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ABSTRACT

This paper proposes a rigorous framework to update the reliability of pile groups based on load
tests. The proposed approach enables the consideration of the spatial variability of soils, which
is disregarded in previous studies. To achieve this, the random finite difference method (RFDM)
is utilised to assess the group efficiency, individual pile capacities, and the correlation between
individual pile capacities in spatially variable soils. Subsequently, Bayes’ theorem is employed to
update individual pile capacities based on load test results, taking into account the correlation
between individual pile capacities. Finally, the reliability of pile groups is evaluated based on
the group efficiency and updated individual pile capacities. An axially loaded pile group in
undrained clays is utilised for demonstration. Results indicate that neglecting the spatial
variability of soils may lead to unrealistic assessments of the reliability of pile groups.
Specifically, in cases where all piles fail, the ignorance of spatial variability results in an
overconservative design. Conversely, in cases where one or more piles pass, it leads to an
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unconservative design.

1. Introduction

Uncertainties exist in the design and construction of pile
foundations. For example, the design parameters are
commonly established by limited site investigations
and tests that are associated with measurement errors
(Lansivaara, Phoon, and Ching 2021). Besides, empiri-
cal methods, such as static analysis and dynamic for-
mulas, are used to determine pile capacity during the
design phase, subject to model uncertainties (Phoon
and Tang 2019). Furthermore, construction methods
and workmanship can vary significantly from pile to
pile, further exacerbating uncertainties. To address
these uncertainties and verify that the pile has sufficient
capacity, pile load tests are commonly utilised. The
adoption of load tests provides a more accurate esti-
mation of pile capacity while substantially reducing
the associated uncertainty, owing to the smaller margin
of error in load test measurements compared to that in
predictions (Huang et al. 2016). Consequently, a low
factor of safety (FS) in Allowable Stress Design, or a
higher resistance factor in Reliability-based Design can
be adopted if load tests are conducted. For instance,
the FS can be reduced from 3.0-2.0 if the pile capacity

calculated by empirical methods is confirmed by load
tests (AASHTO 1998). Similarly, the resistance factor
increases to 0.50-0.70 if static load tests are performed,
in comparison to that of 0.35-0.45 if only static analysis
is employed (CSA 2014).

The utilisation of pile load tests for the purpose of
refining or validating designs bears a strong resem-
blance to the Bayesian statistical process. Prior knowl-
edge of the pile capacity is formed using the design
information, and pile load tests conducted during con-
struction are utilised to update this prior knowledge. By
combining existing knowledge of pile design with site-
specific information from load tests, the reliability of
piles can be updated (Zhang and Huang 2022; Zhang
and Tang 2002). Bayesian methods have been employed
to update the reliability of single piles based on pile load
tests (Zhang, Li, and Tang 2006; Zhang, Huang, and
Giacomini 2023). Zhang (2004) treated the mean pile
capacity following a lognormal distribution and used
the Bayesian method to update the pile capacity based
on proof load tests. In contrast, Najjar and Gilbert
(2009) assumed the pile capacity followed a mixed log-
normal distribution and adopted the Bayesian method
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to update the lower-bound pile capacity. Results indi-
cated that the proof load test significantly increased
the reliability of piles, even if the test load was smaller
than the predicted capacity. However, updating the
reliability of pile groups based on pile load test results
is rarely available in previous studies. A preliminary
investigation on this topic was carried out in our pre-
vious work (Huang et al. 2016), which proposed a
framework for updating the reliability of pile groups
based on the individual pile load test results. However,
the spatial variability of soils was not considered, lead-
ing to the correlation between individual pile capacities
cannot be quantified as the correlation is influenced by
soil properties.

In order to account for the spatial variability of soils
in the reliability analysis of pile groups, a rigorous 3D
finite difference (FD) method or finite element (FE)
method may be required to assess the complex pile-
soil-pile interaction, known as the group effect. How-
ever, the computational effort required is significant
due to the complex numerical analysis that needs to
be repeated numerous times to evaluate the updated
reliability of pile groups, particularly for high reliability
levels (e.g. reliability index, 8 > 3) (Huang et al. 2017).
To address this issue, the group efficiency, 7, is
employed to reflect the group effect, defined as the
ratio of the actual pile group capacity to the summation
of the individual pile capacities (Poulos and Davis
1980). The concept of group efficiency has been utilised
for a quick evaluation of the reliability of pile groups
based on the behaviour of single piles (Bian et al.
2017; Huang et al. 2016; Oudah, El Naggar, and Norlan-
der 2019). However, these studies predominantly relied
on the assumption of a constant group efliciency value,
disregarding its inherent complexity, which is
influenced by various factors, such as the number of
piles, group arrangement, and soil properties (Poulos,
1989; Sayed and Bakeer 1992). Additionally, previous
studies concerning the estimation of group efficiency
commonly treated the soil properties as deterministic
(Kanellopoulos and Gazetas 2020; Rose, Taylor, and El
Naggar 2013). Consequently, the group efliciency in
the presence of spatially varying soil properties has
not been assessed.

The correlation between pile capacities is another
essential factor that affects the reliability of pile groups
(Chen and Gilbert 2017; Klammler et al. 2013), but
there is little guidance in the literature for quantifying
the correlation coefficient. Thus, most previous studies
adopted assumed values (e.g. 0, 0.5 or 1) and assigned
the same correlation coefficient to piles within the pile
group (Huang et al. 2016; Zhang, Tang, and Ng 2001).
However, the pile capacity is primarily determined by

the nearby soil property, such as undrained shear
strength, ¢,, which is known to be spatially correlated
(Vanmarcke 2010). Therefore, it is more appropriate
to consider that pile capacities are spatially correlated.
Naghibi and Fenton (2017) used an isotropic Markov
correlation function to describe the correlation between
pile capacities within the group, and revealed the
relationship between the reliability of single piles and
the reliability of pile groups. Instead of directly treating
the correlation coefficient as a spatially random variable,
this paper considers the soil strength as a spatially ran-
dom property, and the correlation between pile
capacities is generated based on FD analysis results.

