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Abstract

Astrometric surveys offer us a method for searching for elusive cosmic signatures, such as ultralight dark photon
dark matter and gravitational waves (GWs), by observing the temporal change of stars’ apparent locations. The
detection capabilities of such surveys rapidly decrease at low frequencies, because the signals become hardly
distinguishable from the background motion of stars. In this work, we find that the background motion can be well
described by a linear model over time, based on which we propose a linear background subtraction scheme.
Compared to the conventlonal quadratic subtraction, the advantage of linear subtraction emerges within the
frequency range below 6 x 10~° Hz. Taking dark photons with purely gravitational interactions, dark photons with
additional U(1)p or U(1)z_; gauge interactions, and low-frequency GWs as examples, we illustrate that the linear
subtraction scheme can result in an enhancement of more than 1 order of magnitude in the exclusion limits of Gaia-

like experiments in the low-frequency range.

Unified Astronomy Thesaurus concepts: Dark matter (353); Space astrometry (1541); Astrometry (80); Gaia
(2360); Gravitational waves (678); Gravitational wave astronomy (675)

1. Introduction

The development of astrophysical observation methods has
revolutionized our understanding of the cosmos, enabling us to
probe subtle effects induced by new astrophysical sources or
new physics with unprecedented precision. Recently, several
Pulsar Timing Array (PTA) collaborations reported the first
evidence for the stochastic gravitational-wave (GW) back-
ground at nanohertz frequencies (B. Allen 1996; G. Agazie
et al. 2023a; J. Antoniadis et al. 2023; D. J. Reardon et al.
2023; H. Xu et al. 2023), which may arise from a population of
inspiraling supermassive black hole binaries (A. Sesana et al.
2008).

Apart from the GW signals, PTA experiments can also probe
several new physics models. One example would be ultralight
bosonic dark matter (H.-Y. Schive et al. 2014; L. Hui et al.
2017), which has the potential to solve the so-called small-scale
problems (D. H. Weinberg et al. 2015) of the cold dark matter
model. Ultralight dark photon dark matter (DPDM) assumes
that dark matter is composed of vector fields (P. Adshead &
K. D. Lozanov 2021; M. A. Amin et al. 2022) with a mass
around 107?? ¢V. Due to its wave nature, the field value of the
ultralight DPDM oscillates in an approximately coherent
manner. Therefore, the ultralight DPDM can induce nontrivial
oscillations of the metric due to pure gravitational effects
(A. Khmelnitsky & V. Rubakov 2014; K. Nomura et al. 2020;
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Y. Chen et al. 2023; J.-C. Yu et al. 2024) or impose external
oscillating forces on test objects via additional U(l) gauge
interactions (A. Pierce et al. 2018), both of which can modify
the pulse arrival time (A. E. Nelson & J. Scholtz 2011;
N. K. Porayko et al. 2018; Y.-M. Wu et al. 2022; X. Xue et al.
2022; A. Afzal et al. 2023; Z.-Q. Xia et al. 2023; D. Chowd-
hury et al. 2024).

The GW or DPDM background can also result in the
deflection of light emitted from astrophysical objects to the
Earth due to the following two distinct effects:

1. GWs or DPDM with purely gravitational interactions can
induce metric perturbations, which can affect the trajectory
of the light emitted from the sources (V. B. Braginsky et al.
1990; T. Pyne et al. 1996; N. Kaiser & A. Jaffe 1997
S. M. Kopeikin et al. 1999; L. G. Book & E. E. Flanagan
2011). As a result, the apparent positions of the stars we
observe slightly deviate from their initial positions.
Such displacements depend on metric perturbations at
both the Earth and stars, while the Earth term should be
dominant, as we will explain later. It should also be
mentioned that, unlike the deflection induced by ultra-
light scalar dark matter, which is suppressed due to an
approximate spherical symmetry, the deflection caused
by DPDM is generally not suppressed (Y. Chen et al.
2023).

2. DPDM coupling to the baryon number U(l)z or the
baryon number minus the lepton number U(l)p_; can
lead to the aberration effect, which also changes the
apparent position of stars (H.-K. Guo et al. 2019).
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By precisely measuring the variation of stars’ apparent
positions, it is hoped that traces of GW and DPDM signals
can be captured in the Gaia mission (T. Prusti et al. 2016) and
upcoming astrometric surveys like Roman (Y. Wang et al.
2021, 2022; Z. Haiman et al. 2023; K. Pardo et al. 2023) and
Theia (C. Boehm et al. 2017; J. Garcia-Bellido et al. 2021;
F. Malbet et al. 2021). Gaia observes the positions, proper
motions, and parallaxes of more than 10° objects with
unprecedented accuracy (T. Prusti et al. 2016). The sensitive
frequency of Gaia is determined by its survey lifetime
Tyos = 10 yr and observational cadence At = 24 days, typically
10 °Hz <f< 107 Hz. Hence, Gaia can provide complemen-
tary detection capabilities to PTA experiments for nanohertz
astrophysical sources (C. J. Moore et al. 2017; D. Bini &
A. Geralico 2018; J. Darling et al. 2018; S. A. Klioner 2018;
D. P. Mihaylov et al. 2018; L. O’Beirne & N. J. Cornish 2018;
H.-K. Guo et al. 2019; W. Qin et al. 2019, 2021; D. P. Mihay-
lov et al. 2020; S. Aoyama et al. 2021; S. Jaraba et al. 2023;
M. Caligkan et al. 2024; Q. Liang et al. 2024).

To extract the deflections of the apparent positions of stars
caused by external signals, we need to subtract their intrinsic
background motion stemming from the physical motion of stars
with respect to the solar barycenter and the secular aberration
due to the moving reference system. This intrinsic motion can
induce large angular deflection far exceeding the resolution of
Gaia. For signals with frequencies > 2/Tops ~ 6 x 1077 Hz,
the background subtraction essentially does not influence the
sensitivity, since the oscillation pattern of GWs or DPDM is
distinct from the background. Conversely, if f < 6 x 107 Hz,
a half-oscillating cycle would not be observable in the time-
series data within the operational lifetime of Gaia. In such
cases, the signal is also partially subtracted, thereby reducing
the sensitivity of detecting low-frequency GW and DPDM
signals. Analogous to PTAs, the quadratic model is commonly
used to subtract the background proper motion in the existing
literature (C. J. Moore et al. 2017; H.-K. Guo et al. 2019;
Y. Wang et al. 2021, 2022). However, a more comprehensive
study of the background motion of stars and subtraction
schemes should be implemented.

