversion process will have a sub-dominant effect.
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3.1 Two Distinct Benchmark Scenarios

We construct our benchmark scenarios with the primary objective to identify distinct signatures
that can differentiate between CP properties of the two components of DM, in particular, at
collider experiments. To this end, we examine two distinct scenarios as follows:

e Scenario 1 in which the DM candidates from the two families have same CP, namely,
H; from the first family and Hs from the second family.

e Scenario 2 in which the DM candidates from the two families have opposite CP, namely,
H; from the first family and A, from the second family.

We identify a viable Benchmark Point (BP) in each of the two scenarios. Note that our goal is
to isolate the effect of the CP of the two DM components with respect to each other. In order
to do that, we choose BPs in which the CP states of the DM components are either the same
(in BP1) or the opposite (in BP2) while all other characteristics of the DM components are the
same, in particular, as follows.

e In each BP, the two DM components have the same mass:

BP1 __ BP1 BP2 __ BP2
mH1 - Ho mH1 - As - (35)

e The DM candidate from the first(second) family in BP1 has the same mass as the DM
candidate from the first(second) family in BP2:

BP1 _ _ BP2 BP1 _ _ BP2
My, =My~ My, =My, (36)

e The masses of additional dark scalars in both BPs are the same:

BP1 _ _ BP2 BP1 _ ,_ BP2 BP1 _ _ BP2 BP1 _ _ BP2
My, =My, Mype = My my, = My," My = My (37)

e In order for both BPs to lead to similar DM relic density and prodcution/annihilation
cross sections, the relevant couplings in both BPs are the same:

BP1 __ BP2 BP1 BP2
9nH H, = YhH Hy > GhHHy = ‘ghAQAQ" (38)

In Tab. [I] we show the details of the two BPs. This configuration allows for a consistent
comparison between the scenarios, highlighting the role of coupling signs in differentiating the
CP nature of the DM components. We aim to determine whether there are any significant
differences between these two scenarios that could be observed in future collider experiments,
such as an ete™ linear collider. We focus on the channel ete™ — ¢ ¢~ + DM DM, which will
give us two opposite sign leptons and missing (transverse) energy in the final state. Note that
in BP1, the two DM components are H; and Hs, while in BP2, they are H; and As,.

The cross sections of the events for the signals are computed at leading order and created us-
ing Madgraph@MCNLO [69]. The detector simulation is handled by Delphes-3.5.0 [70], wherein
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Figure 2: The sum of the two diagrams on the left are proportional to g% m,4, a0d ghzz X ghmH;
respectively, while the sum of the two diagrams on the right are proportional to g%HZ_ 4, and
Ghzz X Gha, A, respectively. With the gpp, i, coupling having the opposite sign with respect to
the gna,4, one, there will be constructive versus destructive interference between the diagrams
contributing to the signal qg — (Y0~ + Fr.

2 2
BP Mg, MA, mHli MH,| MA, mH; Ay 9hH1 Hy 9hH>H, | YhA1 Ay GhAsAs Qth Qth

BP1|| 80 | 120 | 130 || 80 | 110 | 130 || 0.082 | 0.192 0.18 0.2492 0.22 0.003 | 0.003

2 2
BP mHl mA1 mHit mH2 mA2 mH2i Al thlHl th2H2 ghA1A1 ghAzAg Qth QAzh

BP2|| 80 | 120 | 130 110 | 80 | 130 || 0.034 | 0.192 0.01 0.46 -0.18 0.004 0.005

Table 1: The parameter values for BP1 and BP2. In both cases, we have set A1 = 0.11, Aoy = 0.12,
A2 = 0.121, X}, = 0.13, the SM Higgs mass m;, = 125 GeV and v = 246 GeV, are in agreement with all
astrophysical and collider constraints. For BP1, the cross section is o(ete™ — €74~ + H1H,/H>H3) = 5.9 fb
and, for BP2, it iso(eTe™ — T4~ +H 1 H /A3 As) = 6.1 fb for 500 GeV centre-of-mass energy. For BP1, the cross
section is o(eTe™ — T4~ + HyH,/HyHs) = 2.1 fb and for the BP2, it is o(ete™ — £1¢~ + H1H1 /A2 As) = 1.7
fb for 1 TeV centre-of-mass energy.

A
L,
et |

Figure 3: The s-channel diagrams leading to the 2¢ 4 K7 final state mediated by the Z, h and
A; propagators.

we have used the inbuilt detector efficiencies to identify final state isolated particles. We use

no further trigger efficiencies and use PYTHIA8 [71] for parton showering and hadronisation.
In Figs. B4, we show the dominant s-channel and ¢-channel diagrams which contribute to

the eTe™ — £T¢~ + DM DM process, where DM is represented by H;. The diagrams for A; as
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Figure 4: The t-channel diagrams leading to the 2¢ + £ final state mediated by the Z, h and
A; propagators.