In this paper, a rigorous framework based on the ran-
dom finite difference method (RFDM) and Bayes’ theo-
rem is proposed for updating the reliability of pile
groups with load tests considering the spatial variability
of soils. The FD analysis is merged with random field
theory in conjunction with MCS to assess the statistics
of group efficiency and pile capacity, as well as the cor-
relation between pile capacities in spatially variable
soils, which are further used in updating the reliability
of pile groups with load test results based on Bayes’ the-
orem. The first part of this paper introduces the meth-
odology. The second part demonstrates the proposed
approach for a 3x3 pile group subjected to axial loads
in undrained clays. The reliability of pile groups
updated by different load test results considering the
spatial variability of soils is investigated.

2. Methodology

The proposed framework contains two parts: 1) updat-
ing the reliability of pile groups with load test results
based on Bayes’ theorem, and 2) assessing the statistics
of group efficiency and pile capacity, as well as the cor-
relation between pile capacities in spatially variable soils
via REDM. Further elaborations on these two parts are
presented in the following subsections.

2.1. Updating reliability of pile groups with load
test results

Suppose a pile group consists of N piles, and the indi-
vidual pile capacity (y) is assumed to be lognormally dis-
tributed with mean (,uy) and standard deviation (o).
The correlation coeflicient between the capacities of
pile i and pile j is denoted as rj i and
j=1, 2, ..., N.Thus, the joint probability density
function of N piles within the pile group is described as
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follows (Huang et al. 2016):

f;,(yl 5 e e e

1
N = R T "

1 _
X eXp{—z(lnyi — tp,) C (Iny; — mny)}

where |C] is the determinant of C, w,, is the mean of

In y, superscript T means the transpose, C is a N by N
matrix with each element is defined as:
Cj = ryjot,, if i #]

(2)

=0hy if i=j

where o01,, is the standard deviation of Iny,

Oy = /In(1+COVY), py,, =Inp,—j0p  and
COV, = 0,/ .

Two distinct types of pile groups are identified,
namely: 1) free-standing group, wherein the pile cap is
not in contact with the underlying soil; and 2) piled
foundation, wherein the pile cap is in contact with the
underlying soil. Only the free-standing group is con-
sidered herein, in which the cap-soil interaction does
not need to be considered. The capacity of the free-
standing pile group, Q,, is calculated based on the indi-
vidual pile capacities and group efficiency (Poulos and
Davis 1980):

N
ng = TIZ;W (3)
i=1

Suppose a conventional Factor of Safety (FS) is adopted
in the pile design. The load transfer from the superstruc-
ture is the mean capacity divided by FS. Thus, the limit
state function (g) is defined as:

NMy
= -2 4
g 77'2 Vi~ s (4)

To be able to use Equations (1) and (4) to assess the
reliability of pile groups, the values of m, y and r;; in
spatially variable soils should be evaluated. Thus, the
RFDM is adopted, and the determination of these par-
ameters is illustrated in section 2.3. The probability of
failure, py, of the pile group cannot be obtained analyti-
cally. Thus, the Markov chain Monte Carlo (MCMC)
method is adopted in this paper to sample the joint dis-
tribution. Once the individual pile capacities are
sampled, Equation (4) is employed to evaluate the safety
of the pile group. g < 0 implies that the pile group fails
and py is determined as the ratio of the number of failed
simulations to the total number of simulations. It should
be noted this paper focuses on the free-standing pile

group with rigid cap subjected to axial loads. However,
in cases where the cap is in contact with the underlying
soils (i.e. piled foundation), or the cap is not strictly
rigid, or the load condition is more generalised (e.g.
combined lateral and axial loads), the limit state func-
tion needs to be replaced by appropriate numerical
models, which are beyond the scope of this paper.

During construction, some load tests are conducted
on single piles to verify the pile capacities, and the
load test results are used to update the reliability of
pile groups. The load test measurements are subject to
errors and uncertainties. In this paper, the measurement
error (&) is assumed to be normally distributed with
mean (u,) and standard deviation (o). The proof test
load is assumed to be T. Thus, the actual load applied
on the tested pile is T — &. The likelihood function for
a tested pile passes the proof load test is:

—(T—
e — y)) 5)

O

LocP(y>T—g)=1—P(e< T—y):@(

where ® is the cumulative distribution function of the
standard normal distribution.

Suppose the proof load tests are conducted on # piles
with m piles fail. The index of the failed pile is denoted
as f = (fi, fo» - > fm) while the index of the passed
pile is denoted as p=(p1, p2 > Pn—m). The
obtained test results (i.e. pass or fail) are denoted as
the vector . Thus, the likelihood function for m tests
fail among n tests is:

L(}’l > o e e le}A/)

S Pn—m
oc 1— ( | —-=— =
11 e
(6)

Based on Bayes’ theorem, the posterior distribution of
(y15 ..., yn) is derived as (Ang and Tang 2007):

f//),()’l > e < )’N|}A’)f/y()/1 > .

ch[<1_ < —(T— ))ﬁq)(us (T- m)

1

>yN|5/)°CL(y1> .. ,)/N)

1 1
N XeXP{_2(1n)/i_Mlny)TC_l(lnyi_l*Llny)}

i=1)i
(7)

The analytical derivation of the posterior distribution of
pile capacity is not possible. Thus, the MCMC is utilised
to directly sample the posterior distribution. Various
MCMC algorithms exist, and the delayed rejection
adaptive Metropolis (DRAM) algorithm proposed by
Haario et al. (2006) is adopted, which is based on the
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combination of the delayed rejection algorithm and the
adaptive Metropolis algorithm. For detailed infor-
mation on this method, interested readers can refer to
the original paper by Haario et al. (2006).