In this work, we propose a linear background subtraction
scheme for the time-series data of apparent stellar positions in
Gaia-like astrometric surveys. Specifically, we apply the least
squares method to fit a linear function to the data, modeling the
background noise. This fitted function is then subtracted from
the data, effectively isolating the signal of interest. Upon
analyzing the background motion of stars, we find that the
impact on the apparent stellar position due to the constant
acceleration from the galactic gravitational potential is
negligibly small relative to Gaia’s sensitivity. Meanwhile, the
galactocentric acceleration of the solar barycenter mimics a
linear term over time in the proper motion due to aberration.
These observations serve as the primary motivation for our
linear subtraction approach. Nevertheless, unresolvable binary
systems could bring additional noise, which cannot be
effectively subtracted. We provide concrete examples by
calculating the astrometric deflection induced by DPDM with
purely gravitational interactions while also revisiting scenarios
involving DPDM with U(1)p or U(1)p_; gauge symmetry and
GWs from binary systems. Subsequent numerical simulation
using mock data reveals that our linear subtraction scheme
significantly enhances Gaia’s detection capabilities in the low-
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frequency range, improving sensitivity by more than an order
of magnitude compared to the quadratic subtraction.

The layout of this paper is as follows. In Section 2, we
illustrate that the background motion of stars can be well
described by a linear model over time. In Section 3, we
calculate the astrometric deflections induced by GWs and
DPDM. The numerical simulation and results are presented in
Section 4. We summarize our main conclusions in Section 5.

2. Background Motion of the Apparent Stellar Locations

Astrometric objects exhibit background motion around the
galactic center. Their motion is randomly distributed with a
potentially nonzero expectation value, depending on the star’s
sky location, due to the common motion of the galactic disk.
We assume that the velocity v = (v, vy, v,;) in spherical polar
coordinates relative to the galactic center follows a Gaussian
distribution:

3 L X 2
Poim = 1 (i — vo(m) ) W

1
ex
i—1 V2moy,; p( 203!1-

where n denotes the sky location of stars, vy ;(n) represents the
expectation value of v in each direction, and o, ; refers to the
velocity dispersion. The anisotropy of the velocity dispersion
has been observed by the Sloan Digital Sky Survey and Gaia.
Approximately we have the relation o, , >~ 20, 4,4 for stars with
high metallicity, which may originate from a major merger
event of a satellite galaxy between 8 and 11 Gyr ago (V. Bel-
okurov et al. 2018). For qualitative discussions, we assume the
uncertainty o, =~ 100 kms ' ~ 1.01 x 10~*pc yr~"' for all stars
on both directions on the sky sphere. At a typical distance of
1kpc,'® the angular deflection observed over 10yr reaches
~1.01 x 10 %rad, which significantly exceeds the single-
exposure resolution oy~ 100 pas =4.85 x 107 % rad of Gaia
for a single star. It then becomes necessary to subtract the
background proper motion from the data before searching for
the GW or DPDM.

We now turn our attention to the accelerations affecting
stellar and the Earth’s motion. Let us consider stars in two
categories: isolated stars and the ones in binary or higher-order
systems. For isolated stars, their velocities, in general, change
over time. Hence, we should also estimate their accelerations,
which mainly include contributions from two aspects:

1. The constant accelerations of stars. The density gradient
in the milky Way could induce constant accelerations for
stars. Unlike their proper motion, the constant accelera-
tions of stars are predictable due to the galactic mass
profile, indicating the uncertainty o, should be much
smaller than the center value of the star’s acceleration,
defined as aq. Typical stars in the Milky Way experience
an acceleration of |ag| ~10~'ms™2 (H. Silverwood &
R. Easther 2019), which leads to a displacement of
lag| A% /2~1.6 x 107" pc over the 10yr observation.
For a star located 1 kpc away from us, the corresponding
angular deflection is about 0.03 pas, significantly below
the detection threshold.

19 The peak distribution of distances between the stars and us observed by
Gaia is 1 ~ 2 kpc (A. Vallenari et al. 2023).
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Figure 1. The average PSDs of the injected white noise (WN), proper motion
(PM), and stellar binary motion, along with the associated error bars for each
bin, obtained from 10* simulations. For clarity, the error bars have been
magnified by a factor of 3 to improve visibility. The green and pink dashed
lines correspond to the cases with WN removed. The vertical dashed line refers
to f=2/Tops, With To,s = 10 yr being Gaia’s observation period. The input
Gaia operational parameters align with the discussion in Section 4.

2. The constant acceleration of the solar system barycenter
(SSB). Like other stellar systems, the velocity of our solar
system is not precisely constant. Instead, it follows a
curved orbit in the Galaxy. For the observer, the nonzero
acceleration of the SSB gives rise to the aberration effect,
which can be considered as extra (spurious) proper
motion superimposed on stars (S. M. Kopeikin &
V. V. Makarov 2006; S. Klioner et al. 2021):

don_ assg — (assp - m)n, )
dt

where 6n denotes the displacement in the apparent stellar
position due to aberration and agsg is the acceleration of
the SSB. The estimated value of aggg is 2.32 x
1079 m s, corresponding to a proper-motion amplitude
of 5.05 pas yr*1 (S. Klioner et al. 2021). From Equation (2),
we realize that the displacement ¢n is linear in time, as the
aberration effect should be proportional to the velocity of
the observer. Therefore, although the proper motion caused
by assg is larger than Gaia’s resolution, it can be subtracted
by a function that is linearly dependent on time.

In short, the background motion of the apparent stellar
locations is governed by the proper motion of stars, which can
be significantly greater than the resolution of Gaia. The
acceleration of stars is very minor and thus plays a negligible
role. Moreover, the acceleration of the SSB yields spurious
proper motion, which can be subtracted by a linear function in
time. The above backgrounds can be eliminated through a
linear subtraction scheme.