DM are identical with the interchange of H; <+ A;. However, do recall that the Feynman rules
are different (in the Higgs-DM coupling) in the two sets of graphs.

4 Theoretical and Experimental Constraints

The parameters of the potential are subject to a number of theoretical and experimental con-
straints (described in detail in [63]). Below, we summarise the constraints imposed on the
model to ensure that our BPs are phenomenologically viable.

e Stability of the potential

For the potential to remain bounded from below (i.e., to ensure a stable vacuum), the
following constraints must be satisfied |72]:

A\ >0, i=1,23, (39)

Ap > —24/ )\11>\22, )\y > —24/ )\11>\33, Ay > =2 V )\22)\337 (40)
VAz3Az + VAL + VAN, >0
or

41
A3sAZ + A A2+ )\22)\5 — A1 A22A33 — 2 A, <0, )
where
Az = Mg + min(0, N}, — 2|\(]), (42)
Ay = A1+ min(0, Ny, — 2|As]), (43)
Az = Aoz + min(0, y3 — 2|Aa)). (44)

As discussed in [73], these conditions are sufficient but not necessary. It is indeed possible
to find examples within this model where the potential is bounded from below, even if
the criteria in Egs. — are not met. However, in this work, we do not explore such
parameter regions.
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e Global minimum condition

For the point (0, 0,v) to be a local minimum, all mass-squared terms must be positive. To
ensure it is also the global minimum, its energy must be lower than the energy of any other
coexisting minima (see detailed discussion in [63]), therefore, the following conditions are
required:

v* = p3/ a3 > 0,
Local minimum if: min(Ag, Ag) > p3/v?, (45)
min(Asz, Az) > p?/v?.

13/ As3 > 113/ Aoz,

Global minimum if, additionally:
{ 13/ v Ass > 13 /v .

e Perturbative unitarity

We impose the condition that the scalar 2 — 2 scattering matrix remains unitary, meaning
that the absolute values of all eigenvalues of this matrix for Goldstone bosons, Higgs and
dark states with given hypercharge and isospin must be less than 87. Additionally, all
quartic scalar couplings are required to stay within the perturbative regime, i.e., \; < 4m.

e EW Precision Observables (EWPOs)

We demand a 20, i.e., 95% Confidence Level (CL) agreement with EWPOs which are
parametrised through the EW oblique parameters S, 7T, U. Assuming an SM Higgs boson
mass of m, = 125 GeV, the central values of the oblique parameters are given by [74]:

A ~ A~

S =10.05£0.11, T =0.09+£0.13, U =0.01+£0.11. (47)

In the I(14+1)HDM, these constraints impose a strict order on the masses of the inert
particles, with two neutral dark particles being lighter than the charged dark particle.
Furthermore, mass splitting between the heavier neutral sate and the charged state is
limited to roughly 50 GeV. However, in the case of a Zy x Zj-symmetric 1(24+1)HDM,
these conclusions are no longer applicable. Cancellations between contributions to the
S, T,U parameters from the two generations of dark particles may lead to a different
mass orderings, where either of A; or H; is the heaviest, as well as to an increased mass
splittings between these particles (for a detailed discussion, see [63]).

e Collider searches for new physics

The introduction of additional scalar fields, particularly if they are sufficiently light, can
impact the properties of SM particles, such as their decay modes and widths. To prevent
decays of the EW gauge bosons into these new scalars, we impose the following constraints:

muy, + my+ > m?}v, ma, +my+ > m?,[[,, mug, +ma, > Mz, 2my+ > myg. (48)
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Additionally, we apply limits from LEP 2 searches for supersymmetric particles, re-
interpreted for the I(14+1)HDM, to exclude mass regions where the following conditions
hold simultaneously [75] (i = 1,2):

may, < 100 GeV, mpy, < 80 GeV, Am = |mAZ. — my,

> 8 GeV, (49)

since this would generate a visible di-jet or di-lepton signal.

Furthermore, the model must be consistent with null results from LHC searches for addi-
tional scalars. As discussed in [63], current LHC searches for multi-lepton final states with
missing transverse energy, K, are generally not sensitive enough to test the parameter
space of this model. This is mainly due to the relatively high 7 cut used in experimental
analyses, which reduces the sensitivity to the viable parameter space of the 1(24+1)HDM
framework. Moreover, since the new charged particles are inert and do not couple to
fermions, constraints typically applicable in the 2HDM framework, such as those from
b — sy processes, do not apply here.