2.2. Random finite difference method

2.2.1. Finite difference model

The capacity of a pile group is significantly different
from the total capacity of individual piles due to the
overlapping of stress and strain fields of neighbouring
piles (Sayed and Bakeer 1992). Moreover, the failure
mechanics of pile groups (e.g. block failure or individual
pile failure) are complex, and empirical equations are
not feasible for calculating the capacity of pile groups.
Thus, FLAC3D (Itasca Consulting Group, 2017) is
adopted in this paper to determine the capacity of pile
groups. To be consistent, the capacity of single piles is
also determined by FLAC3D.

A typical FD model of the single pile and pile group
used in this paper is shown in Figure 1 (a) and (b),
respectively. In order to simplify the process of generat-
ing a random field and mapping the randomly distribu-
ted soil property for each element, the soil medium is
divided into 8-noded cubic elements with uniform
size. While the incorporation of the complexity in ran-
dom field generation resulting from an FD model with
varying shapes and sizes of elements is possible, it is
not addressed in this study. The soil is modelled using
the Mohr-Coulomb plasticity model, while the pile is
modelled using the pile-element, an inbuild structural
element in FLAC3D. The pile-element represents the
pile as a linear structural element with interface proper-
ties, and the physical geometry of piles does not need to
be modelled. Pile-element modelling has been proven to
significantly reduce computation time without losing

Pile

(2)

Figure 1. The FD model of the single pile and pile group.

accuracy for the analysis of pile groups (Maheetharan
and Jaen-Toribio 2020). In light of the free-standing
group considered herein, the pile cap does not need to
be modelled in Figure 1 (b). To obtain the capacity of
individual piles, the single pile FD model shown in
Figure 1 (a) is utilised. In this analysis, a small incre-
mental displacement is applied to the top of pile during
each step. Simultaneously, the axial load on the pile is
obtained using the embedded Fish function “force”.
The load-displacement curve of the pile is generated
with a large number of steps (e.g. 50000) have been
applied. Finally, the capacity is captured based on the
load-displacement curve and specified failure criteria,
e.g. ISSMEFE criterion (ISSMFE 1985). A rigid pile cap
is assumed to connect individual piles in this study, so
that all piles undergo equal head displacements (Poulos,
1989). To obtain the capacity of the pile group, the pile
group FD model shown in Figure 1 (b) is used. In this
analysis, the same displacement is applied to the top
of individual piles in each step. Simultaneously, the
axial load on individual piles is obtained using the
embedded Fish function “force” with the individual
pile coordinates. The load-displacement curve of indi-
vidual piles within the group is obtained when a large
number of steps have been applied. The total load
acted on the pile group is the summation of loads on
individual piles (Zhang and Zhang 2012), while the dis-
placement of the pile group is equivalent to that of indi-
vidual piles. Consequently, a load-displacement curve
for the pile group is obtained, and the same failure cri-
terion utilised for individual piles is employed to define
the capacity of the pile group.

When subjected to axial loads, piles transfer the
external load to the soil medium through skin friction
and end bearing. The skin friction is incorporated into
the pile-element through the coupled shear spring

(b)
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along the pile length. The normal stiffness (k,) and
shear stiftness (k;) are recommended by the FLAC3D
manual (Itasca Consulting Group, 2017) as:

K +4G/3
AZmin

k, ork; = 10 x max|: (8)
where K and G are the bulk modulus and shear modulus
of soil, respectively. Az, is the smallest dimension of
an adjoining zone in the normal or shear direction.

The end bearing is incorporated into the pile-element
through the coupled end bearing spring at the bottom of
the pile. The minimum stiffness value of the end bearing
spring (kp) is set to be equal to or greater than the axial
stiffness of the pile, as recommended by the FLAC3D
manual (Itasca Consulting Group, 2017):

ky = EpAy/L %)

where Ep is the elastic modulus of the pile, A; is the area
at the pile base, L is the length of the pile.

2.2.2. Random field model

Random fields have been frequently utilised to model
the spatial variability of soil properties (Ching et al.
2021; Crisp et al. 2018; Vanmarcke 2010). Among var-
ious random field models, statistically homogeneous
or stationary random fields are often preferred due to
their relative simplicity and the practical feasibility of
characterising them with limited data (Ching and
Phoon 2013). Therefore, the stationary random field is
adopted in this paper. For the pile foundations in
undrained clay, the capacity of a pile or pile group is pri-
marily dependent on the undrained shear strength, c,.
Therefore, in this paper, only ¢, is modelled as a random
field while other parameters (e.g. elastic modulus) are
treated as constant.

A three-dimensional (3D) stationary random field of
¢, can be characterised by the mean (u, ), coefficient of
variation (COV,,) and spatial correlation length in three
directions (6, 6, 6;). In engineering practice, the mean
and coefficient of variation of a random property are
typically well understood. However, the spatial corre-
lation length, also referred to as the scale of fluctuation,
is often less comprehended (Lloret-Cabot, Fenton, and
Hicks 2014). The spatial correlation length describes
the distance over which the spatially random values in
the underlying Gaussian field tend to be correlated.
Conversely, two points that are separated by a distance
exceeding the spatial correlation length are expected to
be largely uncorrelated. Several covariance or corre-
lation functions are available in the literature, such as
the Markov correlation function, Triangular correlation
function, and Gaussian correlation function (Fenton

and Griffiths 2008). The Markov correlation function
is widely used due to its simplicity, and thus is adopted
in this paper. Notably, the use of isotropic spatial corre-
lation lengths remains prevalent in the most recent pub-
lications on the reliability analysis of piles (Crisp, Jaksa,
and Kuo 2021; Naghibi and Fenton 2022; Zhang et al.
2021). Furthermore, it is challenging to effectively
demonstrate the influence of load test locations when
a large vertical correlation length is employed.
Additionally, the degree of anisotropy is inherently
dependent on site-specific characteristics (Fenton and
Griffiths 2005). Consequently, the isotropic spatial cor-
relation length, 6, = 6, = 6, = 6, is adopted in this
study, while the consideration of the anisotropy corre-
lation structure is left for future research. However, it
should be noted that the proposed approach can be
employed to consider anisotropic spatial correlation
lengths. The isotropic Markov correlation function
used in this paper is given as follows:

2|7|

p(1) = exp(—7> (10)

where p(7) is the correlation coefficient between proper-
ties assigned to two points in the random field separated
by an absolute distance 7.

The lognormal distribution is usually used to charac-
terise the variability of a soil property because it avoids
a negative value for the soil property, which is not phys-
ically meaningful. Thus, the undrained shear strength c,
is treated as lognormally distributed in this paper, which
means the In ¢, is normally distributed. The mean (w,,, )
and standard deviation (oy,,) of the underlying normal
distribution of Ing, are obtained  by:

Olne, = ,/In(14+COV2) and wy,,, =Inp, — 3507, .

In this paper, the generation of random fields is per-
formed utilising the open-source toolbox “GSTools”
(Miiller et al. 2021). Initially, a standard normally dis-
tributed random field G(x) is simulated through the
randomisation method proposed by Kramer, Kurban-
muradov, and Sabelfeld (2007) and Hefle et al. (2014).
Subsequently, the desired lognormally distributed ran-
dom field is obtained by transforming the underlying
normally distributed random field using the following
relationship:

cu; = €xp (Mo, + Olne, G(x1)) (11)

where x; is a vector containing the coordinates of the ith
element, ¢,, is the desired undrained shear strength
assigned to the ith element.
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Undrained shear strength (Pa)
7.0975E+04
7.0000E+04
6.5000E+04
6.0000E+04
5.5000E+04

5.0000E+04
4.5000E+04
4.0000E+04
3.5000E+04

3.0000E+04
2.5000E+04

2.0000E+04
I 1.5000E+04

1.0000E+04
5.0000E+03
3.5618E+03

B Pie

Figure 2. The pile group in spatially variable soils.

2.3. Evaluation of group efficiency, pile capacity
and correlation between pile capacities

To evaluate the statistics of group efficiency and pile
capacity, as well as the correlation between pile
capacities in spatially variable soils, RFDM described
in section 2.2 is utilised. The generation of random
fields and the automation of MCS are based on Python
programming, while the generation of the FE model and
the mapping of random property for soil elements is
based on the embedded FISH scripting language. The
steps are summarised as follows:

Step 1: Generate the pile group model in FLAC3D
and extract the coordinates of soil elements.

Step 2: Generate stationary random fields of ¢, based
on the specified statistics of c,.

Step 3: Extract the value of ¢, according to the coor-
dinates of soil element and map the value to the corre-
sponding soil element. A typical FD model of the pile
group in spatially variable soils is shown in Figure 2.

Step 4: Use FLAC3D to compute the capacity of the
pile group, following the process outlined in section
2.2.1. The pile group model presented in Figure 1 (b)
is used to compute the capacity of the pile group, only
one FD analysis is required.

Step 5: Use FLAC3D to compute the capacities of
nine individual piles within the pile group in the same
soil property, in accordance with the process described
in section 2.2.1. The single pile model depicted in Figure
1 (a) is used to compute the capacity of individual piles,
nine FD analyses are required owing to the variation of
soils surrounding individual piles.

Step 6: Calculate the group efficiency based on the
obtained capacity of pile group and individual piles.

Step 7: Repeat steps 2-6 for 100 times. The evaluation
of the number of simulations is given in section 4.2.

Step 8: Derive the statistics of group efficiency (i.e.
mean and coeflicient of variation) based on the 100
group efficiency values.

Step 9: Generate the statistics of pile capacity (i.e.
mean and coefficient of variation) based on the obtained
100 capacity values for nine individual piles. It should be
noted that, despite the variation in capacities of individ-
ual piles across simulations, the underlying statistics of
pile capacity for each pile remains constant because
they are situated in the same random field.

Step 10: Generate the correlation coeflicient between
pile capacities based on the 100 combinations of the
capacities of nine individual piles. Upon the completion
of 100 simulations, a total of 100 combinations of the
capacities of nine individual piles are generated,
05, ..., ¥, k=1, 2, ..., 100. The correlation
coefficient rj, iand j=1, 2, ..., 9, is determined
using the following equation (Ang and Tang 2007):

S 0F =705 = 7))
\/ZIOO O )/z) Yoo ()/] 2

1 100 and 7 1
100 V) and 3 = 100

(12)

100

where y; = 1 Vi

3. Example

A 3x3 pile group subjected to axial loads in undrained
clay is taken as an example to demonstrate the proposed
approach. The pile length (L) is 10.5m, with 10 m
embedded in the clay, while the pile diameter (D) is
1.0 m. The pile spacing (d), is 3 times the pile diameter.
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The elastic modulus (Ep) is determined as 2.2x10” kPa,
while the Poisson ratio is 0.3. The soil medium is mod-
elled as a cuboid of dimensions 30mx30mx20 m, which
is discretized using cubic elements with a uniform side
length of 1 m. The values of shear and bulk modulus
are determined as 1.3x10> kPa and 6.0x10° kPa, respect-
ively, following Bowles (1995).