Next, we investigate the significant background motion from
unresolved binary or higher-order systems in the Galaxy. In the
practical numerical calculation, we employ a data compression
technique akin to the one described in C. J. Moore et al. (2017)
and S. A. Klioner (2018), since the vast number of objects
(~10”) in the full data set of Gaia severely slows down the
process of numerical simulation. Specifically, we compress the
data of 10° stars in the same sky area into one virtual star. For
each star, the probability of being part of a binary or high-order
system and having specific orbital parameters is statistically
independent of the status of the other stars. After data
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compression, the astrometric data of 10° stars in each sky area
are added together. The background motion of individual stars
in binary or higher-order systems manifests as a time-
dependent noise of the compressed virtual star.

A survey of nearby (<250 pc) stellar objects finds ~55% of
solar-type stars are isolated, while the remaining ~45% of stars
are in binary or higher-order systems (D. Raghavan et al.
2010). Here, we consider a binary system consisting of two
objects with masses m; and m,, for simplicity. Following
Kepler’s law, the orbital period P, has the following relation
with the semimajor axis a:

_ [Gml(l + q)P} ]”3

an? 3)

where G is the gravitational constant and g =m,/m; < 1. If
both stars are observed by Gaia, the net contribution from the
binary to the displacement of the stars will approximate to

1 _
oot = ap(1 + ep) —L, (4)
1 +g¢g

where ¢, is the orbit eccentricity. Then the net contribution will
be fully canceled if ¢ = 1.

For the g < 1 case, we illustrate it by considering an e, =0
binary composed of two stars with total mass M = m; + m,.
The net amplitude of the observed angular deflection in one
direction is

Faet Ao, Vp) 9 1 —q Y A(w, ¥p)
Ay = 20 Vb)) 610 x 1079 rad
b 2D, 1+q) 2

} P, 2/3 D, T oy 17
year 1 kpc 2M;, ’
&)

where D, is the distance between the observer and the binary
barycenter and M, denotes the solar mass. Also, A(t, 1) =
oS 1, Sin Y, + cos ¥y, with 1, and 1, being the inclination
angle and the polarization angle of the stellar binary plane,
respectively. Equation (5) indicates that binaries with P, 2> 1 yr
and D,~ 1kpc may be resolved by Gaia. According to
D. Raghavan et al. (2010) and P. Simonetti et al. (2020), the
period distribution approximately follows the log-normal
distribution:

1 _ (logj( Pp;day—5.03) ©)
4 2x2.282 ,
2.282r

which centers around a period of 293.6 yr. About 20% of stellar
binaries have orbital periods from 24 days to 10 yr, which
would induce an irreducible background for the 10yr
observation of the Gaia mission.

We calculate the power spectral density (PSD) originating
from binary stars Sp;,(f) by implementing a Monte Carlo
simulation, where we assume 45% of stars are in binaries. We
use Equation (5) with D, = 1kpc, while the orbital period is
drawn from Equation (6). Furthermore, cos ¢, v, and g are
treated as free parameters, randomly selected from uniform
distributions within the intervals of [—1, 1), [0, 27), and [0.1,
1), respectively. In each simulation, we generate astrometric
data for 10° stars, which are then compressed into one virtual
star. We calculate the PSD of the astrometric data of the virtual

P(log,, Py/day) ~
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star. The final Sy;,(f) is obtained by averaging the PSD over all
simulations. The total noise PSD S,,(f) is the combination of
Skin(f) and that from the instrumental noise S,,(f), namely

Sa(f) = Sw(f) + Soin(f)- (N

We present the average noise PSD in Figure 1, together with
the error bars of each bin. The uncertainties of the PSDs
estimated from the simulation are around 10"’ Hz '. In the
absence of noise from stellar binaries, the linear/quadratic
subtraction approach effectively reduces the noise from stellar
proper motion, regroducing the PSD of pure white noise above
2/Tops ~ 6 x 107" Hz. Nevertheless, the 1nclu51on of binaries
indeed introduces significant noise when < 10~ Hz, corresp-
onding to P, 2> 24 days. This noise grows as P, increases,
coinciding with the behavior manifested by Equation (5).
Furthermore, there are clear breaks in the PSDs at f=2/T,y,
because the observed angular deflection of isolated stars or
binary systems no longer exhibits periodic oscillations during
the duration of Gaia’s observations if f<2/Typs, and conse-
quently two subtraction schemes will reduce the time-
dependent noise in the low-frequency region. The quadratic
subtraction removes both the linear and quadratic components
of the noise, resulting in lower noise PSDs compared to the
linear subtraction. However, the quadratic subtraction also
leads to more reductions in our signal at low frequencies, and
we will see that linear subtraction achieves a better signal-to-
noise ratio eventually.

3. Astrometric Deflections Induced by GW and DPDM
3.1. GWs from Binary Systems

To begin with, we revisit the formula for light deflection
induced by GWs (T. Pyne et al. 1996; L. G. Book &
E. E. Flanagan 2011). The presence of GWs triggers metric
perturbations, which lead to the slight deflection of light
traveling from a star to the Earth, ultimately resulting in the
apparent displacement of stellar positions. By repeatedly
measuring the apparent positions of a large number of stars
across the sky, Gaia might be capable of capturing such
deflection and thus extracting the characteristic patterns
of GWs. A

The variation in the line-of-sight direction n’ due to GWs

can be expressed as (T. Pyne et al. 1996; L. G. Book &
E. E. Flanagan 2011)
i - Gw Jok GW
ngw =~ 0 _n ~p)hjk (E)n’n 2h E)n’,  (8)
where the unit vector p described by two rotational angles ¢,
and ¢, represents the propagated direction, with p' being its
components, and h,«](»"W (E) refers to the metric perturbation
calculated at the Earth. The metric perturbation hi]GW
monochromatic GWs with frequency fgw reads

caused by

h$™ (1, x) = Re[H§Y ¢ 2mlow=P)], ©)

with ng denoting the amplitude tensor. The GW possesses

two polarization directions, and thus HSW can be written in the
following form:

HGY = bV ek(p, ¥e® + hSY ei(p, vyei®,  (10)
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where 6 and ¢;; are two polarization tensors depending on p
and the GW polarlzatlon angle v (Z. Arzoumanian et al. 2023),
hfw and A5V are their amplitudes, and ¢ . and ¢ _ are two
corresponding phases. We consider the monochromatic GW
radiated from a binary system with a circular orbit, the
amplitudes hf’w and hSY of which can be respectively
expressed as

hGW _thl + cos? ¢ ROV —
2

where h$" is nearly a constant, depending on the chirp mass,
the angular orbital frequency, and the luminosity distance to the
source, and ¢ is the inclination angle of the binary. Finally, for
the circular orbit, the relation ¢, — ¢ = 7/2 should be
satisfied.