Charged scalar mass and lifetime

We adopt a model-independent lower bound on the masses of all charged states, specifi-
cally, my+ > 70 GeV (i = 1,2) |76]. In addition, we do not consider scenarios involving

potentially long-lived charged particles. Following [77], we impose an upper limit on the
lifetime of charged states, requiring 7 < 107" s.

Higgs mass and signal strengths

The combined measurement of the Higgs boson mass by ATLAS and CMS is given as [7§]:
myp, = 125.09 &+ 0.21 (stat.) £ 0.11 (syst.) GeV. (50)

The observed Higgs particle at the LHC matches the SM predictions very well. By
construction, the h state in Eq. behaves like the SM Higgs boson, with its couplings
to gluons, massive gauge bosons and fermions being identical to those of the SM-Higgs
(at tree level).

The total Higgs width can be altered through additional decay channels into light inert
scalars, S, leading to a contribution from the h — S.S decay when mg < m;,/2. Moreover,
there can be modifications to existing SM decay channels, especially the h — v process.
In this work, we use an upper bound on the Higgs total decay width as reported in [79]:

Ftot S 9.1 MeV. (51)

The partial decay width I'(h — ~7) is modified due to the presence of two charged inert
scalars. We ensure compatibility with the ATLAS and CMS limit on this signal strength,
as given in [80],

Hoyy = 1'14j8:(1)51)87 (52)

satisfying a 20 agreement with experimental observations.
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The most recent constraints on the Higgs invisible decays from CMS and ATLAS are [81,
82):
BR(h — inv.) < 0.19 (CMS), 0.26 (ATLAS). (53)

These bounds place strong restrictions on the Higgs-inert couplings, particularly for light
inert scalars.

e DM constraints

The total relic density is the sum of the individual contributions from both DM compo-
nents, H; and H, for BP1 (or H; and As in case of BP2), and can be expressed as:

Qrh? = Qu h* + Quyan)h® (54)
which is constrained by the Planck satellite data [83] to be:

Qpumh? = 0.1200 & 0.0012. (55)

The current most stringent upper bounds on the Spin-Independent (SI) DM-nucleon
scattering cross section, opy—n, are set by the XENONIT and PandaX-4T experiments,
relevant for a wide range of DM masses [84,85].

For indirect detection, the tightest constraints on light DM candidates annihilating into
bb or 777~ final states come from the Fermi-LAT satellite, excluding the canonical an-
nihilation cross section (ov) ~ 3 x 1072 cm3/s for mpy < 100 GeV [86]. For heav-
ier DM candidates, the PAMELA and Fermi-LAT experiments set similar limits, with
(ov) =~ 1072 ecm?®/s for mpy ~ 200 GeV in the bb, 7F7~ or WHW~ annihilation chan-
nels [87].

5 Collider Analysis and Distributions

Recall that our signal is eTe™ — ¢T¢~ + DM DM, where DM will escape the detector resulting
in missing energy in the final state along with two opposite sign leptons. As mentioned already,
here, we consider both electrons and muons in the final state.

To see the differences coming from two different BPs in an ete™ collider, we generate our
signal events for, e.g., 1 TeV centre-of-mass energy. In this case we are trying to follow the
experimental set-up of the International Linear Collider (ILC) [88-92] and also consider that
our ¢~ and e™ beams are 80% and 30% polarised, respectively. For detector level analysis we
have used the dedicated Delphes card forthe ILC.

To conduct a comprehensive analysis at the detector level, we focus on the distribution
patterns of several key observables for both signals, as shown in Tab. 2] We have defined

Miransverse &S

2
Miransverse = \/(\/m2f1,42 + P’%ﬁ,b +ET) - Pj%fl,b,ﬂT’ (56)
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where Pry, 4, is the vector sum of the transverse momentum of two lepton system with highest
momentum, and Pry, 4, &, is the vector sum of the transverse momentum of two (leading)
leptons along with missing transverse energy (¥7). The observable Py is defined as

|Emiss - E£1,€2|
)
Emiss + EK1,€2

Py = (57)

where Ey, 4, is the sum of the energy of two (leading) leptons. This is an observable which carries
the information of the fraction of energy imbalance between two leptons and the missing energy
system.