In this paper, the spatial correlation length, 6, is non-
dimensionalized by dividing it by the embedded length
of pile (L,, = 10m). The normalised spatial correlation
length is denoted as ® = 6/L,,. The value of ¢, assigned
to each soil element in the FD model is treated as a ran-
dom variable, with a mean value u, = 20kPa, while
COV,, = 20%, 30%, 50% and 100%, and ® = 0.5, 1, 2
and 5. It should be noted that the general range of
COV,, reported by Phoon and Kulhawy (1999) was
10%-55%, which is lower than that used in this paper.
However, Fenton and Griffiths (2003) pointed out that
COV,, is related to the site investigation intensity and
scale, and that even a value of COV,, up to 5 is possible.
Interested readers may refer to Fenton and Griffiths
(2003) for further discussions on this topic.

When the statistics of group efficiency and pile
capacity, as well as the correlation between pile capacities
are obtained following section 2.3, these values are
further used to update the reliability of pile groups by
load test results following section 2.1. In this paper, the
proof test load is assumed equal to the mean pile capacity,
T = u,,and the FS used in the design is assumed equal to
2, FS=2. The mean and standard deviation of measure-
ment error are assumed as 0 and 0.17, p, =0 and
0z = 0.1T, respectively. It should be noted that the
measurement error is related to the load test method
(e.g. dynamic or static load tests), as well as the method
to interpolate the t-z (load-displacement) curve obtained
by load tests. However, there is little guidance on quanti-
fying the value of measurement error, and further
research is needed to address this issue.

4. Results
4.1. Group efficiency in deterministic soils

In this section, the evaluation of group efficiency, 7, in
deterministic soils is presented. The results are then
compared with those obtained by empirical formulas
to validate the FD model employed in this paper.

This study investigates 7 at three displacement levels,
specifically 0.05D, 0.075D and 0.10D. The selected dis-
placement level is used to define the capacity of individ-
ual piles and the pile group. For example, when
assessing the group efficiency at the displacement level
of 0.05D, the capacity of individual piles and the pile

group is defined as the load corresponding to a displace-
ment of 0.05D. The selection of these specific displace-
ment levels is based on previous studies that have
highlighted variations in 1 concerning different displa-
cement levels (Comodromos 2004; Rose, Taylor, and El
Naggar 2013). It is noteworthy that a displacement level
beyond 0.10D is not considered because the majority of
load has been mobilised by a displacement of 0.10D
(Fleming et al. 2009). A uniform value of ¢, = 20kPa
is used in this section. n for different spacing-to-diam-
eter ratios (d/D) and displacement levels are assessed
and presented in Figure 3. It is observed that 7 varies
with the displacement level of pile groups, as observed
by Rose, Taylor, and El Naggar (2013). Results also
reveal that 7 in clay soils are below unity, which is con-
sistent with the observations made by Poulos and Davis
(1980). Additionally, it is shown that 7 increases as d/D
increases. For the group efficiency determined based on
the displacement equals 0.05D, the group efliciency
increases from 0.42-0.90 as d/D increases from 1.5-5.
For d/D = 8, the group efficiency approaches 1, which
means group effect is minimal at a larger pile spacing.
Several empirical formulas have been proposed to
estimate 7, which is summarised in Table 1. Among
these, the formulas proposed by Bolin (1941) and Feld
(1943) relied solely on the spacing-to-diameter ratio
and number of piles, with the same parameters used
but in different formulations. On the other hand, the
formula developed by Seiler and Keeney (1944) only
considered the pile spacing and number of piles, while
ignoring the pile diameter. It is found that this formula
is invalid for the case of a = b =1, as it yields a 1 of
1.15, contrary to the fact that n should be unity for a
single pile. Poulos and Davis (1980) incorporated the

1.0 . . —
N,
0.8 1
~
2
0.6 —— Bolin (1941)
L.é’ Feld (1943)
2 044 Seiler and Keeney (1944)
B Poulos and Davis (1980)
S ~— Sayed and Bakeer (1992)
0.2 1 —e— This paper 0.05D
—e— This paper 0.075D
00 —e— This paper 0.10D
12 3 4 s 678

d/D

Figure 3. Comparison of 7 by deterministic analysis and empiri-
cal formulas.
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Table 1. Summary of empirical formulas for group efficiency.
Reference

Formulas

Bolin (1941) b—Na+@—10b], (D
=1—|— | tan -
90ab d
Feld (1943) D
n=1———Ilalb— 1)+ bla— 1)+ ~2(a— )b — 1)
wdab
Seiler and 1d a+b-—2 0.3
Keene =\1-\|5—= +o
(1944) ! { [7(d2_1)][a+b_1“ e
Poulos and 2p2
. 1 (ab)?P?
Davis (1980) i 1+ P2
Sayed and n=1-0-17-Ks
Bakeer b—1)d+D a—1)d+D
(1992) e

wabD

Note: a is the number of rows of the pile group, b is the number of piles per
row, Py is the capacity of a single pile, Pg is the capacity for block failure of
the group, 7, is the geometric efficiency, K is the group interaction factor,
s is the friction factor.

failure mechanism of the pile group in their calculation
of m. The Pj is the capacity for block failure of the
group, which assumes the soil enclosing the pile group
perimeter acts as a rigid block upon failure. In a differ-
ent approach, Sayed and Bakeer (1992) proposed two
new parameters (i.e. K and s) to consider the effect of
the property and type of soil, pile length, and method
of pile installation. However, these parameters may
lead to subjective results.