We omit the “star term” in Equation (8). According to
C. J. Moore et al. (2017), the ratio between the “star term” and
the “Earth term” equals the ratio between the wavelength of the
GW and the distance to the source. For a GW frequency of
>10"'" Hz, the wavelength is <100 pc, makmg the “star term”
significantly smaller than the “Earth term,” assuming that the
star is located 1 kpc away from us. Moreover, the “star terms”
from different sources are uncorrelated, resembling a kind of
random noise, causing the “star terms” to be further suppressed
after data compression, compared to the “Earth term” that is
consistently coherent.

h$Y cosu, (1)

3.2. DPDM with Purely Gravitational Interactions

Analogous to GWs, dark photon fields can also induce
metric fluctuations via gravitational effects (A. E. Nelson &
J. Scholtz 2011; A. Khmelnitsky & V. Rubakov 2014;
K. Nomura et al. 2020). In this subsection, we derive the
angular deflection of light emitted from the star as it passes
through DPDM with purely gravitational interactions due to
metric perturbations. We should mention that DPDM with a
mass below 1072% eV is subject to severe constraints from, e.g.,
the integrated Sachs—Wolfe effect on cosmic microwave
background anisotropies (>10_24 eV; R. Hlozek et al. 2015),
the stellar kinematics of dwarf spheroidal galaxies (a few times
107>’ eV; A. X. Gonzédlez-Morales et al. 2017; E. Kendall &
R. Easther 2020), and the Ly« forest (210_21 eV; E. Armen-
gaud et al. 2017; L. Hui et al. 2017). The lower bound on
ultralight dark matter mass is still under debate; here we treat
the local dark matter density ppy as a free parameter.

We first describe the DPDM model. The dark photon field is
expressed as

A(t, x) = Ag(x)Re [q (x)exp(im1)], 12)

where the polarization vector ¢(x) = (cost,cos @qeicb],
cos ) sin ¢, €'z, sin §,¢'*:)" is parameterized by two polariza-
tion angles 0, and ¢, and three phases ¢y, ¢,, and ¢s, all of
which are in general certain functions of x. Under the
synchronous gauge, the metric perturbation has the following
form:

hPP (1, x) ~ Re [HDP (x)e2m], (13)

where

HP () = —hg" (14)

. 8
[ql'(x)qj(x) — M]

4
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The signal amplitude can be written as h¥ = 47GA¢ (x), with
Ap(x) being the amplitude of the dark photon field. The

amplitude of DPDM is
J2 X
Ao(x) = M, (15)

my
where pppm(x) is the energy density of the DPDM. A detailed
derivation of Equation (13) can be found in Appendix A. As a

result, we can estimate the signal amplitude:

_ 2
hoP =52 x 10*15( Ppm ) 02eVY 6
0.4 GeV cm—3 my

It is known that the metric perturbation hi;)P given in
Equation (13) yields a delay of the arrival time of the pulsar
light, which can be probed by PTAs (K. Nomura et al. 2020;
Y.-M. Wu et al. 2022; X. Xue et al. 2022; Z.-Q. Xia et al.
2023). Here, we show that the same metric perturbation could
also lead to the deflection of the star’s proper position, namely

ik _ i,k
OF =m0 kPP (E) + O(ve), (17

Snbp =~ —
where we have omitted terms relying on the virial velocity vy;.
The complete gauge-invariant expressions of énj)p can be found
in Appendix B. The perturbation h}ip (E) is again calculated at
the Earth and we ignore all the “star terms.” In Appendices B.1,
B.2, and B.3, we demonstrate that this approximation is valid
as long as my > 1072 eV.

3.3. DPDM with Additional Gauge Couplings

DPDM can also interact with ordinary matter if it is
associated with U (1) or U(l)z_; gauge symmetry. As a
consequence, any baryonic matter could experience an
oscillating force due to the DPDM background, leading to an
acceleration a given by (A. Pierce et al. 2018)

altx) ~ ced 0 4 . (18)
Mobj ot
where e is the coupling constant of the dark photon, e denotes the
electromagnetic coupling constant, Do refers to the B or B— L
charge the object carries, and m,; is the mass of the test object.
The above acceleration leads to a velocity variation of the
object

6v(t, %) = e~ A, x), (19)
Mob;
which can cause aberrations of the stellar proper motion due to
the moving observer (H.-K. Guo et al. 2019). The resulting
apparent angular deflection can be expressed as

ong,p_1(t, n) = ov(t, xg) — (Ov(t, xg) - n)n, 20)

where xp is the coordinate of the observer and n is the sky
location of the star. Moreover, the dark photon field can also
directly lead to stellar motion, with an amplitude approximated
by éng,p_; S 16v| - t/D (with D being the distance between the
star and the Earth). However, for the typical observation time
(~1yr) and distance D 2 1 kpc, 6ng 51 ~ 3 x 10™*6ng/p_; is
rather tiny and will not be taken into consideration (H.-K. Guo
et al. 2019).
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4. Sensitivity of GW and DPDM Searches with Gaia

In this section, we estimate the sensitivity of Gaia-like
astrometry for GW- and DPDM-induced signals. We consider
both Gaia and its next-generation upgrade (“XG-Gaia”), where
we anticipate that XG-Gaia will achieve pias angular resolution
while maintaining the same number of observed stars as Gaia
does (A. Vallenari 2018). The operational parameters of these
missions are set as follows:

Gaia: o =100 pas, Ar = 24 days,
Tops =10 yr, N =1 x 10°%;

oy =1 pas, At = 24 days,
Tops =20yr, N=1 x 10°,

XG - Gaia:

where o is the noise from a single exposure,'' At is the
observational cadence, T, is the total observation time, and N
is the total number of stars considered in the analysis.