Observable H Description \

Pry, Transverse momentum of leading lepton (the lepton that carries highest momentum)

Pr,, Transverse momentum of sub-leading lepton (the lepton carries second highest momentum)
T Missing transverse momentum

Episs Missing energy

Miransverse Transverse mass of final state including two lepton and missing energy

LT Invariant mass of two leading leptons and missing energy system

Ang, ¢, Difference of pseudo-rapidity between two leading leptons with highest momentum

ARy, 4, Radial distance between two leading leptons with highest momentum

Ay, ¢, Difference of azimuthal angle between two leading leptons with highest momentum

Py Energy imbalance between missing energy and two leading lepton system

Table 2: Final state observables used to show the distributions of signal coming from BP1 and
BP2.

We analyse the distribution profiles of all these final-state distributions to identify observ-
ables which can distinguish between the two BPs, i.e., whether the two DM components have
opposite or identical CP. In Figs. [fH7 we show the distributions for an e*e~ linear collider
operating at a center-of-mass energy of 1 TeV. In all plots, the solid distributions represent
BP1 while the dashed ones correspond to BP2.

In Fig. B the panel on the left shows the my.qnsperse Observable where a clear distinction
between the two BPs in visible, particularly in the higher transverse mass region. In BP1,
where the two DM components have the same CP, the events tend to favour higher-energy final
states involving leptons. In contrast, in BP2, where the two DM components have opposite CP,
the distribution shows rather different characteristics. The right panel shows the distribution
of the invariant mass of the final state, my, ¢, g,,.... Here, BP2 predominantly favours the low-
mass region whereas BP1 produces significant contributions in both high and low mass regions.
This pattern reflects the influence of interference among various diagrams, particularly due to
the coupling of the SM-like Higgs with the second DM candidate as well as the momentum-
dependent contributions from ¢-channel processes.

Fig. @ shows the distributions of Any, ¢, (on the left), where it is evident that BP1 features
many events with two highly boosted forward leptons separated by large angular differences in
the transverse plane while, in contrast, BP2 displays leptons that remain close together. This
distinction is partly due to the fact that BP1 has a preference for high Pr leptons, whereas BP2
favours softer leptons. The differences observed in Ay, 4, also affect the angular separation of
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Figure 5: Normalised distribution of the transverse mass of two lepton and missing energy
final state, My ansverse (left) and the invariant mass of two leading leptons and missing energy,
My 45.5,,.. (right) at a 1 TeV ILC where e~ and et are 80% and 30% polarised, respectively,
for BP1 and BP2 after detector simulation.
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Figure 6: Normalised distribution of the difference of pseudo-rapidity of two leading leptons
Ang, ¢, on the left, and the radial separation between two leading lepton ARy, 4, on the right
at a 1 TeV ILC where e~ and e are 80% and 30% polarised, respectively, for BP1 and BP2
after detector simulation.

the two final state leptons, ARy, 4, (on the right). For BP1, we often find leptons that are
widely separated and high in energy. These effects are strongly influenced by the t-channel
diagrams shown in Fig. ], where we see two highly boosted forward electrons with missing
energy contributions in the central region.

In Fig. m, on the left, we show Agy, ¢,, where there are more events with large angular
separation in BP1 compared to BP2. On the right, we show the observable P, which measures
the fraction of energy imbalance between the lepton systems and DM particles, the latter
reflected the missing transverse energy. The distribution of Py reveals that, in BP1, there are
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Figure 7: Normalised distribution of the angular separation between two leading lepton in
azimuthal plane A®,, ,, on the left and the energy imbalance between missing energy and two
leading lepton system P, on the right at a 1 TeV ILC where ¢~ and et are 80% and 30%
polarised, respectively, for BP1 and BP2 after detector simulation.

events where the majority of the final state energy is carried by either the lepton system or
the DM particles, rather than being equally shared between them. This pattern is absent in
BP2, where the energy is consistently shared equally between the lepton system and the DM
particles.