For comparison purposes, n calculated using these
empirical formulas is also presented in Figure 3. Results
reveal that 7 calculated using different formulas are
considerably inconsistent. For example, when
d/D =2, n is 0.61, given by Bolin (1941), whereas
0.85 is obtained by Seiler and Keeney (1944). For
d/D > 3, n obtained by FLAC3D with a displacement
level equal to 0.10D is slightly higher than those
obtained using empirical formulas. This can be attribu-
ted to the small pile length to diameter ratio used in the
model, as indicated by Poulos and Davis (1980). Gener-
ally, the results presented in this paper are in line with
those obtained using empirical formulas.

4.2. Group efficiency in spatially variable soils

In this section, the evaluation of 7 in spatially variable
soils is carried out. The value of ¢, assigned to each
soil element in the FD model is treated as a spatially ran-
dom variable, with a constant mean value u, = 20kPa,
while COV,, = 20%, 30%, 50% and 100%, and ©® = 0.5,
1, 2 and 5. The pile capacity is defined by the ISSMFE
criterion (ISSMFE 1985), corresponding to the displace-
ment of pile group is 0.10D.

The number of simulations carried out for each set of
statistical values (i.e. u,, COV,, and @) significantly

0.92
0.88
_0.84
3
0.80 1
——— COVe,=100% ©=0.5
——— COVe=50% ©=1
0.76 1
0 2I0 4IO 6I0 8IO l(I)O

Number of simulations

Figure 4. Effect of the number of simulations on w,.

affects the accuracy of the estimated statistics of 1. An
estimate based on a few numbers of simulations will
lead to a large standard deviation, whereas a large num-
ber of simulations requires extensive computation time.
Figures 4 and 5 show the effect of the number of MCS
on the mean (u,) and coefficient of variation (COV,)
of m, respectively. It is observed that the fluctuation of
M, and COV, is negligible when 70 simulations are
used. Thus, 100 simulations are deemed adequate for
this study.

Figure 6 shows how u, varies with COV,, and © for
d/D = 3. It can be seen that u, in spatially variable soil
is generally lower than that obtained from the determi-
nistic analysis. It also shows that u, decreases as COV,
increases. For example, Mo i 0.94 when COV,, = 20%
and ® = 1, while My is 0.82 when COV,, = 100% and
©® = 1. Additionally, it can be observed that oy first
decreases and then increases as ® increases from 0.5-

0.12
0.10
0.08 1
k‘s\
S
O
0.06
—— COV:,=100% ©=0.5
0.04- ——— COVe=50% ©=1
0.02 T T T T 1
0 20 40 60 80 100

Number of simulations

Figure 5. Effect of the number of simulations on COV,,
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Figure 6. u, as a function of COV,, and ©.

5. Specifically, for COV,, = 50%, p, decreases from
0.91-0.89 as O increases from 0.5-2, and then increases
to 0.92 as O increases to 5. The value of ® correspond-
ing to the greatest reduction in ., falls within the range
of 1-2.

The variation of COV,, with respect to COV,, and ©®
for d/D = 3 is presented in Figure 7. It is noted that
COV,, exhibits an increasing trend as © increases.
Specifically, for COV,, = 100%, COV,, increases from
0.10-0.16 as O increases from 0.5-5. Furthermore, it is
found that the effect of COV,, on COV,, is significant,
and COV,, increases as the COV,, increases. For instance,
for ® = 2, COV, is 0.03, 0.05, 0.09 and 0.16 when COV,
is equal to 20%, 30%, 50% and 100%, respectively. This
observation can be attributed to the relationship between
1 and the soil strength (Poulos, 1989). As the variability

0.16 Y
= COVe,=20%
—e— COVe,=30%
0.12- —a— COVe,=50%
—v— COVe,=100%
%’s‘ A A
0.08
O //
0.00 T T T T T
0 1 2 3 4 5
®

Figure 7. COV,, as a function of COV,, and ©.
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(5]
Z i
g
E P
0.034
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0.0 5.0x10°  1.0x10° 1.5x10° 2.0x10® 2.5x10° 3.0x10°

Pile capacity (N)

Figure 8. The distribution of the single pile capacity.

of soil increases, it is expected that 1 will exhibit a corre-
sponding increase in variability.

4.3. The statistics of pile capacity and the
correlation between pile capacities

Figure 8 shows the histogram of the single pile capacity
with COV,, = 50% and 100%, and ® = 1. The lognor-
mal distribution is utilised to fit the pile capacity, and it
demonstrates that the lognormal distribution fits the his-
togram quite well. Additionally, it shows that the mean
pile capacity is only slightly different for COV,, = 50%
and COV,, = 100% (i.e. 799kN and 787kN), as observed
by Fenton and Griffiths (2007). In contrast, the pile
capacity spreads over a larger area for COV,, = 100%,
implying that the variation of pile capacity, COV,,
increases as COV,, increases, which is reasonable as the
soil becomes increasingly variable, its ability to support
the pile would also become increasingly variable.

The assessment of the correlation coefficient between
pile capacities, r;, is conducted in accordance with Step
10 outlined in section 2.3. Figure 9 illustrates the corre-
lation coeflicient for COV,, = 50%, ® =1 and 2. It is
noted that ® has a significant effect on the correlation
coefficient. An increase in ® indicates that the strength
of soil is correlated over a wider area, resulting in the
pile capacities that are determined based on the strength
property being more likely to be correlated. Specifically,
the correlation coefficient between pile 1 and pile 3 is
0.41 for ® = 1, but it increases to 0.70 as © increases to
2. It is noted that the correlation coeflicient between pile
capacities is related to the distance between piles. For
example, the distance between pile 1 and pile 2 (or pile
4) is the smallest, and the correlation coefficient is the
highest. Conversely, the distance between pile 1 and pile
9 is the largest, and the correlation coefficient is the lowest.
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Figure 9. The correlation coefficient between pile capacities.
Table 2. Updated individual pile capacities based on load tests.
Posterior
Cases Prior Pile 1 Pile 2/4 Pile 3/7 Pile 5 Pile 6/8 Pile 9
Case 1: @ =5m=0 Mean 1.00 1.36 1.34 1.31 132 1.29 1.26
cov 0.41 0.27 0.29 0.31 0.30 0.32 0.34
Case 220 =5m=1 Mean 1.00 0.73 0.75 0.77 0.76 0.78 0.80
cov 041 0.24 0.26 0.30 0.28 0.31 0.33
Case3:0=05m=0 Mean 1.00 1.19 1.10 1.03 1.06 1.01 1.00
cov 0.24 0.17 0.22 0.24 0.23 0.24 0.24
Case3:0=05m=1 Mean 1.00 0.84 0.92 0.98 0.95 0.99 1.00
cov 0.24 0.16 0.22 0.24 0.23 0.24 0.24