As previously mentioned, we compress the data of 10° stars
in the same sky area by randomly generating N = 10* virtual
stars uniformly distributed across the sky. Consequently, the
instrument error for the measurement on each virtual star is
rescaled to & = ass/ \10%/10*. To estimate the sensitivity in
detecting GWs and DPDM with Gaia-like experiments, we
construct a mock data set by injecting a specific GW or DPDM
signal into the virtual stars. At the end of Sections 3.1, 3.2, and
3.3, we demonstrated that the signals we considered are
consistently dominated by the “Earth term” for fgw > 10~ '"Hz
or my > 107 eV. Therefore, the astrometric effects on the stars
in one area, caused by GWs or DPDM, can be approximated to
the global effect on the virtual stars within that area.

In addition to the signal component, in Section 2 we have
established that the background motion due to stellar proper
motion and the acceleration of the SSB are effectively removed
by linear subtraction. The constant acceleration resulting from
the galaxy’s mass distribution is sufficiently small, thus can be
safely ignored. Since linear subtraction is consistently applied
to the astrometric data of virtual stars, background motion is
not injected into the analysis. To address the time-dependent
noise caused by stellar binaries, we adopt two different
strategies for Gaia and XG-Gaia:

1. For Gaia, we assume that all stellar binaries are
unresolvable. Thus, we use the PSD Sy;,(f) calculated in
Section 2, as shown in Figure 1.

2. For XG-Gaia, with oy =1 pas, binaries with net
amplitudes A, < o constitute only 0.01%, according to
Equations (5) and (6). Therefore, we assume that almost
all binaries have been resolved and removed from the
data. Consequently, only single stars (~55% of the total
stars) are used for numerical simulation and Sy;,(f) = 0.

We construct x*-functions for both the signal hypothesis and
null hypothesis in the frequency domain, namely:

s 2 i) — @ fP
X 2 S, (fe)

, 2y

s
7zybs LK

"' The uncertainties on the proper-motion parameters depend on the stellar
magnitudes G. It is expected that the final uncertainty o >~ 100 pas for stars
with G ~ 20 in Gaia DR5 (A. Vallenari et al. 2023). As these stars constitute
the vast majority of the Gaia data set, we will use oy = 100 pas for all stars
later on.
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Figure 2. The 95% exclusion limits from Gaia (green lines) and XG-Gaia (red lines) on the GW strain 4™ from a binary system, the energy density ppy of the
DPDM with purely gravitational interactions, and the coupling constant € of U(1)g/U(1)s_, DPDM, respectively. Model parameters regarding all the angles have
been integrated out. The solid lines represent the bounds with linear subtraction, while the dashed lines correspond to quadratic subtraction. We also use the blue lines
to denote the results including the time-dependent noise from unresolved binary systems. For comparison, the constraints from NANOGrav 15 yr (A. Afzal et al. 2023;
G. Agazie et al. 2023b), EPTA DR2 (C. Smarra et al. 2023), and PPTA DR2 (Y.-M. Wu et al. 2022; X. Xue et al. 2022) are shown by the orange, cyan, and purple
curves, respectively, with the solid (dashed) curves being the (un)correlated constraints. In the top right panel, the black dashed line shows the amount of local dark
matter density near the Earth as a reference. In the bottom two panels, the horizontal solid lines are the limits from the MICROSCOPE WEP experiment (P. Touboul
etal. 2017, 2022; P. Fayet 2018, 2019; D. W. P. Amaral et al. 2024). In addition, the vertical dashed line in each plot refers to the reference frequency f= 1/Tops, With

Tobs = 10 yr being Gaia’s observation period.

and

2 2 )P
X XA

where d] is the astrometry data of the virtual star / after linear or
quadratic subtraction, §(®; f,) represents the model predic-
tions for a given set of parameters ® after the same subtraction
strategy, and S,(f) is defined in Equation (7) with
S, (f) = oAt. Note that both J, and §; are the quantities after
Fourier transforms, and we sum over I and K, which
correspond to the number of virtual stars and that of bins in

(22)
7:)bs I.K

the PSD, respectively. The difference between the signal
hypothesis and null hypothesis, i.e., Ax? = Xf — Xi’ becomes
an indicator for measuring the significance of the signal.

The free parameters in  for (A) GWs from binary systems,
(B) DPDM with purely gravitational interactions, and (C)
DPDM with U(l)p or U(l)p_; gauge symmetry are respec-
tively:

(A): {fGW9 hOGW9 0])5 QOP’ L, 7/)7 ¢+};
(B) {mA7 ﬁDM’ 0&[7 QOq, ¢17 ¢2’ QSS}’
(C) {mA’ 62ﬁDM’ eqv Soq’ ¢19 ¢2’ ¢3}9
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where

N PpMm
_— 23
Fom 0.4 GeVcm™3 23)

We fix the values of fgw and m, and scan the other model
parameters in their individual parameter space in each case.
The 95% exclusion limits on AW, ppy, and e after integrating
out all angular parameters are shown in Figure 2. Some
remarks are in order. First, the frequency f=2/T,ps approxi-
mately marks where the sensitivity curves show significant
changes. In the high-frequency range (f2 2/Tqps), the limits
obtained using two different subtraction methods are indis-
tinguishable, as expected, whereas linear subtraction offers
better sensitivity in the low-frequency range compared to
quadratic subtraction. In particular, the 95% exclusion limits
are enhanced by more than 1 order of magnitude at
fow <6 x 107'°Hz for GWs or at my <3 x 10 **eV for
DPDM. Second, the impact of time-dependent noise from
unresolved binary systems significantly decreases the sensitiv-
ity by up to an order of magnitude. Hence, the inclusion of such
noise is important in our analysis. In addition, this decrease is
more severe in the linear subtraction scheme than in the
quadratic subtraction, as we explained in Section 2. Last, XG-
Gaia will possess extended observation duration and improved
precision. It will also have enhanced resolution capabilities for
binary systems, which are crucial for suppressing the noise
from unresolved binaries. As a result, the sensitivity of XG-
Gaia to detecting GWs and DPDM is expected to increase by
more than 3 orders of magnitude.

5. Conclusion

Astrometric measurements offer a new approach to detecting
signals such as GWs and DPDM in the nanohertz frequency
range. Typically, periodic signals with frequencies below
1/Tops are easily mistaken for background noise or systematic
uncertainties. Known background sources include (1) the
proper motion of stars, (2) stellar acceleration due to the Milky
Way’s mass distribution, (3) acceleration from companion stars
in binary systems, and (4) the Earth’s acceleration. In Section 2,
we demonstrate that a linear subtraction method is sufficient to
remove all these effects. Compared to the commonly used
quadratic subtraction, linear subtraction significantly enhances
detection sensitivity in the low-frequency range.