5.1 The Importance of the t-Channel Diagrams

Recall that our ‘smoking-gun’ signal is found at an ILC through the ete™ — ¢/~ + DM DM
process, where ¢ = e, u. However, note that the t-channel diagrams in Figs. would be zero
for efe™ — ppu~ + DM DM and only s-channel diagrams would contribute. This observation
enables us to illustrate that the aforementioned interference effect is primarily occurring between
the t- and s-channel diagrams. To this end, we now plot the aforementioned observables for the
i~ final state and compare these with the yield of the ete™ final state. The result is shown
in Figs. In all plots, one can see that the difference in the distributions of BP1 versus
BP2 is a lot less pronounced when only muons are in the final state, i.e., the t-channel diagram
from Fig. 4| are absent. This also explains why the difference between the two BPs seems larger
when only electrons are in the final state in comparison to when both electrons and muons
are allowed in the final state, so that one would be best placed in experimentally pursuing
specifically the ¢ = e case. Finally, notice that we have shown distributions normalised to the
same area, to emphasise the differences in shape, yet, the cross sections reported in Tab. |I| (in
the caption) illustrate that both CP hypotheses can be tested over the same time scale at a 1
TeV ILC, however, we refrain here from estimating the actual sensitivity of this machine to such
processes, crucially, in presence of backgrounds and, hence, of a dedicated signal-to-background
analysis: in fact, we leave this to future endeavours.
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Figure 8: Normalised distribution of the transverse mass of two lepton and missing energy
final state, My ansverse (left) and the invariant mass of two leading leptons and missing energy,
My 0y, B,ie. (right) at a 1 TeV ILC where e~ and et are 80% and 30% polarised, respectively,
for BP1 and BP2 after detector simulation.
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Figure 9: Normalised distribution of the difference of pseudorapidity of two leading leptons,
e, 0, (left) and the radial separation between two leading lepton,ARy, 4, (right) at a 1 TeV
ILC where e~ and e are 80% and 30% polarised, respectively, for BP1 and BP2 after detector
simulation.

6 Conclusions

It is known that in the IDM (also referred to as the I(1+1)HDM), one cannot identify the CP
of the DM candidate. Herein, the lightest spin-0 particle from the inert (or dark) sector is
automatically the DM candidate and could be either CP-even or CP-odd. However, extensions
of this BSM construct, such as the 1(24-1)HDM, allow for more complex DM scenarios. In this
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Figure 10: Normalised distribution of the angular separation between two leading lepton in
azimuthal plane, A®,, ,, (left) and the Energy imbalance between missing energy and two
leading lepton system, Py (right) at a 1 TeV ILC where e~ and e are 80% and 30% polarised,
respectively, for BP1 and BP2 after detector simulation.

paper, we have analysed a Zs X Zs-symmetric [(24+1)HDM that is known to provide a two-
component DM setup, one from each family of dark particles, where the first family consists of
H,, Ay, Hf and the second family consists of Hy, Ay, H5 | i.e., with the labels 1 and 2 referring to
each of the two inert doublets. Specifically, the lightest neutral field from each family provides
one component of DM. In this construct, the relative CP state of the two DM candidates can
be such that both the following possibilities are allowed: the two DM components can have the
same or opposite CP quantum numbers.

Therefore, in this paper, by leveraging phenomenological aspects of this model that we have
explored in previous literature, we have set out to understand whether there could be collider
signals revealing which of the two above CP hypotheses is realised in Nature. By assuming
that both CP scenarios involve H; as one of the two DM particles (although similar results can
be obtained if A; were chosen), we have looked at whether one could disentangle the second
DM component between the Hy (same CP) and A, (opposite CP) assumptions. In order to
do so, we have devised two BPs in agreement with all theoretical and experimental bounds: as
intimated, in one scenario the two DM components have the same CP while in the other the
two DM components have opposite CP. In both cases, the coupling carrying the hallmark of the
relative CP status between the two DM particles, i.e., the one between the SM-like Higgs boson
and each DM state, has the same size but not the same sign, as the latter depends on whether
one is dealing with Hs or Ay, thereby inducing in turn constructive or destructive interferences.

We have thus shown that an ideal experimental setup to accomplish the above goal is
constituted by an e*e™ linear collider, ideally exploiting both beam polarisation. By adopting
the ILC prototype with a 1 TeV energy, we have identified the ete™ — ¢T¢~ +DM DM process
(¢ = e, ) as our best signal. In particular, notice that, in our first benchmark scenario (same
CP), this signal receives contributions from the ete™ — ¢*¢~+ H;H; and eTe™ — (¢~ + HyHy
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processes while, in our second benchmark scenario, this signal receives contributions from the
ete™ = ("0~ + HiH, and ete™ — (70~ + Ay Ay processes.

By studying several kinematic observables defined for the ensuing ete™ — (T¢~ + Ep
signature, we have proven that the two above hypotheses can be separated on a similar timescale
as they present noticeably different shapes and comparable cross sections. Specifically, we have
identified that the leading effect responsible for such differences is due to interference between
two specific sets of topologies, an s- and a t-channel one. Furthermore, as the latter is absent
for the case ¢ = u, we have emphasised the crucial role of the ¢ = e case, which is the one that
should ideally be pursued in future phenomenological studies, also accounting for background
effects as well as a dedicated signal-to-background analysis. Altogether, we strongly advocate
the latter, as there is clear potential for two-component DM characterisation in our approach:
although one cannot identify the CP state of each DM candidate, it is possible to access the
relative CP status of the two DM components.
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