4.4. Reliability of pile groups updated by load
test results

Based on the obtained group efficiency (section 4.2), the
pile capacity and the correlation coefficient between pile
capacities (section 4.3), the reliability of pile group
updated by different load test results is investigated in
the section. It should be noted that, in Table 2 and
Figures 10-13, the load tests are assumed to be con-
ducted following the order of piles within the pile
group, wherein the first test is conducted on pile 1,
and the second test is conducted on pile 2. In contrast,
in Figures 14 and 15, the load tests are conducted on the
designated pile without adherence to the order of piles.

With the completion of load tests, the individual pile
capacities are updated based on the test outcomes. Table
2 summarises the updated individual pile capacities for
different spatial correlation lengths and test results, with
n =1and COV,, = 50%. The load test is assumed to be
conducted on pile 1. Consequently, owing to the sym-
metrical configuration of the pile group, the updated
results for pile 2 and pile 4, pile 3 and pile 7, as well
as pile 6 and pile 8, are identical. The mean values
shown in Table 2 are normalised by their respective
prior mean values, thus consistently yielding prior

mean values of 1 across all cases. Table 2 reveals that
the posterior mean and coefficient of variation (COV)
of individual pile capacities are significantly influenced
by their relative distances from the tested pile. For
example, in Case 1, where pile 2 and pile 4, being the
closest to pile 1, exhibit higher mean capacities and
lower COV in contrast to pile 9, situated at a greater dis-
tance. Additionally, it is noteworthy that the spatial cor-
relation length also exerts an impact on the posterior

cove,
100%
50%
30%
20%
100%
50%
30%
20%
100%
50%
30%
20%

Probability of failure, p,
s 35 =

<
&
n

<
O
!

Number of failed tests, m

Figure 10. pr updated by different load test results with various
cov,,.
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Figure 11. pr as a function of the number of load tests (all fail),
and 6.

mean and COV of individual pile capacities. For
instance, the test result significantly affects pile 9 in
Case 1 and Case 2, where ® = 5, while the test result
has no effect on pile 9 in Case 3 and Case 4, where
® = 0.5. Furthermore, results in Table 2 elucidate that
a tested pile passes the load test increases the mean
pile capacity, while a tested pile fails the load test
decreases the mean pile capacity. Remarkably, a
reduction in the variation of pile capacity is consistently
observed with load tests conducted, regardless of test
outcomes.

Figure 10 shows how p; varies with COV,,, the num-
ber of load tests, #, and the number of failed tests, m, for
® = 5. In light of the utilisation of ten million simu-
lations in the probability analysis, values of ps less
than 1.0e-7 cannot be determined through simple

0.1000

0.0800

0.0600

0.0400

Probability of failure, p,

0.0200

Figure 12. pr as a function of the number of load tests (only the
last test passes), and ©.

0.0200

Pr

0.0150

0.0100

0.0050

Probability of failure
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Figure 13. pr as a function of the number of load tests (all pass),
and ©.

MCS. Consequently, these values are represented as
pr = 1.0e-7 in Figure 10, where the y-axis employs a
logarithmic scale. Figure 10 shows that, for the same n
and m, py increases as COV,, increases. For example,
when three load tests are conducted and all piles fail,
py are 7.46e-4, 0.02, 0.19, and 0.49 for COV,, = 20%,
COV, =30%, COV, =50% and COV. = 100%,
respectively. It is  noteworthy that, when
COV,, = 20%, the pile group still satisfies the design
requirement (e.g. a target reliability index, B8y = 3, or
pr < 0.0014) even if three consecutive piles fail, indicat-
ing that the FS =2 used in the soil with small COV,, is
conservative. Moreover, Figure 10 indicates that the
test results have a significant effect on py. For instance,
when n =3 and COV,, =100%, ps; increases from
2.46e-4-0.49 as m increases from zero to three.

Figure 11 illustrates the change of p; with respect to n
and O for COV,, = 100%. It is assumed that all the

0.0200

Py

70,0150

0.0100

0.0050

Probability of failure

0.0014
0.0000 :

Pile 1

T
Pile 2

Figure 14. The effect of load test location on py, for n = 1 and
m=0.
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Figure 15. The effect of load test location on py, for n = 1 and
m=1.

tested piles fail (i.e. # = m). When no tests conducted
(n=0), pr < 1.0e-7 as ® — 0, which can be analysed
as follows: when © approaches zero, the variation in
¢y is eliminated owing to the averaging effect (Fenton
and Griffiths 2005). Consequently, the coefficient of
variation of the pile capacity, COV,, and group
efficiency, COV,, tend towards zero. Moreover, the
pile group capacity based on the mean of ¢, is consist-
ently exceeds the design value when FS = 2 is employed,
resulting in p; = 0. When three consecutive piles fail, pf
remains zero for ® — 0 in Figure 11. This is mainly
because the individual piles are uncorrelated, the test
results do not impact untested piles. Even if three con-
secutive piles fail, the presence of strong piles compen-
sates for the weak ones, ensuring the safety of the pile
group. For the opposite extreme case, ® — oo, each
simulation of MCS involves a uniform soil, with the
value of ¢, is randomly sampled from its distribution.
In this case, COV, and COV,, are non-zero because
the pile capacity and group efliciency are influenced
by the soil strength, resulting in a non-zero value of py
as depicted in Figure 11. Additionally, Figure 11 reveals
a monotonic increase in py with increasing ® while the
worst-case phenomenon is not pronounced. The results
indicate that ignoring spatial variation (i.e. ® — o)
leads to an overestimation of p;. From a reliability-
based design perspective, the worst-case spatial corre-
lation length occurs when ® — oo.