However, other factors, such as telescope movement,
changes in satellite orientation, and unknown systematics, are
not investigated here. We project detection prospects in this
study, assuming all these systematics are properly subtracted.
We emphasize that future detection claims will require more
detailed studies of these systematics. Furthermore, this work
does not explore the angular patterns induced by GWs and
DPDM, which may be crucial for distinguishing between
systematics and genuine signals.

Astrometric data can also be correlated with the current
existing PTA data, allowing for a more concrete validation of
the correlation pattern induced by GWs or dark matter and a
more sensitive probe of the macroscopic polarizations of the
GWs (W. Qin et al. 2019, 2021; M. Caligkan et al. 2024).
Compared to PTAs, future astrometric surveys like Roman
(Y. Wang et al. 2021, 2022) will be able to probe microhertz
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GWs or beyond and ultralight bosons with higher masses,
allowing for cross-correlation with other proposed measure-
ments in the same frequency range, such as binary resonance
(D. Blas & A. C. Jenkins 2022a, 2022b) and Doppler tracking
(L. Zwick et al. 2024), potentially closing the gap between the
PTA and LISA frequency ranges.
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Note added: During the preparation of this paper, we
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Dror & S. Verner (2024), which consider the astrometric effect
of the ultralight scalar dark matter. Our work focuses on the
detection of the ultralight vector dark matter and continuous
GWs, which is distinctive from their themes.

Appendix A
Metric Perturbation Induced by DPDM

Consider a general metric perturbation 4,,,; the equation of
motion can be written as (S. M. Carroll 2019)

Dh;w - aaauhuu - aaauhua + 8,,(9,,}1
+ 1, (0°0hay — Oh) = —167GT,,, (AD)

where h = h,,n"" and 0= 0"0,. We work in the Minkowski

background 7),,, = diag(-1, 1, 1, 1). Under the gauge fixing
condition hg,, = 0, the Einstein equations become

—167GTyy = 03h — (OxOhyy — O h), (A2)
—167GTy; = —OxOohix + 0;00h, (A3)

—167TG],7j = Dhl] - 8](8,‘/’11'1( - 8](6]‘}1,‘](
+ 8,‘6]‘}1 + 6ij8kalhkl — 5,] O h. (A4)

From Equation (A4), we find

—20h + V*h + 0,0,k = — 167G Ty (A5)
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It is also convenient to derive
;i
167TG(7;] — ?]];(k) = |:| h,‘j — 0k6'ihjk — akajhik
+ 0,0 + %5ijaka,hkl - %@jv%. (A6)

Next we calculate the stress—energy tensor induced by the
DPDM. The virial velocity of our galaxy is vy =~ O(1073), so
for ultralight DPDM with mass my ~ 102> eV, the de Broglie
wavelength is Agg ~ 4 kpc(10™2* eV /m4)(10~2 /vy;p), which is
of the same order as the galactic size. The coherence time is
to ~ 1/(myv2) = 2 Myr(10723 eV /my) (1073 /1 ). Since we
are considering DPDM within a coherent time, we can write
down the spatial component of the dark photon field as

A(t, x) = Ag(x)Re [g(x)e™], (A7)
where E = my+/1 + (’)(vvzir) and g(x) is a complex vector that

characterizes the polarization of the dark photon field, normal-
ized as |g|=1. The spatial derivative of A(x) and g(x) is
suppressed by virial velocity vy;,.. Using the equation of motion
0,A" =0, we find that the scalar potential of the dark photon
field A’ is suppressed by vy

A" = O(vyip). (A8)

The stress—energy tensor of the vector field reads

Ty (1, %) = nw,(—iF,me"’ - %mzAﬂAp)

+ anELaE/p + mzA;LAV‘ (A9)

We find that at the zeroth order of v, the relevant components
of the stress—energy tensor are

T =px)., T =0,
TY = —p(x)Re[g(x) - g(x) 2],

6
T — 7’Tkk =2p(x)Re

X {[qi(x)qj(x) — M]ezimﬂ}’

(A10)

where for simplicity we define p(x) = miAl(x)/2. By
combining Equations (A2) and (AS5), we can -eliminate
0,01y and get (hereafter, we add the superscript “DP” for
quantities associated with the DPDM)

PP = —87G (Tog + Tiw) = —87Gp(x)
x {1 — Re[g(x) - g(x) e*™]}. (A11)

Integrating Equation (A11), we find that the trace & contains at
least an oscillating component:

PGy = 87rG;;(X) Re [ q(X);I(x) ez"”’Af], (A12)
my

which suggests that &; also has an oscillating part and a static
part:

hi* (1, x) = —hg " (X)Re [Hy" (x) e2mar], (A13)
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Combining Equations (A6) and (A10), we obtain

_327TGp(x)Re{[qi(x)q].(x) - w] ezimAt}

= Oh)" — OO — 0k Ohi” + 0,0;h°°
+ %6U8k8,h,gp — %&jvthP,
(A14)

which is accurate to the zeroth order of v,;. We extract the
oscillation parts on both sides of Equation (A14), which yields

IoRe [—he¥ (@) Hp" (x) e2m] = 327Gp(x)Re

X {[q,-(x)qj(x) - w] ermAf}, (A15)

where we neglect the terms with spatial derivatives, since they
are suppressed by v,;.. Solving this equation, we get

q(x) - g(x)6;

Hy" (x) = ¢,(x)g;(x) — ; (A16)
and
hPP(x) = &TG—pz(x)‘ (A17)
my
Appendix B

Gauge Invariance of the Angular Deflection

In this appendix, we calculate the angular deflection of light
from stars due to the oscillating metric perturbations. This part
follows the discussion in L. G. Book & E. E. Flanagan (2011).
In this part, we also prove the gauge invariance of the angular
deflection. Consider a general metric perturbation

ds* = g, dxtdx” = (1), + hy,)dx'dx”, (B1)

where we work in the Minkowski background with
N =diag{—1, 1, 1, 1}. Now consider that a photon travels
from the source to the detector, so the angular deflection of
light we need to calculate becomes the angular difference of the
observed photon momentum compared to the flat-spacetime
case. Without metric perturbation, we choose the detector to be
at the origin (0, 0) and the unperturbed photon worldline to be
x(‘g) = wo/NH#\, where n is the unit vector of the source, wy is
the unperturbed photon frequency, and N* = (1, —n). The
unperturbed photon four-momentum is k(‘é) = wo/N*. Suppose

the unperturbed position of the source is x'(f) = x!, then the
affine parameter of the source is A\, = — |x,|/wo.

We separate the photon worldline into unperturbed parts and
the first-order perturbation

k() = ki (V) + k) + O3, (B2)

To the first order of &, the geodesic equation of the photon is

dk?
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We integrate the above expression from A =0 to arbitrary A to
obtain k*()\):
p A Hopv gy
KO = Ky + K — fo 0, ks kel X, (B4)

where x* is the first-order perturbation of the photon four-
momentum at A =0. Integrating Equation (B4) yields the
trajectory of the photon:

xH(N) = )\(k(o) + kM) —
+ x#(0),

f f I (X"Ykf ki dN'dX

(B5)

where x*(0) is the final position of the photon, which also
refers to the position of the detector. Choosing A=), in
Equation (B5), we are able to solve s

1 A pN
JO—— /J,AS_ /1,0_{_
K AS(x( ) —x O+ [ [
x TH (X)kg ki dXdX) — k). (B6)

To the zeroth order of perturbation, x*(A;) — x#(0) = )\Sk(’(;).
With the presence of metric perturbation, we cannot assume
that the detector and source are static, since the geodesic
equations of their spatial trajectories also contain O(h)
perturbations. Therefore, we keep x*();) and x*(0) in the
expression of k*.

In addition, the null geodesic equation constraint
8 ANk (Nk"(N) = 0 provides

1

Ko = niki — ——hy, (0)kf k). (B7)
0

To calculate the angular deflection the detector observes, we
need to project the photon four-momentum into the local
proper reference frame of the detector. We define the four-
momentum of the detector as ¢j and a set of orthonormal basis
vectors as ¢/, i = 1, 2, 3. We decompose the basis vectors into
unperturbed parts and the first-order perturbations

el =00+ 6, a=0,1,2,3. (B8)
The basis vectors of the local proper reference frame satisfy
ef'V,er = 0. B9)
Inserting Equation (B8) into Equation (B9), we find
Oode, + 'ty = (B10)
The orthonormal conditions of ¢/ imply
g/lyec’{eé" = Oup. (B11)

We keep only the first-order terms of Equation (B11), which
gives another constraint on ée.:

hyw + m,,0e,) + n,,6e; = 0. (B12)

The angular deflection of the dark photon reads

0)k”(0)e/
bn; = fM - n, (B13)
Wy
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where w,;= —g,,(0)k” is the observed photon frequency.

Expanding Equation (B13) to the first order, we obtain

1
6 = —— (i (0K, + ki + 1y, k) b/
wo
- ni(hVO(O)k((V)) + nl/ltk(%) 666L + KO))' (B14)

Plugging Equation (B7) into Equation (B14), we find

6ni = —LPijlij - hui(O)M/ - ,/\f,,,éei“
w

0

+ (o (OON” + Nk — %n,-hwj\ﬂw", (B15)

where P;=06;—nn; is the projection operator. Multiplying
both sides of Equation (B15) by n', we obtain

n'én; = —n'h,; (VN — n' N, be'

1
+ hyo(ONY + N, bef — Eh,,#ML v

. 1
=—n'N,bel' + N, bel + Ehwj\/ﬁj\/"

1
= NNTSe! + ~hy NN
=0. (B16)

Note that in the last step, we use Equatlon (B12). Now,
n'én; = 0 shows that én; is orthogonal to n', so we can multiply
P;; to each term in the expression of én;, which reads

1
bn; = ,,( K + hy (O)NY + J\/#éeﬁ). (B17)
wo

Then we prove that this expression is gauge-invariant. Consider
a transformation of coordinates x'# = x* + £f(x), which
induces a gauge transformation of linearized theory:

(0,6, (x) + 9,8, (x)). (B18)

We check the gauge transformation of each term in én;. We
use A to represent the change of each term after gauge
transformation. Notice that AFfW = —0,0,&,
Ax"(X) = £"(N), so we have

h;w(x) - huu(x) -

Artt = Ai(fﬂ(m ya0)

AN NN LY LY gy
- ) 00,8 ()\)k(o)k(o)d)\d)\)
= k@) 9,£"(0) = woN"0,£(0). (B19)

In the rest of the discussion, we ignore the coordinate dependence
of £", since now all the £()\) are defined on A = 0. Here, we use
k@) 0,8" = dgff' /d\ to simplify the integration.

From Equation (B10), we find

0o(Ade’) = — ATy = 000", (B20)

which means Ade” = 0;§” + f. fis an arbitrary function that
has no dependence on time. We ignore f because it is not
correlated with gauge transformation. If we insert these
expressions into én;, we can get the gauge transformation of
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the angular deflection:

A= P NG — @6, + DA

+ NBE") = . (B21)

Therefore, the angular deflection én; is gauge-invariant. Now
we choose a typical gauge to calculate 6n, We use a
synchronous gauge that is defined by hgg=ho;=0. The
geodesic equations of the four-momentum of the detector are
reduced to

806e;f = — ZO =

- %80}1 " (B22)

which gives

v 1 v
66# = _Eh’u.