Figures 12 and 13 depict the variation in p; with
respect to n and © for COV,, = 100%. In Figure 12, it
is assumed that only the last tested pile passes the
proof load test, while in Figure 13, all the tested piles
pass the proof load test (i.e. m = 0). In contrast to the
monotonic relationship observed in Figure 11, both
Figure 12 and Figure 13 exhibit a non-monotonic
trend. py initially increases and subsequently decreases
as O increases. The worst-case phenomenon is

pronounced in Figure 12 and Figure 13 with the
worst-case spatial correlation length corresponding to
© = 1. The results presented in Figure 12 and Figure
13 indicate that ignoring spatial variation (i.e.
0O — o0) underestimates p;, which may lead to an
unconservative design.

Based on the results depicted in Figure 13, it can be
deduced that © plays a critical role in determining the
optimal number of tests required to attain a target
reliability for the pile group (eg. Br=3 or
pr < 0.0014). Notably, for ® = 0.5 and 5, the pile
group can meet the design requirement with two con-
secutive piles passing the tests. In contrast, for @ =1
and 2, achieving the desired reliability index requires
that at least three consecutive piles pass the tests.

This part aims to illustrate the effect of load test
locations on py, which refers to situations wherein the
tested pile does not follow the order of piles. Figures 14
and 15 show the effect of load test locations (i.e. pile 1/
corner pile, pile 2/edge pile and pile 5/centre pile) on
pr for COV,, = 100% and n = 1. It is assumed that the
tested pile passes (i.e. mn = 0) in Figure 14 while the tested
pile fails (i.e. m = 1) in Figure 15. Notably, regardless of
the value of ©, the load test conducted on pile 5 consist-
ently yields the minimum value of py if the pile passes (i.e.
Figure 14), while it consistently yields the maximum
value of py if the pile fails (i.e. Figure 15). The observation
indicates that the load test on pile 5 provides more infor-
mation regarding the reliability of pile groups, suggesting
that the centre pile is the optimal location if only one test
is to be performed. In contrast, previous studies have
failed to consider the spatial variability of soils, leading
to an assumption of perfect correlation among individual
pile capacities. Consequently, the potential impact of load
test locations on the updated reliability of pile groups has
been disregarded.

It is worth noting that the load test location affects
the required number of load tests to achieve the target
reliability of pile groups. For instance, in Figure 14,
when O =5, pr = 3.92e-3 if pile 1 is tested while
pr = 7.22e-4 if pile 5 is tested. In this case, if the target
reliability index of 3 (i.e. py < 0.0014) is adopted in pile
design, the result obtained based on the load test on pile
5 is sufficient to verify the design of pile groups. How-
ever, if the load test is conducted on pile 1 or pile 2,
more load tests are required.

It is noted that the results for @ of 0.5 and 5 exhibit
almost identical outcomes in Figure 14, which can be
explained as follows. In the extreme case, where
® — 0, the values of ¢, at any two distinct points are
independent. In this case, the pile effectively averages
the ¢, field, resulting in individual pile capacities tend-
ing to those obtained in a deterministic condition
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(Fenton and Griffiths 2005). Consequently, the tested
pile is quite representative of the untested piles, and a
pass of the tested pile indicates a low py for the pile
group. Conversely, in the extreme case, where
® — o0, individual pile capacities exhibit perfect corre-
lation. In this case, a pass of the tested pile implies a
higher likelihood that the untested piles will also pass
the tests, thereby yielding a low p; again. However, at
intermediate correlation lengths, the tested pile becomes
a less accurate estimator of the untested piles, leading to
an increase in p;. Consequently, p; initially increases
and subsequently decreases as ® increases from zero
to infinity, with the highest ps occurring at an inter-
mediate correlation length between zero and infinity.
Figure 14 illustrates that the highest p; corresponds to
® = 1. Hence, the results for ® = 0.5 and 5 may appear
similar.

5. Conclusions

This paper proposes a rigorous framework for updating
the reliability of pile groups with load tests, accounting
for the spatial variability of soil. The group efficiency,
pile capacity and correlation between pile capacities in
spatially variable soils are evaluated, which are further
utilised in updating the reliability of pile groups based
on the number of tests and the corresponding test results.
Results indicate that neglecting the spatial variability
(assuming ® — o0) leads to an overconservative design
when all piles fail. Conversely, it results in an unconser-
vative design when one or more piles pass. These findings
underscore the importance of incorporating spatial varia-
bility into the evaluation of pile group reliability.

The proposed approach allows for the consideration
of the impact of load test locations on the updated
reliability of pile groups, surpassing the limitations of
previous studies. Notably, for a 3x3 pile group, results
indicate that the centre pile is the optimal location if
only one test is to be performed. However, it should be
noted that the present investigation regarding the effect
of load test locations involves only one load test, and a
comprehensive investigation into the optimal load test
scheme (e.g. the number of tests and corresponding test
locations) remains a topic for future research.
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