(B23)
For ;1 =0, def = 0. Thus, the spatial components of the four-
momentum of the detector do not contain first-order perturba-
tions. Then we can treat the detector as a static object and x*/(0)
becomes a constant. Similarly, x*()\,) is also a constant, and
they satisfy x#()\,) — x*(0) = /\sk(’(j). The final expression of
angular deflection is

nj/z
wo )\s

)‘r X L ’ v !
5n; = _Py( fo fo Tl (X kg ki dX'dX
1
- 5 jk(O)nk)

wo A N
= —P,-J-(/\—Sfo j(‘) (—nlaohﬂ + nlnkakhj,

- %nlnkﬁjhkl)d/\’/d/\’ — % jk(O)nk). (B24)
Using the identity
d
—hj[ = (JJQ(thjl - nkakhﬂ), (B25)

d\

we can integrate the first two terms in Equation (B24):
1 )\»Y / /
by = —Py| - fo (—n'hy(X) + nlhy(0))dX

o f » f . kO d N dX — Lh (0t
20 Jo Jo o 2 *

1 As 1 / /
- —P,;,.(—A—j; n'hy (X)dX

N

wo As )" [k . " ! 1 ) k
a7 S nlnt 0 d XdX + ShaOn' |

(B26)
The angular deflection is separated into three terms:
1 A 1 N AV
by = Py j; n'hy(N)dX, (B27)
wo As X 1
Sy = -0 p; f f Wik Oy (NYAX'dX,  (B28)
2 o Jo

10
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1
(5’13,’ = _Epijh/'k(o)nk- (B29)
Now we estimate the relative size of these three terms.
Without loss of generality, we consider the metric perturbation
that takes the following form:

hP(x, 1) = cHF p(x)cosmat + 2a), (B30)

where H? P is an order-one tensor and p(x) refers to the local

dark matter energy density, ¢ = —87G /mj3. For ultralight dark
matter, a core structure can form at the center of the Galaxy
with a radius of ~I.= A\;p/(2m)=1/(mav;;). The energy
density of the core is a constant, which can be much larger than
the energy density outside the core. We expect that a photon
emitted by a star inside the core may have larger ény; and ény;,
since part of the worldline of the photon is inside the core.
However, we will see in the following calculation that even
when the star is inside the core, 6ns3; is still the dominant
component of the total angular deflection 6n;.

B.1. Earth Outside the Core, Star Inside the Core

Consider the case that the star is inside the core. It is valid for
Iy < Mg =27l <1, (with [, =8kpc and [; being respectively
the Earth and star’s distance to the galactic center), implying
my >10""**eV. We suppose that at A= ),, the photon
touches the boundary of the core. Therefore, we expect
wo| Ay — Ap| ~ I First we calculate én;;. We separate ény; into
two parts:

c As c Ap
(51’11,' = )\—SP,']' j;\b I’llhﬂ()\/)d/\l + /\_SPl:in/(; I’llhjl(/\/)d)\/.
(B31)

Since the h;; inside the core is significantly larger, we only
calculate the first integration. In addition, the integral length is
approximately one coherent length, so we can use
Equation (B30) to express h;. Inserting Equation (B30) into
én,;, we obtain

c A
on ¥ = )\—JP,'jn’H%P Lb p(X)cos(2mywo X

+2a)dN ~ Pyt HOP—Le
T mpwo A

(B32)

where p. refers to the energy density of the soliton core. For
simplicity, we use the Navarro-Frenk—White (NFW) profile to
estimate p... Suppose the energy density of DPDM near the Earth
is po. The NFW profile takes the form (P. J. McMillan 2011)

. Ph,o
Pn

e (B33

where x = r/rj, and r, = 17 kpc. We use the energy density near
r = 1. to estimate the energy density of the core. Then the ratio
of p. and py is

Pe e
—_— lemAVvir~

) p (B34)
0 ¢
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Using the expression of p., we obtain

pp CPoVvirle

DP I
6”11‘ ~ Plll’l H]l

A
DP DP
~ cP,-jnl’Hj, Vyir Pg ~ WyirORz; (B35)
where x; is the distance from the star to the observer,
ongt = 7% i (0)nk. I,/x; is an order-one parameter, so
we ignore it. The virial velocity is vy ~ 1073, Therefore, ony;
is suppressed compared to dns;.
Next we consider 6n,;. We exchange the order of integration
in 6n,;, which yields

wo
2

=7 S AN = NntnkOEF (V')

ony¥ = —2P; foA: ax’ ,\is dXn'n* 9" (X")

w Ay
= ﬁp,j J3, AN O = Xt 0" (X)

R f) AN Oy = Xt ORRT . (B36)

Again, we only calculate the first integral. Inside the core, we

1 DP DP
1 —
find wolAy — N| ~ . = - and O ~ mywichy . Then

we have

dN' (A — N)nlnkongt (X'

DP _ “o Ay
(5}'12[ —2—>\5PU‘/;\})

1 A 1
~—P; [ dN nlnkma vy BT (X
2 jj;\h (mAVvir) A Y )

~ %Pij fAZ aNnlnf P (XY ~ 6n 2", (B37)

where we find wy(\; — A”) and the spatial derivative of h,-})P
cancel with each other, making én°" and ény"

order. Then, similar to 6nll?P, 5n21,?P is also suppressed compared
to 6nLF.

at the same

B.2. Both the Earth and the Star Are Inside the Core

We assume that the star and the Earth are inside the core. It
requires m, < 102> to include the Earth inside the core. We
treat the dark matter density at the core as a constant p(x) = p,..
Then the first term 6n;; in Equation (B29) has the approximated
value

DP
6n1,~ lComp . D
5,07 < D sin

n3;

lComp/D’ lComp <D
1, lComp > D’

(B38)

l Comp

where woA, = D is the distance of the star and 1/ms = lcomp is
the Compton wavelength of the dark photon field. We find that
ony; is consistently smaller than ons; when lcomp << D, which
holds true for m, > 107>* eV with the typical star distance of
1 kpe. For 6n2F, we also easily find that it is at the same order
of ényt, for the same reason we described in the previous
subsection.
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B.3. Both the Earth and the Star are Outside the Core

Finally, we consider when the star and the Earth are outside
the core. This is valid for a larger dark matter mass
my > 1072% eV, depending on the location of the star. Without
loss of generality, we assume that the star lies on the line
between the Earth and the galaxy center and the boundary of
the core. Then, from previous sections, we have the dark matter
density at the star p, = p. >~ pol./l, and

6”111?P < l_e lComp . D Vvirie/D» lComp <D
6n3?P ~ lc D lComp lg/lc, lCOmp > D.a
(B39)

where we use D> lcomps le = Vvirlcomp, and I, ~ 8 kpc and
D ~ 1 kpc. Similarly, 6ny" is at the same order of én>". As we
estimated before, with the mass my > 1072 eV, we always
have lcomp < D. Considering that vy; >~ 1073, it is safe to
ignore 6ny; and 6n,;.
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